PONTRYAGIN’S PRINCIPLE FOR OPTIMAL CONTROL
PROBLEM GOVERNED BY NAVIER-STOKES-VOIGT
EQUATIONS

CUNG THE ANHY AND TRAN MINH NGUYET

ABSTRACT. In this paper we establish the Pontryagin principle for two dis-
tributed optimal control problems governed by Navier-Stokes-Voigt equations
in two circumstances: pointwise control constraints and two point boundary
state constraints.

1. INTRODUCTION

The Navier-Stokes-Voigt (NSV) equations was introduced by Oskolkov in [21] as
a model of motion of certain linear viscoelastic incompressible fluids.

yr —vAy —a?Ays + (y-V)y+Vp =u, x € Q,t >0,

V-y =0, z€0,t>0, (1.1)
y(x,t) =0, x €00,t>0, '
y(x,0) = yo(x), x € Q.

Here, € is an open domain in R? with boundary 0 y = (y1(z,t), y2(x, 1), y3(x,t))
is the velocity; yo = yo(x) is the initial velocity; p = p(z,t) is the pressure; v > 0 is
the kinematic viscosity coefficient; and « # 0 is the length-scale parameter charac-
terizing the elasticity of the fluid. In [6], the authors also proposed NSV equations,
with small values of «, as a regularization of the 3D Navier-Stokes equations for
the purpose of direct numerical simulations. The difference between Navier-Stokes
equations and NSV equations is appearance of the regularizing term —a?Ay,, which
leads to the global well-posedness of NSV equations both forward and backward in
time, even in the case of three dimensions. In fact, the Navier-Stokes-Voigt system
is perhaps the newest model in the so-called a-models in fluid mechanics (see e.g.
[11]). However, it does not require any additional artificial boundary condition
(besides the Dirichlet boundary conditions) to get the global well-posedness, which
is an appealing advantage compared to other a-models.

In the past years, the existence and long-time behavior of solutions to the Navier-
Stokes-Voigt equations has attracted the attention of many mathematicians. In
bounded domains or unbounded domains satisfying the Poincaré inequality, there
are many results on the existence and long-time behavior of solutions in terms of
existence of attractors, see e.g. [5] [7, @) 10} 12} 13} 22] B3]. Recently, some optimal
control problems for NSV equations have been studied, including quadratic optimal
control [I], time optimal control [2], optimal control with pointwise control-state
constraints [26], optimal control of time-periodic solutions [4], optimal control of
feedback control [34] and a numerical scheme for the distributed optimal control
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problem in both time and space variables [3]. In this paper, we establish Pontrya-
gin’s principle, as the first necessary optimality conditions, for the two following
optimal control problems governed by 3D NSV equations.

Let Q be an open domain in R? with Lipschitz boundary 0. Set Q = Qx (0,7T),
where T' > 0 is given. The first problem is as following

P) {min J1(y, u)

u € Uy,

where

e Ji(y,u) is a quadratic objective functional defined by

(0% o
) =5 [T —vr@lde+ G [ et - gt 0)drar

+1/ |u(x, t)|?dxdt;
2 Jo

o Uy = {u € L*Q) : u(z,t) € M for ae. (x,t) € Q}, where M is a given
closed set in R?;
e the state y and control v have to fulfill the 3D NSV equations (1.1)).

And the second problem is the following

min Ja(y, u)
(PQ) u e Z/{Q,
(y(0);9(T)) € S,

where

e Jo(y,u) is also a quadratic objective functional defined by

«
Ja(y,u) = 762 /Q ly(z,t) — yo (=, t)Pdzdt + ;/Q lu(z, t)|?dadt;

o Uy = {u € L*(0,T;L2(2)) : u(t) € U for a.e. t € (0,T)}, where U is a
nonempty, closed, bounded, convex subset of L.2(Q);

e S is a nonempty closed convex subset of V' x V;

e the state y and control v have to fulfill the 3D NSV equations .

Problem (P;) is a representative for several meaningful problems, such as the
problem with fixed endpoints: y(0) = yo, y(T) = w1 (in this case, S consists
of only one element (yo,y1)); the control problem with a final state constraint:
y(0) = yo, y(T) € W (S = {yo} x W); or the optimal control problem for periodic
solutions (S = {(z,z) : x € V}). In this paper, we choose a specific objective func-
tional, however, these arguments can be applied in the case of an abstract objective
functional with some appropriate assumptions.

Using some ideas presented in [I4], we obtain Pontryagin’s principle for prob-
lem (Py) by utilizing some regular properties of solutions to NSV equations and
techniques of optimal control theory. The achieved result for problem (Ps) fol-
lows from a standard scheme: Firstly, we define a penalty functional which helps
to transform (P,) with endpoints constraint to an approximate problem with no
endpoint constraint. Then, we apply the Ekeland variational principle to find an
optimal pair for the approximate problem. Next, we use spike variation technique
to get the necessary conditions for the approximate problem. Lastly, we pass to
the limit to derive Pontryagin’s principle. This scheme was presented in [I5] where
the authors considered an optimal control problem governed by evolutionary in-
tegral equations. These ideas were applied in [29] [30] for optimal control of fluid
dynamic systems to derive Pontryagin’s maximum principles. These techniques are
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then used for optimal control problems governed by a number of equations, such as
Cahn-Hilliard-Navier-Stokes model [20], Boussinesq equations [17], primitive equa-
tions of the ocean [I8], 19], coupled nonlinear wave equations with memory [35],
2D Navier-Stokes equations [31], fluid dynamic systems [32], for several types of
constraints including pure state constraints, mixed control-state constraints, two
point boundary state constraints. We also apply these ideas into our problem. Our
result is closed to the one in [29], where the author dealt with strong solution, since
the linearized equations are required being satisfied almost everywhere to evaluate
the errors, however, because of regularity of solutions to NSV equations, we can
estimate errors even for weak solutions.

