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Abstract

We study approximation of periodic functions by arbitrary linear combinations of n translates of
a single function. We construct some linear methods of this approximation for univariate functions
in the class induced by the convolution with a single function, and prove upper bounds of the
LP-approximation convergence rate by these methods, when n — oo, for 1 < p < oco. We also
generalize these results to classes of multivariate functions defined as the convolution with the
tensor product of a single function. In the case p = 2, for this class, we also prove a lower bound of
the quantity characterizing best approximation of by arbitrary linear combinations of n translates
of arbitrary function.
Keywords: Function spaces induced by the convolution with a given function ; Approximation by
arbitrary linear combinations of n translates of a single function.
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1 Introduction

The present paper continues investigating the problem of function approximation by arbitrary linear
combinations of n translates of a single function which has been studied in [1, 3]. In the last papers,
some linear methods were constructed for approximation of periodic functions in a class induced by
the convolution with a given function, and prove upper bounds of the LP-approximation convergence
rate by these methods, when n — oo, for the case 1 < p < co. The main technique of the proofs of
the results is based on Fourier analysis, in particular, the multiplier theory. However, this technique
cannot be extended to the two important cases p = 1 and p = oo. In the present paper, we aim at this
approximation problem for the cases p = 1 and p = oo by using a different technique. For convenience
of presentation we will do this for 1 < p < cc.

We shall begin our discussion here by introducing notation used throughout the paper. In this
regard, we merely follow closely the presentation in [1, 3]. The d-dimensional torus denoted by T¢ is



the cross product of d copies of the interval [0,27] with the identification of the end points. When
d = 1, we merely denote the d-torus by T. Functions on T¢ are identified with functions on R? which
are 2 periodic in each variable. Denote by LP(T%), 1 < p < oo, the space of integrable functions on
T equipped with the norm

@2m) P (fpa | f(@)fPda) /P, 1< p < oo,
Ifll, =

ess supgerd| f(x)], p = 00.

We will consider only real valued functions on T¢. However, all the results in this paper are true for
the complex setting. Also, we will use Fourier series of a real valued function in complex form.

Here, we use the notation N, for the set {1,2,...,m}. For vectors  := (x; : | € Ny) and
y:= (y; : 1 € Ng) in T? we use (x,y) := > ten, Tty for the inner product of @ with y. Also, for
notational convenience we allow Ny and Zg to stand for the empty set. Given any integrable function
f on T? and any lattice vector j = (j; : | € Ng) € Z9, we let f(g) denote the j-th Fourier coefficient
of f defined by the equation

J/c\(]) = (27?)_‘1 » f(x) e 10:®) g

Frequently, we use the superscript notation B? to denote the cross product of d copies of a given set
B in RY.
Let S'(T%) be the space of distributions on T?. Every f € S'(T%) can be identified with the formal

Fourier series N L
f=3 Fl@e,
jezd

where the sequence (f(j): j € Z%) forms a tempered sequence.
Let A : R — R\ {0} be a bounded function. With the univariate A we associate the multivariate
tensor product function A4 given by

M) =[] M), @ =(x:1€Ny),
=1

and introduce the function ¢} 4, defined on T by the equation

ora(@) = Y Aa(g) eI (1.1)

jezd

Moreover, in the case that d = 1 we merely write ¢y for the univariate function ¢ ;. We introduce a
subspace of LP(T9) defined as

Hoap(T) = { [+ [ = praxg, g€ (T},

with norm
1132, ey = llgllps

where f; * fo is the convolution of two functions f; and fo on T¢.



