INSTABILITY OF SOLUTIONS TO KIRCHHOFF TYPE
PROBLEMS IN LOW DIMENSION

NHAT VY HUYNH AND PHUONG LE

ABSTRACT. In this paper, we study the Kirchhoff type problem

{ -m (/ wy | Vul? daz) div (w1 |Vu[P~2Vu) waf(u) in Q,
Q

u = 0 on 09},

where p > 2, Q is a C' domain of RY, w,w, are nonnegative func-
tions, m is a positive function and f is an increasing one. Under some
assumptions on 2, wi, we, m and f, we prove that the problem has no
nontrivial stable solution in dimension N < N#. Moreover, additional
assumptions on 2, m or the boundedness of solutions can boost this
critical dimension N7# to infinity.

1. INTRODUCTION AND MAIN RESULTS

The aim of this paper is to establish the nonexistence of nontrivial stable
solutions of the Kirchhoff type problem

(1.1) —m (||ull,) div (w;|[VuP~2Vu) wof(u) in Q,
| u = 0 on 05},

1
where ||ulw, = ([, w1|VulP dz)?. Here and throughout the paper, we always

assume that

(i) p > 2 and Q is a (bounded or unbounded) domain of RY with C*!
boundary,
(i1) wy,wy € Li . (Q) \ {0} are nonnegative functions,
(iii) m : [0, +00) = R, m > 0 in (0, 4+00) and m € C*((0, +00)),
(iv) f : (a,b) — R is an increasing function and f € C'((a,b)) N
C%*((a,b) \ Z;), where —oo < a < b < +o00 and Z; is the set of
zeros of f.

Clearly, Z; has at most one element since f is increasing. We denote by
z¢ the unique zero of f when Z; # (.

Problem has the origin in a physical model introduced by Kirchhoff
in 1883. Indeed, Kirchhoff [19] proposed a model for vibration of an elastic
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string given by the equation

P, E [F
(1.2) Pl — (70 + Y7 i u? daz) Uy = 0.

Here p, Fy, h, E, L are positive constants which have the following physical
meanings: L is the length of the string, h is the area of the cross-section,
E is the Young modulus of the material, p is the mass density and F, is
the initial tension. This equation extends the classical d’Alembert’s wave
equation by considering the effects of the changes in the string length during
the vibrations. It is worth mentioning that equation (1.2)) received much
attention after Lions [28|] introduced a functional analysis framework for
the problem.

In problem (L.1)), w; and wy are usually regarded as weights, f is the
nonlinearity and m is the nonlocal term. Because of the presence of this non-
local term, the first equation in (1.1)) is no longer a pointwise identity. This
phenomenon causes some mathematical difficulties which make the study of
such problem particularly interesting. Moreover, due to the degenerate na-
ture of the weighted p-Laplace operator A, u = div (w;|Vu[P~?Vu) when
p > 2, solutions to this problem must be understood in the weak sense. It
was proved in the well known papers [627,[32] that the best regularity of
solutions to (I.1)) when p > 2 is C1*(Q2). The existence and multiplicity
of solutions to and related problems was studied intensively in recent
years via the variational method, see, for instance, [17}18}24}25,]29-31] and
references therein.

In this paper, we study solutions of (L.1)) in the following weak sense.

Definition 1.1. Let u € C*(Q) such that u vanishes on 9§2. We also assume
|tlw, < oo if m is not constant. We say that

(i) w is a solution of if
(1.3) m(HuHEZ}l)/w1]Vu]p_2Vqu0dx:/wgf(u)godx
Q Q

for all ¢ € C}(Q) which vanishes on 9%,
(i) u is a stable solution of (1.1 if u is a solution and

(1.4)
m(Jullz,) [ wn [[FaP-2Ve + ( — 2)[TuP~(TuTe)
Q

2
+pm’(|]u]|fvl) (/ wl\Vu’P—QVquodx> Z/wa’(u)¢2 dx
Q o)

for all € C!(Q) which vanishes on 0.
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Moreover, if Q = RY, then each solution of is called an entire
solution. We also call a solution nontrivial if it is not constant in §2. Since
we # 0 in €, it is clear from the definition that has no trivial stable
solution if f has no zero or m has no derivative at 0. Let us recall that
nontrivial solutions of may be found by searching for critical points u
of the associated energy functional

B(w) = M (ulE,) ~ [ weF(u)da,
p Q
where M(t) = fot m(s)ds and F(t) = fot f(s)ds, ie., E'(u)[¢] = 0. One
may also observe that can be rewritten as E”(u)[¢, ¢] > 0. Hence, the
stability condition translates into the fact that the second variation at u of
E' is nonnegative. Consequently, all local minima of E are stable solutions
of . For more mathematical background and physical motivation, we
refer to the excellent monograph [9] by Dupaigne and references therein.

