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ABSTRACT

In this paper, the problem of solvability and stability for switched discrete-time linear
singular (SDLS) systems under Lipschitz perturbations is studied. We first prove
the unique existence of solution of SDLS systems under Lipschitz perturbations
with different switching rules on two sides. The solution manifold is also described.
Secondly, we derive some conditions for stability of these systems. Finally, some
examples are given to illustrate the obtained results.
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1. Introduction

In this paper we study solvability and stability of switched discrete-time linear singular
(SDLS) systems of the form

Ecr(kJrl)m(k + 1) = Ao(k)x(k) + fcr(k) (.’13(]{3)), (11)

where o : NU {0} — N := {1,2,...,N}, N € N, denotes the switching signal that
determines which of the NV € N modes is active at time k.

Singular switched systems are models arising in diverse real-life applications such as
power electronics and systems, air traffic and aircraft control, network control systems,
robot manipulators, multibody systems, economic systems and so forth, (see, e.g.
[6, 12, 16, 18, 20]). These systems consist of a family of singular subsystems and a rule
that controls the switching between them which in recent years have attracted a good
deal of attention from researchers. On the other hand, the advent of many modern-
day sampled-data control systems (or the dynamic Leontief system in economic) has
necessitated a study of discrete-time singular systems because they can only change
at discrete instants of time (see, e.g. [5, 11, 13-15, 17, 19]). These lead switched
discrete-time singular systems. They can also be obtained from switched continuous-
time singular systems by some discretization methods.
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Recently, we have investigated solvability and stability of SDLS systems of the form
Eyayz(k +1) = Aggyx(k) in [2, 3], where the switching rules in matrices £ and A
are same. If the switching rules in matrices £ and A are not same then it is more
complicated. In [9], some first results on this case have considered for homogenous
SDLS systems which have no perturbations. However, to the best of our knowledge,
there are still no results about solvability and stability for SDLS systems of the form
(1.1) under Lipschitz perturbations f.

The purpose of the present paper is to fill this gap. We will consider SDLS systems of
the form (1.1) with the different switching rules in matrices E and A. The singularity
of the leading coefficients make the analysis of system (1.1) difficult since computation
of solutions is impossible at first sight. Even the solvability of the initial value problem
is doubtful. Due to the fact that the dynamics of (1.1) are constrained and combined
between singular systems, some extra difficulties appear in the analysis of solvability as
well as stability characterized by index concepts of singular systems (see, e.g. [4, 8, 10]).
Thus, in this paper, we will develop and modify the approach in [1, 3, 9] to investigate
solvability and stability of SDLS systems under Lipschitz perturbations. The unique
existence of solution of (1.1) will be proved by using the contraction mapping principle.
After that characterizations for stability of (1.1) will be derived by using methods of
the Lyapunov functions and the solution evaluation.

The paper is organized as follows. In Section 2, we summarize some preliminary
results of SDLS systems of index-1 and the discrete Gronwal inequality. In Section
3, we study solvability and a formula of solution of SDLS systems under Lipschitz
perturbations. Section 4 deals with stability of these systems. The last section gives
some conclusions.

2. Preliminary

For N € N, denote N = {1,2,..., N} and O by the zero matrix. Consider the homo-
geneous SDLS systems

Eoeynyz(k +1) = Ay z (k) (2.1)

is of index-1 ([4], [9]), i.e., the folllowing hypotheses are assumed to be fulfilled:
(i) rank B; =r <n,Vi € N,
(i) Sij Nker E; = {0},Vi,j € N, where S;; = A; ' (ImE;) = {¢€ € R" : A;¢ € ImE;}.

It is proved that from hypothesis (ii) we have
Sij P ker E; = R",Vi,j € N,

see, e.g. [3, 9]. Let the matrix Vj; = {sl-lj, s S h;H, ..., h'}, whose columns form
bases of S;; and ker E;, respectively, and @ = diag(O,, I,,—,), P = I, — Q. Here O, is
the 7 x r zero matrix and I,,_, stands for the (n —r) x (n — r) identity matrix. Then
the matrix Q;; := Vi]-QV;;l defines a projection onto ker E; along S;; (i.e., ij = Qij
and ImQj; = ker E;), and Py := I, — Qi = VijPVi;l is the projection onto S;; along

ker ;. Further we define the so-called connecting operators Q;jy, = VUQV};}.

Theorem 2.1. ([9]). For switched discrete-time linear singular homogeneous system
of indez-1 (2.1), the following assertions hold:



(1) Gijm = Ej + AiQijm is non-singular ;
(1) EjPjm = Ej;
(iii) Pjm = G s

. —1 -1

foralli,j,m e N.

We need to use the following discrete Gronwall inequality to study the exponential
stability of SDLS systems in Section 4.

