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ABSTRACT. Inspired by a recent sharp Sobolev trace inequality of order four on the balls
B"+! found by A.G. Ache and S-Y.A. Chang [Duke Math. J. 166 (2017) 2719-2748],
we propose a different approach to reprove Ache—Chang’s trace inequality. To further
illustrate this approach, we reprove the classical Sobolev trace inequality of order two on
B"*1 and provide sharp Sobolev trace inequalities of orders six and eight on B**1. To
obtain all these inequalities up to order eight, and possibly more, we first establish higher
order sharp Sobolev trace inequalities on RZ'H, then directly transferring them to the ball
via a conformal change. As the limiting case of the Sobolev trace inequality, a Lebedev—
Milin type inequality of order up to eight is also considered.

1. INTRODUCTION

The motivation of writing this paper traces back to a recent work due to Ache and
Chang [AC15] concerning the sharp Sobolev trace inequality of order four on the unit
ball B"*! in R"*!. As indicated in [AC15], by the order of all inequalities mentioned
in the present paper, we refer to the order of the operator involved in the derivation of
these inequalities. In the next few paragraphs, we briefly recall the theory of Sobolev trace
inequalities to understand why this finding is significant.

Of importance in analysis and conformal geometry are Sobolev and Sobolev trace in-
equalities either on Euclidean spaces or on Euclidean balls. These inequalities, in brief,
provide compact embeddings between important functional spaces. For the classical Sobolev
inequality (of order two), its version on R" is given as follows

I(nt2 n N\
<n32>w3/”(/ |u|n272dz> g/ \Vu|2dz (1.1)
T(%2) - .

for any smooth function u with compact support. Here, and throughout this paper, w, is
the volume of the unit sphere S”, the boundary of the unit ball B**!, in R"*!, which is
21 *t1/2T((n + 1)/2), which is also 2"7™/2T'(n/2)/T'(n). It is well-known that the
inequality (1.1) is crucial in the resolution of the Yamabe problem on closed manifolds.
Not limited to the Yamabe problem, Inequality (1.1) is the fundamental tool and have a
significant role in various problems in analysis and geometry. Since the vast subject of
Sobolev inequalities can be easily found in the literature, we do not mention it here.

Inspired by the sharp Sobolev inequality (1.1) on R"™, the following sharp Sobolev trace
inequality on RT'I is well-known

r(ntl . n-1
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Here in (1.2) we denote by (z,y) € R™ x R a point in R"*! and by (z,y) € R’ffl we
mean y > 0. To study (1.2), it is routine to study the quotient

fRiJrl |VU|2dl'dy
U(x,0)| 721 dz) " D"

(Jrr

and its Sobolev quotient
QR =inf {Q(U) : U € C*(RY),U £ 0}. (1.3)

It turns out that Q(R7+1) = (I(24L)/T(252))wn’™.

The existence of optimizers for (1.3) was first studied by Lions [Lio85] by using the
concentration-compactness principle. Later on, Escobar classified all optimizers for Q(R:’L“)
and computed explicitly the sharp constant Q(R'}™"); see [Esc88, Theorem 1]. To ob-
tain such results, Escobar exploits the conformally equivalent property between R’ffl and
B"*! to transfer the trace inequality (1.2) on R:"_H to a suitable trace inequality on B"*1!,
namely, the inequality (1.4) in Theorem 1.1 below. Then he studied the similar Sobolev
quotient

QB = inf
veC! (BY)

Jooia [VOPPdz + ((n = 1)/2) [, [0 dw
(o ol 1)

and proved that

QRY™) = Q(B™H).
Finally, he showed that an optimizer for Q(B" ") exists and by Obata’s method he was
able to classify all optimizers.

In [Bec93], Beckner took a completely different approach based on spherical harmonics
and the dual-spectral form of the Hardy-Littlewood—Sobolev inequality on S™, which was
used earlier in [Bec92], to reprove (1.4); see [Bec93, Theorem 4]. Combining Beckner
and Escobar’ result, the following sharp Sobolev trace inequality of order two is already
known.

Theorem 1.1 (Sobolev trace inequality of order two). Let f € C°°(S™) with n > 1,
suppose that v is a smooth extension of f to the unit ball B" 1. Then we have the following
sharp trace inequality

F(HTH) 1/n 2u T 2 2

—S Wy, |f|7Tdw < |Voul|dz + ay, |f|“dw, (1.4)
F(T) Sn Bn+1 Sn
where a, = T'((n+1)/2)/T((n — 1)/2) = (n — 1)/2. Moreover, equality in (1.4) holds
if, and only if, v is a harmonic extension of a function of the form

Foo(8) = |1 = (20,&)|7 "~ V/2,

where ¢ > 0 is a constant, £ € S™, and z is some fixed point in the interior of B" 1.

n—1

We note that using his approach, Beckner also obtained a sharp form of the Sobolev
inequality on S™, namely

r(%32) 2n = 5 n(n —2) )

As for (1.1), Inequality (1.5) also has some role in the study of the Yamabe problem on S”.

Apparently, for all inequalities (1.1)—(1.4) mentioned above, the operators involved are
either the Laplacian or the conformal Laplacian, both are of order two. In recent years,
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a number of works are devoted to understanding higher order operators such as the poly-
Laplacian, the Paneitz operator, the GIMS operators. For example, the following Sobolev
inequality for higher order fractional derivatives in R™

F( n+2s n—2s

2 ) 2s/n %d " </ 7As/2 2d 1.6
Ryt ([ ) s eyt e

was explicitly stated in [CT04], for before that, but in an implicitly formin terms of frac-
tional integrals, in [Lie83]. Similarly, there is a sharp higher order Sobolev inequality on
S™ for a class of pseudo-differential operators P, defined for v € (0,n/2) as follows

F( n+42y

n—2~
2 )Wn/ o 7‘</ Py fd 1.7
F(n—QZ'y)wn ( n ‘f| v (.(}) X n f 2’Yf w ( )

see [Bec93, Theorem 6]. Here the operator P, is formally given by
IN(B+1/2+7)
I'(B+1/2—7)

P, =

with
n—1.2
> )

Here, and as always, A denotes the Laplacian on S™ with respect to the standard metric
gs~. In a special case when v = 2, we know that

P4:( _£+(n—1)2+§)( _£+(n—1)2+1)

B=/-A+(

2 2 2 2
~ n—12 1 ~ n—12 3
x( —At () _5)( —A+ () _5)
(% n(n—2) ~ (n+2)(n-—14)
(-3 A5 OB
which, by (1.7), implies that
LH n—4
L um( [ 1120 ™
reE) ° (1.8)
< 2-_2n—4 & r(zfs ’
< [ (@2 BEREAR R 2D ) e
" 2

with n > 4. From (1.8), it is natural to ask with n being greater than four whether or not
there is higher order Sobolev trace inequality on B"+!,

A recent result due to Ache and Chang provides an affirmative answer to the above
question. To be more precise and in terms of our notation convention, the following theo-
rem, among other things, indicating a fourth-order Sobolev trace inequality on B" 1, was
proved in [AC15, Theorem A].

Theorem 1.2 (Sobolev trace inequality of order four). Let f € C®(S"™) withn > 3
and suppose v is a smooth extension of f to the unit ball B", which also satisfies the
Neumann boundary condition

n—3

o =~ (1.9)

0,
v 2

Then we have the sharp trace inequality
( n+3 n—3

([ i)

F(n;?)) n
<[ aeldser [ (9P, [ P,
Bn+1 sn Ng

(1.10)
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where b, = (n+1)(n—3)/2 and NV denotes spherical gradient on S™. Moreover, equality
in (1.10) holds if, and only if, v is a biharmonic extension of a function of the form

Foo(€) = |1 = (20,&)|7("=9/2,

where ¢ > 0 is a constant, £ € S", zq is some point in the interior of B" Y, and v fulfills
the boundary condition (1.9).

To prove (1.10), Ache and Chang use a nontraditional way in the sense that they first
derive a similar inequality for some metric g* on B"*!, which is in the conformal class
of the Euclidean metric, then they derive (1.10) by making use of the conformal covariant
properties of the four-order Paneitz operator with respect to g* and the bilaplacian operator
with respect to the Euclidean metric.

The aim of the present paper is twofold. First we revisit Escobar’s approach based on
the conformally convariant property of (1.2) to provide new proofs for (1.4) and (1.10). We
note that although (1.4) is already known by Beckner’s fundamental paper, however, the
proof given by Beckner is based on spherical harmonics. Our approach for (1.4) is based
on Escobar’s. However, unlike Escobar’s method which transforms the trace inequality
(1.2) to the trace inequality (1.4), our method is in the opposite direction. To be more
precise, we show that we can obtain (1.4) from (1.2) after a suitable change of functions. In
other words, the inequalities (1.4) and (1.2) are dual by the conformal equivalence between
R’} and B"*!; see Section 3.

It turns out that we can do more with Escobar’s idea. By exploiting further the conformal
equivalence between Ri“ and B"*!, we are successful in providing a new proof for
(1.10); see Section 4. As noticed above, we prove (1.10) by following a similar way
that Escobar did, however, in an opposite direction. To this purpose, we make use of the
following higher order Sobolev trace inequality in Ri“

F(LH n—3

nzg)wf’/”(/ U(2,0)#5dz) " < / AU(z,y)Pdedy — (111)
F(T) n R1+1

for functions U having 9, U (x,0) = 0. Furthermore, equality in (1.11) holds if, and only
if, U is a biharmonic extension of a function of the form

c(1+]¢— zo|2)_(n_3)/2,

where c is a constant, £ € R"”, 2o € R", and U also fulfills the boundary condition
0,U(x,0) = 0. We believe that (1.11) is already known but we are unable to find a
reference for it until recently J. Case nicely informed us that (1.11) can be derived from a
general result in [Cas15b]. Therefore, we shall discuss Case’s general result and provide
a new proof for (1.11) in Appendix B. In the last part of Section 4, we also demonstrate
that by using Beckner type trace inequality in Theorem 3.3, we can also recover (1.10).
Compared to Escobar’s approach, the analysis in Beckner’s approach is less involved.

2

We note that Neumann’s boundary condition for functions satisfied by (1.11) comes
from similar boundary conditions for functions satisfied by (1.10). Without restricting to
the upper half-space Ri”, the following trace inequality is known

n+l1—2a

QCaw,ff’kl)/"</ |U(x,0)|n+%i2odx) " S/ Uz, y)(—A)*U(z,y)dzdy
R Rn+1
(1.12)
with .
T T n—1
Co = /T (al) (%5 +a) (1.13)

T —a)l(a—3)’
see [EL12]. We note that c; and co are exactly the sharp constants in (1.2) and in (1.11)

respectively. We note that the extra coefficient 2 on the left hand side of (1.12) appears
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because the integral on the right hand side is over R**1. It is our hope that there are dual
trace inequalities of order six and this is the content of the second part of the paper.

To derive a suitable trace inequality of order six on R’ffl, we revisit (1.12) when o = 3
and by a simple calculation, we expect that the following equality should hold

et ( [ weo

for suitable function U sufficiently smooth up to the boundary and decaying fast enough
at infinity. Inspired by [CC14], we look for trace inequalities of order six for functions
U satisfying certain Neumann’s boundary conditions. We shall prove the following trace
inequality on the half space.

%dx)T</ VAU |X(z,y)dzdy — (1.14)
R}

Theorem 1.3 (Sobolev trace inequality of order six on R} ™). Let U € W32(R'}™) be
satisfied the Neumann boundary condition

9yU(x,0) =0, 9;U(x,0) = AAU(,0). (1.15)y
Then we have the sharp trace inequality
[(nts e
(332 —2x+ )2z ) o (/ U, 0)[5dz) T < / VAU (2, ) 2dzdy.
F(?) n RiJrl

(1.16)

Moreover; equality in (1.16)y holds if, and only if, U is a triharmonic extension of a func-
tion of the form

c(1+|z— m0|2)_(n_5)/2,

where ¢ > 0 is a constant, v € R", x¢ is some fixed point in R", and U fulfills the
boundary condition (1.15).

It is easy to see that 3A? — 2\ + 3 > 8/3 with equality if A = 1/3. Hence the sharp
constant in (1.16)y is usually greater than that of (1.14). We are aware that in the literature
the Neumann boundary condition of the form (1.15), has already been used, for example,
in a work by Chang and Yang [CY17]. Once we can establish (1.16),, we hope that we
can establish a similar trace inequality on B"*! by using the natural conformal mapping
between Rﬁ“ and B"*!. By way of establishing the following trace inequality on B!,
we shall prove that this is indeed the case.

Theorem 1.4 (Sobolev trace inequality of order six). Let f € C°°(S™) with n > 5 and
suppose v is a smooth extension of f in the unit ball B" ', which also satisfies the bound-
ary conditions

n—>5 5 1~ (n—5)(n—6)
Ovlgo=———f vl =Af+———F. (1.17)
Then the following inequality holds
8 F n+5 n ;5
3 F n 5 5/ / |f
<[ Ivads 4D / @ppdotc? [ [FrPas+ed [ 1P
Bn+1 §n Sn Sn
(1.18)
with
ci) =8(n +3)/9,
c? =4(n® +n? - 21n —9)/9, (1.19)

¥ =(n —5)(n —3)(n+3)(n + 4n — 9)/18.
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Moreover, equality in (1.18) holds if, and only if, v is a triharmonic extension of a function
of the form

fzo (5) = c|1 - <207 §>|*(’ﬂ*5)/27
where ¢ > 0 is a constant, ¢ € S", zy is some fixed point in the interior of B" 1, and v
fulfills the boundary condition (1.17).

