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1. Introduction
In the last years, the semilinear elliptic partial differential equation
—Au+b(2)u = f(r,u), xRV, u € HY(RY), (1.1)

has been studied by many authors. With the aid of variational methods, the existence and multiplicity
of nontrivial solutions for problem (1.1) have been extensively investigated in the literature over the past
several decades. Many papers deal with the autonomous case where the potential b(x) and the nonlinearity
f are independent of x, or with the radially symmetric case where b(x) and f depend on |z|. We quote
here [5,6,16,17], where the autonomous case is studied, and [2,3,12], where the radial nonautonomous case
is considered. If the radial symmetry is lost, the problem becomes very different because of the lack of
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compactness. Ever since the work of W.Y. Ding and W.M. Ni [7], Y. Li [11] and P.H. Rabinowitz [15], this
situation has been treated in a great number of papers under various growth conditions on b(z) and f.
In this paper, we study the existence and multiplicity of nontrivial weak solutions to the following problem

{—A,Yu +b(x)u = f(z,u) in RY, (1.2)

u € S?/(]RN),

where A, is a subelliptic operator of the form

N
Za% Vi0z,), v = (11,725, ) : RN = RV,
J=1

The A,-operator was considered by A.E. Kogoj and E. Lanconelli in [10]. This operator has the same
form as in [8], however the functions «(z) in [10] are more generalized than those considered in [8]. The
A,-operator contains many degenerate elliptic operators such as the Grushin-type operator

Go = A + |x|2aAy, a >0,
where 2 denotes the point of RM x R¥2 (see [9,20,21]), and the operator of the form
Pog =0y + Ay + 22 |yPPAL,  (z,y,2) € RNV x RY2 x RY:,
where «, § are nonnegative real numbers (see [19,22]).

To study the problem (1.2), we make the following assumptions:
(A1) f: RN x R — R is a Carathéodory function satisfying

[f(@,)] < fi(@) [€] + fa@) |7 for almost every (z,€) € RY x R,

21)3

where f1, fo : RY — R are nonnegative and fi(z) € LP (RN) N Lps(RN) N L73@= D5 (RN, fo(z) €
LP2(RV) N LPs(RY), 2py /(p1 — 1) < 2% := % (where N is defined by formula (2.1)) pps/(p2 —1) < 25,p€

* 2; * *
(2727)71717292 >1 PS el 2;__[)3}73(27 - 2p+ 2) S 2~2rya

(Ag) ‘gl‘im IF( 2Ol = = o0, for almost every € RY, and there exists 79 > 0 such that
—

£
F(z,8) E/f.TTdT>O for all (z,¢) € RN x R, [¢] > ro;
0

(As) There are constants g > 2 and 1 > 0 such that
F(z,€) <&f(2,€)  forall (z,€) € RY x R, [¢] > 713

(A1) Fl@,—€) = —f(w,€) for all (z,€) € RN x R
(B1) b: RN — R such that b € L}, . (RY) and

to = essiIgN b(x) :=sup{p € R: Vol({x € RV b(z) < u}) = 0} > 0;
e
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(B32) For any M >0

Vol ({z € RN, b(z) < M}) < oo,

where Vol(-) denotes the Lebesgue measure of a set in RY.
We would like to mention the results obtained in the past for the case A, = A.
In [15], P.H. Rabinowitz assumed that b(z), f(x, &) satisfy the following conditions:
(Raby) b € CY(RM,R) and there is a by > 0 such that b(z) > by for all x € RY;
Rabs) b(z) — oo as |z] = oo;

)
(Rab,)
(Raf1) f € C2(RY x R,R), f(2,0) = fe(x,0) =0
(Rafs) There are constants Cy,Cy > 0 and p € (1, (N +2)/(N — 2)) such that for all z € RN and £ € R

|fe(z,€)| < CL+ Ca [P

(Rafs) There is a constant g > 2 such that

£
0 < pF(x,&) = ,u/fxrdr<§f(x£)
0

for all z € RY and ¢ € R\{0}.
Then he proved that the problem (1.2) (for Ay, = A) has a nontrivial solution.