Theorem 2.2. ([7]) Assume that {ym},{fm},{gm} are nonnegative sequences such
that

Ym < fm + Z 9iYi, Vm > 0.
0<i<m

Then

ym < fm+ Y figi [ (1+g5)-

0<i<m i<j<m

3. Solvability

Consider a switched discrete-time singular system of the form:

Eygpnyz(k +1) = Agayz(k) + fom (x(k)) (3.1)

where o : NU {0} — N, is a switching signal taking values in the finite set IV,
E;,A; € R™™ and f; : R® — R™,i € N, are perturbations, z(k) € R™ is state vector
at time k € N. Suppose that the matrices F; are singular for all ¢ € V. Let us associate
system (3.1) with the initial condition

Py (ko) (ko+1)Z(F0) = Prr(kg)or(ko+1)7> (3.2)
where « is a given vector in R™ and kg is a fixed nonnegative integer.

Theorem 3.1. Let fo () be a Lipschitz continuous function with a sufficient small
Lipschitz coefficient, i.e.,

”fz(x) - fl(‘%)H < Ll”x - .fH,V{L',i' € ani € M? (33)
and
w; = L; maX{HQiiji_jinH tjymeN} <1, VieN. (3.4)

Then the IVP (3.1),(3.2) has a unique solution.

Proof. Multiplying on both sides of equation (3.1) from the left by

-1 -1
PU(k+1)U(k+2)Ga(k)a(k+1)a(k+2) and Qo(k+1)o(k+2)Ga(k)a(k+1)a(k+2)v



respectively and observing that

—1
GU(k:)J(k—l—l)U(k-l—Q)EU(k-i—l) = Pa(k+1)0(k+2)7
Poe11)o(k+2) Qo (k+1)0(k+2) = Qo(k+1)0(k+2) Pok+1)0(k+2) = O,
we get

Pyein)otkr2)(k + 1) = Potrei )05+ G (o (k4 190k 2) Ao () ()
+ Pcr(k+1)a(k+2)G;(lig)g(k+1)a(k+2)fa(k)(I'(k))v

(3.5)

—1 -1
Qo (k+1)0(k+2) T o (ko (h41)0 (k+2) Ao ()T (K) = = Qo(k41)0(k+2) Gy () (1) (k-1:2) for ) (£ (F))-
(3.6)

Let u(k) = Pa(k)a(k+1)$(k),v(k) = Qa(k)a(kJrl)m'(/{?), (k € N) we get

-1
Po(k+1)0(6+2) Gor (ko (k4 1) (k42) Ao (k) V(F)

—1
= Pl 1)0(k+2) o (k)0 (k1) 0 (k4+2) Ao (1) Qo (k) (k1) 2 (F)

—1 -1
= Pa(k+1)cr(k+2)Gg(k)o(k+1)o(k+2)Ao(k) Qa(k)a(k+1)a(k+2) Vo(k+1)a(k+2)Qvg(k)g(k_;,_l)x(k)

_ —1
= Po(er1)o (k42 G ()0 (k1) (k+2) (Como kDo (k4+2) — Eo(er1) Vo 1)o (64+2) @V (1) 611y £ (F)
= (Poht1)o(kt2) = Potkr)okt2) Potit 1o b+2) Vo k 110 (420 @V o hs 1) (F)

=0,

and from (3.5)

w(k +1) = Por 1)0(6+2) G o (k) (k+1)0 (-1 2) Ao () (w(k) + 0 (k)
+ P )02 Gy (o (ks 1) (2o (k) (w(R) + 0(E))
= Pa(k+1)a(k+2)G;(lk)o(k+1)g(k+2)Aa(k)“(k)
t Pl 10642 C ko 1)r (2) T ) (k) + v (k).
(3.7)
By item (iv) of Theorem 2.1,

1 -1
Qo(k+1)0(k+2) G o (k)0 (k1) (k42) Ao (k) Qo) (k+1) = Vo (et )0 (k+2) @V ()0 (k1)

Therefore, the left side of (3.6) can be expressed as

-1
Qo (k+1)0(k+2) G (ko (ki 1o (ht2) Ao () T (K) = Qo 1)0(542) G o (k)0 (k11)0 (k-2) Ao i) (U(K) + v(k))
—1 -1
= Qo(k+1)a(k+2)Ga(k)g(k+1)a(k+2)Aa(k)u(k) + Va(k+1)a(k+2)QVU(k)a(k+1)x(k)'



Hence, it follows from (3.6) that

Votk 110 (k42 @V myohe1) (k)

—1
= = Qo(k+1)0 42 Co ko (k)0 (k+2) Ao 0 UK = Qothi1)0(k+2) o ko (ki 1) (k12) fo k) (2 (K)).

