TOPOLOGICAL ZETA FUNCTIONS OF COMPLEX PLANE CURVE
SINGULARITIES
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ABSTRACT. We study topological zeta functions of complex plane curve singularities using
toric modifications and further developments. As applications of the research method, we
prove that the topological zeta function is a topological invariant for complex plane curve
singularities, we give a short and new proof of the monodromy conjecture for plane curves.

1. INTRODUCTION

Let f be a non-constant complex function on a smooth complex algebraic variety X, and let
Xo be its zero locus. In 1992, using an embedded resolution of singularities Denef and Loeser
[5] introduced the topological zeta function for f. Let h : Y — (X, Xo) be an embedded
resolution of singularities of Xy, i.e, a proper morphism h : ¥ — X with Y smooth such
that the restriction Y \ h=1(Xg) — X \ Xp is an isomorphism and h=1(Xj) is a divisor with
normal crossings. The exceptional divisors and irreducible components of the strict transform
of h are denoted by F;, where ¢ is in a finite set S. The multiplicities N; of h*f on E; and
the discrepancies v; — 1 of the Jacobian of h are determined respectively in the formulas
1 (Xo) = Yics NiEi and Ky = W Kx + ) ;cq(vi —1)E;. For I C S we write Ej for the
intersection (;c; E; and write E7 for the set £y \ ;g Ej. For a closed point z in Xo, we
denote S, := {i € S| h(E;) = z}. With the function f and the morphism h as above, the
associated topological zeta function is defined as follows
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It was shown that the function Z}OP (s) is independent of the choice of h (cf. [5, Théoréme 3.2]),
and its poles are interesting numerical invariants, which concern the monodromy conjecture.
The local topological zeta function Z;Of (s) associated to (f,x) is also defined in the same way

where the sum over I C S is replaced by the sum over I C S satisfying I NS, # 0.

It is a fact that the monodromy conjecture is one of important problems in singularity
theory, algebraic geometry and other branches of mathematics. In Igusa’s original version,
it is expected to be a bridge that connects geometry and arithmetic of a integer-coefficient
polynomial. The topological version was first stated in [5] using the topological zeta function.

Conjecture 1.1 (Topological monodromy conjecture). If 0 is a pole of Z}Op(s), then exp(2mif)
is an eigenvalue of the monodromy of (f,x) for some closed point x in Xj.
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Up to now, the positiveness of the conjecture has been confirmed only in particular cases,
and finding a proof for the general case is still a widely open problem. Any proof for this
conjecture can motivate the development of several fields of mathematics.

In this article, we study the local topological zeta function for reduced complex plane curve
singularities (f,O) which have no smooth irreducible components, as well as some related
problems in a practical method using toric modifications. The first result, Theorem 3.10,
describes explicitly Z}?S(S) in terms of the simplified extended resolution graph Gy of (f,O)
defined in [7]. Namely,

Ztop ( 8) — Z |: blB
1o 5 LIN(Pgor)s + V(P ) (N (PP)s + v(PP))

with the sum running over non-top bamboos B of Gg. Each vertex of a bamboo B is attached
with a primitive vector PP = (a?,b7)!, and if the vertex PP of Gy is of degree r} + 1, we
define

+ ZB(S):| ;

RS det(P2, PE,) r?
70 = 2 | (NP = PPN (P (PR NP + (P |

Here, the numbers N(P2_.), v(P2 ), N(P?) and v(PP?) concerning the resolution of singu-
larities of (f,O) are also given in Theorem 3.10. Let By denote the first bamboo of Gs. The
hypothesis on (f, O) mentioned above means that a; = a?o >2,b; = b?(’ > 2 and (a;,b;) =1
for all 2. Remark that if a; = 1 or b; = 1 for some ¢, f becomes non-convenient via an analytic
change of coordinates described in [6, Lemma 1.3]. In fact, our method also works well in
this case, and the restriction of study to the case of reducedness and a; > 2, b; > 2 and
(ai,b;) = 1 for all 4 is simply to simplify the notation. Indeed, if a; = 1 for some i, we meet
the so-called exceptional integral vector (1,b;) which corresponds to the lowest right end edge
of the Newton boundary. In this situation, we add an additional weight vector (1, b;)!+ (0, 1),
which is the new right end vertex. If a; = 1 for some ¢, we may face to this situation several
times in higher bamboos B, i.e. aji-; = 1 for some j, while if a; > 2, b; > 2, (a;,b;) = 1 for all

i, it then follows from [2] that a]'B > 2, b? > 2 and (aJ'B, b?) =1 for all bamboos B and all j.

As an application of Theorem 3.10, we prove that the local topological zeta function is a
topological invariant for reduced complex plane curve singularities (Theorem 4.1). This is in
fact not a trivial result because one finds in [3] an example of surface singularities with the
same topological type but different local topological zeta functions.

As another application of Theorem 3.10, we revisit the works by Loeser [9] and Rodrigues
[12] on the monodromy conjecture for curves with some new ideas. Namely, with the method
computing Z}?S(s) we prove Conjecture 1.1 for reduced complex plane curves (Theorem 4.2).
This result was already made in [9] and [12], our contribution is just a new short proof in
terms of an explicit performance of the poles of Z;?g(s). We follow the track A’Campo and
Oka in [2] and Lé in [7, 8] to reach the proof.