This paper is concerned with nonexistence results, which are also called
Liouville type theorems, for problem . This type of theorem was first
established for bounded analytic functions by Cauchy [3] in 1844. From then
on, several Liouville theorems were proved for elliptic equations in bounded
and unbounded domains. One of the most well-known Liouville theorems
for nonlinear problems is the one in [14]. In this pioneering paper, Gidas
and Spruck proved that the Lane-Emden equation —Au = |u|?"!u has no
positive entire solution if 1 < g < gs(V), where

4+oo if N =2,
QS(N)I{

2N >2

is the Sobolev exponent.

There has been a recent surge of interest in Liouville theorems for stable
solutions of elliptic problems, mainly after Farina’s influential papers |10~
12|. Such results are important in studying extremal solutions (see 1] and
references therein), as well as in establishing Liouville theorems for a larger
class of solutions (see [5,/13] for example). In [10,|11], Farina proved that
the only stable entire solution of —Awu = |u|?"!u is the trivial one provided
that 1 < ¢ < g.(N). Here, g.(N) is the Joseph-Lundgren exponent (see [16])

defined by
(V) +00 if N <10,
de =\ N2_8N4448/N=T -
(N_;S(;\?_lo) if N> 11.

One may observe that ¢.(INV) > gs(N) and the assumption 1 < ¢ < ¢.(N)
4q+44/q(q—1)
q—1
for p-Laplace equations with or without weights and with several types of

is equivalent to N < + 2. Later, similar results were obtained
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nonlinearities. We refer to [5,21] for p-Laplace equations with Lane-Emden
nonlinearity, to [15,23] for negative exponent nonlinearity and to [2,[26]
for exponential nonlinearity. There are also some works dealing with more
general nonlinearities. For instance, we refer to [7,8] for equation —Au =
f(u) and to |2,20] for equation —A,u = f(u). One crucial assumption in
these papers is that f is nonnegative and convex, besides other assumptions.
A typical result in [2] is the nonexistence of nontrivial stable entire solutions
to p-Laplace equation —A,u = f(u) in dimension

p 2+ (DT +2/(p—1)y—(p—2)
p—1 (p—DI'—=(p—2)

under the assumption that f € C*(R) is a positive, increasing, convex func-

N <

tion and z%? <~< % < I'. A more general result was established recently
in [22].

Liouville theorems for stable solutions of Kirchhoff type problems were
also obtained recently by some authors. In [24], the authors proved that the
equation — (a + b [on |[Vu|?dz) = |2|*|u|¢" u in RV has no nontrivial stable

solution in dimension N < 2(p+2)gq(;r_”1;1(q_3)) +2if @ > —2 and ¢ > 3. Simi-
lar results were established in [33] for the equation — (a + b [y [Vu|?dz) =
h(z)f(u) in RY, where f(u) = e* or f(u) = |u|?'u. However, there is cur-

rently no result in literature for Kirchhoff type problems involving weighted

p-Laplace operators in general domains or general nonlinearities to the best
of our knowledge.

In this paper, we extend previous works by establishing Liouville theo-
rems for nontrivial stable solutions of for a very large class of nonlocal
terms m and nonlinearities f. We also deal with general C* domain Q C R¥
and nonnegative weights wy, wy in our problems. In order to state our main
result, let us denote by By the ball centered at the origin of RY with radius
R > 0. For ¢ € R, we define sign(c) = 1 if ¢ > 0 and sign(c) = —1 otherwise.
We also denote |U| the Lebesgue measure of U C RY and use the convention
fU i dr = 400 if w is a nonnegative measurable function which equals to
zero in a subset of U having positive Lebesgue measure. Our main result is
the following Liouville type theorem which can be seen as an extension of
some results in [2,4.[5,]11}22,24,33].