The paper is organized as follows. In Section 2, we recall some auxiliary results
on the existence and unique of weak solutions to NSV equations and introduce
linearized equations as well as its properties. The main results of the paper are
presented in Section 3, where we prove Pontryagin’s principle for the two above
optimal control problems.

2. PRELIMINARIES AND AUXILIARY RESULTS

2.1. Function spaces and inequalities for the nonlinear terms. For conve-
nience, we set

L2(Q) = L2(Q)°, Hy(Q) = Hy(Q)°, L*(0,T;L*(Q)) =L*(Q) == L*(Q)".

Define
3

(u,v) == /Zujvj dz, u= (u1,us,u3),v = (v1,vs,v3) € L*(Q),
Q J=t

3
((U,’U)) = /Zvuj ! VUj dﬂ}, u = (U1,U2,U3),U = (U13U27U3) € Hé(9)7
Q J=1

and the associated norms |u|? := (u, u), |[ul|? := ((u,u)).
Set
V={ue(C)*: V-u=0},
and denote by H and V the closure of V in L?(Q and H}(Q), respectively. Then
H, V are Hilbert spaces with scalar products (.,.), ((,.)) respectively.
Let X be a real Banach space with the norm |.||x. We denote by L”(0,T; X) the
standard Banach space of all functions from (0,7") to X, endowed with the norm

1/p

T
lyllLeo,7.x) = </ ||y(t)||§(dt> , 1<p<oo,
0

[yl zo<0,7,x) := esssup [ly(t)[ x-
te

)

When X is a Banach space with the dual space X', we will use ||.||x+ for the norm in
X', (., .)x+,x for the duality pairing between X’ and X. In this case, L?(0,T; X) is
also a Banach space, with the dual space being Lp,(O, T; X"), where 1/p+1/p’ = 1.
The pairing between u € L¥’ (0,T; X'y and v € LP(0,T; X) is

T
<U7'U>Lp’(0’T;X/),Lp(0,T;X) :/O (u(t), v(t)) x,xdt.

To deal with the time derivative in the state equation, we introduce the common
space of functions y whose time derivatives y; exist as abstract functions

Wh2(0,T; X) .= {y € L*(0,T; X) : y; € L*(0,T; X)},
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endowed with the norm

/
||y||W1v2(0,T;X) = (HyH%?(O,T;X) + Hyt||2L2(0,T;X)) .

When X is a Hilbert space, L?(0,7; X) and W12(0,T; X) are also Hilbert spaces.
We will use the following embedding results:

W2(0,T; X) — C([0,T); X) is continuous (see [24, p. 190]),
W20, T; HY(Q)) — L*(Q) is compact (see [25]),
W20, T;H(Q)) — C([0,T]; L*(R2)) is compact (see [25]).

We now define the trilinear form b by

3
b(u,v,w) = Z /uz%wj dz.

Bi=1g
It is easy to check that if u € V,v,w € H}(Q) then b(u, v, w) = —b(u, w,v). Hence
b(u,v,v) =0, Yu € V,v € H}(Q).
Lemma 2.1. [, 27] We have
[b(u, v, w)| < Clul*Jlul > {lolllw] 4[>, Vu, v, w € Hy(S),
[b(u, v, w)| < Cllullllvlllwl, Vu, v, w € Hy(€),
[b(u, v, w)| < Clul?|ul*2 o], Vu,v € Hy(Q).

2.2. Existence and uniqueness of solutions to the Navier-Stokes-Voigt
equations.

Definition 2.1. For given u € L?(0,T;V’) and yo € V, a function y is called a
weak solution to problem (1.1|) on the interval (0,T) if

d
y e C(0.TV), ZF € LX0.T3V),
(e(s),v) + v((y(s), v)) + a®((ye(5), v)) + b(y(s), y(s),v) = (u(s),v)v v Yv eV,
a.e. s€ (0,7),
y(0) = yo.
We want to give an equivalent formulation as an equation in function spaces. To

this aim, we introduce a linear, continuous operator A : L%(0,7;V) — L%(0,T; V")
for y,v € L?(0,T;V) by

(Ay,v)r2(0,1,v7),L2(0,T:V) :/0 (Ay(t),v(t))v: vdt 12/0 ((y(t),v(t)))dt,

and a nonlinear operator B : W12(0,T; V) — L2(0,T;V’) for y € WH2(0,T; V),
w € L?(0,T;V) by
T

T
(By)0) 120,07, L2 (0.7 = / (B) (), w(t))vr vt = / b(y(2), y(t), w(t))dt.

Now, we have an equivalent formulation with Definition [2.1]

Definition 2.2. Let u € L?(0,T;V’) and yo € V be given. A function y €
WL2(0,T; V) is called a weak solution to the problem on the interval (0,T) if
it fulfills

ye +vAy + Ay, + By) = u in L*(0, T3 V'),

y(0) = yo.

