LONG TERM BEHAVIOR OF THREE-DIMENSIONAL RANDOM
NAVIER-STOKES-VOIGT EQUATIONS DRIVEN BY COLORED
NOISE IN UNBOUNDED DOMAINS
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ABSTRACT. In this paper we study long term behavior of three-dimensional
random Navier-Stokes-Voigt equations driven by colored noise defined in un-
bounded domains. We first prove the existence and uniqueness of pullback
random attractors for the equations with Lipschitz diffusion terms. We then
show the existence of a pullback random attractor for Navier-Stokes-Voigt
equations with a multiplicative noise, and when the step length of the Winner
shift approaches zero, we establish the convergence of solutions as well as the
upper semicontinuity of pullback random attractors for Wong-Zakai approxi-
mation equations. We have to overcome some essential difficulties caused by
the nonlinear noise, the pseudoparabolic regularization term —a?Awu and the
unboundedness of the considered domains.

1. INTRODUCTION

In this paper, we study the long-time behavior of solutions to three-dimensional
random Navier-Stokes-Voigt equations (also known as the Navier-Stokes-Voight)
driven by a general noise in an arbitrary (bounded or unbounded) domain O sat-
isfying the Poincaré inequality

[ 1voPds = x [ JoPas, v mO). (1)
o o
where )\ is a positive constant. More precisely, we consider the following system

d(u— a?Au) + [—vAu+ (u-V)u+ Vpldt =  f(z,t)dt
+h(z,t,u) o dW(t), z € O,t > T,
V-u=0, z€0,t>r,
u(z,t) =0, x€00,t>r,
w(z,7) =u-(x), x€O0,

(1.2)
where u = (u1,uz,u3) is the unknown velocity vector, p = p(x,t) is the unknown
pressure, ug is the initial velocity and h(t,z,u) o dW(t) is a random field which
will be specified later, the symbol o indicates the equation is understood in sense
of Stratonovich’s integration. The function f(z,t) is the density of volume forces
and v is the kinematic viscosity coefficient of the flows, and a > 0 is the spatial
scale at which fluid motion is filtered.

In the present paper, we assume the nonlinear diffusion term h(x,t,u) satisfies
the following assumptions

h(x,t,u) = e![y(u — a?Au) + S(u) + g(z)], ueV,
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where p > 0,7 > 0,9 € D(A) and S: V — H is a continuous function satisfying
)

|S(u) — S()| < mllu—v|, VYu,veV, (1.3)
|(S(u) = S(v),w)| < yelu—vl||w|], Yu,v,weV. (1.4)
Here, as explained in [I§], if O is unbounded we need to assume that
(S(u),u) =0, VueV, (1.5)
while if O is bounded we can assume
(S (), w)] < 75 + ullul ', VueV, (1.6)

where v; > 0,7 = 1,4 and k € [0,1) are all constants. Clearly, for 73 = 4 = 0,
condition in becomes , thus is weaker than . We can see that
there are some continuous functions which satisfy the above assumptions. For
example, let S : V — H be a nonlinear operator given by S(u) = B(g1,u) for all
u € V where ¢; is a fixed function in D(A) and B is the nonlinear operator defined
in Subsection 2.1 below, then S fulfilles (L.3)-(L.E) (see [8,1]).

When h = 0, that is in the deterministic case, Navier-Stokes-Voigt model
was first investigated in [24] as a model for a viscoelastic fluid. It was reconsid-
ered later in [I0] as a relevant regularization of the Navier-Stokes equations. In
fact, the Navier-Stokes-Voigt equations differ from the Navier-Stokes equations by
the inclusion of the pseudoparabolic regularization term —a?Au for velocity field
u. It should be noted that when o = 0 we recover the Navier-Stokes equations.
The addition of the term —a?Au; regularizes the Navier-Stokes equations makes
it globally well-posed and changes its parabolic character. In recent years, the
long-time behavior of solutions in terms of existence of attractors to the 3D Navier-
Stokes-Voigt equations have attracted the attention of many authors, in [22] the
authors are studied the 3D Navier-Stokes-Voigt in a bounded domain with suf-
ficiently smooth boundary and a time-independent external forcing term. They
proved the existence of a global attractor in the space V' via asymptotic compact-
ness. They also give bounds on the number of determining modes in the attractor
and the dimension of the attractor in terms of the system parameters. For more
results in the deterministic case, we refer the interested reader to [2| 14, 22] 21] and
references therein.

In the present paper we will study pullback random attractors for the random
system . If the function f does not depend on time ¢, then system be-
comes an autonomous stochastic equation. The definition of random attractor for
autonomous stochastic systems was introduced in [I1} 12} [13], and the existence of
such attractors has been established for a variety of equations in [4, [7, [I6] and the
stochastic Navier-Stokes-Voigt equations in [6] 15 25]. However, in these papers,
only additive white noise was considered. When the stochastic term is a multi-
plicative noise or a general nonlinear function, the problem is more complicated
(see [12]), and hence the classical random attractors theory does not apply in this
case. Therefore, the main aim of the present paper is to prove the existence of a
unique pullback random attractor for the stochastic Navier-Stokes-Voigt equations
for a general noise. For more results on the existence and stability of solutions and
large deviations principle of the 3D stochastic Navier-Stokes-Voigt equations, we
refer the recent works in [T}, 3], 23], 29].

Here we are concerned with the well-posedness as well as long-term dynamics of
the non-autonomous random Navier-Stokes-Voigt equations ([1.2)). To do this, we
will use some ideas in [I7] where the authors used the Wong-Zakai approximations
to analyze the pathwise random dynamical systems with nonlinear diffusion term.
Note that in [35] B6], Wong and Zakai introduced the concept of approximating sto-
chastic differential equations by deterministic differential equations, in which they
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studied both piecewise linear approximations and piecewise smooth approximations
for one dimensional Brownian motions. Their work was later extended to stochastic
differential equations of higher dimensions, see e.g. [19} [26] and recently in [20]. In
the case of a nonlinear diffusion term, the idea of Wong-Zakai approximations for
random pullback attractors is used for a wide class of stochastic partial differential
equations in both bounded and unbounded domains [17] 18], 32}, B3], 34].

In order to study the existence of a pullback random attractors for the stochastic
Navier-Stokes-Voigt equations with a nonlinear diffusion term, we first define a con-
tinuous cocycle for the random Navier-Stokes-Voigt equations when the nonlinear
noise in is replaced by a Wong-Zakai approximation. Since the domain O is un-
bounded and the lack of parabolic character, i.e., if the initial datum ug € (H}(O))?
then the solution always belongs to (H}(O))? and has no higher regularity, we are
unable to prove the pullback asymptotic compactness of the solution operator of
random system by using the standard techniques via compact Sobolev em-
beddings. To overcome this essential difficulty, we will use the so-called energy
equation method, which was introduced by Ball [5]. However, to use this method
we have to impose stronger restrictions on the diffusion term h (see condition
above) because, if not, the energy equation will involve the nonlinear part of h and
make the idea of energy equations does not hold. Compare to [I7, 18], in which
the authors proved the existence random pullback attractors for 2D Navier-Stokes
equations, the novelty of this work is that we consider the three dimensional case
and different context of the equation because of the term —a?Au,.

The paper is organized as follows. In Section 2, for convenience of the reader, we
recall some results related to function spaces, operators related to Navier-Stokes-
Voigt equations as well as some properties of Wong-Zakai approximations. In Sec-
tion 3 we prove the existence and uniqueness of tempered random attractors for
system with Lipschitz diffusion terms. In Section 4 we first show the existence
of a unique pullback random attractor for stochastic Navier-Stokes-Voigt equations
driven by a multiplicative noise. Then we prove the convergence of solutions and
upper semicontinuity of random pullback attractors for Wong-Zakai approxima-
tions of stochastic Navier-Stokes-Voigt equations as the correlation time 6 — 0.
It is worthy noticing that all results in the present paper are still true if € is a
bounded domain, and in this case we can replace condition by a much weaker
one (|1.6)).

2. PRELIMINARIES

2.1. Function spaces and operators. Denote by
V={ue(Cr0O)>:V- u=0}
and

H = the closuse of V in [L*(D)]?,
V = the closuse of V in [H*(D)]?,

with the respectively inner products are given by

3
(u,v) ::/ Zuivi dz,
D=1

3
((U,U)) :/DZVWVQ;Z d:L',

i=1
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and the associated norms |u|? := (u,u) and |[u||? := ((u,u)), respectively. We have
the following Poincaré inequality (see, e.g., [27, 28])
W <Al Vuev,
We also consider another the scalar product in V' defined by
(u,v)y = (u,v) + a?((u,v)), for u,v €V,

and the associated norm || - ||y. Thus, for any u € V' we can see that
A 2 2 Lo
m”unv < full” < ?HUHV

which shows that this norm is equivalent to the norm || - || on V.

Let P : [L?(O)]> — H be the Leray-Helmholtz orthogonal projector, and the
Stokes operator A subject to the Dirichlet boundary conditions with domain D(A) =
[H?(O)]? NV is defined by Au = —PAu = —Au. The norm in D(A) is [|Ju|| p(a) =
|Au|, Yu € D(A).

