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1 Introduction

Let £2 be a bounded domain in R?, d > 1, with a sufficiently smooth boundary
02. We consider a time-fractional differential equation

o u(z,t) = —kAu(z,t) + F(x,t), (z,t) € 2 xRy, (1.1)

where 0f* is either the Caputo or the Riemann-Liouville fractional derivative
of order @ > 0, with respect to the time variable ¢ [13], [14], and —A is a
uniform elliptic differential operator.

Equations such as describe anomalous diffusion processes and wave
propagation in viscoelastic materials [3], [5], [6], [15], [16]. They have attracted
increasing interest in the physical, chemical and engineering literature [2], [11],
[18], [22]. It has been shown by Adams and Gelhar [2] that field data show
anomalous diffusion in a highly heterogeneous aquifer, which cannot be mod-
elled by a classical advection-diffusion equation which corresponds to o = 1.
In [I8] Nigmatullin introduced a fractional diffusion equation to describe diffu-
sions in media with fractal geometry. In [I1] Ginoa, Cerbelli and Roman have
derived a fractional equation for relaxation in complex viscoelastic materials
by employing a formal analogy with a diffusion process in the correspond-
ing disordered structure. Roman and Alemany [22] studied continuous-time
random walks on fractals and showed that the average probability density of
random walks on fractals obeys a diffusion equation with a fractional time
derivative asymptotically.

The existence, uniqueness, and inverse problems for space-time fractional
differential equations have been considered by many authors, see for example
[, [10], [14], [24], |26], [27]. The book [I4] contains a very intensive treatment
of equation of order 0 < a < 1 in a classical space on the domain
2 x [0,T]. At the same time, in the paper [25], V.K. Tuan considered the
time-fractional partial integro-differential equation

ofu(x,t) = kAu(z,t) 7/0 g(t — Tu(z, 7)dr, (z,t) € 2 x R4, (1.2)

satisfying the Dirichlet boundary condition
u(z,t) =0, (x,t) €92 xRy,

and a suitable initial condition that depends on whether 9;* is the Riemann-
Liouville derivative or the Caputo derivative of order 0 < o < 1, and showed
the existence of the solution for large time, which means its global existence
in 2 x Ry in the so called Wiener space of functions with bounded square
averages. Equation is a well known model for heat distribution of a
visco-elastic material with memory and has important applications in material
science [3], [B], [6], [23].

In spite of the importance, to the authors’ best knowledge, there are not
any works published concerning the unique existence of the global solution to
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equation for 1 < a < 2. This motivates us to consider the time-fractional
integro-differential equations of order 1 < v < 2 in this work.

The first purpose of this article is to prove the global existence of solutions
in direct problems in the space of functions with square average power growth
for the case of 1 < a < 2, global existence results presented here are new and do
not rely on semi-group techniques [9]. Secondly we solve the inverse problem
of reconstructing the fractional order «, the parameter k, and the memory
function ¢ from a single observation of the solution at one point inside or on
the boundary of the domain f2.

2 Preliminaries

In this section, we provide some auxiliary notations and facts that will be used
in the sequel.

We first recall a class of functions which plays very important role in study
fractional integro-differential equations and time-fractional integro-differential
equations [19], [25], [28], [30] on the whole R.

Definition 1 [28] By BSA,(R), a linear space of functions with square av-
erage power growth of order p > 0, we denote the set of all locally integrable
functions f on R such that

1 T )
sup ——— t)|* dt < oo,
w10

and
BSAw(Ry) = | BSAL(Ry).
p>0
We say f € BSAT(Ry) if f, f', ..., f0™) € BSA,(RY).

It was shown [28] that f € BSA,(Ry) if, and only if, F(s), its Laplace
transform, defined by

F(s) = (£1)(s) = [ e pte)
0
is holomorphic in the right-half plane Re s > 0, and

z \" [ 2
sup( ) / |F(x +iy)|” dy < 0.

>0 z+1 o

Denote by £7! the inverse Laplace transform [29)

Ft) = (LF) () = — Fs) e ds.

2mi Re s=d

The following theorem is from [I9, Theorem 3] for the case 1 < a < 2 and
[28] Theorem 3.1 and Corollary 3.2] for the case 0 < o < 1
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Theorem 1 Let k > 0,0 < a < 2, and g € L'(Ry), such that |g|, <
tan( && . . . .
%k, ifa>1, and ||g|; <k, if o < 1, then m 18 holomorphic

in the domain Res > 0, and there exists M > 0 such that

1
s*+k+ G(s)

M

[s*

and the inverse Laplace transform

R
' s* + k+ G(s)

1
3

is from BSAya—py—1(Ry), where f < o —

The importance of the space BSA,(Ry) can be seen when we consider the
following Caputo and Riemann-Liouville fractional integro-differential initial
value problems

Cop F(t)+hf () + / gt - 7) f(r)dr = h(t),

Q04 =f, i=0,1,...,m—1,

Dg, F(1)+EF (1) + / ot — 1) (r)d7 = (),

IO f(04) = fi, i=0,1,.,m—1,

(2.2)

a€(m—-1m], meN m>1,

where k € Ry, g,h € L'(R,) are given, and f is an unknown function. Here
and throughout this paper D, is the Riemann-Liouville fractional derivative
[13], [27] and €0 is the Caputo fractional derivative [13], [27].

From [19, Theorems 4 and 5], we can see that if 3 < a <2, g,h € L'(Ry),

and |lg|l; < v(a)k with v(a) = %, then the Caputo fractional

integro-differential equation has a unique solution f from BSAs,+3(R.),
and the Riemann-Liouville fractional integro-differential equation has a
unique solution f from BSAs,—1(R4).

Next, we recall the two-parametric Mittag-Leffler function [12] that plays
a crucial role in the study of time-fractional integro-differential equations

Eop(z) = jz:(:) T+ 5) a, > 0.