Theorem 2.1. [5] For any yo € V and u € L*(0,T; V") given, problem (L.1)) has
a unique weak solution y on (0,T).
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Lemma 2.2. i. Let g€ WH2(0,T;V), 20 €V and f € L*(0,T;V") be given.
Then the following equations
2+ vAz + a? Az + B(z,9) + B(9,2) = f in L?(0,T; V'),
z(0) = 2o.

has a unique solution = € W12(0,T; V). Moreover, there exist constants
C1,Cy independent of f,zy such that
[2llw20,7v) < Cillfllz20,7v7) + C2ll20]- (2.1)
ii. Let § € WY2(0,T;V), 20 € V and f € L*(0,T;V') be given. Then, for
each p > 0 the following equations
{zt +vAz + a?Az + B(z,9) + B(§,2) + pB(z,2) = f in L?(0,T; V'), (2.2)
2(0) = 2o, ’

has a unique solution z € W12(0,T; V). Moreover, there exists a constant
C' independent of p such that

2llwr20,mv) < C(1+ p). (2.3)
iti. Let 9,2 € WY2(0,T;V), 20 € V and f € L*(0,T;V’) be given. Then the
equations below has a unique solution.
2+ vAz + Az + B(z,9) + B(§, 2) + pB(2,2) + pB(2, 2) + pB(%, 2)
+pB(2,2) = f in L*(0,T; V'),
2(0) = 2o,

Moreover, if || f|lL20,0;v) < M then there exists C > 0 independent of f
(but dependent of M) such that

[2llw.20,7v) < C. (2.4)

Proof. The proof of existence and uniqueness of solutions to the above equations
is standard by Galerkin method. We only present here a proof of 7 for
and are proved similarly. In this proof, we use C' to denote several positive
constants that may depend on [|§|lw1.2(0,7;v), [ fllz20,75v7), T, V5 v, .

From the first equation of and the fact that b(z, z,z) = 0, b(7, z, 2) = 0, we
have

57 (IZOP +a?[lz(0O]%) + vz = =b(=(t), §(8), 2() + (1), 2(t))vr,v- (2.5)

Since § € W12(0,T; V) and W12(0,T; V) is continuously embedded in C([0,T7; V),
we get from Young’s inequality that

[b(=(1), 5(2), 2(E)] < Cl@)V 1= 1> 5(0)]
< Cl2)l=()*

v
< Clz@F + 1201,

v
(F®), 2@ vl < HFOIv 2@ < CILEGIR + 511201
From these estimates and ([2.5)), it follows that

d

Z(FOF +?[z@0)11) < Clz@)F + ClF @

< CIfOIF + CU=OF + a?[l=()]).
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Applying Gronwall’s inequality we obtain
t
2()]* + ?[[2()]* < e (l20]* + a®l20]1?) +/ I f(s)|}ds < C. (2.6)
0

Hence, we get that ||z||r2(0,r;v) < C. Next, we prove a similar estimation for
llz¢ll 2 0,75v)-

Multiplying the first equation of (2.2) by z; € L?(0,T; V') pointwise with respect
to time and then integrating from 0 to 7', we have

2172 () +V/ ((2(8), 2e(0)))dt + || 24|70, 7,0y = /0 b(y t), z(t))dt
/ b(z ), z¢e(t))dt — / b(z ))dt + /T V’ ydt.
’ 2.7)

After integrating by parts, the left-hand side of (2.7) is
14 1%
2ellZ2 (s + SN = Slz0l* + a®llzl 20,0 (2.8)

From (2.6, by Lemma we have following estimates

a2

T
/O b(G(1), 2(t), 2 (D)dt] < = lzullZz0,0v) + CllzlT207v,

T 2

R «
; b(2(t), 9(t), 2z (t))dt gI\ZtIIQLz(o,T;v) +Cllzll720,mv)»
T

A CORORAO

IN

o? 2 2
?Hzt”Li’(QT;V) +Cp”,

IN

2
«
?Hth%?(O,T;V) + C||f”2L2(0,T;V')~

IN

T
/0 (), 2 (D) vy dt

Summarizing these estimates and using (2.7)), (2.8)), we have

a? v
g”th%%o,T;v) < C||Z||2L2(0,T;V) +Cp° + CHf”%Z(O,T;V’) + 5”30”2
<CH+Cp* <C(1+p?).

The proof is complete. O

Lemma 2.3. Let § be a given function in WY2(0,T; V). If y, converges weakly to
y in WH2(0,T; V) then

B (Yn,yn) = B(y,y),

B (yn,9) — B(y,9),

B (§,yn) = B(4,y)
in L? (0, T;V") as n — oo.

Proof. The first statement is proved in Lemma 3.1 in [I]. By a similar argument
used in that proof, we can easily prove the last two statements. O



PONTRYAGIN’S PRINCIPLE 7

3. PONTRYAGIN’S PRINCIPLE

3.1. Pontryagin’s principle of optimal control with pointwise control con-
straints. We are going to establish Pontryagin’s principle for problem (P;):

m1nJ1 (y,u) : / ly(z, T) — yr(z)]? dz + 29 / ly(x,t) (z,t)|?dzdt
—i——/ |u(x, t)|?dxdt,
2Jq

u €Uy = {uecL*Q):u(x,t) € M for ae. (z,t) € Q},

subject to

and

yr + vAy + a? Ay + B(y) = wu in L2(0,T; V"), (3.1)
y(0) =yoin V. .

Assume that:

e The initial value yo is a given function in V. The desired states have to
satisfy y7 € V and yg € L3(Q).

o The coefficients ar, o are non-negative real numbers, where at least one of
them is positive to get a non-trivial objective functional. The regularization
parameter 7y, which measures the cost of the control, is also a positive
number.

Set
A= {(y;u) € WH2(0,T;V)xL*(Q) : u € Uy and (y;u) satisfies equation (3.1))}.

Definition 3.1. A pair (y;u) € A is called an optimal solution to problem (Pp)
if there exists € > 0 such that Jy(y,u) > J1(g,a) for every u € U, satisfying
||u — ﬂHLz(Q) <e.

If we add a asumption that M is convex then U is a nonempty convex closed set
in L2(Q). Hence, from Theorem 3.1 in [I] we get the existence of globally optimal
solution of optimal problem (P;). To derive a Pontryagin’s principle for the optimal
control problem (P;), we need the two following lemmas.

