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Abstract

Let {X,,n > 1} be a sequence of coordinatewise negatively associated
random vectors taking values in a real separable Hilbert space with the k-
th partial sum Sg, £ > 1. We provide conditions for the convergence of
Y2 2 P(maxichen Skl > en®) and Yo7 B P(maxicren Skl > en®)
for all € > 0. The converses of these results are also discussed.

1 Introduction

The concept of negative association for random variables was introduced by Alam
and Saxena [1] and carefully studied by Joag-Dev and Proschan [8].

Definition 1.1. A finite family {Y;,1 < ¢ < n} of random variables is said to be
negatively associated (NA) if for any disjoint subsets A, B of {1,2,...,n} and any
real coordinatewise nondecreasing functions f on R4l ¢ on RIBI,

Cov(f(Yi,i € A),g(Y;.j € B)) <0

whenever the covariance exists, where |A| denotes the cardinality of A. An infinite

family of random variables is NA if every finite subfamily is NA.

The concept of negative association was extended to finite dimensional random
vectors and to Hilbert space valued random vectors (for details see Zhang [15], Ko
et al. [10]). Let H be a real separable Hilbert space with the norm || - || generated
by an inner product (-,-), let {e;,j > 1} be an orthonormal basis in H, let X
be an H-valued random vector, and (X, e;) will be denoted by X, In [7], the
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authors introduced the concept of coordinatewise negative association for H-valued

random vectors which is more general than the concept of negative association of

Ko et al. [10].

Definition 1.2 ([7]). A sequence {X,,n > 1} of H-valued random vectors is said
to be coordinatewise negatively associated (CNA) if for each j > 1, the sequence
(XY n > 1} of random variables is NA.

Hsu and Robbins [6] introduced the concept of complete convergence and proved
that the sequence of arithmetic means of independent, identically distributed (i.i.d.)
random variables converges completely to the expected value of the variables,
provided their variance is finite. The necessity was proved by Erdos [4, 5]. The
result of Hsu-Robbins-Erdos is a fundamental theorem in probability theory and
was later generalized and extended during a process which led to the now classical

paper by Baum and Katz [3].

Theorem 1.3 ([3]). Let r,a be real numbers (r > L;a > 1/2;ar > 1), and let
{X,,n = 1} be a sequence of i.i.d. random variables with zero mean. Then the

following three statements are equivalent:

(a) E|X4|" < o0

b) ina’"_Q IP’(‘ zn:Xk‘ > 5n°‘> < oo foralle>0.

k
Zna’” 2IP’(sup ka‘;)ﬁ‘ >5) < oo forall e > 0.

k>n

The Baum-Katz theorem has been extensively studied for many classes of depen-
dent random variables. For negatively associated random variables, we refer to Shao
[13], Kuczmaszewska [11] (for sequences), Back et al. [2], Sung [14] (for triangular
arrays), Ko [9], Kuczmaszewska and Lagodowski [12] (for fields), and other authors.

In [7], the authors extended the Baum-Katz theorem to sequences of H-valued
CNA random vectors for the case r > 1/a. The aim of the present paper is to study
this problem for the case r = 1/a.

Throughout this paper, the symbol C' will denote a generic positive constant
which is not necessarily the same one in each appearance. The logarithms are to the
base 2, for a € R, log(max{2;a}) will be denoted by log™ a.

Let {X, X,,,n > 1} be a sequence of H-valued random vectors. We consider the

following inequalities

L PXY > 1) < ZIP’\X | > 1) < G P(XY)| > 1) (1.1)

k 1
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If there exists a positive constant C; (Cs) such that the left-hand side (right-hand
side) of (1.1) is satisfied for all j > 1,n > 1 and ¢ > 0, then the sequence {X,,,n > 1}
is said to be coordinatewise weakly lower (upper) bounded by X. Note that (1.1) is,
of course, automatic with X = X; and C} = Cy = 1 if {X,,,n > 1} is a sequence of
identically distributed random vectors.

2 Preliminary lemmas

In this section, we give the following lemmas which will be used to prove our main
results.

Lemma 2.1 ([7], Lemma 1.7). Let {X,,,n > 1} be a sequence of H-valued CNA
random vectors with EX,, = 0 and E|| X,,||* < oo, n > 1. Then, we have

ZXlH ) < QX:IEHX;CH2 for all n>1.
k=1

The proofs of the following two lemmas are quite simple and are therefore

( max
1<k<n

omitted.

