DISCRETE DATA ASSIMILATION FOR THE
TWO-DIMENSIONAL NAVIER-STOKES EQUATIONS USING
LOCAL OBSERVABLES

CUNG THE ANH! AND VU MANH TOI

ABSTRACT. We study the data assimilation for the two-dimensional Navier-
Stokes equations when the local measurements are obtained discretely in time
and may be contaminated by systematic errors. Under suitable conditions
on the relaxation (nudging) parameter, the spatial mesh resolution, and the
time step between successive measurements, with the spatial resolution N is
sufficiently large (in the case using a spectral inequality), the complement of
the full domain Q¢ and the sub-domain € is small enough (in the case using
no spectral operator) we obtain an asymptotic in time estimate of the differ-
ence between the approximating solution and the unknown reference solution
corresponding to the measurements, in an appropriate norm, which shows ex-
ponential convergence up to a term which depends on the size of the errors.

1. INTRODUCTION

Suppose that the evolution of w is governed by the two-dimensional Navier-
Stokes equations, subject to periodic boundary conditions on Qg = [0, L]? or no-slip
boundary conditions (u = 0 on 9Qg) if  is a C? bounded domain in R?

ou
a—yAu+(u-V)u+Vp=f, (1.1)
V-u=0,

on the interval [tp,00), where the initial data u(tg) = wug is unknown. Here

u = u(x,t) represents the velocity of the fluid, called the filtered velocity, p is
the pressure, and f is a body force which is assumed, for simplicity, to be time-
independent.

Data assimilation is a methodology to estimate weather or ocean variables com-
bining (synchronizing) information from observational data with a numerical dy-
namical (forecast) model. In the pioneering work [2] Titi et al. introduced a
new continuous data assimilation algorithm (this algorithm is often called as the
AOQOT algorithm) for the two-dimensional Navier-Stokes equations based on the
ideas that have been developed for designing finite-dimensional feedback controls
for disipative dynamical systems. With generalized interpolant operators I, the
AOQOT algorithm is to construct v(t) from the observational measurements Ij, (u(t))
for ¢ € [to, T, to > 0, is given by

0

8—1} —vAv+ (v-V)v+Vg=f— ulp(v) + plp(u),

V-v=0, (1.2)
’U(to) = o,
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where p is a positive relaxation parameter, which relaxes the coarse spatial scales of
v toward those of the observed data, and vg is taken to be arbitrary. Here v and f are
the same kinematic viscosity parameter and forcing term from , q is a modified
pressure. The result is that when p is large enough depending on parameters of
systems and forcing function f, and h is small enough depending on p then the
solutions v(t) of goes to u(t) in suitable phase spaces as t — 0o at exponential
rate. After this poineering paper, continuous data assimilation problems for many
important equations in fluid mechanics have been extensively studied, see e.g.,
[T, &2, [, 9, (16}, (17, (18], (19, 22| 23, 24].

On the other hand, in [21] the authors introduced the following discrete data
assimilation algorithm for finding v of the following system

G =AU (0 V) Vo = f = 3 (o) — (t)) o
V.-v=0,
’U(to) = o,

where the increasing sequence of instants of time {t, },en in [tg, 00) at which mea-
surements are taken which is assumed that

ty, <tpt1, Vn € N, and t,, = 00 as n — oo,
[tnt1 — tn| < K, Vn €N,

and the observational measurements 4(t,) at the time ¢, given by

u(tn) = In(u(tn)) + nn-

Here 7, is the error associated to the measurements at time t,,, x, is the characteris-
tic function of the interval [t,,, t,+1), and & is called the step size between successive
measurements. Under suitable conditions on p, x and h, then v(t) — u(t) in H or
in V as t — oo at exponential rate. Then the similar discrete data assimilation
schemes for some other models were studied later in [3} [5]. The discrete-in-time
downscaling data assimilation algorithm was also studied in a recent work [13].

Recently, Biswas et al. [8] introduced the continuous data assimilation using
local observables for the two-dimensional Navier-Stokes equations. To overcome
the difficulty due to the local observations, the authors used spectral inequality
and Gevrey regularity of solutions in the periodic case, and the assumption of the
complement of the full domain £y and the sub-domain €2 is small enough in the no-
slip boundary conditions case. In a very recent work [6], combining ideas in [§] and
in [I6] [I7], we study continuous data assimilation for the three-dimensional Leray-
« model using local observables on any two components of the three-dimensional
velocity field, and without any information of the rest component.

To the best of our knowledge, there is no result on the dicrete data assimilation
using local observables. In the present paper, using some ideas in [§] and [21], we
set up the discrete data assimilation problem for the two-dimensional Navier-Stokes
equations using local observables. Our aim here is to prove similar results as
in the continuous data assimilation with local observables in [§].