Lemma 3.1. [23] Let v € Uy and (§;4) € A. Then, for every p € (0,1) there exists
a sequence of Lebesque measurable sets Ef,f CQ, Hl’f C  such that

w(Ey) = pp(Q),

1
=xgx —1in L>™(Q) weakly star as k — oo,
p

/ (of? — [af?)dzdt = p / ([of? — [af?)ded,
E’; Q

where p(.) denotes the Lebesgue measure and XEk 1s the characteristic function of
k
E.
Lemma 3.2. Suppose that (g;4) € A and v € Uy. Then there is a sequence
{p} € (0,1) and measurable sets E, C Q satisfying the following conditions
e p— 0T,
o u(E,) = pil(Q),
o Ifu, is defined by
W(z,t)  if (z,t) € Q\Ep,

up(xvt) = (ﬁ + XEP(U B a))(x’t) N {U(I',t) Zf (.%',t) € EP?
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and y, is the state associated to u, then (y,,u,) € A and the condition
below holds

1
= U 1 — . == 0 3.3
Yo =Y+ pz+7p, pgg+ p||Tp\|C([0,T],1L2(Q)) ) (3.3)
Ji(up) = Ji(a) + pAJi + o(p), (3.4)

where z is the unique solution of the linearized equations

{zt +vAz +a?Az + B(2,9) + B(9,2) =v—4 in L2(0,T;V"),
z(0) =0,

N N Y ~
and AJy = ar(2(T),9 — yr) + aq(z,9 — yo)L2(Q) + §(|U|H%2(Q) - |u|]i2(Q))‘
Proof. Let v be given in ;. By Lemma for each p € (0,1), there exists a

sequence of measurable E;f C @ such that (3.16)) and (3.17) are valid. We set

up =i+ xpr (v — @) (3.5)

and denote by y’,j the associated state to u’;. By (3.17)), we have
1
Huflj - QHEQ(Q) = p/ 7XE:§‘U(xat) - d(x,t)|2dxdt - p/ |’U(.’E,t) - ’ll(.’l},t)|2d.'1,‘dt
QP Q

as k — oo. Hence, for p > 0 small enough and k big enough, u’; belongs to a

neighborhood of @ in L?(Q). Since v — @ € L?(Q), it follows from (3.17) that
1
;XE;;

Hence, there exists a constant M, > 0 such that

(v—1a) = (v—1a) in L*(Q) as k — oo. (3.6)

2
<M, Vk>1.
L*(Q)

1 .

H ;XE’; (v—1)
P 1 - k 1,2 :

Put zy = —(y, —9) and f = ;XELC (v —a). Then z; € W+2(0,T;V) and satisfies

the following equations

{z’;t +vAzg + 0’ Azp, + B(zp,9) + B, ) + pB(25, 25) = fr,

zk(0) = 0.

A

Hence, there exists a constant C' = C(p, g, v, @, T, v, a, ) such that Hz’;||W1,2(O7T;V) <
C, thanks to Lemma [2.2] From the boundedness, we can extract a subsequence,
denoted again by z’,j, converging weakly to some z, in W2(0,T;V) as k — oo.
Then, it follows from Lemma and that z, is a solution of the following
equations

2p, + VAZ, + aQAzpt + B(2,9) + B(9, 2p) + pB(2p, 2,) = v — 4,
z,(0) = 0.

By Lemma [2.2] there exists a positive constant C' not depending on p such that
zpllwr2(0,1;v) < C. Hence, we can assume that z, — z in W2(0,T;V) as p — 0F.
We can easily show that z is the unique solution of the following equations

2+ vAz + a?Az + B(z,9) + B(§,2) = v — 4,

z(0) = 0,

thanks to Lemma 2.3]
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Slnce the embedding W12(0,T;V) < C([0,T];L?(Q2)) is compact, we imply
2

that zp converges strongly to z, in C’([O7 T];1L2(€2)) as k — oo. Then, there exists

k(p) > 0 such that
||z’;(p) — 2plleo Lz @) < p- (3.7
We now define
Ep = E:f(p)7 up = uﬁ(p) — 'EL + XEP(U ) yp — yk(p)
From ([3.2) we have u, € U, and then (y,,u,) € A. It follows from (3.7) that
125 = 2l cqoma) < 1259 = zllcqoriz@) + 120 — 2lcqomiiz @)
< p+ 2 — 2llcqomLe@) — 0

as p — 0. Putting r, = y, — § — pz, we obtain (3.3 from (3.7)). It remains to check
(3.4). We have

ar «Q ’7
Ji(up) = 7|yp(T) —yrl* + TQ”yP —yqllf0) + 5“%”1%2@)
N ar aQ . Yiin
Ji(@) = —|y<T> —yr* + 25— vollaig) + Il
Then, it follows from and . that
Ji(up) — Jl(u)

= Oé?T(pZ(T> + 7“p(T>7 29 + pZ(T) — oy + rP(T))

« “ ~
52 (o 20+ 95~ 200 + ol + 3 [ (ol aP)deds
E

= pAJi + pS(p),

where

AJy = ar(2(T),§ —yr) + ag(z, 9 — yQ)]LZ(Q)+ (\U|]L2(Q) |ﬁ|]%2(Q))7

S(p) = S plAD) + ar(=(T),7y(T) + %mm,@ —yr) + ‘;“—;\rpcmﬁ

2 S20ll2122 ) + aalz, Tp)Lz(Q>+ I\Tpllu(@

From we deduce that all of the terms in S(p) converge to 0 as p — 0. The
proof is complete. O

Theorem 3.1. If (4,4) is an optimal solution of the problem (Py) then we have
Az, t) - a(x,t) + %\ﬁ(x,t)ﬁ = uI)»r’l:‘l./\ril (A, t) - w+ %\w|2) for a.e. (z,t) € Q. (3.8)
Here, X is the adjoint state, i.e the unique solution of the following adjoint equations

At — VAN + QAN — (7 - VA + (V)TXN = ag(§ —yg), © € Q,t >0,

V-A =0, z€Q,t>0,
Az, t) =0, x € 00,t >0,
MT) — a® AX(T) = ar(§(T) — yr), © € Q.