In [4], T. Bartsh and Z.Q. Wang assumed that b(x), f(z, &) satisfy the following conditions:
(Baby) b € C(RN | R) satisfies

o = inf b(x) > 0;

zeRN

(Babs) For any M > 0
Vol ({z € RN, b(z) < M}) < o0;

(Bafi) f € C(RY xR, R); f(x,€) = o(|¢]) as |¢] — 0 uniformly in z;
(Bafy) There are constants Cy,Cy > 0 and p € (1, (N +2)/(N — 2)) such that for all z € RN and ¢ € R

[f(z,8)] < 1+ Ca[€7;

(Bafs) There is a constant g > 2 such that

13
0< pF(z,&) = ,u/f ydr < Ef(x,§),
0

for all z € RY and ¢ € R\{0};
(Bafy) fis odd in &, that is,

flz, =€) = —f(x,€) for z € RV £ € R.

Then they proved that the problem (1.2) (for A, = A) possesses infinitely many nontrivial solutions.
Next, we can state the main theorem of the paper.
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Theorem 1.1. Assume that b and f satisfy (A1), (A2),(As), (A4), (B1) and (Bz2). Then the problem (1.2)
possesses infinitely many nontrivial solutions.

Remark 1.2. Even in the case A, = A, that is 7 = v2 = -+ = 7~ = 1, our result is not covered
by those in [4]. For example, when b(z) = n+ 1 for n < |z|] < n+ 1, for every n € N and f(z,§) =
F1(2)€3 — fo(x)€ where fi, fo : R? — R are positive f; € (L2(R?) N L3(R3) N L3 (R?))\(C(R?) U L= (R3)),
fo € L3(R?) N L*(R3) N L>®(R3), fi(x) > 2fs(x) for all x € R3, it is easy to check that f(x,£),b(x) satisfy
(A1), (A2), (43), (A4),(B1),(B2) but do not satisfy the conditions (Baby), (Bafi),(Bafs2), and function
b(z), f(z,€) do not satisfy the conditions (V7), (S1) in [18,24] (V1) : b € C(RY,R) is bounded from below;
(S1) : f € C(RN x R,R) and there exists constants c;,c2 > 0 and p € (2, 2%5) such that |f(z,&)| <
€]+ eo |€P" for all (z,€) € RN x R).
Obviously, condition (Bj) is weaker than condition (Bab;) in [4].

The paper is organized as follows. In Section 2 for convenience of the readers, we recall some func-

tion spaces, embedding theorems and associated functional settings. Section 3 is devoted to the proof of
Theorem 1.1.

2. Preliminary results
2.1. Function spaces and embedding theorems

We recall the functional setting in [10,13]. We consider the operator of the form

N
Ay ::Zaﬂﬁ (’732‘8%')’ Oy = 3—33]_7j: 1,2,...,N.

j=1

Here, the functions ; : RY — R are assumed to be continuous, different from zero and of class C! in RV\II,
where

N
IT:= x:(xl,xQ,...,xN)ERN:Ha:j:O
j=1

Moreover, we assume the following properties:
i) There exists a semigroup of dilations {d; }+>o such that

6 RN 5 R, 6 (21,...,an) = (t521,...,tVaN), 1 =6 < e < --- < ey,
such that v; is d;-homogeneous of degree ¢; — 1, i.e.,
v (8¢ (z)) =t 1y, (z) , Vo e RNV V¢ >0, j=1,...,N.

The number
B N
N:=> ¢ (2.1)
j=1

is called the homogeneous dimension of RY with respect to {d; }¢0.
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ii)
m =17 (x) = (x1,22,...,2j-1), j=2,...,N.
iii) There exists a constant p > 0 such that
0 < 20g,7; () < pyj (2), Ve e {1,2,...,5—1},Vj=2,...,N,

and for everyxeﬁf = {(ml,...,xN) eERN:z; >0,Vj = 1,2,...,N}.
iv) Equalities v; (z) = v; (z*) (j =1,2,...,N) are satisfied for every = € RY, where

' = (|lx1],...,|zn|) if 2 = (z1,22,...,2N).

Definition 2.1. By S2(RY) (1 < p < +00) we will denote the set of all functions u € LP(RY) such that
VO, u € LP(RY) for all j = 1,..., N. We define the norm in this space as follows

p

lullsgery = | [ (P + 190 dz |
RN

where V,u = (7105, 4, ¥202,4, . . ., YN Oz ).
If p = 2 we can also define the scalar product in S?Y (RM) as follows

(’LL7 1))5’2Y (RN) = (u, 'U)L2(RN) + (V7u7 VA/U)L2(RN).

