ON THE HANG-YANG CONJECTURE FOR GJMS EQUATIONS ON S™
ALI HYDER AND QUOC ANH NGO

ABSTRACT. This work concerns a Liouville type result for positive, smooth solution v to
the following higher-order equation
P (v) = Q2" (ev +07%)
onS" withm > 2,3 <n <2m,0< a < (2m+n)/(2m —n), and e > 0. Here
P2™ is the GIMS operator of order 2m on S™ and Q2™ = P2™(1) is constant. We
show thatif e > Ois small and 0 < a < (2m + n)/(2m — n), then any positive, smooth
solution v to the above equation must be constant. The same result remains valid if e = 0
and 0 < a < (2m + n)/(2m — n). In the special case n = 3, m = 2, and o = 7, such
Liouville type result was recently conjectured by F. Hang and P. Yang (Int. Math. Res.
Not. IMRN, 2020). As a by-product, we obtain the sharp (subcritical and critical) Sobolev
inequalities
=21 I'(n/24+m ol

([ o eauen) ™ [ P2 dusn > %\Sﬂ
for the GIMS operator P%m on S™ under the conditions n > 3, n = 2m — 1, and
a € (0,1) U (1,2n + 1]. A log-Sobolev type inequality, as the limiting case o = 1, is
also presented.

1. INTRODUCTION

Let n > 3 be an odd integer, 2m > n, and 0 < a < (n+ 2m)/(2m — n). In this work,
we consider the following equation
P2 (v) = Q*"(ev +v~%) inS™. (1.1)¢

Here P2 is the well-known GIMS operator on S™ equipped with the standard metric ggn,
which is given as follows

m—1
P2 i [ (~Ag — i+ 5= 5 + 1),
i=0
see [GJMS92], and
Qi = PN = [

is a non-zero constant representing the so-called @Q-curvature of (S™, gs» ), perhaps up to
a constant multiple. A special case of the operator P2™, which has often been studied
over the last two decades, is the well-known Paneitz operator, which is of fourth order.
This example of a higher-order conformal operator gains interest because of its role in
conformal geometry; see [CGY02, HY16]. On (S?, gss ), the Paneitz operator is given by

, 1 15

+ 7A953 - T6a

P; = A2, 5
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2 A. HYDER AND Q.A. NGO

and therefore Q4 = I'(7/2)/T'(—1/2) = —15/16. Using the above recursive formula for
P2™ we can compute higher dimensional cases, for example

po_ ar B U 315

3
gsn 4 gsn TG gsn + 674 on (S ’953)

with Q$ = 315/64 and

93 945
3 2 5
=g + Agw GAgsn v on (S, ggs)

with Q8 = —945/64. One should pay attention on the sign difference of Q§ and Q2.

Our motivation of working on the equation (1.1), traces back to a recent conjecture by F.
Hang and P. Yang in [HY20] that we are going to describe now. This conjecture concerns
the following sharp critical Sobolev inequality on S3

_ 15
6™ I To ey | [(Agsd)® — IVgogcﬁl2 —¢?|dpgs > ——[SP*/3 (1.2)
- 16

for any ¢ € H?(S?) with ¢ > 0, which was already proved in [YZ04] by symmetrization
argument and in [HY04] by variational argument. Apparently, the inequality (1.2) can be
rewritten as follows

_ 15, .-
167 sy || OPYOIpes = ~ 5187 (13)

for any 0 < ¢ € H?(S?), because the integral in (1.2) is nothing but [.; ¢ P5(¢)dpss. In
(1.3) and what follows, |S™| denotes the surface area of S”. Besides, by Morrey’s theorem,
functions in H?(S?) are continuous and therefore the condition ¢ > 0 is understood in
pointwise sense. By direct calculation, one can easily verify that equality in (1.3) occurs if
¢ is any positive constant. This tells us that the Paneitz operator P4 on the standard sphere
S? is no longer positive; see [XY02] for the assumption on the positivity of the Paneitz
operator on closed 3-manifolds.

In an effort to provide a new proof for (1.3) with the sharp constant, the authors in
[HY20] propose a new way to prove the above Sobolev inequality by considering the
following minimizing problem

2 4 2
st 197 e [ [ 0P @ +e [ ] )

for small € > 0. Thanks to the small perturbation & ||}/ - (s3)» it is standard and straightfor-
ward to verify that the extremal problem (1.4) has a minimizer. Such a minimizer, denoted
by v, eventually solves

Pj(v.) + eve = —v "
on S3, up to a constant. Here is the key observation: if the above equation only admits
constant solution for small € > 0, namely v. = const., then one immediately has

67 s [ [ 0P8+ [ o] > 18°15] | PhOns + 8
S3 S3 S8

for any 0 < ¢ € H?(S?). Having this and as P3(1) = Qi = —15/16, letting ¢ \, 0
yields (1.3). The novelty of this new approach is that it automatically implies the sharp
form of (1.3) with the precise sharp constant.

The above observation leads Hang and Yang to propose the following conjecture.

The Hang-Yang conjecture ([HY20, page 3299]). Let € > 0 be a small number. If v is a
positive smooth solution to
Pi(v) +ev=—v""

on S, then v must be a constant function.
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In a recent work Zhang [Zha21] provides an affirmative answer to the above conjecture.
The idea behind Zhang’s proof is first to transfer the differential equation on S* to some
differential equation on R? and then to classify solutions to that equation on R3. More
precisely, let Ty : S — R? be the stereographic projection from the north pole N; see
subsection 2.1 below. The pullback (7,"')* enjoys

(67" (gs2) = (%mg)?dlg

and for any smooth solution v on S? there holds

2m -1 _ 2 —7/2 A2 2 —-1/2 -1
P (v)omy = (1—|—|x|2) A ((1—|—|x|2) VoTy )

(Here and in the sequel, A is the usual Laplacian on Euclidean spaces.) Therefore, under
the following change of variable

1+ |z|? _
’U/(Jj) = (%)1/2(1)07”\[1)(3:)’ (1.5)
if v solves P3(v) +ev = —v~ 7 in S?, then u solves
2
A’u(z) =g )4u(m) +u”"(2)

L+ [zf?

in R3. Via a dedicated argument based on the method of moving planes and techniques
from potential theory, which are rather involved, it is proved that u is radially symmetric.
Finally, with the help of a Kazdan—Warner type identity, the function v must be constant.

Inspired by the work of Zhang described above, we are interested in Hang—Yang’s con-
jecture in higher dimensional cases, namely we want to seek for a suitable Liouville type
result for positive, smooth solution to equations involving GIMS operators. This leads us
to investigate solutions to (1.1).. Very similar to situation studied by Hang and Yang, our
motivation to study the equation (1.1). comes from the higher-order sharp critical Sobolev
inequality; see Theorem 1.2 below. Using the perturbation approach introduced in [HY20],
we are forced to establish a Liouville type result for solutions to (1.1),.

Toward a suitable Liouville type result, let us first describe some preliminary results
on (1.1).. Our first observation concerns the admissible range for €. As the perturbation
approach is being used, we require the condition € > 0; see the proof of Lemma 5.1. Now,
by integrating both sides of (1.1). over S and as Q™ # 0 we conclude that

(1—5)/ vdpign :/ v %dpugn.

This immediately tells us that ¢ < 1. Thus, the admissible range for e is 0 < ¢ < 1.
Having this, let us now state the main result of this paper.