2. NONDEGENERATE COMPLEX PLANE CURVE SINGULARITIES

2.1. Toric modifications. Let N be the 2-latice {(a, b)Y |a,be Z}, and N7 its positive
subgroup {(a,b)" € N | a,b>0}. We consider Ng = N®R and Nj = N*®@R. By definition,
a simplicial cone subdivision X* of Nﬂ'{ is a sequence (11, ...,T,,) of primitive weight vectors
in N* such that det(T},T;11) > 1 for all 0 < i < m, with Ty = (1,0)! and Tp,41 = (0,1)1. A
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simplicial cone subdivision ¥* is said to be regular if det(T;, T;+1) =1 for all 0 < ¢ < m. It is
clear that Ny is covered by m + 1 cones C(T;, Tj+1) = {2T; + yTj+1 | z,y > 0} of £*. These
cones are in one-to-one correspondence with the matrices o; = (73, Tj+1); so we shall identify
C(T;, Tiy1) with oy for all 0 < i < m.

b

It is a fact that each matrix o = <ch d

) in GL(2,Z) defines a birational map

d, : C? - C?

sending (x,%) to (z%° z?). In toric geometry, one uses such birational map to define
toric modifications. For a regular simplicial cone subdivision * with vertices 11, ..., T,, we
consider the cones o; = (T}, T;+1) and the corresponding toric charts ((Cgi;a:i, yi), 0 <i < m,
with C2, a copy of C*. On the disjoint union | [" (C2 ;zi,¥;), as in [11] we consider the
equivalence relation given by (x4, ;) ~ (x;,y;) if and only if ®_-1_ (2i,y:) = (zj,y;). Let X
g K3

be the quotient of | | ((C?n; xi,yi) by the previous equivalence relation, which is endowed
with the quotient topology. Then X is a smooth complex manifold of dimension 2, with the
toric charts (Cgi;xi, y;) as local coordinates systems. In other words, we can present

m

X = U (Cgﬂxmyl)u
=0

where C2, are viewed as open subsets of X, and two charts (C2 ;z;,y;) and (ng;xj, yj) with
nonempty intersection are compatibly glued in such a way that

(2.1) (z4,95) = (xj,y5) if and only if (x5, y;) ~ (5, y5).

We now define 7 : X — C? with 7(zj,y;) = @y, (24, :) for (2;,:) in CZ, 0 <4 < m. This
map is compatible with the glueing and it is called the toric modification associated to the
regular simplicial cone subdivision ¥*.

As explained in [6], the toric modification 7 can be decomposed as a composition of finitely
many quadratic blowups. The divisor 77!(O) has simple normal crossings with m irreducible
components E(T;), named as exceptional divisors, for 1 < i < m. For every 1 < i < m, the
exceptional divisor F(T;) corresponds uniquely to the vertex T; of ¥*, and it is covered by two
charts (C?,i_ , and (Cgi, with the equations y;—1 = 0 and x; = 0 respectively. Therefore, only
E(T;) and E(T;4+1) intersect for all 1 < i < m — 1, and the the intersections are transversal.
The noncompact components E(Ty) = {zo = 0} and E(T},+1) = {ym = 0} are isomorphic to
the coordinate axes £ = 0 and y = 0 respectively.

2.2. A toric resolution for f(z,y). Let f(z,y) = 3 (,pen capr®y” be in C{z,y} such
that f(O) = 0. Denote by I' or I'y the Newton polyhedron of f(x,y). Clearly, the boundary
of I' contains finitely many facets each of which is completely defined by a positive primitive
weight vector of the form P = (a,b)! € NT, where (a,b) is a normal vector of the facet. The
singularity f(z,y) at O is said to be nondegenerate with respect to T" if it has the form

f@,y) = cay fi(w,y) - fu(@,y),

(22) filz,y) = l_l[(yal + fig:nb") + (higher terms),

(=1
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where ¢ # 0, and for every 1 <1i < k,
Ei #0, & # & if L AL

For simplicity, we shall assume that ¢ =1 and » = s = 0 in the formula of f(x,y). Then the
Newton polyhedron I' has k primitive weight vectors P, = (a1,b1)%, ..., P, = (ag,bg)! as k
compact facets. We define an ordering on primitive vectors as follows P < @Q if det(P, Q) > 0.
We order the P; in such a way that P < --- < P.

(2.3)

Let X* be a regular simplicial subdivision with vertices T; = (¢;,d;)*, 1 < j < m, augmented
by (co,do) = (1,0), (¢m+1,dm+1) = (0,1), with det(T],T]H) =1 for all 0 < 7 < m. We say
that X* is admissible for f(x,y) if {Pi,..., P} C{T1,...,Tn}. Let m: X — C2 be the toric
modification associated to ¥*. Then 7 is said to be admissible for f(z,y) if ¥* is admissible
for f(x,y). In this case, 7 is nothing else than a resolution of singularity of f(x,y) at O,
with simple normal crossing divisors. We respectively denote by N(Tj) and v(7};) — 1 the
multiplicity of 7* f and that of 7*(dx A dy) on the exceptional divisor E (T3), for 1 <j<m.