The following lemmas collect important properties of the Mittag-Leffler func-
tions, that will be used in the sequel.
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Lemma 1 [20, Theorem 1.6] Let x > 0, 0 < a < 2 and 8 > 0. Then there
erists a positive constant M such that

M
1+2

|Eap(—2)| <

In particular, |Eq g(—z)|] < M.

One can prove that M; = ﬁ if 3> 0.
Here and throughout the paper we use M, M7, and Ms to denote universal
positive constants that can be distinct in different contexts.

Lemma 2 Let x >0 and 1 < a < 2. Then
T
z|Eq2(—2%)| < —2cos —.
«

Proof Recall the integral representation [12, page 111, Exercise 4.11.16]

" Eg p(—a%) = . /°° e " r2 P sin(Br) — r* P sinf(a — H)7] dr.
' T Jo 1+ 2re cos(am) + r2®
Taking S = 2, we get
1 ee} e —2 s
2Eqo(—x%) = f/ e " ro”” sin(am) dr, 1<a<?2,
’ T Jo 1+ 2re cos(am) + r2e
then
o o] a—2
2| B o (—2%)] < sin(am) / T dr.
’ T o 14 2recos(am) + r2
Using formula [21] page 311, formula 2.2.9.24]
00 p—1 1 1—
/ 5 33 5 de = ZEIH[( ,p)ﬂ, y>0,0<y<m0<p<2,
o T2+ 2xycosy+y Y2~ P sin vy sin pm
we obtain

Q=

° ro=2 e t~
/ dr = / dt
o 1+ 2recos(ar) + r2 o t24 2t cos(ma—2m) + 1

T (am)s T
= sin(am) sin —.
Sin%7T «

Thus

2m

= ™
- C— = —2cos—, l<a<2
™ sin(a) sin = e

—sin(amr) wsin

2] Eap(—a®)| <
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3 Time-fractional Integro-differential Equations

In this section we shall study the following time-fractional integro-differential
equation of the form

O u(z, £) = kAu(z, ) - / g(t — nyu(z, m)dn,

(3.1)
(2,t) := (z1,...,2q,t) E XX R4, 1< a<?2,
with the Dirichlet boundary condition
u(z,t) =0, (z,t) € 002 x Ry, (3.2)

where 2 C R? (d > 1) is a bounded domain with smooth boundary 012 €
C[%]‘H, and A = 6%2% + -4 887:3 is the Laplacian in R?.
Concerning initial conditions, they depend on the definition of fractional

derivative 0¢. If ¢ is the Riemann-Liouville fractional derivative D§, of order
a € (1,2), the initial conditions are

157 %u(z,0) = f(z), D§y'u(z,0) = h(z), x € {2, (3.3)

and the initial-boundary value problem (3.1)-(3.2)-(3.3) is called Problem (I).
If ¢ is the Caputo fractional derivative €9 of order a € (1,2), the initial
conditions become

u(w,0) = f(@), 200

and the initial-boundary value problem —— is called Problem (II).

We will show the observability of the solution for large time, which means
its global existence. The fractional nature of the problem will require us to use
the space BSA,(R;) of functions with square averages power growth.

To study Problems (I):(3.1)-(3.2)-(3-3) and (II):(3.1)-(3-2)-(3.4) we shall
use the eigenfunctions expansion method. For the Laplacian under Dirichlet
boundary condition, denote its eigenvalues, indexed in the ascending order and
counting their multiplicity, by A; and associated eigenfunctions by ¢;, i.e.

= h(x), x € {2, (3.4)

Apj(x) = —Xjpi(z), in £, (3.5)
p;(x) =0, on 012
It is known [I7] that 0 < A\; < A < A3 <--- < Aj < ---, with lim \; = oo,
j—o0

and the set {;};>1, normalized by ||¢;||z2(0) = 1, is an orthonormal basis
for L*(£2). Moreover, ¢; € C*(£2), and the smoothness condition on the
boundary guarantees that ¢; € C(2) (see [I7, Theorem 7, Section 2, Chapter
v)).

We derive first a result about the global existence of classical solutions of

Problem (I):(3.1))-(3.2)-(3.3). Because initial conditions depend on the form of
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the fractional derivative on the left hand side of the time-fractional integro-

differential equation , the corresponding representations of solutions dif-

fer. We demonstrate the derivation in the case of the Rieman-Liouville time-

fractional derivative. The case of the Caputo time-fractional derivative can be

treated in a similar way, and therefore will be mentioned without much details.
First we look for a particular solution of in the form

w(@,t) = [c;(t) + d;(t)]p; (), (3.6)
satisfying I3, “u(z,0) = Dg;lu(m, 0) = ¢;(x). Plugging (3.6) in the equation
(3.1), thanks to (3.5), we obtain that ¢; and d; satisfy the fractional integro-
differential equations, respectively,

t
D.cs(0) = ke (1) = [ alt = e, () s

Ig;aCj(O) =1, ngtlcj(o) =0,

(3.7)

and

D&%@F}*M%@%iég@*$%@wa

I37%d;(0) =0, D§'d;(0) = 1.

(3.8)

To solve (3.7)) and (3.8]), one shall use the Laplace transform. Formally we
would have

s*Cj(s) — s = s*Cj(s) — s 157 %c;(0) — D e;(0) = —kA;C;(s) — G(s)Cy(s),
and

s*Dj(s) =1 = s*Dj(s) — s Ij3"d;(0) — D55 d;(0) = —kA; D;(s) — G(s)D; (s),

therefore,
GO = wrrraa 90 =€) 6 (39)
D;(s) = L d;(t) = (L7D;) (s). (3.10)

s*+ Nk + G(s)’

By f € BSAZ(R,) for 1 < a < 2, we mean both f, D§, f € BSA,(R;).
We have

Theorem 2 Let 2 < a <2, [|g|, <v(a)kA: with

| tan( %)
)= —2"_
v(e) 1+ |tan(%")|

Then ¢;j(t) and d;(t), defined by (3.9) and (3.10), belong to BSAS, 5(Ry)
and BSAS., _1(Ry), respectively.