Theorem 1.1. Let n > 3 be odd and m > n/2. Then there exists €, € (0,1) such
that under one of the following conditions

(1) eithere € (0,e,) and 0 < a < (n+2m)/(2m — n)
(2) ore =0and0 < oo < (n+2m)/(2m —n)

any positive, smooth solution to (1.1). must be constant.

We have the following remarks:

e The above result again confirms the Hang—Yang conjecture for the Paneitz op-
erator on S?, and generalizes the result of Zhang in the critical setting in higher
dimensional cases.
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4 A. HYDER AND Q.A. NGO

e Theorem 1.1 can be compared with the Liouville type results obtained by Véron
and Véron in [VV91, Theorem 6.1] for the Emden equation, see also the work of
Gidas and Spruck in [GS81]. Note that the condition & < (n + 2m)/(2m — n)
is sharp for € = 0 as the result does not hold if & = (n + 2m)/(2m — n). This
is because in this limiting case the equation (1.1)g is conformally invariant; see
section 3.

e The threshold €. is given in Lemma 4.3.

e Although for any 0 < € < 1, equation (1.1), always admits the trivial solution
ve = (1 —¢)~1/(@+1) but it is not clear whether or not the above Liouville type
result still holds for ¢ € [e,,1). This seems to be an interesting open question.

To prove Theorem 1.1, we adopt the strategy used by Zhang. Such strategy can be for-
mulated as the following two main steps: first to transfer (1.1). in S™ to the two equations
(1.8). and the corresponding integral equation in R", then to study symmetry properties
of solutions to these equations for small € > 0. However, to be able to handle higher-order
cases, our approach is significantly different from Zhang. One major reason is that less
results is known for the higher-order cases compared to the case m = 2. For example,
we do not know if the preliminary results of Hang and Yang mentioned in [Zha21, section
2] are available for m > 3. Because of this difficulty, instead of the differential equation
(1.8)¢, we mainly work on the corresponding integral equation on R, and directly prove
compactness results and symmetry properties of solutions. As pays off, our analysis is
much simpler, and could handle higher-order cases efficiently.

As the operator P2™ is conformally covariant, for any smooth function ¢ on S™ we
have the following identity (7 denotes the stereographic projection from S™ to R™ with
respect to either the north or the south pole)

2 _ 'n.+227n 2 n—2m

Pr@or! = (o5n) - OO ((Gap) e )

see e.g. [Han07, Section 2]. Then, similar to (1.5), by setting

2 n—2m

— -1
u(x) == (1+ FE (vor™h) (1.6)
and
2 2m 2 n+2m,+an72m _
F.. = 2 2 @ 1.7
() 6(1+|x\2) u(x) + (1+|:c|2 u(z) (1.7)
we see that u satisfies
(—=8)"u= Q" F.., inR" (1.8).

In view of (1.6), we know that the function u on R™ has exact growth |z|>™~" at infinity.
This additional information allows us to transfer the differential equation (1.8). into the
following integral equation

u(z) = Yo2m,n / |z — y|2minF€,U(y)dy on R"

for some constant y2,,, , > 0; see Theorem 2.2 below. Notice that in general there might
be more solutions to (1.8). than the above integral equation, see e.g. [HW19] and [DN22].

Let us emphasize that transferring to an equivalent integral equation on R" also appears
in the work of Zhang, but the proof provided in [Zha21] does not seem to work in our
case. Similar integral representation in the fractional setting also appears in [FKT22]. In
our work, by exploiting some nice structures on S™ as well as some intriguing properties
of the stereographic projection, we offer a completely new argument, which is surprisingly
simpler; see section 2.
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Having the above integral equation in hand, we use a variant of the method of mov-
ing planes in the integral form to show that any positive smooth solution u to the above
integral equation with exact growth |z|>™~" at infinity must be radially symmetric. The
symmetry of solutions to the integral equation helps us to conclude that the corresponding
function v, appeared as in (1.6), must be constant. The strategy we just describe seems to
be very simple and straightforward at the first glance, but there are two major difficulties
that we want to highlight. First, it is worth emphasizing that the method of moving planes
and its variants work well in the case of equations with positive exponents; unfortunately,
our equations, both differential and integral forms, have a negative exponent. Second, by
analyzing the form of F; , in (1.7), one immediately notices that because of our special
choice of perturbation, there are two powers of u, whose exponents have opposite sign.
Unless € = 0, otherwise to run the method of moving planes, one needs to establish certain
compactness result for solutions to (1.1). for suitable small €, which costs us some energy.

Concerning classification of solutions to (1.8). with € = 0 and with the RHS depending
only on u, that is equation of the form (—A)™u = cu™ we refer to [HW19, Ngo18, Li04]
and the references therein.

Finally, to illustrate our finding on a Liouville type result for solutions to (1.1)., we
revisit the sharp critical Sobolev inequality for P2 on S™ proved in [Han07]. In fact, we
offer both critical and subcritical inequalities at once.

Theorem 1.2. Let n > 3 be an odd integer and m = (n + 1)/2. Then, for any
¢ € H™(S™) with ¢ > 0 and any a € (0,1) U (1,2n + 1], we have the following
sharp Sobolev inequality
=T I'(n/2 4+ m) atl
-« 1 2m n|—7
dyisn ) P2 (§)dpgn > — e T jgm) 5 1.9
([ o)™ [ 6P2(@)dusn > phE e (19

Moreover, the equality occurs if ¢ is any positive constant.

Let us make a few remarks:

e Apparently, by chosing & = (n + 2m)/(2m — n) = 2n + 1, our inequality (1.9)
includes the following critical Sobolev inequality

2m—n
2n n m
([ o) ™ [ oPioue > B s E o)
which was already proved in [Han07], see also [HY04] and [FKT22].

o Although the condition n = 2m—1 is not required in Theorem 1.1, but in our proof
of (1.9) we heavily use it as in this case we have the advantage of Q-curvature Q*™
being negative. In general, the inequality (1.9) is not true for n < 2m — 3, see e.g.
[FKT22].

e Forl < a < (2m + n)/(2m — n), one cannot directly derive the subcritical
inequality (1.9) from the critical inequality (1.10) by Holder’s inequality in the
following way

2m—n 2
(/ ¢72’”’2;7n*"du8n) RS ( ¢1_adu5n) T
sn sn

The reason is because of —2n/(2m —n) < 1 — «a < 0. This is one of many
analytical differences between problems with positive and negative exponents.

Note that our inequality (1.9) can be rewritten as

a 21 m ['(n/2+m)
(][n ¢1 d,US") - (ZSP?L (¢)dHS" > m7
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6 A. HYDER AND Q.A. NGO

where fs =St fg denotes the average. Using this new form one can easily compute
the limit as o« — 1 to obtain the following corollary.

Corollary 1.3. Let n > 3 be an odd integer and m = (n + 1)/2. Then, for any ¢ €
H™(S™) with ¢ > 0, we have the following sharp Sobolev inequality

" I(n/2 +m)
exp (2 ][ log o ) ]é OPEM@)dpsn > (LD

Moreover, the equality occurs if ¢ is any positive constant.

Since (1.11) is a direct consequence of (1.9), we omit its proof. Without using averages,
(1.11) can be rewritten as follows

5 o L(n/2+m) o,
exp ( T /sn log¢dusn> /§" P (¢)dpgn > m‘g -

To the best of our knowledge, the above inequality (or the inequality (1.11)) seems to be
new.