Theorem 1.2. Assume that there exist T > % -1, T > Z%?, v > giﬁ—:?
and o € (max{a,—1,(p —2)I' — p+ 1}, @), where
22/ D -1

a = _]-7
p+pr—1
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242/ (p+pr— (7 —1) +1

a = —1,
p+pr—1
such that the following conditions hold
t
(M) t— % is non-increasing in (0, 00),

ClFOF < vf () < f()f"(t) for some C >0 and all t € (a,b) \ Zy,

(F) [f1°% sign(f) € C*((a, D)),

W) lim ReO / w0 I g
R—+o0 QNBar\Br

(FW) Zy =0 orwy >0 a.e. in €,

(FD) Q=R"Y or f(0) =

Then problem (1.1)) has no nontrivial stable solution.

Remark 1.3. Since f € C((a,b)), we have |f|** sign(f) € C*((a,b) \
Zy). Therefore, one may observe that the assumption is automatically
satisfied if & > 1 or f has no zero. Moreover, assumption is satisfied if
one of the following two conditions hold
(i) I' > vy and
QLAY )2 < f(O)f"(t) STf(t)? for all t € (a,b) \ Z,
OV F(t) > 0if f(t;) <0 for some ¢ € (a,b),
7T f(t) > 0if f(t2) > 0 for some ¢y € (a,b),
(ii) v > T and
V() < f(t )f”(t) for all € (a,b) \ Zy,
=L f'(t) > 0if f > 0in (a,b),
7T f'(t) > 0if f <0in (a,b),
V() > 0if Zp # 0.

liminf | f(¢)]7 f/

t—sat

11m1nf|f( )
hmmf]f( )

—>Zf



6 N.V. HUYNH AND P. LE

Indeed, we have (|f(t)[7"f'(t))" = [f(t)f"(t) =TS O 1f ()T 2f (1)
Therefore, if f satisfies (i), then |f]~" " is non-decreasing in (a, ) and non-

increasing in (¢, b), where

a, if f>0in (a,b),
c=4b, if f<0in (a,b),
zf, otherwise.

Hence, f'(t) > C|f(t)|" and is satisfied. Otherwise, if f satisfies (ii),
then |f|~F f’ is non-increasing in (a, c¢) and non-decreasing in (c,b). Hence,
also in this case, f'(t) > C|f(t)|" and is satisfied. Let us remark that
assumption (i) appeared first in [2]. Some examples of increasing functions
f that satisfy (i) and (ii) are
e f(t)=[t|" ' in (—00,+00) where ¢ > 1 and ' =y = =,
e f(t)=—t%in (0,400) where g < 0 and I' = = %,
e f(t) =¢'in (—o0,+00), where ' = v = 1.

Now we consider the following condition on w; and ws:

(W) w(x) < ¢; and wi(x) <c ws()

o S o S 5 2 for a.e. |z| > Ry,

where ¢1,¢q2 € R and c¢q1,c9, Ry > 0. Clearly, this condition holds when

wy = || and we = |x|®.

Remark 1.4. Let
(P—q)T+a+1)—g[p-—2)L —p—a+]]
(p—DI'=(p—-2)

Then assumption (W) is satisfied if

N, =

] —Na —
R1—1>TOOR ’QQBQR\BR’—O

and (V') holds.
Indeed, since (p —2)[' —p—a+1 < 0 and

Tta+1 (p—2)T—p—a+1 m;p(fa;)l
w(pfl)rf(pfz)w2(p71)1u(p72) = w, (%) P P ’

1
w1

we have for R > R,

—p(T+a+1) E#i‘oﬁ%l . (p721)l"1:p7a;fl N
R&-T-G-7) / w DT E g O gy < CRN|QN By \ Bal.
QNBar\Br

In view of (W), we may get the following consequence from Theorem
1.2l
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Proposition 1.5. Assume (F'D), (FW)) hold, holds for some T >
i— L, (W) holds for some ¢1 € R, g2 > q1 —p, holds for someT" > z%?,
o> ﬁi—:? and holds for all « € (@ — e, @), where @ is defined as in
Theorem and € > 0. Moreover, assume that (p —2) —p—a+1 <0

and

(1.5) lim R0 N By \ Br| =0,
R——+o00
where
N#:p+q2—q12+(p+m—1)F+2¢(p+p7—1>(v—1)+1 4
p+pr—1 (p— 1 —(p—2) .