Now multiplying on both sides of this relation by Qg )0 (k+1)o(k+2) from the left we
obtain

v(k) = Qomo (k1) (k) = Qo(kyo (k4 1)0(k+2) Vot 1o (h+2)QV sy (ir1) (F)
= *Qa<k>o(k+1)a(k+2>Qa(k+1>a(k+2>G;(lkw(mna(kﬂ)Aa(kW(k)
= Qo(kyo (k1o (k+2) Qo410 (:42) G s (o (k4 110 (k 4 2) fo () (T (K))
= = Qo (k) (-+10(6+2) G s (k)0 (k1 1)0 (k2) Aoty 1K)
= QuR)r k41042 Gy 1)r 2T k) ((R))
= _Qa(k)a(k—i-l)o(k—l-Q)G;(lk)a(k—i—l)a(k+2)(fa(k) (u(k) +v(k)) + Asyu(k)).  (3.8)

By equation (3.7), suppose that u := u(k)(k > ko) is known, where
u(ko) = Po(ko)o(ko+1)%(k0) = Po(h)o(kot 1)V

is given. We consider an operator T}, : ImQ);; — ImQ);; defined by
Tijm(v) == —Q”mGZ_]}n[fz(u +v) + Ajul.

Since

[ Tijm (v) = Tijm(0)[| = [|QijmG zgm[fz(u"‘v) filu+ )|
< NQim G I fiw + ) — fi(u + )|
<NQijm G| Lillo = 3]l < willo = 3]| < |lv - 3],
the operator T}y, is contractive. Therefore equation (3.8) has a unique solution given
by a mapping go(r)o(k+1) © IMPy)o(k+1) = IMQo(k)o(kt1)s Jo(k)o(k+1) (W(k)) = v(k).

Moreover, it is easy to show that g,(x)s(k+1) is @ Lipschitz continuous mapping having
the Lipschitz constant

Ko () = Wok) (Lo k) + 1 Aot DLy (1 = o) ™ (3.9)
Thus, the IVP (3.1), (3.2) has a unique solution given by

z(k) = u(k) + go(k)o (k1) (w(k)), (3.10)

with u(ko) = Py(ky)o(ko+1)7- The proof is complete. O



We define the Cauchy operator associated with system (3.1)

k

Co(k.h) = T[T PowotsnGoriomoasnAoa-1) and @o(h,h) = Ponyo(ni)-
I=h+1
(3.11)
Then, it is easy to see that ®,(k,h) satisfies the relation

O, (k,h) = By (k, )Py (1, h), Vk > 1> h.

Now, the variation of constants formula for the solution of system (3.1) is derived in
the following corollary.

Corollary 3.2. The unique solution of system (3.1) with the initial conditions (3.2)
satisfies the equation

k-1

z(k) =Po (k; ko) Py (ko) (ko+1)7 T Z P, (k,i+ 1)Pa(i+1)a'(i+2)G;(li)g(i+1)g(i+2)fo’(i) (z(4))
i:k/‘o

—1
— Qo (ko (k+1)0(k+2) G (ko (k410 (k+2) (So (k) (2 (B)) + Ao (i) Po (i) (e+1) T (K))-
(3.12)

Proof. By equation (3.7), we imply that the solution u(k) is given by the formula

k-1
u(k) = @, (k, k—l)Pa(kO)a(kOH)’HZ ‘Pa(/f,Z'+1)Pa(i+1)a(i+2)G;é)g(Hl)U(HQ)fa(i) (z(4))

’i:ko
and by equation (3.8), we have

v(k) = _Qa(k)a(k+1)a(k+2)G;(lk)a(kJrl)a(kJrg)(fa(k) (z(k)) + As(i) Pr(i)o (k1) T (K))-

Since z(k) = u(k) + v(k), we obtain formula (3.12). O

In what follows, without loss of generality, assume that f;(0) = 0,Vi € N. This
implies that g,(x)o(k+1)(0) = 0 and equation (3.1) possesses a trivial solution x(k) = 0.
It follows from (3.10) that each solution x(k) of the IVP (3.1),(3.2) satisfies z(k) =

Pytiyok+1)T(k) + do(k)o (k+1) (Po(k)o(k+1)Z(k)) or equivalently,
Qokyo(k+1)T(k) = _Qa(k)a(k+1)o(k+2)G;(lk)a(k—i-l)a(k-t,-Q)(fa(k) (z(k)) + Ag(i) Po(iyo (k1) T (K)).
Let
Aji={z e R": Qjjz = —Qiijfjin(fi(:r) + A;P;jx), for some j,m e N}. (3.13)
If = x(k) is any solution of the IVP (3.1), (3.2), then obviously, x(k) € Ay (k > ko).