As in [1, 3], we are concerned with the following concept. Let W be a prescribed subset of LP(T%)
and ¢ € LP(T9) be a given function. We are interested in the approximation in LP(T%)-norm of all
functions f € W by arbitrary linear combinations of n translates of the function v, that is, by the
functions in the set {1/}( —y): y, €Tl € Nn} and measure the error in terms of the quantity

M, (W, ), = sup 1nf{ Hf Z av(-—y)l| rqeRy € Td}.

leN,

The aim of the present paper is to investigate the convergence rate, when n — oo, of Mn(U,\p(Td), V)p
for 1 < p < 00, where

Uro(T) = { £ € Hap(T) + I fllny 0y < 1}

is the unit ball in H, ,(T%). We shall also obtain a lower bound for the convergence rate as n — oo of
the quantity

My (Un2(T)2 2= inf { My (Un2(T%). )2 24 € LX(TY) }

which gives information about the best choice of .

This paper is organized in the following manner. In Section 2, we give the necessary background
from Fourier analysis and construct a method for approximation of functions in the univariate case.
In Section 3, we extend the method of approximation developed in Section 2 to the multivariate case,
in particular, prove upper bounds for the approximation error and convergence rate, we also prove a
lower bound of M, (U 2(T9))s.

2 Univariate approximation

In this section, we construct a linear method in the form of a linear combination of translates of a
function g defined as in (1.1) for approximation of univariate functions in H ,(T). We give upper
bounds of the approximation error for various A and S.

Let A\, 3,9 : R — R be given 2-times continuously differentiable functions and ¥ be such that

() = 1, ifzxel- %,%],
v 0, ifzég(-1,1).

Corresponding to these functions we define the functions G and H,, as

G(z) := M, Hpy(z) := Y 0(k/m)G(k) €. (2.2)
B(x) =

For a function f € H, ,(T) represented as f = ¢y x g, g € LP(T), we define the operator

Qo) = 51 :é)vm(g) (1) o (-~ 5 ) (2.3

where V,,,(g) := H,, * g. Finally, we define for a function h: R — R,

om(h; f)(z) = Z h(k/m) free

kEZ
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Let us obtain upper estimates for the error of approximating a function f € H, ,(T) by the
trigonometric polynomial @, g(f) a linear combination of 2m 4 1 translates of the function ¢g.

Definition 2.1 A 2-times continuously differentiable function ¢ : R — R is called a function of
monotone type if there exists a positive constant cy such that

()] = col)l, [ (@) = ol (w)] for all 2ly| > || > |y|/2.

We put

em = Jn(A\) 4+  sup (|Q(9c)|+m2 sup IQ”(:U)I)Jm(ﬁ),

|z|€[=m,m] |z|€[=m,m]

where for a 2-times continuously differentiable function v,

=L (5

Theorem 2.2 Let 1 < p < oco. Assume that the functions A\, 8 are of monotone type. Then there
exists a positive constant ¢ such that for all f € Hy,(T) and m € N,

1f = Qms(llp < cemll Fllry -

+ ]w"(x)’) dz.

Before we give the proof of the above theorem, we recall a lemma proved in [6], [7].

Lemma 2.3 Let 1 < p < oo, f € LP(T) and h : R — R be 2-times continuously differentiable
function, supported on [—1,1]. Then there exists a constant ¢y independent of f,h,m such that

o (B )llp < el locllf -

We also need a Landau’s inequality for derivatives [4].
Lemma 2.4 Let f € L>®(R) be 2-times continuously differentiable function. Then

112 < 4l fllsoll £ loc-

In particular,

1 lloo < 1 flloo + 11" lloo-

Proof. (Proof of Theorem 2.2) Let f € H,,(T) be represented as ¢y 4 * g for some g € LP(T). We
define the kernel P, (x,t) for z,t € T as

P L E Ny k
m(2,1) = 2m—|—1kZ_OSD’B = oma1) o1 7))

It is easy to obtain from the definition (2.3) that

1

(D) = 5= [ Pule.g(t) .