The paper is organized as follows. In Section 2, for convenience of the reader, we
recall some results on function spaces and results on the two-dimensional Navier-
Stokes equations which will be used in the proof. Section 3 is devoted to the discrete
data assimilation using local observables in the no-slip boundary conditions case
when the complement of the full domain €y and the sub-domain €2 is small enough.
In both two cases of periodic and no-slip boundary conditions, the finite-dimensional
discrete data assimilation using local observables is studied in the last section by
exploiting spectral inequalities.
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2. PRELIMINARIES

We begin by defining a suitable domain 2y and space V of smooth functions
which satisfy each type of boundary conditions.

e In the periodic boundary conditions case: Qg = [0, L]?, we denote by V the
set of all vector valued trigonometric polynomials defined in 2y, which are
divergence-free and have average zero.

e In the no-slip boundary conditions case: Let €2y be an open, bounded
and connected domain with C? boundary. We denote by V the set of all
C> vector fields from €y to R? that are divergence free and compactly
supported.

Then we denote by H and V the closures of V in the L?(£2)? and H'(£)?, re-
spectively. Then H and V are Hilbert spaces with inner products given by
2 2
(u,v) = Z/ w;v;de and ((u,v)) = Z Oju;0v;dz,
i=1 %0 i,j=17 %0
respectively, and the associated norms
Jul = (u,u)"/? and [Jul| = ((u, u)"/2

With the Leray projector P, we denote the Stokes operator A = —PA with
domain D(A) = H%(9)? N V. In the case of periodic boundary conditions, A =
—Al[peay. The Stokes operator A is a positive self-adjoint operator with compact

inverse. Hence there exists a complete orthonormal set of eigenfunctions {¢;}32; C
H, such that A¢; = A\;j¢; and

O0<A <A <oo, Aj = 00as j— oo.
We have the following versions of the Poincaré inequalities:
|2 < ATHol?, Yo €V, (2.1)
lvllZ, < A7Hw]?, Ve e H. (2.2)

For every u,v € V, we write B(u,v) = P[(u - V)v]. The bilinear operator B can
be extended continuously from V x V with values in V.

Let us now recall some algebraic properties of the nonlinear term B(u,v) that
play an important role in our analysis. For u,v,w € V we have that

(B(u,v),w)v,y = — (B(u, w),U>V,)V ,

and consequently

(B(u,v),v)yy = 0. (2.3)
Furthermore,
| (B(usv), whyry | < colul 2l V2ol [0 /2|wl]], Vu,v,w € V. (2.4)
From 7 we have
1B (u, v)llv: < colul 2 |full*/*o[/2[|o]|'/2, Vu,v € V. (2.5)

With the above notations, we can rewrite the two-dimensional Navier-Stokes
equations in the following functional form
du
dt
with initial condition u(tg) = up € H.

We first have the following result about the global existence and long-time behav-
ior of solutions to two-dimensional Navier-Stokes equations (see for instance
[14,20]). The results concerning some uniform bounds of the attractor with respect
to the H and V norms. In the statement below and in the remainder of this work,

+ vAu+ B(u,u) = Pf, (2.6)
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we denote by ¢ a generic absolute constant, whose value may change from line to
line and G' = v=2A\[!|f| is the Grashoff number.

Theorem 2.1. Let f € H and ug € H. Then system has a unique global
solution u that satisfies

du
dt

Furthermore, the associated continuous semigroup S(t) : H — H has a global
attractor A in H, which is bounded in V. Additionally, for any u € A, we have

lu| < My :=vG, |u| < M. (2.8)

u € C([to,00); H) N L, (to,00; V), — € L, .(to, 00; V). (2.7)

where
B V)\}/QG in the case of periodic boundary conditions,

My = 1/2,~ G . . .
cvA"Gex in the case of no-slip boundary conditions.

We denote by A1(£20\Q) the first eigenvalue of the Stokes operator on the domain
Qo \ Q with no-slip boundary conditions, i.e.,

A (Q\ Q) := inf {/ |Vop|dz | Vo € HY (2 \ Q) with / lo|2dx = 1} .
QO\Q Qo\ﬂ

Then we have the following lemma.

Lemma 2.2. [7, Lemma 1] Let Q and Qg be bounded domains with smooth boundary
so that Q C Qqg. For any € > 0, there exists by = Lo(e) > 0 so that for £ > by, the
following inequality holds

| (902 + t1aloP) do = (u@0\ D) - <) [ oz, (2.9
Qo Q0
forpeV.
‘We note that here
2
AM(Q\Q) >C ( sup dist(x,890)> . (2.10)
z€QH\Q

We have the following spectral inequality (one can see [8] for the periodic bound-
ary conditions case concerning with spectral inequality to thick sets in [15], or in [IT],
Theorem 3.1] for the no-slip boundary conditions case): If ¢ € span(¢q,...,dn),
then

lellzaanz < Cac® Nigllzay:. (2.11)

where Cq, presents a positive constant which is independent of N.