Conversely, for each 6 € A;, there exists a solution of (3.1) passing 6. Indeed, let o
be a switching signal satisfying o(k) = ¢ and x(m, k;6)(m > k) be a solution of (3.1)



satisfying the initial condition Py o (k41)Z(K) = Pr(k)o(ks1)0- Clearly,

z(k, k5 0) = Poiyo(k+1)Z(k) + 9o (k)o(k+1) (Por(k)o (k1) 7 (K))
= Py(t)otk+1)0 + Go(k)o (1) Po(i)o(k+1)0) (3.14)
= Potyo(k+1)0 + Qo(k)ok+1)0 = 0.

We will prove that the set A; does not depend on the choice of projections in the
following proposition.

Proposition 3.3. Let the solution manifold A; be defined in (3.13). Then, the fol-
lowing hold:

(1) Aij ={z € R": fi(x) + Ajx € ImEj, for some j € N}.
(i) A; Nker E; = {0}.

Proof. i) Letting x € A;, then there exists j,m € NN such that
Qijr = —QijmG 7,jm(f’b< ) + AiPj),
hence
r = Pz + Qijx = _Qiiji_jinfi(x) + (I — QiJmGszA )P
From this relation we have

Note that
Ai(I — QiJmGUmA VPjz = (I — AiQijm ”m)A Pijx.
Therefore
filz) + Aiw = (I — AiQuijmGi0,) (fix) + AiPyjx).
Since

AiQijmGrit, = (Gijm — Ej)Gik, = I — E;G}

ym?
it follows that

fi(x) + Ajx = EJGZ_ﬂln{fz(x) + AZPZ]J}} € ImkFE;.
Hence x € A;.

Conversely, let © € R" such that f;(z) + A;x € ImE; for some j € N. Then there
exists £ € R",j € N such that f;(x) + A;z = E;¢§. We will prove that for m € N,

Qijr = —QijmGijp, (fi(x) + AiPyjx),



or equivalent
Tr=— QZJmGz_Jin(fZ(x) + AZ‘Q?) + Qiiji_qunAiQijx + szaj
Denoting the right-hand side of this relation by w;; and note that

Qi Giim (fi(@) + Aw) = QL Gk EE = Qiih Pimé
= VijQV;lVim PV, ke = VijQPV; e = 0,

by Theorem 2.1 we get

wij = QijmGijy, AiQijr + P
= QijmGiimAiVijQVim VimQVij 'x + Pijz
= Qijm G (Gijm — Ej)VimQV;; 'z + Py
= QijmVimQV;; '« — QijmG 0, EiVimQV;; ' + Py
= Vi QY VimQVi; i — VigQVy P Vi@V ' + Py
= V%jQQVJl?C — V%jQPQV;;lfB + Pjjx
= Q,-jx + Pijx =x.
Thus, x € A; and the item (¢) of Lemma 3.3 is proved.

(i7) Let z € Ay Nker E;. Then we have z € A; and Pz = 0 for all j € V. Since
x € A\, it implies that

Qijr = gij(Pijz) =0

and hence
r = Pz + Qix = 0.
The proof is complete. O
Since G;(11€0+2)0(k0)0(k0+1)Eg(ko) = Py(ko)o(ko+1)s it is easy to see that the initial

condition (3.2) is equivalent to the condition

Eo(ko)fr(ko) = Eg(ko)’}/,Vko e N. (315)
which is independent of the choice of projections. Thus both initial conditions (3.2)
and (3.15) are equivalent for all kp € N. The unique solution of the IVP (3.1),(3.2)
or (3.1),(3.15) will be denoted by x(k) = x(k, ko; 7).
4. Stability

In this section the notions of stability of trivial solution are introduced and the nec-
essary and sufficient conditions for stability of SDLS systems are established.

Definition 4.1. The trivial solution of (3.1) is said to be



(i) stable if for each € > 0, any ko > 0 and for all switching signals there exists a
6 = 6(e, ko) € (0,€] such that || Py(ry)o(ke+1)YIl < & implies ||z(k, ko; )| < € for
all k > ko, uniformly stable if it is stable and & does not depend on ko;

(ii) asymptotically stable if it is stable and for any ko > 0 and for all switching
signals there exists a 6 = §(ko) > 0 such that the inequality || Py (iy)o(ko+1) Il < 0
implies ||x(k, ko;y)|| — 0 as k — 400);

(iii) exponentially stable if there exist M > 0,0 < A < 1 such that ||x(k, ko;7)| <
MNe=Fo || P, (ko) (ko+1) Yl for all k > ko and switching signals.

Remark 4.2. In the above definition, if replacing the initial condition Py(y,\o(ky+1)Y
by Eyk,)y then we get notions of E-stability, E-asymptotical stability and E-
exponential stability (respectively). However, since the relation G;}nE = Pjp, and
E;Pj,, = Ej for all i,j,k € N, it is easy to show that they are equivalent to above
notions (respectively).