Our final comment concerns a possible generalization to the fractional setting. Indeed, it
seems that part of our argument can be quickly extended to the case of fractional operators
of order 2s > n instead of GIMS operators of integer order 2m > n. However, to maintain
our work in a reasonable length, we leave this future research.

Before closing this section, let us mention the organization of the paper.
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2. SOME AUXILIARY RESULTS

2.1. Basics of the stereographic projection. As routine, we denote by 7y and g the
stereographic projections from the north pole N and from the south pole S of the sphere
S™ respectively. If we denote by (z,7,1) a general point in R"*! = R™ x R, then we
have the following expressions for 7

€ -1

) ﬂ-N(x):<

2z |z|? - 1)

T (@ Tn+1) = 2P+ 1 |22+ 1

1-— Tn+41
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Likewise, we also have similar expressions for mg. But these expressions for mg can be
derived quickly from those for 7 by changing the sign of the last coordinate. In this
sense, we arrive at

T _ 2x z)2—1
7s(T, Tni1) = ' i )'

—, 7 (x)= ,—
o s @ (|x\2+1 22 + 1

The following observation plays some role in our analysis.
Lemma 2.1. There holds
-1 -1/ T -1 -1/ X
Ty (2) =T7g (W)’ Ty (x) =Ty (W)

in R\ {0}

Proof. These identities follows from the above expressions for 7 and 7g.

Tn+1
N

S

FIGURE 1. Relation between 77;,1 and 7g.

We leave the details for interested readers; also see Figure 1 above. O

2.2. From differential equations to integral equations. Let v be a positive, smooth so-
lution to (1.1). Recall from (1.8). that the projected function u, defined by (1.6), solves

(-A)"u=Q>F., inR"
The main result of this subsection is to show that u actually solves the corresponding

integral equation (2.1). To achieve this goal, we need certain preparation including the
introduction of a uniform constant that we are going to describe now.

Since n is an odd integer, for some dimensional constant ¢y, ,, 7 0 we have
(*A)m(c2m,n|$|2min) = do,
where §j is the Dirac measure at the origin. For convenience, set
Yomm = Comn @i
For simplicity, throughout the paper, we often denote by C' a generic constant whose value

could vary from estimate to estimate. We now state our main result in this subsection.

Theorem 2.2. We have
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8 A. HYDER AND Q.A. NGO

Y2m,n >0
and

u(z) = ng’n/ |z — y[*™ " F o (y)dy 2.1
R’n,
where F ,, is given by (1.7).

Notice that the integral in (2.1) is well-defined everywhere in R™. Indeed, as v is
positive everywhere on S, we have from (1.6) that u(x) ~ |z|?™~" for |z| > 1, and
hence

(1 + 22" Fop () < — .
' 14|z
In order to prove the above theorem we define the following functions associated with the
projections 7y and 7g:

(2.2)

ax(e) = (M) oy (@)

and )
us(e) = ()27 o))

in R™. In view of the integral equation (2.1), we denote
(@) = [ 12 = s e (5)dy
Rn

and
() = Yomm / & — Y[ Es 0 (y)dy
RTL

in R™. Our aim is to show that u = 4y and that v, , > 0. This will be done through
several steps. Our first observation is as follows.

Lemma 2.3. We have

X

_ _ X
us(z) = [2]2™ tun () () = ] > "us (1)

in R"™.

Proof. This is elementary. Indeed, let us compute ug. Clearly, with help of Lemma 2.1,
we have

14 |22, 2men
us(e) = (F570) 7 o g )
Lo e,

= ()T ()

mon (Lt |2/ 2men @
= o (R 52 o 2)

X

|2m—nuN (W)’

= |:U
which gives the desired formula for ug. The identity for u can be verified similarly. [

Our next observation is similar to that in Lemma 2.3.

Lemma 2.4. We have
- o T _ N -
US(.'L') = |.’L'|2nl nUN(W), UN(,T) = ‘$|2m nus(W)

in R™\ {0}.
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Proof. This is also elementary but rather involved. Indeed, let us verify the first identity.
With a change of variable y = z/|z|? and help of Lemma 2.3 we easily get
Feun(y)dy

o~ x _
|l,|2m nUN(ﬁ) _ ’}/2m,n|x‘2m n/
‘95| R”
_ 2m—n T Lf"’*” z . dz
wnlet™ [ g =gl P G i

= 727,17”/ |lx — z|2m7"FE7uS(z)dz
n

= ug(x),

T 2m—n

[

where in the second last equality we have used the following facts:

x z |z — z| z )
- | = F — m+nF )
lz[2 |22 EIER 6’“N(7|z|2) 2] £ us (2)
The second identity can be verified similarly. (]

Now we are able to examine uy — uy and ug — Ug.
Lemma 2.5. The following functions

PN = u]\/*ﬂ]\/7 PS = US*ﬂS

are polynomials in R"™ of degree at most 2m — n.

Proof. Before proving, we see that both Py and Pg are well-defined everywhere in R".
Now it follows from (2.2) that the function u satisfies

un(z) < O+ |z ™) forz € R".
This together with the growth of u implies that | Py (z)] < C(1 + |z|*™~™). Since
APy = AMuny — A"uy =0,
we conclude that Py is a polynomial in R™ of degree at most 2m — n; see [Mar09,

Theorem 5]. A similar argument applies to Ps yielding the same conclusion for Ps. [

Finally, we are in a position to prove Theorem 2.2, which simply follows from the next
two lemmas.

Lemma 2.6. There hold uy = uy and us = ug everywhere. ‘

Proof. As

_ X ~ o~ x
us(e) = [P Mun (1), Es(e) = e (1)
we obtain

X

Ps(z) = |x|2m7nPN(W)a

which is a polynomial (of degree at most 2m — n). Surely, as n is odd, this is impossible
unless Py = Pg = 0, which implies that uy = uy and ug = ug. This completes the
proof. (]
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Lemma 2.7. There hold 3., », > 0.

Proof. The claim s, , > 0 follows trivially by seeing the both sides of (2.1) as v = 1 is
a solution to (1.1)g and F; ,,,, > 0. More precisely, one has the following identity

2 n—sz_ _ . 2m—n 2 w
) = [ e )

everywhere in R"”. (]

We conclude this subsection by noting that our approach to prove Theorem 2.2 can be
used for the case of equations with positive exponent. For example, without using any
super polyharmonic property, as in [CLS22], our new approach offers a very simple and
straightforward proof to convert differential equations on S™ to the corresponding integral
equations on R", detail will appear elsewhere.

2.3. Pohozaev-type identity. Our last auxiliary result is a Pohozaev-type identity, which
shall be used in the proof of a compactness type result; see section 3 below. For simplicity,
we let

2m—n_2m—|—n<0. 2.3)

Co =« 5 5 <

Lemma 2.8. Let Q € C*(R™) be such that
Q)| S (1 fafy oD =5,
forsome § > 0. Let u > (1 + |z|)?*™~™ be a regular solution to
)= /R | = P Qy)u”* (y)dy. (2.4)
Then, for a # 1, there holds

/ (z-VQ)u'"%dx = cq Qu'~*dx,

R’n.

u(x

provided (x - VQ)u'~* € L'(R").

Proof. The proof given below is more or less standard. As x = (1/2)(x + vy +x — v) and
p g Y Y
Vellz —yP™ ") = (2m —n)lz — yP" "z —y),

by differentiating under the integral sign in (2.4), we obtain

2m —n 2m —n z|? — Jy|? a
o Vule) = 2 ey + 220 [ Qe .