As we shall see in the proof of Theorem 1.4 that the boundary condition (1.17) comes
from the boundary condition (1.15);,3 and the sharp constant of (1.16); 3 is exactly the
sharp constant of (1.16) /3, which is (8/3)(F(%)/F("7_5))w2/" Since the analysis in
Beckner’s approach is much less involved compared with Escobar’s approach, to prove
(1.18), we revisit Beckner’s approach to prove a Beckner type trace inequalities of order
six; see Theorems 5.2. Then we use it to prove (1.18) as demonstrated in Subsection 5.4.

As can be easily seen, Beckner’s approach has several advantages when proving func-
tional inequalities on balls and on spheres. This paper just provides another example to
highlight its merits. Another example, recently announced by Xiong [Xio18], concerns a
derivation of the sharp Moser—Trudinger—Onofri inequalities from the fractional Sobolev
inequalities. The work of Xiong generalizes a similar result for spheres of lower dimen-
sions recently obtained by Chang and Wang in [CW17]. We note that Xiong also used
spherical harmonics instead of using Branson’s dimensional continuation argument which
becomes increasing delicate when the dimension is large as hightlighted in [CW17, Re-
mark 2].

After completing this paper, it has just come to our attention that, recently in a pa-
per continuing his work on the boundary operators associated to the Paneitz operator
in [Cas15b], Jeffrey Case and his co-author also obtained some sharp Sobolev trace in-
equalities involving the interior W32-seminorm, including an analogue of the Lebedev—
Milin inequality on several standard models of manifolds of dimension six; see [CL18].
Following [Cas15b], their approach is based on energy inequalities related to conformally
covariant boundary operators associated to the sixth-order GJMS operator found in their
paper. Therefore, it is completely different from ours.

The rest of the paper consists of four sections. Section 2 is devoted to preliminaries.
Sections 3 and 4 are devoted to proofs of (1.4) and (1.10) based on Escobar’s approach.
Beckner type trace inequalities with or without a weight are also proved in theses sections;
see Theorems 3.2, 3.3, 4.1, and 5.2. We also consider the limiting cases, known as the
Lebedev—Milin inequality, in these sections as well; see Theorems 3.4 and 4.2. Section 5 is
devoted to a proof of (1.18) based on Beckner’s approach; see Theorem 5.2. A Lebedev—
Milin type inequality of order six is also considered in this section; see Theorem 5.3.
Finally, in Section 6, we state sharp Sobolev trace inequalities of order eight on Rff_“ and
B"*! and Lebedev—Milin inequality of order eight without proofs; see Theorems 6.1, 6.4,
and 6.3.
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We should point out that throughout out the paper, there are arguments and computa-
tions more or less known to experts in this field. However, we aim to include them for the
reader’s convenience while trying to maintain the paper in a reasonable length.

As a final comment before closing this section, it is worth emphasizing that in order to
avoid any possible mistake, most of computation in the proof of Proposition 5.1, in Sub-
sections 5.3 and 5.4, and especially in Section 6 was done by using a scientific computer
software. This allows us to carry out a similar research for higher order Sobolev trace
inequalities, for example, Sobolev trace inequality of order ten on B"*!, if there is strong
motivation to work.

2. PRELIMINARIES

First we need some notations and convention used throughout the paper. We often write
X = (v,y) € R""! and denote B"*! = {X € R""! : |X| < 1}. By R" we mean
the set {(z,y) € R"" : y > 0}. We shall also denote by J Kronecker’s symbol and
therefore Einstein’s summation convention will be used often.

Now we discuss the conformal equivalence between B"** and Ri“. To see why these
sets are conformally equivalent, we work on R"*2. Therefore, a point (x,y) € R**! will
be identified with the point (x,y,0) in R"*2. Furthermore, any point in R"*2 will be
denoted by (z,y, z) with y, z, € R orby (X, z) with z € R.

Consider the stereographic projection S : R**! — S**+1 ¢ R"™*2 given by
2 2y \x|2+y2—1)

S:I:7 :< 9 b
9 = TR+ TH P+ 2 T+ P 12
The inverse of S, denoted by S~ is

Sil(x,y,z):( z Y )

1—2"1-—2

We also denote by R a quarter-turn of S”*! in the plan containing the last two coordinate
axes Oy and Oz in R"*2, that maps (0, 1,0) to (0,0, —1). Clearly, such a map R is given
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by

R(z,y,2) = (z,z,—y).
Then we define B : R’ — B"*! by

B=S§"1 OROS|BH+1.

It is not hard to verify that the mapping B is well-defined and conformal. Furthermore, it
is immediate to see that

B@w)(

22 |z +y* -1 )
T+ + 22 (L+y)? +[2* )

We note that the mapping B takes a similar form to the mapping F'~! in [Esc88, p. 691].
Clearly, the Jacobian matrix of B, denoted by D B, is given by

2

DB(z,y) =
(1 +9)2 + [2f2]?
|
| —2$1(1+y)
|
|
(1 +y)? + [x]*]6i; — 2w, ‘
X |
L —2z,(1+y)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, el
221(1+y) 2,(1+y) 1 (1+y)* — |z
Hence in short we can rewrite
5 (1492 + 2], — 22 @2, —22(1 +y)
DB(%ZU) = 5 P - ==
(1 )2 + Jof? 211 +y) (L4 ) — P
‘ @2.1)
We can easily verify that
DB J)Bt—-( 2 )21 (2.2)
T\ +y?2+ [z '

where DB? denotes the transpose of DB. From this and throughout this paper, if we

denote
2

P(X)= —————,
W)= T er
then it is not hard to verify that the Jacobian of B is given by
Jp(X) = o(X)" .

For simplicity, we shall also use the same letter S to denote the stereographic projection
from R”™ to S™. Clearly, in this new perspective, S is given by

2z 1—|x|2)
L]z 1+ |22/

S(x) = (

Note that S(x) = B(z,0) and therefore the Jacobian of S is
2 n
Js(x) = ( ) .

L [a]?

We have the following simple observation.
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Lemma 2.1. Let a € R, then we have
VO(X)" = —a(X)™ (2,1 + )

and

AD(X)* = —a(n — 1 — 2a)P(X)*T
Proof. This is elementary and follows from direct verification. (]
For simplicity, let us emphasize that we sometime write the composition f o g evaluated

at a point p, thatis (f o g)(p), by f(g) if no confusion occurs.

Lemma 2.2. We have the following identity

n

O 2A(F o B) = (AF)(B) — (n = 1) ( D (0:F)(B)z; — @nsa F)(B)(1 +1)).

j=1
In other words, we have

O 2A(F o B) = (AF)(B)+ (n — 1)(VF(B),(—z,1+%)).

Proof. For simplicity and from now on, we set
M= (1+y)* + |z

Under this convention, the Jacobian matrix of B given in (2.1) is simply

2 I 20 2x 4z(1+y)
25, ek 4ty

DBy = " sty © 2 LAty
M M

Using this matrix, we can easily calculate V(F o B). Indeed, fori = 1,2, ...,n, we have
that

n

267w, 4z (1 +
0.F o)=Y 0,1)(B) (20 - H5) 1 o,y m) ULEY )
j=1
and that
" 4x (1+7v) 2 4(1+y)?
Ony1(FoB) (8;F)(B)—L— 2 1 (0,41 F)(B) ——t =) 24
; M? ( M M2 )

Using our preceding calculation, it is easy to calculate A(F o B). Indeed, for each 1 <
i < n, from (2.3) we have

e m) =330 (5 - 52) (5 - )

lljl

—8x;0;; 4x; 1627z
+ZaF ( Mz M3)

267 Az dzi(1+y)
+ Z jnt1E)(B ( M2 ) M2
27 (1+y)?
e
l+y 422(1+vy)
M2 M3 )

+ 16(871+1F)(B)

+4(0n 1 F)(B)(
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Hence

46;;  16(1 +y)%zjz
ZazFoB (ale)(B)<Ml2J ( M4) 5 l>

—4(n+2)zx; n 16|z |%z;
M?2 M3

(1 +y)° — |

e x](1+y)

221 + )
M4
n T 2
F40,0)B) (1~ HA) 14y

=h+L+1I3+ 14+ Is.

+ 16(87L+1F)( )

We also have from (2.4) the following

n

02

" M4 .
ji=1 j=1

— |z
—8 Z(aj,n+1F)(B)my]34—4||xj(1 +y)

2 5U22
(82+1F)(B)((1+y3\44 ‘ |)

+4(0p41F)(B) (Bll* - (1]\;39)2)(1 +)

=IL1 + 1+ 1Is+11,+ 115.

Observe that

n

L +15 :Z(anF)(B)v

i=1

4(n —1) &
I+ 11 =— W;(@F)(B
I3 + 113 =0,

I+ 11, =(02, F)(B),

i+ 15 =20 Vg 0,08)(B).

From this we obtain the desired identities.

Corollary 2.3. There holds
(V(FoB),(z,1+y)) = ®(VF(B),(-z,1+y))

and

16z;2(1 + 5 da; 16z (1 +y)?
1 (FoB) = Z 9;F)(B L Zap )(J_#

M3

A(F o B)(X) = (AF)(B(X))®? 4 (n — 1)(V(F o B)(X), (z,1+y))®,

where X = (z,y) € R" L.

)
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Proof. In view of (2.3) and (2.4) we obtain
(V(FoB),(z,1+y))

=S YR e (2R ey, D 6y B

i M M?2 M?2
i=1 j=1
A1+y)* < (1+y)?— |2
- TZ@J‘F)(B)% +2(1+y)(8n+1F)(B)T
j=1
2 — 2
== 2 DO F) (Bl + 2 (O F)(B)(L+y).
j=1
From this and Lemma 2.2 we have the desired result. O

The main purpose of this section is to prove Proposition 2.6 below. Let us first consider
the case k = 1 in Proposition 2.6. Let F' : B"*! — R be arbitrary, we define f; : R® —
R, in terms of F, via the following rule

n—1
[i(X) = (FeoB)(X)®(X) = .
The next result provides a relation between A f; and (AF)(B).
Proposition 2.4. There holds

n+3

Afi = (AF)(B)®"F".

(2.5)

Proof. This fact is a consequence of the preceding corollary. In fact, it follows from Corol-
lary 2.3 that

Afi =A(F(B))®"% +2V(F(B))V®™* + F(B(X))Ad"z
—(AF)(B)®"% + (n— 1)(V(F(B)), (z,1+y))®"3 +2V(F(B))V®“T
=(AF)(B)®"F

as claimed. O

To generalize (2.5) for higher order derivatives, we first mimic the proof of Lemma 2.2
in [Han07] to obtain another useful identity.

Lemma 2.5. There holds

A@TIA™Y) = @TMATH (B )

for any non-negative integer m.

Proof. Given any non-negative number a, it is easy to verify that

(e tye (e Aty ),

5 2
A(WY = a(2a+n— 1)(W)H'

Clearly, the case m = 0 is trivial. To consider the case m > 0, we first observe

A<|:c|2 +(1+y)? |2 + (1 +y)
2 2
By induction on k we get
ar (P00
2

u) =Mm+1u+2(z1+y)Vu+ Au.

| o + (L g

5 AFy

u) = ap Ay 4 by (2,1 4+ y) VAR Ly
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with a, = k(2k +n — 1) and b, = 2k. Indeed,

Ak+1(|m|2 + (21 + y)2u>

2 2
=A (akAkflu + bi(z, 1+ y)VAkilu + WA’“U)
=ap ARy + 20, APy + by (z, 1 + y) VAR

2 2
+ (n+ D)APu+2(x, 1+ y)VAFu + WMW&

2 + (1 +9)? ke,
2

=(ak + 2bk +n+ 1) A%u + (b +2)(z, 1 +y)VAFu +

o + (L +9)* ks,

:ak+1Ak’U/ + bk+1((E, 1+ y)VAkU + B

Using this formula, we deduce that

A((Iﬂc\ng(ler)Q

m—+1 2 1 2 m
5 ) Amu> =(m+ 1)(2m+n+1)<W) Ay
2 1 2 m—1 )
+ 2m<W) (z,1+y)VAFy
+ (|.’17|2 + (21 + y)2>m+1Am+1u
:<|ﬂc\2 +(1+ y)z)mAmH ( o + (1 + y)Qu)_
2 2
Thus, for any non-negative integer m, we have just shown that
A(@TIA™Y) = @A™ (@)
as claimed. O

We are now in position to generalize Proposition 2.4. We prove the following theorem.

Proposition 2.6. For any integer 1 < k < n/2, define

ntl—2k

fr=FoB®" =z .

