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A LIOUVILLE TYPE RESULT FOR FRACTIONAL GJMS EQUATIONS ON
HIGHER DIMENSIONAL SPHERES

QUYNH N.T. LE, QUOC ANH NGO, AND TIEN-TAI NGUYEN

ABSTRACT. Let n be an integer and s be a real number such that n > 2s > 2. Inspired
by the perturbation approach initiated by F. Hang and P. Yang (Int. Math. Res. Not. IMRN,
2020), we are interested in non-negative, smooth solution v to the following higher-order
fractional equation

P2 (0) = Q¥ (ev+0”)
on 8" with 0 < a < (n + 2s)/(n — 2s), and ¢ > 0. Here P2 is the fractional
GIMS type operator of order 2s on S™ and Q2% = P25(1) is constant. We show that
ife >0and 0 < o < (n + 2s)/(n — 2s), then any positive, smooth solution v to
the above equation must be constant. The same result remains valid if ¢ = 0 but with
0 < a < (n+2s)/(n— 2s). As a by-product, we obtain the subcritical/critical Sobolev
inequalities

I'(n/2+ s) a—1 2

v P25 (V) dpgan > —rt—— 2|87 a“(/ v|*t1lq n>a+ .
[ PR @t = G PSR (i g

for the GIMS operator P2% on S™ with 0 < a < (n + 25)/(n — 2s).

1. INTRODUCTION

Let n be an integer and s be a real number such that n > 2s > 2. Let 0 < o <
(n+2s)/(n — 2s) and € > 0. In this paper, we are interested in Liouville type results for
the following higher-order fractional equation

P (v) = Q*(sv +v*) onS", (1.1)

Appearing on the left hand side of (1.1) is a so-called fractional GIMS type operator to be
described later and

Q=P
is constant. In terms of the Laplace—Beltrami operator Ag» on S™, the fractional operator
P2 is given as follows
I'(B+1/2+s)
N(B+1/2-ys)

— 2

Note that the action of the operators B and P2¢ in any basis of spherical harmonics (and
on spherical harmonics of degree [ € Ny = N U {0}) is diagonal. Precisely, on spherical
harmonics of degree [ € Ny, the operator B acts by multiplication with [ 4+ (n — 1)/2 and
therefore the operator P2% acts by multiplication with

T4 n/2+s)
250 (1) = NETEDL

P = (1.2)

with

(1.3)
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see (4.12) below. In particular, there holds
I'(n/2+s)
2s 2s
— P25(]) = /="

Hence, the operator P2 can be thought of as (—Agn)* perturbed by lower order terms.
For integer s, this operator is related to the GIMS operators in conformal geometry; see
[GIJMS92, Bec93, FKT22].

In this paper, our range of s is s € (0, n/2), which implies that the denominator in (1.3)
has no pole. Hence, it follows from [FKT22, page 3] that

/ VP2 (0)dpge, = Y anan(D)|Pol3 forallv e H*(S™), (1.4)
" €N,

> 0.

where P; is the projection onto spherical harmonics of degree [ € Ny. Let us remark that,
when s is an integer and by directly verifying from (1.2) we have the following expression

- n n
P2 =[] (- as + (5 k) (5 +k-1)). 1.5
In the literature, the operator P2° in (1.5) includes several important ones. For example,
in the case s = 1, the operator P2¢ in (1.5) becomes
n(n —2)
4 )
which is the well-known conformal Laplace operator on S™. This plays the central role in
the Yamabe problem as well as the prescribed scalar curvature problem on S™. In the case
s = 2, the operator Pff in (1.5) becomes
n(n—2 n—2)(n-—4
Py = (7AS"+¥)<7A571+M),
4 4

which is the well-known Paneitz operator on S™. This operator plays the central role the
prescribed Q-curvature problem on S™. Equation (1.1) can be thought of as the perturba-
tion of the following critical equation

Py = —Agn +

. n+42s
P?*(v) =vn-2  onS".

This equation belongs to a wider class of critical equations, known as the prescribing Q-

curvature equation for (fractional) GIMS operators, whose the right hand side is Qun»=2s

for some given function ) on S™. Thus, in some sense, by considering (1.1) we are inter-

ested in subcritical equation for constant ()-curvature equations for GIMS operators.

Our motivation of working on the equation (1.1) traces back to a recent F. Hang and P.
Yang; see [HY20]. In this work, a perturbation approach was used. In our language, this
leads to the following higher-order equation

P*(v) = Q**(ev +v™%) onS" (1.6)

with odd n < 2s and s is an integer. It was proved in [Zha21] for the case s = 2 and in
[HN23] for the general case s > 2 that if € is sufficiently small, then any positive, smooth
solution v to (1.6) must be constant. Naturally, one wishes to consider the counter-part of
(1.6), namely the equation (1.1). However, there are also reasons why we are interested
in the equation (1.1). For example, the above equation is in much the same way as the
higher-order Lane—Emden equation in R”, which is

(—AYu=u* inR"™
see [WX99, NNPY20] and the references therein, to name a few, for further discussion.