(3.11)
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Proof Since ||g||; < v(@)A\k < y(a)Ajk, for j =2,3,..., Theoremand formu-

las (3.9]), (3.10) show that ¢;(t) € BSAsn—3(R4) and d;(t) € BSAzqa—1(Ry)
forj=1,2,---.
We have

s(A\jk+ G(s))

(£Dgye5)(s) = * Cy(s) = s 151 (0) = D ey (0) = = F A,

and

(£D5.4)(0) = Dyo) = s 270, (0) = D'y 0) = — 25200
Since |G(s)| < [lgll, <v(@)Aik < v(@)A;k, by Theorem [1, we get

D8‘+Cj(t) S BSAga_z;(R_i_) and D8+dj(t) S BSAQa_l(R+).

Thus ¢;(t) € BSAS, _3(R4) and d;(t) € BSAS,_;(R4). O
If we take f(z) = h(z) = ¢j(z), then u(x,t), defined by (3.6),

and (3.10), satisfies (3.1). Hence, if we take f(z) = Yoy ajpi(a), h(z) =

> i1 bjpj(x) then u(x,t) defined by

= > laje; (1) + bid; (D] (), (3.12)
j=1

formulas (3.9) and (3.10]), satisfies (3.1)). B
As ¢; € BSAS,_3(Ry) C BSAS, 1(R4) and ¢; € C®(2) N C(2) we

arrive at

Theorem 3 Let 3 < a <2, ||gll, < v(@)kA; with v(«) being given by (3.11)),

and f(x) = >0 ajp;(x), h(z) = Z 1bjpi(x). Then is the classical

solution to Problem (1):[3.1)-(3.2)-(3 , exists for all t > 0 and belongs to
C=(2) N C() x BSAG,_,(Ry);

Remark 1 This function theory approach gives a new method to prove global
existence of solutions of evolution equations that is not based on semi-group
theory which usually provides local existence of the solution. Also we need
only g € L'(R,) and no sign condition, g > 0, is needed.

For Problem (II), we again look for a particular solution of (3.I]) in the

form , but under the initial conditions u(a: 0) = Mh 0= p;(x).
To ﬁnd the exact expressions of ¢;(t) and d;(t), use . (B:3), to deduce

Opei(t) =~k ) = [t = 9eils)ds 60 =1, ¢0)=0. (313)

and
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The solutions of (3.13) and (3.14)) can be written in the form

Cj(t) = (ﬁ*le) (s), Cj(s) = M (3.15)
and o2

d;(t) = (L71D;) (s), Dy(s) = m (3.16)
respectively.

If lg]l; <v(@)kA1, 2 <o <2, then Theoremshows that
¢j(t) € BSA;(Ry) C BSA2,—1(R4) and d;(t) € BSA3(R4). Moreover, we
have
Nk +G(s)

s+ Nk + G(s)’

Sa—l

s*+ Nk + G(s)’

(£6))(s) = 5 C(s) = 5(0) =
(3.17)
(Ld})(s) = 5 D (5) = d5(0) =

and
s(A\jk + G(s))
s*+ Nk + G(s)’
_ )\Jk‘ + G(S)
s*+ Nk + G(s)

(Lc"5)(s) = 5* Cj(s) — s¢(0) — ¢5(0) = —
(3.18)
(Ld";)(s) = s* D;(s) — sd;(0) — d}(0) =

From Theorem [I} we derive c/(t) and c}(t) belong to BSAz,—1(R}) and
BSAs,—3(R;) C BSAs,—1(Ry), respectively.

Thus ¢;(t) € BSA3,_(Ry) C BSA%(R,).

Similarly, d;(t) and d}(t) belong to BSA;(R) C BSA3(Ry) and
BSAs,—1(Ry) C BSA3(R.), respectively. Thus d;(t) € BSA%(R,).

Now if we take f(z) = h(z) = ¢;(z), then u(z,t) defined by (3.12), (3.15),
and , satisfies . Thus, we have proved

Theorem 4 Assume that the assumptions in Theorem @ hold, then 3.12:

together with (3.15))and (3.16)), is the classical solution to Problem (II): (3.1]
(3-2)-(3-4), exists for allt > 0, and belongs to C*°(2) N C(2) x BSA3(R,).

Now we go to the general case. Let H{"({2) be the Sobolev space of func-
tions with compact supports in {2 with generalized derivatives up to order
m > 0. We obtain the following theorem for Problem (I)

Theorem 5 Let g € L'(Ry)UL®(R,), f € HF(2), h € H 1 (02), |lgll: <
v(a)kA1 withy(a) being defined by (B.11), 3 < a < 2, and c; and d; be defined
by (3.9) and (3.10), respectively.

a) If 02 € C™ then the following series converges in H™~1(£2) norm for each
t>0

u(z,t) =Y [fie;(t) + hid; (1)) (@), (3.19)

Jj=1
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where f;,h; are the j*" Fourier coeﬂ?cients of f,h € L%(02) in the basis

{¥itiz1, namely{ } Jo { } j(x) dz. If, moreover, m > [g}+2,

then u(-,t) € C"™~ (5 ] 2(0).
b) If m > ng 1, then the series (3.19) converges absolutely on @ := 2 x R.
c) If m > %, then the series (3.19)) converges uniformly on any compact

subset of Q. Moreover, if 052 € C[%]H, then u € C(02) x BSAzq_1(R4).

