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ABSTRACT. We study chains of nonzero edge ideals that are invariant under
the action of the monoid Inc of increasing functions on the positive integers.
We prove that the sequence of Castelnuovo-Mumford regularity of ideals in
such a chain is eventually constant with limit either 2 or 3, and we determine
explicitly when the constancy behaviour sets in. This provides further evidence
to a conjecture on the asymptotic linearity of the regularity of Inc-invariant
chains of homogeneous ideals. The proofs reveal unexpected combinatorial
properties of Inc-invariant chains of edge ideals.

1. INTRODUCTION

Let k be a field, R,, = k[x1,...,2,] a polynomial ring in n variables, and R =
U,,>1 Bn = k[z1, 22, .. ] be the polynomial ring in infinitely many variables. Denote
by N the set of positive integers, and Inc the monoid of strictly increasing functions
7 : N — N, with the operation being composition of maps. Then Inc acts on R by
endomorphisms via the rule

7(x;) = Tn(;), for eachie€ N.

A family of ideals T = (I,,)n>1, where I,, C R, is called an Inc-invariant chain if
for all 1 < m < n and for all 7 € Inc such that 7(m) < n, we have 7(I,,) C I,.
A related notion is that of Inc-invariant ideals: An ideal I C R is called Inc-
invariant if w(I) C I for any m € Inc. Recently, there was considerable interest
in Inc-invariant chains and Inc-invariant ideals, due to several reasons. First, Inc-
invariant chains and ideals appear in various places. For instance, let Sym(n) be
the symmetric group on n objects and Sym = J,,~; Sym(n) the direct limit of these
groups. Then any Sym-invariant ideal I C R is also Inc-invariant [18]. Let Z =
(In)n>1 be any Sym-invariant chain, i.e. each I,, is Sym(n)-invariant and 7 (I,,,) C I,
whenever 1 < m < n,m € Sym(n). Then any such Sym-invariant chain is also Inc-
invariant. Special instances of Sym-invariant ideals are abound in representation
theory [3, 20] and algebraic statistics [1, 10]. Second, Inc-invariant chains and ideals
enjoy remarkable finiteness properties due to their highly symmetrical nature. By
work of Cohen [4], Aschenbrenner—Hillar [1], Hillar—Sullivant [10], Nagel-Romer
[18], it is known that R is Inc-noetherian, in particular any Inc-invariant ideal
I C R is generated by finitely many Inc-orbits. Moreover, any Inc-invariant chain
of ideals stabilizes, namely for integers 1 < m < n, let

Incy, ., = {m € Inc | m(m) < n},
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then for any Inc-invariant chain Z = (I,,),>1, there exists some finite > 1 such
that I,, = Inc, ,,(I,) Ry, for all n > r. We call the smallest such r the stability index
of Z, denoted ind(Z).

The present work can be seen as the continuation of an active program aiming at
studying asymptotic properties of Inc- and Sym-invariant chains of ideals; see, for
example [6, 9, 11, 13, 17, 18] for various aspects of this program. In [13, Conjecture
4.12], Le, Nagel, the second author, and Rémer proposed

Conjecture 1.1. LetZ = (I,)n>1 be an Inc-invariant chain of homogeneous ideals.
Then for alln > 0, reg I,, = Cn+ D for certain constants C and D depending only
on Z. Here reg(—) denotes the Castelnuovo—Mumford regularity.

We say that Z = (I,),>1 is a saturated chain if I, = I,41 "R, foralln > 1. In
[13], the conjecture was partially solved in some cases, notably when (the quotient
ring defined by) I,, is artinian for all n, or when 7 is a saturated chain, and I,, is a
squarefree monomial ideal for all n. The main result of [14] implies that the limit
nILH;O (reg I, /n) always exists for an arbitrary invariant chain of monomial ideals,

supporting the validity of Conjecture 1.1. The conjecture was verified by Murai
[16] and Raicu [19] (using different approaches) if Z = (I,,),>1 is an Sym-invariant
chain of monomial ideals. On the other hand, Conjecture 1.1 remains open when
the chain 7 is not saturated, even if each I,, is a squarefree monomial ideal.

As usual, an ideal I,, C R, is called an edge ideal if it is generated by squarefree
quadratic monomials. The goal of this paper is to prove the following results.

Theorem 1.2 (Theorem 7.1). Let Z = (I,)n>1 be an Inc-invariant (not necessarily
saturated) chain of eventually nonzero edge ideals. Let r =ind(Z) > 1. Then for all
n > N = N(r), there is an equality reg I, = reg I, 1, and moreover reg I, € {2,3}.

It follows from [13, Corollary 4.8] that if Z = (I,,),>1 is an Inc-invariant chain
of eventually nonzero squarefree monomial ideals, then the sequence (regI,)n>1 is
bounded by a constant. On the other hand, there was no information about this
constant. Theorem 1.2 provides the surprising information that for Inc-invariant

chain of nonzero edge ideals, not only does the limit lim regl, exist, but it can
n—oo

only be either 2 or 3. We are able to supply an explicit upper bound for the
position when the sequence (reg I,,),,>1 becomes constant, namely the number N (r)
in Theorem 1.2 is at most 2(r2+-5r) (see Theorem 7.1 and Remark 7.2). In addition,
we provide an effective characterization when reg I,, = 2 for all large enough n.

Theorem 1.3 (Theorem 7.1). Keep using notations of Theorem 1.2. Let G, be
the graph on the vertex set [n] = {1,2,...,n} corresponding to I, for each n, and
let E(Gr) = {{i1,j1},-.-,{is,Js}} where we assume that 1 < iy < jy <1, i3 <ig <
<o <ig and if iy = G441 then ji < jep1. Denote ¢ = max{l <t < s:i; = i1}.
Denote by indmatch(G,,) the induced matching number of the graph G,,. Then the
following statements are equivalent:
(1) regl, =2 for alln > 0;
(2) FEither j, = max{j1,...,Js}, or it holds that min{j, — ¢, : t =1,...,s} =1
and indmatch(Gs,) = 1.

The proofs of Theorems 1.2 and 1.3 are combinatorial, and reveal unexpected
properties of the graphs G,,. A fairly simple but crucial observation is Lemma 3.3,
which translates questions about the chain (I,,),,>1 and the graphs G,, to questions
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about integral points inside certain right isosceles triangles on the coordinate plane.
Most of the results in this paper were found thanks to the intuitive approach pro-
vided by this observation. Our main tools in proving Theorems 1.2 and 1.3 are
two key Lemmas 3.5 and 3.6, which thanks to Lemma 3.3, are statements about
induced 2K> (i.e. two disjoint edges) subgraphs of G,, when n is large. In particu-
lar, we show in Theorem 3.1 that for all n > 3r, G,, has induced matching number
indmatch(Gy,) € {1,2} and the equality indmatch(G),) = indmatch(G),4+1) holds.

There was a lot of work on the algebraic and combinatorial properties of edge
ideals; see, for example, [15] and the references therein. The proofs of our main
results also use some known results on this topic, e.g. the celebrated Froberg
theorem characterizing edge ideals with a 2-linear resolution [7]. Nevertheless,
our work is more than just routine applications of the existing literature. For
example, besides Lemmas 3.5 and 3.6 on induced 2K, subgraphs of G,,, a novelty
of our approach is given by Construction 5.7, where we construct long induced
anticycles (i.e. complementary graphs of cycles) of G,, for a large family of chains.
It is also worth mentioning that to prove the inequality regl,, < 3 for n > 0 in
Theorem 1.2, we show that (G,, possesses certain “cochordal filtration”, see the proof
of Theorem 6.1. Related to this last point, we note that the well-known inequality
reg I, > 14+indmatch(G,,) is strict in general for an Inc-invariant chain of edge ideals
(In)n>1. To summarize, our results suggest that there is an interesting interplay
between the algebraic properties of I,, and the combinatorics of G,,. We hope that
our main results and techniques may shed further light on Conjecture 1.1 and on
the combinatorics of Inc-invariant chains of monomial ideals in general. Based on
experiments with Macaulay2 [8], we propose the following conjecture.

Conjecture 1.4. Let Z = (I,),>1 be an Inc-invariant chain of squarefree mono-
mial ideals with r = ind(Z), and let d = d(I,)) be the maximal generating degree of
I.. Thenregl, <2d—1 for alln > 0.

Organization. We discuss some basic results and constructions in Section 2.
Within this part, Section 2.4 illustrates our main results in the special cases of
saturated chains. Sections 3, 4, and 5 form the technical core of this work. In
Section 3, we prove that for large n, the graph G,, corresponding to the ideal I, in
any Inc-invariant chain of edge ideals has no induced 3 K5 subgraph, and its induced
matching number is a constant (either 1 or 2). In Section 4, we show that while the
complementary graph G¢ may contain induced cycles (Example 4.3), the length of
such cycles has to be large (Proposition 4.1). In Section 5, we construct long induced
anticycles of the graph GG,, under some extra assumptions, see Proposition 5.2 and
particularly Construction 5.7. This section is technically the most challenging part
of the manuscript. On the other hand, in essence Section 5 does not depend on the
remaining parts, and Proposition 5.2 is the only result in this section that matters
later on. For a quick first reading, the reader may simply take Proposition 5.2
for granted and proceed directly to Section 6. After the preparations in Sections
3-5, we derive the more transparent and interesting results on Inc-invariant chains
of edge ideals in the rest of this paper. In Section 6, we prove that under the
hypotheses of Theorem 1.2, reg I,, < 3 for all large enough n. We then deduce our
main results, Theorems 1.2 and 1.3, in Section 7.
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2. PRELIMINARIES

2.1. Equivariant chains of ideals. Let R,, = k[z1,...,z,] be a standard graded
noetherian polynomial ring where n > 1, and let Ry = k. Denote by G(J) the set
of minimal monomial generators of a monomial ideal J of R,,.

Definition 2.1 (Maximal index in the support). For a monomial m € R,,, denote
by Msupp(m) the maximal index 1 < i < n such that ; divides m. If m = 1, we set
Msupp(1) = 0. For a monomial ideal J C R,,, define Msupp(J) = max{Msupp(m) :
m e G(J)}.

The following slight generalization of saturated chains was introduced in [14].

Definition 2.2 (Quasi-saturated chains). Let Z = (I,,),>1 be an Inc-invariant
chain of ideals with r = ind(Z). Set p, = Msupp(I,,). We say that Z is quasi-
saturated if 1,1 N R, =1, NR,, foralln>r.