Define

Si’b(z)(RN) =que€ Sﬁ(RN) : / (|V7u\2 + b(m)u2> dr < 400

RN
with b(x) satisfying conditions (By), (Bz), then S’2v b(x)(RN) is a Hilbert space with the norm

1

2

2
lullgz , . vy = /(|V7u| £ b(a)u?) da
RN

By (B1) the embedding S? , ) (RY) — S3(RY) is continuous. From an embedding inequality in [1] and
Holder’s inequality, we have Sib(z)(RN) — LY(RN) for 2 < ¢ < 2%. Moreover, we have

Lemma 2.2. Let (By), (B2) be satisfied. Then the embedding map from S’?{yb(z)(RN) into LY (RN) is compact
Jor2<gq<2.

Proof. Let {u,}52, C S?Y b(m)(RN) be a bounded sequence of S?y b(x) (RN) such that u, — u weakly in
S?y,b(x)(RN). Then, by the Sobolev embedding theorem, u,, — u strongly in L7 (RY) for 2 < ¢ < 27. We
claim that

u, — u strongly in L*(RN). (2.2)
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To prove (2.2), we only need to prove that a, := ||“n||i2(RN) — ||uHig(RN) since the space L2(RY) is
uniformly convex. Assume, up to a subsequence, that a,, — a.
Set

Br = {z e RY :|z| < R},
R b(ay.r = {# € RY\Bg : b(z) > M},
CR} by, = { € RN\Bp : b(z) < M},

then

b
/ |up|? dz < / %) |up|? Az

N N
]RM,b(z),R RM,b(ac),R

2

1 9 ||un||sgy o (RY)
< i / (|V7un| +b(x)ui) dz < +
RN

Choose s € (1, 1"\7—) and s’ such that % + % = 1, then applying Hélder’s inequality we have

/ up|* do < / || ** (VOZ(GR]]\V/[,b(x),R)) ’

CR CR

N N
M,b(xz),R M,b(x),R

1
o7

<C ”uan?Y,b(I)(RN) (VOZ(GR%,I:(ILR))

o0
Since {Hun||s2 o )(]RN)} is bounded and conditions (B;), (Bz2) hold, we may choose R, M large enough
v,b(z n=1

=

2
Un || g2
henlZs | ) ]

such that the quantities 7 are small enough. Hence, for all ¢ > 0, we

and (VOZ(GR]J\\Q,b(I)vR))

/ |Un|2 dz = / |Un|2d9€ + / Iun\de <e.

have

RN\Bpr R%,b(x),R GRJAVJ,b(z),R
Thus,
2 2 2
ullz2@yy = llullz2(p) + lullz2@a B
> lim [Jun|?2 g, = lim (Hu [T >>a276
T n—oo "I L2(Br) n—o0 nlL2(RY) L2(RN\BR) ) = :

On the other hand, let  be an arbitrary domain in RY, then
/ up|? dz < / [un|? dz — o2,
Q RN

hence ||ul| 2@~y < a. By the arbitrariness of €, we have o = [lul| 2 (gw). So (2.2) is proved.
Finally, we prove that u,, — u in LY(RYN) for 2 < ¢ < 2%, In fact, if ¢ € (2,27), there is a number
6 € (0,1) such that % =% + =% Then by Hélder’s inequality,

2
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”(1 0)q

6 1-6 6
”un - u”%q(RN) = / |un - u| b ‘un - U|( e dz < ||un - U”qu(RN) ||un L¥ @YY

RN
Since u,, is bounded in L2 (RN) and ||u, — ul|p2gvy — 0, we have u, — u in LYRN). O
Lemma 2.3. Assume that f : RV x R — R is a Carathéodory function satisfying

1F(z,6)] < fu(@) €] + fo(2) €Y almost everywhere (z,€¢) € RY x R,

2% p3
where f1,fo : RN — R are nonnegative and fi(x) € LP*(RN) N LP*(RYN) N LD (RN), fo(z) €
o
Lr2(RM)NLP2 (RY), 2p1/(p1—1) < 23, ppa/ (2 —1) < 23,9 € (2,27),p1,p2 > 1,p3 > 525, p3(25 —2p+2) <
2.25. Then ®1(u) € C’l(S?{(RN),R) and

for allv e S2(RYN), where

Proof. First, we prove the existence of the Gateaux derivative of ®;(u). Let u,v € S2(RY). Given z € RY,
t € Rand 0 < [t| < 1 by the Mean Value Theorem

'F(x, u(z) + tv(x)) — F(z,u(x)) ‘

t
< [A@ @)+ [o@)) + 277 fole) (lu@) P~ + o@) P ) | [o(@)] = F@).