Then (1.1) has no nontrivial stable solution.

Remark 1.6. One may choose ¢ < N#* — N to see that is satisfied if
N < N#_1If f(0) = 0, then (1.5) is satisfied in one of the following cases
e () is bounded,
e () has finite Lebesgue measure and N# > 0,
e O C Rfxwand K < min{N# N}, where w C R¥"¥ is any domain
with finite (N — K')-dimensional Lebesgue measure.

Remark 1.7. The case that Q = RY, m =1 and wy = wy, = 1 was studied
in |2, Theorem 1.3|. However, in |2|, f must be positive and convex, b is not
allowed to be +00 and Liouville results there only apply to one-side bounded
stable solutions. Therefore, our statement in Proposition is new even in
this particular case.

Proposition claims that problem has no nontrivial stable solu-
tion in any dimension if €2 is bounded or 2 has finite Lebesgue measure and
N# > 0. It is interesting that even in the case Q = RY, we are still able
to establish Liouville theorems without any restriction on dimension N if
some suitable additional conditions on m or the boundedness of solutions

are assumed.

Proposition 1.8. Assume (F' D)), (FW) hold, holds for some T’ > ]’j%f,
v > 0 and (W) holds for some ¢1 € R, q¢o > q1 — p. Moreover, assume that

(1.6) t— tl_%m(t) is non-increasing in (0, 00).
Then (1.1) has no nontrivial stable solution.
Proposition 1.9. Assume = RY, holds for some T > % —1 and

(W) holds for some q1 € R, g2 > q1 — p. Moreover, assume that one of the
following conditions holds

(i) f>0in (a,b) and a = —o0,
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(i) f <0 in (a,b) and b = +o0

and there exists v > P72 such that
p+pT—1

v ()2 < f)f'(t)  for allt € (a,b).
Then equation (1.1) has no bounded below stable solution if (i) holds and

no bounded above stable solution if (i1) holds.

As applications of Proposition and Proposition [1.9] we derive the
following Liouville theorems for problem (1.1)) with Lane-Emden, negative

exponent, exponential or singular nonlinearities.

Corollary 1.10. (Lane-Emden nonlinearity) Let u be a stable solution of
the problem

-m (/ wy|Vul? dx) div (w1 |[VulP72Vu) = welu|?'u  in Q,
Q
u = 0 on O0N).

Assume that holds for some T > %— 1, (W) holds for some ¢1 € R,
G2 > q1 —p and wy > 0 a.e. in Q. Moreover, assume q > p~+pr — 1 and

lim R N**°|QN Byp \ Br| =0
R—+00

for some € > 0, where
_pte-a2+(@-Det+pr -1 +2Ve2¢—Hp+pr—1) + ¢
p+pr—1 g—p+1
— 42

Then uw = 0.

N#

Corollary 1.11. (Negative exponent nonlinearity) Assume that holds
for some T > }—17 —1 and (W) holds for some ¢ € R, qa > q1 — p. Moreover,
assume q < 0. Then equation

m </ wy|Vul? d:r:) div (w1 |Vul[P~>Vu) = wou? in RY
Q

has no positive stable solution in dimension N < N¥ and has no bounded

above positive stable solution in any dimension, where N7 is defined as in

Corollary [1.10

Corollary 1.12. (Ezponential nonlinearity) Assume that holds for
some T > i— 1 and (W) holds for some q; € R, qo > q1 — p. Then equation

—m (/ wy|Vul? dx) div (wi|VuP7?Vu) = wee”  in RY
Q
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has no stable solution in dimension

(p—aq)(p+p7+3)+4q
p+pr—1

N < N# .=
and has no bounded below stable solution in any dimension.