( C]+1 d djt1

Since the expression of 7 on (C?,j is m(zj,y5) = (x; y] z;'y;”""), we have

W*(dx/\ dy)(xj,yj) — x;j+dj—1y;j+1+dj+1—1dxj A dyj

on ng, thus
(2.4) v(T;) = ¢; +dj,

for all 1 < j7 < m. It is clear that if F' is an irreducible component of the strict transform of
f(z,y), and if f(z,y) is reduced, then v(F) = 1.

We are in fact using the ordering defined above by P < @ if det(P,Q) > 0. To compute
the multiplicity N(T}) of 7*f on E(T;) we consider the following three cases. The first one
is P, <Tj < Py, for some 1 <4 <k —1. Since P, < T for all 1 <t <4, it follows from [2,
Section 4 3] that, on the chart ((CU ;x5,Y5), and for 1 <t <4,

Tt

ribec; ribic atdj—brc; ardip1—brc;

W*ft($j7yj) — xjt t ]yjt tCj+1 (H(xjt j 0t ]yjt j+1—0tCj41 +ftg) +$th($j7yj)> 7
/=1

for some Ry(z;,y;) € C{z;,y;}. Since T; < P, for all i +1 < ¢t < k, it follows similarly as
previous, for i + 1 <t < k, that

Tt

* reacd; reazdjqq btc —atd; bicjpi1—ard;ji1

T fi(zj,y5) =z, Py (H <1+£t Ty ) xRy, y5) |
/=1

for some Ry(z;,y;) € C{z;,y;}. Thus, on the chart ((CU T4, Y5),

T;) N(T.
x])yj Hﬂ- ft x])yj H ™ ft I],y] ( J)y ( J+1) (x]7y])7
t=i41

with u(x;,y;) a unit in C{xz;,y;}, and N(T;) = ¢; S2i_ lrtbt +d; i+1Ttar. In the same
way, for the second case T; < Pi, we get N(T;) = d; Zt 1 7tag, and for the third case
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P, < Tj, we get N(Tj) = ¢ Zle r¢be. Thus, by convention that Py := Ty = (1,0)! and
Pyi1:=Tpy1 = (0,1)!, we can summarize the three cases by a common formula as follows

(25) =¢j Zrtbt + d Z Teat,

t=i+1
where P; < T < Piq, forall 1 <j <m.

When T; = P; for some 1,

ri
W*fi(g;j, yj) = x;iaibiy;ibici-‘—l (H@J + fzé) + :L‘jRi(.%'j, y])> s
/=1
with R;(z;,y;) in C{z;,y;}. Therefore, there are r; irreducible components of the strict trans-
form intersecting transversally with E(F;) at (0, —&;), 1 < £ < r;, in the chart ((CU T4, Y5)-
If2<j<m-—1andT;# P, for all 1 <i <k, then E(T}) intersects with exactly two other
exceptional divisors and does not intersect with the strict transform. Also, if 71 # P; (resp.
T, # Pg), then E(Ty) (resp. E(T}y)) intersects with only one divisor.
The below is the configuration of the toric resolution for the nondegenerate singularity

f(z,y) at O:

E(Tj-1) (N(Tj-1),v(Tj-1))
B(T) o Four (1,1)
o Foiz (1,1)
E(Ty) (N(Ty),v(Th)) Eoir, (1,1)

E(Tj1)

E(Tn)

E(R) = E(T) (N(T}),v(T}))
2.3. The topological zeta function of a nondegenerate singularity. Let f(z,y) be a
singularity at O nondegenerate with respect to its Newton polyhedron I'. Assume that f(x,y)

has the form as in (2.2) and (2.3) with ¢ = 1 and r = s = 0. Recall that P; = (a;,b;) for
0 <i<k+1, with (ap,bp) = (1,0) and (agy1,bxr1) = (0,1).

Theorem 2.1. With f(x,y) nondegenerate as previous, Zfo( s) equals

det(5, Piy1) Ek:
PP (NP T (P 512

SM?}N

s+y (P)’

where, for every 0 < i <k+1, v(F;) =a; +b; and N(P;) = qa; 22:1 r¢by + b; Zt:i+1 riQy.

Proof. We use the toric resolution described in Section 2.2 to compute the topological zeta
function. Here is the table with the strata E$ of 7=1(f71(0)) and their Euler characteristic:
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Strata Euler char. Conditions
E(Th)°, E(Ty)° 1
E(T;)° 0 I<j<m, T; 2P, (V1<i<k)
E(5)° —r; 1<i<k
Egie 0 1<i<k, 1<0<m
Eoie N Egier = 1) 0 1<i<k (£0
E(T;) NE(T;11) = 1pt 1 1<j<m
E(T)NETy) =0 0 lj—J'1>2
E(T)HEW—@ 0 1<i<k 1<0<r;,T;#P (Vi)
E(P;) N Egie = 1pt 1 1<i<k 1<l<rm
E(P;) N Egire =0 0 1<i#£i<k

By definition, the topological zeta function Z}OS(S) is the sum of the following functions

k
1 1
Z — Z =
YT NM)s+o(T) T N(Th)s + v Z:: s—|—1/P)

m—1

1
)s + v(T}))(N(Tj+1)s + v(Tj+1))

(s + (N (P)s +v(P))

Zs =

s.
i M»
Il

J:1

For all 0 <4 < k +1, let j; be the index with 0 < j; <m + 1 and T}, = P;. Then Z4 equals