3. DISCRETE DATA ASSIMILATION USING LOCAL OBSERVABLES IN THE CASE OF
NO-SLIP BOUNDARY CONDITIONS

In this section, the observational measurements at each time ¢,, are represented
by

’a(tn) = Pmlﬁ(u(tn)) + (31)

where u is the unknown reference solution of of the two-dimensional Navier-Stokes
equations (L.I), 1q is the characteristic function of the sub-domain Q of Qg, Py, :
H — span{¢q,...,¢n} is the low Fourier modes projector, which is defined as the
orthogonal projector of H onto the subspace H,,, = span{¢s, ..., ., } generated by
m first eigenfunctions of the Stokes operator A, and 7, is the error associated to
the measurements at time ¢,. We assume that {n, },en is bounded in L?(£)?.



THE TWO-DIMENSIONAL NAVIER-STOKES EQUATIONS 5

We now follow the approach in [2I] to introduce the following discrete data
assimilation algorithm for finding an approximate solution v of the unknown refer-
ence solution u: Given an arbitrary initial data vy € H, we look for a function v
satisfying the same boundary conditions for u, and the following system

% — AU+ (0- V)0 + Vg = f— 1 S (Pula(v(ta)) — @(tn)) xa:

n=0
V.ou—0. (3.2)
’U(to) = o,

where v and f are the same kinematic viscosity parameter and forcing term from
7 q is a modified pressure, @(t,) represents the observational measurements at
time ¢,, given in , and p > 0 is a relaxation (nudging) parameter. The purpose
of p is to force the coarse spatial scales of v toward those of the reference solution
v. As mentioned in [2I], one of the advantages of this algorithm is that the initial
data vg of the approximate solution can be chosen to be arbitrary.

Using the definition of @(t,,) given in and the functional setting from Section
2, we can rewrite system in the following equivalent form

d [e'e] [e'e]
dit) +vAv+ B(v,v) =Pf —p 2_:0 (Prla(v(tn) — u(tn))) Xn + p Z_:O P Xn,
v(to) = vo.

(3.3)
We will show that for any initial data vg € H, the data assimilation equation
has a unique solution v defined on the whole interval [ty, o), and under suitable
conditions of u, K, Fg, m and A\1(Qg \ ), this approximate solution will converge
to the reference solution u of the two-dimensional Navier-Stokes equations as time
goes to oo.
The existence and uniqueness of a global weak solution for the initial value
problem associated to data assimilation equation is given in the following
theorem.

Theorem 3.1. Let vg € H, f € H and let u be a trajectory in the global attractor
A of the two-dimensional Navier-Stokes equations. Then, there exists a unique
solution v of equation (3.3)) on [tg, 00) satisfying v(tg) = vo and

d
v € Clto, 00); H) N Li,e(to, 003 V), 2 € Lie(to,00: V).

Proof. The proof is very similar to that of Theorem 3.1 in [2], so we can omit it
here.
O

Let us set
By (MQ) = {u € H: |u| < Mo}
The next theorem is the main result of this section.

Theorem 3.2. Let Q be a sub-domain of a C? bounded domain Q. Let u be a
trajectory in the global attractor A of the two-dimensional Navier-Stokes equations
and let My be positive constants related to estimates of the solution u given in
. Consider vg € Br(My), and let v be the unique solution of on the
interval [tg,00) satisfying v(to) = vo. Assume that {n,tnen is a bounded sequence
in L*(Q0)?, namely, there exists a constant Ey > 0 such that

||77n||L2(QO)2 < Ey, Vn € N. (3.4)
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If M (Q0\ Q) and p are large enough such that
12307 (V202 + 243M20) 2 + ye} 55

4
Al(QO\Q)EVszthMZmaX{ o1 .

K 1s small enough such that

¢ p1/2 V2 1/2
k < —min ¢ 1, , ,
J 2\ 1/2 (V2M2+>\1(COM0M1)2)
vl/2
1
5 , (3.6)
MoMy)? | p®  p
2 Mos w2 g\ (MM et
vt < 0F Gam{ga)) 0 VR VW
and m is large enough such that
6
Ami1 > 7" (3.7)

then
lim sup |v(t) — u(t)| < cEp.
t—o0

Moreover, if Eg =0, then v(t) — u(t) in H, exponentially, as t — oo.
Here, cq is the best constant in estimate (2.4)) and c is a suitable positive constant
independent of parameters of system.

Remark 3.1. Comparing with the corresponding conditions in the discrete data
assimilation using global observables [21I], one can see that condition on m
is exactly the same, condition on p is slightly larger, condition on « is also
slightly changed. This comes from the fact that the inequality is used to
overcome the essential difficulty caused by local observables.

By inequality (2.10)), condition A; (€ \ ©2) > 47“ will hold if the sub-domain 2 is
large enough.