The absolute convergence of should be understood in the following
unconventional way. With the presence of multiple eigenvalues, let us regroup
all eigenvalues into a strictly increasing sequence p; < po < --- such that the
sets {A1, Ag, -+, Ay, -+ } and {pa, o, -+, pu, - - - } coincide. Then the absolute
convergence of means the convergence of the series

Z Y Lfiei() + hid;(8)]p; ()|

Aj=H

Proof Consider the equation

D¢ y(t) = =My +£(t), D y(0) =yo, 157 "y(0) = y1, o € (1,2), (3.20)
its solution has the form [I3]

y(t) :yota_lEa,a(_)‘ta> + ylta_zEa,a—l(_)\tQ)
t
4 [ = oA = 1) dr
0
Applying (3.20] - ) to and ( with f(t) = —(g * ¢;)(1),

fit)y=—(g*d; )( ) respectlvely7 and A belng replaced by kA;, we obtain

(3.21)

ci(t) =t Ba o (—kAjt*)
- / (t — 7) By o[—kXj (t — 7)°] /T g(m —n)ec;(n) dndr
0 0

t
= B (k") = [ Bt ) dn.

and
di(t) = t* 2By a—1(—k\;t%)
—/Ot<t—7>a-1EM[ B (= 7)° ]/Tg(T—n)dj(n)dndT
=12 By q_1(—k\;t%) / B(t,m)d;(n) dn,
where

Bt = [ (=) Ea kA= )Plo(r —mdr. (32)
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From Lemma [I] we have

toz—2
THE, (kMY < Mt 27 By g1 (kXY | < M ————
t ‘ s ( J )|— 1 ’ | s 1( J )|7 1+kA]tOé’
and
! a—1 (t_n)a
1B, n)l < Millglleo | (¢ =7)*" d7 = ~—=—Mlg]l- (3.23)
n
Consequently,
M t
0] < e+ 2 [ peieslan, 10, @2
0
and
o2 Millglle [*
d;(t)| < M t—n)%d;(n)|dn, t> 0. 3.25
(0] < M + 1 [ npelanlan, (3.25)

Applying the Gronwall inequality for fractional integral [31, Corollary 2] and
using monotonicity of %, to (3.24]), we obtain

e (t)] < M1t By (My]|g|loct® ™ I'(a)) :== N(t), t>0. (3.26)
Now applying the generalized Gronwall inequality [I4, Lemma A.2] to (3.25)
yields
a—2

t
M Mﬁ/ ) —y
+ Me 0( n) 1+ ke n

a—2

< M—
s (1)] < Ml + kX it

Note that max 1‘"’_% =pP(1 — p)t~P, where 0 < p < 1, we have
x>

ooy KPALEOP
Pldi(t)] < ME—Pte—2-p 1
)\j ‘d](t)| — 1+ k/\jtﬂ‘

kP Xomew

t
M k™P Mgt/ t— «@ oz—2—o¢p7d
+ Mk e 0( m°n Eswoil

< MEPE20PpP (1L — p)toP

MypP(1 — p)i—p t

+ 1P ( p) 6Mzt/ (t o n)ana72fapd,'7
kP 0

B Mto—2=arpr MipPT(o+ 1) (o — ap — 1)1520‘7“”716M2t

~ kP(L—p)pt kP(1 —p)P~1(2a — ap)

N 1
=N*(t), 0<p<l——.
«
Therefore

1
4] S AN S APNU(W), 0<p<i-— (3.27)
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Thus, {c;(t)};>1 and {d;(¢)};>1 are uniformly bounded on any compact subset
of R,.

a) Since f € H'(2), h € HY *(£2) and 92 € C™, then by [I7, Theorem,
Chapter IV],

S OB S Mifly < oo Y WINPT S My||h|3- < o,

— =
and the series 77 fjp;(x) and 3772, hjp;(x) converge to f(x) and h(z) in
H™(£2) and H™1(£2) norms, respectively. Together with the uniform bound-
edness of ¢; and d; on [¢,T], 0 < e < T < 00, it yields

> (fiei () + hyd;(8)° X7

j=1

oo

<2 Z HAPT + ZthQ

Jj=1

S2{N20)D AT AT (N (¢ Zhﬁm !

SQ N AllzfQ)\"L—’—)\lQp N* ZhQAm 1 <OO,
j=1
O<e<t<T < o0.

In other words, the series ([3.19)) converges in H™~!(£2) norm, and u(-,t) €
H™1(£2) for any ¢ > 0. On the other hand, when m > [2] + 2, we have [17]
H™1(2) c ¢ [8]-2(12), therefore, u(-,t) € c™[5]2(0).

b) Ifm > 4+1, f € HJ*(£2) and h € HJ*~'(£2), then the series Z _1 fiei(x)
and Z;; hjpj(x) converge absolutely to f and h on any compact subset of
12, respectively [4], see also [25, Lemma 4.1 a]. Noticing that ¢;(t) = ¢;/(t) and
d;(t) =d; (¢t) if j =7’ we arrive at

oo

ST [fiei(t) + hyd; (0)]g; ()
=1 )‘j:#l
S Y sete@) + 30| X wa
=1 Aj:m =1 )\] =y
SNOY D i@+ AN 0D | D hjgi(a)] < o,
=1 /\j=m =1 AJ':,LAL

i.e., the absolute convergence of ([3.19)).
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c) Recall the Weyl’s law for the asymptotics of the eigenvalues A; [7,[8]

e [ gn]

For the eigenfunctions ¢;(z) the following asymptotics formula holds uni-
formly on any compact subset K of 2 [4]

Z @?(x) =0\, A— oo
I/ —Al<1

/\jzdj%, j — 0o, where §=

In particular,
a—1 d—1
soj(x):O(Aj“ ):O(jﬁ>, j — oo. (3.29)
Now, if f € HJ*(£2), then its Fourier coefficient f; has the asymptotics [4]

fj=0(/\f%) =0(™), j— oo (3.30)