Proof. Let v be some fixed element of ;. Then for each p € (0,1) there exists a
measurable set E, € Q with u(E,) = pu(Q) that has the following property: If

up(a,t) = i+ x5, <vfa><x £)

and y, is the associated state to u, then , ) hold. Since (y,,u,) € A,
(Yp,up) = (9,0) as p — 0T and (g, 4) is an optlmal solutlon we have

Jl(ypzup) Z Jl(g7’a>
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when p is small enough.
It follows from (3.4]) that

1
0< 2 (N1lypup) = J1(§,8) = Ay (as p = 0F).

Hence, we have

N N v N
0<AJL=ar(z(T),§ —yr) + aq(2, 9 — yQ)L2@) + §(|U|E2(Q) - |U|i2(Q)) (3.9)

for every v € U;. Here, z is the unique solution of the linearized equations

2+ vAz + a?Az + B(z,9) + B(§,2) = v — 1,
(3.10)
z(0) = 0.
From Theorem 4.1 in [I] we get that the adjoint equations

X —VAXN+ QAN — (T VA + (V))TX =gy —yg), © € Q,t >0,

V- =0, z€Qt>0,
Az, t) =0, x € 90, t >0,
S\(T) - OZQA;\(T) = O[T(g(T) - yT)7 T e Qv

(3.11)
has a unique weak solution A € W12(0,T; V).
Multiplying the first equation in (3.11)) by z, multiplying the first equation in
(3-10) by A, then integrating over ) and using integration by parts we have

o /Q 2(z,T) - (g(z,T) — yr(z))dz + ag //Q z(z,t) - (g(z,t) — yg(a,t))dzdt
= //Q Mz, t) - (v(z,t) — Gz, t))dzdt.

This together with (3.9)) give the following inequality
/ A, 1) (wla, 1) — e, ) + 2 (ol 0 — (e, )P dedt > 0. (3.12)
Q

This inequality holds for every v € U;. Since M is a separable for it is closed in R3,
there exists a countable dense subset Mg = {v;,7 > 1} of M. For each v; € My,
we set

H (1) = Ma ) - (0 = i, 1)) + (o7 = [, 1) ).

Thanks to the Lebesgue differential theorem, for every i, there exists a subset

Qi C Q such that (Q;) = u(Q) and
}L}H% m /;(ZO’T) Hvi (1177t)dl’ dt = HUq', (ZO) VZO = (zo,to) S Q~z (313)

Define (z,1) ( )
. V; if Z, t)e B 20,7)
op(,t) = { i(z,t)  otherwise.

Since v; € M and 4 € Uy, we imply that v, € U;. Replacing v in (3.12)) by v,., we
get
0 g/ H,, (z,t)dzdt.
B(zo,r)

Therefore,

1
0< 7/ Hy, (z,t)dzdt.
‘B(Z(),T” B(zo,r)
Passing to the limit and using (3.13)) we obtain
Hv (.’I?Q,to) >0 V(l‘o,to) (S Ql (314)

i
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By setting Q = mi216~2i we get a subset Q C Q such that u(@) = p(Q). Since
Mo = {v;, i > 1} is dense in M, for any w € M, there exists a subsequence v;,,
that converges to w in R3. Let (zg,t0) be a fixed point in @, then from (3.14)) we
have

Hvi" (J)o,to) Z 0 Vn.
Letting n — oo, we obtain 0 < H,,(zo,to). Thus, we get that

Ao, to) - (w — i(wo, t0)) + %(I?ﬂl2 — |a(zo, to)[*) > 0
for every w € M and for a.e. (xg,t09) € Q. This completes the proof. O

Remark 3.1. If we change equality (3.18) in Lemma by
/ (v — G)adadt = p/ (v — @)udxdt,
Ek Q
then by similar arguments as in the proof of Theorem [3.1] we get the following
inequality

/ (A +~1) - (v — @)dwdt > 0.
Q

This is exactly the variational inequality stated in [I] for the problem (P;). Starting
with this inequality and following to the arguments used in [28] lead to the pointwise
variational inequality below

Az, t) + yi(z,t))(w —a) > 0. (3.15)

This variational inequality holds for every w € M and for a.e. (z,t) € Q. For a
fixed (z,t) € @, (3.15)) is actually the necessary optimality condition for a(z,t) to
be the optimal solution of the following pointwise optimal problem

AT Yi,02
Nz t) - :
min (M@, 1) - w + S |w]),
which is stated in Pontryagin’s principle (3.8]).

3.2. Pontryagin’s principle of optimal control with two points boundary

state constraint. In this section, we are going to derive Pontryagin’s principle for
problem (P):

muin Ja(y,u) == O%Q /Q ly(z,t) — yo (=, t)Pdzdt + g /Q lu(z, t)|?dadt,

subject to
u €Uy := {u € L*(0,T;L3(Q)) | u(t) € U for a.e. t € (0,7T)},

(y(0);y(T)) € S,
and
yi + vAy + o? Ay, + B(y) = w in L*(0,T;V").
Assume that:

e The desired state have to satisfy yo € L?(Q).
o The coeflicient g is a positive real number. The regularization parameter
~, which measures the cost of the control, is also a positive number.