Then we have the following identity

n4142k

Aff = (A*F)oB® 2 . (2.6)

Proof. We prove (2.6) by induction. Thanks to (2.5), the statement holds for £k = 1.
Assume by induction that (2.6) holds up to some k < |n/2] — 1, that is

n+142k

(AFF)oB=& "2 AF(FoB®™ = ). 2.7)

To compute A1 £, 11, it suffices to compute (A*T1 F) o B. Indeed, by Corollary 2.3, we
have

(AM1F)o B =(A(AFF)) o B
=A((A*F)oB)® 2 — (n — 1)(V((A*F) 0 B), (,1 + ))& !
=1®72% — (n— 1)1,

To simplify notation, we denote

n+1—2k

u=FoB®d =2

Then the induction assumption (2.7) becomes

n+142k

(AFF)yoB =32 Aku. (2.8)
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We now compute /. Clearly, by (2.8), we have

n

I =AD" &+ 1ARy)
=A@ 7)) I ARy + & AR ARY)
F2AVET T V(D FARY))
=A@ ) I ARY + & AR ARY)
F2AVE T VORI ARy 4 26 L VE "2 VAKY).

Using Lemma 2.1, we can easily check that

-1 n—
”2 T (1,1 4y), VO = (k+1)0F(x,1+y),

Ve T —

and

n—1 n—3

AP 2 )=(n—-1)>20 = .

Therefore, these identities and Lemma 2.5 yield

n—142k n—142k

I=(n—1)2%0" "= Afut o "2 A9 1y

+2n— D)+ 1)d 2 Abu+ (n—1)® T ((z, 1+ y), VAR
= ET AR @) (0 — 1) (n+ 1+ 2k)D T2 Aky

n—142k

+(n—1)0" "2 (VA*u, (2,1 +1y)).

On the other hand, by (2.8) and Lemma 2.1, we also have
IT =(V((A*F) o B), (z,1+y))

n+1+42k

=(V(® =z A*u),(z,1+y))

+1 n+142k

=(n+1426)0 "2 Aru+ & (VAR (2,1 + 1))

Consequently, we get
(AMFY o B=1%"2 — (n — 1)II®~!
- B AR o1y

n+1—2(k+1)
2 u)

=~ AR (F o BO

as wanted, which, by induction, completes the proof. O

3. SOBOLEV TRACE INEQUALITY OF ORDER TWO

The main purpose of this section is to provide a new proof of the Sobolev trace inequal-
ity of order two on spheres. As we shall soon see later, our argument depends on the sharp
Sobolev trace inequality (1.2) on R’frl, that is

r(eg)

L5t

n—1

w}/"</ \U(x,0)|%dx) g </ VU [2dady.
n Ri+1

3

3.1. Sharp Sobolev trace inequality of order two on B"*!: Proof of Theorem 1.1.
This subsection is devoted to a proof of Theorem 1.1. The proof consisting of four steps is
divided into two parts. In the first three steps, we prove (1.4) for any harmonic extension.
Then in the last part, we prove (1.4) for any smooth extension.



14 Q. A. NGO, V. H. NGUYEN, AND Q. H. PHAN

Step 1. Given f € C°°(S™) and suppose that u is a harmonic extension of f to B"*!.
Then, in terms of u, we define the function U on R’;™" by

2 =
Uz,y) = (UOB)(%?J)(m) .
Thanks to (2.5) and the harmonicity of u, we have the relation
2 N
(BU),9) = Awo B ) (rpry o) | =

on RZLFH. Hence U is a harmonic extension of f to the upper halfspace Rfrl . Thus, we
can apply the Sobolev trace inequality (1.2) on Ri“ for U. The idea is to transform this
trace inequality on Rf_“ to an equivalent trace inequality on B”*!. To this purpose, we
U(z,0)|""Tdz and fRTl |VU|?dxzdy in terms of u and this is the
content of the next two steps.

have to express [,

Step 2. First we calculate [;, |U(z, 0)|*=7 dz. Clearly,

2 2n

U, )71 = [u(S (@)1 Ts () = | £(S(@)) |71 Ts(a). 3.1)
From this we deduce that
Frde= [ 1
S‘n,

[ 1w

Step 3. Now we calculate fRn+1 VU |2dxdy. Without writing the variable X, it follows
+
from Corollary 2.3 that

2
nfl dw

n —

n—1

Lu(B) (2,1 + y)cb] o7

VU = [DBt - (Vu)(B) —
where DB is the Jacobian matrix of B given in (2.1), that is

(P, —Px®xr  —D%z(l+y)
DB(:ZJ,y)( ¢2xt(1+y) —@+<I)2(1+y)2 .

Thanks to (2.2), we know that
(DB' - (Vu)(B), DB' - (Vu)(B)) = (Vu)(B)!DB - DB" - (Vu)(B) = |Vu(B)|*.
Furthermore, in view of Corollary 2.3, we easily get
(DB' - (Vu)(B), (2,1 +y)) =(V(uo B), (z,1+1))
— — &(Vu(B), (z,~1 - y))
=—(Vu(B),B — ep41),
where e,,+1 = (0,...,0,1). Here we have just used the elementary fact
(2, —1—y) = B(x,y) — ent1. (32)
From these facts, we arrive at
|Vu(B)[*®? + (n — 1)u(B)(Vu(B),B — ep11)®

VU = +<n—1 el

2
) w(B (2,1 + y)20°
Notice by (3.2) that
IB(2,) — enia? = 20.
Therefore, we can rewrite [VU|? as follows
(V(u(B)?), B — ent1) , (n—1)*u(B)?
|B_en+1‘2 |B_€n+1|2

VU = (IVu(B) + (n - 1) )art (33)
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Keep in mind that the Jacobian of B is ®"*!. Hence from (3.3) a simple change of vari-
ables leads us to

2 J—
VU|?dzdy = Vu|?dz + (n —1 (V(u?), 2 €n+1>dZ
‘ ‘ Y 2
Rj;*l Bn+1 Brt1 |Z €n+1|

2
+(n— 1)2/ L
B

n+1 |Z — €n+1|2

Keep in mind that
Z—€nt1 n—1

Je—ental? T 2 —ental?

in R™*1. Hence, integrating by parts yields

2 _ 2 _
/ <v(u )7 < 6n+1> dZ — —(n—l)/ u dZ"‘/ U2 <w €n+1aw> dw,
Bn+1 B n

2 = ental? nt1 |2 = enp? w—ental?

where w = x/|z|. From this we obtain

/ |VU |*dxdy = / |Vu|?dz + (n — 1)/ uQde.
Ri+l Br+1 n

|w — en+1‘2

However, it is easy to see that

(W—ent1,w) =1 —(w,ent1) = §|W — ent1l?

Thus, we have just shown that
2 2 n—1 2
/ |[VU|*dzdy = / [Vu|*dz + 7/ |f]*dw. (3.4
Ri+1 Bn+1 2 sn
Combining (3.1), (3.4), and the sharp Sobolev trace inequality (1.2) for U gives

) Cwlig
—S Wy, |f|7—Tdw < |Vul*dz + —— | f|“dw
T) Sn Bn+1 2 Sn

provided u is a harmonic extension of f to B™. This completes Step 3.

I
I

Step 4. In this step, we prove (1.4). Indeed, given f € C°°(S™) it is well-known that the
minimizing problem

inf{/ Vwl2dz : w], :f} (3.5)
w Br+1

is attained by some harmonic extension v of f in B"*!. Therefore, we can repeat from
Step 1 to Step 3 to get the following estimate

T(ntl " "T_l -1
S )w}/"< i) T o< [ a5 [ ippae 6o
Sn Bn+1 2 Sn

L(%3)

Since v is a minimizer of (3.5), any smooth extension v of f to B™ enjoys the estimate

/ |Vuldz < / |Vo|?da.
Brt+1 Brt1

The desired inequality follows from the preceding estimate and (3.6). The assertion for
which equality in (1.4) is attained is well-known.
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3.2. A weighted Beckner inequality of order two on B"*!. This subsection is devoted
to a weighted Beckner inequality; see Theorem 3.2 below. Let f € C°°(S™) and b € (0, 1).
Let also u be a smooth extension of f in B"*! such that
2b
1—|[z?
for z € B"*1. Suppose that the function f has the following spherical harmonic decom-
position

Au(z) (Vu(z),z) =0 3.7

f@) =Y Vi),
k=0

where w = x/|x| and Y}, is a spherical harmonic of order & > 0. From this we decompose
u to get

u(z) = Z i (r)Ye(w).
k=0

Recall that A = A, + (1/r2)A with A, = 82 + (n/r)d, in R" and AY; = —c,. Y5
with ¢, = k(n + k — 1). For simplicity, let us denote by Ly, the following operator

n Ck
Ly : f(r) = f"(r) + ;f’(T) ~ 2
Now, on one hand, we know that

A(fi(r)Yi(w)) =Ar (fe(r)Yi(w)) + 1/r)A(filr)Yi(w))
b
:(kak(r) - %f}g)yk(w)-
On the other hand, for each 1 < ¢ < n + 1, there holds
L5

i (e (r)Yi(w)) = fr(r)0i(r)Yie(w) + f(r) (9 Ye) ()i (ZF)
leading to

/ j 5; xij /

() Yilw), 2) = P Yi(w) + )@V @) (Lo — T2 = rfi(r)Yiw).
(Note that the Einstein convention was used in the previous equation.) Hence, it follows
from (3.7) that the coefficients fj, satisfy

% m_ BTN gy - ) =
L)+ (5 — 73 ) ) = S hulr) =0 G3)

for any r € [0,1) and definitely f;(1) = 1. Recall that in the preceding decomposition,
we know that ¢, = k(n + k — 1) for all £ > 0. Hence fy = 1. Given b € (0, 1), our aim

is to understand
I (1 _TQ)bf’( )
A BT
for k > 1. In the following result, we describe this limit.

Proposition 3.1. Fork > 1 and b € (—1,1), let a, and By, be solutions of

n+2k—1+2b bk

ay + B = 7 ; akﬁk:?-
Define

b DO+ D T8 + 1 b)(ax +1-1b)
-7 T(1-b) Do+ 1B+ 1)

ifk > 1and A(b,0) = 0. Then we have

A(b, k) k (3.9)

. 1—172 b,
lim (=5 ) i) = AR,
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For clarity, we put the proof of Proposition 3.1 in Appendix A. Using integration by
parts and the equation (3.7) satisfied by u, we obtain

fo o (S o
= _ /W+1 ud’ {(1 72|Z‘2)b3m] dz + /n {u(l 72|Z|2>b<Vu,w>}
[ S ]

k>1

dw
|z|=1

Hence, applying Proposition 3.1 gives

1— 2|2\ s
2( - 1= _ 2
/BW |Vl ( 5 ) dz ;A(b, k) /S V3 |? dw. (3.10)

In the sequel, we shall choose b = 1 — s for s € (0,1). Now we define the function F' on
RTL by
F(z) = f(S(x))Js(x) 5. (3.11)

[ = [ 1P
S’ﬂ n

and by Lemma 8 in [JN14], we have the following interesting identity

(k+n/2+s)
_AS/QF 22 "
A2 B2 ZMM/Q

We now use the fractional Sobolev inequality (1.6) applied to F' and (3.10) to get

Then we have

[V |?(w)dw. (3.12)
s) Jon

n—s

T n+s 2n n
Cdan ([ i)
I'(*3%)
L(k+n/2+s/2) / 9
< Y, d
Z T(k+n/2—s/2) Sn|k| (w)dw
_ (1= |z[P\1=s
_/Bn+1 |Vl ( 5 ) dz

— (T(k+n/2+s/2 ,
+ kZ:O (ng i n§2 i_ 3;2; —A(l - s,k;)) . Y [ (w)dw

(3.13)

Clearly, equality in (3.13) occurs if, and only if, equality in the fractional Sobolev in-
equality (1.6) occurs. Our next result is as follows.

Theorem 3.2. Letn > 1 and 0 < s < min{2,n}. Let f € C°°(S™) and v be a smooth
extension of f to the unit ball B"T'. Suppose that f has a decomposition on spherical

harmonics as f =Y~ o Yi(w). Then the following inequality holds
n+s ;S
a/n / |f|n sdw

— ‘Z|2 1—s
< Vou|? d .
/B;n«#l | U| ( 2 ) z (3 14)

X T(k+n/2+s/2) 2
+kz—;)<F(k+”/2_5/2) _A(l_s’k)> . Y| *dw,

where A(1—s, k) is given in (3.9). Moreover, equality holds if, and only if, v is an extension
of a function of the form
C|1 _ <Zo,€>‘_(n_s)/2,
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in the spirit of (3.7), where ¢ > 0 is a constant, £ € S"™, and zq is some fixed point in the
interior of B" 1.