Applying Holder’s inequality, we conclude that

)

/ F1@) @) do < ill o oy 01

1 (RN)

[ 2@ @I do < 1 fall ey 017 s,
RN

T (RN)

)

/f1 ) [u(@)] [0(@)] Az < 1l s

ool
(RY) 1(IRN)

/fz ) lu(@) P~ fo(@)| do < || foll oo gy ||qu ona. H (s

Lvas P21 (RN)

Hence

[Flesae) o) - Flola)) < 7y e 1)

t
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Therefore, for any u,v € S?Y(]RN ) by the Mean Value Theorem and Lebesgue’s Theorem, we have

lim I F(z,u(x) + tv(z)) — F(z,u(z))
t—0 t t—0 t

D1 (u+ tv) — 1 (u) / . d

/fxu (x)dzx := Fy(u,v).
Obviously, Fy(u,v) is linear in v. Further, applying Holder’s and Sobolev’s inequalities, we have

|[Fo(u,v)| < / (i@ u@)[lv(@)] + fo(@)|u(@) P~ v(2)]) d

RN

< lfr

2p; H’U” 2p1
—1(RN) Lr1—1 (RN

p—
+||f2||LP2(RN ||u|| (]R ”vHLpz T(RN)

2p3
=T (RN)

+wmm”w|mwpm(N)|wgmm-

<C@hhmwﬂ

It follows that F(u,v) is linear and bounded in v on S2(RY). Therefore, D®;(u) = Fy(u, -) is the Gateaux

derivative of ®; at u.

Next, we establish that the Gateaux derivative of ®; (u) is continuous in v in the uniform (S2(R"))*-topol-

ogy. Assume that u,, — u in S2(R™) by a Sobolev embedding theorem, hence
gy 5 y

u,L—>uinLq(RN),2§q§21; as n — 0o,

Up, —> U &.€. in RY as n — oo.
Since f is a Carathéodory function

f(z,up) — f(z,u) a.e. in RY as n — oo.
Let

pn() = fi(@) + (fi(@) + fo(@)) [un(2)[""", forany n=1,2,...,
(@) 1 = fi(@) + (fi(@) + folx)) Ju(z)]" .

Then by (2.3), (2.5) and (A7), we have
|f(2,u,)| < @n(z) for almost every x € RN, ¢, (z) — ¢(z) a.e. in RV,
For any v € S?Y (R™) applying Holder’s and Sobolev’s inequalities, we have

(D (un) — DP1(u),v)| = /(f(x,un) — f(z,u))vdz

RN

<N f@eun) = flzu)ll 250 o]l 2% s
LPs(P=DF2E (g L3Ps—P3(P=D =23 (pN)
S Clf (@ un) = fw )l 2m 1Vl 52 ey -

LP3(P*1)+2,’; (RN)

(2.3)

(2.4)

(2.6)
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This implies that

[D®1(un) = DP1(u)|| (2 )y~ < Cllf(2,un) = (@ u)[ 250 : (2.7)

[ p3e=—D+23 (RN)

On the other hand, we have

2%
/ [on(2) = () 5T g

23 p3
p3(p—1)+23
7 dx

2% p3
/ 1) + Fo@) T (@)~ Ju(a)

«
2y p3(p—1
pr3(p—1)+2% 2* pr3(p—1)+2%

[ 15:@)+ p@r ar [ lwal™ = !
RN BN

0
p—1

2*

" dz — 0. Therefore

Since u, — u in LI(R") for all 2 < ¢ < 2%, we have / ‘|un|p*1 — |ufP?