Proof of Theorem[3.4 Denote w = u — v. Subtracting (3.3)) from (2.6) to obtain

dw

E+VAw+B(u w) + B(w, u) 4+ B(w, w) f,uzp Lo (w Xn+u7;)P?7nX7l
(3.8)

Here we have used

B(v,v) — B(u,u) = B(u,w) + B(w,u) + B(w,w).
Multiplying (3.8) by w, then integrating over {2y and using property (2.3) we obtain

5= Wl +vlw]? + (B(w,u), w)y v
:_MZ(Pmlg(w(tn)Lw)Xn+uZ(nn,w)Xn (3.9)
n=0 n=0

= — p|Pnlow]® — 1Y (Pula(w(ts) — w),w)xn + 1 Y (0, w)X
n=0 _

Since u is a trajectory in the global attractor A, we can use the bound from (2.8)).
Using (2.4), and the Cauchy inequality, we obtain

[ (B(w,u),w)y, v | < colw|[[w][[ju]|
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< SO e Y, (3.10)
Using hypothesis (3.7) we get
—ulPrnlow|? = = pllw|[Z2(0y2 + pllQmwlF2 (o)
— pl|wlF2 ()2 + M|Qmw|2
— pllwlF2 0y + )\er [w]?
= pl|wlF2 ()2 + g||w||2~ (3.11)

Also, using the Cauchy inequality and the bound from hypothesis (3.4)), we have

1l (M, W) < |1l 2 (20)2 W]
< pEo|w|

<Pz g|w|2. (3.12)
Moreover,

WPl (tn) — w(®), w(®)] = pl(w(tn) — w(t), Pulaw(t))
—u)</tn 9 (s, Pt >)\
tn ds "’
<u /
< 3 (

< vllw(s)| + 1B, w)|lv: + [ B(w, w)|v: + || B(w, w)]|v-

dw

2
—(s) V/ds) + 2@ (313)

tn

From ({3.8)), we obtain

dw
—=(5)
‘ ds v
+ pl| P (w(tn) — w(s))|lve + pl| P (w(s))lve + pallmmm v
Then, by same as in the proof of (4.16) in [21I], we deduce that

(L&l

p(s) = v?w(s)||* +2co Mo My w(s)|[lw(s) | + colw(s) [*|[w(s)]|* + %\w(S)IQ- (3.15)

2 2,2

t
dw < c&/ w(s)ds + r
tn

—=(s)

P EZ, (3.14)

tn

where

Substituting estimates (3.10]), (3.11)), (3.12)), (3.13) and (3.14]) into (3.9) we have
3(:(2)M12

Zr [0l vllw]® < = 2plfw]Z2 o) + w]* + plwl?

3.2

cu CU’K 9
ZX"/ ds+u<1+ ” )EO. (3.16)

7z Eo then since w € C([tg, 00); H), and

(mm{ })
w(to)| < |v(to)| + [u(to)| < 2Mo < R,

We denote R = 2M, +
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there exists 7 € (¢p, 00) such that

lw(t)] < 2R, Vt € [to,T].

t = sup {T € [to,00) @ sup |w(t)] < QR} . (3.17)
t€(to,7]

Suppose that £ < t;. Then, integrating (3.16)) from tq to ¢ < £, we obtain that

w(t)* — Jw(to)|* + V/t [w(s)|[*ds

2 2M2 2
<=2 [ Jo)Eapds + (220 4 1) / w(s) ds
to
2.2 t 3 2
CUK K 5
d 1 E3.
+ > /tOSO(S) 5+/~“€< + 1/>\1 ) 0

Here we have used the fact that

t
an/ s)ds </ ©(s)ds, Vt € [to,1].
t’L

to

Define

(3.18)

Since |w(t)| < 2R for all t € [ty,?], and using the Cauchy inequality we have

coMoM7)? 2
o) < (2 +deat?) o)+ (L2 D e, )
Hence, (3.18)) becomes
coR? ¢
(o = e+ (1= gt (14 25) ) [ ui)as
0
K
<20 [ oo s+ (14 S5 ) 5
3c2M? MoM 2 22\ ot
+< L (CO( > 3k +§‘> grr ) lw(s)|%ds. (3.20)
1 v to

Using condition (3.3)) and applying (2.9) then we deduce from that
w(t)* = fw(to)[*

+ K— %4-#4_ M_’_E CM2I€2 1
2 v 1/2 /\1(

A1 v Q0 \ Q)
2M2
< {—Q[L—F (30()”1 +u

2 2 2 2,2 t
cg(MoMy)* | p*\ cp’r 14 / 9
+ (SR ) 20 s ), e aas

+ s (1 + “; ) E2. (3.21)
1

From condition (3.6]) on x and condition (3.5) on p and A\ (20 \ ), we deduce from
B21) that