We define the mapping G : V x L2(Q) — W12(0,T;V), G(yo,u) = y, where y is
the unique solution of the following equations

ys + vAy + o? Ay, + B(y,y) = u in L*(0,T;V’),

y(0) = wo.

The following lemma shows that G is continuous.
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Lemma 3.3. [5] The mapping G defined above is continuous.

Lemma 3.4. [23] Lemma 4.2] Let f € L'(0,T). Then, for every p € (0,1) there
exists a sequence of Lebesgue measurable sets By C [0,T] such that

n(Ey) = pT, (3.16)
EXELL — 1 in L*°(0,T) weakly star as n — oo, (3.17)
p
T
fde=p [ fat (3.18)
En 0

where u(.) denotes the Lebesgue measure and XEp 18 the characteristic function of
E™.
P

Let (7;@) be an optimal solution of problem (P,). We define operators E :
L2(Q) — V by E(u) = &(T) where £ is the unique solution of the system

&+ VAE+ 02 A& + B(2,9) + B(g, 2) = u(t) —a(t) ae. te (0,T),
{s<o> —0,
and K : V = V by K(z) = n(T), where 7 is the unique solution of the system
ne +vAn+ o?An, + B(z,9) + B(y,2) =0 ae. t € (0,7),
{77(0) =z
It is clear that K is linear and bounded, thanks to Lemma Set R = E(Uz) and
Q= {r1 — Kzo|(xo;71) € S}.

To establish Pontryagin’s principle for (7; @), we need one more assumption that

(H) Theset R—Q={r—q: r€R,q¢c Q} is finite codimensional in V.
Let € be some given positive number. Set

Ve(0) ={z eV : |lz]| < e},
and
R.={(y;21) €V xV: zr = Ky’ +w, for some w € R,y° € V.(0)}.
By Lemma 3.5 in [I6], we know that
R —Q is finite codimensional in V' x V' if and only if R.—S isso in V x V. (3.19)

Theorem 3.2. Assume that (y;u) is an optimal solution of problem (Ps) and
hypothesis (H) is satisfied. Then there exists a nontrivial pair (o;A) € R X
W12(0,T;V) such that

Mt + VAN — a2 AN — B(9, \) = 2Bo(yq — §) in L*(0,T; V"),

(A(0), 20 = 5(0)) + @*((A(0), 20 — (0)))
< (A1), 21 = G(T))) + *(MT), 21 = H(T))) ¥ (wo;21) € S,
and

(@(t), A(t)) + Bola(t)|* = min[(u(?), At)) + Bolu(t)P’] a.e. t €10,T].

Here,

T T
(B(,\), w) 12(0,1:v7),L2(0,5V) 2/ b(y, A, w)dxdt —/ b(w, ¥, \)dxdt.
0 0
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Proof. By setting L(y,u) = Ja(y,u)— J2(g, @), we now consider the optimal control
problem with the objective functional being L(y,w). We notice that L(y,u) > 0 for
every (y,u) € WH2(0,T; V) x Uz that is close enough to (¢, u). We follow six steps
as in [16] to prove Pontryagin’s principle.

Step 1: Metric space

For each k > 0, we set

Uoa(t, k) ={u ey : |u(t) —a(t)| <k fora.e. te(0,T)}. (3.20)
We endow this space with Ekeland’s metric d defined by
d(u,v) = p({t € [0,T] : u(t) #v(t)}),

where 1 denotes the Lebesgue measure in R. We can easily see that if w,, — u in
Uga(ti, k) then u, — u in L2(Q).

Step 2: Approximate problem

For each € > 0, we define L. : V X Uyq(@, k) — R by

Le(yo, u) = {[L(y,u) + €] + d&(y(0), y(T))}'/2,

where y = G(yo, u) and

ds(y1,y2) = d((y1392),8) == inf  {flyr — @1]® + |ly2 — 22| }/2
(z1;22)ES

For fixed € > 0 and k € Z*, we consider the approximate problem

min L. (yg,u
(P2,k,s) (y,o )
u € Upa(t, k), yo € V.

1

For each k € Z™T, we choose ¢, < = and denote by (P ) the approximate problem
(Ps,c,) and by Ly the penalty function L., .

Since L(y,u) is continuous on W12(0,T; V) x L2(Q), Le(yo,u) is continuous on
V xUya(, k), by Lemma[3.3] Because L. (yo,u) > € for every (yo,u) € V xUua(a, k)
we obtain that & <inf(y, w)ev xur,a(ak) Le(¥o,u) < 400, hence that

L.(y(0),u) =¢ < inf L ,u) + €.
<(5(0), ) (y0,0) €V xUga (k) < (o, u)

Thanks to Ekeland variational principle (see [16, Corollary 2.2]), for every k > 1,
there exists a pair (yor;ur) € V X Uqa(a, k) such that

ok = FO) I + (e, ) < 21 < 1 (321)
and
Lic(yor> u) < Li(yo,u) + vz lyor — volI® + d* (u, w)]*/?] (3.22)
V (yo,u) € V x Ugq(T, k).
By the definition of e, we get from and that
T T
| et = aoPae = [ xe ) - atoae
0 . 0 1
< k:2/0 Xewdlt = p(ei) K2 = dlug, ik < 1 (3.23)

where e, = {t € [0,T] : ur(t) # a(t)}.