Proof. Let f € C*°(S™), it is well known that the problem

) 1—|z]2\1-s
2 .
1nf{/}Bw+1 |Vul ( 5 ) dz :u

is attained by some function u such that
2(1 —s)
1—|[z[?

in B"*! and u = f on S™. The inequality (3.14) is then followed from (3.13) and the fact

that
1— 2({1-s 1— 2({1-s
/ \Vu|2<7|z‘ ) dzé/ |Vv|2(7|zl ) dz
Br+l 2 Br+1 2

since v is a minimizer. Let us now determine the equality case in (3.14). To this purpose,
we need to find all functions f. Indeed, the equality case comes from the fact that the
equality in the fractional Sobolev inequality (1.6) applied to F' occurs. In this scenario,
there exist some positive constants c, (1, some 29 € R” such that

Sn:f}

Au(z) (Vu(z),z) =0

F(:L') _ C(/JJ" |$ o m0|2)*(n75)/2
for all x € R™. To find the corresponding f, we make use of (3.11) to get
F(&) = Js(87H&)" VBV R(STHE)

for ¢ € S™*1. Therefore, the function f is simply the lifting of the optimizer for the
fractional Sobolev inequality in R via the stereographic projection S. If we denote & =

(€1, .y €ng1), then STH(E) = (&1, ...,&0) /(1 — &uq1), Which then gives Js(S71()) =
(1 = &,41)™. From this we obtain

1 10 )

—(n—s)/2
e[+ 100 1 (@t a0 - 1).6)]

for £ € S™*1. Observe that |+ |2°|? — 1|/(p+ |2°|> + 1) < 1. Thus, we have just shown
that f takes the form

c(1- <Zo,f>)_(n_s)/27

for some constant ¢ > 0 and for some fixed point 2y in the interior of B"*!. From this we
have the conclusion. O

We note that the weighted Sobolev trace inequality (3.14) shares some similarities with
the weighted trace inequality obtained by Case in [Cas15a, Theorem 1.1] and the weighted
trace inequality obtained by Jin and Xiong in [JX13, Theorem 1.1]. While the weighted
trace inequality of Case involves the interior L2-norm of the extension v, the weighted
trace inequality of Jin and Xiong only requires a boundary L?-norm of f. In our inequality
(3.14), a term involving fs Yk|2dw appears, which, more or less, involves a boundary
L2-norm of f in an implicit way.

It is also worth noticing that because our trace inequality (3.14) is sharp, this suggests
that the sharp constant of the boundary term in [JX13, Theorem 1.1] is never achieved for
the case of balls. It could be interesting to know that if a similar weighted trace inequality
in the spirit of Case is actually available.
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As an application of Theorem 3.2, let us consider the case n > 2 and s = 1. Recall that

|f|?dw = / |V |2dw.
é7z k:Z:O Sn

Hence, in the present scenario, Inequality (3.14) becomes the usual trace inequality (1.4).
We also note that if  is a harmonic extension of f, then fi solves Ly fr = 0. From this
and fi(1) = 1 we obtain fj(r) = r*. Consequently, we get

(Vu, w) ZkYk

Thus,

/ |Vul|?dz = / uw(Vu,w)dz = Z k Vi |2dw;
Bn,+1 Sn

k=0 78"
see [Bec93, page 232]. Therefore, we can mimic the argument in (3.13) to get the following
result.

Theorem 3.3. Letn > 1and 0 < s < n. Let f € C*°(S™) and v be a harmonic extension

of f to the unit ball B"‘H. Suppose that f has a decomposition on spherical harmonics as
f= 21;“;0 Yi(w). Then the following inequality holds

n+9 ;S
wilm (/ N sdw>

(k4+n/2+s/2) 9
< — .
\/BW Vel d”Z( T(k + /2 —5/2) k) / Vil dow

Moreover, equality holds if, and only if, v is a harmonic extension of a function of the form
C|1 - <ZOa §> ‘7(“]78)/27

where ¢ > 0 is a constant, £ € S™, and z is some fixed point in the interior of B"+1.

(3.15)

Apparently, Inequality (3.15) includes [Bec93] as a special case because when s = 1
our inequality (3.15) becomes Beckner’s inequality. In the final part of this section, we
treat the limiting case n = 1.

3.3. A classical Ledebev-Milin inequality of order two on B2. Let us now consider the
limiting case of Theorem 3.3, namely, n = 1 and 0 < s < 1. Suppose that f € C°(S!)
with fsl fdw = 0 and let v be a smooth extension of f in B2. As before, we decompose f
in terms of spherical harmonics to get

f=> Yi(w)
k=1

Clearly, the function 1 4 ((1 — s)/2)v is also a smooth extension of 1 + ((1 — s)/2)f in
B? and w; = 2. Therefore, we can apply Theorem 3.2 to get

() s
£<12-s><2w> (s
028 [ () T,

(1—3s)? F(k+1/2+s/2) 9
+ ;(F(k+1/2_8/2)—A(l—s,k))/glYkdw.
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33%) = (1/2)(1 - s)r(*
1+5 _ —2_ 1—s
S T—s
) 1]
SlG ( 5f)
1 2\ 1-s
47/ Izi ) &
1
4

i( k+1/2+s/2) A(l_s’k)>/sl 1Yi[2dow.
k=

Dividing both sides by (1 —s)?and making use of T'( 5°) to get

I'(k+1/2—5/2)
Note that
Tk+1/2+s/2)
im
s=1/20(k+1/2 — 5/2)
for any k£ > 1. Hence “formally” letting s " 1 and applying the I’Hopital rule, we obtain

1 1
log (—/ efdw> < — |Vo|2da.
21 Js AT Jp2

for any function f with fsl fdw = 0. For general function f, we apply the previous
inequality for f — (1/(27)) [s: fdw to get the classical Lebedev—Milin inequality; see
[LM51], see also [OPS88, Inequality (4°)].

Theorem 3.4 (Lebedev-Milin inequality of order two). Let f € C°°(S') and suppose that
v is a smooth extension of f to the unit ball B?. Then we have the following sharp trace

inequality . . .
log (%/ fdw) < E/Bz IVo|2dz + %/S Fdw. (3.16)

Moreover, equality in (3.16) holds if, and only if, v is a harmonic extension of a function
of the form

— Al —s,k) =0,

(S IOg |1 - <207£>|7
where ¢ > 0 is a constant, £ € S, and z is some fixed point in the interior of B,

We note that we can also apply Theorem 3.3 to obtain (3.16) whose proof is left for
interested reader.

4. SOBOLEV TRACE INEQUALITY OF ORDER FOUR: PROOF OF THEOREM 1.2

The main purpose of this section is to provide a new proof of the Sobolev trace inequal-
ity of four two on S™ based on Escobar’s approach. As in the preceding section, the key
ingredient in this approach is the sharp Sobolev trace inequality

T(nLt3 n n=3
2t ( [ 0EolFsa) T < [ AU Py,
n Ri+1

(5%
for any function U satisfying the boundary condition 9, U (z, y) ’y:(] = 0; see (1.11).

4.1. Sharp Sobolev trace inequality of order four on B"*!: Proof of Theorem 1.2.
This subsection is devoted to a proof of Theorem 1.2. For clarity, we divide the proof into
several steps.

Step 1. To proceed the proof, we let f € C°°(S™) and consider u a biharmonic extension
of f to B" satisfying u € ¥ with

-3
V= {w : w’sn 1, w’sn - 5 f} 4.1)

Let U be function defined on R’ffl by

—3

U=u(B)®" = .
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As always, u(B) is being understood as « o B. Thanks to the bi-harmonicity of u, we can
apply Proposition 2.6 for & = 2 to get
A2U = (A2)(B)®"*" = 0.
Thus, we have just proved that U is a biharmonic extension of f to the upper halfspace
R:L_H. Recall that the Jacobian matrix of B is given by
oI, — P rr  —0%x(1+y)
DB(x,y) = ( P2t(1+y) —0+P2(1+y)?)"

n

Hence
n

i P U P e

(Ont1u)(B)(— @ + *(1 +y)?)

4.2)

In particular, there holds

n—1

3u(B(x,0))]( 2 )

1+ [z2
Notice that B(z,0) is normal to S™, thus B(z,0) - Vu(B(x,0)) becomes d,u(B(z,0)).
Thus the Neumann boundary condition (1.9) becomes

0yU(x,0) =0,

thanks to u(B(z,0)) = f(B(z,0)). From this, we can apply the Sobolev trace inequal-
ity (1.11) for U. Our aim is to transform this trace inequality on R:L_H to the desired

0,U(z,0) = — [B(x, 0) - Vu(B(z,0)) + 2=

trace inequality on B"**. To this purpose, we need to compute [, |U(z, 0)|%dx and
Jgn+1 |AU (2, y)|*dzdy as shown in the rest of our argument.
'’

Step 2. First we compute fRn |U(z,0)] 723 dz in terms of u. Stll using the stereographic
projection S we deduce that

U (2,075 = [u(S ()| 73 Js(x) = | F(S(@))| 775 Js ().

From this we deduce that

/ |U(x,0)|ff"sdx=/ 1725 duw. 4.3)
n Sn

Step 3. We now compute AU (z, y) in terms of u. Clearly,
AU = A(uo B)®"7" +2(V(uo B), V&7 ) + u(B)AD"T .
By Lemma 2.1, there holds

n—3 — 3 n—1 n—3 n—1

v<1>T:—”2 (2, 14+9)®" 7, ADZ =—(n—3)0 7.

In view of Lemma 2.2, we easily get
V(uo B) = =®(Vu(B), (z, -1 —y))
and
A(uo B) = ®*Au(B) — (n — 1)®*(Vu(B), (v, —1 — y)).
Thus, we have just compute
n+1

AU =[Au(B) — (n — 1){(Vu(B), (z, -1 — y))] ® >

n+1 n—1

+ (n—=3){(Vu(B),(z,-1—y)® 2 —(n—-3)u(B)® = (4.4)

n—1

=Au(B)®"3 — 2(Vu(B), (z,—1—y))®"7 — (n—3)u(B)d"7 .
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Making use of (3.2), we can further write AU as follows

V'U/(B)7 B — 8n+1>
|B(,y) — ensa1]?

—2(n—3) u(B) }@”Tl.

— u — (
AU = [Au(B) ~ 4 [B(@) — eniil?

From this, integrating over Riﬂ leads us to

- 2
/ |AU2dzdy :/ |Aul?dz + 16/ Mdz
errl Brtl Br+1 |Z — 6n+1‘

2

u
v [
( ) Bn+1 |Z - 6n+1|4

N 8/ Au <VU7 %WZ (4.5)
Br+1 |

Z— 671,-1—1|2
A
—d(n—3) / _ubu
Brt1 |

z—ept1|?

+ 16(n — 3)/ u<Vu w>dz.
Br+1

e

We now compute the last three terms on the right hand side of (4.5). First we compute the
term involving Au (Vu, (2—epn11)/|2—ent1/|?). Recall thatw = x/|z|. Using integration
by parts, we first have

/ Au <Vu, L’LHQ>¢Z
Br+1 |z — ent1l
:7/ <Vu,V<Vu,Ln+l2>>dz+/ @<Vu,i"+12>dw
Bn+1 ‘Z — €n+1| sn ov |w — €n+1‘

_ _ 2
_ / <Vu, V<Vu, z en+1> >dz n 2/ (Vu,z —ent1) &
Bn+1 Bn+1

|Z*6n+1‘2 |Z*en+1|4
P _
n / gy Wbl g,
sn OV |w — ent1]?

where we have used V|2 — e,,41]? = 2(2 — e,,41) once to get the middle term on the right
most hand side of the preceding computation. It remains to compute the first term on the
right most hand side. For simplicity, we use the Einstein convention with indexes running
from 1 to n + 1. It is not hard to verify that

O'udi((Vu,z — enq1)) =0"u0; (u(z — ent1);)
=0"u [(0;07u) (z — ept1);j + (0 u) 9; (2 — en+1))]

zéﬁj(|Vu|2) (2 — ent1)j + (") (95u).

Thus,

V(Vu,z — en+1>> - IVul? + L(V(|Vul?), 2z — ept1)

|z — ent1l?

<Vu7

|2 = enta|?

which helps us to write

zZ—e€ 1
/ Au <Vu, 7n-_2>d2
Bn+1 |Z - en+1|

:_/ _Ivul dz+2/ (Vu 2~ enin)” ).
B Bnt1

ni1 |2 — entl? |z — ent1]?

1 oy 2 — Ent1 / ou W — €nt1
2 /]En+1 <V(|Vu| ) |z — ent1? >dz + sn 61/<Vu7 lw — en+1|2>dw
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and by applying integration by parts we arrive at

z— € 1
/ Au <Vu, 7n—~_2>dz
Bnr+1 |Z - €n+1‘

_ 2 _ 2
_n-3 / B A / Nz =enin)” ), (4.6)
B Br+1

2 n+1 ‘Z — €n+1|2 |Z - 6n+1|4
1 - 0 -

- |Vu|27<w en+1,¢;z> dw +/ —U<Vu, YT Ol e"+12 >dw.
2 Jgn |w — ent1] gn OV |w — ent1]

Now we compute the term involving u(Vu, (2 — e,4+1)/|z — ens1]|?) . We again apply
integration by parts to get

/ u(Vu, Z g
Bn+1 |Z_€n+1|
1 zZ—€ 1
== Vu? 7H+>d
2 fou (9 B a2

-3 2 1 —
= — n / v 1 “F*/ u2 <w en+17¢:>dw.
2 Br+1 |Z — 6n+1| 2 n |w — 6n+1|

Finally, the term involving uAu/|z — e, 1|? can be computed similarly to get

A 0
/ S PR 2d¢u—/ <vu,v7“ 2>dz
Br1 |2 — entil sn OV |w — ept1] Bt |z — ent1]

:_/ Wdz+2/ <uVu ﬂ%ﬂz
Bot1 |2 — enq1? Br+1 "z = entalt

ou U

+ dw

sn o |w — €nqa]?