RN

_ 2%pg
/ lon (z) — p(2)|72@ D+ do — 0, as n — oo. (2.8)

Since there are constants C' > 0,C > 0 such that

2% p3
|f(@,un) — f(@,u)[ 727075

2% p3 2% p3

palp—1)L2F —’7—*
< C 1, wn) | FTIT 4Cf,w)| O

2% p3 2% p3

< Clipa(®) 707 + C ()| 5707

22 p3 2% p3

I |, A FPYCESAEELA N
< Clon(z) — o(x)| 73D 4+ Clp(x)| PP+ | for almost every z € R™Y,

by Fatou’s Lemma

— __Zps __Zps
/liminf (C |(pn(g;) — <P( )|p3(p DR C|(p( )‘ps(p—l)-ﬂ:‘/ (29)

n—oo
RN

*
2,P3

_\f(a:,un)—f(x,u”W)dx

23 p3 2% r3

<timint [ (Clon(e) = o) 777 + Clp(a) 770

n—oo
RN

*
2,P3

—f (2, up) — f(z,u)|P DT )dx
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- 2% p3 2% p3
<timsup [ (Clon(a) = o) 77T 4 Tlipla)| 77775

n—oo

]RN
__23p3
— ‘f(x,un) — f(x7u)|P3(IJ—l)+2f{ )da:
— _ s _#ps
< lim (C\son(x)—so( )PP 4 C ()| PO )dx,
n—oo
RN
Moreover from (2.4), (2.6) and (2.8), we have
_ 243 2% p3 . 2% p3
lim (C|<pn( ) Sp(x)|p3(p—1)+2§ +C|<p( )|p3(p 1)+2* _ C/ p3(p 1)+2: dz,
n—»00
RN BN
__ s 25p3
/hmmf (C|gpn( ) SO( )|p3(p n+2% +C|<p( )|7p3<p,1)+22 (2.10)
n—oo
RN
2,*Y;D3 2*}73
_ |f(x, un) — f(.”[?, u)|p3(p 2% _ U/ pa(p DESSEN o
RN

Combining (2.9) and (2.10) we derive that

_ 2ipy
lim /|f T, Uy) — f(z, )20 do = 0.
Therefore, D®q(u,) — D®;(u). This means that D®;(u) is continuous in u. Hence, & (u) = D®q(u),
ie., ® € C*(S2(R"),R). This proves the theorem. O
Remark 2.4. Lemma 2.3 is a generalization of Lemma 3.10 in [23].

Define the Euler-Lagrange functional associated with the problem (1.2) as follows

O(u) = % / (\V,yu|2 + b(x)u2) dz — /F(x,u)dx.

RN RN
From Lemma 2.3 and f satisfies (A1), b(x) satisfies (B1), we have ® is well defined on Sﬁ)b(I)(RN) and
S 01(52 (RN) R) with
' (u)(v) = / (Vyu - Vyv+ b(x)uv) de — / f(z,u)vdz
RN RN

for all v € S’2y b(x)(RN). One can also check that the critical points of ® are weak solutions of problem (1.2).
2.2. Mountain Pass Theorem

Definition 2.5. Let X be a real Banach space with its dual space X* and J € C1(X,R). For ¢ € R we say
that J satisfies the (C'). condition if for any sequence {z,}52; C X with

J(@n) = cand (1+ [[znlly) |7 (zn)]

x- — 0,
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then there exists a subsequence {z,, }%2, that converges strongly in X. If J satisfies the (C). condition for
all ¢ > 0 then we say that J satisfies the Cerami condition.

We will use the following version of the Mountain Pass Theorem.

Lemma 2.6 (see [1/]). Let X be an infinite dimensional Banach space, X =Y @ Z, where Y is finite dimen-
sional and let J € CY(X,R) satisfy the (C). condition for all ¢ > 0,J(0) = 0, J(—u) = J(u) for all u € X,
and

(i) There are constants p,a > 0 such that J(u) > « for all w € Z such that ||ullx = p;
(it) For any finite dimensional subspace X C X, there is R = R(X) > 0 such that J(u) <0 on X\Bg.

Then J possesses an unbounded sequence of critical values.
3. Proof of Theorem 1.1

We prove Theorem 1.1 by verifying that all conditions of Lemma 2.6 are satisfied. First, we check the
Cerami condition in this lemma:

Lemma 3.1. Let (A1), (As), (B1) and (Bz) be satisfied. Then ® satisfies the (C). condition for all ¢ > 0 on

Si,b(x) (RM).