Any saturated chain is also a quasi-saturated chain. We will invoke the following
simple lemma several times. Below, for each i > 0, let 0; : N — N be the function

given by
. Js if1 <5<,
o (] ) =9 . [ .
j+1, ifj>i+1.
Both assertions of the next lemma are immediate from the fact that for n > r =
ind(Z), it holds that (Inc,, ,+1(Iy))

Rn+1 = In+1-

Lemma 2.3. Let T = (I,)n>1 be an Inc-invariant chain of nonzero proper mono-
mial ideals with r = ind(Z). Denote p = Msupp I,, so 1 < p < r. Then we have
Msupp(Z,+1) < Msupp(Z,,) + 1, and in particular Msupp I, < n —r + p for all
n>r.

The following is a consequence of [14, Lemma 4.7 and its proof], by setting e = 0.

Proposition 2.4. Let T = (I,)n>1 be an Inc-invariant chain of eventually nonzero
proper monomial ideals with r = ind(Z). Let p = Msupp(l,.). Consider collection
J = (Jn)n>1 of ideals given by

I = {<In n RTL—T+p—1>Rn7 ifn>r+1,
" 0, ifn<r.
The following statements hold.
(i) J is an Inc-invariant chain of eventually nonzero monomial ideals and
I, C Jpq1 forallm > r.
(ii) There is an equality ind J =r + 1.
(iii) The chain T is quasi-saturated if and only if Jo41 = (Ir)r

1
(iv) There is an equality reg J,, = reg(Ly, Tn_rip) for alln >r + 1.

The following invariant is useful for inductive arguments.

Definition 2.5. Let J C R, be a nonzero proper monomial ideal such that
Msupp(J) = p > 1. Let §(J) denote the maximal degree of an element of G(J).
Then the g-invariant of J is defined to be the number

5(J) R
a(J) = )_ dim (J ml}zp) ;
§=0

J
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Let Z = (I,,)n>1 be an Inc-invariant chain with » = ind(Z). We call ¢(Z) := ¢q(I)
the g-invariant of the chain 7.

If J = R, we use the convention that ¢(J) = 0. Hence ¢(J) = 0 if and only if
J=R,.

Example 2.6. Let J = (z123,2224) € Rs = k[z1,...,25]. Then §(J) = 2,
Msupp(J) = 4, so

2
a(J) :Zdimk(Jf%)j —144+8=13.
=0

The next lemma is immediate.

Lemma 2.7. The following statements hold.

(1) For any monomial ideal I C R,,, there is an equality q(I) = q({I)r,,,)-
(2) Let I C J be nonzero monomial ideals of R, such that §(I) > §(J) and
Msupp(I) > Msupp(J). Then there is an inequality

q(I) > q(J).
The equality holds if and only if I = J.

2.2. Casteluovo—Mumford regularity. Let S = k[z1,...,z,] be a standard
graded polynomial ring where n > 1. Let M be a finitely generated graded S-
module. Then (Castelnuovo—Mumford) regularity of M is

reg M = sup{j — i : Tor} (k, M); # 0}.

The following useful lemma on regularity of monomial ideals is from [5, Lemma
2.10] and [2, Corollary 3.3 and Theorem 4.7].

Lemma 2.8. Let J be a monomial ideal of S and x any variable of S. Then there
is a chain

max{reg(J : z),reg(J, z)} <regJ € {reg(J : z) + 1,reg(J, z)}.
Here (J,x) denotes the ideal J + ().

2.3. Edge ideals and graphs. Let G be a simple graph on the vertex set [n] =
{1,...,n}, and let E(G) be its edge set. The edge ideal of G is the following ideal
of R,:
H(G) = (ziz; [{i,j} € E(G)).

An induced subgraph H of G is a graph with vertex set V(H) C V(G) and edge set
E(H) C E(G), such that two vertices ¢,j € V(H) are adjacent in H if and only if
they are adjacent in G.

The complementary graph of G is denoted by G¢. The cycle C,, is the graph on
m > 3 vertices vy, ..., v, with the edge set

E(Cp) = {{v1,v2},{v2,v3}, ..., {vm,v1}}.

We call m the length of the cycle Cy,. An anticycle is the complementary graph C,
of the cycle C,, for some m > 4. By abuse of terminology, we call m the length of

the anticycle Cf,, and say that an anticycle has consecutive vertices vy, va,...,vn
if its complementary graph is the cycle with edges v1vs, ..., Upm—1Vm, Umv1-

We say that G is chordal if it has no induced cycle of length at least 4. Dually,
we say G is cochordal if G¢ is chordal.
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For each g > 1, the graph gK5 is a union of g disjoint edges. The induced
matching number of G is

indmatch(G) = max{g | G has an induced gK5 subgraph}.

Clearly Cf is isomorphic to 2K, therefore if G is a cochordal graph with at least
one edge, then as G does not contain any induced Cf, indmatch(G) = 1.

The first part of the following lemma is contained in [12, Lemma 2.2] and [21,
Lemma 7]. The second part is contained in [7, Theorem 1].
Lemma 2.9. Let G be a graph with at least one edge. The following statements
hold.

(1) There is an inequality reg I(G) > 1 + indmatch(G).

(2) (Froberg’s theorem) We have reg I(G) = 2 if and only if G is a cochordal

graph.

For a subset U of the vertex set V(G) of G, the deletion of G to U, denoted
G\ U, has the vertex set V(G \ U) := V(G) \ U and the edge set

E(G\U) = {{z,y} € E(G) | 2,y € V(G) \ U}

For a vertex v € G, its open neighborhood Ng(v) is the set of vertices u # v that
are adjacent to v, and its closed neighborhood is

Ng[v] :== Ng(v) U {v}.

Let G be a graph on [n], v € V(G) a vertex. Let S = Kk[z1,...,z,], J a monomial
ideal of S, and y a linear form of S. We have a standard exact sequence

O%(J‘Sjy)(l)%i%(igy)%().

Using this sequence for J = I(G) and y = x,,, we may prove the following statement.

Lemma 2.10 ([5, Lemma 3.1]). There is an inequality
reg I(G) < max{reg I(G \ Ng[v]) + 1,reg I(G\ v)}.

2.4. Regularity of saturated chains. The following result together with its sim-
ple proof serve as a motivation for Theorems 1.2 and 1.3.

Lemma 2.11. Let T = (I,,)p>1 be a quasi-saturated chain of eventually nonzero
edge ideals with ind(Z) = r. Then we have an equality reg I, = 2 for alln >r, i.e.
I, has a 2-linear resolution for all such n.

Proof. By Froberg’s theorem (Lemma 2.9(2)), we have to show that the graph G,
corresponding to I,, is cochordal for all n > r.

Assume the contrary, that iy, ..., 4, is an induced cycle of length m > 4 in G¢
for some n > r. By reindexing, we may assume that 47 = min{i; : 1 < j < m}.
Note that i4,...,1,, are pairwise distinct.

We claim that io < min{is,...,4%,—1}. If this is not the case, then i, > i; for
some 3 < j < m — 1. Since {i1,i;} ¢ Gy, 4,7, € I, and the Inc-invariance of T
implies that x;,x;, € Iyyi,—i;. Let p = Msupp(1,,). The quasi-saturatedness of Z
implies that I, N R, C I, for all s > n. Now z;, %, € Inti,—i; N R, C I, hence
{i1,i2} € Gy, a contradiction. Similarly i,, < min{is,...,imn_1}.

Hence min{is, i3, . ..,%y,} = min{is, i,, }. We assume that min{is,is,...,im} =

i2, the remaining case being similar. Now {is, i} ¢ G¢, so x;,x;, € I,. From
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above 4,, < i3, so arguing as in the last paragraph, we deduce z;,z;, € I,,. This
means {ig, i3} € G, a contradiction. Hence G,, is cochordal for all n > r. The
proof is completed. O

Example 2.12. The behaviour of the regularity for non-quasi-saturated chains of
edge ideals is much more delicate. For instance, let (I,,),>1 be the Inc-invariant
chain with I, = (0) for n < 9, I1g = (21210, X224, X325, T7xg) and stability index
r = 10. Computations with Macaulay2 [8] give the following data.

n 1011|1213 |14 |15|16 |17 | 18|19
vegl, | 5| 4|3 |4|4]3|3]|3]3]|2

In particular, the sequence (reg I,,),>1 might be fairly irregular at the beginning.
By Proposition 7.4, we have reg I,, = 2 for all n > 3r = 30.

3. INDUCED MATCHINGS
The goal of this section is to prove

Theorem 3.1. Let T = (I,)n>1 be an Inc-invariant chain of eventually nonzero
edge ideals with the stability indexindZ =r > 1. Let G,, be the graph corresponding
to I,. Then for all n > 3r, the graph G, does not contain any induced 3K,
subgraph. In other words, we have indmatch(G) < 2 for all n > 3r.

Furthermore, indmatch(G,,) = indmatch(G, 1) for all n > 3r.

The main work is done by two key lemmas 3.5 and 3.6. In the sequel, we use
the following notations.

Notation 3.2. For a point (i,7) € R? and a positive real number n, denote by
A((i,7),n) the right isosceles triangles with the vertices (7, §), (i, j+n), (i+n, j+n).

For example, Figure 1 depicts the triangles A((2,7),2) and A((3,4),2). Ques-
tions about Inc-invariant chains of edge ideals can be translated into questions about

integral points in the triangles A((7, j), n) via the following simple but crucial obser-
vation. Below, for z,y € R, denote by (,y)= the point (min(z,y), max(x,y)) € R2.
Lemma 3.3. Let 1 <i < j <7 andn > r be positive integers. Then for integers
u < v, the following are equivalent:

(1) zyxy € Incp p(xi25);

(2) (U,U) € A((%J))” - T).
In particular, let T = (I,)n>1 be an Inc-invariant chain of eventually nonzero
edge ideals with r = ind(Z), and denote E(G,) = {{i1,j1},...,{is,Js}} where
1<i,<jp<rforp=1,...,s. Then for each n >0,

E(Gnyr) = U {{u,v} 1 u,v € Z, (u,0)= € A((ip, jp),n) } -

Proof. The second assertion follows from the fact that I,4, = (Inc, pir(Ir)) R
and the first assertion. Let us prove the latter.
(1) = (2): Since zyx, € Inc, ,(x;x;), for some 7 € Inc, ,,, we have u = (i), v =
7(4). Since 7 is increasing, 7(r) < n, and 1 < i < j < r, we have
0<mi)—i<m(f)—j<n(r)—r<n-—r
This implies (u,v) € A((4,7),n — 7).

ntr
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FIGURE 1. An invariant chain with I7 = (zoz7, x324)

(2) = (1): Assume that (u,v) € A((Z,5),n — ). Then there is a chain
0<u—i<v—j53<n-—r.
Choose 7 : N — N such that

tdu—i, ift<j—1,
m(t) = D .
t+v—j, ift>j.
Then 7 € Inc, p, as m(r) =r +v —j < n. It is also clear that 7(i) = u,7(j) = v,
hence z,z, = w(z;z;) € Inc, ,(x;x;), as desired. O

Example 3.4. Let Z be an Inc-invariant chain with Iy = (zox7,z324) and I, =
Incr,, (I7) for n > 7. Then using Lemma 3.3, we can compute

Iy = (Incr,g(z227)) Ry + (Inc7,9(2324)) Ry
= (2277, 228, ToTg, T3T8, T3T9, TaT9) + (T34, T3T5, T3T6, TaTs5, TaT6, T5T6)-
See Figure 1. More generally, for each n > 7, the generators of the ideal I,, corre-

spond to the lattices points in the union of the two triangles A((2,7),n — 7) and
A((3,4),n = 7).