Corollary 1.13. (Singular nonlinearities) Assume that holds for some
T > % — 1 and (W) holds for some q1 € R, g2 > q1 — p. Moreover, assume
that f : (0, +oo) — R has one of the following forms

(i) ()
(i) f()
(iii) [(t)

>

where r, s

—tT — t—S,
— 1,

0. Then equation
-m (/ wy|VulP da:> div (w1 |Vul[P7>Vu) = wof(u)  in RY
Q
has no bounded above positive stable solution.

Remark 1.14. To prove Corollary [1.13] it is sufficient to check that
f@) 1" (@)

f(t)?
for all t € (0,00) and then to apply Proposition For instance, if f(t) =

—e "™ — 7%, we have

FOf'@t) (e +s(s+1)t52) (e 4+ 177)
i (re=rt + st—s—1)2
st (e 4 ) o (1 — st e

(re=rt + st*5*1)2

> 1

=1+ > 1.

The rest of the paper is devoted to the proofs of our main results, namely,
Theorem [I.2] Proposition and We always denote by C' a generic
positive constant whose values may vary depending on the situation. If this
constant depends on an arbitrary small positive number ¢, then we will
denote it by C.. We also use Young inequality in the form ab < ca? + C.b¢
for a,b > 0 and ¢,¢ > 1 satisfying é + & =1

2. PROOFS OF MAIN RESULTS
In this section, we define

w(t) = (p— Lymit) + ptm (1)

for t > 0.
The following lemma can be easily proved by using Holder’s inequality.
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Lemma 2.1. If u is a nontrivial stable solution of (1.1), then for all ¢ €
CH(Q) which vanishes on 0), we have

(2.1) w ([Jul%)) / w|VulP"?| Vel de > / wa f' (u)p* dr.
Q Q
The main ingredient in the proof of Theorem [1.2]is the following lemma.

Lemma 2.2. Assume that u is a nontrivial stable solution of (L.1)) and
¢, € CH(R) such that ' (t) > ¢'(t)? and ¢'(t) > 0 for a.e. t € R. Then for
all nonnegative functions n € CL(Q) and € € (0,1) we have
/ woH (u)n? dx < C, / w1 G(u)|Vnl? dz,
Q 0

where

__ 1 u)p(u)? — R L
) = ey P Sl

G(u) = [p(u) "¢ ()™ + [ (w) [P (u) 7.

Moreover, the same conclusion holds for all nonnegative functions n €

Ce(RY) if ¢(0) = 1(0) = 0.

Proof of Lemma[2.2. We test (1.3) with ¢ = ¥ (u)n? to obtain

f(u)d(u),

/w1¢,(u)ﬁp|vu|p dx +P/ wp(u)nP~HVulP2VuVn do
Q 0

1
= ) e
Therefore,
/ w1 (w)nP|VulP de — _ / wa f(u)(u)n® dz
Q m ([[ulfe,) Jo

< [ o)Vl da
Q

P p

</ e(wfp w'<u>”rfnp-1|w|p-1)p“ e (w%\w<u>w’<u>lp”\vm) da
_ / Wt (WP |V dz + C. / W[ ()P ()P | VP da,
Q Q
which implies
/ D V4 ; D
(1=2) [ wnd/ ¥l de < s [ ot do

(2.2)
e / w9 (a0) [P () | VP diz.
Q
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Now we apply (2.1)) with ¢ = ¢(u)n? to get

1 / 2, p T
o (Tl s wotra

S/w1|Vu|p_2
0
2
g/wlqb’(u)Q'r]p]Vu]pdx—i-%/w1¢(u)277p2|Vu]p2\V77|2dx
0 0

p pP— 2
& (wn Vu+ Lown's V| da

(2.3)

iy / |60 ()P |Vl V] de.

Moreover, we have the estimate

p / wn ()| (w)P [ Vul?~ | V| da
Q

p=1 - e
< {5 (w7 ¢ 1 7up)
Q

+ ¢ (wflotls > (i) o

3

1(21)\2,,P P P (4,2 P P
5 [ P vup de+ . wnloPe w9l da,

and if p > 2 we also have

2
r / W ()PP 2Vl Vil da
Q

p=2 - =
< {5 (w7 ¢ - up?)
Q

+ C. (w§¢(U)2¢’(U)43’2p |V77\2) 2} v

=5 [ wdpwvupds + €. [ wilot)Pew? 7 Ivnp de
Q Q
Plugging the last two estimates into (2.3) to get
(2.4)
1
o [l ot de < (o) [ wnd eIVl da
w ([[ulle) Jo Q

el / wi | $(u) P ()PP da.
Q
From (2.2), (2.4) and assumption ¢ > ¢* we obtain
1 ) 1+ 1
/ ws f () ()P i < / wo f (W ()i da
Q 9]

w ([[ulfor) L—em(flull)