Lemma 2.2. Let o be a positive real number, and let X be an H-valued random

vector such that Y E|XU) |V < co. Then
i=1

Zzn—LE(IX“)IHI(IX@I>n“)) <00 if 0<6<1/a;

j=1 n=1

>0 T E(XVPI(IXY <n%) <00 if 9> 1/a.
j=1 n=1
Lemma 2.3. Let o be a positive real number, and let X be an H-valued random

vector such that Y E(|X W |V log"™ | XV)|) < co. Then

7=1
2 <= logn , ; o :
>N e E(JXDPI(|1 XD > n®) <o if 0<0<1/q; (2.1)
j—l n=1
1
ZZ BIR(XDII(XD| <) <00 if 6>1/a. (2.2)
Jj=1 n=1

Lemma 2.4. Let o be a positive real number, and let X be an H-valued random
vector such that Y E|XU[Y* < oo. Then

S CE(XVVI(XDV > n)) -0 as n— oo (2.3)

J=1
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Proof. Set & =372 |XW]V/* Then we have

S E(IXOP 1| XDV > n)) KE(EIE>n)), n> 1.

j=1
Since E¢ < oo, it follows that (2.3) holds. O

Lemma 2.5 ([16], Lemma A.6). Suppose that the events Ay, As..., A, satisfy

Var(iI(Ak)) < Gi]P(Ak) for some 6 > 0.
k=1

k=1

Then

n

(-2(Us)

3 Main results

P(Ay) < 6’IP><IQAk).

2
k=1

With the preliminaries accounted for, the main results may now be established.
In the following theorem, we state Theorem 2.1 in [7] for the case r = 1/a. Note
that we cannot prove this result by using the method in the proof of Theorem 2.1
in [7].

Theorem 3.1. Let o be a real number (1/2 < a < 1), and let {X,,,n > 1} be a
sequence of H-valued CNA random vectors with zero means. Suppose that {X,,,n>1}

is coordinatewise weakly upper bounded by a random vector X. If

D EIXOIM < oo, (3.1)
j=1
then
00 1 k
;EP(IIQI?% IZIXIH >en > < oo forall e > 0. (3.2)

Proof. For n, k > 1, set

YO =X 11X <)+ 01X > n®) —nI(XY) < —n);

n
[e.9]

Zr(z]k) = Xlij) - Yn(IZ) (j=1); Yu= E Y,fi)ej; Lk = E ng)ej-
Jj=1 Jj=1
Then for every € > 0,
1
E — ]P’( max
n 1<k<n

n=1

k
Z X; H > ana>
=1
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0o k
1
< _ . (e}
<5 2o | - 20 > o)
00 1 k
+ Z - IP’( nax Z(an —EZ.) ‘ > sna/2>
n=1 SESn =
=1+ 1

Noting that for each n > 1, {Y,x, k > 1} is CNA. By the Markov inequality, Lemmas
2.1 and 2.2, we have
)

> 1
I < CZWE(EQ%
n=1 =
<c3 ﬁzﬂznm — EYu?
OZZ n2a+1 ZE

—EYu)

M:r

P
—szlnzaﬂznmwx | > n®)
i=in
+Czlzl MHZE (X21(1XD| < n®)
i
< CZZMIX(”I > n®)
=t e
+OZZ —x B(XO)?1(| XD < n))
=1 1
+C§:§:P(|X(j)|>n°‘)<oo
P

Thus, it suffices to show that I, < oo. Indeed, using the Markov inequality and

)

Lemma 2.2 again, we get

00 k
1
B O B o | 3020~ E2)

n=1 =1
o 1 n

<O T B30 12— B2l )
n=1 k=1
o0 1 n

<O o 2 BN Zul

CZZ o+l ZE|X |X(J | >n%) —n® ](X;g]) >na)+naf(X,£]) < —n%)|

j=1 n=1
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n

<Yy aHZE\X (X9 > ne |+CZZ;Z]P’|X”|>7@)

j=t n=l j=1 n=1
<C - ®) () a () a
< Zznam 1(X \>n>r+cZZP<\X | > n%) < oo
7j=1 n=1 7j=1 n=1
The proof is completed. 0

Theorem 3.1 shows that the condition (3.1) implies (3.2). However, the reverse
is not true. We will now show, via an example, that under the assumptions of
Theorem 3.1, (3.2) does not imply (3.1). Note that the sufficient conditions for (3.1)

were provided in [7, Theorem 2.6].