We now use equation (1.1), the definition of the trigonometric polynomial H,, given in equation (2.2)
and the easily verified fact, for k,s € Z, s € [-m,m], that

2 0 if k—s Z’
! Zm: ikt (E/2m+1)) gis((¢/2m+1)—t) _ ) if g1 &
2m + 1 =0 eilk—Em)t i 2]:n_4f1 7.

to conclude that

Pp(x,t) = Y A(k)errehnt,
keZ

where v(k) = U(km/m)G (km)B(k) and ky, € [—m, m] satisfy (k — k,)/(2m + 1) € Z. Hence,

Qus(f)(@) =Y (k)™ G(km) + > (k)™ G(km) + Y (k)™ G(km)
k>m k<—m k=—m
= Ap(z) + Bn(z) + Crn ().
Consequently,
1f = Qmp(Nllp < [Amllp + 1Bmllp + [1f = Conllp- (2.4)

For each j € N, we define the functions A; (), Tm(x), Kjm(z), Djm(z) and the set I}, as follows
Ajm(z) = B(mx +j2m + 1)), Tm(x) := G(ma),

Kjm(@) = Ajm(@)0(2)Tm(x),  Djm(z) = > (k)™ G(km),
K€L} m

Lim={keZ: (2m+1)j—m<k<(2m+1)j+m}.

Then we have

Am(@) = Y 1K) G(km) = Y Djml(2), (2.5)

JENKEL; m jeN

and for all k € I;,,
V(k) = B(k)I(km/m)G(kp) = B(3(2m + 1) + km )9 (kmn/m)G (km)
= Njm (km /M) (K /)G (k) = Njom (K /m) 0 (km /) T (ki /m) = Kjm (km /m).

Hence,

Dim(z) = Y 1R Ghm) = D Kjm(k/m)elVEHIHmTg(k,,)

keljm km€[—m,m]

_ eij(2m+1):c Z Kj,m(km/m)eikmxf](km) _ €ij(2m+1)x0m(l(:j7m; g)'

km€[—m,m]

Therefore, by Lemma 2.3, there exists a constant ¢; such that

Djmllp < e1ll(Kjm) lloollgllp-



Then it follows from (2.5) that

Mally < D 1Djmllp < 1 D 10Cm) llsollglp- (2.6)

j€EN jeN
From the definition of Kj ,,, supp®d C [~1,1], and ||9]oe < 2[¢]lcc < 4[|9" [|oo, We deduce that

15m) Too < 419" low 50> (15 () Fon (@] + (g Ton) @] + (g Ton) ()]

z€[—1,1]

s4||z9”||oo[sup (18()] +ml8 @) +m|8" @)])  sup |G(x)|

x€ljm zE€[—m,m]
tm swp (8@ +mls @) sw (6@ +m swp [5(2)] sw \g”m\].
x€ljm z€[—m,m] z€ljm z€[—m,m]

Hence,

10Cim) oo < 410" oo s (18@)] + ml8 @) +m?|8" @) s (16@)|+ mlg @)|+m?|g" @)])

z€ljm z€[—m,m]
for all j € N. Therefore, it follows from (2.6) that

Ml < 419”0 3 sup (18()]+ml8 ()] +m?|8" (2)]) x

jEN (L’GIjﬂn

< s (166 +mig @) +m*ig" @) ol

zE[—m,m

So, by Lemma 2.4, we have

[l < 16619 e Y sup (18] +m?8"@)) sup (16@)]+m3G" @)]) llglly (2.7)

jeN x€ljm z€[—m,m|
Since the function «, 8 is of monotone type, there exists a constant ¢y such that

la(@)] = cola(y)], la” (2)] = cola” ()], 18(2)| = colB(y)], 18" ()] = eol 8" (v)] (2.8)

for all 4|y| > |z| > |y|/4. Hence,

sup |B(x )!< |B(z)|dx,

|z|€T},m |x|€T,m

sup  [m28” (2)] < com 18 (@) de.
|(E|€Ij7m |£E‘€Ij1m

> s (18] +n* @) <eo

S lal€im ja|>m

So,

m

(wx)\ N ‘mﬁff@)‘) dr < coJu(B).