} () s

() — Jw(to) / lew(s)|?ds < B2,

which implies in particular that

2
/ lw(s)||*ds < ;|w(to)|2 + EES, Vvt € [to,t] . (3.22)
to
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Furthermore, by using the Poincaré inequality (2.1)), we get from (3.19) that

2 Mo M- 2 2
o(s) < (21/2 +deoR? + M\ (CO(VOQl) + ’;1)) w(s)||?. (3.23)

Substituting (3.23)) into (3.16)) and using (2.9) then we have that for all ¢ € [to, ﬂ:
d, 3c3M? 1 9
il (v (5 ) sy ) I

3c3M? L 9
< - (2 (324 ) s ||w||Lz<m2
2,
,u 2 (M()Ml
+T (21/ +4coR o )\2 Hw )?ds

+u <1+ ”; )Eg. (3.24)
1

Here we have used the fact that

Z/ s)ds < / @(s)ds, Vt € [to,1].
tn
Substituting (3.22)) into (3.24]) and using condition (3.5)) to deduce

d
T wl? + ||w||2+€||w||%z(g)2
C2 Mo M 2 2 2 3.2
< (21/2 + 4coR? + % + ’;\%) R (|w(to)|* + EJ) + 1 (1 + 65): > E2.

(3.25)

Using (2.9) and note that R = 2M, + 7z o we deduce from (J3.25) that

(= n{” })

d 2 . 14 2
w4 A (0 \ ©) min {5, 1} |l

2
J1/2 (MM )2 2 2
W > @(MoMy)® | p° ) eur (|lw(to)|? + E2)

< | v?+co | Mo+ + 5
< (min {%,1 viA AT

+u(1+ “; )Eg. (3.26)
1

Using the Gronwall inequality to (3.26)) in [to, ], < £, with noting that A; (Q\ ) >

4
2 we have
17

w(t)? < (1— e #mntE ) (o u(to) 2 + 92 B + ———— B}
4m1n{§,1}

+ |w(ty) P~ ¥ min{ g1} (t—t0) (3.27)
where
2
1/2 2( Mo M )2 2
cuKY v ¢
" Tmin {2, }”2“0("‘40*.,,1/2’50) %*%
min (min {5, 1}) ! 1
and

cuk?

=t 4)\1m1n{’2’,1}
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Since |w(tg)| < R, then (3.27) becomes
()2 < (1— e Fmin{Eem0)) (3 g2 4B 4+
- 4 min {%, 1}

+R2€—47“ min{%,l}(t—to).
Using the choice of x in (3.6) with suitable constant ¢, we get 11 < 1/2,72 <

—~X——— so that
4m1n{%,1} y
R?> 4+ F2 4+ ————— —F2 < R?.
m 1250 4min{%,1} 0=
Thus

‘w(t)| < Rv vt € [t07t]'
In particular, |w(t)| < R, and from the definition of £ in (3.17) we conclude that
t > t;. Therefore, we also have |w(t;)| < R and we can apply the same previous

arguments to obtain that £ > t5 and |w(t2)| < R. Continuing inductively, we obtain
that ¢ > t,,, for all n > 0. Furthermore, we get the same as (3.27) that

wi) < (1= e E OO ()P 4B+ ey B
mln{ﬁ, 1}

4y

+Jw(ty)[2e” ¥ min{E 1Het0) (3.28)
for all ¢ € [ty, tn+1] and for all n € N. Therefore,
[w(tns1)|? < 0lw(t,)|? + cE2, ¥n >0,

where s )
g = ¢ ¥ min{%.1}x + (1 —e v min{%”’“) <1.
Thus,
n—1
w(tn)|* < 0" |w(to)* + cEF Y 67, ¥n > 1. (3.29)
j=0
Combining ({3.28)) and (3.29)) we deduce that
n—1
w(t)* < 0™ w(to)” + cEg [ 1467 |Vt € [tn, tnia], ¥n > 1.
j=0

Therefore
lim sup |w(t)|? < cE3.

t—o0
Moreover, if Ey = 0, we have

lw(t)|? < 0™|w(to)?, Vt € [tn,tni1], Y > 1,

and thus w(t) converges exponentially to 0 in H as t — co. O

4. FINITE-DIMENSIONAL DISCRETE DATA ASSIMILATION USING LOCAL
OBSERVABLES

We now consider the two-dimensional Navier-Stokes equations in the both
two cases, periodic boundary conditions and no-slip boundary conditions. For any
positive integer N, we denote Py the projection onto the finite-dimensional sub-
space generated by N first eigenvectors of the Stokes operator. For any N € N, we
will consider the measurements as follows

U(tn) = Pnla(u(ty)) + Pnmn, (4.1)
where u is the unknown solution of (|1.1J).
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We now follow the approach in [§] to introduce the following data assimilation
algorithm for finding an approximate solution vy of the unknown reference solution
v: Given information about a reference solution v by using the interpolant operator
Pn1g, we look for a function vy satisfies the following system

dv < .
=X + vAvy + PNB(UN; UN) =Pyf— 1% Z (]-Q'UN(tn) - u(tn)) Xns
dt =0 (4.2)
UN(to) = 9.
Using (4.1) then (4.2)) can be rewritten as following system
d’U 0
dizv +vAvy + PNB(’UN,’UN) =Pnf—p Z IQ(UN(tn) — PNU(tn))Xn
n=0
+Hu 2—:0 PNnana (43)
UN(to) = 0.