Multiplying the above identity by Q(x)u~%(z), and then integrating the resultant on Bp
we arrive at

1
Q(x - Vul'=%)dz =
11—« Br ( ) 2 Br

2m —n

Qul—a

2m —n |2? — Iyl

7 e ([ S ew )y

Integration by parts leads to

Q(x - Vu'~*)dx = f/ (z-VQ)u'"%dz —n Qu~dx + R/ Qut~“dzx.

BR BR BR E)BR
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Hence,
R

l1—« OBr

2 2
Quiedr =2t [ G Qe (@)

_ 1 {(2m+n)—a(2m—n) Qulfader/
1_a 2 Br Br

(x - VQ)ulfada:} .
(2.5)
Thanks to the decay assumption on (), we easily get

lim (R - Qul_ado) —0,

R—o00

and clearly

due to the antisymmetry of the mtegrand. Hence, by sending R — oo, we conclude that
the LHS of (2.5) vanishes, giving the desired identity. This completes the proof. U

3. COMPACTNESS RESULTS

This section is devoted to a compactness type result for solutions to (1.1)., which is of
interest itself; see Theorem 3.1 below. Heuristically, one should study the compactness
result for fixed € and «. However, to derive useful estimates for our analysis, one needs
certain compactness result which is independent of ¢; see the proof of Lemmas 4.2 and 4.3
below.

Theorem 3.1. Let e* € (0,1) and o € (0, (2m + n)/(2m — n)] be arbitrary but
fixed. Assume that vy, = v., is a sequence of positive regular solutions to (1.1).,, for
some ey, € (0,€™). Then there exists C = C(¢*) > 0 such that

%gukgC’ in S"

for all k. The same conclusion holds true for ¢y, € [0,*) if e € (0, (2m+n)/(2m —

It is worth noting that the above compactness fails for solutions to (1.1)g in the case
a = (n+ 2m)/(2m — n) due to the conformally invariant property of the underlying
equation. More specifically, fixing any solution v to

P¥m(y) = Qi"%% inS"
and let
1
vy = (vo ¢)|det(dp)| 2,
where ¢ is any conformal transformation on S™. Then, it is well-known that v solves the

same equation in S™. Hence, if one choose a sequence of ¢ in such a way that | det(dg)| \,
0, then the sequence v is unbounded in S™.

In order to prove the above theorem we first need to rule out the possibility that the
sequence vy, will eventually touch zero. This in particular implies the lower estimate in the
theorem.

Lemma 3.2. Under the hypothesis of Theorem 3.1 above, we have

inf minwvg > 0.
k>1 S»



334
335
336

337
338
339
340

341

342

343
344

345

346

347

348
349

350

351
352

353

354

355

356

357

358

359

360
361

363

364
365

366
367

368
369

371

372

12 A. HYDER AND Q.A. NGO

Proof. We assume by contradiction that the lemma is false. Then, up to a subsequence, we
assume that
négnvk —0 ask — oo.

Without loss of generality we can further assume that the minimum of vy, is attained at the
south pole. Let uy, be defined by (1.6) using 7y, and let Fy, := Iy, ,, asin (1.7). In view
of (1.6) and 2m > n, the function uj achieves its minimum at 0. By Theorem 2.2, the
function wuy, satisfies

n

uy(z) = ’Yzmm/ |z — y[*" " Fr(y)dy. (3.1

To show that this is also not the case, we use the Pohozaev-type result in Lemma 2.8 and
the role played by €, and «. Indeed, as F}, > 0 we first obtain

0(0) =2 [ o™ () = (1) (62)
R’!L
Using this one can show that
klim ug(z) = oo foreachz € R™\ {0}. (3.3)
—00

Indeed, by way of contradiction suppose that there is some 2y € R™ \ {0} such that
ug(z0) = O(1)k—oo- As

UL \T —n
ur(@o) _ / |0 — y[>™ " Fy(y)dy
Y2m,n n

> g 2mintl / 2o 2™y (y)dy — / " Fy () dy

n

we obtain
/ Fi(y)dy = O(1)k— o0,
thanks to uy(0) = O(1)k— 0. Hence

@ P By = O G4

Consequently, for any € R™, one can estimate
Up (T m—mn m—n— m—mn m—n
U [ ey By < 2 [ ) By,
which leads to
up(z) < C(1+ |z)*™™™) inR"
for some constant C' > 0. Having this, one can bound F}, from below near the origin. For
example, for any x € Bs, we easily get

2\ -c 1 NE N A
Fo(z) > (—2 )% —as S (% yTEoo> 7(7) 7
k(z) = (1_|_ |x|2) ug ()™ > Ca(1_|_ |x\2) = Ce\5
thanks to uy, (z) < C(1+|xz|?)™=)/2 in R™. However, this violates the fact that u,(0) =
0(1)g—00- Indeed,

uk(o) 2m—n 1 /2 "+22m 2m—n
— 2 lyl Fi(y)dy > —- (*) |yl dy >0
Y2m,n B\ B; C 5 B\ B

for all k. Thus, no such a point zy could exist, hence (3.3) must hold. Notice that the above
proof also reveals the fact that

lim Fy.(y)dy = oo, (3.5)

k—o0 R”



ON THE HANG-YANG CONJECTURE FOR GIMS EQUATIONS ON S™ 13

373 otherwise by (3.2) one would again have (3.4) and again this leads to a contradiction. Now
374 we normalize uy and F}, as follows
~ Uk ﬁ Fk
375 up = ——————, k= .
Y2m,n fRn dey f n dey
376 Then
377 ug(x) = / |z — y|>™ " Fi(y)dy, Frdy = 1.
R’!‘L R’Vl
378 Having (3.5), it is clear that ;,(0) — 0 and
379 |V (z)| < (2m — n)/ |z — y[" " Ry (y)dy < C(1 + 2> ") inR"™
380 Notice that because of (3.5) for large k there holds Fj,(z) < F(z) everywhere. This and
381 (3.2) now implies the following
382 lim Fi(y)dy — 0 for any fixed § > 0.
k—oco R"\B§
383 Once we have the above limit in hand and seeing u as a convolution, by standard argument,
384 we get that
3 Uy — = |z)*™" in C)(R™) (3.6)
387 and at the same time
1 ~ .
388 —|z™ <y, < Clz)*™ ™ inR™\ By 3.7
389 C
390 for some C' > 0. Notice that we can write F}, as
391 F, = (Ekumu%ja + ffcﬂ) uy ® =1 Qrug *,
392 where we denote 5
393 f(x) = TW
394 By the Pohozaev-type identity in Lemma 2.8, we get
395 / (z- VQk)ullcfo‘dx = Cq Qku};adx. (3.8)
396 n Rn
397 (Here, the multiplicative constant 7o, , 7 0 cancels out from the both sides, thanks to
398 Theorem 2.2.) Let us first compute
1

399 V(skumu,ljo‘) = 2mey f2 POV + %qumuz_qui
400 and
o V() = —caf TV,
402 leading us to

2m—1, 2 —Ca—1,1-a It+a o 2\], a—1
403 x-VQi = [(Qmskf up — cof ) (@ V) + exf (zVuk)]uk .
404 Therefore, from (3.8) we get
405 Ca / [skf%"’ui + f_c(’ullc*o‘]dx = / [2m5;€f2m_1ui — caf_c"_lu};a] (x-Vf)dz

1
406 + i ek A (z - Vui)de
2 R»