Denote by K the class of all increasing functions ¢ from [0, 00) into itself such that

¥(0) = 0,9 (x) > 0 for z # 0 and li%1+w(m) =

Lemma 4.3. The trivial solution of (3.1) is stable if and only if there exists a function
Y € IC, such that for each nonnegative integer ko and for all switching signals, there
holds the inequality

(k)| < P(llz(ko)ll), Yk = ko (4.1)

Proof. Suppose first that for all switching signals and for each nonnegative integer
ko, there exists a function ¢ € K satisfying condition (4.1). Since % is increasing and
continuous at 0, for each positive € there exists § = d(¢) € (0, €] such that ¥(J) < €
Let K = max;en K;, where K; is given by (3.9). If z(k) is an arbitrary solution of

(3.1) satistying | Py ky)o(ko+1) (ko) || < 61 := then

K+1

[2(ko) | = | Po (ko)o (ko+1) T (K0) + Go(ko)o (ko+1)0 (ko +2) (Po (ko)o (ko+1)T (ko))
S NP (ko)or (ko +1) T (R0l + | 9 (ko) (ko +1)r (o +2) (Por(hig Yo (ko +1) 2 (F0) ) | (4.2)
< Po(ko)o (ko+1) (ko) (1 + Ko (ry)) < [ Po(ko)o(ko+1)T(Ro)[|(1 + K) < 6.

This implies that
(k)| < ¢ (llz(ko)ll) < (6) <€, Vk > ko, Vo,

which implies that trivial solution of (3.1) is stable.

Conversely, suppose that the trivial solution of (3.1) is stable, i.e., for each positive
€ there exists a § = d(e) € (0,¢, such that if (k) is any solution of (3.1) satisfying
the inequality || Py (ky)o(ko+1)2(ko)|| < d for all switching signals then [|x(k)|| < e for all
k > ko. Denote by a( ) the supremum of such d(e). Clearly, if || Py(1y)o(ko+1)7 (ko) <
a(e) for some kg and for all o, then ||z(k)| < € for all & > ko. Further, the function
ea(e)

a(e) is positive and increasing and moreover, a(e) < e. Putting §(e) := m for
€
€ > 0, where H := max{||P;|| : 4,j € N}. It is easy to see that 0 < B(e) < O}({ﬁ) < %,

B is strictly increasing and continuous at 0. Then there exists the strictly increasing



inverse of B from Imf to [0,00) which can be expanded to ¢» € K. Let z(k) be a
solution of (3.1) and ko be a fixed nonegative integer. Set €5 := ||z(k)|| and consider
two possibilities. If ||z(k)|| = 0 then ||z(k)|| = 0 < ¥(||z(ko)]||) since ¢ is nonnegative.
Now suppose that € := ||z(k)|| > 0. If ||z(ko)|| < B(e) then

| P (ko) or (ko +1) T (R0) || < HB(eg) < afe).

This implies that ||z(k)| < e = ||z(k)||,Vk > ko, which is contradiction. Therefore
l|x(ko)|| > B(ex) which is equivalent to

lz(k)ll = ex < B (Il (ko)ll) = v (l|z(ko)I)-

The proof is complete. O

Remark 4.4. The above lemma is developed and modified from Lemma 3.3 in [1].
Here, v is a function of |z (ko)| which doesn’t depend of the choice of projections and
Y € K containing the class of all continuous and strictly increasing functions zﬁ from
[0, 00) into itself, such that 1(0) = 0. Moreover, to prove converse, we have constructed
the function ¢ which is different from Lemma 3.3 in [1].

Theorem 4.5. The existence of the Lyapunov functions V, : N x R® — R being
continuous in the second variable at v = 0 and the functions a, vy, € K, such that

(1) alllyl]) < Vo(k,y) < e(llyll), Yk > 0,Vy € Ay, Vo,
(it) AVy(k,y(k)) := Vo(k+1,y(k+1))—Vy(k,y(k)) < 0,Vk > 0,Vo, for any solution
y(k) of (3.1) corresponding o,

is a necessary and sufficient condition for the stability of the trivial solution of the
SDLS system (3.1).