We denote by V' denotes the dual space of V, and consider B(+,-) : V xV — V'
is a continuous bilinear form defined by

B(u,v) = P[(u-V)v] = (Vv)Tu.

Let b(u, v, w) be the trilinear operator defined by

3
b(u,v,w) = Z Auig?wjdx, Yu,v,w €V,

i,j=1
then we have

b(u,v,w) = =b(u,w,v), Yu,v,w eV,
and hence we get b(u,v,v) = 0. We have the following useful estimates which
frequently use in the later.
Lemma 2.1 ([27, 28]). We have

1 1 1
|ul > [[u]| 2 [[v]l|w]= [lw],

1 1
Jul2 [[ull= o]l [[w]],

e L E
A lulllfo]llw])
In particular,
b, v,u)| < clul#||ull * o], Vu,v e V.

Applying the Leray-Helmholtz orthogonal projector P to (1.2)), we obtain the
following functional evolution equation

%(u + 02 Au) + vAu+ Bu,u) = F(1) + h(t, u) o dW (D),

u(T) = ur,

where u, € V and f € L (R; V).

loc

(2.1)

2.2. Cocycles for Navier-Stokes-Voigt equations. We consider the probability
space (€, F,P), where § is given by

Q={we CE®R;R):w(0) =0},
with the open compact topology, F is its Borel o-algebra and P is the Winner

measurable. The Brownian motion has the from W (¢,w) = w(t) and on (2, F,P)
we consider Wiener shift operator {0; };cr defined by

() =w(t+-) —w(t), teRandwe .
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It is well known that the Gaussian measure P is ergodic and invariant for 6, (see [4]).
Thus (2, F,P,{0:}+cr) is a metric dynamical systems. Let us define the colored
noise Ws :  — R with the given correlation time § € R\ {0} such that

0 1
“’g ) or Wi(0w) = 5 (Wt +8) —w(?).
Thanks to the properties of Wiener process, we find that Ws(0;w) is a stationary
with a normal distribution. Hence, the white noise can be approximated by Ws(0;w)
in the sense given in Lemma [2.2] below.

Ws(w) =

Lemma 2.2. ([I8, Lemma 2.1]) Let the correlation time ¢ € (0,1]. There exists a
{0t }rer-tnvariant subset (still denoted by) Q0 of full measure, such that for w € Q :

i)

. ligl @ = 0; (2.2)
—> 00
il) The mapping
10 .
(t,w) = Ws(Ow) = —5—2/ esBrw(s)ds (2.3)

is a stationary solution (also called a colored noise or Ornstein-Uhlenbeck
process) of one-dimensional stochastic differential equation

1 1
dWs + -Wsdt = —dW

1 0
with continuous trajectories satisfying
0
lim M =0, forevery0<d <1, (2.4)
t—+oo t
and
1 t
, ligl ;/ Ws(Orw)ds = EWs) =0,  uniformly for 0 < < 1; (2.5)
—> 00 0

ili) For arbitrary T > 0,

t
;iﬁ(l)/ Ws(Orw)ds = w(t)  uniformly fort € [r,7 4+ T).
—YJo
This leads us to consider the following random Navier-Stokes-Voigt equations as
Wong-Zakai approximations of (1.2)) for 7 € R and § € R\ {0},¢ > 7:

%(u —a?Au) —vAu+ (u-V)u+ Vp = f(z,t) + h(z, t, ) Ws(bw),z € O, t > 1,

u(z,7) =u-(x), xe€0,
(2.6)
which is a random partial differential equation driven a stationary process.
Applying the Leray-Helmholtz orthogonal projector P, we can rewrite system
in the abstract form

%(u + a2 Au) + vAu + B(u,u) = f(t) + h(t,u)Ws(Ow),t > T,

u(T) = ur,

2.7)

for r€e R and u, € V.
Let us recall the definition of weak solutions to problem ([2.7)).
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Definition 2.1. Let f € L (R; V') and 7 € R,w € Q and let u, € V be given. A

loc

mapping u(-, T,w, u,) : [1,00) = V is called a weak solution of problem (2.7)) if
u(s, Ty w,ur) € C([r,00); V)

and satisfies

u(t) + o Au(t) + 1// Au(s)ds + / B(u(s), u(s))ds
=u, —|—/ f(s)ds —|—/ h(s, u)Ws(0sw)ds
foranyt > .

By a standard Galerkin method [28], one can prove that if all assumptions
and - are satisfied, then for all t > 7,7 € R and for every u, € V and
w € €, problem has a unique solution in the sense of Deﬁnition Moreover,
u(t, T,w, ur) is continuous with respect to initial data u, and (F, B(V'))-measurable
inw € Q.

Therefore, we can define a cocycle (or Random Dynamical System) ® : RT x
RxQxV — V for system such that for allt ¢ RT, 7 € R,w € Q and u, €V,

O(t, T, w,ur) =u(t+7,7,0_,w,u;).
Then & is a continuous cocycle on V over (2, F, P, {0:}+cr) in the following sense
O(t+ 1,8,w,ur) = P(t, 7+ 8, 0,w, D(7, s, w, ur)).
Let us denote by D = {D(7,w) : 7 € R,w € Q} the family of nonempty subsets
of V satisfying for every ¢ > 0,7 € R and w € 2,
tllglo e D(r —t,0_w)|ly =0, (2.8)

where || D||y = sup,cy ||ul|v. And denote D is a collection of all tempered families
of bounded nonempty subsets of V, i.e.,

D={D={D(r,w): 7 € Ryw € Q} : D satisfying (2.8)}.

3. EXISTENCE AND UNIQUENESS OF PULLBACK ATTRACTORS FOR RANDOM
NAVIER-STOKES-VOIGT EQUATIONS DRIVEN BY COLORED NOISE

In this section, we will prove the existence and uniqueness of random D-pullback
attractor for system (2.7) with nonlinear diffusion term.
We assume f € L2 _(R;V’) and there exists a number 1 € (0,vdy) with dy =

N loc
1
Trar such that

/ (£ (s, )|[2rds < 400, Vr € R, (3.1)

— 00

and for every positive number ¢ > 0,

0
lim e”/ M1 £ (s + 7, ) |Zds = 0. (3.2)

We first show uniform estimates on solutions of (2.7).
Lemma 3.1. Assume that f € L2 _(R;V') satisfies (3.1). Then for every 0 <

loc
§ < 1,7t € Rw € Qand D = {D(r,w) : 7 € Riw € Q} € D, there exists
T =T, 7,w,D) > 0 such that for allt > T and o > 7 —t, the solution u of

problem (2.7) with w replaced by 0_,w satisfies
lu(o, T —t,0_rw,urs)||3

< Mefao—-r (vdo—2ve* T TYWs (0,w)dr
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+ M ( /LT 6]:—7—(Vdo—?’YC“(rJrT)WE(QTW))dT||f($ + 1) [ ds

— 00
o—T
4 / ef;_T(VdU_Q’Ye“(T+T)W6(GTW))dr€2p‘(S+T) |W§(95(U)|2d5> 7
—o0
where u,_y € D(T —t,0_4w) and M is a positive constant independent of T,w, D, o
and ¢.

Proof. Multiplying the first equation in (2.7]) by u, we have

Sl 0 ull?) + vl = (£,u) + e Ws(0,) (h(t, ), )
= (fou) + " Ws(0:w)(v(u + @ Au) + S(u) + g,u).  (3.3)
We have A
20,0 < el + S 1A
and

v 4
26 W5 ) (g. )] < Tl + - lgPe W0
Hence, using (|1.5)) and (3.3) we obtain
d 3v 4
= (lul® + a2 [|ul]?) + - [lull* <2ve" Wi (@w)llully + —=I1F (¢, )T
dt 2 l/)\l
42 o 2
— 0
+ e W),
since dollul|?- < ||ul|?, then we obtain that
d 1
7 (1ul* + @ [[ull?)+(vdo — 29" W5 (0,0))[[ully; + 5[l
4 4
< —— DT + ——lglPe* W5 (0w)|?. 3.4
< oM+ - laPe W) (34
Removing the term 1 |u|?, then multiplying (3.4) by efo (vdo =27 Ws (B10))dr oy g
integrating on [T — t, 0], we get
(o, 7 =t ur [} < el A0TSR C Dy 5
4 R pr
tong [ el e O (£ (s, [} + Lgle S s (0w) P)ds. - (3.5)
1 Jr—t
We now estimate each term on the right hand-side of (3.5).
e If 4 = 0, then by (2.5) and the ergodic theory we have

1 S
lim f/ (vdy — 24Ws(0,w))dr = (vdy — 29E(Ws)) = vdy > 1.
0

s§——00 S

It follows that, there exists sg = so(w, d) < 0 such that for all s < s,
/ (vdy — 24Ws(0,w))dr < ms. (3.6)
0
Hence, by (3.6) and (3.1)) we obtain
S0

S0
[ el s s < [ (s ) eds < oc,
—o0

— 00

which implies that

/ el (=2 Wo @) (5 4 7 )|[2 ds < oo, (3.7)

— 00
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and similarly from (2.2]) and ( ., we get
/ efos(ydo—2ny5(GTw))dr|g|2e2,us|W6(98w)|2d8 < +00.