407 = meg(l — ) f2" i (z - Vf)de

R

/ 1+«
408 + €k

ui(x - V2 dx
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409 - Ca/ free T (@ - V f)da
1+« m
410 + 5k - 2™ (z - Vui)dz.
412 By integration by parts, we note that
413 / [ui(x SV 4 (- Vui)]dx
. S 2 r2m 1 2 2m, 2
414 = lim [ [f uy f ]d:c + = x; f ukdo}
R—o0 P Br R OBr
415 = lim [— n/ ui f2"dx + R/ fzmuida}
R—o0 Br 9Br
416 = —n/ fzmuidx.
417
418 Putting the above estimates together we arrive at
n(l+a
sk/ P [m(1 - a)@ - ) - (% + o) f|dz
419 " 3.9
:Ca/ foeT T (@ Vf + f)da
420 Since
i -t
421 €- )
1+ |xf?
422 and )
423 m(l—a)+n +0[4—%:0,
424 the identity (3.9) can be rewritten as
2 1— |I|2
425 epem(l — 2m 2 — |zl dr =c¢ / “Cag T dz. 3.10
ioe e )/n YT 22 o f T 1+ |z (3-10)
427 Our next step is to show that for large &, the two integrals in (3.10) are non-zero with
428 different sign.
429 Estimate of the LHS of (3.10). Concerning the integral on the LHS of (3.10), a simple
430 calculation shows that
1 5 1— |z|?
_— m d
! 2 @k KT
2 2my, 1—|zf?
432 = uy(x dx
/Rn(1—|—|x|2) k( )1—|—|x\2
2 om 1 — |2[? ( 4m—2n~2
433 = w(z) = |z|" U —)
o G T Hp))*
435 here we have converted the integral on R™ \ Bj into B; using Kelvin’s transformation. In
436 By \ {0}, it follows from (3.6) and (3.7) that
a7 W2 (z) — |x|4m—2"uz(| ”3‘2) S|z 1 <0 ask — oo
438 Notice that
439 lim ( 2 )2m L Jaf? ( 2(x) — |a* ™2l (—))daj
k—oo Jp, 1+ [z[2) 1+ |z M a2

2 2m 1 — ‘JJ|2 4m—2n
= —1)dx < 0.
440 /B’1 (1+|:z:|2> 1+ [zf? (|:E| ) v

441
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This and €, > 0 give the strictly negative of the integral on the LHS of (3.10) for large k.
Estimate of the RHS of (3.10). Reasoning as in the previous step we should have

1 —c 11— 1- |$‘2
— “(x)u x x
M;_a R f ( ) k ( )1 + |ZC‘2

2 —ea L=z g —2ca—2n~l—a( T )
= ° - Cain —3) |dx.
/B1 (1 T |3;‘|2) 1+ |22 (uk () — || U, (|$|2) z

In By, it follows from (3.6) that

ﬂ};a(x) — |x\*26°‘*2"ﬂ};a(i) — |x|(2m7")(1*‘)‘) —1>0 ask — oco.

2

Now observe that for o > 1

2 el 2 omen)i-a)
“ x —1)dz > 0,
il )

giving the strictly positive of the integral on the RHS of (3.10) for large & (for certain
a > 1, the preceding integral could be infinity). Now going back to (3.10), we easily obtain
a contradiction for & > 1. Indeed, if &5, > 0 and for large k, then as eym(1 — «) < 0, the
LHS of (3.10) becomes strictly positive. However, as ¢, < 0, the RHS of (3.10) becomes
non-positive. This is a contradiction. If £, > 0 and for large &, then the LHS of (3.10)
becomes non-negative. However, as ¢, < 0, the RHS of (3.10) becomes strictly negative.
This is again a contradiction. And this completes our proof of the compactness for oo > 1.

Finally we consider the case 0 < o« < 1. We set

up(rpm) o La
n(x) == (0] T = ug(0) — 0.

Then 7y, satisfies n; > 1, (0) = 1, and

ne(z) = wm,n/

R”

m—wmew%ﬁwmwmw+f%$w)@.on>

Then it follows that

/ CfyPrn <5k7“12cmf2m(7“ky)77k(y) oL _CZ(W’)) =" <o Gy

Y2m,n

and together with n;, > 1,

/R (1+ [y[>™™) Wdy <c. (3.13)
™ k

Therefore,
() = 72m,n€krﬁm/ |z — y|*" " 2" (rky)mk(y)dy + O(1) - forz € By.

Integrating the above identity with respect to = in By, and using that f(rpy) = 2 + o(1)
on Bj, we obtain

/7mmM=mn/7mw@+om,
B,

B,
and hence

/ nedr < C.
By

Combining the above estimates

/ § (L+[yl™™) (Ekrimfm(rky)nk(y) +—
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This yields

(Vi ()] < O+ |27, Z (L+ [ ™") < mplz) < C (1 + |2P7).

(3.15)

Ql =

Hence, up to a subsequence,
me —n  inCh(R").

From Fatou’s lemma, we get that

2m—n
/ Lcly < 00,
n 0 (y)

thanks to (3.15). Since 7 satisfies the second estimate in (3.15), we necessarily have that
(a —1)(2m —n) > n,

a contradiction to 0 < o < 1. O
We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Since gj, € [0,e*) and 0 < &* < 1, integrating (1.1) on S™ we get
that

1 -
0 S/ ’de‘u,gn S 1 " / Uk dugn = O(l)k—>o<>7
n — & sn
thanks to Lemma 3.2. Therefore, we arrive at
Pim(’()k) — EkQ?LmUk = O(l)kﬁoo in S™

with [[vg||1(sn) = O(1)k—s00. The theorem follows from standard elliptic estimates.  [J

4. MOVING PLANE ARGUMENTS AND PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem 1.1. To obtain the symmetry of solu-
tions, our approach is based on the method of moving planes with some new ingredients.
The major difficulty is how to handle the negative exponent. As far as we know, although
the method of moving planes can be effectively applied to nonlinear equations with positive
exponents, see [CL9I1, WX99, CLO06, CL.S22] and the references therein, its applications
to equations with negative exponents are very rare.

Let us recall some notation and convention often used in the method of moving planes;
see Figure 2 below. For A € R we set

Y= {IER”I$1>/\}, Ty := 0%.
Also for any A € R we let 2 be the reflection of 2 € R™ about the plane T, namely
2 = (2N — x1, @0, X3, ..., Ty).

Also for any function f we let f) be the reflection of f about the plane T’, namely

a(z) == f(:cA) = f(2A — 21,22, 23,...,Tp).
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T1

Yy PN

FIGURE 2. Reflection in the method of moving planes

Throughout this section we let v = u. > 0 be a (smooth) solution to (2.1) with F; :=
F,  asin (1.7) for fixed 0 < € < *. For simplicity, we set

wer(2) := ue(x) — uc(z) forallz € R™.
To start moving planes, the following lemma is often required.

Lemma 4.1. There hold

wer (%) = Yamm / [l — g7 — |2 — P Rey)dy (D)
R’Vl

and
we A (x) = 72m,n/2 [lz* = P77 = |z =y ] [Fe(y?) — Fe(9)ldy  (4.2)
A
forany A € R.

Proof. The firstidentity is obvious from the definition of w,_». The second identity follows
from variable changes. Indeed, one can write

wiw)= ([ + [ v R

- / & — YL (y)dy + / @ — P EL () dy
DIPN PPN

= / |z — y*" " F(y)dy +/ |2 — Y| EL () dy.
2 3

Similarly, one has

ue () = / 2 — PP EL(y)dy + / & — g™ FL (y)dy.
A

A

By putting the above identities together we arrive at the second identity. (]

Our next step is to show that the method of moving planes can start from a very large
Ao > 0, where )\ is independent of ¢.