Let Ay = (i1, /1), As = (i2,j2), A3 = (i3,J3) € RZ, be three given points such
that 4, < j,. For each n, let A, ,, = A((ip, jp),n).

The first key lemma in this section shows that if Ay = (i1, j1), Az = (i2, jo) € R,
are such that i, < jp, i1 < iz, n is sufficiently large, and (u,,v,) € Ay, p = 1,2 are
such that the rectangle with vertices (u;,v;), 1 <4,j < 2 has exactly two vertices
in U;Q):1 A, , (namely (uq,v1) and (ug,v2)), then u; has to be small, while vy has
to be large. In particular, (u1,v1) has to lie to the left of Ay, while (ug,v2) has
to lie above Ay, (see Figure 2).

Lemma 3.5. Assume that Ay = (i1,j1), A2 = (i2,j2) € R, are (not necessarily
distinct) points such that i, < jp,i1 < iz. Let n > maX{Q(i — i1 + i — j2),1} be
an integer. Let (up,vp) € Ay, p = 1,2 be two points such that (uq,v2), (uz,v1) ¢
Ui:l Apn. Then the following inequalities hold:

(1) w1 <wvi,ug < vz;
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(2) w1 < iz and v > j1 +n;
(3) i1 < iz and j1 < ja, thus Ay and As are distinct.

Proof. Denote A, = A,, ,, for short. Note that
A, ={(u,v) €ER?:0<u—i, <v—j, <n}
For (1): Since v, > up + jp — ip and j, > iy, we get v, > u,p, namely (1) is true.
For (2): By the hypothesis (us,v1) ¢ Aj, so the following chain is invalid
0<up —i1 <v1—j1 <n.

But ug > 49, s0 ug — i3 > ig — i1 > 0, namely the first inequality of the last chain
is valid. The last inequality is also valid since (u1,v1) € Ay. Hence the middle one
is false, namely

ug — iy >v1 — j1 = ug —iy.

The last inequality follows from (u1,v1) € Ay. From the last chain, we get u; < us.

(i2,j2 +n) (iz +n, ja +n)

(i1, 51 + 1) (ug,v2)

(i1 +n, j1 +n)

(Uh 1’1)

(i2, j2)

(i1, 1)

FIGURE 2. Two points (u1,v1), (u2,v2) as in Lemma 3.5

By the hypothesis (u1,v2) ¢ Aa, so the following chain is invalid
0<u; —ig <vyg—ja <m.

The middle and the last inequalities are true since from (ug, v2) € Ag, and ug < ug,
we deduce u; — iy < us — s < vg — jo < n. Hence the first inequality of the last
display is false, namely u; < is.

Next we have to show that vy > n + j;. Assume the contrary that vo < n + j;.
By the hypothesis, (u1,v2) ¢ Ay, hence the following chain is invalid

(31) Ogulfilgvgfjlgn.
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The first inequality holds. By assumption, the last inequality holds as well. There-
fore the middle inequality does not hold, namely vy < u; — i1 + j1 < vy, using
(u1,v1) € Aq. Hence as uj < i,

(3.2) vy < minf{vy, i — i1 + J1}-
By the hypothesis (ug,v1) ¢ Aa, so the following chain is invalid
0<uy —ig <vy—j2 <.

Thanks to (32) and (UQ,UQ) S Ag, 0 <ug —ig < vy — jg < V1 —j2. Hence the
first two inequalities in the last display are valid, and the last one is not. In other
words,

(33) v1 > n+ Jo.

By the hypothesis, (ug,v1) ¢ Ay, so the following chain is invalid

0<uz —i; <wp —7; <n.

The first and the last inequalities are true, since us > is > 47 and (ug,v1) € Ay
Hence the middle one is false, namely uy > vy + 41 — ji. Together with (3.3), this
yields
(34) U2>n+j2+i1—j1.

Now (ug,v2) € Ag, 50 ug < vy — jo + i. Combining with (3.4) and (3.2), we get

n+j2 i1 —j1 <ug Svy— Jo +i2 <202 —J2 — i1+ J1-
This yields
n < 2(j1 — i1 +i2 — j2),

contradicting the hypothesis n > max{2(j; —71+142 —j2), 1}. Hence the assumption
vy < n+ jp is wrong, and vy > j1 + n, finishing the proof of (2).

For (3): We get i1 < uy < iz and j1 + n < v < jo + n, consequently j; < ja.
Hence A; and A, are distinct. This concludes the proof. O

The next key lemma of this section shows that if in the situation of Lemma 3.5,
fewer points coming from (uy,v;) and (ug,v2) are allowed to be in Ay, UAg ,,, then
(u1,v1) must be in the lower-left corner of A; ,, near (i1, j1) and (ug, v2) must be
in the upper-right corner of A, ,,, near (iz+n, jo+n). Roughly speaking, if (I),)n>0
in an Inc-invariant chain of edge ideals where I,, = I(G,,), u1v; and ugvy form an
induced 2K, subgraph of G,,, where n is large and u; < ug,u, < v, for p = 1,2,
then v has to be small, while us has to be approximately n (see Figure 3).

Lemma 3.6. Assume that A1 = (i1,71), As = (ig, j2) € Rzzl are points such that
ip < jp,il S ig. Let n Z max{2(j1 — il + ig - jg),jl —|—]2 — 27,1,1} be an in-
teger. Let (up,vp) € App, p = 1,2 be two points such that none of the points
(u1,ug), (v1,v2), (u1,v2), (ug,v1) belongs to Ui:l A, . Then the following inequal-
ities hold:
v1<i2<n+j1<u2.
In particular, the closed intervals [uy,v1] and [ug, vs] are disjoint.
Conversely, let (up,vp) € Ay, p=1,2 be two points such that
1)1<i2<7’L+j1<’U,2.
Then none of the points (u;, u;), (us, v;), (vj, us), (vi,v;) where 1 < 4,5 < 2,4 # j,
belongs to the set Ui:l App.
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Proof. Let A, = A,,. Since (ui,v2),(u2,v1) do not belong to A; U Ay, by
Lemma 3.5, we have u; < v1,us < vg, and

(35) u < i27
(36) ve > j1 +n.

(i2,42 +m) (ia+n,j2+n)

%z, v2)
(t1,51 +m) (i1 +n,j1 +n)

(J1+ 1,51 +n 4+ jo — i)

(i1,12) | (2, J2)

(1, 51)

FIGURE 3. Two points (u1,v1), (u2,v2) as in Lemma 3.6

Assume the contrary that v; > i5. By the assumption (v1,v2) ¢ Ag, so the chain
0 <wp —ig <wy—jo < nisinvalid. Since the first and the last inequalities hold,
the middle one is false. Consequently

V1 — i > Vg — jJ2 = U — i,

using (ug,v2) € Ay. Together with (3.6), we deduce

(3.7) vy > max{ug,n + j1 — jo +ia2}.

By the hypothesis, (ua,v1) ¢ Ay, so the following chain is invalid
0<uy —i;p <wvy —71 <n.

The first and the last inequalities are true, since us > is > i1 and (ug,v1) € Ag.
Hence the middle one is false, namely

ug > v1 + 141 — J1.
Using (3.7), this yields
(3.8) Ug >N+ i1 — jo + io.
By the hypothesis, (u1,u2) ¢ Ay, so the following chain is false
0<ur —i1 <ug—j1 <n.
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Since (u1,v1) € Ay, the first inequality in the chain is valid. Per (3.7), us < vy, 80
ug — j1 < v1 — 71 < n. Hence in the last chain only the middle inequality can be
false, and consequently

up > ug — J1 +141 > n+ 2y — j1 +i2 — J2-
The second inequality follows from (3.8).

Per (35), n—+ 24, 7‘]'1 + 19 7]12 <u < ig, son < j2 +]1 — 2i1, contradicting the
hypothesis on n. Therefore the assumption v; > iy is wrong, and vy < is.

The last inequality implies v1 < i3 < us. Now 0 < ug — i1 < vp — J1 < us — J1,
but (u1,u2) ¢ Aq, so the chain 0 < u; —i; < ug — j1 < n is invalid. Only the last
inequality can be wrong, so us > n + ji, as desired.

Finally, for the remaining inequality iy < n + ji, we use

nA4j1 > (J1 + jo — 261) + j1 = jo + 2(j1 —41) > do,

as jp > ip. Hence v1 <ia2 <n+ j1 < us.

The second assertion holds since u; < v1 < ug < vs.

The third assertion is a simple accounting. Indeed, as 7, < jp, points in
U§:1 A, ,, are of the form (z,y) with < y. Hence using the hypothesis

v <t <n+7J1 < ug,

we only need to consider the points (uy,uz), (u1,v2), (v1,uz2), (v1,v2). Each of these
points does not lie in Ay ,, since u; < v1 < ip. Also none of them lies in A; ,, since
n+ j1 < uz < ve. The proof is completed. O

Corollary 3.7. Let Ay = (i1,71), A2 = (i2,72), A3 = (i3,]3) € R221 be three given
points such that i, < j,. Assume that iy < ip < i3.
Denote

N =max{2(j1 — i1 + 12 — J2),2(j1 — 41 + i3 — J3),2(J2 — 92 + i3 — J3),
g1+ J2 — 201, 1 + Ja — 241, j2 + Jz — 2ia, 1)}
Then N < M = 2max{j1,j2,j3}. Moreover, for all n > M and for every three
points (up,vp) € Ay, p=1,2,3, one of the twelve points (u;,uj), (vi,v;), (us,vt)
(where 1 <i<j<3,1<s,t<3,s#t), belongs to U2:1 JAVS
Proof. Since 1 < i, < jp, we get N < 2max{ji, jo2,j3}. Assume the contrary, that
for some n > 2max{j1,j2,j3}, and some three points (up,v,) € A, p = 1,2,3,
none of the twelve points (u;, u;), (v, v;), (us,vy) (where 1 <7< j<3,1<s,t<
3,s # t), belongs to Uf):l AV
Using Lemma 3.6 for (Ay, As, (u1,v1), (u2,v2)) and (Aa, As, (uz2,v2), (us,vs3)), we

get the following inequalities

ug >n+ ji

Uz < vg < 13.
But then n < i35 < max{ji, j2,j3}. This contradiction finishes the proof. (I

Now we are ready for the

Proof of Theorem 3.1. Assume the contrary, for some n > 3r, GG, contains an in-
duced 3K, subgraph, say {uiv1, ugvs, uzvs}, where u, < v,. Since r = indZ, there
exist 1 <ip < jp < 7,p=1,2,3 such that z; z;, € I, and z,,,, belongs to the
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Inc-orbit of x;,x;,. Again denote A, ,,_, = A((ip, jp),n — 7). By Lemma 3.3, that
Ty, Ty, € Inc, ,(2;,2;,) yields (up,vp,) € Ap nr. We may assume i; < ip < i3.