J

Similarly, if h € HJ* *(§2) for m > 1, then its Fourier coefficient h; has the
asymptotics

hi=0 () ) =0 (), jo (3.31)
From (3:29), (3-30), and we have
[Fies(0) + hids ()]s () = 0 (70 ) 0 (j55*) . (3.32)

uniformly on K X [e,T], where K is any compact subset of (2. Since m >

3d+1 d—1-2m _ d¥1-2m .
26—, then S < &= < —1, and therefore, the series (3.19) converges

uniformly on K X [e, T].
From Theorem |1} (3.9, and (3.10) we have
M, Mo

| < Ts[eT’ |D;(s)] < s Res >0,

|C5(s)

where M; and M, are independent of j. Hence, Holder’s inequality and the
Parseval formula for the Laplace transform in L?(R. ), see [29], give

oo o (o)
{/ e_wt|cj(t)|dt] g/ e_””tdt/ e e, ()2 dt
0 0 0

1 [t 2 M? [t 1
‘Cj (3“‘”)‘ dygf/ s W
%0 T oo |5 iyl

2

2nx J_

M72>* 4 (a — 3)
= , x>0,
2202 /7 (o — 1)
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and
oo 2 oo oo
U e”|dj(t)|dt} g/ e*“dt/ e~ \d;(t)|?dt
0 0 0
1 2 M. 1
DTy
" 2nx 2rx ’5 + zy‘ «
M222a—21'1 _ 1
=2 (@ 2), x> 0.
x?e\/m ()
Consequently,

i |0 + hids @)ool
Silfjwj(w)l/ooo e‘“lcj(t)ldt+i|hj¢j(m)|/0m e\ (t)|dt
> ( o 2m) x%io( S 2m><oo x> 0.

j=1 Jj=1

Thus, we can apply Lebesgue’s dominated convergence theorem to obtain
(Lu = [fiei(@)(Le;)(s) + hjpi () (Ld;)(s)],  Res > 0.
Jj=1

In other words,

Uz, 5) i::f; s) + h;D;(s)]e;(x)
i ( = M)O(Sall) +§:O(jw>0<;&) (3.33)

1 1
o(7=)+0(=)
By Theorem [I] we have u(z,) € BSAzq_1(R4).
Now, m > Sdﬂ > [ ] + 2, therefore, combining with Part a) we arrive at
u e C( ) X BSAQafl(RdF).
Theorem [§] is proved. O
Similarly, we have the following theorem for Problem (II):——

Theorem 6 Let g € L'(Ry)UL®(Ry), f € H(R), h € HI *(2), |lgll, <
v(@)kA\1 with % < a < 2, and ¢; and d; be defined by (3.15) and (3.16),

respectively.
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a) If 002 € C™ then the series
Z fici(t) + hid; (1) p;(z) (3.34)
Jj=1

converges in H™(£2) norm for each t > 0. If, moreover, m > [%] +1, then
u(-t) e 8- (@),
b) If m > %—F 1, then the series (3.34) converges absolutely on @ := 2 x R;.
¢) If m > M then the series (3.34) converges uniformly on any compact

subset on Moreover, if 012 € clslt , then u € C(£2) x BSA3(R,).
Proof Consider the equation

Oyt = -+ (1), yO) =y, y(0) =y, ae(l,2), (3.3
its solution has the explicit form [13]

t
Y(t) = yoEa(=AtY) +y1tEq 2(—At7) +/ (t=7)" Eaa (=Xt — 7)) f(7) dr.
0
(3.36)
Applying (3.35) and to and with f(t) —(g * ¢;)(t),
fit)= (g * d )( ), respectlvely, and A belng replaced by k)\J, we obtain
¢j(t) = Ea(—kA;t?)
t T
= [ B = 1)) [ a7 = mies ) dnar
0 0
t
= Bal=kst) = [ (t.n)es )
and
t
4(0) = tEaa(~hAt*) ~ [ Bltm)d;(n)di,
0

where §(t,n) is defined (3.22)). From Lemma and Lemma [2| we have

1

|Bo(—kA )| < My, t|Baa(—k\jt®)] g( 2(308—) (kX)) %

Together with (3.23)), we derive

Millgllos [ o
e < 3+ 212 [ gy lan

and

(0] < (~2eos ) (ory)~4 + 2L [ ppetatan,
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Applying the Gronwall inequality for fractional integral [3I], Corollary 2], we
obtain

()] < My Eoir (MillgllooI"(0)t°F) < MiEagr (Millglleel () T°)

=: Ny, t€[0,7T)
(3.37)
and
d; ()] < (~2c0s =) (kX;) 7 Eart (Milglloe I (@) *)
< (- 2005—) k% Bagr (Ma|lglleo T ()T 1) A ™ (3.38)

_1
— NjA;® < NPAL®, t€ [0, T).

Thus, {¢;(t)};>1 and {d;(t)};>1 are uniformly bounded on any interval [0, T},
T < oo.
a) Similar to the proof of Theorem [5| Part a), we have

> (fiei(t) + hyd;(1)*A7 < 2 Z Am+2h2d2
j=1

(oo} [ee]

_2

<2 [ N2YT A (N2 Y RN TIA L
=1 =1

<2 NTfo Zh“‘/\’” ' <o

In other words, the series (3.34) converges in H™({2) norm, and u(-,t) €
H™(£2) for any t > 0. On the other hand, when m > [2] + 1, we have [17]

H™(2) c ¢ [58]71(%2), therefore, u(-,t) € c™[5]-1(1).
b) Combining [25, Lemma 4.1 a)], and noticing that ¢;(t) = ¢;/(t) and
d;(t) =d; (t) if \; = A/, we arrive at

ST (Fiei(®) + hyd; () g5 ()

1=1 | Xj=p
<2 Zfa% es@)| + 3| 3 hadt)
=1 = =1 |Aj=m
<NpY | Y fivi(e) +N?Aféz > hypi(a)| < oo,
=1 | Aj=p =1 | \j=p

i.e., the absolute convergence of ([3.34]).
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¢) Similarly to the proof of Theorem 5| Part ¢), the series (3.34) converges
uniformly on K x [0,7T], where K is any compact subset of {2.