— 0o

o If > 0, by (2.4) we obtain
lim (vdy — 2ye* "W (0,w)) = vdy > 1,

rT——00
thus there exists s1 = $1(7,w,d) < 0 such that for all s < s1,
(vdy — 29T Ws(0,w)) > 1. (3.8)
By (3.8) and , it follows that

vdg—2vet (Tt W, (6,w))dr
[t T s s

s1
<o / £ (s + 7, )| ds,

which implies that
/ ef;,T(VdO*Q'Ye“(T+T)W5 (er))dT”f(s +7, ) H%//dS < 400. (39)

— 00

Similarly, by . ) and (3.8) we obtain

i efs'l k1(1/)\1—2'ye“("+7)W5(9rw))d7"|g|262us|W6 (st)|2d5 < oo,
V)\l
thus,
% ef;*T k1 (uAl72-yeu(r+r)W5(0rw))dr|g‘262u(s+r) |W§ (st)|2ds < +o0. (310)
VAl

Since u,—_; € D(7 —t,0_w) and D € D, using (3.6) and (3.8) we get for u > 0,

oo (wdo—=27e T W; (0,w)dr) [y

< elo (A= TTIW DI D7 —,0_w) [} — 0
as t — oo. Thus, there exists T' = T'(7,w, D, ) > 0 such that for all t > T,
6f°_t(”1_2”5“(T+7)W5(0MW||uT,t||%, <1,
and hence for all t > T and p > 0, we get

ef;jT(udo 2ve* Tt Wi (0,w))dr || < efv (vdo— 2veH "t W5 (6, w))dr
v =

[[ur—
This together with (3.5)), (3.9) and (3.10] - yields the proof. O

From Lemma [3.1] we have the following result.

Lemma 3.2. Assume that f € L% _(R;V’) satisfies and (3:2). Then for
every 0 < 6 < 1,7 e Riw e Q and D = {D(1,w) : 7 € R,w € Q} € D, there exists
T =T(r,w,D,d) > 0 such that for every k > 0 and for all t > T + k, the solution
u of system with w replaced by 0_,w satisfies

lu(r —k,7—1t,0_w, uT,t)||%,

<M (eff,-(Vdo—Q’ye““*")Wg(Orw))dr

b [ e e I

— 00

N /O’ T 6];,7(Vdo*QVEH(TH)WE(erw))dre2“(s+7) |W5(95w)|2d8>7 (311)

— 00
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where ur_y € D(7 —t,0_1w) and M is a positive constant independent of T,w, D, k
and ¢.

Proof. Given 7 € R and k > 0, take 0 = 7 — k. Let T = T(1,w,D,d) > 0 as in
Lemma [3.3] For ¢t > T + k, we have t > T and o > 7 — t. Thus, by Lemma [3.1] we

get (3.11)). O
We now show the weak continuity of solutions to (2.7]).

Lemma 3.3. Let 0 < 6§ < 1,7 € Rw € Q and ur,u;p € V for all n € N. If
Ury — Uy 0V, then the solution u of systems satisfies:

i) u(r, T,w,ur ) — u(r, T,w,ur) 0V ofor all v > 1

i) u(-, Ty w, Ur ) = u(, Tyw,ur) in L2(7,7 + T3 V) for all T > 0.

Proof. Convergences in i) and 4i) can be obtained almost the same way as in [2]
Lemma 4.1] (see also [6, Lemma 3.3]), thus we omit it here. O

We next prove the existence of a D-pullback absorbing set in V' for system ([2.7)).

Lemma 3.4. Suppose (1.3)-(1.5) and (2.8) are satisfied. Then there exists a closed
measurable D-pullback absorbing set K = {K(T,w) : 7 € R,w € Q} € D in V for

the continuous cocycle ® associated to problem (2.7)).
Proof. Let us denote, for given 7 € R and w € 2,
K(r,w) ={u eV :||lu|} < R(r,w)},

where

0
R =0 (L [ el IO s
— 00

0
+ / oo (rdo—27e" TTIW; (0,w))dr 2p(s+7) (W (0sw) |2ds> .

Since R(7,) : @ — R is (F, B(R))-measurable for every 7 € R and K(7,-) : Q —
2V is a measurable set-valued mapping, it follows from Lemma that for each
TER,we Qand D € D, there exists T = T(1,w, D, ) > 0 such that for all t > T,

O(t,7—t,0_1w, D(s—T7,0_w)) = u(r,7—t,0_;w, D(s—7,0_4w)) C K(1,w). (3.12)
We now show that K € D, i.e., for every ¢ > 0,7 € R and w €
: ct 2
lim_ K (r+ £, 6)][} = 0.
Indeed, for every ¢ > 0,7 € R and w € Q,

: ct 2 1 ct
t_lgr_nooe ||K(T+t,9tw)HV—t_lgr_nooe R(T +t,6,w)

t——o0

0
— M lim eCt/ el (o= IS Oraa D (s 4 7 41, )| ds
— 00

0
M t_ljf_noo ot / ef;(”do_g,yeu<r+7+ )W5(9T+tw))d7‘62p(s+7+t) \W5(93+tw)|2d8~
(3.13)

— 0o

We need to estimate the following term

efos (vdp—2vyet (Tt HO W, (9T+tw))dr_

From (2.3) we get
0

]. g
W5(9T+tCU) = —57/ €§9r+t(JJ(O')dO'

— 00
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0
= 7%/ e‘w(r +t+do)do + %w(r +1),

and therefore for du # 1, by Fubini’s theorem and the integration by parts formula,
we get

/e“(r+7+t)W5(97.+tw)dr
0
Lo ° 1
=3 (/ TG (r 4t + o) do S/ PTG (r - t)dr
0 —00

1 0 S 1
=-5 e’ </ T (r 4t 4 Jo) dr) do 5/ PO G (r + t)dr
—00 0

1 0 s+t+do
= 77/ e(1=nd)e / T y(rYdr | do + = / #OET) g (1) dre
o —00 t+do

1 ur s+t
:_Eﬁ / ) + / e (s 1+ Go)do
— -

e M+, (t + do0)do + 5/ p(r+7) w(r)dr

l—yé

_ L pem o
=51, e w(r)dr +

1_,[“5/ 7T (s 4+t + do)do

1 0 1 s+t
-7 5 / e”e“(t”)w(t + 60)do + 5 / e“(T+T)w(r)dr
- —o0 t

,U/GP'T s+t p J ep,(s+t+7) 0 5\
— T T t
1—M5/t e w(r)r+71_m5 /7ooew(s+ + or)dr

en(t+7) 0
B 1—pud
For v > 0,6u # 1 and 7 € R, let

e"w(t + or)dr. (3.14)

Yo =€e *|op—1|- mm{ —}
By (2.2), we find that there exists Ty = T} (w) >0 such that for all |t| > T3,
w(®)] < olt]- (3.15)
By (3.15), we note that for u > 0,t < —T3 and s < 0,
t+s t
/ e w(r)dr| < / et |w(r)|dr
t t+s
t 0
< ’yo/ e |r|dr < 70/ et |r|dr
t+s —00
7o

Also for t < —Ty,7,s <0 and 6 € (0,1], we have s + ¢ +rd < —T1, and thus
lw(rd +s+1t)] <volrd + s+ t| < vo(r| + |s] + [t]). (3.17)
By (3.17), for t < —T37 and s < 0, we find that
0
< ’Yo/ e"(|r] + |s| + |¢|)dr

— 0o

<o(|s| + [t]| +1) = v0 — Y05 — Yot- (3.18)

0
et (st) / e"w(rd + s+ t)dr

— 0o
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Similarly, for ¢ < —T3 and r < 0, we have ¢t + r§ < —T7, and hence
|w(t +18)| < volt + 0] < yo([t] + [r]).
This shows that for all t < —T7,

0
ekt / e"w(rd + t)dr

— 00

0
< / & (|| + [t])dr

— 00

< Y0 — Yot,

which along with (3.14)), (3.15) and (3.18)) implies that for x> 0,7 > 0,6 € (0,1]
with pd # 1 and ¢t < —T7,

s 2 1
- 27/ T HTEOWS (0, w)dr < &e’”(f +2—5—2t). (3.19)
0 op — 1] 12

Now let ¢; = min{n +2pu, §}. We deduce from (3.13) and (3.19)) that for u > 0,v >
0,0 € (0,1] with ud # 1 and t < —T1,

: ct
Jim e [K (7 +t,60) v

2vyo(2pt1)eH™

0
< Me  #lo=11 lim egt/ 6"s<||f(8+7+t,')%// +62“(S+T+t)W5(95+tw)|2>d3

t——o0 o

2vyo(2pt1)eHT

0
< MBI 5 1 e%t/ (s + )| ds

t——o0 o
0
2970@ut el o
Me™ w757 lim ecrteMT2ms 2T+ W94 w) [2ds
——00
— 00

29y (2p+1)elT o 5 ’
< MTHEEETT 5T i et / N f(s + )7 ds
t——o0 —00

2970 (2u+1)e2HT

0
+ Me™ wlon=1] lim 62('U'+T)/ et T Wi (0,4 4w) 2ds

t——o0

2vyo(2pt1)eHT ¢

0
< Me  won—11 37 lim e%t/ e\ f(s+1t, )3 ds

t——o0 s
27970 (2u+1)e?HT 9 0 9
+ Me ™ Alon=T] tlim e “(t+7)/ e Ws(0sw) | ds. (3:20)
——00 oo

Moreover, since

0
/ e Wi (0.w) | ds < +oo,

thus from (3.20]) and (3.2) we obtain
lim || K (1 +t,6,w)|? = 0.

t——o0

The lemma is proved. (|

We now prove D-pullback asymptotic compactness of the solutions by using the
method of energy equations introduced by Ball [5]. Then we show the existence of
a unique random D-pullback attractor for the system ([2.7)).