Now as n > 3r, n —r > 2r > 2max{j1, jo, j3}, hence by Corollary 3.7, the
3K graph {ujv1, usvg, uzvs} is not an induced subgraph of G,,. This contradiction
shows that G,, does not contain any induced 3Ky subgraph for all n > 3r.

Take n > 2r. We prove that indmatch(Gp,4,) = indmatch(Gp4r41)-

Step 1: First assuming indmatch(G,,4,) = 2 and n > 2r, we show the equality
indmatch(Gp4r41) = 2. Since indmatch(G,,+,) = 2 there exists an induced 2K in
Grtr, S8y ujv1, ugv2 where u, < v,. We may assume that u; < up. Assume that
{i1,j1}, {i2, 42} € G, where 1 < i, < j, < r and (up,vp) € A((ip,Jp),n). Since
n > 2r, by Lemma 3.6, we have

(39) v <1ty <n+ g1 < us.

Assume that E(G,) = {{i1,j1},...,{is, js}} where 1 <i, < j, <rforp=1,...,s.

Now uqv1, usvs is an induced 2K, in G,,4,, hence we have
(310) (ula u2)a (ula U2)7 (U17u2)7 (vla UQ) ¢ A((me?p)?n) for any 1 < p <s.
Claim 1: The conditions (3.10) imply that wjvy, (ug + 1)(v2 + 1) form a 2K in
Gn+r+1~

Assume the contrary, then from Lemma 3.3, for some 1 < p < s, one of the
points (w1, ug + 1), (w1, v2 + 1), (v1, uz + 1), (v1,v2 + 1) belongs to A((ip, jp), n+1).
We treat the case (ui,u2 + 1) € A((ip,jp),n + 1), the remaining cases are similar.
The following chain is valid

0<u —ip <upg+1—-7,<n+1
In particular, i, < uq,u2 < n+ j,. Per (3.9) and n > 2r, we also have
Ug — UL 2> U — V1 >N+ J1—i2 > 2r +j1 —i2 217> jp — ip.

Combining these inequalities yields (u1,u2) € A((ip, jp),n), contradicting (3.10).
Hence uqv1, (uz +1)(v2 + 1) form a 2K5 in Gy 4,41, whence the desired conclusion
indmatch(Gpyri1) = 2.

Step 2: Next we show that if indmatch(G,4,) = 2 and n > 2r + 1, then also
indmatch(Gpqr—1) = 2.

Choose ujv1, ugvs, i1, j1,i2, j2 as in Step 1. We claim that ujvq, (ug — 1)(ve — 1)
form a 2Ks in Gpqpr—1-

Since (ul,vl) € A((il,jl),n), we get (Ul, 1]1) S A((il,jl),vl _jl)- But by (39),
v —j1 <ie—j1 <r—1,soasn >2r+1, (u,v1) € A((i1,j1),n — 1), namely
u1vy € E(Gpir—1). As per (3.9),

g —1>n+7j; —1>2r+j1 > io,

we deduce (ug —1,v2 —1) € A((ig, j2),n—1), so that (ug—1)(v2a—1) € E(Gpiyr—1).
Since n > 2r 4+ 1 and iy < r, together with (3.9),

vl<i2<n—1—|—j1<u2—1.

Assume now that uv; and (ug — 1)(vy — 1) do not form a 2K5 in Gp4r—1. Then
as up < vp < ug —1 < wg — 1, for some 1 < p < s, A((ip,jp),n — 1) contains one
of the points (uq,us — 1), (u1,ve — 1), (v1,us — 1), (v1,v2 — 1). We treat the case
(ur,u2 — 1) € A((ip, jp),n — 1), the remaining cases are similar.
We have a chain
0<u —ip <up—1-7,<n—1,
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which clearly implies
0<ur —1p <ug—Jp <,

namely (uq,u2) € A((4p, jp),n). This contradicts (3.10).

Hence uqv1, (ug — 1)(v2 — 1) form a 2K5 in G, 4,—1 and indmatch(Gp4r—1) = 2,
as desired.

From Step 1 and Step 2, for any n > 2r, the equality indmatch(Gpy.) = 2
holds if and only if indmatch(Gp4ry1) = 2. Since I, is a nonzero edge ideal,
1 < indmatch(Gpyr) < 2, for all n > 2r, and we deduce that indmatch(Gp4r) =
indmatch(Gp4r41) for all such n. The proof is concluded. O

4. INDUCED ANTICYCLES

Our main goal in this section is to show that G,, does not contain short induced
anticycles of length at least 5 for all sufficiently large n.

Proposition 4.1. Let T = (I,,)n>1 be an Inc-invariant chain of eventually nonzero
edge ideals with the stability index indZ = r > 1. Let G,, be the graph corresponding
to I,. Let m > 5 be an integer. Then for all n > mr, the complement graph G of
G, has no induced cycle C,,.

In particular, for all n > 5r, the complement graph G of G, has no induced

cycle Cy, for any integer m such that 5 < m < —.
r

The main ingredients to the proof are Lemma 3.5 and the following lemma.

Lemma 4.2. With usual notations, let n > 2r be an integer. Let H be an induced
subgraph of G4y such that H contains an induced anticycle C%, (where m > 5)
whose consecutive vertices are labeled as ay,...,am € {1,...,n+r} such that ay =
min{ay,...,a,}. Then max{aj,aq,...,an,} = max{as, am}.

Proof. Again, denote E(G,) = {{i1,j1},...,{%s,Js}} where 1 < i, < j, < r for
p=1,...,s. Denote Ay := Ay, := A((ip,jp),n) for 1 <p <s.

It suffices to show that if as < a,,, then a, = max{ay,as,...,an}. Indeed,
for the case a,, < ag, reindex the vertices as follows: b1 = a1,b; = ampyo—; for
2 < i< m. Then by = min{by,ba,...,by} and b = a,, < az = by,. Thus we may
assume that as < a,, and we show that a,, = max{ai,as,...,am}.

By the definition of the stability index, for each pair of integers (p, q) such that
1 <p,g<mqg—p>2and (p,g) # (1,m), there exists (ipq,jpq) € Gr where
1 < ipg < jpg < 1 such that (ap,aq)= € A((ipg, jpg),n)-

For simplicity, denote Apy = A((ipg, Jpq), 7). We let ami1 = a1, Apg = (ipg, Jpq)
for 1 <p<gqg<m,q>p+2(pq) #(1,m).

Claim 1: For all 1 < p < m, none of the points (ap, ap+1), (@p+1,ap) belongs to

r= U Apy.

1<p<g<r
q>p+2,(p,q)#(1,m)

Proof of Claim 1: First assume that for some 1 < p < m, we have

(ap,ap+1) el C U JAVS
t=1
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Therefore, there exists an integer ¢t € {1,...,s} such that (ap,ap,+1) € A,. Since
it < jta CLp < ap+1. NOW
{ap, apt1} € E(Grnr),

and H is an induced subgraph of G, ., thus {ap,ap41} € E(H), a contradiction.
Hence (ap,apt1) ¢ I'. Similarly for (ap41,ap), we finish the proof of Claim 1.

Now consider the two points (a1,a3) = (a1,a3)S € Ais, (az,am) = (az,a,)S €
Ao

Observe that i13 < i9,,. Indeed, assume the contrary is,, < i;3. By Claim 1,
(ag,a3), (a1, am) ¢ Aam U Aqs. Note that n > 2r > 2max{jam, ji3}. Hence using
Lemma 3.5 with (Asy,, A13, (a2, am), (a1,as3)) in place of (A1, Ag, (u1,v1), (uz,v2)),
we get

az <113 < ag,

contradicting the minimality of a;.

as az

ay as
FIGURE 4. An induced anticycle C§

This implies that 413 < i2,,,. The last inequality puts us in a position to apply
Lemma 3.5 for the data (Ais, Aom, (a1, a3), (az,am)), as by Claim 1, it holds that
(a1,am), (az,a3) ¢ A1z U Ag,,. The results are the following inequalities

a3 < Ji3+n < .

In particular, a3 < a,,. Continuing this argument inductively by looking at
(a1,a+1) and (a;,am) for 3 < i < m — 2, we get a,, = max{a, : 1 < p < m},
as desired. (]

We are ready now for the

Proof of Proposition 4.1. It suffices to prove the first assertion.

Assume the contrary, that there exists n > (m — 1)r such that Gf,,,. contained
an induced cycle a1, as, ..., am, a1 where 1 < a; <n+r,a; # a; for i # j. We may
assume that a; = min{ay, as,...,am}.

Hence (ap, aq) € Gpyr for all 1 < p < g < m such that ¢ —p > 2 and (p,q) #
(1,m). By the definition of the stability index, for each pair of integers (p, ¢) such
that 1 < p,q < m,q—p > 2 and (p,q) # (1,m), there exists (ipq,Jpq) € Gr
where 1 < iy, < jpq < 1 such that (ap,aq)S € A((ipg, jpq);n). As in the proof of
Lemma 4.2, we have
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Claim 1: For all 1 < p < m, none of the points (ap, ap+1), (@p+1,ap) belongs to

r= U Apg.

1<p<g<r
q>p+2,(p,q)#(1,m)

For 2 < p < m — 2, note that (ap,apy1) € Aips1) by Claim 1. Hence the
following chain is false
0 < ap —t1(pt1) < Apt1 = Jip+1) S N
Since a, > a; and (a1,ap41) € Ajptr), the first inequality is true. The last
inequality is also true, so the middle one is false. Equivalently, we get
(41) Apt+1 — ap < jl(p+1) — il(erl) for 2 < p<m— 2.

For 3 < p < m—1, note that (ap+1,ap) ¢ Aip by Claim 1. Therefore the following
chain is invalid

0<apt1—i1p < ap—Jip <n.
As api1 > aq, the first and last inequalities are valid, hence the middle one is not.
Thus
(4.2) ap — apy1 < Jip —t1p for3<p<m-—1

Applying Lemma 3.5 with the data (A3, Aoy, (a1, a3), (a2, an)) as in the proof of
Lemma 4.2, we get

(4.3) a1 <igm < ag,
(4.4) a3 < J13 +n < apy.
Case I: as < ay,. By Lemma 4.2, a,, = max{ay,...,am}.