Lemma 4.2. Let * € (0,1) be fixed. Then there exists Ao > 1 such that for every
e € [0,e*] we have

wea(x) >0 inXy
for A > .
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Proof. We start the proof by observing the existence of some constant C' > 0 such that for
each e € [0,*] we have

1 1 1

—————— < F.(yy <C—5— inR" 4.3
see (2.2) for a similar estimate. In the case € > 0, this simply follows from the uniform
bound for v, with respect to e € (0,£*] as given by Theorem 3.1. In the case ¢ = 0, the
above estimate is trivial because u(z) ~ |x[*™~" for |z| > 1. By a simple algebraic
computations we have
2 —yl* — |2* — gy

A 2m—n D
— — P
“T y| ‘x_y|2m—n |$A _y|2m—n A(I7y)’

|17 7y|2mfn

where the function Py is given as follows

2m—n—1

Pa(z,y) = Y |z —yPEmonm iRt — g2k,
k=0

(It is clear that ﬁ,\ =1if2m —n = 1.) Using (4.1) and
z —y|* — &t — y[* = 4(z1 = N)(A —m1)

we can write

|x|2+”_2m%—(i\) - / (A=) Pl y) Fe(y)dy =: Ue(w),

where
|x‘2+n—2m
T — y|2m—n + ‘Jf)‘ _ y|2m—n

Py(z,y) = 472m.n | Py(z,y). (4.4)

For later use, we note that for z,y € X, there holds
|J) _ y|2(2m—n—1) + ‘.f)\ _ y|2(2m—n—1)

|£L’ _ y|2m7n + ‘fﬂ)‘ _ y|2m7n

Py(z,y) < Cla?™72m

‘$| for2m —n=1
<C{ |lv—yl (4.5)

1+ |2y 2m =" "2 for 2m —n > 3

]
<Cq le—yl
ly[*™~"=2  for 2m —n > 3.

for2m —n=1

To conclude the lemma, it suffices to show the existence of Ay > 1 such that
Ues(xz) >0 forany x € X\ UTy
for every A > \g. With help of (4.3) we can roughly estimate

U.a) = /B (A — 1) Pa(a, 9) F- ()dy + /R (A — 1) Pa (2, 9) F-(4)dy

"\B1
1
> 2 [ 0mwnedy+ [ 0P R
B1 y1>A
1 PA($7y)
> — A—uy)Pa(z,y)dy — C —_—
=0 Bl( yl) )\(Jf Z/) Y siSA 1+ |y‘2m+n,1

=: I (z) — Ix(x).
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Here to get the term I we have used the estimates 0 < y; — A < y; < |y| in the region
{y € R" : yy > A} and |y|/(1 + |y|>™™) < 2/(1 + |y[*™+"~1) for all y. Next, we
estimate /; from below and /5 from above. For /7, we note that
1
Py(z,y) > Vol forye By, x € Xy, A > Ao > 1.

From this we deduce

A
We now estimate 5. For 2m —n > 3 and as |y[*™ "7 2/(1 + |y/*™*t"~1) < 2/(1 +

ly|*"*1) and |y| > y1 > X we can estimate

2m—n—2
ly| dy _ . dy ¢ _a

I(z) < C T et S < <
por L Pt =0 Tyt = 3

For 2m —n = 1, we split {y; > A} as follows
{y1 > A} C A1 UA; U Ag
where
Ay = {y A<yl < |x|/2}, Ag := Byjz| \ Bjzjj2, Az :=R"\ By

(Although |z| > X as x € X, the set A; could be empty if || < 2\, but it is not
important.) Since |x — y| > |x|/2 on A; U A3 and again |y| > y; > A, we can estimate

/ ] dy . C
Auay [T =y L [y[Prtn=t = \2mot
On the remaining set A as |z|/2 < |y| < 2|z| we easily get

|z] dy C dy C C
amtn 1 S [pzmin2 S pmT S yema =0
A, |7 =yl L+ [y[2mtn |z[Prtn=2 Ju, lo =yl T |z Azm

Putting the above estimate together, we arrive at

A
Ue(z) > I1(x) — Iz(z) > ol C

for some constant C' > 0. Thus, the lemma follows by letting A\ large enough. (]

In Lemma 4.2, we have compared u.(z) and u.(z*), via w. \(7), in X). As there
was no restriction on € > 0, our comparison requires large A > 0 to hold. In the next
lemma, we compare F.(z) and F.(z) in ¥y. As there will be no restriction on A > 0, our
comparison now requires small € > 0, and this is the place where the constant ¢, appears.
Due to the form of F. to achieve the goal we need the compactness result established
earlier; see section 3.

Lemma 4.3. There exists e, € (0,&*) small enough such that for arbitrary A €
(0, Xo] but fixed, the conclusion if
We X 2 0 in 2)\, (46)

then

F.(z) — F.(z)) <0 in %)y 4.7
holds for each € € [0,¢,). In addition, if the inequality (4.6) is strict, then so is the
inequality (4.7).

Proof. Let us first be interested in the existence of ¢, and € € (0,e.). As || < |z| for
A > 0and z € ¥, we obtain

2
1+ |xf?

2

2m A
1+ |:B*|2) ele”)

F.(z) — Fo(2*) = ¢( ) ue () — e
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2 e 1 2 e 1
() we (@) (1+|x’\|2) w2 (@)
< s(lfw)z’m(ue(x) — ue(z))
2

—Ca 1 1
+(1+|w|2) (u?(x) B u?(m/\)>’
where the constant ¢, < 0 is already given in (2.3). Hence, to prove (4.7) in X, it suffices
to prove that

o) L2 e
ue(o) — uea?) wp(@ue (@) = [P

where we have used that

in 3y, (4.8)

1
2m +cq = (2m—n)$.

To this end, for some R >> 1 to be specified later, we first split X into two parts as follows:
Yy = [ZA QBR] U [Z,\ \BR}

In the region X \ B, there exists some £; > 0 such that (4.8) holds. To see this we need
to use uniform bounds with respect to € > 0, see Theorem 3.1, to obtain

u (z) — ug(a?)

ue(z) —ue(x?) — 61(1 + |z|?

) (2m—n) %

and
1

«
@@ - TR
for some small £; € (0,1). This is mainly because when R is large enough, we have
|z| ~ |2| for |#| > R and A € (0, \¢]. In the region ) N Bg, by the smoothness of .,
there exists some small 5 € (0, 1) such that
wm o) 12 jenewie
ue(@) — u-(aY) ug@ug @) = P+ [

for any x € Bpr. Hence, combining (4.8) and (4.9) yields the desired estimate (4.7) with

4.9)

1 .
Ex = 3 min{ey,ea}.
Now we consider the remaining case ¢ = 0. However, this case is trivial because
2 — 1 1
) (@~ men) <°
1+ |zf? ug(z)  uf(a?)

whenever wg x(z) = ug(x) — up(z*) > 0. Finally, from the above calculation, it is clear
that if the inequality (4.6) is strict, then the inequality (4.7) is also strict. Hence, the lemma
is proved. u

Fo(z) — Fo(z) = (

Thanks to Lemma 4.2, for each € > 0 we can set
Ae 1= inf{)\ >0:we, >0 in X, forevery p > )\}.
Then, still by Lemma 4.2, we necessarily have
0 <A < o

By decreasing A down to zero we eventually show that A, = 0. This can be done through
two steps. First we show that if A > 0, then we must have w_ 5 = 0in EXE; see Lemma

4.5. Finally, we show that Ao = 0; see Lemma 4.6.

Our next lemma is of importance to achieve the first step as it allows us to move A to
the left.
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Lemma 4.4. Lete € [0,¢.) and \ € (0, \o] be such that

0w, x>0 inXy.
Then, there exist R > 1 and § > 0 small, both may depend on w, 5, such that for
every A € (A — 8, \) we have

We, \ > 0 in E)\\BR.