From Theorem [I] (3.17)) and (3.16) we have

My
Ci(s)| < —,
| J( )l |8|

where M; and M, are independent of j. Hence, Holder’s inequality and the
Parseval formula for the Laplace transform in L?(R. ) give

U e_“|cj(t)|dt] g/ e—wtdt/ e ¢, ()Pt
0 0 0

1 [tee T oo M1
sr ) |0 Grw)[ =gl [ o= e

M
|D;(s)| < ﬁ Res > 0,

2

" 2 |, + 13/’ x2
and
oo 2 oo oo
U e“|dj(t)dt} g/ "”tdt/ e ™ |d;(t)|%dt
0 0
1 +ee _ 2M3
— ‘D ( + zy dy < / 2 z>0.
T 2 2 +zy’ x?

: 3d+1
Consequently, if m > =5, then

3 / e (fre5 () + hyd; (8) 0y () dt

j=1

< 1f05()] / e Ot + 3 [y ()] / et |d; (1)t
j=1 j=1
M, > Ld—1-2m \/§M2 > Ldt1-2m

_x;O(j )—l— 2 ;O(] )<oo, x> 0.

Thus, we can apply Lebesgue’s dominated convergence theorem to obtain

(Lu = 3" 505 (@) (Le;)(s) + hyi(2)(Ld;) ()], Res > 0.
=1

In other words,

Mg

Uw,s) = D _l1iC5(s) + hiDj(s)le; (@)

o (7)o <)+Zo(‘”l *Jo(z) ©®
—o(Y)+o(%)

<.
Il
—

<
I
—

Mg
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By Theorem [I] we have u( ) € BSA3(R;).

Now, m > 3‘”1 > [ ] + 1, therefore, combining with Part a) we arrive at
u e C( ) X BSAg(R+>

Theorem [0] is proved. O

Remark 2 The series (3.19) converges in H™~1(§2) norm, but the series (3.34]
converges in a stronger H™({2) norm.

Now we are ready to prove the main theorems of this section about the global
existence of solutions of Problem (I):(3.1)-(3.2)-(3.3) and Problem (II):(3.1)-
E2-6).
For Problem (I) we have

Theorem 7 Let g € Ll(IR{+) UL®Ry), f € HP(2), h € H'H(N), 002 €
C™ withm > 345 3 < o < 2, and ||g|l1 < v(@)kA1. Then u(z,t), defined
by , is the unique classical solution of Problem (I):-— mn
C2(D) x BSAS,_,(R.).

Proof Since m — [5] 2 > % — [ ] 2 > 2, by Theorem [5| a) we have
u(-,t) € C%(2). Moreover, from (3.2§), (3.32) and “=5-2m < db5=2m o

we obtain

oo

Z| fici(t) + h;d;(t) Apj(x [Ailfiei () + hid; ()]s ()]

o)+ 0 () <

uniformly on any compact subset of K X [e, T]. Hence,

8

=

<.

oo

Au(z,t) = (fic;(t) + hid; (1) Ag;(x ZA (c;(t) + d; (1)) ().

Jj=1

From and (| -, -, we get

D, (8)] < kAN (E) + N() / lg(t — 5)\ds

(3.40)

< N (kX + lglh) = O(\;) = O(j7), teleT]
and
P01 < AATN () + A7) [ o~ o)l

SAPNF (kX + [lglh) = O() = O(1), te[eT].
Consequently,

[ee]

108, o - 330 (1%5) + £ 0(5) <
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uniformly on [e, T] for any 0 < e < T < oo, and it yields
Dgyu(z,t) Z [iDgyci(t) + hiDgy dj(t)lp; (). (3.41)
j=1

It is obvious that

/Ot g(t — T)u(z, 7)dr

=[5 [ st =rresrir iy [ o= oo

J=1

(3.42)

Combining (3.40)), (3.41)), and (3.42]) we arrive that

Dg,u(w, t) — kAu(z, t) + /0 t g(t — T)ulz, )dr

= ifjg)j(x) {Dgﬁrcj(t) + kXje;(t) + /Otg(t - T)Cj(T)dTil

+ i hjp;(x) {D(C)!-;-dj(t) + kAjd;(t) + /Otg(t —7)d;(T )dr} =0.
Since ¢;(x) = 0 on 942, then

f:fycj t)+ hjd;(t)]pj(x) =0, =€ df.
j=1

Because I} “c;(0) = 1, D§}'¢;(0) = 0 and I “d;(0) = 0, D§;'d;(0) = 1,
by the fact that the series Y377, fip;(x), D272, hjp;(x) converge absolutely
to f and h on any compact subset of {2, respectively see [25, Lemma 4.1 a)],

13 u(x ijﬁf Joi() =Y fieia) = flx), ze€, (343)
j=1
and
Dy u(,0) Zh Dy 'd;(0) Zh]@] (), =€
Jj=1
(3.44)

Thus, u(z,t) defined by (3.19), is a classical solution of Problem (I).
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Taking into account (3.33) and (3.43), (3.44)) obtain

(£D3+u( t))(s)
,8) — Ig u(z,0) — Doajlu(x 0)

CEQ
Mg =

s) + h;D;( _SZfJ<PJ Zhj@j(x)
3:1 j=1
=" fips(a)(s —s +Zhj<pj Dj(s) — 1)
j=1
N M —Ask +G(s)
_;f]%(m)saJr)\kJer z:: i3 sa+)\k+G()