Example 3.2. We consider the space {5 consisting of Square summable real se-
quences z = {zy, k > 1} with norm [|z| = (> 72, = ) . Let « be a real number
(1/2 < a < 1), and let {X, X,,,n > 1} be a sequence of fy-valued i.i.d. random
vectors with IP(X ) =4 j’a) = 1/2 for all 7 > 1. It is well known that the space (5
is of type 2. Then for every ¢ > 0,

o0
g IP’( max
1<k<n

ZX;H > en )
1 2
<oy e [ x)
n=1 =1
<02#2Enxkn2
__(7252 n2e <j£: (x) < o0,

j= 1

so that (3.2) holds. But

o

1
Smxopn =31 -
J=1 J
and therefore (3.1) fails.

In the following theorem, we provide a variant of Theorem 3.1.

Theorem 3.3. Let o be a real number (1/2 < a < 1), and let {X,,,n > 1} be a
sequence of H-valued CNA random vectors with zero means. Suppose that {X,,,n>1}
18 coordinatewise weakly upper bounded by a random vector X. If

Y E(IXVV log" | XV)]) < oo, (3.3)

J=1
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then

log n
E max
1<k<n

n=1

k
ZXZH > 5na> < oo foralle>D0. (3.4)
=1

Proof. For n,k > 1, set
G _ @) (4) a a (4) ay oo G _ e . .
Yoo =X 11X < n®)4n® (X7 > n®) = n®I(X,” < —n%) (j 2 1);

Yo =Y Yle;.
j=1

Then for every € > 0, we have

n
n=1 =1 k=1
= logn i
—i—E IP’( max g Y >5na>
n 1<k<n
n=1 =1

i(ym —EY,))

Z EY,

=CH+J + Js (by Lemma 2.3).

. logn N
e P | > en/2)

= logn
30 ERR( s max

> 5/2)

For J;, by the Markov inequality, Lemma 2.1, Lemma 2.3 and the similar arguments

used in proving Theorem 3.1, we obtain

k
logn
<C Z ot B( max ;Wnl —EY,,)

logn
CZ n2atl ZE“Y”’“ — BY,

k=1

<oy y len zwv
=1

7=1 n=1

< Ciilognp(|X(j)| > n®)

j=1 n=1
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+szlog" (XDRI(|XD| < n) < 0.

j=1 n=1

In order to prove Jy < oo, we will show that

k
Joy, = n—la 1121331 ;EYM — 0 as n — oo.
Indeed,
Jon < = max i ) Zk:E(X(j)](|X(j)| <n®) +noI(XY > ) — nel(xY < —na))‘
n S Ta 1<k<nj: - I I ! !
< L max i ) Zk:E(X(j)](|X(j)| < na))‘ + L iinw(mw > n%)
h ne 1sksn j=1 I=1 l l h ne 7=1 k=1 ’

<Y NS E(XDUI(XD] > n) + Y nP(IXY)] > o)

j=1 k=1 j=1

< C_ SCE(IXOI(XD] > n) +C Y nP( X9 > n)

Jj=1 Jj=1

Z (XD (XM > n)) -0 asn—oo  (by Lemma 2.4).

Combining the above arguments, this completes the proof of Theorem 3.3. O]

Remark 3.4. Let a be a real number (1/2 < a < 1). We consider the sequence
{X, X,,n > 1} in Example 3.2. By using the same arguments as in Example 3.2,
we can show that (3.4) holds while (3.3) fails. Therefore, under the assumptions of
Theorem 3.3, (3.4) does not imply (3.3).

The following theorem provides sufficient conditions for (3.3) to hold.

Theorem 3.5. Let o be a positive real number, and let {X,,,n > 1} be a sequence
of H-valued CNA random vectors with zero means. Suppose that {X,,n > 1} is

coordinatewise weakly lower bounded by a random vector X with

S E(IXO[logh XD 1(| XDV < 2)) < 0. (3.5)

j=1

If

2 = logn
>3

j=1 n=1

then (3.3) holds.