Case I.1: as < ay,—1. By Claim 1, (a1, a2) € Aq(—1) hence the following chain
is false
0< a1 —i1m-1) < a2 — Jigm-1) < N
The first inequality in the chain holds since (a1,am-1) € Aypn—1), and the last
inequality also holds since a2 < apm—1 < 1+ ji(m—1). Hence the middle inequality
is false, namely

(4.5) az — a1 < Ji(m—-1) — t1(m—1)-
Now (am—1,0m) ¢ Agm by Claim 1 so the following chain is false
0 S Am—1 *Z’Qm S am 7j2m § n.

Since (ag, am) € Agy, and ag < ap,—1 by the hypothesis of Case 1.1, we see that the
first and last inequalities of the last chain are true. Thus the middle one is false,
namely

(46) Om — Qm—1 < Jom — %2m.
Using (4.5), (4.1) multiple times, and (4.6), we get
m—2
am — a1 < (Jiim-1) = i1(m-1)) + Z (J1(p+1) — F1(p+1)) + (J2m — t2m)
p=2
< (m—2)max{jp,: 1 <p<qg<m,q>p+2(p,q) #(1,m)}
< (m—2)r.
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Together with (4.3) and (4.4), we get
n+ j1z — d2m < am — a1 < (m —2)r,

son < (m—2)r+ig, < (m — 1)r. This contradicts the hypothesis n > (m — 1)r
from above.

Case 1.2: as > ay,_1.

Consider the points (am—1,a2) € Agpnm—1) and (a3, am) € As,. Since none
of the points (a3, az), (@m—1,an) belongs to ', by Lemma 3.5 and the fact that
@y = max{a; : 1 <i <m}, we get is,—1) < i3m, and

(47) Ay—1 < igm < as.

Consider the points (a1, am—2) € Ajm—2) and (am-1,a2) € Ag(y,—1). Arguing
as above using Lemma 3.5 and the fact that a; < a,,_1, we get

(4.8) az >n+ Jim-2) = Gm-2-
We have (a3, az) ¢ Aa(m—1) per Claim 1, so the following chain is invalid
0<asz—izmm-1) < a2 — Jopm-1) < N

Thanks to (4.7), az > am—1 > ig(m—1) and az — ja(m—1) < n, the middle inequality
is false, namely

(4.9) az — az < Ja(m-1) — 42(m—1)-
Combining (4.7), (4.8), (4.2), and (4.9), we obtain

n +j1(m72) —13m < A2 — Q1

m—2
= (as —ag) + Y (ap — api1)
p=3
m—2
< J2(m-1) — l2(m-1) + Z (Jip —i1p)  (by (4.9) and (4.2))
p=3
<(m-=3)max{jp: 1 <p<qg<m,q>p+2,(pq) #(1,m)}
< (m—3)r.

Hence n < (m — 3)r + i3y, < (m — 2)r, a contradiction. This finishes Case I.

Case II: ag > a,,. Relabel the vertices as follows: by = a1,b; = amyo—; for
2 < i < m. Then by = min{by,...,bn} and by < b,,. Arguing as for Case I, we
finish Case IT and the proof. O

Recall that a graph G is weakly chordal if neither G nor G¢ contains an induced
cycle of length at least 5. The following example shows that one cannot improve
the conclusion of Proposition 4.1 in general.

Example 4.3. In general, it may happen that the graph G,, corresponding to I,,
is not weakly chordal for all large n.
Take Iy = (z1x3,2224) and I, = Incy,(ly) for all n > 4. Explicitly, for all
n >4,
In=(zxj:1<i<j<mn,j—1i>2(i7)#(1,n)).
For each n > 4, G¢, contains the induced cycle with vertices 1,2, 3,...,n, of length
n, as one may easily check.
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In particular, for all n > 5, G, is not weakly chordal. Moreover for each n >
6, reg I, > regI(C:S) = 3. Together with Theorem 6.1 below, we conclude that
reg I, = 3 for all n > 6.

On the other hand, using Lemma 3.6 for (i1,j1) = (1,3), (i2,j2) = (2,4), we
deduce that G4 has no induced 2K for all n > max{2(3 —-14+2—4),3+4 —
2 x 1,1} = 5. In other words, indmatch(G,,) = 1 for all n > 9. Therefore we get
reg(l,) = 3 > 2 = indmatch(G,,) + 1 for all n > 9.

5. LONG INDUCED ANTICYCLES
In this section, we fix the following notations.

Notation 5.1. Let Z = (I,,),>1 be an Inc-invariant chain of eventually nonzero
edge ideals. Let r = ind(Z) be the stability index of the chain. Denote E(G,) =
{{i17j1},...,{is,js}} where 1 < i; < gt <1yt Sig <o K and if i; = Teg1
then j; < jiq1. Denote ¢ = max{l <t < s:i; =i}

We have seen in Proposition 4.1 that G,, does not contain short induced anticy-
cles, namely anticycle of the form CF,, for 5 <m < 2. The following result provides
the complementary information, revealing that G, does contain long induced an-
ticycles under some extra condition on the edges of G,.. This result is important
later in Section 7 in the characterization of the case that reg I,, = 2 for all n > 0.

Proposition 5.2. Keep using Notation 5.1. Assume max{ji,...,js} = jq +1
and min{j; — iy : t = 1,...,s} > 2. Then for all n > 3r, there is an inequality
reg(I,) > 3.

The significance of the two hypotheses max{ji,...,js} = jo+1 and min{j; —; :
t=1,...,s} > 2 will be apparent in the equivalence between statements (1) and
(3) of Theorem 7.1.

The most difficult part of the proof is certain construction of long induced anti-
cycles in the graph G,,, specifically Construction 5.7. The following notations are
used throughout the proof and the construction.

Notation 5.3. For simplicity, denote Ay = A((i,ji),n) for any t = 1,...,s. Set
J=A{1,2,...,s}, i={te J|js —i =min{j1 —i1,...,Js —is}}. Denote

b=min{t | j: = max{j1,...,4s}}, B =max{t|j: =max{j1,...,7s}},
h =minJ;, H = maxJ;.

The following observation is useful to clarify the sets and indices in Notation 5.3.

Lemma 5.4. With Notation 5.3, we have jg < jg. Moreover, the following state-
ments are equivalent:

(1) B=H;
(2) B e Ji;
(3) ju =jB-

Proof. Clearly jg < jp = max{ji,...,js}. Since H = max Jj, it is also clear that
(1) = (2). We prove that (2) = (3) and (3) = (1).

(2) = (3): Assume that B € J;. Then B < H =max J; and jp—ip = jg—ig-
From Notation 5.1, jg — jp = tg —ip > 0 as H > B. But the definition of B
yields jg < jp, hence jy = jp. Thus (3) is true.
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(3) = (1): Assume that jg = jp. The definition of B implies H < B, so
ig <ip. In particular, jg —ig > jp—ip. But jg —ig = min{j; —i1,...,Js —is},
SO jg —ig = jB — tp, and hence iy = ig. The only situation when iy = ip and
ju = jp are both valid is B = H. Hence (1) is true. The proof is concluded. [

The key step in the proof of Proposition 5.2 is accomplished by the following
constructions (5.5, 5.6 and 5.7). The last constructions employ the first two, and
we clarify all of them in Example 5.8.

Construction 5.5. Keep using Notation 5.3. In this construction, we assume that
iy < ip.

Note that in this case i1 = i, < @, since j;, = max{j; : {y =41} < max{j, : t =
1,...,s} = jp. Hence ¢ € J\ Jy. Indeed, if not, then j, — i, = min{j, —d; : 1 <t <
s}. This implies ¢ = 1, and h = min{¢ : j; —i; = min{j; —i1,...,js —is}} = 1, and
by the assumption, i, < i, = i1, a contradiction. Thus ¢ € J\ J1 and i4 < i < ip.
This justifies the first step of Algorithm 1, which is useful for sorting the triangles
A

-

Algorithm 1 Rearrange the positions of the triangles A, with i, <1, <

Input: The set of edges {{i1,j1},...,{is,js}} of G, given that i, < ip.

Output: A sequence of sets Ji,...,Jg and a sequence of integers
Uy, ...,ug € {1,...,s}.
t:=1

w1 = h(= min Jy)

while J; # () and 4,, > i, do
Jep1 :=1{p | jp —ip =min{j, — iy |a € J\ Ul_,J; and iq < iy, }}
Upgq := min Jy4q
t:=t+1

end while

Apply Algorithm 1 and assume that (5 — 1) is the number of repeating steps of
this algorithm. By what said above, 8 > 2, as Jy # (). The algorithm gives

Js ={p|jp —ip=min{j, —ia |a € J\ U J; and iy < iu, ,}},

and ug = min Jz. Note that ¢ € J\ Uf;ll Ji since i4 < i and iy > 4 for any
te JiU---UJg_1. Hence Jg # (), so because the algorithm stops, we get tug < tp.
It follows that we obtain a sequence h = uy,ug,...,ug € J such that

iug <ib§iug,1 <"'<iu2 <iu1:ih7
Juesr = fuger > Jup —fu, 22 fort=1,...,8 -1

Construction 5.6. Keep using Notation 5.3. The following algorithm is used to
rearrange the positions of the triangles A,,.
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Algorithm 2 Rearrange the positions of the triangles A, with jg < j, < jB
Input: The set of edges {{i1,j1},...,{is,Js}} of G,.

Output: A sequence of sets J; = K1, Ko, ..., K, and a sequence of integers
v1,...,0y €4{1,..., s}

K1 = Jl

t:=1

vy := H(=max K)

while K; # () and j,, < jp do
Ky :=A{p | jp —ip = min{ja —ia | a € J\ Ui_ K; and jo > ji, }}
Uy = max Ky
t:=t+1

end while

In the case jg = jp, note that H = B by Lemma 5.4, and therefore Algorithm 2
does nothing. In other words, K; = J;, v =1, and v; = H = B in this case.

Consider the case jg < jp. Apply Algorithm 2 and assume that (y — 1) is the
number of repeating steps of this algorithm. Thanks to Lemma 5.4, B ¢ K, = J;
and j,, = ju < jp- So Ky # () and v > 2.

Claim 1: If B € K; for some 2 <t < ~, then B = max K; = v;.

Indeed, since B € K;, B < max K; = v;. From the setting of Notation 5.1,
ip < 4y,. Since B € Ky, jp —iB = Ju, — lv,, S0 Ju, — jB = v, —ip > 0. The
definition of B implies j,, —jp <0, so 0 = j,, —jB = iy, —ip. This forces B = v;.