Combining this with (2.7), we obtain that
Imllp < 16coc1[[9” [looemllgllp- (2.9)

Similarly,

1Bmllp < 16coc1[[V" [[ocemllgllp- (2.10)
Next, we will estimate || f —Cp,||,. Notice that y(k) = 9(k/m)G(k)5(k) = d(k/m)X(k) for k € [—-m,m],
and then

=Y 9(k/m) f(k)e** = Z I(k/mIAR)G(R)™ =3 A(k)g(k)e™ = Cp(x),
keZ k=—m k=—m
and therefore,
1f = Cullp = IIf — om (95 f)llp- (2.11)

We define the functions S(x), @, (x) and ¥;,,(z) as
S(x) :=9(x) —I(x/2), ®jm(z):=AN2mz), V;,(2):=S(@)®jm(z).
Clearly, we have that
(O(k/(27+ m)) = O(k/(2Z7m))A(k) = S(k/(27m))®jm(k/(22m)) = Vjm(k/(27m)),
which together with

Toietm (03 ) = Ooin (03 F) = D (0(k /(271 m)) — 0(k/(27m)) [ () e’

kEZ

=D ((k/(27 m)) —0(k/(2Im))A(k)g(k)e™

kez
implies that
Ogitim (U5 f) = 02im (03 f) = Z‘I’jm k/(27m))g(k)e™™ = 0950 (U ms 9).
keZ

Then by Lemma 2.3, we obtain
H0—2j+1m(19; f) - O—Qjm(ﬁ; f)HP < ClH\I/;'/,m

Moreover, from the definition of W, ,,, suppS C [~2, —1/2]U[1/2,2], and ||S]|sc < 2[|S]Joo < 4[|S" [|oe <
8]19" |00, We have that

| (2)] = 18" (2) () + 25 (2)®] 1, (2) + S(2) @] 1 ()]

<80 e sup (1@ (@)] + O (@)] + |2, (2)])
lz|€[1/2,2]

(2.12)

<1600 oo sup (|19 (@)] + |2, (2)])
lzl€[1/2,2]

=100 s (@ @ @)

|z|€[29—1m,29t1m

<ol s (1M@)] + 22X @)]) -

|z|€[29—1m,20+1m
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Combining this and (2.12), we deduce

s (93 ) = 0 (05 F)llp < 6419 e s (IA@)|+ 02\ @)]) gl

|z|€[29—1m,27+1m)]

Therefore, by (2.11) and limy,, o0 || f — 095, (V5 )|, = 0, we have that

1f = Conllp <D 021 (05 f) = 0250 (05 )l

=0
<6der |l suwp (IA@)+ 12 @)]) gl (2.13)
j=0 |z[€[27 7 m, 27 1m]
Since (2.8),
Co €0
sup Ax)| < — AMz)|de < — |A(z)|dz,
2| €29~ 1m, 20+ 1] @) 27m |$\€[2jm721+1m]‘ @) M J|z|€[2im,2i+1m)] @)
and
sup 22\ (z)] < 200/ 2\ (2)|d.
|z|€[29— 1 m, 27+ 1m] |z|€[29m,27+1m)]
So,

s (@) + 22X @) < 200/

=0 |z|€[20—1m,29+1m)] |z|>m

<|)‘(33) + |£C)\H(-’13)) dx = 2¢coJm(N).

m

Hence, by (2.13), we deduce
1f = Cnllp < 128coct (|9 [looem |l g]lp- (2.14)

Combining (2.9), (2.10) and (2.14) we have

If = Qup(Nlly < cemllflla,, (-

From the above theorem, by letting A = 3, we obtain the following corollary.