Using Theorem |1 and Weyl’s law (3.28) we get

s(\jk + G(s)) My _ Myji Ajk + G(s) M); _ Myji
s+ Nk +G(s)| 7 [s|*7 T s|om s + Ak + G(s) sl = [s|*
Together with (3.29)), (3.30)), it yields
> s(\jk + G(s - Ak + G(s)
Z fies( a— Z SRS TIRY
— s*+ Nk + G(s — s+ Nk + G(s)
d+3 2m M2 > Ld+1—2m M1 M2
d < —— 2
B \ \a ! Z MR ;] TS el MR

because < —1. By Theorem (1} we get
Dg,u(z,t) € BSAzq—1(Ry). Together with u(z,t) € BSAzq—1(Ry) by Theo-
rcmc) it yields u(z,t) € BSAS, ;(R,). Thus, u € C%(2) x BSAS, ;(R,).

Let u, i € C?(2) x BSAS, ;(Ry) be two solutions of Problem (I). Then
w=u—1u¢€ C%*) x BSAS, ;(Ry) is a solution of

d+12—2m < d+3—2m < d+5—2m

t
Dy w(et) = kAu(o ) = [ gt = mulemdn, (.0 € 2x R,
0

w(zx,t) =0, (x,t) € 02 x RT,
I3 %w(@,0) = Dgy lw(z,0) =0, x €.
(3.45)
Taking the Laplace transform of (3.45) we get

A — G(o)+s” 0 -
{ W(x,s) Wiz,s), z€, W (z,s) € C*(2), Res > 0.

W(z,s) =0, xz¢€df.
(3.46)

i
If s e (||g||f ) oo)7 then — < 0 cannot be an eigenvalue of the Dirichlet

Laplacian (3.5)), therefore the Schrédinger equation with Dirichlet’s boundary
condition (3.46) has only trivial solution W(z,s) = 0, x € 2 [I7], for such s.

G(s)+s”
k
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But for a fixed parameter = € 2, W(z, s), as a function of s, is analytic in
Res > 0. Hence, w(z,t) = 0, and we obtain the uniqueness of u. The theorem
is proved. O

Similarly, for Problem (II) we obtain

Theorem 8 Assume that the assumptions in Theorem @ hold, then u(x,t),
defined by (3.34), is the unique classical solution of Problem (I1): (3.1))-(3.2)-
[3-4) in C3(2) x BSA3(Ry).

Proof Since m — [%] —-1> # - [g] — 1 > 3, by Theorem |§| a) we have

u(-,t) € C3(£2). Moreover, from +3-2m  di5=2m o 1

Ajlfiei (t) + hid;(8)]p; ()]

0( 5 2’")+Zo( ) < o,

uniformly on any compact subset of (). Hence,

Z| fici(t) + h;d;(t) Apj(x
j=1

F”18 i Mg

<.
Il
-

oo oo

(fiei(t) + hyid; () Apj(x) = = > Aj(e;(t) + dj(t))e; ().

,_.
<.
Il
—

j=

From (3.35)), (3.37)) and (3.38) we get

T
€0%¢;(8)] < kA;Np + Ny / lg(t — 8)|ds < Np(kA; + llg]l)
0
=0(\) =0(ji), tel0,T]

and

1 _ 1 T _ 1
COpd; (1)) < kA AT 7 Nj + A7 NG / gt — 5)|ds < AT % N(kX; + [lgll)
0
—0()\) =0(j7), telo,T).

Consequently,

o0

Z|aafjc] ) + hyd;( pZo(d”’ 2"‘)+Zo(”5 ) < o0,

uniformly on [0, 7] for any T > 0, and it yields

Copula,t) =Y [£;°05¢;(t) + h;Copd; (1))p; (x). (3.48)
j=1
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It is obvious that
/O ot — yu(a.7)dr
_ i [fj /Otg(t — )e;(r)dr + by /Ot (t—7)d(r )dT] (@),

Combining (3.47), (3.48), and (3.49) we arrive that

(3.49)

Cotu(z,t) — kAu(z, t) + /Ot g(t — T)u(z, 7)dr
= i fip;(w) [Cagcj (t) + ke (t) + /Ot gt — T)cj(f)dT]
+th [ di(t) 4 kXjd; (1) + /Otg(t—T)d()dT]—O.
Since ¢;(x) = 0 on 12, then
ifjcj t) + hyd;(D)]p;(x) =0, x € 0.

Because ¢;(0) = 1, ¢;(0) = 0 and d;(0) = 0, d}(0) = 1, by the fact that the
series > fipi(x), 2252, hjp;(z) converge absolutely to f and h on any
compact subset of {2, respectively see [25, Lemma 4.1 a)]

0) = ijcj(o)s@j(a?) = ij%‘(x) = f(z), z€f,

0) =Y hidj(0)p;(x) =Y hjp;(x) = h(z), =€ 2.
i=1 =

Thus, u(z,t) defined by (3.34)), is a classical solution of Problem (II).
Taking into account (3.39)), (3.17) and (3.18]) we obtain

(Lug(z,t))(s) = sU(x,s) — u(x,0)

:stJ s) 4+ h;Dy( ij%
Jj=1

= fiei(@)(sCy(s) — 1) + Z hjej(@)sD;(s)

a—1

N () — ARG S, st
=" fie; (g;)saH pae —|—;hy%(l’)8a+)\jk+(¥(3)a
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and
(Luge(z,1))(s) = s° U(z s) —su(x,0) —ug(x,0)
= 822 fiCj(s) + hjD;( - stJgaj Zhjgoj(as)
=3 B0 )+ D)D) - 1)
- sNE+G() =, . —(Nk+G(s)
7; sa+)\ k+G(s)+;h]%(x)sa+)\jk+G(s)'

Using Theorem 1) and (3.28)) we get

Sa—l

s+ Xk + G(s)