Proof. Necessity. Suppose that the trivial solution of (3.1) is stable. For each ko, then
according to Lemma 4.3, there exist functions vy, € K (ko > 0), such that for any
solution x(k) of (3.1),

lz(R)]| < tow, (z(Ro)ll), VE = ko, Vo (4.3)
We define the Lyapunov function

Vi (ko,7) = sup |lao (ko +m, ko:7)||, for each v € R" ko € N, (4.4)
meN

where x4 (ko+m, ko;y) is the unique solution of (3.1) correspondmg to switching signal

o satisfying the initial condition Py (i)o(ky+1)To (K0) = Po(ko)o(ko+1)7- Inequality (4.3)
ensures the correctness of definition (4. 4) By (4.2), we have

[z (ko) Il < (K" + D1 Po (koo (ko+1)Zo (ko) | = (K + D1 Po(kg)o (ko) ¥ < (K + D H|[l;

where the constants K, H are given Lemma 4.3. Define by, (t) := ¢y, (K + 1)Ht) for
t > 0. Then we imply that

Vi (ko,7) < W (o (ko) ) < i (K + D H 1) = i (I711), Vho = 0,y € R™, V.

10



This implies that V,(ko,0) = 0 and the continuity of the function V w.r.t the second
variable at y = 0. For each y € Ay, by (3.14), we have

Vo(ko,y) = Sup 2o (ko + 1, ko; )l = 2o (Ko, kos y)Il = [yl == a(llyl)- (4.5)

On the other hand, for each kg > 0 due to the unique solvability of (3.1)-(3.2), it is
easy to see that

{zo(ko + 1, kosy(ko)) : 1 = 0} = {y(ko +1) : 1 = 0)}

D) {y(ko + l) ol Z_l)} D) {xg(ko +1+1,ky+ 1;y(l€0 + 1)) > 0}, (4'6)

where oy (k) is the switching signal corresponding y(k). Thus
Vol + 1,0k + 1) = sup [lzg (b + 1+ L&+ L y(k + 1)
>0

< sup [l (k + L sy ()] = Vi (k. (k).

which implies AV, (k,y(k)) < 0. The necessity part is proved.

Sufficiency. We argue by contradiction by assuming that trivial solution of (3.1)
1s not stable, i.e., there exist a positive €y, a nonnegative integer ko and a switching
signal o, such that for all 6 € (0, €], there exists a solution x,(k) of (3.1) satisfying
the inequalities || Py(iy)o(ko+1)To (ko) || < 0 and ||z (k1)|| > eo for some k1 > ko.

Since Vy(ko,0) = 0 and Vy(ko,7) is continuous at v = 0, there exists a §, =
So(€, ko) > 0, such that for all ¢ € R, ||&|| < &y and for all o we have V,(ko, &) <

€1 := aleg). Choosing oy < {Ka—il,eo} we can find solution x,(k) of (3.1) satisfy-
g || Py(ko)o(ko+1)To (ko) < 00, however ||zs(ki)|| > eo for some ki > kqo. Since

1Py (1o)or kot 1) 2o (R | < G0 < 722, [lwa(ko)l| < 8 and one gets Vy(ko, zo(ko)) < €1.
On the other hand, using the properties of the function V', we find

Vo (ko, 2o (ko)) = Vo (k1,2 (k1)) = a(llzs(k1)]]) = aleo) = e,

which leads to a contradiction. The proof of Theorem 4.5 is complete. O

If the trivial solution of (3.1) is uniformly stable then the function )y, in the above
theorem can be chosen independently on k. Therefore, a similar argument as in the
above proof leads to the next result.

Theorem 4.6. The trivial solution of (3.1) is uniformly stable if and only if there
exist two functions a,b € K and the Lyapunov functions V, : N x R™ — R, such that

(Z) a’(HyH) < Va(k7y> < b(”?]”): Vk > O;Vy S Aa(k)7vaa
(ii) AVy(k,y(k)) :=Vy(k+1,y(k+1))—Vy(k,y(k)) <0,Vk > 0,Vo, for any solution
y(k) of (3.1) corresponding o.

Now, we derive a theorem on the asymptotical stability of the trivial solution of
(3.1).

Theorem 4.7. Suppose that there exist the functions a,c, v, € K and the Lyapunov
functions Vy : Z4 X R™ — R, such that

11



(1) alllyl]) < Vo(k,y) < ¢e(llyl)), Yk > 0,Vy € Ay, Vo,
(i) AVo(k,y(k)) := Vo(k + Ly(k +1)) = Vo(k,y(k)) < —c(lly(k)|), vk = 0,Vo, for
any solution y(k) of (3.1) corresponding o.

Then the trivial solution of (3.1) is asymptotically stable.