Corollary 2.5 Let 1 < p < 0o and X be of monotone type. Then there exists a positive constant c
such that for all f € Hy,(T) and m € N,

1f = Qma(Hllp < eImN[ fll3¢,,(m)-

Definition 2.6 Letr,x € R. A function f : R — R will be called a mask of type (r,k) if f is an even,
2 times continuously differentiable such that for t > 1, f(t) = [t|"(log(|t| + 1)) "F(log |t|) for some
F :R — R such that |F®) ()| < ay for allt > 1,k=0,1,2.

Theorem 2.7 Let 1 <p < oo, 1 <r <oo,k €R and the function X\ be a mask of type (r,k). Then
there exists a positive constant ¢ such that for all f € Hy p(T) and m € N,

1f = @ma(H)llp < em™ (logm)™" [|fll, -

8



Proof. Since the function A be a mask of type (r,x) and r > 1,

Jowal

On the other hand,

m

(] 1))~
dx < al/ 2™ (log(lz] + 1)) dr < agm™"(log(m+1))™" VmeN. (2.15)
|z[>m

[ eV @l s [ el (el (el + ) P og )
+ 20~ (log(fz] + 1))~ |F' o 2|/l + (] (log(la] + 1)) " o e]) — F' (log ) /2” )

<a /| Lot (Ul Qogl + 1)) + 2ol gl + 1))l + 2ol " g + 1) *)/a?) o

<asm™ "(log(m+ 1)) ".
Hence, by (2.15), we deduce

In(A) < agm™"(log(m + 1)) ".
From this and Corollary 2.5, we complete the proof. O

Corollary 2.8 For1 <p <oo,1<r <oo and AN(z) = f(x) = 2" for x #0, Hy,(T) becomes the
Korobov space K, (T). Then we have the estimate as in [1]:

My (Usp(T), fir)p < ecm™"

where K, is the Korobov function.

Definition 2.9 A function f : R — R is called a function of exponent type if f is 2 times continuously
differentiable and there exists a positive constant s such that f(t) = e *MF(|t|) for some decreasing
function F : [0, +00) — (0, +00).

Theorem 2.10 Let 1 < p < o0, 1 < r < 00, k € Z, the function X\ be a mash of type (r,k), the
function B of exponent type. Then there exists a positive constant ¢ such that for all f € Hy,(T) and
m € N, we have

1f = Qmp(Hllp < em™ (log(m + 1)) fll3, , (1)

Proof. We will use the notation in the proof of Theorem 2.2. For k € I;,, we have ky, = k—j(2m+1)
and then

A(km)
B(km)

[y (R)| = ‘6(km +J@2m + 1)) (km/m)

» A ) F(fim + 3(2m + 1)) Ly
— e sj(2m+1)) | < bie sy(2m+1)).
[F (k)| !

Hence,

< Bbyme I g]|,.
p

Y k)G (k)

k€ljm




This implies that

[Amllp = Z Z ’Y(k)eikz/g\(km)
JENKEL, m P (2.16)
< 3b1 ) me” Mg, < bym " (log(m + 1)) ™" |g]l-
JEN
Similarly,
[Bmllp < bam ™" (log(m +1))~"|g]lp- (2.17)
We also known that in the proof of Theorem 2.2 that
17 =Cullpy <y sup (M@ + 2 @)]) gl (2.18)
=0 |z|€[29—1m,29+1m)]
We see that \
sup IA(z)] < b4/ Mdaz
|z|€[29~1m, 29+ 1m)] zle2im,2+1m] |7
sup 122X (z)] < b4/ |z (z)|d.
|z|€[29~1m,29+1m] |z|€[29m, 29+ 1m]
So,

o0

(PO )

]

sup (]/\(:c)\ + \3:2)\//(3:)|> < b4/

=0 |z|€[29—1m,20+1m] |z|>m

Hence, by (2.18), we deduce that

<|A|SU|)| + \m”@)!) dz < bsm” " (log(m + 1)) " ||gll,-

Combining this, (2.16), (2.17) and (2.4), we complete the proof. O

|ucmquwmmu/

ja|>m

3 Multivariate approximation

In this section, we make use of the univariate operators ), » to construct multivariate operators on
sparse Smolyak grids for approximation of functions from H ,\,p(’]l‘d). Based on this approxiation with
certain restriction on the function A we prove an upper bound of Mn(U,\Vp(Td), oxa)p for 1 <p < oo
as well as a lower bound of M, (Uy 2(T%))2. The results obtained in this section generalize some results
in [1, 2].