Proof. Using the representation (4.2) and as in the first part of the proof of Lemma 4.2, we
have

‘mP+n—2m

ws,)\(w)ﬁ = /Z (yl - )\)P)\(Ji7y)[F€(y/\) - Fs(y)]dya (4.10)

where P is given by (4.4). In view of (4.10), it suffices to show that its RHS is positive in
3 \ Bg for suitable R > 0. For convenience, we recall the following formula for Py

|| —2m . 2(2 1—K) [, 2k
S o= yPemTr TR g2
k=0

P,\(l‘vy) = 4Yomn ‘.’E _ y|2mfn + |£L’/\ _ y|2mfn

Hence, there exists some 6 > 0 such that for every R; > 0 fixed
Py(z,y) = 60 uniformlyiny € Bg, 4.11)

as |z| — oo. This is because |z| ~ |x — y| =~ |z* — y| for large |z|. From (4.7) we know
that
0# Fe(y*) = Fe(y) 20 fory € 3,

which implies
/E (1 - NIE() - Fo(y)ldy > 2¢0 > 0,
X

for some small constant ¢y > 0. Thus, by the dominated convergence theorem, we can find
some § > 0 such that

/2 (1~ NIE() = F(y)ldy = co > 0, “.12)

for every |\ — A| < §. To obtain the positivity of the right hand side of (4.10), we split the
integral fEA into two parts as follows

fo= e
2a EA\BRQ EAQBRQ

for some Ry > 0 to be determined later and estimate these integrals term by term; see the
two estimates (4.14) and (4.15) below. Our aim is to show that the integral IEA\ Br is
2

negligible.
We assume for a moment that such a constant Ry exists. We now estimate the integral
fEA\ By, - First we initially choose new Ro >> 1 in such a way that [y; — A| < 2|y| for all
2
ly| > Ry. Then we find some R; > Ry such thatin X \ Bg, we have

dy 000
< (4.13)
/;A\BRl 1+ |y|2m+n—1 16C

and
C

F, oM< ——
E(y)+ 8(y )— 1+ |y|2m+n
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for some C' > 0 because |y| =~ |y*|. By the estimate (4.5) for Py, we now claim that there
are some R3 > 1 and Ry > R; such that
9(30

[ - NRalEe) + Ry < 7P .14
EA\BRr,

for |z| > Rs. To see this, for clarity, we consider the two cases 2m—n = 1 and 2m—n > 3
separately.
Case 1. Suppose 2m — n = 1. In this case our estimate for P\ becomes Py (z,y) <

C|z|/|x — y|. Consequently, there holds

|| ly|
S3\Br, 17—yl 1+ [y[Pmtn

/ (11 — NPy(9)[Fe(y™) + F-(y)]dy < C dy.
EA\Br,

For |z| > R3 > 2R5 to be determined later, we now split fZA\ By, 38 follows
L2

= +/ *
/ZA\BRQ /[ZA\BRZ]Q[BI/2U(R"\B2|z|)] [EA\Bry\[Bjz|/2UR™\Bz|z|)]
Thanks to (4.13), we get
|z| |yl fco

C dy < —.
[S3\Br, IN[Bja) 2UR™M Byo)] |2 — Y| 1+ [y[2mH7 8

For the remaining integral on [¥y \ Bg,| \ [Bjz|/2 U (R" \ By;|)] which is a subset of
Byjz| \ Bjs/2 because |z| > 2R;, we estimate as follows

o Clz|? / dy
[(EZx\Bry\[B|z|/2UR"\Bs|¢|)] T+ ‘x|2m+n Bs|2)\B|z|/2 |z =yl

Since the last integral is of order |z|™ and m > 2 we can find some R3 > 1 such that

Clz|? / dy <0ﬁ
1+ |z[2mtn Baja)\Bjs| 2 v —y| = 8

for all z € ¥\ N Br,. Combining the two estimates above gives (4.14). This completes
the first case.

Case 2. Suppose 2m — n > 3. This case is easy to handle. Recall that our estimate for Py

becomes Py (x,y) < Cly|*™ "2, Consequently, there holds
N |y‘2m—n—1
(1 = NP, y)[Fe(y”) + Fe(y)ldy < C
E3\Br,

- dy.
E)\\BR2 1+ |y|2m+n

Seeing (4.13) or as in the proof of Lemma 4.2, we easily obtain the desired estimate.

Hence, up to this point, we have already shown that there are some Ry > 1 and R3 > 1
such that the estimate (4.14) holds for |x| > R3. Now we estimate the integral f S\NBn, "
L2

Keep using the constant Rs. By the uniform convergence in (4.11), we can choose Ry >
R such that

1
Py(z,y) > 59 for |z| > Ry and |y| < Ro.

This and (4.12) imply that
[ - VPG wIR Y - Rl = @15)
EAﬁBRQ

for |z| > R4. We conclude the lemma by combing the two estimates (4.14) and (4.15) and
choosing R = max{Rj3, R4} O
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We are now in a position to complete the first step, namely, to show that Ae = 0. To this
purpose, we must rule out the case A. > 0 and this is the content of the next two lemmas.
First, we characterize the function w,x in case A\, > 0.

Lemma 4.5. If \. > 0 for some € € [0,¢.), then w_5_ = 0in X5 .

Proof. Let A\, > 0 for some £ € [0,¢,) and assume by contradiction that w, 5 # 0in
Y5_. This and the definition of A imply that

0#w. 5 >0 in¥y.
By Lemma 4.4, there exist R > 1 and § > 0 small enough such that
we x>0 in¥y\ Br forevery A € (A — 4, \.).
Take a sequence (113 )5 convergent to A, such that g, € (M. — 6, \.). Still by the definition

of A and as pr < A we know that We,,, 18 negative somewhere in X, . Since outside
Br, the function w, ,, is strictly positive, for each k there is some x;, € 3, N Bg such
that

We puy, (Tk) = TN We, . < 0.
HE

In particular, there holds
We, (xk)
(TK)1 —
Obviously, the sequence (xy) is bounded as xj, € Bpr. Also note that EXE cX
Sue N\ ZXE as k ' +o0. Therefore, up to a subsequence, we have

< 0.

u, and

Xy UTx D2y = lim xp.
Ae Ae o k—o0 k

In particular, by passing to the limit as k& — oo, there holds w_x_ () < 0. This and
(4.10) implies that

Zoo 24n—2m . _
02 w5 (o) 2 2 [ R B - Bl 2 0,

(Too)1 — Ae X
thanks to || > 0 and F.(y*¢) > F.(y) in ¥, by Lemma 4.3. Thus, we must have
F.(y™) ~ Fe(y) =0 foranyy € X5,
which, by (4.10), now yields w_x_ = 0in Xy_. However, this is a contradiction. The proof
is complete. (|

From the characterization of w_ 5 _in the case Ae > 0, we are able to show that in fact

the case A. > 0 cannot happen.