By similar arguments as in the proof of Theorem we also have that (4.3) has a
unique global weak solution vy (t) on [tg, 00). We can now state the main result of
this section.

Theorem 4.1. Let ) be any open subset of the domain Qg. Let u be a trajectory in
the global attractor A of the two-dimensional Navier-Stokes equations and let My be
the positive constant related to estimates of the solution u given in . Consider
vo € B (My), and let vy be the unique solution of on the interval [ty,c0)
satisfying v (to) = vo. Let € > 0 be given. Assume that {n,}nen s a bounded
sequence in L*(Q)?, namely, there exists a constant Ey > 0 such that

1702 (00)2 < E1, Vno€ N, (4.4)
If N is large enough such that

N > c¢max G Mg M (co + M )" %12 (4.5)
- (evA1)? e )’ ’
w is defined by
2 N2 CoVN
p=2aMiCac P77 (46)
v
and K is small enough such that
2 —1/2 2 2\ —1
c . i (MoMy)*
< - 1 4+ Mg E M | ————+
A Ap)?
s O S ) 2}, (4.7)
WL+ A A+
where ) ( v )
Mo M I
o= 2 4 M2 M E2 0Vl I
pErElt et T, T
then )
lon (t) — u(®)]? < B2 4 ¢, (4.8)
V)\l

for t sufficiently large.

Remark 4.1. We see that if we choose

AMEMS(co + My)? M?
N = No(e) = oMo My i 1
o(e) [cmax { ) ' + 1

then p = pg(e) has the form (4.6) which depends on e. So if the size of errors E;

satisfies 7 < ‘fo”()s‘)l, then we obtain that |ux () — u(t)| < 2¢ for ¢ sufficiently large.
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Proof of Theorem[].1} Let & be given and we set £ = 5”8)‘1 . Let u and vy be as in
the statement of Theorem Note that for any N € N, Pyu satisfies

d

%PNU + I/APNU + PNB(PNU u) PNf — PNB(QN’U,,U), (49)

where Qn = I — Py. Let w = vy — Pyu. Subtracting (4.2) from (4.9) to obtain
dw

= + vAw 4+ Py B(Pyu,w) + Py B(w,w) + Py B(w, Pyu)

=—u Z low(tn)xn + 1 Z PynnXxn + PnB(Qnu,u) + Py B(Pyu, Qnu).
n=0
(4.10)

Here we have used the fact that
PNB(UN,UN) — PNB(PNU, u) = PNB(PN’U,,U/) —+ PNB(w,w)
+ Py B(w, Pyu) — Py B(Pyu, Qnu).

Multiplying (4.10]) by w, then integrating over Qg and using (2.3)) we obtain

1d
g+ (B Py ey
= —MZ low(tn xn+uz (PN, w)Xn
n=0
+ <B(QNU7U)7 >V/,V + (B(Pyu, Qnu), w>v/ 1%
o0
= —pllwlFagy — 1Y (la(w(t,) - Xn"’.uz > W)X
n=0
+<B(QNu7u)vw>V’,V+<B(PNU>QNU)’ >V’,V' (4'11)

We now estimate for the right hand side of (4.11). We first apply (2.4)), the Cauchy
inequality, (2.8)) and the spectral inequality (2.11]) to obtain

<B(w,PNu) >V’V _CO|w|Hw””PNUH

260 2112, YV 2
< 20 Z
< Pl + 2wl

2¢2 M?
< SO 2 4 ] ?
v 8

QCngCQEC”\/N
v
Applying (2.4)), (2.8) and the Cauchy inequality, we obtain

<B(QNuau)a w>vf,v + <B(PNU7 QNU)aw>v/,v
< co (1@uul 2 Quvull2ful [ul] /2 + | Pyul"/?|| Pvul 2 Quvul V2| Quvul /2 o]
< 2¢0l@nul | Quull /2 ful ful ]

v
< cgl@nullQnulllulllell + Zllw]?