Proof. From Theorem 4.5, we have the trivial solution of (3.1) is stable. By item (i),
{Vo(k,y(k))} is a decreasing sequence and is below bounded by 0. Therefore there
exists the limit limy_,o V,(k,y(k)). This implies that

Jim Vo (k +1,y(k +1)) = Vo (k,y(k)) =0

and hence limy_,o c(|ly(k)|]) = 0. Since ¢ € K, it implies that limy_, ||y(k)| = 0.
Indeed, assume that limg_,o ||y(k)|| # 0. Then for some € > 0, there exists a sequence
{km} C N such that k,, — oo and ||y(ky,)|| > €. This implies that c(||y(kn)[|) > c(e) >
0 which is a contradiction. The proof is complete. O

We define

p = max{L;(1+ K;)||PjmG i,j,m € N}.

il
Theorem 4.8. Assume that there exist M > 0,0 < A < 1 such that

@5 (K, h)|| < MNF Yk > h > k,
and Mpu <1 — \. Then the trivial solution of (3.1) is exponentially stable.
Proof. From formula (3.7), we have

k-1
u(k) = @, (k, ko)u(ko) + Z O, (k, i+ l)Pa(i+1)a(i+2)G;(li)o(i+1)o(i+2)f0(i) (u(i) +v())-
i=ko
This implies that
k—1
lu(k)|| = M=% ||u(ko)|| + Z M= P, o(i+1) U(i+2)G;(1i)a(z’+1 Yo (i+2) 1o ey [u(@) + v (D))
1= ko
k-1
= MR Jlulko) | + Y MN T Potisnyoi12) G oo isnotivn 1 Lo (1 + Ko@) u(i)]
= k‘o
k-1 ‘
< MR flu(ko) ||+ MNTT plu(i).
i:ko

This is equivalent to

[uk)|l My [|u()
\f—ko < Mlu(ko)|[ + Z N \i—Fo ’Vk > ko-
i= k)o

12



M
Therefore, if we put y,, = w, m = M||u(ko)||, gm = T,u for all m > 0. Then

)\m

we have

Ym < fm + Z 9iYi, Vm > 0.
0<i<m

By Theorem 2.2, we get

ym < fm+ > figi J] A +gp)

0<i<m 1<j<m
MM MN m—i—1
< Mlutioll+ 35 Mt 52 (1+52)
0<i<m (4.7)
Mp\™

= Mijutho) |+ Mlutko)] ( (1+22) "~

M m
= Ml (1+ 5

This implies that
M\ FRo
@l < Mlatio)] (1+52) 0 = afulh) |3+ M) v >

Hence
le (k)] = lutk) + v(k)] < (1 + K)l|lulk)] < (1 + K)Mllulko)|(A + Mu) ™, Vk > ko.

Since A + Mp < 1, the trivial solution of (3.1) is exponentially stable. The proof is
complete. ]

Example 4.9. Consider the SDLS (3.1) with switching signal ¢ : N U {0} —
{1,2,...,N} = Iy and

(0 i), [+l 1
E’(o i+1>’ A’(z’l 1>

fila) = 2222, )T, v =(z1,22)7 €R2, iely.

7

and

We have ker E; = span{(1,0)1}, ImE; = span{(0, 1)} and S;; = span{(0,1)T}. There-
fore, S;; Nker E; = {0} and rank F; = 1 < 2, hence the SDLS (3.1) is of index-1.

Clearly,
0 1 .. 0 0

13



This implies that

_ 1 (L OY_p  po_ _ (00

A simple calculation shows that Q;;,, = V}jQVj;ll = Qi; = P,Vi,j,m € Iy and

) 0. (it J . o b i+ =y
Gz]m_E]+AzQz]m—<_i_1 j+1>’ Gijm_(i—{—l)(Qj—i—l) t+1 1+1)/)°
Further, the function f;(z) is Lipschitz continuous with the Lipschitz coefficient L; =

——. Indeed, we have
7

sin {L‘Q sm y2

1fi(z) = filw)ll = ||

(1, -1

(1, =17

IN

1 \/§
e — (1, — )T = Yy —
i+1\$2 yol[| (1, =1)" || p |z2 — 1o

\f\/(fﬁ —y1)? + (2 —12)? = \?Hx =yl

IN

where we use the Euclidean norms of vectors. Moreover, f;(0) =0 and

wi = Limax{||QumGjpl - 5, m € N}

V452 +4
M]Eﬁ}

= max{ .
2741

V10
<3+

i(i+ 1)

<1,Viely.

According to Theorem 3.1, the SDLS (3.1), (3.2) has unique solution. From the defi-
nition of A;, we have x € A; if only if

Qijz = —VijQVj, G [ fi(w) + AiPya).