3.1 Error estimates for functions in the space H, ,(T¢)

For m € N¢, let the multivariate operator Qy, in ”HA’p(']I‘d) be defined by

d
Qm =[] @m, (3.19)

J=1

10



where the univariate operator @,  is applied to the univariate function f by considering f as a
function of variable z; with the other variables held fixed, Z4 = {k € Z%: k; > 0, j € Ny} and k;
denotes the jth coordinate of k.
Set Z4, :={k € Z?: k; > —1, j € Ny}. For k € Z_;, we define the univariate operator T}, in
Hap(T) by
T :=1=Qqy, k>0, T 1:=1,

where I is the identity operator. If k € Z%,, we define the mixed operator T} in H/\,p(']l‘d) in the
manner of the definition of (3.19) as

d
Tp =[] T
=1
Set [k| == Y jen, [kj| for k € Z¢, and k§3} = 10 (kj +2)7".

Lemma 3.1 Let 1 < p < o0, 1 <r < 00,0 <k < oo and the function X be a mask of type (r,K).
Then we have for any f € Hx,(T?) and k € 74,

ITk(Hllp < CR527™ £l cxa

with some constant C independent of f and k.

Proof. We prove the lemma by induction on d. For d = 1 it follows from Theorems 2.7. Assume the
lemma is true for d — 1. Set @’ := {x; : j € Ny_1} and ¢ = (2',14) for ¢ € RY. We temporarily
denote by || fllp,er and || fll3, (re-1)ar OF [|fllpws and || flla, ,(T)e, the norms applied to the function
f by considering f as a function of variable x’ or x4 with the other variable held fixed, respectively.
For k = (k'  kg) € Zil, we get by Theorems 2.7 and the induction assumption

IT(Hllp = Tk Tes(Hllpar s < 127K G 1T, (Dl (-1 00 llpaa
= 2_7‘“c ‘k,(_QI){H||Tk’d(f)||p,33d||7'[)\,p(']rd71),213'
< 2R G127 (kg + 2) 7 flla (m)sealls (1a-1)

d
— okl H(k] + 2)7H||f||7‘lA,P(Td)'
7=1

Let the univariate operator g be defined for k € Z, by
dr ‘= QQ’C,)\ - QQk*17A7 k>0, q:= Ql,/\7

and in the manner of the definition of (3.19), the multivariate operator g for k € Zi, by

d

gk = | ] ax;-

=1

For k € Zi, we write k — oo if k; — oo for each j € Ng.

11



Theorem 3.2 Let 1 <p < o0, 1 <r <o00,0<k< o0 and the function A be a mask of type (r, k).
Then every f € ’H,\,p(Td) can be represented as the series

F=> alf) (3.20)

d
keZd
converging in LP-norm, and we have for k € Zi,

law(Hllp < €27 Mh 5 Flly o (3:21)

with some constant C independent of f and k.