Step 3: Diffuse perturbations

To exploit the necessary conditions for (yok;ur), we introduce the following par-
ticular perturbation of (yox; uk).
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For given (y%;u®) € V x Uy, we set
W) i [u0(t) — alt)] < k,
uok(t) = 4 _ e 10 _
a(t) i Ju(t) —a(t)] > k.
It is clear that for each k > 1, ug belongs to U,q(u, k). We have

T T
o =0y = [ uon() =Pt = [ a0 (o)t
where A, = {t € (0,T) : |u®(t) — u(t)| > k}. Since x4, (t) — 0 for a.e. t € (0,7),
it follows from Lebesgue’s dominated convergence theorem that
ugr — u’ in L3(Q) as k — +oc. (3.24)

Set yr = G(yor,ur). By Lemma for each p € (0, 1), there exists e sequence of
Lebesgue measurable sets By = C [0,7], n = 1,2, ... such that

WEL ) = pT, (3.25)
1XE,§ — 1in L*(0,T) weakly star as n — oo, (3.26)
p y
T
/E (luon () = Jux(t)[?) dt = P/ (luor (D) = Jux(t)[?) dt. (3.27)
ko 0

Consider the following equations
e+ vAr + o®Ary + B(r,y) + B(yk, 1) + pB(21, 21) + pB(25,7)
+0B(r,2) + pB ) = Gxeg, ~ Dluoe—w) in OISV, (329
r(0) = 0.

By Lemma for each p € (0,1), k € ZT, n € Z™T, the system above have a unique
solution. We denote this solution by 7 . From (3.26), we have

k,n

</1)XEP - 1> (uor — ug) — 0 in L*(Q) as n — oo. (3.29)

1
This implies that sequence {(XE;; - 1) (uor, — uk)} is bounded in L2(Q).
P o n

Hence, {rf  }, is bounded in W'2(0,T;V), thanks to Lemma As a conse-
quence, we can extract a subsequence, denoted again by {rf  },, weakly convergent

in the space W12(0,T;V) as n — oo. From Lemma[2.3|and (3.29)), we can pass to
the limit in the equations (3.28) and obtain that

Thm — 0 in Wh2(0,T;V) as n — oo.
Since W12(0,T; V) is compactly embedded in the space C([0, T];L?(2)), we have
Th, — 0 in C([0,T);L*(Q)) as n — oo.

Hence, there exists n(p) € N* such that

7% nlleqorLz@) < p ¥n > n(p).
Set Ef = E,in(p). For each p € (0,1), we set y5, = yor + py° and

(0 {uk(t), on [0, TI\EY,

uok(t), on EY.

It is clear that uf — uy in Uaq(a, k) as p — 0. Hence, we have

uf — uy in L2(Q), yh, — yor inV as p— 0. (3.30)
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Set yp, := G(yf,,u}). Then, it follows from Lemma [3.3| that
yp =y in WH2(0,T;V) as p — 0.

Hence, {y¢}, is bounded when p is close enough to 0. From Lemma the
equations below has a unique solution zx € W2(0,T; V).

{zkt +vAzp + a? Az + B(zk, yk) + B(yk, 21) = uor — ug in L*(0,T; V'),

2,(0) = y°.
(3.31)
Set rl = TZ,n(p)’ then we have
o Yh— Yk — P2k p
rp =2 —— and Ifllcqoriixay < p. (3.32)
Step 4: Necessary conditions for (yox; ug)
From (3.30) and Lemma [3.3| we imply that
Li(yb. uh) = Li(yok, ux) + o(1) as p — 0.
Hence, it follows from ((3.22)) and (3.25) that
1 0
—z "+ 7]
1
< ’ [Lk (Yor» ur) — L Yok uk)]
(3.33)

1
= 1/ 20 Gowsn) + o0 {2 (2060 +20)°
1
= (Blonerue) + 20)"] + 5 [0 (s 7))~ o (D))}
By using a similar argument as in [I6, p. 154], we imply that

.1
tim [ (. v{(T)) — d (von, e (1)

= 2ds (yok, ye(T)) [{ar, v°)vr v + (brs 26(T))vr v ]

where (ag;br) € dds (yor, yx(T)) (the subdifferential of dg at (yor; yx(T))) and

L, if (yor;ye(T)) € S,

2 2
a/k ’ + bk r= ]
lax I + llbxllv {0, if (yor;ye(T)) € S.

It follows from (3.27)) and ([3.32]) that

. 1
lim — [(L (b up) + 5k)2 — (L(yow, ur) + €k)2]
p—0t p

T
— (L(yor ) + 1) |2 / (20 (B) (i (£) — v (t))dt

T
+ / (luox ()] — |uk<t>|2>dt] .



PONTRYAGIN’S PRINCIPLE 16

Hence, from ([3.33)) we obtain that

R e — Y1 u>[2/T<z (). k(1) — yo (1))dt
k4 = 2Lk(Yor uk) o TE o Ik ?

T
+ [ ooy - |uk<t>|2>dt} 2 (yors 9 (T)) (i, 40 v
0

+ (b, z(T))vr,v ] }

Setting
T T
G =2 [ (arlt)n(®) ~ wo®)dt + [ (uos @) = Jus ) ),
0 0
ds(yor, yx(T)) L(yor, ur)
) =7 \a 7b ) = 7
((pk wk) Lk(yOk,Uk) ( g k) & Lk(yomuk)
we get that
1
— [19°1 4+ T < (ks ") v v + (Wr, 20(T)) v v + Brde, (3.34)
and
lerlly + el + B: = 1. (3.35)
Since (¢r;¥x) € 0ds(yor, yx(T)), we have
(0, o — You)v',v + Wr,x1 —yu(T))vrvy <0 V(x0521) €S, (3.36)

Step 5: Passing to the limit

By , from sequence (pg;¥r; Ok)r We can extract a subsequence, denoted
again by (¢r; ¥i; Bk )k, where (¢k; ¥r) weakly* converging to some (pg; o) in V7’ x
V" and By — Bo in R.