Jji-1 1 ml 1
& NI+ TN G s+ 0(T)) 2 (N o) (N Gan)s+0(T)
plus
k—1Jit1 1
Z: ; Tj)s + v(T)) (N (Tjz1)s + v(Tjt1))

Claim 2.2. For0 <i <k and j; < j < jiy1 — 1,

k %

N(Tj41) N(Tj)
= -DZ = reay — T b :
v(Tjv1)  v(T}) tzi;l - ; h

The proof of this claim is trivial, thanks to (2.4), (2.5). If D; # 0, then for j; < j < ji11—1,
1 N(Tj11)/Di N(T})/D;

(N(T))s + () (N (Tyer)s + vT51)) . N(Tpan)s +v(Tjen) | N(Ly)s + ()

In particular, Dy and Dy, are automatically nonzero, since Dy = N(711) and Dy = —N(T,).
Moreover, N(P;)/Do = b; and N(Py)/Dy = —ag, hence we have

|
—

J1 1 B by
2 (N(Ty)s + )Ny )s - oTya)) - N(Ps +o(P) "
! 1 ag

= — 7.

(N(Tj)s + v(T3))(N(Tj41)s + v(Tj11))  N(Br)s + v(P)

.
Il
s

J
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For 1 <i<k-—1,if D; # 0, then

B Jit1—1 1 N(Pi+1)/Dz‘ N(Pz)/Dz
P PR

Tj)s + v(T}))(N(Tj+1)s + v(Tj+1))  N(Piqa)s +v(Piy1)  N(B)s +v(R)
- det(P;, Piy1)
(N(Pi)s + v(F;))(N(Pi+1)s + v(Pit1))
Also, if D; =0, then for j; < j < j;41 — 1 we have

= (a; + by) (C] - cj“) for ;1= ) _ vTG) et d;,

J=Ji

)‘j)\j+1 )\j )\j+1 N(Pz) V(B) a; + b; 7
hence
7 det(Bs, Pip)v(Py) /v(Piv1) _ det(P;, Piy1)
Z (N(P)s +v(P,))? (N(P)s +v(F))(N(Pi1)s + v(Piy1))

In conclusion, by the above computation, Z}Og(s) equals

k

Z det(Pi, Pi+1) _ Zk: TS
— (N(P)s + v(B))(N(Piy1)s + v(Pis1)) = (s+ DN(B)s +v(F))
and the theorem is proved. O
v(P%)

We can deduce from the proof of Theorem 2.1 that — is a pole of order 2 of the

N(F)
topological zeta function Z]tcog(s) if and only if D; = 0. Further, also due to Theorem 2.1, we
can prove the following proposition. We leave the detailed proof to the reader.

Proposition 2.3. With f(z,y) nondegenerate as previous, for any 1 < i < k, the rational

number —;((I;ii)) is a pole of Z}?g(s).

3. GENERAL COMPLEX PLANE CURVE SINGULARITIES

3.1. Toric resolution tree. Let f be a reduced complex plane curve singularity at O which
has no smooth irreducible components, and let C' = f71(0). Using toric modifications with
centers determined canonically in terms of Tschirnhausen polynomials (see [2]), Q.T. Lé [7]
constructs a resolution of singularity of f at O and a resolution graph G; for (f,0). His
method allows to arrange the vertices of G into an ordering so that we can consider Gy
as a tree. With the help of [7], Gy is quite simple but still sufficiently strong to describe
combinatorially the monodromy zeta function of (f,O). Further, G, is also used in [8] to
formulate a recurrence formula for the motivic Milnor fiber of (f,O). It is shown explicitly
in this article that we can also compute the topological zeta function and give a new proof of
the monodromy conjecture for plane curves in terms of G;. However, to reach to this goal,
we have to construct a more complicated graph G, which is useful for the computation.

Write f as follows

(3.1) f=hte fi=Ffafuy, fiu=fin fitr,
where for each (7,4, 7), fis, is irreducible in C{z}[y] and of the form
(3.2) fier(z,y) = (y* + §ig:1:bi)A”T + (higher terms),

with &;; being nonzero and distinct. It is clear that (a;,b;) is coprime. In this factorization,
the (Newton) principal parts of f; and f; are weighted homogeneous of different weights for
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i # j, the principal parts of f;; and f;» are weighted homogeneous of the same weight (this
weight corresponds to (a4, b;)). We assume that

aiZQ, bi22and (ai,bi)zl fOralllSiSk,

the assumption guarantees that f has no smooth branches. In fact, if a; = 1 or b; = 1, one
may use an analytic change of coordinates (cf. [6, Lemma 1.3]) to make f non-convenient,
which we do not want to consider. Put

Ai=Ain+ -+ Ay, A= Aien + -+ Aiory,.-
Then by [2, Section 4.3], the A;s-th Tschirnhausen approximate polynomial of f;o(z,y) has
the form

hie(z,y) = ¥ + €2 + (higher terms).