Ak +G(s)
s+ Ak + G(s)

Together with (3.29), (3.30), it yields

Mi); _ Myji

Todsle T gsle

M,
Tl

i fo Mk + G(s > st
| i) G k+G < hits @) R T G0
M1 d+3 27n d+1 2m Ml M2

< -
- azj Z - a+ | |
s =1
J
and
if s(A\jk+ G(s f: Nk + G(s)
— | 2l sa+/\k+G — sa+>\jk+G(s)

1 .d+3—2m M2 .d+5—2m Ml M2
S a2 7 a2 i 7 St
\mﬂgg uw%} T T
because d+12;2m < d+32;2m < d+52;2m < —1. By Theorem we obtain
ug(x, 1), ug(x,t) € BSAzqa—1(Ry) C BSA3(R,). Together with
u(z,t) € BSA3(Ry) by Theorem |§| c) it yields u(z,t) € BSA3(R,). Thus,
ue C3() x BSA3(Ry).
Let u,i € C°(2) x BSA3(R,) be two solutions of Problem (II). Then
w=u—1u¢€ C?(2) x BSA3(R,) is a solution of

t

COpule,t) = kdu(e,t) ~ [ glt—mulendn, (5,0 QxR
0

w(z,t) =0,  (z,t) € 92 x RY,

w(z,0)=0, 24w —0,  zeqn.

oo
(3.50)

Taking the Laplace transform of (3.50]) we get the Dirichlet Schrodinger
problem (3.46)), and the uniqueness of u follows. O
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4 Inverse Problems

In the previous section we proved the global existence of classical solutions for
Problems (I) and (IT). We now focus on the inverse problems of Problem (I) and
(IT), that is to find initial functions f(x), h(z), so that we can reconstruct the
constants {«, k} and the memory function g uniquely from a single observation
of the solution of Problem (I) and Problem (II), respectively, at one point
{u(b,t)}+>0, where b € 2 is an arbitrary point.

We start with the inverse problem of Problem (I). Choose the initial con-
ditions f(z) = h(x) = @1(x). Then the observation u(b,t) is given by

u(b, t) = (c1(t) + di(t))p1(b)
with
I57%1(0) = 1, D§; er (0) = 0, I “d1(0) = 0, Dy 'd1(0) = 1, where b€ £2.

Recall that ¢1(b) # 0, as the principal eigenfunction of the Laplacian never
vanishes inside 2 [I7], and so the observation is not trivial.
Taking the Laplace transform of the observation u(b,t) with respect to ¢,

and recalling (3.9) and (3.10), we have

s+1

U(b7 S) = —sa + )\lk + G(s)

e1(b).
Consequently,

(s + Dga(b)

Tb.5) =5+ Mk +G(s) ~s% s— o0,

and therefore, o can be recovered from the observation as follows

(S )

= li 4.1
@ alglo Ins ( )
Once « is recovered, k can be obtained as
.1 [(s+1Dpi(d)
k= lim — | — 5" 4.2
5o A { U(b, s) Sk (4.2)
and G(s) as
1 b
G(s): M*Sa*k)\l, R68>0. (43)

U(b,s)

The memory kernel g(¢) can be recovered by taking the Laplace inverse trans-
form of G(s). Thus we have proved

Theorem 9 Let f(x) = h(z) = ¢1(x), then one observation of u at a single
point b € §2 determines uniquely the fractional order o by (4.1), the parameter

k by (4.2), and the memory function g by taking the Laplace inverse of G(s)
from (@3)
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Similarly, from the observation (b, t) of Problem (IT) one can find

5—00 Ins

. s [(s+ 1)p1(b)
k=1 — | -1
SL)IICEO )\1 |: 52 [](b7 S) ’

(s + D (b)

Gls) = s2U (b, s)

— 1] — kX, Res>0, g(t)=(L'G)(t).

Assume now that the observation point b is on the boundary 9f2. Since
u(b,t) = 0 when b € 942, so instead of u(b,t) we should observe 3““’ Y the
outer normal derivative of u at the boundary point b.

For the inverse problem of Problem (I) with the special initial conditions
137 %u(z,0) = D§; 'u(z, 0) = @1 (z) the solution u(z, t) = (c1(t)+di(t))p1(z) €

C1(2) for each t > 0 when 912 € clsl+2 [17]. Since 8“’1(17 # 0 [17], the obser-

vation w is meaningful.
v

Taking the Laplace transform of the observation u(b,t) with respect to ¢,

and recalling (3.9)) and ( -7 we have

oU(b,s) s+1 01 (b)
o s+ Mk+G(s) Ov
Therefore,
de1 (b)
In <<s ;;)%:)
(bys)
— 1 Ov
a= Slgglo s , (4.4)
1 |(s+ 1)8“"1(17) N
k= lim W‘S ! (4.5)
and
91 (b)
+1
G(s) = u 5% — kA1, Res>0. (4.6)

Ul(b,s)
ov

Then we obtain

Theorem 10 Let 952 € Cl5]+2, Taking f(x) = h(xz) = ¢1(x) then using one
observation w at a single point b € 02 we can reconstruct uniquely the

fractional order o by (4.4), the parameter k by (4.5)), and the memory function
g by taking the Laplace inverse of G(s) from (4.6))
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4
2

In the case of the inverse problem for Problem (II), if 042 € clzl+2 and

b € 912, then from the observation w of Problem (IT) we can find

91 (b)

1

I (s+ 1), 1
$2 oU (b,s)

a=— lim ov )

5—00 11'15
5O (s+1)3¢1(b)

k= lim ~— | ———-9% 1],

5—00 \1 52 8U3(g78)
and
S+1 a‘Pl(b) _
Gs) = 5 (5233@2?—1 — kA, Res>0, g(t) = (£7G)(1),
ov
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