Claim 2: Tt holds that B € J \ U;’;ll K;. In particular B € K, and

(5.1) vy = B.

Indeed, we have since that B ¢ K;. Assume that B € K; for some 2 <t < y—1,
then B = v; by Claim 1. But then j,, = jp, contradicting the description of
Algorithm 2. Hence B € J \ UZ;ll K. The description of the algorithm yields
Ju,_1 < jB, so K, # ). Since the algorithm stops, we deduce j, = jp. The
definition of B in Notation 5.3 yields v, < B, so ip, <ip. In particular, jp —ip <
Ju, — iw,, SO the definition of K, that reads

Ky ={p|jp—ip=min{j, —ia | a € J\U'K; and j, > j,, ,}}

implies that B € K. Using Claim 1, we conclude that B = max K, = v,.
So at the end of Algorithm 2, we obtain a sequence of indices H = vy, v2,...,v, =
B such that

jB:jva, >>.]U2 >j’U1 :jHa
Jvisr = g > Jop —toy 22 forallt=1,...,7—1.

Construction 5.7. Keep using Notation 5.3. Let h = uj,ug,...,ug be as in
Construction 5.5 and H = v1,v2,...,vy = B be as in Construction 5.6 (recalling
Equation (5.1)). Now for n > 2r, we construct an induced anticycle C¢, in G4
by considering the following two cases.

Case I: 4, <ij,. We employ Algorithm 3 to construct the initial vertices of Cf, in
Gr4r. Note that the numbers 8, h = uq,ug, ..., ug in Algorithm 3 come from the
output of Algorithm 1.
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Algorithm 3 Generate the initial vertices of an induced anticycle in G,

Input: The set of edges {{i1,71},-..,{is,Js}} of G, given that
min{j; —i; |t =1,...,5} > 2 and i < ip, and an integer n > 2r.
Output: A sequence of numbers ay,...,aq,a4+1 € {1,2,...,n+r}.
€= max{t € ZZO | t(jug - iuﬁ — 1) + Z.uﬂ < Zb}
a1 = €(fus — tus — 1) + iy
term = a4
d:=1
while term < i; do
t =min{a € {1,...,8} | ty, < term}
term := term + jy, — ty, — 1
aq41 = term
d:=d+1
end while

Note that
(52) a2 = ap +jug - iuﬂ —1.
Indeed, by Construction 5.5, 4y, < ip < tyy_,, SO a1 = €(Jug — g — 1) Fiug <ip <
tuy_,- Hence at the step d =1,
t=min{c € {1,...,8} | iy, <a1} = 8.
From this, (5.2) follows.
At the end of Algorithm 3, we get a sequence aq,...,aq41 satisfying

g Sug S a1 <ip <az<az < <ag<ip < ad1 = ad + Ju, — lu, — 1
where t = min{a € {1,...,8} | tu, < aq}.
At this point, note that v, = B per (5.1), so
g1 = aqg + Ju, — tu, — 1 <ip 4+ Ju, —tu, — 1 <2r <n+i, =n+ip,

using the hypothesis on n. Thus we may apply Algorithm 4 with dindex := Ga+1-
Note that the numbers v, H = vi,vs,...,vy = B in Algorithm 4 come from the
output of Algorithm 2.

Algorithm 4 Generate the final vertices of an induced anticycle in G,

Input: The set of edges {{i1,j1},...,{is,Js}} of G, and integers n > 2r and
Z.h S Gindex S n+r.
Output: A sequence of numbers Gindex; Gindex+1 - - - »@m € {1,2,...,n+ 1}
term = Gjndex
v:=1
while term <n +ip do
t =min{a € {1,...,7} | term < n + i, }
term := term + j,, — %, — 1
Gindex+v ‘= term
vi=v+1
end while
m:=v+1
m =N+ jB
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At the end of Algorithm 4, we get a sequence a4+2,. . ., Gy, satisfying
a1 < Ogqo < < am—2<n+ip <am-1 < am=n+7Jp.
Case II: i}, < 4p. Set € = max{t € Z>¢ | t(jn —in — 1) +in < 9p} and define
ar = €(jn —in — 1) +in < ip,
az = ai + Jjp —ip — 1 > dp.
We are in place to apply Algorithm 4 with ajngex := a2 since
as=a1+Jjp—th —1<tp+jn—tph—1<2r<n-+ig.
From the last algorithm, we obtain a sequence a1, as, ..., a,, satisfying
<o <ip<ag<az<:- - <amo2<n+ip<am-1<am=n+jB.

With Lemmas 5.9, 5.10, 5.11 below, we show that a4, ..., a,, in Construction 5.7
form an induced anticycle in G,, 4. of length > 4 for all n > 2r. But first, we consider
an example of the Constructions 5.5 — 5.7.

Example 5.8. Consider the Inc-invariant chain 7 = (I,)n>1 of edge ideals with
stability index 9 and

E(Go) = {{1,5},{1,8},{2,9},{3,6},{4,7},{5,9}}.
Clearly the conditions j, + 1 = max{ji,...,Js} and min{j, — ¢, |t =1,...,s} > 2
of Proposition 5.2 are satisfied. In this case i1 = 1,¢ = 2, jo = 8, max{j1,...,Je} =
9=8+1, and min{j; —4; | t=1,...,6} = 3.
The plot of the corresponding points (i, j¢),t = 1,...,6 is as in Figure 5. Run-
ning Algorithm 1, we get

J1 = {4,5},U1 = 4,J2 = {1},11,2 = 1,6 = 2.
Running Algorithm 2, we get

Kl = {4,5},1}1 = 5,K2 = {6},1)2 = 6,’7 =2.
Note that b=3,B=6,h =4,H =5 and

Ip =13 =2 <1ip =14 = 3.
Let n = 18 = 2r. Running Algorithm 3 on Macaulay2 [8] with the input Gg and
n = 18, we get the sequence
ay = 1, ag = 4.

Running Algorithm 4 with the input Gg,n = 18 and ajhgex = a2 = 4, noting that
ip =16 =5,jB = js = 9, we get the sequence

ay =4,6,8,...,22,24,27.
Hence G27 has an induced anticycle Cf,; whose consecutive vertices are
1,4,6,8,10,...,22,24,27.
Similarly, G2s has an induced Cf,; whose consecutive vertices are
1,4,6,8,10,...,22,24,27,28,
while Gg9 has an induced Cf, with consecutive vertices
1,4,6,8,10,...,22,24,26,29.

Lemma 5.9. With the notations as in Construction 5.7, we have m > 4.
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(ir,51) = (1,5)
(i2, j2) = (1,8)
(i3, j3) = (2,9)
(ia, 1) = (3,6)

(7?5«,.75) = (47 7)

As

Ay

Ay
(6, j6) = (5,9)
Ay
b=3,B=6
h=4 H=5

FIGURE 5. An example with Gy having six edges

Proof. Note that by construction, as — a; = j: — i — 1 for some 1 < ¢t < s, hence
ag=a1+jt—it—1 <ip+js —ir—1 < 2r. On the other hand, a,,—1 > n+ip > 2r,
by the hypothesis on n. Hence m > 4. ([l

Lemma 5.10. With the notations as in Construction 5.7, we have {ap, ap+1} ¢
E(Gpyy) forallp=1,....,m with am+1 = ay.

Proof. Since ip +n < am—1 < @y = jp +n and iqg < ay < iy, we get {am—1,am},
{a1,am} ¢ E(Gp+r). Now assume that p € {1,...,m — 2}.

CASE 1: ap < ip. In this case, apy; is determined from a, by Algorithm 3. Hence
1<p<danda, <aqg <ip. Set

(5.3) t=min{a € {1,...,8} | iu, < ap}.
It follows that ¢t > 2 and 7, < ap < %y, forall 1 <a <t—1. Moreover, we see that

Apt1 — Ap = Ju, — by, — 1 < Ju, — fu,-
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Now if there exists an integer a € {1,..., s} such that (ap,ap+1) € Ay then iy <
ap < iy, and jo —iq < apy1 — ap < Ju, — by, By the definitions of u; and Ji, we

must have

o€ Uf;iJZ,

which implies o € J, for some v =1,...,t — 1. Thus, a, > iq > iy,. By (5.3), we
get v > ¢, a contradiction. This means (ap,ap11) ¢ Ay foralla=1,...,s.
CASE 2: ap > ip. In this case, apy1 is determined from a, by Algorithm 4. Set

(5.4) t=min{a € {1,...,7} | ap <n+1,,}
It follows that ¢t > 1 and apt1 — ap = Ju, — o, — 1 < Ju, — tv,. If t =1 then
Ap+1 — ap < JH —1H < Ja — la

for all « = 1,...,s. Hence (ap,ap+1) ¢ Ay forall @ =1,...,s. Now we consider
the case where ¢ > 2. By (5.4), we get n+ iy, , < ap < n+1i,, and

pt1 = Ap + Jo, — v, =L <N+ 0y, +Ju, =00, — L =1+ Ju, — 1 <N+ Jy,.
Furthermore,
Apt1 = Ap + Jo, — Gy, — L >0+ 0y, + Jo, — %, — L.

Since j,, — ¢y, > jv,_, — tv,_, per Construction 5.5, one has
(5.5) Apt1 2> N+ by, F Joy — by >N+ o,
Now if there exists an integer o € {1,..., s} such that (a,,apy1) € Ay then

N+ Ju_y < Gpy1 SN+ Ja,
which implies j, > ju,_,. Combining with the fact that

Jvg = vy > Apt1 = Gp 2 Ja ~ la

and the definitions of K; and v;, we must have a € Uﬁ;iK}. This implies that
a € K, for some 1 <v <t—1. As a consequence,

(5.6) apy1 Sn+jo SN+ ju, SN+ Jy,_,-
The third inequality in the last chain holds because of Construction 5.5. For the
second inequality, note that jo, — tq = Ju, — tv,, a8 @,v, € K,. By definition,
v, = max K,, > «, hence
jvy — Ja :iv,/ —iq > 0,

as desired.

Now (5.6) contradicts the inequality (5.5). So (ap,ap+1) ¢ A, for all a
1,...,s.

m o Ol

Lemma 5.11. With the notations as in Construction 5.7, we have {ap,a.}
E(Gpyir) for any 1 <p < z <m such that z —p > 2 and (p,z) # (1,m).

Proof. We proceed through two steps.
Step 1: {a1,a,} € E(Gpqy) for all 3< 2z <m — 1.