Lemma 4.6. Let € € [0,¢.). There holds \. = 0. In particular, the function u. is
symmetric with respect to the hyperplane {x € R™ : x; = 0}.

Proof. By way of contradiction, assume that \. > 0. In view of Lemma 4.5, we must have

0 =w,5 (2) = ue(z) — ue(a™)

in ZXE’ This and (4.2) tell us that

[ =y = -y - Ry =0

Ae
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for any z € Xy _, thanks to Y2, = 0, see Theorem 2.2. But this cannot happen because

|z — y| < |a*s — y|forany z,y € Y5 and

mao ) ™ e
2 e 2 e 1
+{(1+\x|2) 7(1+|xxg|2) }ug‘(m)

<0,

everywhere in ¥y, thanks to the estimates u. > 0, —co > 0, and [z| < |z in 5.
(Here we also use the fact thatif e = 0, then o < (n+2m)/(2m —n) in order to guarantee
—cq > 0.) Thus, we must have A\, = 0. In particular, we have from the definition of Ao
the following

U (X1, Ty ooy Ty) > U (=21, Ty ey T)-
We now apply the method of moving planes in the opposite direction, namely A < 0, to
get

U (21, Ty ooy ) S U (=21, X2y ey Tpy).
Hence

U (X1, Ty ooy Tny) = Ue(—T1, Ta, ooy Tp).
This establishes the symmetry of u. with respect to the hyperplane {x € R™ : 21 = 0}.
The proof is now complete. O

As a consequence of Lemma 4.6 above, we obtain a Liouville type result for positive,
smooth solution to (1.1). for small € > 0, hence proving Theorem 1.1.

Lemma 4.7. Any positive, smooth solution v, to (1.1). for small € must be constant.

Proof. Let ¢ € [0,¢,) be arbitrary. From Lemma 4.6 we know that the corresponding
solution wu, is symmetric with respect to the hyperplane {x € R™ : z; = 0}. This together
with the relation

2m—n

wie) = (PR om0

tells us that v, depends only on the last coordinate x,;. However, as the x,,1-axis is
freely chosen, we conclude that v, must be constant. This completes the proof. (]

Before closing this section, we have a remark. To obtain the symmetry of solutions to
(1.1)¢ for small e, our approach is based on the method of moving planes in the integral
form. A natural question is weather or not one can use the method of moving spheres; see
[LZ95, Li04]. Due to the presence of the weight 2/(1 + |x|?) in (1.7), it is natural to ask
whether or not the method of moving spheres can still be used. Toward a possible answer
to this question, we refer the reader to the work [JLXO08].

5. APPLICATION TO THE SHARP SOBOLEV INEQUALITY

This section is devoted to a proof of Theorem 1.2 which concerns a sharp (critical or
subcritical) Sobolev inequality. Let ¢ € (0, 1) and inspired by (1.4) consider the following
variational problem

so= ot ([ o) [ 0RO - @i e s

0<peH™(S™)
withm = (n+1)/2and @ € (0,1) U (1, 2n + 1]. Now as

P2"(1) — Q2" = (1-2)Q2" #0
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by testing (5.1) with constant functions we conclude from (5.1) that
Se < (1-e)Qymis”

however, S; could be —oo. Next we show that S, is finite and is achieved by some smooth
positive function.

41
a1 <0,

Lemma 5.1. Assume that m = (n + 1)/2 and oo € (0,1) U (1,2n + 1]. Then, the
constant S in (5.1) is finite and there exists some v. € C*(S™) such that ve > 0
and

(/ 1151_0“d,ug\m>ﬁ / [ve P2 (ve) — eQ2™ 02 ] dpgn = Se.
In particular, v: solves ’
P2 (v.) — Q2 ™y, = S.v_ @
in S™ with
Se

1H(x+1

Se = .
Le—1(sn)

[[oe

Proof. Let (v, be a positive, smooth minimizing sequence in H?™(S"), that is

2
([ obodus) ™ [ [onP2m(on) - c@2m]dpsn N, .
as k — oo. By the scaling invariant we can assume maxgs» v = 1 which then yields
o)1 72gny < IS

By seeing P2™ as a polynomial of —A
tive, it is easy to get that

gsn » Whose coefficient of the leading term is posi-

/ ok PR (g )dpgn > erl|vg|[Frm gny = Callorll72gny > erllorllFrmgny — 2/S™]
for some ¢; > 0 and co > 0. Note that S. < 0 and Q>™ < 0 would imply

/ Vk Pim’l)kdusn < 0.
Therefore, the previous estimate leads to
2

c1l[vellzrm gny < c2[S"],

giving the boundedness of the sequence (vy) in H™(S™). Hence, after passing to a subse-
quence if necessary, there exists some v, € H™(S™) such that

Vg — Uz > 0 uniformly in C'(S™)
by Morrey’s inequality and the Arzela—Ascoli lemma, and
vE — v weakly in H™(S™).

In particular, there holds maxs» v. = 1. As v, > 0, there are two possibilities. First,
let us assume that v. vanishes somewhere on S™. By assuming this we shall obtain a
contradiction, therefore we must have v. > 0. Indeed, as n = 2m — 1, we can make use
of [Han07, Corollary 3.1] to conclude that

/ ve P2 (v )dpgn > 0.
This together with Q2™ < 0 and [, v2dug» > 0 help us to get

oo

0< /n [ve P2™ (ve) — eQ2™ 02 ] dpge < lkig‘l}rnf /n [0 P2 (vi) — eQ2 vit | dpsn.
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This is a contradiction to S; < 0. Thus, v, > 0 everywhere. Then, this allows us to gain
vy = v uniformly in C(S™)

and consequently

-« 1—
/ v, “dpsn —>/ v, “dugn.
n Sn

Putting these facts together, we obtain

2
S < (/ U;_adﬂgn)a_l / [0: P2 (v:) — eQ2™ 2] dpuse

< lim inf {(/ U/i_adﬂsn) o / [Uk-, Pim(vk) - EQimvi]dugn] (52)

k400
=3&..

Hence, on one hand implies that S must be finite, on the other hand, yields that v, is a
minimizer for (5.1). Rest of the proof follows immediately. U

Having Lemma 5.1 in hand, we are able to prove Theorem 1.2 as we shall do now. By
seeing our Liouville type result in Theorem 1.1, this is the place we need the smallness of
E.

Proof of Theorem 1.2. Lete > 0 and o € (0,1) U (1,2n + 1]. By Lemma 5.1, there is
some positive, smooth function v, satisfying

/ ’Uel_ad,uSn =1

/" [UE Pim (UE) o EQ?lmUS} d:u’S" = S..

and

Then, up to a constant multiple, v, solves (1.1). in S”. Therefore, for small € > 0, it
follows from Theorem 1.1 that v, is constant. Keep in mind that o # 1. Hence, on one
hand, as Q>™ = P2™(1), we can compute to get

8. = (1-)QimIs"| =,
on the other hand, by the definition of S, we get

a+1
a—1

([ ot eaus)™ [ [0P2(6) - Qi duen = (1 - Q28"
Sn Sn

for any ¢ € H™(S™) with ¢ > 0. Now letting € \, 0 we obtain

2 _

—« a= m miqn| 2

([ o duse)™ [ 0PI (@)duen = @2misn .
Recall that Q2™ = P2 (1) = I'(n/2 + m)/T(n/2 — m). This completes the proof of
Theorem 1.2. g
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