> éna> < oo foralle >0, (3.6)

k
X(J)
2
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Proof. By (3.5), we have

Z E(‘X(j)‘l/a log* \X(j)\)

j=1
-+ ZE(!XU)P/Q log® | X[ 1(| X0V > 2))
7j=1
SCHY > (k+1)logh(k + 1) Pk < [ XDV < k+1)
j=1 k=2
SCH+CY D kloghkP(k < XDV < k+1)
7j=1 k=2

C+CZZ (Zlogn) (k < [ XDV < k4 1)

j=1 k=1 n=1

=C+CY ) lognP(|XV] > n).

j=1 n=1

It suffices to show that

D ) lognP(IXY| > n®) < oo (3.7)
j=1 n=1
Noting that for all n,j > 1, {I(X,;” > n®),k > 1} and {I(X,gj) < —n®),k > 1} are

NA. Then by Lemma 2.1,

Var<i1(|X;§j)| > n“)) < 2Var<zn:I(X,ij) > n“)) 4 2Var<2n:](X,£j) < _na)>

k=1

4ZVar X(] >n® +4Z\/ar ) < —n®))
k=1

<4) P(XY| > ne),
k=1

and so Lemma 2.5 ensures that
n

(1 - P(max [ X > n)*Y P(XY| > n®) < 4P(max [X] > n%).  (3.8)

1<k<n 1 1<k<n

On the other hand, from (3.6) we get

oo 001
ZZ 8" (maX |X(J|>5n><oo for all € > 0. (3.9)
n

1<k<n
j=1 n=1
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Then for every € > 0,

ZZTL]P’( max |Xl£j)| > 52”“)
— 1<k<2n
0o oo 2ntlq

<ODD0 3 R( s X071 > <2)

7j=1 n=1 m=2"

<cY Y Ogmp< max | X9 > (5/2°‘)ma> < .

m 1<ks<m

j=1 m=1
This implies
Z]P’( max ]X,gj)] >n®) =0 as n— oo.
j=1

1<k<n

Therefore, by (3.8), there exists a positive integer ng, which does not depend on j,
such that

ZP(|XI£j)| > n) < C'P(max |Xl£j)| >n®) forall n > ng,j > 1. (3.10)

1<k<n
k=1

Combining (1.1), (3.9) and (3.10), we have

i i logn]P’(|X(j)| > n®)

j=1 n=1

oo no 00 o0
= ZZlognP(|XU)| >n®) + Z Z lognP(|XY| > n%)
7j=1 n=1 7j=1 n=no+1
oo ng n
<Oy OB S p(x )| s )
j=1 n=1 n k=1
. logn ; o
—l—C’Z Z - P(lrélgél\X,g])|>n )
7=1 n=no+1
2 = logn ) o
gC;; - P(lrggél|Xk]|>n)<oo,
and so (3.7) holds. This ends the proof of Theorem 3.5. O

Remark 3.6. It is interesting that the above theorem does not require the coor-
dinatewise weakly upper bounded condition on the random vectors {X,,n > 1}.
Therefore, we cannot prove Theorem 3.5 by using the same arguments as in the
proof of Theorem 2.6 in [7].

Remark 3.7. If H is finite dimensional, then in Theorem 3.5, the condition (3.5)
can be removed. Now we will consider this condition in the case where H is infinite
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dimensional. Let o be a real number (o > 1/2), and let {X, X,,,n > 1} be as in
Example 3.2. Then for every ¢ > 0, we have

oo 00 k

j:1 n=1 =1
k
)
> X
=1

> 6n°‘>

1 2
I )

7j=1 n=1
<oy Y e S
7j=1 n=1 k=1

so that (3.6) holds. We also see that

=1
SOE(XO] g X0 1(|X0 e < 2) =Z;=

7j=1

and the conclusion (3.3) fails.

Thus, in Theorem 3.5, we cannot remove the condition (3.5) or even replace it
by the weaker condition E(|X @]V log™ | XW| [(|XW[Y* < 2)) — 0 as j — oo,

Remark 3.8. Let «, 8 be real numbers (1/2 < a < (), and let {X, X,,,n > 1} be
a sequence of (-valued i.i.d. random vectors with P(XV) = £;57%) = 1/2 for all
J = 1. It is easy to verify that the conditions (3.5) and (3.6) are satisfied. Thus, the
conclusion (3.3) follows immediately from Theorem 3.5.
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