Indeed, ay—1 < @m = n + jp = n + j; + 1, thanks to the hypothesis, hence
a, S Qm—1 S TL+]q

We first consider the case where iy < 7. Then thanks to Algorithm 3, Ty <01
If a, < ju, +n, then (a1,a;) € Ay, as the following chain holds

Oga’liiug Sazijuﬂ Sn.
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In this chain, the middle inequality holds because thanks to Equation (5.2),
ay — a1 =a, —az+az—ay 2 1+az — a1 = Juz — luy-
Ifa, >n + Jug, then
Jgtn=>a,>Jus +n 220 >y + jg — g > a1+ Jg —iqg = Jgs
hence (a1,a,) € A, because the following chains holds
0<ar—i<a,—jq<n.

In other words, {a1,a,} € E(Gp4,) for all 3 <z <m —1 in this case.

Next consider the case iy, < 4. We show that {a1,a,} € E(Gnyr) for any
3 <z <m — 1 by going along the same lines by replacing ug by u; = h. We leave
the details to the interested reader. This completes the proof of Step 1.
Step 2: {ap,a.} € E(Gpyr) forall2<p<z<mand z—p>2.

Observe that a, > 4;,. We consider two cases.
CASE 1: ap < i. Again let

t=min{a € {1,...,8} | tu, < ap},

then ¢ > 2 as uy = h. We have 4, < ap < iy, , and apy1 — ap = Ju, — tu
Algorithm 3. If a, < j,, + n then

., — 1 by

Ay — Qp = Ay — Api1 + Apy1 — p = Ju, — buys
which gives 0 < ap, — iy, < @y — ju, <1, Le. (ap,a;) € Ay,. On the other hand, if
az > ju, +n, then we claim (a,,a,) € Ap. Indeed, since a, > 2r > iy, |, +jp —ip >
ap + jy — iy and a, < j, + n, the chain

0<ap—ip<a,—jp<n

is valid.
CASE 2: ap > i. If 2z = m then we have that (ap,an) € Ay UAp, as i, < a, <
ip+n for all 2 < p < m —2. More precisely, it can be checked that if a, > ip then
(ap, am) € Ap, while if a, < ip then (ap, am) € Ap. If z < m — 1, then as

a1 < am2 <n+ig=n+i, (per Construction 5.7 and Equation (5.1)),
we may let
pw=min{a € {1,...,7} | az—1 < iy, +n}.
Then a, 1 < iy, +n and by Algorithm 4, a, —a,_1 = j,, — iy, — 1. Therefore
Ay —Qp =Gy —Qz—1+ Az1 — Qp = Jy, — Ty,
and
ay = Qz—1 + Ju, — v, —1 < Jy, +n.
It follows that if a, > Gv,, then (ap,a,) € Avw since the following chain holds
0<ap—iy, <a;—Jy, <n.
Finally, it remains to consider the case i, < a, <'y,. If a; > jp — iy + iy, , then
a; — ap > Gy — iy, = Jo — i,
which yields
0<ay, —up <a,—jg, <n.

In other words, (a,,a.) € Ay.
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Assume that a, < j, — iy + iy, In this case, the definition of y implies p = 1,
hence
Ay —0p = Gz — Az—1 +a,1 — Qp ZjH_iH :jh_iir
Since n > 2r > j, —ip + iy, — Jn > az — jh, the following chain holds
0<a,—ip<a,—jn<n, ie, (ap,a;) € Ay.
This also finishes the proof of the lemma. ([

Proof of Proposition 5.2. By Froberg’s theorem, we have to show that G,,4, is not
cochordal for all n > 2r. It suffices to construct an induced anticycle C¢, in G4y,
for some m > 4. Keep using notations as in Construction 5.7. We wish to show

that the vertices aq,...,a, in Construction 5.7 form an induced anticycle in the
graph G4

This follows from combining Lemmas 5.9, 5.10, and 5.11. Therefore reg I, > 3
for all n > 3r. [l

6. A SHARP REGULARITY BOUND

The next theorem gives our first major result on the regularity of invariant chains
of edge ideals.

Theorem 6.1. Let T = (I,,)n>1 be an Inc-invariant chain of eventually nonzero
edge ideals. Let r = ind(Z) > 1. Then for all n > 4r, there is an inequality
reg I, < 3.

The key to this theorem is the following

Lemma 6.2. Keep using notations of Theorem 6.1. Let G, be the graph corre-
sponding to I,. Let H be an induced subgraph of G, with at least one edge. Set
u; = max{u € V(H) | for some uw < v,v € V(H), we have {u,v} € E(H)}.

Let vi € V(H) be any verter such that uy < vy and {u1,v1} € E(H). Then for
every n > 4r and every choice of H and v1 as above, the graph H \ Nglvi] is
cochordal.

Proof. Assume the contrary that for some n > 3r and some induced subgraph H
of Gy with E(H) # (), the graph H \ Ng[v1] is not cochordal.

Assume that E(G,) = {{i1,j1},...,{¢s,Js}} where s > 1,1 < i), < j, <r
forall p=1,...,s. For each 1 <t < s, denote A; = A((i¢,j:),n) for simplicity.
Therefore,

E(H) C B(Guar) = {{u0} : (u,0)% € Ui, A},
Hence there exists an integer £ € {1,...,s} such that (uy,v1) € Ay. Observe that
(ig + j,v1) € Ay for all 0 < j < uy —ip. Hence
{vi,ig, 30 +1,...,u1} € Ng, ., [v1].
Since H is an induced subgraph of G, 4., it holds that
Nylvi] = V(H)N Ng,.,[v1]-

Therefore V(H \ Ng[v1]) C{1,2,...,4p—1} UV}, where iy +j ¢ V; forall 0 < j <
u1 — g, in particular, if u € V; then u > wuy. If follows from the maximality of u
in the hypothesis that:

(6.1) If u <wvand {u,v} € E(H\ Ng[v1]) then u < ip — 1.
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Step 1: We claim that H \ Ng[v1] has no induced 2K5.

Note that H \ Ngv] is also an induced subgraph of G, 4,. By Lemma 3.6, the
graph H \ Ng[v1] has no induced 2K5. Indeed, assume that {us,ve}, {us,vs} is an
induced 2K of H \ Ng[v1] where u, < v,. Then Lemma 3.6 implies that for some
non-negative number jos, ug > n + jos > n. This contradicts (6.1) and the fact
that n > 3r > i,.

Step 2: Since H\ Ny [v1] is not cochordal, and yet does not contained any induced
2K, = Cf, it necessarily contains an induced anticycle C¢,, where m > 5. Label the
consecutive vertices of C¢, as a1, . .., an, (following the terminology of Section 2.3).
By reindexing, we may assume that a; = min{a, : 1 < p <m}. Let ay41 = a3.

For each 1 < p < ¢ < m such that ¢ — p > 2,(p,q) # (1,m), it holds that
{ap,a,} € E(H \ Ngv1]), so (ap,aq)S € Apy, where Ay = A((ipg, jpq)s 1) is one
of the sets A1,...,A,. As in the proof of Lemma 4.2, we have
Claim 1: For all 1 <¢ < m, none of the points (a, at+1), (ar41,a:) belongs to

r= U Apy.

1<p<q<s
q—p>2,(p,q)#(1,m)

Consider two cases according to whether ay < a,, or a,, < as.
Case I: a3 < a,,,. Thanks to Lemma 4.2, we get a,, = max{a, : 1 <p <m}.
Apply Lemma 3.5 for the points (a1,a3) € Az and (a2,a;,) € Agy,. The
conclusion is that a; < is,, and
(6.2) a3 < jiz+n < am.

Case I.1: as < ay—1. By Claim 1, (am-1,am) ¢ Az, hence the following chain is
false
0 S A —1 _i2m S A, _j2m S n.
The first inequality in the chain holds since a.,,,_1 > a2 > 9., and the last inequality
also holds since a,, < jo., + n. Hence the middle inequality is false, namely
(63) Am—1 > Ay + Z.27n - j2m~
By Claim 1, (@m—2,@m—1) & Ai(m-1), hence the following chain is false
0<am-—2—i1(m-1) < Gm-1 = Ji(m-1) < N
The first inequality in the chain holds since a,,—2 > a1 > i1(n—1), and the last
inequality also holds since a;,—1 < Jign-1) +n. Hence the middle inequality is
false, namely
(6.4) Am—2 > Q-1 + 11 (m—1) — Ji(m—1)-
Combining (6.2), (6.3), and (6.4), we obtain
m—2 > N+ J13 + f2m — jom + il(TYL—l) - jl(m—1)~
Since am—2 < Amy Am—2 # am, and {am-2,am} € E(H \ Ng[v1]), we obtain
m—2 < iy — 1 by (6.1). Thus
ié -1> Am—2 > 1N +j13 + Z'27’n - j2m + il(mfl) - jl(m71)7
so that
n<ig—1—7j13 —%2m + Jom — 1 (m-1) T J1(m-1) < 37,
where the last inequality follows from i, < j, < max{ji,...,js} < r. This contra-
dicts the hypothesis n > 3r.
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Case 1.2: ag > am—1. Looking at the points (a1, am—2) = (a1, @m—2)< € Aqm_2)
and (a;,_1,a2) = (ag,am_1)S € As(m—1)- Note that a; < an,—1, and (ay,az),
(@m—1,0m—2) & A1(m—-2) U Dgm—1) thanks to Claim 1, so arguing as above using
Lemma 3.5, we deduce 7y (;,—2) < ig(m—1). Moreover, the same result yields

(65) as >n + jl(m72)~

Since {a2,am} € E(H \ Ng[v1]), as < ay, and ay # a,,, we get from (6.1) that
as < iy — 1. Combining with (6.5), we obtain

tp—12a2>n+ jim-2),
hence
n<ipg—1—7Jimoo) <7
This contradicts the hypothesis n > 3r.
Case II: a2 > a,,. Relabel the vertices as follows: b1 = a1,b; = ay42-; for

2 <i < m. Then by = min{by,...,b,} and by < b,,. Arguing as for Case I, we
finish Case IT and conclude that H\ Ny [v1] is cochordal. The proof is completed. O

Proof of Theorem 6.1. For a graph H, by abuse of notation, write reg H for the
regularity of the ideal I(H). Let n > 3r be an integer. We prove that if H is an
induced subgraph of G,,,, then reg H < 3. Induction on the cardinality of F(H).

If E(H) = () then reg H = reg(0) = —oo. Assume that E(H) # (. Let uj be the
maximal value of u € V(H) such that for some u < v,v € V(H), {u,v} belongs to
E(H). Let vy € V(H) be a neighbor of uy in H such that v; > u;. By Lemma 6.2
and Froberg’s theorem, reg(H \ Ng(vi]) < 2. This together with Lemma 2.10,
yields the chain

reg(H) < max{reg(H \ Ng[v1]) + 1,reg(H \ v1)} < max{3,reg(H \ v1)}.