Proof. Let f € Hy»(T?). In a way similar to the proof of Lemma 3.1, we can show that
1f = Qar(llp, < ;g%’f_rkjkﬂ!f!!m,p(w),

and therefore,
If = Qar(f)llp = 0, k — o0,

where 28 = (2% : j € Ng). On the other hand,

Qo = > as(f)

Sj Sk‘j, JENy

This proves (3.20). To prove (3.21) we notice that from the definition it follows that

g = Y, (1) T,

eCNy

where k€ is defined by kj =kjitjce and kj =k; —11itj ¢ e. Hence, by Lemma 3.1

lar(F)llp < ZI; [T (F)llp < EN: 27N (o)) T 1 F g rey << 27 FRGS Il rey-
eCNyg eCNy

For approximation of f € H >\,IO(']I'd)7 we introduce the linear operator P,,,m € N, by

Pulf) = 3 alf). (3.22)

|k|<m

We give an upper bound for the error of the approximation of functions f € H >\7p(']I‘d) by the operator
P, in the following theorem.

Theorem 3.3 Let 1 <p <oo, 1 <r <o00,0<k < o0 and the function X be a mask of type (r, k).
Then, we have for every m € N and f € Hy ,(T?),

If = Pu(Hlly < C27m | flly ey

with some constant C independent of f and m.

12



Proof. From Theorem 3.2 we deduce that

If = PPl = || D @D < D lae(Hly
|k|>m P |k|>m
< > 2*T"“'k(‘2§||fllm,p<w> < | fllagy ey > 2”"“"@(‘5
|k|>m |k|>m

_ d—1—
< 27| Fllag, L onay-

3.2 Convergence rate

We choose a positive integer m € N, a lattice vector k € Z‘i with |k| < m and another lattice vector
s =(s;j:J € Ng) € [[en, Z[2k%1 4 1] to define the vector yy, , = (2,51751]“ s Nd). The Smolyak

grid on T¢ consists of all such vectors and is given as
G4(m) = {y,ﬂys k| <m,s € ®jen, Z[25F 4 1]} .

A simple computation confirms, for m — oo that

GUm)[ =Y [T @Y +1)=2%md,

|k‘§ijNd

so, G%(m) is a sparse subset of a full grid of cardinality 2%™. Moreover, by the definition of the linear
operator P, given in equation (3.22) we see that the range of P,, is contained in the subspace

span{prd(- —y) 1y € Gd(m)}.

Other words, P, defines a multivariate method of approximation by translates of the function ¢, 4
on the sparse Smolyak grid G¢(m). An upper bound for the error of this approximation of functions
from H, ,(T?) is given in Theorem 3.3.

Now, we are ready to prove the next theorem, thereby establishing an upper bound of

Mn(U)\,py 80)\7d)p.
Theorem 3.4 If1<p<oo,1<r<o00,0<k<o0 and the function X be a mask of type (r, k), then
Mn(UA,p(Td)a (p)\,d)p <K n_r(log n)r(d_l)—ﬁ.

Proof. If n € N and m is the largest positive integer such that |G¢(m)| < n, then n =< 2™md~! and by
Theorem 3.3 we have that

Ma(Unp(Th),000)p € sup_ |If = Pu(f)llp < 27" m =% =< n ™" (log n) =D 7",
FEUN (T4
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For p = 2, we are able to establish a lower bound for M, (Uy2(T%), ¢ 4)2. We prepare some
auxiliary results. Let Pq(]Rl) be the set of algebraic polynomials on R! of total degree at most ¢, and

Te={t=(t;:j€Ny,): |tj| =1,7 € Ny}
We define the polynomial maifold
Mg = {(0;(0):j € Ni) i pj € Py(R)), j € Ny u € R}
Denote by ||z||2 the Euclidean norm of a vector « in R™. The following lemma was proven in [5].

Lemma 3.5 Let m,l,q € N satisfy the inequality llog(4emq) < . Then there is a vector t € E™ and
a positive constant ¢ such that

inf {[|t —xls: @ €My} > em/2
Theorem 3.6 If 1 < r < 00,0 < k < 0o and the function X\ be a mask of type (r,x), then we have
that

n~"(logn) "D <« M,(Uyg)s < n " (logn)@-D=x, (3.23)

Proof. The upper bound of (3.23) is in Theorem 3.4. Let us prove the lower bound by developing a
technique used in the proofs of [5, Theorem 1.1] and [1, Theorem 4.4] . For a positive number a we
define a subset H(a) of lattice vectors by

H(a) := {k:(kj jeNg ez ] Ik <a}.