\V4 2 2
:_/ \71!\2@_(”_3)/ S
Brt1 |2 — enil Brt1 |2 — enqil

+/ u? (w— 6"H’w>dw+ Ou u duw,
n lw — ent1]? sn OV lw — eny1|?

(4.8)
where we have used (4.7) once. Plugging (4.6), (4.7), (4.8) into (4.5) and using
(W= e€nt1) w=1—wpi, |W—€n+1|2 =2(1 - wn+1)

to get

a — En
/ |AU [2dady :/ | Aul?dz + 2/ Vul2dw — 4/ —U<Vu, w>dw
R1+1 Brt+1 sn sn ov 1-— Wn+1

u?

dw + (n—S)/ —dw.

Sn 1- Wn+1

ou U
—9(n—3 i S
(n ) §n aV 1-— Wn41
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Using the decomposition Vu(w) = wd,u(w) + Vu(w), the assumptions d,u = —((n —
3)/2)f and u = f on S™, and the fact that (Vu,w) = 0, we further have

2 2 S 12 Ou\2
|AU [2dady = Aul2dz +2 [ [V f[2dw -2 (7) dw
R1+1 Bn+1 sn n aV

o /= W—ent1 ou u
—4 — — Ydw —2(n—3 ——d
/S\n ov <VU, 1— wn+1> w (n ) sn ovl-— Wn+1 v

—l—(n—S)/S uizdw

n 1—wn+1
- _ 2
:/ |Au|2dz+2/ V2w — P23
Bﬂ,+l Sn 2

+(n—3) /n <%f2,%>dw

fdw
S’n

1 —wni1
f2
+(n—3)(n—2 / —dw.

( )(n —2) S e

4.9)
Note that V f2 - w = 0, hence
/ <6f2’w76n+1 >dw:/ <6f27w76n+1 _ <w76n+13w>w>dw
n 1— Wn41 n 1— Wn41 1-— Wn41
= / <§f2 4wwn+1 — 87'1/'1'1 >dw

" 1= wnh (4.10)

= / <%f2, %( log(1 — wp41)) )dw
= — f2A (log(1 — wp41)) dw,
S'n.
here A denotes the spherical Laplacian on S™. An easy computation yields

A(10g(1 = wys1)) =A(log (1 - ”3‘7;'1 ))

=1

_nlefenin = faf? = (n = Da,,
|z (] = 2ni1)?
Wn+41 1

=(n—-1) - .
1—wp1 1 —wpp1

|z|=1

The previous equality together with (4.10) and (4.9) implies
/ |AU Pdady = / |Au|?dz + 2/ IV f2dw + b, / Fdw, (4.11)
Ri+1 Bn+1 sn Nig
where b, = (n + 1)(n — 3)/2. Thus, combining (4.3) and (4.11) gives
r(nd2 n =
("3 )w3/n( |f|%dw>
STL

r(ez) "
g/ |Au|2dz+2/ |§f|2dw+bn/ |f[Pdw
Bn+1 s S

provided u is a biharmonic extension of f to B", belonging to the set 7.

n—3

2

Step 4. In the final step, we prove Inequality (1.10). Indeed, given f € C°°(S™) it is
well-known that the minimizing problem

inf/ |Aw|*dz, (4.12)
weEYy Jpn+1
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where ¥} is given in (4.1), is attained by some bi-harmonic function u on B+ In addi-

tion, v = f and d,u = —((n — 3)/2)f on S™. Therefore, we can repeat from Step 1 to
Step 3 to get the following estimate
n+3
2 2 3/71 |f| P—" d(.d n
(4.13)

< / |Auf?d +2 / ¥ P + by / f2de.
Brt1 n sn

Since u is a minimizer of (4.12), any smooth extension v belonging to the set ¥ enjoys

the estimate
/ |Au|?dx é/ |Av|?dz.
Br+1 Br+1

The desired inequality follows from the preceding estimate and (4.13). The assertion for
which equality in (1.10) is attained is already known; see [AC15, page 2739].

4.2. A Beckner type inequality of order four on B"*!. This subsection is devoted to
a Beckner type trace inequality of order four in a same fashion of Beckner’s inequality
in Theorem 3.3. We do not treat the case with weights in the present paper and leave it
for future papers. Let f € C°°(S™) and let u be a biharmonic extension of f to B"*!
satisfying certain boundary conditions as in (1.9), namely

n—3
5 I (4.14)

on S™. As in the previous section, we shall work with spherical harmonics. To this purpose,

we decompose
-3 W)
k=0

where w = x/|z|. From this we decompose u to get

2) =Y fr(r)Vi(w)
k=0
Hence, it follows from (4.14) that the coefficients fj, satisfy
Lif,=0
for any r € [0,1) and definitely fx(1) = 1. Solving the above differential equation gives
fe(r) = c1 (k) 4 co(k)rFt?
for some constants ¢1(k) and ca(k) to be determined. In fact, these constants can be

computed explicitly by using the boundary conditions in (4.14). Indeed, the condition
u = f on S™ implies that

o,u=—

Cl(k) + Cg(k') =1
for all & > 1. Now the condition 9,u = —((n — 3)/2) f on S™ tells us that

-3
ke (k) + (k + 2)ea(k) = — 2 T
From these facts, we compute to get
n+ 142k n—3+2k
c(k) = — co(k) = —

Now we use integration by parts to get

/ (Au)?dz :/ ul udz + | Au(Vu,w ‘I = 1dw—/ u(VAu,w)h |71dw
Bn+1 Bn+1 sn 7=

__n-3 fAudw — / u(VAu,lezl:ldw
Sn mn

2
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Recall that
u(z) = Z [cl(k)rk + CQ(R)rk+2]Yk(w),

which implies that

Au(z) = Qi(n 4+ 14 2k) o (k)r* Yy (w).
k=0

Hence

k=0
We are now in position to get

1 o0
/ (Au)?dz = ZZ/ (n+1+2k)(n — 3 + 2k)?|Y3|?dw. (4.15)
Bn+1 k0 Y S"

Now let 0 < s < n/3. We define the function F' on R™ by

n—3s

F(x) = f(S(z))Js(z) =

[ rEds = [ p#de
Sn R'n.

and as in (3.12) we still have

DAV 2 (g x:OOF(kf+n/2+3S/2) 20,
/nF( J(=A)PF(z)d kZ:oF(k—Fn/Q—&S/Z) /SJY’“' de.

Then we have

We now use the fractional Sobolev inequality (1.6) to get

n—3s

1'\( n+3s

) 2n
72 Ss/n n—3s _ 35/2
=) (/ |1 d) g/ F(@)(=8)*2F(z)ds.  (4.16)

Combining (4.16) and (4.15) gives
F( n+3s

2 ) 3s/n
S Wy, f
I(25%) ( Sn|

n—3s

2
n8s dw) "

N

—~ D(k+n/2+3s/2)
QEZ:F(k+n/2—33/2) - V| ? dw

k=0
2I‘(k +n/2+3s/2)

/ (Au2ds+ 3 [ T+ /2= 35/2) [ e
Bn+1 =0 B (n +1+ 2k)(n -3+ Qk) Sn

4

(4.17)

Clearly, equality in (4.17) occurs if, and only if, equality in the fractional Sobolev in-
equality (4.16) occurs. We are now in position to state our next result.

Theorem 4.1. Letn > 3and0 < s < n/3. Let f € C°°(S™) and v be a smooth extension
of f to the unit ball B"+! satisfying the boundary condition
v n—3

w2 !
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on S™. Suppose that f has a decomposition on spherical harmonics as f = ;o Vi(w).
Then the following inequality holds

[(nd3s
2 U)o / 175 dw)
F(T) Nig

n—3s

< / (Av)?dz
Brt1

+Z<2rgk+n/2+3s/2) (n+1+42k)(n— 3+ 2k) )/n Vi 2.
k=0

T(k+n/2 - 3s/2) 4

(4.18)
Moreover, equality in (4.18) holds if, and only if, v is a biharmonic extension of a function
of the form
C‘ 1- <20a §>|*(TL*3S)/27
where ¢ > 0 is a constant, £ € S", and zq is some fixed point in the interior of B"*!, and
v fulfills the above boundary condition.

Thanks to (4.17), the proof of Theorem 4.1 follows the same lines as in Step 4 of the
previous subsection; hence we omit the details. The equality case in (4.18) can be obtained
by following the argument used in the proof of Theorem 3.2.

As an application of Theorem 4.1, let us consider the case n > 4 and s = 1. In this
case, we easily re-obtain Inequality (1.10), namely,

I\(7L+3) 3/n on ",:3 2 < r12 2
< |Avdz+2 | |[Vf[Pdw +b, [ |fPdw
Bn+1 sn N

2t 1fFSdw)

r(253) sn
with b, = (n+1)(n — 3)/2. This is because by the identity AY}, = —k(n 4k — 1)Y; we
obtain

Ef:-ik(n—uk)yk(w), (4.19)
which leads to kzo
2 [ 19 BRI [ e
_ i [Qk(n —1+k)+ (=3 +1) 31(” ha 1)} N Y [* (w)dw
and -
Egzizgtgg; ~ (n+1+2k)§ln—3+2k)2 k14 k)t (n—3)4(n+1).

Clearly, Inequality (4.18) provide us a Beckner type trace inequality of order four. Fur-
thermore, the analysis in obtaining (1.10) from (4.18) is less involved and this suggests us
to adopt this approach to prove the Sobolev trace inequality of order six on S™ in the next
section.

4.3. A Ledebev-Milin type inequality of order four on B*. In the last part of this sec-
tion, we treat the limiting case n = 3. Our aim is to derive a Ledebev—Milin type inequality
of order four similar to the one obtained in [AC15, Theorem B]. To this purpose, we follow
the strategy used to obtain Theorem 3.4.

Suppose that f € C°°(S?) with fSS fdw = 0 and let v be a smooth extension of f in
B*. As before, we decompose f in terms of spherical harmonics to get

f=> Yi(w)
k=1
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Note that the function 1 + 2(1 — s)v is also a smooth extension of 1+ 3(1 — s) f in B*
and w3 = 272, Therefore, we can apply Theorem 4.1 to get

(3+35) ) N 1—s
srcs (o [ (2020 ) T ]
§3(1871_25)2/B4(Av)2dz

3(1 _ 8)2 0 F(k + 3-235) )
—— 2—————=— —2(k+2)k Yi|"d
R ];(r(k+3—235) * /"“ “

Dividing both sides by (1 — s)? and making use of I'(252%) = (3/2)(1 — s)T'(252) to get

343s —s = 1—s
e sl [, (52 ) ]

3 o0
- 29— 2~ 9(k+2)k? / Y |2 dw.
+87T2Z<F(kj 3755) (+) ) S3| k| w

Note that
3+3s )

'k
lim (2%
s—1 I‘(k + TS)

forany k > 1and [, |V f[?dw = Y35 k(k + 2) [, [Yi]*(w)dw. Hence letting s 1,

we obtain
1 3 2
2log(ﬁ/ fd <4 2/ Vol da:+—/ IV £|2dw

for any smooth function f with fs3 fdw = 0. For general function f, we apply the previous
inequality for f — (1/(27?)) [ss fdw to get the following theorem.

ok + 2)1#) = 2k(k +2)

Theorem 4.2 (Lebedev-Milin inequality of order four; see [AC15]). Let f € C*(S?) and
suppose that v is a smooth extension of f to the unit ball B*. If v satisfies the Neumann
boudanry condition

ov

v
on S3, then we have the following sharp trace inequality

L[ e 3 S N T
1og<27T2 / dw) = / (Av) dz+87r2 /S . IV f] dw+27r2 ; fdw. (4.20)

Moreover, equality in (4.20) holds if, and only if, v is a biharmonic extension of a function
of the form

6—10g|1 - <207£>|7

where ¢ > 0 is a constant, £ € S3, 2 is some fixed point in the interior of B*, and v fulfills
the boundary condition d,v = 0.

Clearly, Inequality (4.20) can be rewritten as follows

1 ~
21log (—/ 3(f= f)dw < / Vo2 de + — 5 / |V f|?dw
272 s3 42 S3

where f is the average of f which is (1/(272) fSS fdw.
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5. SOBOLEV TRACE INEQUALITY OF ORDER SIX

5.1. Sobolev trace inequality of order six on R’}fl: Proof of Theorem 1.3. This sub-
section is devoted to a proof of Theorem 1.3. To proceed, we first have the following
observation.