Put P, = (ay, bi)t for 1 < i < k. These weight vectors correspond to the compact facets of the
Newton polyhedron I' of f(z,y). Suppose that P < --- < Py. Let ¥* be a regular simplicial
cone subdivision with vertices T; = (¢j,d;)' € NT, for 1 < j < m, such that Ty < --- < T,
and {Pi,..., P} C{Th,...,Tn}. We can assume that T} # P; and T,, # P (see [7]). Let mo
be the toric modification associated to X*. Then we construct the first floor of G as follows:
The vertices correspond to the exceptional divisors E(T}), ..., E(T,,) of o, the edges are
edges joining E(T};) with E(Tj41), for all 1 < j < m — 1. These vertices and edges form a
subgraph Bg of G, which is named as the first bamboo of G. By convention, the coordinates
(x,y) will be rewritten as (z3,,ys,)-

We construct G by induction. Assume that B, is a bamboo of G, which consists of vertices
E(T}®),... B(T2%) with Ty < -+ <T0% _ Let w5, : X5, — C2 be the toric modification
constructing By, and let fp (zs,,ys,) be in C{zs ,ys,} for which 7  is admissible. Note
that Xg  is covered by the toric charts (CB o S TB 5y YB,.)s for 1< < m®r, and that, for
simplicity, we sometimes write their coordlnates by (zj,y;) instead of x3 j,ys, ;. Assume
that fp (7s,,ys,) has the form

Bp
kBpr pré

I8, (8., y8,) = Us,(v5,,y8,) «’L’Bp H H Hfng T3, YB,),

i=1¢=17=1
where N®r is in N, Us,(23,,ys,) is a unit in the ring C{zs_,ys,}, and
122 (myym,) = (v +€2alt )0 + (higher terms)
are irreducible in C{zg_,ys, }, with 532" # 0 distinct. It follows from [2, Section 4.3] that
a;” >2, b" >2and (a;” >2,b° >2) =1 forall1<i<k®,

because all a; (for 1 < i < k) corresponding to By are greater than or equal to 2. Notice
that when B, = By, we have Up (v3,,ys,) = 1, N3 = 0, and [s, is nothing but f.
Put PiTSp = (a?p,b?p)t for all 1 < i < kPr, and assume that PlBp < e < Pf;p. By the
o e e1e B B B B
admlsmblhtnyor fgp(xgp,%ygp) of T, we have {P| p,...,Pk,Bpp} C {1} p,...,Tm%p}. The
vertices E(Py"), ..., E(P 5,
A P-th Tschirnhausen approximate polynomial of f or (3, ys,) has the form

are called the princz’pal vertices of B,. By [2, Section 4.3], the
P

B B

B b P
hy" (xs,,ys,) = yg + fzg T+ (higher terms).
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If Tij — pP

o+ the pullbacks mj fs, and mj hioe on the chart ((C%p 0,3 T y;) are as follows

. N(PP) N(T/R) By 42D
7T‘Bpfﬁp(ﬂmjayj) = ng 0 Y; o (y; + in?) o + 2 R(x5,Y;)

Bp,B Bp , B
pyPp p pPp
B

iy, iy (2, 5) = 2,0 0y =00y, 4 ot T TR (25,95)),
for some ¢ in C*, R(x;,y;) and R'(x;,y;) in C{z;,y;}. Without loss of generality we can (and
will) assume that £ = 1. By [2], in this step, there is a canonical way to change of variables
which uses the Tschirnhausen approximate polynomial hi‘;, namely

U=2j
(3.3) B aBrpBr c’iplb% )

v=my hige/T 0 0 =y (Y Gige + 2R (25, 95)).
It is easy to obtain the following lemma.

Lemma 3.1. The inverse modification of (3.3) is of the form

{xj =u

_BP b_ﬁp "
Yj = —&igt + (—Eip0) /1% v+ R (u,v),
for some R (u,v) in C{u,v}.

Fix ig in {1,...,k%r} and ¢y in {1,... ,r?p}. Since & ¢, # 0, it follows from Lemma 3.1
that the pullback W%p fs, is of the following form, in the Tschirnhausen coordinates (u,v),

N(PP) RN
i f5, (u,0) = U (uw,0)u o ) TT T T Her (usv)s

i=1¢=17=1

where U’(u,v) is a unit in C{u, v}, and

Flor(u,v) = (0% + €lyubi)Xier 4 (higher terms)

are irreducible in C{u}[v], with &, € C* distinct. The Newton polyhedron of 3 fs,(u,v)

again gives rise to an admissible toric modification, which constructs a bamboo B whose
vertices are denoted by E(TP),..., E(TELB) with TP < -+ < TE;B. In G, we connect E(T{)

to B (Pgsp) by a single edge, and this edge is taken into account of B.

Definition 3.2. The graph G is called the toric resolution tree G of (f,O). The bamboo B
constructed as above is called the successor (in G) of By, at E (Pifp) associated to ly. The
bamboo By, is called the predecessor (in G) of B. A bamboo of G which has no successor

is called a top bamboo of G. A bamboo of G which is not a top bamboo is called a non-top
bamboo of G. Let B™ denote the set of all the non-top bamboos of G.