+C. /Q wy @) "¢ (u)* P + [ (w) Py (u) F] [V P da.
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Finally, we may replace € with 3= to get the conclusion. U

Proof of Theorem[I.2 By contradiction, assume that problem (1.1} has a

nontrivial stable solution w. In (a,b), we define ¢(t) = |f(¢)|“* sign(f(t))
and ¥(t) = [ ¢/(s)? ds, where

a, if f(t) >0 for all t € (a,b),
c=1<¢b, if f(t) <0 forallte (a,b),

zf, otherwise.

We define H, and G as in Lemma[2.2] If ¢ > ¢ we have f(t) > 0, ¢(t) > 0
and for all d € (¢, 1),

aLIﬂ$P*f@V%
=uaWHf@fuw4ﬂww*ﬂmfww—L|ﬂ@ﬁ*ﬂ@ﬂ@ﬁk

§|fYtHa‘3f@)f%t)—~7j£IJKSHa‘lf%s)2d&

This and the fact that

(Vorm—o-n+1-1)

aty>a+y= P E—

implies
t
1
a—1 g/ 2d< ta_lt,t.
/d |f(s)[* f(s)"ds < —a+7|f( @) f(8)
Letting d — ¢ in the above inequality, we deduce that () is finite and

(a+1)2 ! 2
(25) 0 < J1)l1) < s (060

By similar argument, (2.5)) also holds for ¢ < ¢. One the other hand, the
tm/ (t)

o) < 7 for all t > 0. From these facts we have

assumption (M]) implies

1 1+¢
Hs - = / 2 o=
(1) = s 0600 — e o)
1 (41 1+4¢ ) ) )
<www&> st 1) m (Tl ) £ 102
C(m(uln) Q@1 1
‘(wummn Moty ) mQuiy’ o
1 (A4e)(at1) 1 , 2
Z<p+m=4- i(a+ ) >mmwmufww””
Since p+p17'71 - i‘(";ﬁ; > (0 by assumption a € (a, @), we may fix some
£ > 0 such that — L — (F2e+)? Hence, together with assumption

p+pr—1 4(a+7)
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(F1)), we obtain

C / 2
(2.6) Hs(u) > mf <U>¢(U) > ——— (HUH )

Now we use to estimate G(u) as follow
G(u) = [p(w)["¢ (w)* ™7 + [ (w) [P ()
< o) (w)* ™" + C (If ()7 f (w)(u)?)” &' (u)*~
= C|f ()" f (u)* "
With the aid of (Fj)), we deduce
(27) G(u) < O] f(w)|*THrret,

’f( )|F+a+1

By assumption (F D)), either Q = R or f(0) = 0. The latter case implies
$(0) = ¢(0) = 0. From (2.6), (2.7) and Lemma [2.2 for all nonnegative

function n € CH(RY), we have
/ w2|f<u>|l“+a+1,r]p dr < Cm (||U||Z)1) / wl|f(u)|(2—p)r+p+a—1|vn|p dr.
Q Q

Applying this inequality for n = ™, where £ € C(RY) is nonnegative
Tt+a+1

and m = oDr -3y O get
/ wal ()|
Q
< Com (Jull,) | wnl )|t D Ve e
Young inequality with ¢ = (2_;);5% >0,q = % > 0 and

€= % leads now to

/ w2|f(u)|f‘+a+1§pm dr
Q

1 i - a— m— !
< / {5 (w§|f(u)|(2 p)I+p+ 1517( 1))
Q

_1 q
+ C (m (HuHﬁl) W Wy ”\Vf\p) }dm

1 , i ,
=5 [ wls@ e dn s Cm ()" [ o, *1vep
which implies
[ wal sl gn T g
Q

F+a+1 (p—2)L —p—a+l

S Cm (“quUl)q//wl(pl)F(p 2) (p HNr—(p-2) |V€|4(P 1)Fa(p1)2) de.
Q
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Choosing a test function £ € CH(RY) such that 0 < ¢ <1in RV, £ =1
in B, £ = 0 outside of Byg and |VE| < CR™ in Byy \ Bg, we obtain