Lemma 3.5. Assume that f € L _(R;V') satisfies (3.1) and (L.3)-(L.5) are ful-
filled. Then the cocycle @ is D-pullback asymptotically compact in 'V, i.e., for every

0<d<liwe QD ={Drw) :7€RweQ}eDandt, = co,upn €
D(1 — tp,0_1,w), the sequence D(ty, T — tpn,0_t, w,up ) has a convergent subse-
quence in V.
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Proof. We first observe that for c = 7in Lemma there exists T = T'(t,w, D, §) >
0 such that

lu(r, ™ —t,0_rw,ur_)|3 < R(r,w) Vt>T, (3.21)
where R(T,w) as in Lemma and ur_; € D(T —t,6_,w). Since t, — oo, then
there exists Ny € N such that ¢, > T for all n > Ny. Moreover, since ug, €
D(1 —tp,0_y, w), we get from (3.21)) that

|lu(r, T —t, 0_Tw,u0,n)|\%/ < R(1,w) Vn > Ny,

this shows that the sequence {u(7,7 — t,0_;w,ug n)}n>n, is bounded in V; hence
there exists @ € V such that (up to a subsequence)

w(r, T —tn,0_rw,up ) =4 inV. (3.22)
By the weak lower semicontinuous property of norms, we get from (3.22)) that
liminf ||u(7, 7 — tn, 0_rw,uon)|lv > ||]v. (3.23)
n—oo
To get the strong convergence of (7,7 — t,,0_rw,up,) — @ in V, by (3.23) we
only need to prove that

lim sup (7, 7 — tn, 0_r0, 100l < |1y (3.24)

n—r oo

Indeed, for given k € N, we have
w(r, T —tn, 0_rw,ug ) = u(r, 7 — k,0_;w,u(t — k, 7 —t,,0_;w,up ). (3.25)

For each k € N, let Ny be sufficiently large such that ¢,, > T+ k for all n > N. By
Lemma [3.4] we have

_ (r+7)
= k7 — 6w, ) [} SM<efao—r(”d° 2D Ws )i

+ / efasz(Vd0_2’75“(r+ﬂw5(9’w))dr(Hf(s + 7, )||%,,ds + e2u(s+7—)|W6(98w)2)d8>’
—o0
(3.26)

which shows that for each k € N, the sequence {u(r — k, 7 — t5, 0_rw, uo.n) tn>nN,
is bounded in V. By a diagonal process, we can find a subsequence (not relabelled)
and an element u; € V for each k € N such that

u(t —k, 7 —tn,0_rw,ugn) — U in V. (3.27)
This together with (3.25) and Lemma we obtain for each k € N,
u(r, T —tn, 0_rw,uopn) = u(r, 7 —k,0_;w,tg) in V, (3.28)

and
w7k, 0w, u(T—k, T—tn, 0_ w,upn)) = u(-, T—k,0_,w, i) in L*(1—k,7; V).
By and we have

u(r, 7 —k,0_,w, uy) = . (3.29)
On the other hand, from we have

%(HUII%) +2wul® = 2(f(t. ), u) + 26" Ws (0w) (y(u + o Au) + g, u).  (3.30)

Multiplying (3.30) by e”(*~7), we get that
d -7 -7 -7
pr T alf) + 20e™ D ul? = e |lulff

= 2" (f(L, ), u) + 26" P W5 (0,w) (v(u + o Au) + g, u),
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and integrating from o to 7 we have

" lu(r, 0,0, u0) [} = € |lug [} + 2/

T

e (f(s, ), uls, 0,w, ug))ds

[

- 2/ e”(S*T)e“SW(;(HSw)(v(u + azAu)(s, o,W,Uy) + g,u(s, 0,w, uy))ds

2 [ I (o0, 0) P = Plu(s, 00w, o) ).
Choose 0 = 7 — k and by (3.29) we get

lall} = llu(r, 7 — k,w, @)l

:eﬂMwm%+2/

T—k

T

" (f(s, ) uls, T — kyw, ) ds

- 2/ e"(S*T)e“SW(;(GSw)('y(u + a2Au)(s, T—k,w,uk) + g,u(s, T — k,w,uy))ds
T—k

+2/ en(s_T)(VHu<s>T_k’w’ﬂk)nz
T—k

= s, ™ = koo, ) |3 )ds. (3.31)
Hence, we obtain

0
ally = e ™ a3 + Q/k " (f(s, ) uls, T — kyw, ) ds

+ 2/ e”(S*T)e“SW(;(GSw)(fy(u + a2Au)(5, T—k,w,uk) + g,u(s, 7 — k,w,uy))ds
T—k

_o / =D (wlu(s, T — k,w, )|
T—k

Denote by

= (s, = ko, @) |[3)ds.

[ = 2v]jul® = nllull}, VueV, (3.32)

then [-]; is a new norm on V which is equivalent to the norm || - ||y on V. Indeed,
by 1 € (0,dov) and do||ul|3, < ||ul|* one can see that

n
lf = 20l = ol > vl =l = (v = 2L ) ul?,
thus we get

(V-J)HMQSWHS2%MR Vuelv.
0
Thus, we have

0
|ally =e "l |l3 — 2/kens[u(877 — k,w, uy,))3ds

+ 2/0 ens<f(8’ -),U(S, T k7w’ak)>d8

—k

0
+ 27/ e"HT el W5 (Osw) [[u(s, T — k, w, k) ||} ds
—k

0
+ 2/ e tWs(0,w) (g, u(s, T — k,w, Tg))ds. (3.33)
k

On the other hand, from (3.25)) and (3.31)) we obtain

||u(T> T —tn, G*T""U uO,n)H%/
= ||u(r, 7 — k,0_;w,u(t — k, 7 — tp,0_,w, uo,n))H‘Z/

= e Mu(r =k, 7 — tn, 0—rw,u0.0) 7
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©

(
6773<f(8 + T, ')a U(S + T, T — k, 077"*)’ U(T - ka T = tnv Q,Tw, UO,n))>ds
—k
0

0
— 2/ e u(s + 7,7 — k,0_;w,u(t — k, 7 — t,0_rw,up.,))]7ds
+ 2/

+ 2y e“(s'*'T)e"ng(Gsw)Hu(s +7,7 =k, 0_rwu(t —k, 7 —t,,0_,w, uo’n))”%,ds
—k

0
+ 2/ e”(s+7)e"SW5(93w)(g, w(s+ 71,7 —k,0_rw,u(T —k, T —tp,0_rw,upy)))ds

—k
(3.34)
Using 0 =7 — k and t = ¢, in (3.5) we get
e |lu(r — ky T — ty, 0_rw, uo.n)|3
< S o WO 2
o k T e WS B g 2t (0,0)Pds.(3.35)

Moreover, since ug n € D(T —t,,,0_,w), we get that

it o =1 T TIWs () 12

< efo—tn(VdO,Q,YeM(TJrT)Wé(OTw))dr”D(T —tn, 0, w)”%/ =0
as n — 00. Then we obtain from (3.35)) that

limsup e~ ||u(T — k, 7 — tn, 0_rw,uo.0) |3
n—oo

—k

S 4 efo.s(l/do—Q’Ye“"Wzs(QrUJ))dT‘||f(8 +7—7)||‘2/,ds
Z/Al —co

—k
+ M / 2T ey o= NS ) (G ) 2.