Proposition 5.1. Any function U € W32(R'}™) satisfying
A3U(z,y) =0 (5.1

on the upper half space Ri"'l and the boundary conditions
0yU(x,0) =0, 9;U(x,0) = AAU(x,0) (5.2)

enjoys the following identity

/ WAU@wW¢my=@v—aA+m/’U@um—AfﬂUummx
R

Proof. By taking the Fourier transform in the x variable on (5.1) we arrive at

—_— 2 ~
0BT (60) = (- IeP1a+ 5 ) Tiew)

= — €T (&,9) + 31€1 Ty (€, 1) — 3IE12 Ty (& 1) + Ty (€, )-

Thus, we obtain an ordinary differential equation of order six for each value of £. Again
from the form of (5.3) we now consider the ODE

¢ — 36 +3¢" — =0 (5.4)

(5.3)

with ¢ € W32(]0, +00)). It is an easy computation to verify that any solution ¢ to (5.4)
satisfying the initial conditions ¢(0) = 1, ¢’(0) = 0, and ¢’ (0) = —\ must be of the form

A+ 1

2 )ﬂ e’

¢(y) = 1—02—(202+03—1)y— (202+203+O4—
+ (C1 + Coy + Cy?)eY

for some constants C7, Cs, and Cj3. If, in addition, we assume that ¢ is bounded, then we
find that C; = Cy = C3 = 0, which then implies that

$(y) = (1 +y+ _/\; 1y2)e‘y.

Hence we have just shown that there is a unique bounded solution ¢ to (5.4) satisfying
#»(0) =1, ¢’(0) = 0, and ¢" (0) = —A. Furthermore, by direct computation, we get

400
/ [( —p+¢") + (=9 +¢<3>)2]dy =3)\% -2\ + 3.
0
Now from (5.3), it is easy to verify that

U(€,y) = u(©)o(|Ely)

with 9,U (€, y) = [€[a(€)¢' (|€]y) and DU (€, y) = [€[*@(€)¢" (|&]y)- This is because by
taking the Fourier transform the boundary 9, U (x,0) = 0 becomes 9, U (£,0) = 0 and the
boundary 97U (x,0) = AA, U (x,0) becomes 9;U (§,0) = —A[£[PU (¢, 0).

We now compute [gn+1 [VAU(x,y)|*dzdy. We notice that
+

VAU (z,y)]* = |Va [AU(z,y) + 8§U(m,y)] ’2 + (0y[AU (2, y) + ajU(x,y))Q.
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Thus, by the Plancherel theorem, we obtain

Je

1
(2m)"

+o0 . R )

+oo N R 9
VAU ety = [ [ JeP(— €060 + G0(E ) dude

n
+

o0
—ar | L RO (= olel) + o ly) "y

+oo
oo | L R (= o et + 0 €l e

3N +2)0+3
CLE

=(3M\* + 2\ +3) / Ul(z,0)(—A)2U(z,0)da.

+

/ €Pa(e) 2dyde
Rn

n

The proof is complete. O

We now use Proposition 5.1 to prove Theorem 1.3, namely, the following inequality
holds

3X2 -2\ +3 L) s/ =¥ = < A 2dad
(BA% =2\ + 3) 2wy |U(x,0)]7=5 da < VAU (z,y)|*dedy
F(T) R Ryt

for any function U satisfying the boundary conditions in (5.2). Indeed, let us consider the
following minimizing problem

inf |V Aw|?dz, (5.5)

w n+1
Ry

over all w satisfying (5.2). It is well-known that that Problem (5.5) is attained by a function
W in Ri“, which satisfies all assumptions in Proposition 5.1. Therefore, we obtain from
Proposition 5.1 the identity

/ VAW (2, ) Pdady = (332 — 22+ 3) | W(a,0)(—A)Y/2W (z, 0)da.
Ri+1 R”
Making use of the fractional Sobolev inequality (1.6) to get

r n+5
W, 0)(~A)*2W (, 0)dz > rgnz5;

n—>5

w,i/"( / |W(x,o)|%dx) " (5.6)

Hence we have just shown that

n+5

reee 2n o
@2 - 20+ g2l ([ W o) T < [ vaw ey Py
P(T) n RiJrl

n—>5

which yields the desired inequality since W is the optimizer for the problem (5.5). Clearly,
equality in (1.16)y holds if, and only if, equality in (5.6) occurs, which implies that U must
be a triharmonic extension of a function of the form

c(p+ 1€ — zo2) "2,

where c and p are positive constants, £ € R", 2y € R", and U also fulfills the boundary
condition (1.15).
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5.2. Neumann boundary condition for extensions. As in the Sobolev trace inequality of
order four established in Theorem 1.2, to obtain a correct Sobolev trace inequality of order
six, we need to take care of Neumann boundary conditions. The way to find correct bound-
ary conditions is to look at the Sobolev trace inequality of order six on R"™. Following this
strategy, let us recall from (1.16), /3 the trace inequality

= 2 Lwoim V(x,0 "5 dw) < / VAV (z,y)|*dxdy
sres ([ veol [ AV

satisfied by any function V satisfying the following Neumann boundary conditions
1
9,V (x,0) =0, 92V (x,0) = gAmV(a:,O). (5.7)

It is worth noticing that the boundary condition (5.7) is slightly different from that of
[CY17, Theorem 3.3]. This is because following the calculation in [CY17], it would be
2 -
9,V (x,0) = (1/5)A;V (z,0).
As in the proof of Theorem 1.2, given f € C°°(S™), we consider the minimizing

problem

inf / |V Aw|?dz, (5.8)
Bn«i»l

wEWf
where

n —

2

Y (n—>5)(n—6)

5 1~
Wy ={wsw . Q2wlse = SAf +

1}

(5.9
It is well-known that that Problem (5.8) is attained by a function v in B™*!. In other words,
v is a smooth extension of f on B" T satisfying

Sn

Ay =0 inB" !,

n—295 n
Ov=——5—1 onS", (5.10)
33vzéﬁf+wjv on S™.

We shall soon see that our choice for the boundary conditions in (5.9) is correct. Keep
following the idea used in the proof of Theorem 1.2, we define

V(z,y) = (vo B)(a,y)®"=
Applying Proposition 2.6 for k = 3 gives

n+7

AV (z,y) = (A%)(B(z,y)® = .

By a similar computation leading us to (4.2), we deduce that

n—>5

oV (z,0) = — [(3yv)(3(x,0)) +— U(B((E7O))j| (@)”53

Consequently, the first boundary condition in (1.17), namely

n—>9

Sn:_ f

0y
v 2

is equivalent to the following boundary condition

0,V (z,0) =0,
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which is coincident with part of (5.7). Next we compute the second order derivative 8§V.
Indeed,

n—>5

02V (w,y) =02(vo B)®™F +20,(vo B)9, "% + (vo B)20™ s

n—>5

=[0},v(B)0,B'0,B’ + 0)v(B)0,B*| ">
— (n—5)0;0(B)d,B (1 +y)®">"

(n=5n=-3 5)4(” =3 y(B)(1 + g0 — " 5 O o(B)D .

Keep in mind that 9, B*(z,0) = —(2/(1 + |z|?))B*(x,0) forall 1 <i < n+ 1, that

8 iy
e

+_

. 2 .
2B (x,0) = ———— B(x,0
y B'(2,0) 1+ [af? (0) +

fort =1,2,...,n, and that
4 8

nz T 2

1 +[z?)? 1+ [z[?)
2 2

1422 1422

2 pn+1 n+1
92B™ (2,0) = ;B (2, 0)

Bn—H(aj, O) +

8
— — ____pntl 0).
Trepe’ @0

Then we can verify
) ; 2pk _[52
02 ju(B)0, B0, B’ + dyv(B)02B" =[02v(B) + 20,v(B)] (W)

2
+ [an+1U(B) - al,'U(B):I W
and
2
1+ |z|?
at (,0). Hence, with the fact that [0, v(B) —0p41v(B)|(1+]z[*)/2 = (Vu(B), (z, -1))
at (,0), we obtain

0;v(B)0,B'(1 +y) = —0,v(B)

dZv(B(x,0)) + (n — 3)d,v(B(z,0))
— (Vo(B(x,0)), (z,~1))

2 3
V@0 = =903, gy ) (i5pp)

v(B(2,0)(1 + [z]?)

n—1

n—>5
4

We now compute AV (x,y) in terms of v. Clearly,

AV = A(voB)®"* +2V(vo B)-V®" T +v(B)A®" 7.
Again by Lemma 2.1, there holds

n—>5 —'5 n—2= n—>5 n—3a
Vo :_”2 (2,1 +y)d 7, AT = —2(n—5)d"7 .

Thus, as in (4.4), we have just computed

AV =[Av(B) — (n = 1)(Vo(B), (z, —1 — y))]®“F
+ (n—5)(Vu(B), (z,—1 — y))® T —2(n — 5)v(B)d "2 (5.11)

n—1 n—1 n—3

=Av(B)® 2z —4(Vu(B),(z,—-1—y)® 2 —2(n—5)v(B)d 2 .
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In particular, we obtain from (5.11) the following

L Av(B(,0)) — (Vo(B(z,0)), (z, ~1))

1 4 2 =
AV 0= (1 L2/
! Ty 5U(B($»0))(1+|$|2) (1+| | )
Thus
iAv(B(x,O)) — 9;v(B(x,0))
P2V (,0) = JAV(2,0) — | — (n = 3)9,0(B(a.0) (Tf%F)T:
_ WU(B(Q;,O))

Note that A is the Euclidean Laplacian in R+, therefore we obtain
Av(B(z,0)) = 02v(B(,0)) + nd,v(B(z,0)) + Av(B(z,0)).
Hence, if v satisfies the boundary condition (1.17), namely
n—>5 (n—5)(n —6)
2 6
and because B(z,0) € S™, then we immediately have

Av(B(z,0)) = 40%v(B(x,0)) — (n — 3)(n — 5)v(B(x,0)).

We now plug in the preceding formula for Awv into the formula for 8§V to get

1~
auv|Sn: - f7 83’U|Sn: gAf+ fa

1 1 1
2 _ _ 2
9,V (z,0) = ZAV(w,O) = ZAmV(m,O) + ZayV(a:,O),
which, again, is coincident with the remaining part of (5.7).

From this finding and in view of (5.10), to obtain Sobolev trace inequality of order
six, we could apply the trace inequality (1.16); /3 for V. In other words, the desired trace
inequality on B" " could be obtained from the transformed trace inequality on R’frl as
before. However, it does seem to us that the analysis of this approach is rather involved.
Inspired by the second approach based on spherical harmonics for proving the trace in-
equality of order four on S™, we adopt this approach to prove the trace inequality of order
six on S™ and this is the content of the next subsection.

5.3. Sharp Beckner type inequality of order six on B"*1. Let f € C°°(S") and let u
be a triharmonic extension of f in B! satisfying certain boundary conditions as in (1.9),

namely
dou=-""03p o= Ry D20, (5.12)

on S™. As in the previous section, we shall work with the spherical harmonic decomposi-
tion

flw) = Yi(w),
k=0

where w = x/|z|. As always we decompose u to get

u(z) =Y frlr)Ye(w).
k=0

Hence, it follows from (5.12) that the coefficients f, satisfy
Lifiy=0
for any r € [0,1) and definitely f(1) = 1. Solving the above differential equation gives
fe(r) = e (B)rF + co(k)r* T2 4+ cg(k)rk+d
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for some constants ¢; (k) with ¢ = 1,2, 3 to be determined. In fact, these constants can be
computed explicitly by using the boundary conditions in (5.12) as we shall do. Indeed, the
condition v = f on S™ implies that
Cl(k) + Cg(k‘) + Cg(k) =1
for all & > 1. Now the condition 9,u = —((n — 5)/2) f on S™ tells us that
n—>
2

while the condition 92u = (1/3)Af + ((n — 5)(n — 6)/6) f on S™ gives

k(k—1)ci(k) 4+ (k4 2)(k 4+ 1)ca(k) + (K 4+ 4)(k + 3)cs(k)
kn—1+k) (n—>5)(n—6)

3 + 6 '

kep(k) 4+ (k4 2)ca(k) + (K +4)ces(k) = —

Putting these facts together, we compute to get
(n+142k)(n+ 3+ 2k)

C1 (k‘) =

48 ’

o) = — (n—5+2k;in+3+2k)’
_(n—5+2k)(n -3+ 2k)
Cg(k‘)— 48 .

Now we use integration by parts and the triharmonicity of u to get

/ |VAu|?dz = — AuA*udz + Aud, (Au)
]Bn+1 Bn+1 Sn

:7/ uAgudz—/ A%ud,u
Bn+1 n
+/ u@D(A2u)+/ Aud, (Au)

:7/ Azué)l,u+/ ud, (A%u) + [ Aud,(Au).
n n S§n

Recall that
u(z) =Y [er(k)r* + ca(k)r* 2 + e5(k)r* ] Vi (w),
k=0

which implies that

n—5 w—

dyulg, = 5 ZYk(w)
k=0
that
=2 [(n+1+2k)ea(k) + 2(n + 3 + 2k)cs (k)r?]r* Vi (w),
k=0
that
Oy Auly, =2 Z (n+ 1+ 2k)ea(k) + 2(k + 2)(n + 3 + 2k)c3 (k)| Vi (w),
that
A’u(z) =8> (n+1+2k)(n+ 3+ 2k)cs(k)r* Vi (w),
k=0

and that

NE

A%y, =8> k(n+1+2k)(n+ 3+ 2k)cs(k)Yi(w).