/ w2‘f(u)‘r+a+1 dr
QNBr

q/ —p(T+a+1) I't+a+1 (p—2)F—p—a+1
< Cm(HU”Z) R(p1)r(p2)/ wl(pfl)rf(pﬂ)wQ(pfl)Ff(pfz) dr.
1

Letting R — +o00 and using assumption to get wy|f(u)[fTott =0
a.e. in ). But this contradicts the fact that u is non-constant, wy # 0 and
). .
Proof of Proposition[1.5 Since

lim (p—2)—p—a+1)=p-2—p—a+1<0,

a—a
we may choose a € (max{a, —1,@ — €}, @) sufficiently close to @ such that
(p—2)L' —p—a+1 < 0. Here  is defined as in Theorem [1.2] As in Remark
for R > Ry we have

(2.8)
—p(P+a+1) F+Ut+’1 (p—=2)T—p—a+1
Ry / w0 T gy < CRTNQA Byp \ Brl,
QNByr\Br

where
(P—Q1)(F+a+1>—Q2[(p—2)r—p—04+1]_

P-1r—(p-2)
Since lim N, = N7, we may choose o even closer to @ if necessary such

N, =

a—a~
that N, > N# — ¢ and then let R — 400 in (2.8) to obtain (I¥). Now the
conclusion follows immediately from Theorem O

Proof of Proposition[1.8 By contradiction, assume that (1.1)) has a nontriv-
ial stable solution. Since

where @ is defined as in Theorem we may choose 7 > ]lj — 1 sufficiently
close to i — 1 and choose some ¢ > 0 sufficiently small such that (p —2)I" —
p—a+1<0and @—e > 1. Then holds for such 7 due to (1.6 while
holds for all o € (@ — &, @) thanks to Remark

We may choose 7 even closer to % — 1 if necessary such that

_pte—a2+@+pr— DI +2y/(p+pr—1)(y - 1) +1
p+pr—1 p-DI'=(-2)
> N +e¢.

Then (1.5) is satisfied and we reach a contradiction with Proposition O

N7 - — Q2
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Proof of Proposition[1.9 We first show that f' > 0in (a, b). Indeed, suppose
f'(to) = 0 for some ty € (a,b). If f > 0in (—o0,b), then f” > 0in (—o0,b).
Therefore, f'(t) < f'(to) = 0 for all ¢t € (—o0, tp]. But this contradicts the
fact that f is increasing in t € (—o0, ty]. Similar argument can be applied
in the case that f > 0 in (a, +00).

By contradiction, assume that (i) holds and has a bounded below
stable solution u. Clearly, u is nontrivial since constant functions do not sat-

isfy the equation. Then we may restrict f into the interval ((mbf) u—1,+00
a,

N(a,b) and find out that f satisfies condition (ii) in Remark [I.3]in its new

domain for any I' € (Z%f, 7}. Hence, f also satisfies in its new domain

forany I’ € (i%f, 7] . Moreover, holds for any « thanks to the fact that
f has no zero and Remark [1.3]
One may observe that

lim [(p—2)r—p—a+1]:2‘p_2+2\/(19+p7—1)(7—1)+1

r(2=2)" p—1 p+pr—1
2_
<-——£f§0
p—1

If we choose I' sufficiently close to i%f such that (p—2)'—p—a@+1<0

and

o _Pte—a2+@+tpr D +2/(p+pr -1 -1 +1
p+pr—1 (p=1I'—(p—2)
> N,

N

— Q2

we reach a contradiction with Proposition Similarly, problem (1.1]) has
no bounded above stable solution if (ii) holds. O

CONCLUSION

Via integral estimates, we have established Liouville theorems for stable
solutions of p-Kirchhoff type problems in bounded or unbounded domains
with Dirichlet boundary value condition. The problems in our paper may
have very general nonlinearities or nonlocal terms which were not studied in
literature before. Our theorems therefore extend and unify previous results
in |24} 5,11},22}, 24} 33]. Moreover, our results also indicate that Liouville
type theorem for stable solutions usually hold in low dimensional space.
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