Proof. Let {u,,}5°_; be a sequence in S?/’b(w)(RN) such that

(1 + ||um||53 b(z)(RN)) ||<I>’(um)H(Ssib(z)(RN))* — 0 and ®(u,,) — ¢ >0 as m — oo, (3.1)
hence
, 1
D' (tp)(tm) — 0 and 3 l|tum]| g2 ey (BY) F(z,up)de — ¢ as m — co. (3.2)
RN

When m is large enough, we have

1
c+ 1> ®(uy) — ;@'(um)(um) (3.3)
1 1 ) 1
= (5 - ;) Humllsfw(z)(RN) + / <;f<xaum)um - F(xvum)> da
RN
1 1 1
Qm(O,Tl)
1
+ / (—f(ﬂv7 U ) U, — F (2, um)) dx
1
Qp (r1,00)
1 1 ) 1
> (3= 1) bl + [ (27wt — P )
9771(077'1)

where ,,(a,b) = {z € RY : a < |uy, ()] < b} for 0 < a < b.
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We first show that {u,,}>°_, is bounded in S2 b (R RYM) by a contradiction argument. Indeed, suppose
that

||um||S3,,b(m)(RN) — 00 as m — 00. (3.4)

Setting

Um
L —
||um||S3,,b(m)(RN)

then ||vm||32 L (RY) = = 1. Passing to a subsequence, we may assume that v,, — v weakly in 52 )(RN),

then by Lemma 2.2, Uy — v strongly in LI(RY),2 < ¢ < 2%, and v, — v a.e. on RN,
From (3.3) and (3.4), we obtain

1 1 1 1
limsup ——5—— / (f(a:,um)um - F(x,um)> de < ——=-<0. (3.5)
m—»00 ”UmHS2 oo ®) g H

If v = 0, then v, — 0 strongly in LY(RY),2 < ¢ < 2%, and v, — 0 a.e. on RY. Hence, it follows from (A;)
that

L (0, U )i, — 0 F (2, Uy )|
H |um|2

@, um)uy — pF(x, um)dx <

vm]? dz

plumllse, @ 2 (0.r)

<c / (2 (@) + | fa(@)]) [0 dz < C/ (A2 ()] + | f2(@)]) [om]? da
Q RN

|
7n(077'1)
<c (||f1

which contradicts (3.5).

Set Q* = {z € RN : v(x) # 0} then Vol(2*) > 0. For almost every = € Q*, we have n}gnoo |t (2)] = 00
Hence OQ* = Q7 |J Q5 where Q5 C Q,,,(r9, 00), Vol(©2}) = 0 for large m € N. It follows from (A;), (3.2) and
Fatou’s Lemma that

. 1f2

>—>Oasm—>oo,

21 R 21 (rY)

1 P
m—oo ||umHS,2Y,b(:c)(RN) m—»0o0 ||umHS’2%b(m)(]RN)
. 1 F(z,um) o
RN
]. F m F )y m
= lim |- — / @%vandx— / %vidw
m—oo | 2 Ui, U
Q?n(O;TO) QnL(TOyOO)

. 1 2
< lim sup [5 + HleLm (RN) [[vm |l
m—o0

LP21P,11 (RN) + HfQHLpz (RN) vaH

221 (&)
F(x,um
— / % 2 dx} < C; — liminf /
u2, m— 00
Qy, (r0,00) Qo (rg,00)

|F(z, um)l
vandm
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m—r oo
RN

L F(x, ty,
< C; —lim mf/ |(u72)|xf2m(7”0700)(x)v72ndx

F(z, um
< (i — /lim inf M){Qm’(m’m)(m)vfndx = —00

M—00 u%n

RN

1283

(3.6)

which is a contradiction, where x; denotes the characteristic function associated to the mensurable subset

I CR. Thus {up, };5_; is bounded in 2, | (RM).
Because of the above result, without loss of generality, we can suppose that

Uy, — U in S?y,b(x)(RN) as m — 0o

Upy, — w in LYRY) asm — 00,2 < g < 25,

By (A1), we obtain

/f(%um)(um —u)dz| < /Ifl(x)l |t |tm — uf dz + / = | |P " | fo()| de

< m =l g, Bl Wl ey
p—1
+ [lum — UHL%(RN) HUm”Lpp;’g1 ) 120l Loz vy -

Since (3.7), we can conclude that

/ flx, um) Uy —u)dz — 0 as m — oo.
RN

Therefore

/ [f (@, um) — f(z,u)] (um —uw)dx — 0 as m — co.
RN

Observe that

||’LLm - u||2531b(m)(RN) = <®/(um) - <I>/(u),um - u> + / [f(xa um) - f(xa u)] (um - u)dx
RN

It is clear that
(D' (Up) — @' (w), Uy, — u) — 0 as m — .
From (3.8)—(3.9), we deduce that

|t — u||§3 iy (BY) ™ 0 as m — oc.