— 00

Next, using the weak convergence in (3.27) and let n — 0o, we get from (3.32)) that

0
lim sup (/ ePlu(s + 7,7 —k,0_rp,u(t — k, 7 — ty, 0w, uo,n))]%ds)
n—o0o k

0

< —liminf ePu(s+ 7,7 =k, 0_rp,u(t —k, 7 —t,,0_;w, uown))]%ds
n—oo J_ .
0
< —/ e u(s + 7,7 — k,0_r,, Ux)|32ds,
—k

and therefore by (3.34) it implies that

limsup [|u(7, T — tp, 0—rw, uo,n) |3
n—oo

k
< = [ el W0 (s 47|12 ds

l//\1 —00

—k
Ay [ el o ey 9,0 s

0
72/ ens[u(5+7—)7—7k79—7'w7'ak)]%d5
k

0
+ 2/ P (f(s+71,-),uls + 7,7 — k,0_rw,1))ds
—k
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0
+ 2/ e P TIWs(0.w)|[uls + 7,7 — k, 0_rw, 1) |3 ds
—k
0
+ 2/ e P TTIWs(0.w) (g, ul(s + 7,7 — k, 0_rw, G ))ds.
—k
This together with (3.33)) give us

limsup [[u(r, 7 — tn, 07, uon) [} < [all} + e |[ullf,

n—o00
4 * J§ (vdo—2ve"" W5 (0rw))dr 2
o elo WA= B fs + 7, )y ds

—k
-|-M1/ egu(s+7)ef;(ydo—zve“("‘*”)ds‘Wé(esw)ﬁds

— 00

4 (7R o
Ty Bt I CR B[22

—k
+ M, / €2H(S+T) 6f05(ud07276u(r+ﬂ)d5 ‘W& (9300) |2d57

and let k — oo we get

limsup ||u(r, 7 — tp, 0, uo,n)H%/ < Hﬂ”%/
n— oo

From this and by ([3.23) we get

lim Ju(r, 7 — tn, 07, uo0) % = [[all}-
n—oo

This completes the proof. O

We now prove the main result of this section, i.e., the existence of D-pullback
attractors of ®.

Theorem 3.1. Let (L.3)-(LA) hold and let f € L% _(R;V') satisfy (3.1)-(3.2).
Then the cocycle ® associated with problem (2.7) has a D-pullback attractor A =

{A(r,w) : T € Ryw € Q} € D in V. Moreover, if f is T-periodic, then the attractor
A is also T-periodic, i.e., A(T + T,w) = A(r,w) for every 7 € R and w € Q.

Proof. From Lemma [3.4] we have that ® has a closed measurable D-pullback ab-
sorbing set K € D, and by Lemma we see that ® is D-pullback asymptotically
compact in V. Thus, by [31], Proposition 2.10], the process ® has a unique D-pullback
attractor A.

If f is T-periodic, then the cocycle ® is also T-periodic, that is, ®(t, 7+ 7T, w, ) =
O(t,7,w,-) for all t € RT,7 € R and w € €. Hence, by Lemma we have that
K(t+T,w) = K(1,w) for all 7 € R and w € Q. Therefore, by [31, Proposition
2.11], the random attractor A for & is also T-periodic.

The proof is completed. O

4. CONVERGENCE OF RANDOM ATTRACTORS FOR MULTIPLICATIVE NOISE

4.1. Existence of random attractors. In this subsection, for 7 € R is given, we
consider the following stochastic Navier-Stokes-Voigt equations with multiplicative
noise for t > 7 and z € O :

0 9 _ 2 aw
a(u—a Au) —vAu+ (u-V)u+ Vp = f(z,t) + (u — a*Au) o a0 (4.1)

u(z, ) = ur(x),

where u, € V.
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Applying the Leray-Helmholtz projector P to (4.1), we rewrite equation (4.1]) in
an abstract form

p 2 AW
a A A B — 2A PR,
77wt o Au) + vAu+ Blu,u) = f(t) + (u+ a?Au) o — =t > 7, (4.2)

u(T) = ur.

We now transform equation (4.2)) into a pathwise deterministic equation by using
the change of variables
o(t, T, w) = e “Ou(t, 7, w).

Thus (4.2) becomes
d 2
w(t) —e~w()
dt (v+aAv) +vAv + eV B(v,v) = e ), (4.3)

v(T) =v, InV,

where v, (z) = e=“(Mu, (2). By the Galerkin approximations method we can prove
the existence and uniqueness of solutions for . Therefore, the solution v is
continuous in v, in V and generates a cocycle (or Random Dynamical System)
Oy :RTXxRxQxV —Vsuchthat foralltc RT, 7 e R,we Qand v, € W

(DO(tv T, W, UT) = u(t +7,7, 077"*); UT) = ew(t)iw(iﬂv(t +7,7, Q,Tw, UT)'

Then @y is a continuous cocycle on V' over (Q, F,P, {6;}icr)-
We next drive the uniform estimates on the solutions of system (4.3)).

Lemma 4.1. Let f € L (R; V') satisfy (3.1)-(3.2)). Then for every 7 € R,w € Q
and D = {D(1,w) : 7 € R,w € Q} € D, there exists T = T(r,w, D) > 0 such that
for allt > T and T > 7 — t, the solutions of the system (4.3)) with w replaced by

0_,w satisfies

V T
lo(s, 7 —t,0_rw, vT,t)H%/ + B / lo(s, 7 —t,0_rw, UT,t)Hst
T—1

2 T
< efudo(sf'r) 4+ = / 6”d0(877)6726"w(8) ||f(8, )||%//ds
I/)\l

— 00

Proof. Multiplying the first equation of the system (4.3]) by v in V, we have

1d o
5 sl + vl = =0 £,0)
AP I oum 2
< ol + e = O (44)
This implies that
d v 2 oy
%IIUH% +vdo|loll§; + S oll* = € “ONfI5, (4.5)

and multiplying (4.5) by e”90 and integrating from 7 — t to r, we get

T
/ e”d0(87T)|\v(s,T —t,w,vr_t)||?ds
T—1

v

||U(T7 T—1,w, U‘f‘—t)H%/ + 2

2 T
< e Pl 1F + 7/ P20 £ (s, ) |3 ds.
2281 T—t

Replacing w by 0_,w we get

T
HU<7_7 T—1, H*va ’UT*t)H%/ + % / eydo(s_r)H’U(S, T—1t, 977—0.1; Urft)||2d8
T—1

2 T
< T o 4 2 [ e s s (40
1 Jr—t



LONG TERM BEHAVIOR OF RANDOM NAVIER-STOKES-VOIGT EQUATIONS 17

Since v, € D(1 — t,0_;w), we obtain
e o, i3 < e D(r — 1,0_ )|} — 0
as t — oo. Thus, there exists T = T'(7,w, D) > 0 such that
e Vhly, I3 <1 Vt>T,
this implies that
e V=T |y, |13 < e v > T (4.7)

On the other hand, since (2.2)) we have @ — 0 as t — oo, there exists ro < 0
such that for all s < rg,

—20_,w(s) < —(vdy — n)s,

this implies that
6720#‘)(5) < ef(udofn)s.

Therefore, we get for all s < rg,
007 O|| (s, )[}, = e O (5, )17, < e (s, )}

By (3.1) we get for every s € R,7 € R and w € ,
/ e om0 f(s,)|[}ds < /

— 00 —

S

e f(s, ')H%/,ds < +o0.
oo

This together with (4.6)) and (4.7) we get the conclusion of the lemma. O

Lemma 4.2. For every 7 € Rw € Q and D = {D(r,w) : 7 € Rjw € Q} € D,
there exists T = T(T,w, D) > 0 such that for every k > 0 and for allt > T + k, the
solution v of the system (4.3]) with w replaced by 0_,w satisfies

lo(r —k,7—t,0_,w, UT,t)H%/

VAL

where v,y € D(T —t,0_4w).

2 T—k ) )
< eudok + / e_VdO(T_k_é)e_QG’TW(‘S)Hf(s,~)||%/,ds, (4.8)

— 00

Proof. GivenT € Rand k > 0, let s = 7—k. Let T' > 0 be the constant as in Lemma
Also, t > T + k implies t > T and r > 7 — t, we get the inequality (4.8). O

Similarly to Lemma we have the weak convergence of solutions of sys-
tem (4.3]), which will help us to show the asymptotic compactness of these solutions.

Lemma 4.3. Let 7 € R,w € Q and v;,v,n €V foralln € N. If v, = v, inV,
then the solution v of system (4.3)) has the following convergences as n — oo :

i) v(s,T,w,vrpn) = v(s, T, w,v) iV forall s > T;

i) v(, T, w, V) = V(s Ty w,vp) in L2(7, T+ T3 V) for every T > 0.

We now prove the pullback asymptotic compactness of solutions of system (4.3)).
Lemma 4.4. Assume f € L2 _(R; V') and (3.1]) holds. Then for every T € R,w €

loc
QD ={D(r,w) : 7 € Rw € Q} € D and t, - 0,00, € D(T — tp,0_;,w),
the sequence v(T,T — tp,0_rw,v0.,) of solutions of system (4.3) has a convergent

subsequence in V.