E
Il

0
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We are now in position to get

/ |V Aul?dz
Bn+1

1 o0
:%Z/ (n — 5+ 2k)2(12k? + 8kn +n? — 6n + 9)(n + 3 4 2k) | Vi |2 dw.
O n

(5.13)
Now let 0 < s < n/5. We define the function F on R" by

—5s

F(z) = f(S()Ts ().

/|f|n2_%sdw:/ |F|=5% dx
n R’Vl

and as in (3.12) we still have

5s I'(k+n/2+ 5s/2)
/nF(x)( AR kz I'(k+n/2—5s/2) /S" Vel ()

Then we have

We now use the fractional Sobolev inequality (1.6), the preceding identity, and (5.13) to
get

8 (e 55/ =
2 _ s/n n—ts d|
3T(255e) (/ 7l w)
8 o= I'(k +n/2 4 55/2) )
<< VAR
3kzzor (T /2 —5s/2) Jou Vel
8T'(k+n/2+5s/2)

3T(k +n/2 — 5s/2)
|Yk|2dw.

= VAu|?dz +
/Bnﬂ| ul|*dz Z

1 2
2| = sen=5+2k2(n+3+2k) | J.

x (12k* + 8kn + n* — 6n + 9)
(5.14)
Thus, we are in position to state the following sharp Beckner type inequality of order six
on S".
Theorem 5.2. Letn > 5and 0 < s < n/5. Let f € C°°(S™) and v be a smooth extension
of f to the unit ball B"'H satisfying the boundary conditions
n—>9

2
oo, = Ry =0

Suppose that f has a decomposition on spherical harmonics as f = > - v Yr(w). Then
the following inequality holds

8F n+53 n n5b
= 5s/n / |f|75 S%dw) g/ |VAv|?dz
IBWL+1

f,

Dyvlg, ==

3F(n 5@
8T (k +n/2 4 5s/2)
o | 3T(k+n/2—5s5/2) (5.15)
1 2
+,;J — 5 (n =5+ 2k)*(n + 3+ 2k) /Sm|Yk\ dw.

x (12k? + 8kn 4+ n? — 6n + 9)
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Moreover, equality in (5.15) holds if, and only if, v is a triharmonic extension of a function
of the form
C‘ 1- <ZOa €>|*(’ﬂ*58)/2,

where ¢ > 0 is a constant, £ € S™, and z is some fixed point in the interior of B"+1.

Proof. Let f € C°°(S™), it is well known that the minimizing problem (5.8)

inf / |VAw[*dz
w o Jpn+1
under the constraint w € %} with #} is given in (5.9) is attained by some function w.

Clearly, A3u(z) = 0in B"*! and u = f, ,u = —((n — 5)/2)f, and O2u = (1/3)Af +
((n —5)(n — 6)/6)f on S™. The inequality (5.15) then follows from (5.14) and the fact

that
/ |VAu?dz < / |V Av|?dz
Bn+1 Bn+1

since u is a minimizer. Finally, the equality case in (5.15) can be obtained by following the
argument used in the proof of Theorem 3.2. (|

It is worth noticing our choice of the coefficient (8/3)I'(2428) /T (12558 )™ appear-

ing on the left hand side of (5.15) comes from the similar coefficient of the left hand side
of (1.14).

5.4. Sharp Sobolev trace inequality of order six on B”*': Proof of Theorem 1.4. Now
we use the Beckner type inequality of order six (5.15) to derive the sharp Sobolev trace in-
equality of order six (1.18) on S™. To this purpose, it is necessary to compute [, (A f)?dw

and [, |V f|2dw in terms of spherical harmonics. Since f(w) = Yo Yi(w), we obtain

== k(n—1+k)Yi(w),
k=0

which then implies that

/ (Af)2dw = Z k2(n—1+ k:)z/ V2 |* (w)dw. (5.16)
Sn =0 sn

In a similar way, we compute
¥ fPdw = —/ A fdw = Zk(n g k)/ Vil @)dw.  (5.17)
Sn Sn k=0 S§n

We now let n > 6 and select s = 1in (5.15) to get

8T (™45 =
S)w/ / |f|" de </ |V Av|?dz
3F n2 ) Bn+1

8T(k+n/2+5/2)
3F(k+n/2—5/2) (5.18)

2
kX: - n—5+2k) (n+3+2k) | Jou Vil *(w)dw

(12k2 + 8kn 4+ n? — 6n +9)

When transferring back the above Beckner type inequality into the correct sharp trace in-
equality (1.18), the right hand side of (1.18) must contain all lower order terms fSn (Af )de,

Jsn V f|2dw, and Jsn

2dw. Therefore, it is necessary to recast the coefficient of the term
y
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Jsn [Y|?(w)dw in (5.18) in such a way that it only consists of the term k(n — 14 k). With-
out using any computer software, tedious computation shows that

8I'(k+n/2+5/2) 1 ) , ,
3 —qp\t— 2 2k)(12 —
3T(k+n/2—5/2) 36(n 5+ 2k)“(n + 3+ 2k)(12k* + 8kn +n” — 6n +9)

1
=15 [4(n+3)k(n— 1+ k) + (n — 3)(n* + 4n — 9)]
X [4k(n =1+ k) + (n+3)(n—5)].
This, (5.16), and (5.17) give us the desired inequality (1.18), namely
8 I\(n+5) 5/n on 7;;5
31"(71 5)w ( - |f|" ‘)dw)

</ |VAv|2dx+W/ (Af)dw
]Bn+1 n

A(n® +n?2—2Iln—9 -
Gl 5 n—9) IV Pdw +cn | |f|Pdw
Sn Sn

with ¢,, = (n — 5)(n — 3)(n + 3)(n? + 4n — 9)/18. Clearly, equality in (1.18) holds if,
and only if, equality in (5.15) with s = 1 holds, namely, v is a triharmonic extension of a
function of the form

el = {20, )72,

where c is a constant, £ € S™, and zg is some fixed point in the interior of B"*!, which
also satisfies the Neumann boundary conditions. The proof is complete.

5.5. A Ledebev-Milin type inequality of order six on BS. In the last part of this section,
we treat the limiting case n = 5. Our aim is to derive a Ledebev—Milin type inequality of
order six. To this purpose, we follow the strategy used to obtain Theorem 4.2.

Suppose that f € C°°(S%) with fs5 fdw = 0 and let v be a smooth extension of f in
BS. As before, we decompose f in terms of spherical harmonics to get

f=Y Yiw)
k=1

Note that the function 1 + 2(1 — s)v is also a smooth extension of 1 + (1 — s) f in BS
and ws = 3. Therefore, we can apply Theorem 5.2 to get

515s = 1—s
st (] w) -]

g(gu = s)) /E |V Av|2dz
8L'(k+ (5+5s)/2)

+ (g(l — s))zz ék T(6-59)/2) / |V, | dew
k=1 —k*(k +4)(3k* + 10k + 1)

1—|—5(1—s)f

Nej

which implies

I 252 )

_ (8T(k+(5+59)/2)
VAvdz + G il
/Be k=1 %k (k +4)(3k* + 10k + 1) /S
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Dividing both sides by (1 — s)? and making use of I'(%52%) = (5/2)(1 — s)I'(252

R (5 [ (22 Ty
=2) 1 —sl\7m° Jgs
: 8T(k+ (54 5s)/2)

16 2 /|VAU| dz—i—z 3F8’“+ (5 —55)/2) /|Yk| dos
k=1 9k2(k+4)(3k2+10k+

£) to get

Note that
8T (k+ 5%5%) 3
li 2 Zk2(k+4)(3k%+ 10k + 1
slfml(sr(wrf’—”) gh (k+BR" + 10k + )>

= < [32(k + 4) + 72] [4k(k + ).

for any k£ > 1. Hence letting s * 1, we obtain

L[ s 15 )
241og (773 /35 dw) ST 3/ |VAv|*dx
15 64 ~
+ o | / Af| dw+16/5|Vf| o]

for any smooth function f with fSS fdw = 0. For general function f, we apply the previous
inequality for f — 73 Jss fdw to get the following theorem.

Theorem 5.3 (Lebedev—Milin inequality of order six). Let f € C°°(S®) and suppose that
v is a smooth extension of f to the unit ball BS. If v satisfies the boundary conditions

aVv’SS :07

1~
Vlgs :gAfv

then we have the following sharp trace inequality
1 5 5 ~
log (— [ €/d VAv|*d / Af2d
©8 <7r3 /Ss o 1287r3  \VAvPde + 3o | IASdw

~ 5
—_— 2 —_
+87r3 /S5 [V f] dw+7T3 /S5fdw.

Moreover, equality in (5.19) holds if, and only if, v is a biharmonic extension of a function
of the form

(5.19)

C—= IOg |1 - <Z07§>|a
where ¢ > 0 is a constant, £ € SP, zy is some fixed point in the interior of BS, and v fulfills

the boundary conditions 8,v = 0 and 0%v = (1/3)Af.

We note that the coefficient of the two terms in the middle of the right hand side of

(5.19) is a multiple of cél) and c?) given in (1.19), respectively. Clearly, Inequality (5.19)

can be rewritten as follows

1 E(f_TF 5
5(f—f 2
log( /o ( )dw) <1287r3 /]B;6 |VA’U| dx

5) ~ ) =
— Af|?d — 2d
+ 1873 /Ss (AT dw + 83 /Ss IV dw

where f is the average of f, which is 73 fs5 fdw.
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6. SOBOLEV TRACE INEQUALITY OF ORDER EIGHT AND BEYOND

In the final part of the paper, we would like to emphasize that sharp Sobolev trace
inequalities of lower order can be easily derived using our approach. As demonstrated
in Section 5 for the trace inequality of order six, we present in this section sharp trace
inequalities of order eight on B"*! and on Rfﬁ“.

The strategy is as follows. At the beginning, we have to look for a sharp trace inequality
of order eight on R’ffl. In view of the boundary conditions in (1.15),, there is an ex-
tra boundary condition involving the third order partial derivative 83U (2,0). Our choice
for such a boundary condition again comes from [CY 17, Theorem 3.3]. Our sharp trace
inequality on Riﬂ reads as follows.

Theorem 6.1 (Sobolev trace inequality of order eight on RT'l). Let U € W4’2(R1+1)
be satisfied the Neumann boundary condition

9yU(2,0)=0, 0:U(x,0) = AAU(x,0), 03U(x,0) =0. (6.1)x
Then we have the sharp trace inequality
T(nt? " n=t
(2002 — 8A + 4) <n37>w;/n(/ U (z,0)| n277dx) < / VAU (z, y)|2dzdy.
I(*z) " R

(6.2)x

Moreover, equality in (6.2)y holds if, and only if, U is a quadharmonic extension of a
function of the form

c(l + |z — xo|2)7(n77)/2,

where ¢ > 0 is a constant, x € R, xg is some fixed point in R", and U fulfills the
boundary condition (6.1).

The proof of Theorem 6.1 is almost similar to that of Theorem 1.3; hence we omit it.
Next we want to determine \. The way we look for ) is to solve the equation 20\? — 8\ +
4 = 16/5. The constant 16/5 comes from the constant ¢4 where ¢, is already given in
(1.13). Via the conformal transformation B, we need to determine appropriate boundary
conditions from (6.1); 5.

Our sharp trace inequality on B! reads as follows.
Theorem 6.2 (Sobolev trace inequality of order eight). Let f € C°(S™) withn > 7

and suppose v is a smooth extension of f in the unit ball B, which also satisfies the
boundary conditions

n—7
auv sn T T ?fu
1~ (n—T7)(2n — 15)
2 _= 6.3
Opvlg, =g AF + 0 f, (6.3)
3(n—5)~ (n=5)(n—"7)(n—15)
3
8VU sn 10 f 20 f
Then the following inequality holds
1677

5 D(eT) ( oo ] o)

g/ \A2v|2dx+d$}>/ |€£f|2dw+d$?>/ (Af)dw (64
B”+1 n

n

+d$§>/§ |%f|2dw+d5;*>/S |F[2dew
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with
8
L _°
dn 25 (571 + 1)7
1
d® :27(30713 — 54n? — 542n — 490),
15 (6.5)
d® :%(1@5 — 57n* — 482n3 + 582n2 + 43251 + 10485),
1
d® =555 = D+ 5)(5n° — 19n* — 74n® — 26n? + 615n + 3135).

Moreover, equality in (6.4) holds if, and only if, v is a quadharmonic extension of a function
of the form

Foo(8) = |1 = (20,&)|7("~ /2,

where ¢ > 0 is a constant, ¢ € S", zy is some fixed point in the interior of B" 1, and v
fulfills the boundary condition (6.3).

To prove Theorem 6.2 we first establish a Beckner type inequality in the same fashion
of Theorel}vl §.2. To achieve that goal, we note that there is an extra work to consider the
term [.,, [VA f|?dw. Using integration by parts, there holds

| AP =~ [ (&5 (B2 ).

While the spherical harmonic expansion involving A f is already computed in (4.19), the
spherical harmonic expansion involving A2 f is nothing but

A%y = K2 (n+ k —1)%Y;.