Therefore, we conclude that w,, — u strongly in S’Q’b(z)(RN ). The proof of Lemma 3.1 is complete.

~

(3.8)
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Lemma 3.2. Let (A1)—(As),(B1) and (Ba) be satisfied. Then for any finite dimensional subspace X c

S?y by (R N, there is R = R(X) > 0 such that

d(u) <0, YueX, ||U||sg [y = It

Proof. Arguing by contradiction, suppose that for some sequence {u,}2° ; C X with llunl g2 ey (RY) TF 005
¥:b(z
there is M > 0 such that ®(u,) > —M for all n € N. Set

Un

vp(z) = ,

”u”Hsi,b(m)(RN)

then |lvg| 82, (RN) = 1. Therefore we can (by passing to a subsequence if necessary) suppose that

U évweaklymS (RN) as n — 0o,
v, — v ae in RY asn — oo,

v, — v strongly in LYRY) asn — 00,2 < ¢ < 27,
Since X is finite dimensional, then
v, — v strongly in X asn — oo

and v € X, llv]| g2 ooy (BY) = 1. Therefore, it follows from (3.6) that

-M . D ()
0= lm ——— S m ——
m— o0 HumHSQ / (RN) m—r0o0 HumHSQ ba )(RN)
F(z,um
<0 [imin '(Z—Qu”me(,.o,w)(x>U;dx .

RN
Hence we arrive at a contradiction. So, there is R = R(X) > 0 such that ®(u) < 0 for u € X and

lellgz, @) = B O

Let {e;}52, be a total orthonormal basis of S2 b (R N) and define X; = Re;,

k e’}
Yk:@xj, Zk:@xj, keN
j=1

j=k+1
Let

B = SU%) lul pagny,2 < @< 2g (3.10)

u
u =1
” Hsg{,b RN)

(@)

then 8 — 0 as k — oo. Indeed, suppose that this is not the case. Then there is an g9 > 0 and {u;}72; C
S’2y by (R Ny, ”uj”S?y,b(x)(RN) =1, with w; LY}, [lujll o gny = €0 Where kj — o0 as j — oo. For any v €

Si by (R N), we may find a w; € Yy, such that w; — v as j — oo. Therefore

(s 052, )| = (s w05 = v)s2 | < Dy = vllgz

as j — oo, i.e., u; — 0 weakly in S?/J)(w)(RN). Hence, u; — 0 in LP(RY), a contradiction.
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Lemma 3.3. Let (A1), (B1) and (Bg) be satisfied. Then there exists constants p,a, k > 0 such that ®(u) > «

for all uw € Zy, such that ||u||53’b(z)(RN) =p.

Proof. For any u € Zj, using Holder’s inequality, we have

1 2 2 p
D(u) > ) ||U||sg’b($)(RN) = 1fill e (RN) ||“HLPf£1 ®Y) ([ f2ll Lo (RN) HUHL%D—]T(]RN)
2
. 1 2 u 2
= gl oy = Wil ||, Mol
Yoo BN L7 (mev)
P
U
— ol oo @ry |7 Il (RN) -
Hu”Sib(z)(RN) L%(RN) )

Because 2 < 2p1/(p1 — 1) < 23,2 < pp2/(p2 — 1) < 2%, we have

1. 2
P(u) > 5 [lullge

2 2 P P
=3 2 ey RY) T Hf1||Lp1 (RN) B ||u||S’2Y’b(x)(]RN) - ||f2||LP2(]RN) B, ||u||53,b<x)(RN) .

By (3.10), we can choose k large enough, and ||ul| g2 ooy (RY) = 1 such that
v,b(x

1
1l o vy B — ||f2||LP2(]RN)BZ2_p =a>0. O

| =
1=

Proof of Theorem 1.1. Let X = S’i’b(x)(RN), Y = Y4, Z = Zi. By Lemmas 3.1, 3.2 and 3.3 all conditions of

Lemma 2.6 are satisfied. Thus, problem (1.2) possesses infinitely many nontrivial solutions. O
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