From (3.23)), (3.24)) and (3.21)), we have

up — 4, ugr — u’ in L%(Q), (3.37)
yor — (0) in V as k — oo. (3.38)

Hence, we obtain that
yr — g in WH2(0,T; V) as k — oo, (3.39)

thanks to Lemma [3.3]
By Lemma it follows from (3.31)), (3.37),(3-38) that

2 — 2 in WH2(0,T;V) as k — oo,

where z is the unique solution of the equations below.

{Zt +vAz+a?Az + B(z,y) + By, z) = v’ —a in L*(0,T; V"), (3.40)

2(0) = 0.

As a consequence, we obtain that
T
Gh—C= 2/ (2(1), y(t) = yq(t))dt +/ ([ (@O — |a@)?)dt as k — oco. (3.41)
Q 0

Letting & tend to +oco in (3.34)), (3.36) yields
0 < (0, ¥")vr v + (o, 2(T))vrv + BoC ¥V (y%5u°) € V x Us, (3.42)
(o, 20 —7(0))v v + (Yo, 21 —y(T))vr,v <0 V(x0;71) € S. (3.43)
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Let A € W12(0,7T;V) be the unique weak solution to

{—)\t + VAN — 02AN — B(, \) = 2B0(yo — ) in L2(0,T; V"),

A(T) + 0? AX(T) = 1 in V. (3.44)

where
~ T T
<B(ga )‘)7 ’w>l12(O,T;V’),L2 (0,7;V) = / b(:{j, )‘7 w)dmdt - / b(w7 Y, A)dl‘dt,
0 0
(A(T) + & AXT), w)yr v = (A(T), w) + &> ((X(T), w)).
Multiplying by z and integrating by parts yield
T T
= D)) + MO + [ N+ w [ (a2 )
0 0

T T
—062((A(T),Z(T)))+a2((A(0),y°))+a2/O ((Zta)‘))dt"‘/o b(g, 2, A)dt

T T
+/ b(z,y,\)dt = 2ﬁ0/ (yg — 7, 2)dt.
0 0
This together with and imply that

= (0 2(T) + (0)) + aH(0).5) + [ = 0

T
= Bo¢ — Bo / (a0 (1)[2 — [a(t)]?)dt.
0
Hence, from we have

0 < {po,y")v v + (A(0),5°) + a*((A(0),3)) +/O (u” — @, N)dt

T
- "0/0 (@)% — |a(t)2)dt V(y%;u®) € V x Us.

Taking u® = 4 yields that
A0) + a?AN0) = —¢o  in V| (3.45)
and that

T T T T
/ (ﬂ,A)dtJrBo/ [a(t)|?dt < / (u®, )\)dt+ﬁ0/ [ (t)|2dt  Yu® € Us. (3.46)
0 0 0 0
Here, A(0) + a®AX(0) is considered as an element of V' by

(A0) + a2 AN0), w)yr v = (A(0),w) + a2 ((A(0),w)).

Since U is separable, there exists a countable dense set Uy = {u;,i > 1} C U. For
each u; € Uy, we denote

gi(s) = (a(s),A) + Bola(s)* — (ui, A) — Bolui| .

Then g; € L'(0,T). Hence, there exists a measurable set F; C [0, T] with u(F;)
such that any point in F; is a Lebesgue point of g;. Namely,

T

1 [t+o
limf/ lgi(s) — gi(t)|ds =0, VteF,.
5—0 0 t—§

Now, for any t € F;, we define

5s(s) = {a<s>, s~ 1] >4,

u;, |s —t| <é.
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By the definition, vs € Us. Hence, by (3.46) we obtain that
t+6
/ gi(s)ds <0, V§>0.
t

-6
Dividing by § > 0 and sending 6 — 0, we obtain g;(¢) < 0. That means

(a(s), A(s)) + Bola(s)|? < (us, A(s)) + Bolus|>, VseF= ﬂ F;, u; € Up.
i>1
As Uy is a countable dense subset of U, we have |F| =T and
(a(s),A(s)) + Bola(s)|* < (u, A(s)) + Bolu(s)|?, Vs € F, VueU. (3.47)
From (3.43), (3.44), (3.45)) we obtain that

(M0),z0 = 5(0)) + a*((A(0), o — 5(0))) — (M(T), 21 — H(T))
= a((MT), 21 = §(T1))) <0 V(w0321) € S.

S

Step 6: Nontriviality of (5p; \)
We have to show that (Bp; A) # 0. If 5y # 0, we are done. Otherwise, S — 0 as
k — oo. Then, from (3.34)) and (3.36) we have

(ot — (w0 = 0D vy + (e, 2(1) = (an = Gy
> L IO+ 7] = Bkl — ok — 5(0)] — [y (T) — HT)| — |=(T) — 24(D)

=0, Y(zo;m)eS, eV, u’ecl.
(3.48)
From ([3.35) we imply the existence of a positive real number § > 0 such that

lewll}r + lell > 0.

From the boundedness of U and the definition of ug; we imply that ugx, converges
to u® uniformly in u°. As a consequence, Bx|(x| — 0 and [2(T) — zx(T)| — 0 as
k — oo uniformly in u® € Us. Hence, 8, — 0 uniformly in zg,z1 € S, y° € V,(0),
u® € Uy, thanks to (3.38), (3.39), (3.41).

By the definition of R, (3.48) may be rewritten as follows

() D,z ¥(6) s ()

7(0
By (3.19), R. — S is finite codimensional in V' x V, then so does R, — S — | _ ( )> .

y(T)
Therefore, (¢o;10) # 0, thanks to Lemma 3.6 in [16, Chapter 4]. This implies that
A # 0 and the proof is completed. O
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