This is because AY), = —k(n + k — 1)Y;. Thus,

/ IVAf|Pdw = Zk?’(n -1+ k)3/ V3| (w)dw.
" k=0 sm

Putting all these information together, we eventually obtain an estimate similar to (5.18),
however, there are terms with higher order derivatives. Furthermore, the coefficient of
Jsn [Yi|?dw becomes

60(k+n/2+7/2) 1
5 T(k+n/2—7/2) 100
80k5 + 160k*n + 120k3n2 + 40k*n> + 5kn?
— 208k* — 336k3n — 192k*n? — 44kn> — 3n?
— 184k3 — 136Kk%*n + 2kn® 4 12n3 + 912k>
+ 732kn + 138n% — 375k — 2851 — 1680

(n+5+2k)(n— 7+ 2k)

Finally, it remains to recast the above coefficient in terms of powers of k(n + k — 1). A
detailed proof of Theorem 6.2 is left for interested readers.

Up to this position, one can ask if there is a sharp Sobolev trace inequality of any or-
der on B"*1. In principle, our approach is easy to implement, but boundary conditions of
higher orders, like (6.1) and (6.3) for order eight, are not easy to derive. Jeffrey Case sug-
gests us to compute boundary conditions from the paper of Graham and Zworski [GZ03].

Finally, we put here a Lebedev—Milin inequality of order eight, whose proof is also left
for interested readers.
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Theorem 6.3 (Lebedev—Milin inequality of order eight). Let f € C°°(S”) and suppose
that v is a smooth extension of f to the unit ball B2, If v satisfies the boundary conditions

8Vv|S7 =0,
2 1~
81/U|S7 :5Af,
3(n—29)~
83U|S7 = — (170)Af

Then we have the following sharp trace inequality

3 7
log (= [ e™d A?
o8 <7r4 /§7 w) ST7st Jy 2

90 4/ |Af? dw+90 4/ IV /] dw—f—f/ fdw.
(6.6)

2dw

Moreover, equality in (6.6) holds if, and only if, v is a quadharmonic extension of a function
of the form

6710g|1 - <207£>|7

where ¢ > 0 is a constant, £ € S7, zq is some fixed point in the interior of B8, and v fulfills
the boundary conditions 0,v = 0, 0>v = (1/5)Af, and 93v = —(3(n — 5)/10)Af.

We note that, and as always, the coefficient of the three terms in the middle of the right
hand side of (6.6) is a multiple of d(71), d(72), and d(73) given in (6.5), respectively. Clearly,
Inequality (6.6) can also be rewritten as follows

3
1 7(f=7F) 2 / X
Og( /S7 dw) 17287r4 e “olde + 150 i | [VAfPd

dw,

907r4
where f is the average of f over S”, which is (3 / T fS7 fdw.
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APPENDIX A. PROOF OF PROPOSITION 3.1

This appendix is devoted to a proof of Proposition 3.1. To proceed, we first observe that
oy, and (3, are solutions to

e +k+b)X+% 0;

X?—(

thanks to & + b > 0. If we denote by f(X) the left hand side of the preceding equation,
then it is not hard to verify that f(—1) > O since b > —1 and f(b — 1) > O since b < 1.
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This fact and (n — 1)/2 + k + b > 0 imply that
ar+ 1,8+ 1, a,+1—-0b,6.+1—0b>0.

Obviously, A(0, k) = k for any k. In our proof below, we will use the Gaussian hypergeo-
metric functions to describe the functions f; see [AS64, Chapter 15]. Resolving (3.8) for

fr gives
r2(L—r?) fi (r) + (n — (n + 26)r®)r fi (r) — ci(1 = r?) fi(r) = 0.
Using the following variable change f,(r) = g (r?), it is easy to verify that gj, solves

n+1l n+1+2b c
(1= gl (1) + (F5— = ) tgh(t) — S = () = 0.

We now further change gy (t) = t*/2h;(t) to get the following equation

142k 14+2k+2b kb
1 () + (" 2+ T *2 O LUE () =0.
Recall that b2k — 142 kb
n _
o+ Py =———"F7——, b= —.
2 2
Denote ok 1 1
+ 2k +
’yk:nf:o&kﬁ’ﬂkﬁ’l*b.

Hence, solving the hypergeometric differential equation satisfied by hj, gives
hi(t) = CLF (a, B i3 t) + Cot' ™ Fag — v + 1, B — e + 12 — 73 1),
for some constants C; and Cs. Note that in the preceding formula, F' is the Gaussian
hypergeometric function; see [AS64, Section 15.5]. Since b < 1, we deduce that ~y;, >
ag + Br. Now, replacing hy(r?) by 7% fi.(r) gives
fe(r) = Cor* F(on, Brs v r?) + Cor' ™ T Fak — i + 1, Bk — 6 + 1,2 — i 7).
Keep in mind that f;(r) = O(r*) when r is near 0. From this it is immediate to see that
C5 = 0, which then implies
fu(r) = Cyr"F (o, Bri i r?).
Now the condition fj(1) = 1 tells us that C; = 1/F (o, Br;Yk; 1) and in terms of the
Gamma function, we obtain
(v — o) (v — Br)
L ()T (v — ok — Br)’
see [AS64, 15.1.20]. Using the differential formula [AS64, 15.2.1] and , we get
Je) k=1 P, B s r?) + 2208 b 1 Liye+1i72). (Al
Cl = RT akaﬁk77k1T)+ Vi r (O(k-'- 7/8k+ 77k+ 7T)' ( )
Depending on the size of b, we have the following three cases.

The case b > 0. In this case, we apply the linear transformation formula [AS64, 15.3.3] to
further decompose f;, from (A.1) as follows

fi(r)
Gy

:krk_lF(alm Bka Yk TZ)

a3 _
+ 27];;7”“1(1 — 1) F (e — age, v — Bios e + 1,7%),

which then implies

(5) 262 —(50) o)

_. kb
+2 b%rk“F(w — Qs e — B e + 1312),
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Keep in mind that vy, +1—(yx —ax+vx —Fr) = b > 0, hence F (v —ag, v —Br; e +1;1)
exists; see [AS64, 15.1.1(a)]. Therefore, we can send r to 1 to get

b I'(v — o)l (vk — Br) kb D(vi + DI (e + B + 1 — )
D(ve)D(ve — ar — Bi) vk D(ag + DT(Br+ 1)
(

(

r—1 2

lim (1 _r2)bf,'€(r) =2

yLA+D LB+ 1D t1=b) 0

2P0 =1) Tt DTG+ 1)

as claimed.

The case b < 0. In this case, we decompose f;, from (A.1) as follows

! kb
Jilr) v EF (o, B i m°) + — Fag, + 1, By + Ly + 1;77)
Cl Yk
(A2)
_ kb ok

5 (1—TQ)F(ak+1,5k+1;7;€+1;r2).
k

In the sequel, we consider the behavior of the first term on the right hand side of (A.2)
ast 1. This is because after multiplying both sides by (1 — r2)® the second term
is negligible as ¢ * 1 due to the term 1 — 2. We now apply the linear transformation
formula [AS64, 15.3.6] to get

kb
k

_ ['(y)l(1 =)
Ty — o) (v — Br)
1— F(’Yk)r(b - 1)
NS VP
kb D(y +1I(=b)
Ye T(ve — o) (v — Br)

kb T(yk + DI(b) » L
S Tlor £ DTG + 0~ 07 F Ok = e = B 1 = b1 =),

F(ag, Br; b1 —1t)

F(ye — oy — Br; 2 — by 1 — t)

Flag+ 1,8k +1;1+b;1 —1¢)

Observe that

Lol -b) b Tlw+DI(H)
C(ve —ax)T(w — Br) e Dlwe —an)Tlwe — Br)

Hence by the definition of the hypergeometric series, we deduce that

kF(O”ﬁﬂka’yk?t) + %F(O{k + 17ﬂk =+ 1’ Yk —+ 1, t)
L(y)I'(1 — b) (@k)n(Br)n (L= )"
7

Plye —an)l(ye = Bk) 51 (0w n!

ok _t>1—bWFm e — B2 — b1 — 1) (A3)
BTt DPCH) g~ (ot Dot D (-1
e Ty — )T (e = Br) (140)n n!

kb T(y + 1L (b)
Y Do + D(Br + 1)

(1 =t)""F(y — ar, ve — Br; 1 = b; 1 — 1),
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From this, it is immediate to see that the first three terms on the right hand side of the
preceding identity is of class O(1 — t). Hence, by (A.3), we obtain

kb
EF (0,8 v t) + TF(% + 1,8+ L+ 1;t) =0(1 —t)
k

kb T(y +1)I(b) n(Ve = Br)n (1 —1)"
%F(ak+1)r([3k+l) (1=9" {1+Z 1,1)) nl D

n>1

which also implies that
kb
RE (e B s )+ F (e + 1, B+ L + 158)
k

kb T Db
Y Dk + DB + 1)
thanks to —b > 0 and the fact that F'(ax + 1, 8, + 1, 7% + 1,0) exists because v + 1 —

(Bk + 1+ ap + 1) = —b > 0. This together with (A.2) yields

L l—r? _o-tkb  T(w +DI(0)
PE%( )fk() bykf‘(ak—l—l) L(Be + 1 )O1 A, ).

The case b = 0. This case is trivial because in this scenario u is simply a harmonic
extension of f. Consequently, fi.(r) = 7* and therefore

lim fi(r) = k = A(0, k)

as claimed.

APPENDIX B. SHARP SOBOLEV TRACE INEQUALITY OF ORDER FOUR ON Ri“

As discussed in the introduction, (1.11) can be derived from a general result due to Case
by considering the model case (R, R", y~2(dz? + dy?)); see [Cas15b, Corollary 1.5].
In this appendix, we provide a new proof of (1.11). As usual,

&) = [ fl@e9de
R»
denotes the Fourier transform of f.

ere . . . 1
Proposition B.1. Given a function w € WY2(R"). Any function U € W>2(R}H)
satisfying

A?U(z,y) =0 (B.1)
on the upper half space RZ_H and the boundary condition
U(z,0) =u(z), 9,U(x,0)=0 (B.2)

enjoys the following identity

/ |AU (z,y)|*dedy = 2 / w(x)(—A)3 u(x)de.
Ri+l n

Proof. The existence and uniqueness of U solving (B.1) and (B.2) is standard. Now by
taking the Fourier transform in the x variable on (5.1) we arrive at

0= 50 () =(~ ¢ 10+ 25) Diew)

=[e[*T (€, y) — 21€PPTyy (€, y) + Uyyyy (€, v)-

Thus, we obtain an ordinary differential equation of order four for each value of £. Inspired
by (B.3), let us now consider the ODE

¢(4) —20"+6=0 (B.4)

(B.3)
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in (0,+oc0). From this, it is routine to verify that ¢ € H*((0,+00)). In particular, all
derivatives ¢(*) with i = 2, 3 vanish at infinity.

It is an easy computation to verify that any solution ¢ to (B.4) satisfying the initial
conditions

must be of the form
d(y) = (C1 + Cay)e ¥ + [(2C1 — O — 1)y — (Cy — 1) ]e”

for some constants C; and Cs. If, in addition, we assume that ¢ is bounded, then we find
that C; = Cy = 1, which then implies that

P(y) = (1 +yle".

Hence we have just shown that there is a unique bounded solution ¢ to (B.4) satisfying
#(0) = 1, ¢’(0) = 0. Furthermore, by direct computation, we get

+o0 9
| (moreyay=2
0
Now from (B.3), it is easy to verify that

U(&,y) =)o (&ly).
We now compute [pn+1 |AU(z,y)[*dxdy. By the Plancherel theorem and the relation
+
AU(&a y) = _‘5|2 U(€7 y) + U’l/’l} (65 y)» we Obtain

1
(2m)"

“+o0 9
/ AU (2, ) Pdedy = / / [ [EPaE)o(IEly) + IE12aE) 8" (Iely)] *dedy
RIH n Jo

= L =N 2 e _ 11 2
~ 2 /Rn €7 u(e) /O [ = o(1ly) + ¢" (1€]y)] " dyde
e GRS

n

)(=A)3 2u(z)dx.

I
T
3

8

The proof is complete. (]

We now use Proposition B.1 to prove (1.11), namely, the following inequality holds
(L3
2 (n23)w731/n</ ‘U(.’E,O)
INC R"

for functions U with 9, U(x,0) = 0. Indeed, for simplicity, we set u(z) = U(x,0). First
we apply the fractional Sobolev inequality (1.6) to get

n—3

%dz) " </ |AU (2, y)|2dxdy
R

n—3

r(*3?) 3/n 2n_ w
F(nT_S)wn (/n |u(z)| ==+ dl’) . (B.5)

WV

/ ) u(z)(—A)* u(x)dx

Then we combine the preceding inequality and Proposition B.1 to obtain the desired in-
equality. Clearly, equality in (1.11) holds if, and only if, equality in (B.5) occurs, which
implies that U must be a biharmonic extension of a function of the form

C(l + ‘f _ Z0|2)_("—3)/2’

where ¢ > 0 is a constant, £ € R”, zp € R", and U also fulfills the boundary condition
OyU(z,0) = 0.
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