Clearly {u1,v1} € E(H)\ E(H \ v1). Also H \ v; is an induced subgraph of G4,
hence by the induction hypothesis reg(H \ v1) < 3. Therefore reg(H) < 3. This
finishes the induction and choosing H = G4, we get the desired conclusion. [

7. CONVERGENCE

Now we state our main accomplishment in this paper. In the following statement,
we employ the g-invariant introduced in Definition 2.5.

Theorem 7.1. Let T = (I,)n>1 be an Inc-invariant chain of eventually nonzero
edge ideals. Keep using Notation 5.1. Then for alln > N = max{5r, 2r(r—2),4(r+
q(I.))}, there is an equality

reg I, = reg In+17
and moreover lim reg I, € {2,3}.
n—oo

In addition, the following statements are equivalent
(1) reg I, =2 for alln > 0;
(2) regly =2;
(3) FEither j, = max{ji,...,js}, or it holds that min{j, — i, : t =1,...,s} =1

and indmatch(Gs,) = 1.
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Remark 7.2. We note that the number N = max{5r,2r(r — 2),4(r + ¢(I))}
in Theorem 7.1 can be replaced by a constant depending only on r. Indeed, let
p = Msupp I, < r, since I, is quadratic and nonzero, by Definition 2.5,

2
R p+1 72 +3r
1) = i p <1 —-1< )
o(L,) Z_Odlmk(m&)i_ +p+( X ) pab

Therefore 4(r + ¢(I)) < 2(r? 4+ 5r), and thus N < 2(r? + 5r). Hence we can
replace N by 2(r? + 5r) in the statement of Theorem 7.1. While we do not know
the optimal (minimal) value for the number N such that regI,, = reg I, ;1 for all

n > N, Remark 7.5 below shows that this value has to be at least 3r — 9.

For the proof of Theorem 7.1, we start in Propositions 7.3 and 7.4 with the
sufficient conditions for the equality reg I,, = 2 to hold for all n > 0.

Proposition 7.3. Keep using Notation 5.1. Ifindmatch(Gs,) = 1 and min{j,—i, :
p=1,...,s} =1, thenreg L, = 2 for all n > max{5r, 2r(r — 2)}.

Proof. By Froberg’s theorem, we have to show that G,, is cochordal for all n >
max{5r, 2r(r — 2)}.

By the hypothesis, I,, is a nonzero edge ideal for all n > r. Thanks to Theo-
rem 3.1, indmatch(G,) = 1 for all n > 3r. And hence G,, does not contain any
induced 2K for all n > 3r. Take n > max{5r,2r(r — 2)}. We show that G,, is
cochordal.

It suffices to prove that G,, does not contain any induced C¢, for m > 5. Assume
the contrary, that for some m > 5 and some n > max{5r,2r(r — 2)}, G,, contain
an induced C¢,. By Proposition 4.1,

(7.1) m> 2 > max{5,2(r — 2)}.
T
By the hypothesis, for some 1 < p < s, we have j, =i, + 1. Since
A((ip,ip+1),n—71)={(uv,v)1ip <u<v<i,+14+n—r}

we deduce that A = {ip,ip +1,...,ip + n —r + 1} is a clique in G,,. Note that
V(G \NA)| <n—(n—-7+2)=r—2.

Denote the consecutive vertices of the induced C¢, as a subgraph of G, by
1,02, .. .,0y,. Denote a,,+1 = a1. So a;,a;4+1 are not adjacent for all 1 < i < m.

Since A is a clique and C¢, is an induced subgraph of G,,, this implies {a1, ..., am}N
A has at most m/2 elements. Hence

m:|{a1,...,am}ﬁA|+|{a1,...,am}\A|§%+|V(Gn\A)|§%+(r—2).

In particular, m < 2(r — 2), contradicting (7.1). Therefore the above assumption
is wrong, and G, is cochordal for all n > max{5r,2r(r — 2)}. This concludes the
proof. ([

Proposition 7.4. Keep using Notation 5.1. If j, = max{ji,...,js} thenregl, =2
for all m > 3r.

Proof. By Froberg’s theorem, we have to show that G, is cochordal for all n. > 2r.
Assume the contrary, that for some m > 4 and some n > 2r, G,4, contain an
induced C%,.

Label the consecutive vertices of the induced Cf, by a1, as,...,an in such a way
that a; = min{as,...,am}.
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We may assume that as < a,, (when as < a,,, relabel the vertices as b; =
a1,b; = apyo—; for 2 < i <m).

By the hypothesis j, = max{ji,...,js} and 41 = --- =iy = min{iy,... i}, one
has iy < a; < jo+nfori=1,...,m. Since (a1,am) ¢ Ay = A((iq,Jq), 1), following
chain is false

0<ar —ig < am —Jg <.

It follows that ai > am +1iq — jg. Assume that (a1, a3) € Ay, (a2, am) = (a2, am)S €
A; and (a1,am—1) € Ay, with b,c,d € {1,2,...,s} (note that b =d if m = 4).

Consider the points (a1,a3) € Ap and (ag, aym) € A.. Since {a1,am}, {a2,a3} ¢
E(Gpyr), we have (a1, am), (az,a3) ¢ Ap UA.. Arguing as in Lemma 6.2, using
Lemma 3.5 for the two points (a1, as), (az, a,,) and the fact that a; < as, we get
ip < ic, moreover a; < i, < r and a,, > n + jp. Thus

7> a1 > Gy t+ig — Jg >N+ Jy + g — Jgs
which implies n < 7 + jq — jp» — i¢ < 2r. This contradicts the hypothesis n > 2r.

Therefore the above assumption is wrong, and G, is cochordal for all n > 2r.
This concludes the proof. [l

Remark 7.5. The lower bound 3r in the statement of Proposition 7.4 is nearly
sharp. Let r > 5 be an integer, (I,),>1 be the invariant chain with stability
index r and I, = (z12,2r—32,—1). The hypothesis of Proposition 7.4 is clearly
satisfied. We claim that regls,._19 > 3. Indeed, it is not hard to check that
{2r — 8,2r — 6}, {r — 4,3r — 10} form a 2K5 in G3,_10, so Lemma 2.9 implies the
desired inequality. Thus the lower bound 3r in the statement “regl, = 2 for all
n > 3r” cannot be improved to 3r — 10.

Using the results in Section 5, we complement Propositions 7.3 and 7.4 by giving
a condition guaranteeing that regl,, = 3 for n > 0.

Theorem 7.6. Keep using Notation 5.1. Assume max{ji,...,js} > jq + 1 and
min{j, —ip, :p=1,...,s} > 2. Then for all n > 4(r + q(I,.)), there is an equality
reg(l,) = 3.

Proof. The hypothesis implies that r» > 4. We proceed by induction on ¢(I.) > 0.
The case ¢(I,) = 0 is vacuous: in that case I, = (1) and the hypothesis is not
satisfied.

Assume that ¢(I,) > 0. Let p = Msupp({,) = max{j1,...,Js}. If p =j,+1,
then by Proposition 5.2, we deduce that reg I, > 3 for all n > 3r. Together with
Theorem 6.1, we get reg I,, = 3 for all n > 4(r + q(I,)).

Now assume that p > j, + 2.

Let J = (Jn)n>1 be the chain defined in Proposition 2.4. By the last result,

ind(J) =+ 1 and since (I,)g,,, € Jr41 are quadratic monomial ideals with

Msupp(Jr41) = Msupp((Ir)r,,,) = p,
Lemma 2.7 implies that ¢(J,11) < q({(I;)r,.,) = ¢(Ir).

We claim that ¢(J,4+1) < ¢(I.). Assume the contrary, then Lemma 2.7 implies
that J.11 = (I;)r,,,. By Proposition 2.4, we get Z is a quasi-saturated chain.
But now w;,z;, € I, so xy w41 € Ir11 by Inc-invariance. Since Msupp([,.) =
max{j1,...,Js} > jq + 1 and Z is quasi-saturated, we deduce

Tiy Tjo4+1 € Ir+1 ﬂk[l’l, e ,CEp] =1.N ]k[:cl, Ce ,.Tp].



ASYMPTOTIC REGULARITY OF INVARIANT CHAINS 31

Thus 2, 2,41 € I, namely {i1,j, + 1} € E(G,). This contradicts the fact that
Jjq = max{j; | i = i1}. Therefore ¢(Jr41) < g(I;).

Let H,, be the graph corresponding to J,, for each n.

Observation: There is an equality

E(Hyy1) = {{ie, ge b i, e + 15 {ie + 1,5 + 11 [ 1 <t < 5,5 < p}
U g} 1<t <50 =p}.
This follows from inspecting the definition

Jrp1 = <Ir+1 n Rp>Rr+1

and the fact that I, ;1 = (Inc, r11(1))R, -
From the Observation and the assumption that p > j, +2, we see that the chain
J also satisfies the hypothesis of Theorem 7.6. In details,

min{v —u | u < v, {u,v} € E(Hy41)} = min{v —u | u < v, {u,v} € E(G,)} > 2,

max{v | {i1,v} € E(Hy11)} = jg + 1,

max{v | for some u < v we have {u,v} € E(H,41)} = p.
By the induction hypothesis for the chain J, we get for all n > 4(r + 1 4+ ¢(Jr41))
that

reg J, = 3.
Since q(J,+1) < ¢(I,.), we have 4(r + q(I,.)) > 4(r + 1+ ¢(Jr41)). For each n >
4(r 4+ q(I)) > max{4(r + 1 + q¢(Jr4+1)),r + 1}, we get
reg I, > reg(ln + (xn—r-l-p)) =regJ, = 3.

The inequality in the chain follows from Lemma 2.8. The first equality in the last
chain is due to Proposition 2.4. Together with Theorem 6.1, we get

reg I, =3 for each n > 4(r + q(I;)).

This finishes the induction and the proof. ([
We are ready for the

Proof of Theorem 7.1. First assume that indmatch(Gs.) = 2. Then by Theo-
rem 3.1, we deduce indmatch(G,,) = 2 for all n > 3r. Hence using Lemma 2.9,
for all such n,

reg I, > 1 + indmatch(G,,) = 3.

Together with Theorem 6.1, we get reg I,, = 3 for all n > 4r.

Next assume that indmatch(Gs,.) = 1. Then by Theorem 3.1, indmatch(G,) =1
for all n > 3r.

If min{j; —4; : t = 1,...,8} = 1 then by Proposition 7.3, regl, = 2 for all
n > max{br, 2r(r — 2)}.

If j, = max{j1,...,Js} then reg I, = 2 for all n > 3r by Proposition 7.4.

It remains to consider the case max{ji,...,js} > j; + 1 and min{j, —4; : t =
1,...,8} > 2. In this case, by Theorem 7.6, we deduce that regl, = 3 for all
n > 4(r 4+ q(I)). All the desired assertions follow from the above arguments. O
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