Proof. From Lemma [4.2| with k = 0, it follows that there exists T = T'(,w, D) > 0
such that for all ¢ > T,

2 " —7) _— w(s
||'U(7_77—_tn7977w>v7'7t)“%/ < 1+T/\1/ el/do(s )6 s ()”f(S,)”%//dS, (49)
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where v,_; € D(7 —t,0_,w). Since vg,,, € D(T —ty,0_¢,w) and by t,, — +00, there
exists Ny € N such that ¢, > T for all n > Ny. Then, for all n > Ny we have

from (4.9) that
2 T
o7, 7t Orios i) < 1+ 2 [ el s, | s,

This shows that the sequence {v(r,7 — t,,0_rw,vp,)} is bounded in V for all
n > Ny. Thus, there is a function ¥ € V such that (up to a subsequence)

(T, T —ty,0_rw,v0,) =0 inV. (4.10)
By property of the weak convergence, we have
liminf ||v(7, 7 — ¢y, 0—rw, von)llv > ||7]|v. (4.11)
n—oo

We now prove that

limsup |[o(7, 7 — tn, 07w, von)|lv < ||7]|v
n—oo

and this together with (4.11)) give us the strong convergence of (4.10]). Asin Lemma
we use the method of energy equations. For a given k € N, we have

V(T, T —ty, 0_rw,v0,,) =0(7, T — k,0_;w,v(T — k, T — tp,0_;w,004)). (412)

For each k, let Ni be sufficiently large such that t,, > T + k for all n > Nj. From
Lemma we get that
2 T—k
0(7, T —tn, 0_rw,vo.0)||3 < ek 4 »W / e vdo(s+7=k) g=20_rw(s) £ (s, )3 ds
VA1 oo

for k > Nj. Hence, for each fixed k € N, the sequence {v(7 — k,7 —tp,,0_+,v0.n)}
is bounded in V. Thus, for each k € N, there is a function @}, € V such that (up to
a subsequence)

v(r —k, T —t,,0_rw,v0,) = Ty In V as n — oco. (4.13)
By Lemma and from —, we get that
(T, T — ty, 0_rw,v0,) = v(1,7 — k,0_;w, Vi) in V, (4.14)
V(T =k, 0_;w,v(T, T —tp, 0_rw,v0) = (T, T — k,0_rw,Tg) in Lt —k,7; V).
(4.15)
By the uniqueness of the weak limits we obtain from and that
(T, T — k,0_;w, ) = . (4.16)

We recall from (4.4]) that,
d —w
Lol + 200l? = 274 (£,

For each w € 2, and 7 € R, multiplying the above equation by € integrating the
above equation from 7 — k to 7 we get that

T

[ ot~ ko lfds =2 [ {5,007~ b, vei)ds

—k T—k

- 2/ e wl|v(s, T — kyw,vr_p)||* — gHv(sm —k,w,v,_)||¥]ds. (4.17)
T—k

As in (3.32), we denote by
[ = 2v|jol” = nloll},, YoeV, (4.18)
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then [-]; define a new norm on V which is equivalent to the usual norm || - ||y on

V. Thus we get from (4.17)) and (4.18)) that

lo(r, 7 — k,w,vT_k)H%/ = e_"k||v7_k||%, — 2/ e(5=7) [v(s, T — k,w, vT_k)ﬁds
2

T—

2 T
—_— 5= = w(s) (f(s,),v(s,7 — k,w,vr_g))ds.
VAL T—k
(4.19)
Moreover, since v(7, 7 — k,0_,w, V) = v in (4.16)), we obtain from (4.19) that
1813 = llo(r, 7 = k, 0w, 5[},
— |5 — 2/ D u(s, 7 — kyw, ) 2ds
T—k
2 T (s—7) ,—w(s) =

— e e (f(s,),v(s, 7 — k,w, Ty))ds. (4.20)
vA1 T—k

Next, using (4.12)) and (4.20)) we get that
HU(T’ T —tn,0_rw, UO,N)H%/
- ||U(7‘, T—k,0_;w, U(T —k, 7 —tn,0_;w, ”Om))Hg/

= e Mot =k, 7 — tn, 0_rw, v0.0) %

— 2/ 677(5—7') [U(& T = k7 9—7w7 U(T - k7 T = tn’ 9_7-00, ’UO:"))]%dS
T—k

+ 2/ e (f(s,),0(T, 7 — ky 0_rw, 0(T — by T — t, 0_rw,v0.,)))ds.
T—k
(4.21)

We are now passing to the limit in each term on the right-hand side of (4.21]) as
n — oo. For the first term, we use (4.6) for r =7 — k and t = ¢,, to get

e Mlo(r =k, T — tn, 0_rw, vo,0)|I3
2 [Tk
< e " luomlli + T/ s e 20w ()| £ (5, |3 ds. (4.22)
VA1l J—x

Note that v, € D(T — tp,0_;,w), we have
efnt"”vo’n”%/ < e | D(T — ty, 04, w)||F — 0 as n — oo. (4.23)

From (4.22)-(4.23) we obtain

limsup e "™ ||v(T — k, T — tp, 0_r,w,v0.0) |3

n—00
D) T—k

< 7/ e e 20 )| £ (s, )3 ds. (4.24)
V/\l —00

For the second term in (4.21)), we get from the weak lower semicontinuity property

of norm [-]; in (4.18) and (4.15)) that

lim sup/ "D (s, 7 — k,0_rw,0(T — by T — t, 0_rw,v0.,))]2ds

n— 00 —k

n—oo

< —lim inf/ "D (s, 7 — by 0_rw, (T — by T — ty, 0_rw,v0.0))]2ds
T—k

< —/ "D (s, 7 — k, 0_rw, v )| 2ds. (4.25)
T—k
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For the last term, we use the weak convergence in (4.14)) that

2 lim e e (f(s,-),0(s,7 — ky 0w, 0(T — ky T — b, 0_rw,v0.,)))ds

n—oo [ .

= 2/ 5= g=w(s) (f(s,),v(s,7 —k,0_rw,vy))ds. (4.26)
T—k

Thus, we get from (4.24))-(4.26]) and (4.21]) that

limsup [[o(7,7 — t5, 0_rw, v0.0) ||}

n— 00
) T—k
<o [ e s s

— / " (s, T — k, 0_rw, 0g))2ds
T—k

+ 2/ "M@ (f(s,-),v(s,7 — k, 0_rw, Ty ))ds. (4.27)
T—k

Replacing (4.20]) into (4.27]) we obtain

limsup [[v(7, 7 — tn, 0_rw, vo.0) ||}
n—oo

2 Tk —T - w(s 7 - ]
< [ et e O (s, ) ds + ol el

2 Tk S—T — w(s 7
< "m0 f(s, )| ds + |07 (4.28)

From this let £ — oo we get

limsup [|o(7, 7 = tn, 07w, v0.0) [} < [[0]3
n—00

which together with (4.11)) give us the conclusion of the lemma. d

From Lemma [4.1) we immediately have the existence of D-pullback absorbing
set for the continuous cocycle .

Lemma 4.5. Let f € L2 _(R;V’) such that (3.1)) holds. Then the continuous

cocycle ®qg associated with the system (4.3) possesses a closed measurable D-pullback
absorbing set Ky = {Ko(T,w) : 7 € R,w € Q} € D defined by

Ko(m,w) ={u €V : ull{, < Ro(r,w)}
where

4 T —7) _—2w(s
Ro(ra) = - [ e 20 (s, ) [puds,

— 00

Theorem 4.1. Let f € L2 _(R;V') such that (3.1) holds. Then the continuous

loc

cocycle @ associated with the system (4.3) has a unique random D-pullback attractor
Ag ={Ao(T,w): TER,weN} €D inV.
Moreover, if f is T-periodic with T > 0, then the random attractor A is also T-
periodic, i.e.,
Ao(T+T,w) = Ag(T,w)  for every T € R,w € Q.
Proof. By Lemma [£.5] the continuous cocycle ®; has a closed measurable D-
pullback absorbing set Ky € D and by Lemma |4.3| ® is D-pullback asymptotically

compact in V, then by [30, Proposition 2.10] we get the existence and uniqueness
of D-pullback attractor Ag of ®g.
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In addition, if f is T-periodic, then the cocycle ®q is also T-periodic, i.e.,
Oo(t, 7+ T,w,) = Pg(t,7,w,") VteERT 7R we.
By Lemma we also have Ko(7 + T,w) = Ky(r,w) for all 7 € R and w €

and therefore using [30, Proposition 2.11] we get the T-periodicity of the random
attractor Ag. O

4.2. Existence of approximation attractors and convergence of random
attractors. In this subsection, for each § > 0 we consider the pathwise random
equations

d(us + o?Aus) + vAus + Blus,us) = f(t) + Ws(0w)(us + o Aus), (4.29)
U5(T) = u(;’-,-. '
Define s
s (t, 7w, v5,) = e~ Jo WsOrdry s (4 1w s ),
then (4.29)) becomes
dvs [EWs (0pw)dr — o= [P Ws(0rw)dr
o + vAvs + elo B(vs,vs) = e~ Jo f@t) (4.30)
v5(T) = V5,7,

where vs, = e~ 15 WJ(GT“)MU&T evV.
As a special case of results in Section 3, problem defines a continuous
cocycle @5 in V' which has a unique D-pullback attractor As for every d # 0.
Next, we will prove that solutions of converge to the coresponding solution
of equation as & — 0. To do this, we first establish the uniform estimates for
solutions of system via the following lemma.