. . sin o T
This relation leads to 1 = —— — — - . Thus,
! i(i+1) (G+1)(25+1)

o B T, _  sinzy 2 ,
AZ_{m_(xl’“) I FIIE (z’+1)(2j+1)”€ﬂ}'

Consider a function V; (k,7) := 2[| Py ()o(k+1)7| for all v € R?. We get for each y € A;,
sin yo Y2 2
2
Iyl = \/9i + 43 = Gt 1)(2j+1)> + 43

1 1 2
: \/<'(i+1) + (z+1)(2]+1)> Y2 + y2

< 2lya| = 2| Py (k)o (k1) ¥l =

5
—
&
<
~—
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Moreover, Vi (k,y) = 2|| Pyk)o(e+1)¥ll = 2ly2| < 2[|yl. Thus item (i) of Theorem 4.6 is
satisfied. We suppose that y( ) is a solutlon of (3.1) and putting y(k) = u(k) + v(k),

where w(k) = Py t)ok+1)¥(k); v(k) = Qo(r)ok+1)¥(k), we have

AV(k,y(k)) = 2(1Ps er1)oe+2) ¥ (F + DIl = 1Poyo o1y ¥ (R)I) = 2([[ulk + D)1 = [[u(k)])

Using equation (3.7) we find

ulk +1) = PonGib Asu(k) + PGk fi(w(k) = (8 2%1) u(k),
J

hence, ||u(k+1)|| =

|lu(k)|| and leading to ||u(k + 1)|| — [Ju(k)|] < 0. According

27 +1
to Theorem 4.6, the trivial solution of (3.1) is uniformly stable. Moreover, since
1—25 -1
E+ D) = |luk)] < = -
Jutk + 1)) = (W) < 5= k) < g ) < g Ivbl

Thus, by Theorem 4.7, the trivial solution of (3.1) is asymptotically stable.

Example 4.10. In this example we will use the infinity-norms of matrices. Consider
the SDLS (3.1) with switching signal o : NU {0} — {1,2} = N, and

3 -2 0 4 3 0
Er=(0 3 0f; Ey=|16 0
0 0 O 000
1 -1 0 -1 0 0
A1: 0 1 0 5 A2: 1 10
0 0 1 0 01

221 + 3sin 2

d f; = =
and fi(*) = 30 G+ 2)
tation shows that

0,0,1)T, 2 = (z1,22)7 € R%, i € N. A simple compu-

ker By = ker By = span{(0,0,1)T},
S11 = span{(1,0,0)%, (0,1,0)T},S12 = span{(3,2,0)T, (0,1,0)*},
Sg1 = span{(—1,1,0)T, (0,1,0)T}, S22 = span{(—1,3,0)T, (0,1,0)*}.
Clearly S;j Nker E; = {0},Vi,j € N and rank F; = 2 < 3, hence homogenous SDLS

systems respectively with (3.1) with above data is of index-1. We have

1 0 3 00
Vii=10 1 ;i Vie=12 1 0]; Vo=
0 0 0 0 1

15



It is easy to compute that

3 -2 0 1/3 2/9 0
Gim=10 3 0|; Git.=(0 1/3 0];
0 0 1 0 0 1
430 2/7  -1/7 0
Giom= |1 6 0]; Gg. =[-1/21 4/21 0] ;Vi,m € N.
001 0 0 1

Futher, the function f;(z) is Lipschitz continuos with the Lipschitz coefficient L; =

11
, € N. We calculat
12(i+1)(i+2)’l€* e calculate

wi = Limax{[|QumGip I} = Li, Ki == wilLi + A )L (1 —wi) ™,

25 49
ﬁ? 2 = 77 Hle 'leH

max{L;(1 + K;)|| PjmG

hence K; = =9 | PG || = =. Therefore p =

3
7
. 3.5 33 3 Puttin
18°14°414° 322 [~ 18" &

z]mH

i,j,me N} = rnax{

-1
ijm = PimGimAi = Po@o 1) Gt 1)oysrn) Ao-1);
we have
1/3 —-1/9 0 ~1/9 2/9 0
D1 = 0 1/3 0] ; DPo1, = 1/3 1/3 0];
0 0 0 0 0 O
2/7  —3/7 0 —3/7 —1/7 0
Prom = [ —1/21 5/21 0]; @®gm=|5/21 4/21 0];
0 0 0 0 0 0
4 2 5 4
@11 = 9’ [ P21 = 3 [ @12m]| = = |22l = 2

)
Thus if we choose A = max{||®;;m| :4,j,m € N} = = and M =1 then

k k—h
_1 ) k—h
H(ptf(kﬂ h)” < H ”Pa(l)a(l+1)Gg(l_l)g(l)g(l_;,_l)Ao(lfl)H < (7 = MA )
l=h+1

for all £ > h > ky. Moreover we have

5 9
Mu—=—- <1-x=2
F=18 < 7

Thus, by Theorem 4.8, the SDLS system with the above data {(E;, A;, fi)}i=12 is
exponentially stable.
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5. Conclusion

In this paper, we have studied SDLS systems subject to Lipschitz perturbations. We
derive solvability and establish a formula of solution for these equations. The stability
of SDLS systems is investigated by using methods of the Lyapunov functions and the
solution evaluation.
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