1%
< lwlZa (e + §||w||2~ (4.12)

< A2 MM + %||w||2. (4.13)

By the Cauchy inequality and using condition (4.4)), we have

VA1 2,u2

2
(N )§7E1+7| I < )
1

14
e L g\|w||2. (4.14)
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Moreover, we have
ltatuott) — w(®). o) = | ([ G265 10000 )

g ‘

v dw
—(s)d
u[ds@s

t
<
t

n

2 t
(]
14 tn

From (4.10), using (2.5) and (2.2) we obtain

dw
E(S)

<vlfw(s)| + 1B(Pyu, w)llve + [ B(w, Pyu)|v: + || B(w, w)]v-
+ulla(w(tn) —w(s))llv: + plltow(s)|v:
+pllmllv: + 1PN B(@nu, u)llv: + || Py B(Pyu, @nu)llv-

< vljw(s)ll + 260IPNUIWHPJ\WII1/2|w|1/2||w||1/2 + colwl[|w]l

/ S| dw
+p
tn 1%

E(T)
+ 20| Qnul 2 Q el ful|
< wllw(s)[| + 2co(MoMy)"2[w ]2 ||w]|*/? + colw|||w]|

/s dw
+u
tn

—(7)
dr v
Integrating with respect to s from ¢, to ¢ € [t,, tn+1), We obtain that

dw
E(S)

A4

1
dr + 1/2 [w(s)] + 75 11nll L2 (202
AL Al

dr + qu(sn + ) + 20005 My P M3

ds < [ (vwl)l+ 200 (Mad0) 2ule)] 2 s) 2

in

144 n

+ colw(s)|llw(s)| + w'w( 5)|)ds + Al/QEl

2cor My M2 ¢
+ 17/4 + MUK
AN t
Using condition on x we deduce

dw

Vv’

t
(NG| ds<e [ (vl + 200000 () o)
n v n
/2 r2
1K ccok My~ M7
+ colw(s)|u(s)]| + A}/Q|w< >|)ds+cA1/2E R
By the Holder inequality it implies that
2
dw ¢ cp?K? ccokMoM?
( d—(s) ds) < cn/ w(s)ds + \ E? + /2 L (4.16)
t S " t 1 A
n n N

where ¢(s) is the same as in (3.15). Substituting estimates (4.12), (4.13), (4.14),

(4.15) and (4.16)) into (4.11)) we have

40(2)M1209609\/N>

2co Mo M3 (co + curMy)
lwllZ2 02 + BVE
AN

d
Zhof? + vlw)? < - <2u -
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cu 4 cp’K? 9
n s)d —— | ET. 4.17
Zx / )ds + pi? ( ot o > : (4.17)

We denote R = 2Mj + 3;{\51“5/‘1 then since w € C([tg, 00); H), and
w(to)| < [v(to)| + [ulto)] < 2Mo < R,
there exists 7 € (to, 00) such that
lw(t)| < 2R, Vt € [to,T].

Define

t=sups 7 € [tg,00) : sup |w(t)]| <2R ;.
te[to,T]
Suppose that £ < t;. Then, integrating (#.17) from t, to ¢t < £, we obtain that

lw(t)[* — |w(to)|2+u/ [w(s)||?ds

MC’@CQ 2ukcoMo M3 (co + cuxM
S_<2M 1vQ )/ ”w ||L2(Q)2d5+ HRCo M 1(0 19 1)

A2

t
cu kK 9 4 i’k 9
+ / p(s)ds + p°k (V)q + mY ) Ef. (4.18)

v i
Here we have used the fact that
t
an/ s)ds </ ©(s)ds, Vt € [to,1].
to
Since |w(t)| < 2R for all t € [to, ], and using the spectral inequality (2.11]) we have
MyM
o(s) < (202 + 4R (s) | + (() + ‘j) Cac ™™ N juw(s) 12z
Here we have used (2.11). Hence, (4.18)) becomes
2 2 2 NGl ' 2
[w®)]” = w(to)[” + | v — (207 + 4R%) —— / [w(s)l|ds
to

<_ {2H _ 4CgMIZCQECQ\/N

14

2.2/ (MoM:)2 2 !
ok (( oM)” /;) CQeCQ‘/ﬁ} lw]|Z g2 ds
1

v V2 to
QHHCOMOM;(/CZO + curMy) + e (V‘f\l n C‘:i\’f) B2, (4.19)
From condition on x and condition on i, we deduce from that
lw(t)|? — |w(to)]? / |w(s)||?ds < cE? +E,
which implies in particular that
/tt lw(s)[2ds < % (2uwto)? + cB? + 22) , Vt € [t0,] - (4.20)
0

Using the Poincaré inequality (2.1)), we obtain as same as (3.23)) that

pls) < (21/2 +AR? + ! <<M<L]¥1)2 + ii)) ()|



THE TWO-DIMENSIONAL NAVIER-STOKES EQUATIONS

Then we have from (4.17)) that for all ¢ € [to, ﬂ:

d 42 M2CgeCe VN
ﬁwlz +vflwl® < - <2M - wl]|72

15

N 2co Mo M3 (co + curMy)
)2

AN
2 2 2
K 2 2 -1 [ (MoMy) ©- 2
+ > (21/ +4R" + X] ( 2 —1—/\1 lw(s)]||
4 cp? K2 9
— | E7. 4.21
+ u? (V>\1 + »e > 1 ( )