Notation 3.3. Since each bamboo B # By determines uniquely ng", hence from now on, we

denote PB . := PP?. Remark again that E(P2. ) is not a vertex of B, it is a vertex of B,.
root 70 g root p

Remark that every top bamboo has a unique vertex and a unique edge. The number of top
bamboos of G is nothing else than the number of irreducible components of the singularity
(f,0). The below illustrates a toric resolution tree of a plane curve singularity (where the
bamboos containing a unique white vertex are top bamboos):
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E(P) E(T) Bo E(P) E(Tn)

FIGURE 1. A toric resolution tree of a plane curve singularity

Notation 3.4. It is convenient to denote
(v8,y3) = (w,v), fz:=mg fz, Us:=U
(az abzg) = (ag, ), Am = Ay, fz% = &, K2 =W, 7”33 =7}, 7“5 =T
Then we rewrite the initial expans,lon of fg(xgp,ys) as follows
) fo=Usay =) P S, P =R fime Fi= B fa
f2-(ws,ys) = (v -+ Ehaly )45 + (higher terms),

where a? > 2, a? > 2, (a?,b?) = 1, and 2 (vg,ys) are irreducible in C{zs,ys}, and the

AR

B
complex numbers &;,° are nonzero and distinct.

Notation 3.5. We denote Py := (1,0)!, P5

B = (0,1)%; also, if B = By, we write simply k
for kB0, and P; for PZ-BO7 for0<i<k+1.

Remark 3.6. To a bamboo B of G we associate a unique bamboo By whose vertices are
the principal vertices of B together with E(T) and E(beg). All the edges of Bg consist
of the one connecting E(T7’) with E(P{), the ones connecting E(P?) with E(PZ,) for all
1 <i < k® 1, and the one connecting E(P]?B) with E(ng). Working with the bamboos
Bs and using the method in constructing G we obtain a tree, which recovers the simplified
extended resolution graph Gg in [8].

3.2. Multiplicities and discrepancies. Let B be a bamboo of G and B, be the predecessor
of B in G. First, using the notation in Section 3.1 (in particular, Notation 3.3) and the same
method of computation as in Section 2.2 we obtain the following lemmas.

Lemma 3.7. For B = By, and 1 < j < m with P; <Tj < P;;1, we have

= ¢; thAt +d; Z arAs,

t=1+1
where Ay =Y ;L >0 Aer.
As above, suppose that B has all vertices E(TjB), with TjB ( dg) and Tl13 << TEB,

G
and it has E(PP),... ,E(PkBB) as the principal vertices.
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Lemma 3.8. For B # By and 1 < j < m® with PZ-B < Tj93 < Pﬁ_l, we have

i k®

B 4B

N(T) = ¢f N(Paoy) + ¢ > P AP +d} > ap A7,
t=1 t=1+1

where AP ZZ 1 Z A% .

Consider the Tschirnhausen coordinates (zs,,ys,), which is used to construct By, and
consider the 2-form ws, = drs, A dys, on (C* a3, ,ys,) (note that (zs,,ys,) = (2,y) and
w = dr Ndy). Let g, : Xp — ((CZ;IL‘gp,yB ) be the toric modification constructing B,.
Suppose that ;' is the index such that Tﬁ = P3_.. Then, in the chart ((C%p’j,; LB, i YBy.i")
of Xg , we have

i) w—:L'V(Pr%"t) L dx Ad
B,W = Ty g0 yzs ! GLBy g I\ OYBy, 5!

for some v in N*, where ®g_ is the composition of the toric modifications along the series of
consecutive bamboos from By to B, in G. Via the change of variables in Lemma 3.1, this
form @%pw becomes

~ B _
U(xB, yB)x%(Proot) 1w37

where U(zg,ys) is a unit in C{zg,yz}. Here, due to Notation 3.4, we replace (u,v) by
(xp,ys) when applying Lemma 3.1.

Lemma 3.9. With the previous notation and hypothesis, for B = By and 1 < j < m, we
have v(T}) = ¢; + d;; otherwise, for 1 < j < m?,

(TB) - C I/(Proot) + d]B

Proof. The case B = By is similar as in the nondegenerate case. Now we consider the case
B # By. In the chart (CBy z3 j,ys,;) of Xz, we have

( roo ) 1 _ C V(Pr%ot)‘i’dB 1 CB+1 ( r?;ot)‘i’df:rl*l
77%( ‘ WB) 3 g yﬁj ’ d{EBJ A dygd-.
Hence I/(T]-B) (Pgot) + d? and the lemma is proved. O

3.3. The topological zeta function. Let f(x,y) be a reduced complex plane curve singu-
larity at O = (0,0), in which its initial expansion is given in (3.1) and (3.2) (with respect to
By) and the initial expansion of fg in the Tschirnhausen coordinates (zg,ys) with respect to
B is given in (3.4). The main result can be stated using Gy (i.e., only principal vertices of G)
and proved using G. We use all the notation in Section 3.2. Let B be the set of the bamboos
of G. Note that we can identify B with the set of the bamboos of Gg.

Theorem 3.10. With the previous notation, put Zg(s) =0 for B being a top bamboo, and

Zols) i det(P2, P2 ) r2
B(s) = —
S N(PP)s +v(PP)(N(PLy)s +v(PRy))  N(PP)s+v(PP)
otherwise, where v(PP) = aPv(P2..) + b7 and
k‘B

4
N(PP)=alN(Poy) +ap Y bPAP +b7 > ap A7
t=1 t=1+1
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Then, the topological zeta function of (f,O) is given by

top bB S
ot = é[(N(Pr%m) (Pr?iot))(N(PP)eru(plﬁ))+Z@() :

with N(P2¢

root

) =0, v(P2

root

) =1, and N(PE) = v(P£) = b? =1 for any top bamboo B.