Lemma 4.6. For every 7 € Ryw € Q and T > 0, there exist 69 = 0o(T,w,T) > 0
and My = My(t,w,T) > 0 such that solutions of (4.30) satisfies the following
estimate

v t t
Jos(t rovu -+ [ oo < Mo (s, 1% + [ 15, MR )
(4.31)
for all 0 < |8] < g and t € [1,7 + T).
Proof. From (4.30)), it follows that
1d ot
5 7 108l + vllus || = e Jo Wal0rddr £ o)

SRS s 2, (432)
I/)\l

Since dol|vs||3, < |lvs||?, we obtain from (4.32)
d 1 2 \dr
Zlvslly + vdolluslls + S llvs* < € FloWa@reddr| (s, )|[5, (4.33)

thus for all 7 € R and ¢t > 7 and w, by Gronwall’s inequality we get

1%
< Zllwsll* +

t
14
Joste,rovs IR + 5 [ os(s,mo,vs) s
T

— 2 tl/sffS w)dr
< ey} 4 2 [ o2 N o 7 s (430

By continuity of w(t) on [r,7 4+ T, we infer that there exist dg = do(T,w,T) > 0
and ¢ = (1,w,T) > 0 such that

t
/ Ws(Orw)dr < ¢
0
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for all 0 < |§] < &0 and ¢ € |1, 7 + T]. Therefore, from ([#.34) we can conclude that
there exists My = My(7,w,T) > 0 such that

v t t
st 70,0, 5 [ (o, vo )P < Mo (ool + [ 7G5, ).
(4.35)
This shows that (4.31]) as claimed. O

The following result give us the uniform estimates of solutions of (4.30) when
time ¢ is sufficiently large.

Lemma 4.7. For everyd #0,7 e R,w € Qand D = {D(1,w) : T e R,w € Q} € D,
there exists T = T(1,w,D,d) > 0 such that for all t > T, the solution of (4.29)
satisfies the following estimate

lus (7,7 — £, 07w, us 1)l < e Aot 2 LW OO f(5 4 )|} ds

VAl 00

with us —y € D(T —t,0_4w).
Proof. 1t follows from (4.33) that

d 2 e
$||U6||%/+Vd0||vé||%/ < T)\le 2Jo Wa (0 £ (s, )3,

and by Gronwall’s inequality we get for every 7 € R,t € RT and w € Q that
|vs (T, 7 — t,0_rw,v5—0)|I¥
< gy 4 o [ BT W ()2,
’ VAL e
Hence, we obtain
lus(T, 7 —t,0_rw,us.—t)||¥
= 2SI WsOrr)dr (g e S Wa(Brrw)dry, o |12,

S efljdote2 f:—t Wé(gr_r)dTHUé,T—t”%/

2

;
a | el W (s )| ds
T—1
< e WO s |,
0
a | O s o) s
—t

Moreover, by the assumption on f we have
0
/ erdos T2 [T WsOre)dr | (s 41 )12, ds < oo, (4.36)
and by usr—¢ € D(T —t,0:w) and D € D, by the ergodic theory we have

lim ! / (vdy — 29Ws(0,w))dr = vdy — 29E(W;5(0,w)) = vd,,
0

s§——00 §

thus there exists T'= T'(1,w, D, ) > 0 such that for all ¢t > T,
R P [ LG

0
< 2 [ e WO (s g )R,

v\ o
(4.37)
Therefore, from (4.36) and (4.37)) we get (4.35]), this completes the proof. O
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We now prove the cocycle &y has a D-pullback absorbing set in V.

Lemma 4.8. For every 7 € R and w € €, the continuous cocycle @5 has a D-
pullback absorbing set Ks € D given by

Ks(1,w) = {us € V : |Jus||¥ < Rs(7,w)}, (4.38)

where

0
e O s ) s,
l/>\1 oo

Moreover, if T € R and w € Q are fixed then
2 0
li __“ vdos—2w(s) N2 Jds. 4.
lim Fs(rw) = [ 1 (s + 7, )3 ds (4.39)
Proof. By Lemma [4.7] for every 7 € R,w € Q and D € D, there exists Ty =
To(7,w, D) > 0 such that
Ss(t, 7 —t,0_w, D(T — t,0_4w)) C Ks(1,w), Vt>Tp.

It is clear that K5 = {Ks(t,w) : 7 € R,w € Q} in (4.38)) is a closed measurable
random set in V. Thus, to prove Kj is a D-pullback absorbing set for @5, we need
to prove Kj is tempered. Indeed, for arbitrary constant ¢ > 0, we have

|| Ks(m,w) [y = e Rs( + t, Oyw)

4 0 .
= —e“/ evdo=2f5 W‘S(e’““’)der(s + 7+t |3 ds
1

Rs(t,w) =

VA

0
- ie“/ erdo=3 [T wirat)dr=3 [Jw(r+8)dr)| (s 4 1 4 ¢ )|, ds.
V)\l —c0

(4.40)
Since % — 0 as t — do00, then there exists 71 = T7(w) < 0 such that
w(t)] < —cit Yt > T, (4.41)

and by the mean value theorem, we infer that for every s < 0, there exists sg €
[s, s + 4] such that

9 st
-5/ w(r +t)dr = —2w(sp + t).
Clearly so < |[, hence by we obtain
lw(so + )| < —c1(so +1), VE<T—]d. (4.42)
and by s — so < |6] and (£.42), it follows that
e 3 JIT wlrrt)dr _ =20 (so+1) < e—2c1(s+t)+2cl\5\’ (4.43)

for all t < Ty — |d]. And by similarly as in (4.43) we also get
6_%‘[50 w(r+t)dr < 6—201t+261|6| Vit < T1 _ |(5| (444)

Hence, by (4.43))-(4.44) and (4.40) we have

4 O
ECth(T, w) < = ptarld|=(vdo—2c1)T (c—der)t / e(ud072cl)s|‘f(5 +t, )H%/,ds

V)\l
(4.45)
Choose ¢; = min{ ”doz_", £}, we obtain from (4.45)

4 0
e Ry(r,w) < et omaenetemtot [ gludom2ens s 1) s
1 —00

0
< 2 pterldl—(vdo—2e1)7 5t / e\ f(s + t, )| ds.
v\

— 00
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Thus, we obtain
. ct 2 : ct
im e Ky(rw)[f = lim e Ry (r, )

0
< % lim 6461|6|7(Vd07261)7—6%t/ e || f(s+1t,-)|3ds

— 00

and hence K is tempered, therefore K5 € D.
In order to get (4.39), we write

0 s+46 0
2/ Wi (Opw)dr = 72/ #dr+2/ #dr, (4.46)
s s 0
by lim @dr = 0, there exists d; = d1(w) such that
6—0
® w(r)
2/ Sdr <10 <[] <. (4.47)
0

According to the mean value theorem there is a rg € [s, s + ¢] such that
s+0
72/ WE;) dr = —2w(rg),

Since |s — ro| < |0], then for |§] < 1 and s < Ty — 1 we have ro < s+ || < T1.
Hence, using (4.42) with ¢ < (k1 —1)/2 we get

71/d07777ﬂ <Vdo*n|5|7’/d0*778<VdO*UinO*US
0 2 2 T2 2

> < (4.48)
Combining (4.46))-(4.48) we get for 0 < |§| < 2 = min{1,d,} and all s < T — 1,

0
2/ Ws(0rw)dr < (vdy —n) — (vdg —n)s + 1. (4.49)

For s e R, # 0,7 € R and w € , let

|w(ro)| <

~ 4
Rs(r,w,8) = Tle”dw“ JIWs0rw)dr) ¢ (5 4 7 |12, ds. (4.50)

By Lemma iii), we have

: D _ 4 vdos—2w(s) 2
;%R(S(TW‘%S) - V)\le ||f($+7'7 )”V/' (451)

Thus, by (4.49) and (4.50) for all 0 < |0| < d2 and s <Tj — 1, we have
~ 4
Ré(Ta w, 5) < Tel+(yd07n)ens||f(s +7, )”%/’
VA1

By the dominated convergence theorem we have from (4.51)) that
T, —1 ~ 4 T —1
lim Rs(T,w,s)ds = e o520 (s 47, )2 ds,  (4.52)

6—0 J_ o 2N .

and since 2 [ W;(6,,)dr — —2w(s) uniformly on [T} — 1,0], thus
0

- 4 0
lim Rs(T,w, 8)ds = — / evdos=20(3)| (s + 7,)||3ds. (4.53)
5—0 T —1 Z/Al T —1

Therefore, by (4.52)) and (4.53]), we obtain
0

lim Rs(7,w, s) = lim Rs(7,w, s)ds
6—0 &

=0 ) o

T:—-1 0

= lim Rs(T,w, s)ds + lim Rs(T,w, s)ds
0—0 ) _ =0 ) 1
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4 ot vdos—2w(s) 0 ud0572w(s) 2
- 167 s+ o= [ 17+ 7,3
[T e s 1 s

Z/Al - 9 A4 9
and this completes the proof. O

We are now ready to prove the convergence of solutions of equation (4.29)) as
d— 0.