Substituting ([4.20) into ) to deduce

d 42 M2CgeCovN
7 w|? + ||w2+<2u— : 1}/ [w]|72 (02

< (s ey WA A

Vv (lw(to)* + Ef +2)
200M0M1 (co + curbly) o f 4 cp?k?\ o
)\1/2 + /,L T)\l + V)\l El . (422)
N

From condition (4.7)) on x and condition (4.5) on N, we have

ZCoM()M%(CO + CMHMl) <
)\1/2 -

<
5
N

From condition (4.6)) on p, then from (4.22]) we have

d, o VUV, 9 9 o (MoMy)?  p?\ cu’k

4 Yijw|?2 < (202 +4R? 4 L0 B

dt|w| + 2Hw|| < ( ve+ + 5w + ¥
Hence

4 cp? K2 9
— | 7.
+E+u° ( )\1+ e 1
d l/)\1

MoMy)?  u?\ cpk _
2 2 « 2 2, (Mo 2 2
w7 w|® + 5 lw|* < (21/ +4R? + o +A% V (Jw(to)|” + Ef +€)

4 cp?K? 9

Using the Gronwall inequality to (4.23)) in [to,],t <t

N2 81 g
wOF < (1= ) (ool + B+ g B+ (n + 15)
+ fu(to) e =)

(Jw(to)|? + E} + )

(4.24)
where
2 2 2 2
CHWR [ 2 2 H o (MoM,) M
= M+ —E7+———+ =
TN (” MO ey )
and
cptr?
Y2 =71+ s

VN
Since |w(tg)| < R, then (4.24) becomes

B2y 8 €
2 < (1 _ A (t to)) 2 E2 El2 1)——
lw(®)|]* < e 2 Y R® +vE] + DN + (y2 + )l/)\1

4 R2e— 2t (t—t0),
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Using the choice of k in (4.7)) with suitable constant ¢, we get

2

: M
<1/2,7v < —,1
7= /772_mlﬂ{(1/)\1)27 }

so that

Su?
(I/)\l)Q
In particular, |w()| < R, and from the definition of £ we conclude that £ > ;.
Therefore, we also have |w(t1)| < R and we can apply the same previous arguments
to obtain that £ > ¢, and |w(ts)| < R. Continuing inductively, we obtain that ¢ > t,,,
for all n > 0. Furthermore, we get the same as that

_vAL 442
2 to 2 2 2
|w(t)| < (1 —e 2 (t )) <V1|w(tn)| Jr’VQEl + (1/)\1)2E1 ('72 + ) )\1>

+ w(tn)| e T 0, (4.25)
for all ¢ € [ty,,tn+1] and for all n € N. Therefore,

’YlRQ + ’)/QElz + E12 < R?.

[w(tni1)|* < Olw(ta)® +c

E1+2 . Vn >0,

(A) >\

where N N
f=c 2" 4y (1 — 67T1H> < 1.
Thus,

2 — n—1
ta)|? < 0" |w(to)[? P B2 )¢, vn > 1. 4.26
(en)? < 0"t + (e B + 2 SCRTE (4.26)
Combining (4.25) and (4.26) we deduce that

lw(t)]? < 9”|w(t0)|2+(c 2+ 2 > 1+ Z 07 | |Vt € [tn,tnia], Yn > 1.
A1

(vA1)?
Now we have

o (1) = u(®)]? < [w(®)]* + |Qnu(t)?

2 _ n—1

M 2 £ j €
< 0™ w(ty)|? ——F{+2— ) |1 67 -
< 6™ w(to)| +(C(V/\1)2 i+ V/\1> +]Z:% +

for all t € [t,,tn11], Vn > 1, provided by N is large enough satisfying (4.5), i.e.,
1
Qnul? < —lQnull? < H (= 7M1 <
AN AN 4

Hence

2
+¢,

I
t) —u(t)]* <

|UN() u( )| _C(I/)\l)2

for ¢ sufficiently large. Moreover, if £1 = 0, we have
lon (t) —ut)]* <e

for ¢ sufficiently large. O
Remark 4.2. In the previous work [§], the authors studied finite-dimensional con-
tinuous data assimilation for the two-dimensional Navier-Stokes equations with
local observables. In Theorem 1] we have studied the finite-dimensional discrete

data assimilation for the two-dimensional Navier-Stokes equations in a special case
of the local interpolant operators, namely the low Fourier modes projector. It is
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worthy noticing that our results are not only hold for the periodic case but also
for the no-slip boundary case, and without assumption on the suitable Gevrey
regularity of solutions in the periodic case or the fast enough decay condition of
in = (u,¢n) in the no-slip boundary case as in the continuous data assimilation
problem in [§].
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