Proof. Let us regard each bamboo B of G as a subgraph of G with the edge connecting (Tl(B)
to E(P2,,) included. Remark that the vertex E(P2.,) belongs to the predecessor bamboo

root root
By, of B in G, and that each top bamboo consists of a unique vertex and a unique edge.

From the definition of Z}Og(s), if for each bamboo B of G which is not a top bamboo, we
define Zj(s) as the sum of

(B) d(B) 1
N(TP)s +v(TP) " (N(Pgo)s + V(Proot))(N(T?)s +u(I)) N(Tpn)s +v(T,m)

k® B m®—1 1
;NPB suEpy 7T 2 (N(TE)s + v(TP)(N(TE))s + v(TE,))

with §(Bp) = 1 and 6(B) = 0 whenever B # By, and if for each top bamboo B, we define

, _ 1
2 = (N RE s + (PR (s 4 1)

then Z]tcog(s) = gep Z(s). Similarly as in the nondegenarate case (Theorem 2.1), we have

k

, B det(H, Pz—i—l) _ T
Zn, (3) = ; (VB + 7PN Boy ) + 7(Pirn)) 2 N(PJs + 7B

k

Now we consider a bamboo B of G which is neither the first bamboo By nor a top bamboo.
By the same method of computation as in the proof of Theorem 2.1 we get

det(P?, P2 )
7= Z N(PP)s + v(PP)(N(PE)s + v(PEy))

det(T8, PE) . det(P, T )
(N(TP)s + v(TP))(N(PP)s + v(PP))  (N(PE)s + v(Ph))(N(T25)s + v(Trs))
It follows that

_l’_

/ by aE,B
Z3(s) = B B B By T B B
(N(Proot)S+V(Proot))(N(P )S+V(P1 )) N(PkB)S+V(PkB)
4 kg:l det(P Pz+1) i ry
PB 3+V(PB))( ( z+1)S+V(PEFl)) i—1 N(P?)S"‘V(P?).
Since afg = det(PkBg,PkBgH) N(P,C%H) =0, V(PEB_H) =1, the theorem is now proved. [

This theorem gives immediately the following corollary.

B
Corollary 3.11. FEvery pole of Z]tcog(s) has the form _;((123)) for some B in B and some i
with 1 <i < kP,
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V(Pig)
N(PP)
its proof is rather long while all we need for the proof of the main theorem (Theorem 4.2) is
only Corollary 3.11. So we skip proving this stronger statement.

In fact, we can go further to state that every number — is a pole of Z;Og(s). However,

4. APPLICATIONS OF THEOREM 3.10

4.1. The topological invariance of the zeta function. Recall that two analytic function
germs (f,x) and (g,y) on C™ are topologically equivalent if there are neighborhoods U of x
and V of y in C", and a homeomorphism ¢ : U — V such that go ¢ = f. In [3], Artal
Bartolo, Cassou-Nogues, Luengo and Melle Herndandez introduce an example which shows
that the topological zeta function of a germ of a complex hypersurface singularity is not a
topological invariant of the singularity. However, in this section we shall prove that when
n = 2 the topological zeta function of a complex singularity is exactly a topological invariant.

Theorem 4.1. For reduced complex plane curve singularities, the local topological zeta func-
tion is a topological invariant.

Proof. In the toric resolution tree G of the reduced singularity (f, O), consider a sequence of

consecutive bamboos from the first one By to a top one, say (B, B1,. .., By+1) with B; is the
predecessor of B;11. Then the sequence of vertices
B B
(Proé‘m Tt Prog%q)

corresponds one-to-one to an irreducible component D of (f,O), hence by [2, Remark 4.5.4],
to the sequence of Puiseux pairs of the irreducible component of (f,0). Let D’ be another

irreducible component of (f,0), which corresponds to a sequence of consecutive bamboos
(Bo = Bo, B, ..., B, ,1)- Let 0 be the index such that

pE — p

root = * root»

3/
0<t<0, and Posi' # Poit".
Via Notation 3.3, fixing a bamboo B of G we introduce new notations as follows: If PiB =

(a?,b?) is the weight vector in the initial expansion of ®%D = f_ (for some £ and 7), with

17 (2

&5 defined in the paragraph right before Lemma 3.9, then we put
G(Pig) = a?, b(Pig) = b?, AD(P?) = Aj

il

By [2, Lemma 3.4.2], the intersection number I(D, D’; O) is computed as follows

0
I(D,D';0) = a(PE )b(PEL ) Ap(PE) A (Praby) + Tos1,
t=0
where Iy, 1 is equal to
. B R/ B R/ B! B! B B!
min {a(Piosi J0(Proi ) Ap (Prosi ) AD (Prgit )y (oot 0(Proi ) A(Proti ) A (Proti™) }
if # < min{g, ¢'}, and
Tpp1 = B(PST ) Ap(Pati' ) Apr (Post")

if # = ¢ = min{g, ¢’}. This means that the simplified extended resolution graph Gy of (f,O)
defined in [8] (see Remark 3.6) completely determines the Puiseux pairs of all the irreducible
components and the intersection numbers of any couple of them. Thus, by Brieskorn [4], Gg
is a topological invariant of the singularity (f,O).