Lemma 4.9. Suppose that {5,}52, is a sequence such that 6, — 0 as n — oo.
Let us, and u be the solutions of (4.29) and (4.2) with initial data us, » and u,,
respectively. If |us, » — u-||v — O then for every T € R,w € Q and t > T,

llus, (t, T,w,us, +) — u(t T, w,ur)|lvy = 0 as n — oo. (4.54)

Proof. Denote w = vs, — v, then by (4.30) and . we have
1d

2 dt”va +vfw||? = (efo WsOr)dr Bys v5) — e® B(o,v), w)

(e o By 7 (4.55)
By Lemma [2.7] we have

(efo Wal0r)dr B (5 v5) — ) B(v, v), w)

— W) (Bys ) — B, ), w) + (efg W (0rw)dr _ ew(t)) (B(v,v), w)

— _els W0 By ) w) — (efg W (0rw)dr _ ew(t)_) (B(v,v), w)

< el WSO o] — [l WO — 0

e
v t w)ar
< Sl + ce? 5O o o)
+ 2
o clfwl o) + e [efs Wel®r e — g o2, (4.56)
and
(efw(t) — e s W(;(Orw)dr)<f’ w>
< [eme ) — em WO
< Ul 4 o [em O — e ey )3, (4.57)
1

Thus, from (4.56))-(4.57) and (4.55)) we get

d ¢
Sl + viw]? < 2¢ (20O 1) )2,

I?

L ‘efot Ws (0rw)dr ew(t) 2 ||’U

I

Next, by the uniformly consequence of Ws(t) to w(t) as & — 0, for every € > 0,
there exists 01 = d1(e, 7,w, T) > 0 such that for all 0 < |§| < §; and t € [r,7 + T,

T ‘efw(t) fo W (0,-w)dr

<e

— )

’ew(t) _ efot Ws (0rw)dr 2

and

2 2
efw(t) — e fot Ws (0rw)dr | _ e t Ws (0,w)dr e t Ws (0rw)dr—w(t) 1 < ce,
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where we have used the fact that |efo Ws(Orw)dr <c.

Summing up, we obtain
d
ol < cllolPllwlf + cello]l® + cell £ £, )5
Multiplying by £(t) = e~ I II%ds o obtain

T elwl?) < ce@vlol} — cllol?

dt
+ee€(O)[oll* + ces O)ILf ()T
Thus, integrating over [r,t] we have

EWNw®) < w(n)]F +ce/ () v(s)lP[lv(s)[7ds

t
+&/5@www%w

for all 0 < |4| < 01, and by Gronwall’s inequality we obtain

EONw®IT < lw@IIF + 60/ £(s)[lv(s)]*ds

t
+w/5®W@w%w

thus there exist d; € (0,01) and ¢; = ¢1(7,w,T) > 0 such that for all 0 < [§] < Jo
and t € [1,7 +T1,
lwli} < erllw(T)If + eca.
This implies that
lvs(t) = vV < exllvs,r —vell + eca.
Moreover, we have

= eJo WsOr)dry (i 7w vs.) — Dot 7w, vr)

us(t, Ty w, us ) — u(t, T,w, ur)
—elo W‘S(GT“’)dr(v(;(t,T,w,mJ) —v(t, T, w,v;))

+ (eo We@re)dr _ o)yt 7 1, 0,), (4.58)
where v5, =€~ Ig WS(e"‘”)dru&T and v, = e~*(Mu,. Hence, by property of Ws(6,w)
and by (4.58]), there exist d3 € (0,02) and ¢3 = ¢3(7,w,T) > 0 such that for all
0< 8| <d3and t € [r,7+T],

||U§(t, T,W, uﬁ,‘l‘) - U(t, T,W, u'r)”%/ < CSHUﬁ(ta T, W, U&,T) - ’U(t7 T, W, ’UT)”%/
2
tes efot Wi (0rw)dr—w(t) _ 1‘ ||v(t,T,w,vT)||‘2/

< cllvsr — vl + ec,

this proves (4.54)) as desired. O

We note that Lemma [£.3] can also be written in the following form, which will
help us to prove the asymptotic compactness of solutions of system ((4.30)).

Lemma 4.10. Assume that f € L2 _(R; V') and {5,}5° is a sequence such that

loc

0, — 0. Let vs, and v be the solutions of (4.30) and (4.3) with initial data vs, -
and v;, respectively. If vs,  — vy in V as n — oo, then for every 7 € R,w € Q
and t > T, we have

vs, (r, T,w,v5, ) = v(r, T, w,v.) in V, Vr>r,

vs, (- Ty w, Vs, ) = V(- T,w, V) N L*(r, 7+ T; V), VT >0,
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and

vs, (-, T, w, Vs, +) = v(-, T,w,v;) in L(7,7 + T; L*(OR)),VT > 0, R > 0,
where Or = {z € O : |z| < R}.
Proof. For simplicity, we write v, (r) = vs, (r,7,w,vs, ) and v(r) = v(r,7,w,v;)
forr>7,7€Rand w € Q.

We first observe that from Lemma [4.8) that the sequence {v,, }°; is bounded in
C([r,7+ TJ; V). Since §,, — 0 and by

t
lim / W, (0,w)dr = w(t) uniformly for ¢t € [r,7 + T,
6p—0 0

there exists Ny = Ni(7,T,w) > 1 such that

¢
/ W, (Orw)dr — w(t)‘ <1 VYn>Nj,te[r,7+T]. (4.59)
0
By the continuity of w(t) on the interval [r,7 4+ T] we get that
w®t)| <e Vte[r,T+T], (4.60)
for some ¢; = ¢1(7,T,w) > 0. Hence, by (4.59) and (4.60) we obtain
¢
/ Ws, (Orw)dr| <1+c¢ ¥Yn> Ny, te[r,7+T]. (4.61)
0

By (4.61)), we have for all n > Ny and t € [r,7 + T,
eJo Won 0| By, (1), v, () [v < cllon (@)1},
this implies that

{efot Wan Gr@)dr By, (1), vn(t))} is bounded in L*(r,7 + T;V’). (4.62)

Using the fact that the sequence {v, }22 ; is bounded in C([r,7+T]; V), and (4.62]),
by similar arguments in [2], from (4.30) we can see that

dop, | . .
{%} is bounded in L*(r,7 + T;V').
Hence for any R > 0, we have
H'(OR) <= L*(Og)

is compact and
{vn} is bounded in L (7,7 + T; H'(OR)),

doy, | . :
{%} is bounded in L*(r,7 + T; L*(OR)).

This shows that {v,} is relatively compact in L?(7,7 + T; L?(Og)) for all R > 0.
Then there exist £ € V, 0 € L>®(7,7+ T; V) such that (up to a subsequence)

vp(r) = €in V, (4.63)
vp, — 0 weakly-star in L°(7,7 +T; V), (4.64)
v, — ¥ in L* (1,7 + T; V), (4.65)
v, — 0 in L*(1,7 4+ T; L*(ORr)), (4.66)

for all R > 0. Let n — oo, we see that ¥ is the solution of (4.3) with the initial
condition o(7) = v, and ¥ = £. By the uniqueness of solutions, we have to ¢ = v,

and thus the sequence {v,} converges to v in the sense of (4.63])-(4.66].
The lemma is proved.
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We next show the uniform compactness of the family of random attractors As,
which help us prove the upper semicontinuity of the attractor as § — 0.

Lemma 4.11. Let f € L2 _(R; V') satisfy (3.1)-(3.2). Let 7 € R and w € Q be

loc
fized. If u, € As, (T,w), then the sequence {u,}>>, has a convergent subsequence

i V. whenever §,, — 0 as n — co.

Proof. For every 7 € R and w € Q we know that Rs, (7,w) — Ro(7,w) as d, — 0,
where Ry in Lemma [4.5] Thus, there exists Ny = Ny (7,w) > 0 such that

Rs, (T,w) < 2Ro(7,w) Vn > Ni.
From this and by u,, € As, (7,w) C By, (T,w), we have
lunll? < 2Ro(r,w) ¥n > Ni.

Hence {u,} is bounded in V| thus there exists ug € V such that (up to a subse-
quence)

Up — ug weakly in V as n — oo. (4.67)

Using Lemma and repeating the same arguments as in Lemma [1.4] from (4.17)
to (4.28)), we can conclude that

[unllv = lluollv,
this together with (4.67) shows that
Uy — ug strongly in V' as n — oo.

Therefore we get the conclusion of the lemma. O

Finally, we prove the upper semicontinuity of random attractors for the sys-
tems (4.29)) via the following theorem.

Theorem 4.2. Let f € L _(R; V') satisfy (3.1)-(3.2)). Then, for every T € R and
w € Q we have

lim disty (As (7, w), Ao (T, w)) = 0.
§—0
Proof. By Lemma [£.8] we have for every 7 € R and w € Q
limsup || K5(7,w)||3 < limsup Rs(7,w) = Ro(T,w). (4.68)
§—0 6—0
We consider a sequence §,, — 0 and since u,, ; — u, in V, by Lemmawe obtain
for every t > 0,7 € R and w € €,
D5(t, T, w,Up,r) = Po(t, T, w,ur) inV. (4.69)

Thus, by (4.68)-(4.69) and Lemma we can apply [31, Theorem 3.2] to obtain
that

}in{l) disty (As(7,w), Ao(T,w)) = 0.

This completes the proof. O
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