JENy

Notice that |H(a)| =< a(loga)®' when a — oo. To apply Lemma 3.5, for any n € N, we take
q = |n(logn)~ 2| 4+ 1, m = 5(2d + 1)|nlogn]| and [ = (2d + 1)n. With these choices we obtain
|H(q)| < m (3.24)
and
q = m(logm)~ 4+ (3.25)

as n — 0o. Moreover, we have that

. l demq 1
lim — log = —,
n—oco m l )
and therefore, the assumption of Lemma 3.5 is satisfied for n — oc.

Now, let us specify the polynomial manifold M, ; 4. To this end, we put ¢ := q_”m_l/Q(log q)~
and let Y be the set of trigonometric polynomials on T¢, defined by

= {f—C Z aktkit—(tk:kEH(q))eEH(Q)}'

keH(q)

If feY and

f=< Z aktr,

keH(qg
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then f = @) 4 * g for some trigonometric polynomial g such that
2 2 -
HgHLQ('ﬂ‘d) <¢ Z (k)| ~2.
keH(q)

Since
2K

d
G RT3 D |log [k
j=1

keH(q) keH(q)

2dk
< (*¢* (log ¢)*™[H(q)| = m™'[H(q)|,

<G Y ilog kj
j=1

keH(q)

by (3.24) that there is a positive constant ¢ such that ||g|[ 2(ray < ¢ for all n € N. Therefore, we can
either adjust functions in Y by dividing them by ¢, or we can assume without loss of generality that
¢ =1, and obtain Y C U) »(T9).

We are now ready to prove the lower bound for M, (Uy2(T%))2. We choose any ¢ € L?(T%) and
let v be any function formed as a linear combination of n translates of the function ¢:

v=) el —y;).
jENn

By the well-known Bessel inequality we have for a function

F=¢) atpe,
keHt(q)
that
5(k) wm|
If _U||%2(Td) > CQ Z t — SOT Z cjel(ijk) . (3.26)
keH(q) JEN,

We introduce a polynomial manifold so that we can use Lemma 3.5 to get a lower bound for the
expressions on the left hand side of inequality (3.26). To this end, we define the vector ¢ = (¢; : j €
N,) € R™ and for each j € Ny, let z; = (2;; : I € Ng) be a vector in C? and then concatenate these
vectors to form the vector z = (z; : j € N,,) € C"®. We employ the standard multivariate notation

k _ k;
2y = il
1eNy

and require vectors w = (¢, z) € R® x C" and u = (¢, Re z, Im z) € R! to be written in concatenate
form. Now, we introduce for each k € H(q) the polynomial gq;, defined at w as

o(k) j
au(w) = " 3 e
J€H(q)
We only need to consider the real part of q;, namely, p,, = Re gy, since we have that

2
inf{ Z :cjeR,yje’]I‘d}zinf{ Z |tk—pk(u)\2:u€Rl}.

keH(q) keH(q)

JEN,

15



Therefore, by Lemma 3.5 and (3.25) we conclude there is a vector t° = (9 : k € H(q)) € E and the
corresponding function
FO=¢> ey

keH(q)

for which there is a positive constant ¢ such that for every v of the form

v="Y_ ¢ol-—y,),
jeN

we have that

dr d—2)—dk

1£° = vll ey > cCm = ¢ (log g)~* = n™" (logn)"
which proves the lower bound of (3.23). 0

Similar to the proof of the above theorem, we can prove the following theorem for the case —oo <
K < 0.

Theorem 3.7 If 1 < r < 00,—00 < k < 0 and the function A be a mask of type (r, k), then we have
that
n~"(logn)" @2 <« M, (Ura(T%))y < n " (logn)d-H=dx,
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