Clearly, the statement in Theorem 3.10 can be stated using Gg (i.e., using data from the
principal vertices of the bamboos B of G). Then the topological zeta function of (f,O) is
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completely determined by Gg of (f,O). Since Gg is a topological invariant of (f, 0), so is the
topological zeta function of (f,O). O

4.2. A new proof of the monodromy conjecture for complex plane curves. In 1975,
A’Campo introduced in [1, Theorem 3] a celebrated formula computing the monodromy zeta
function of an isolated singularity in terms of its embedded resolution. For complex plane
curve singularities, a reduced one is always isolated, so we can apply the formula of A’Campo.

Let f(z,y) be a complex plane curve singularity at the origin O of C2. Its Milnor fiber Fp

is the intersection of f~!(n) with a small ball around O for > 0 very small (see Milnor [10]).

The complex vector spaces H?(Fp,C) (resp. H*(Fp,C)) admit an automorphism Méq) (

M) generated by going once around a loop around O with the starting point 7.

resp.

Theorem 4.2. Let (f,0) be a reduced complex plane curve singularity. If 0 is a pole of
Z;?g(s), then exp(2m\/—10) is an eigenvalue of Mo.

Proof. By the Weierstrass preparation theorem, we can assume that f(x,y) is in C{z}[y].
Denote by n the degree of the polynomial f(z,y) in the variable y. It is sufficient to consider
the poles different from 1 of Z;?g(s). By Corollary 3.11, every pole different from 1 is of the
form —v(P?)/N(PPE) for some B € B" and some i with 1 <4 < k%, where B" is the set of
all the non-top bamboos of G (see Definition 3.2, in Figure 1 non-top bamboos are bamboos
containing black vertices).

The proof is by induction with many steps. The first step is to verify for the case where
the number k = k20 of compact facets of T ¢ 1is > 2. The second one is to do for £ = 1 and the
number 7 = ] Bo of successors of By in G is > 2. Finally, for the case k = r1 = 1 we prove

by induction on n.

Let AM(t) be the characteristic polynomial of Mg). By Milnor [10], AM(#) is symmetric,
hence A () = (1 — )27 (t), where Z73 (1) is the monodromy zeta function of (f,0). We
recall the computation of Z7g'(t) in |7, Theorem 3.5], under the light of [1, Theorem 3], as
follows

mon H 1 — tN(PB))
(41) 2530 = — v 1] =00
36Bnt mB
Notice that N(77) and N (ng) are independent of 77 and ng for any B in B™, because
(4.2) N(P) =bN(T), N(Pp)=asN(Ts).
Hence, from (4.1), if k = k%0 > 2, then 235" (t) equals
(1 _ tN(P1))T‘1 (1 tN Pk —
1— VT - tN(Tm HQ
times
B B B_
(1 — Vi) £ N(PZ)yr®
N(Tﬁ ) H (1 —t ¢ ) ¢
Bo£BeBrt 1 —t m i=1

In this formula, observe that the complex numbers exp (—2mv/=1v(P?)/N(PP)) are surely
eigenvalues of Mg) if either B=Bgand2<i<k—1lorB#Byand1<i< KB —1.
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Also in the case k > 2, we consider the complex numbers t; = exp (—2m/~1v(P)/N(P1))
and tys = exp (—2mv/— 1/( )/ N (P, %)) for every B in B™. By (4.2) and the recurrence

formula of v(PP) in Theorem 3.10, we get

ty ) = exp (—2mv/=1(a1 + b1) /b1) = exp (=27v/~Tax /by)

and
N(T®

) /
LB m? = €xp ( 27-(\/7(0’]@5”( root) + b )/agﬁ) = exp (—27T _lbfrB/a%T’) :

Since ay,b; > 2 and akB,ka > 2 are coprime pairs for every B in B™, it implies that a1 /by

and bfg / afg is not in Z, hence t; (resp. t;») is a zero of

t

(1_tN(P1))T1 (1— N(P 3))

T I e SR T

(1)

So t; and ts, for all B in B, are eigenvalues of My,’, thus the proof for k > 2 completes.

We now consider the case k = 1, that is, the initial expansion of f(x,y) at O has the form
(y® + €24 + (higher terms), with ¢ in C* and A in N*. If r; > 2, then by (4.2), the same
arguments as in the case k > 2 still holds, and we thus have that exp (—27v/—1v(P)/N(P;))

is an eigenvalue of M(()l), where P; = (a1,b1)t. Assume that r; = 1. We are going to prove the
theorem by induction of the degree n = a; A of the polynomial f in the variable y. Obviously,
the theorem holds for A = 1. Assume that the theorem already holds for every function germ
of degree in y less than n. Let B; be the unique successor of By. Since N(TlBl) = A, the
function Z7"(t) equals

a BB, kP -1
a-whho-t) 1 O—W””Mﬁfhltmwwﬁ

AN A B 7B ‘
A AL Bo£BEBN 1N T)

By (4.1) we get

- talblA)(l B tA) Zmon (t)

(1
mon _
Z (t) - (1 _ tblA)(l _ ta1A) w1 f,0’

f,0
where O’ is the origin of the system of Tschirnhausen coordinates after the toric modification
m1 admissible for f. Clearly, t1 is a root of the polynomial

(1= gmnA)(1 = )
(1 — thr1A)(1 — tmA)’
and the degree of 7] f in y is less than n. This completes the proof. O
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