Back to the higher-order equation (1.1) on S™, as far as we know, [CLS22] is the first
work studying Liouville type results. Among other results, it is proved in [CLS22] that
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any smooth, positive solution v to (1.1) with s integer, 1 < o < (n + 2s)/(n — 2s) must
be constant. To obtain such a Liouville type result, the authors in [CLS22] follow a recent
strategy often used to seek for Liouville type result. The strategy consists of two steps: first
to transfer the differential equation (1.1) on S™ into a corresponding integral equation in
R™, see (1.12) below, then apply method of moving spheres/planes to classify solutions to
the integral equation in R"™; see also [Zha21] and [HN23]. However, the most interesting
case & = (n + 2s)/(n — 2s), namely the critical case, is left in [CLS22]. This motivates
us.

In this work, to tackle (1.1), we adopt the strategy used in [Zha21] and in [HN23].
As usual, the first step in this strategy is to transfer (1.1) on S™ to the integral equation
(1.12) in R™ by means of the stereographic projection 7 to be described later. This step
is more or less well-known, but for completeness, we shall briefly sketch the derivation.
Throughout the paper, to avoid any confusion, we use v to denote a function in S™ while
we use u to denote a function in R™. Let us denote by 7wy : S™ — R” the stereographic
projection from the north pole N = (1,0, ..,0) € S™. It is well-known that

(mn' ) (gsn) = (TQMQ)QCMQ

and making use of [FKT22, Lemma 4] gives
s|—s 2 s 2s —1 s 2 R —1
N (e PR emy) =AM ((m) 7 vem)

in R™. (Here |- | is the usual floor function.) Therefore, if we let

2 n—2s 1
u = (W) 2 (’UOﬂ'N ), (17)
then it follows from (1.1) that
2 2s 2 ni2s 1\«
—A Ls] — (—A szfs( 25|: e e 1 :|
A= CAORT @ ) e ) T e )
2 2s 2 nt2s  n—2s ’
= (=A LSJ*S( 25[ = 3 3 a:|
Camle s Gagp)  (p) !
in R™. For simplicity, we denote
2 2 | mgm_gace

Fouly) = E(W)qu(y) + (W) u(y) (1.9)

and
n+2s n —2s
—
2 2
which is non-negative due to the conditions 0 < o < (n+2s)/(n—2s) and n > 2s. Thus,
we have just shown that u solves

(—A)sy = (—A)E=5(Q**F.,,) inR" (1.10)

However, our job is not over yet. In fact, we still need to transfer the differential equation
(1.10) to some integral equation. To be able to describe the procedure, a notation is needed.
For 0 < o < n we denote the constant C'(«) as follows

Cla) == F(";O‘){Q%”/Qr(%)yl. (1.11)

Under the condition n > 2s it is clear from (1.11) that C'((2s) > 0. Furthermore, by
a direct computation we can verify that C'(2s)|z|?*~" is the fundamental solution of the
(fractional) polyharmonic equation (—A)*u = 0in R™ \ {0}. Indeed, using the definition
of fractional Laplacian via the Fourier transform, one has for any 6 > 0 that

F(-aYlal )6 = S

|€|9+25—n-
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By taking § = n — 2s > 0 and the inverse Fourier transform, we obtain that
1
—A)S 2s—mn\ _ §
( ) (|.I'| ) 0(28) 05
where dy is the Dirac function at the origin. See also [CLLM20, chapter 2]. With the higher
power fractional Laplacian (—A)?® being understood as

(—A) = (=a) "o (—a)ld,
heuristically speaking, equation (1.10) can be seen as
(_A)Su = QisFa,u-

(See the discussion in [FKT22, page 8] why we cannot directly claim this, but this is just as
good for us to prove (1.12) below.) Having the fundamental solution of the polyharmonic
equation, one expects that the corresponding integral equation for solution u to (1.10) in

R"™ should be )

u(z) = Yas,n / ———F, ,(y)dy inR" (1.12)
re |7 =y
with
Yasm = C(2s) Q* > 0.
In the first result of the paper we show that this is indeed true. We turn this into a theorem
which is stated as follows.

Theorem 1.1. Ifv is a non-negative, non-trivial, smooth solution to (1.1) on S", then
via the stereographic projection T from the north pole N, the function v defined by
(1.7), namely

u(z) = (ﬁ) = (vomyt)(x),

solves (1.12) in R™. Moreover, v is strictly positive, and hence v is also strictly
positive.

As described above, Theorem 1.1 is now a standard, and there are several ways to prove
it. If s is an integer, a typical way to prove is to make use of the super polyharmonic
property for solutions w to (1.10). Using this important property, combined with the use
of Green function for Laplace operator on unit ball, one can derive (1.12). In fact, this is
what the authors in [CLS22] used to obtain (1.12). Unfortunately, to be able to establish
the super polyharmonic property for solutions, the condition o > 1 plays a crucial role.
This explains why the authors in [CLS22] cannot touch the range 0 < « < 1. The mo-
tivation of writing this paper also starts from this point. There is another way introduced
in [CAMO8] to get (1.12) without using the super polyharmonic property for solutions
to (1.10). Instead, the method introduced in [CAMO8] exploits the advantages of distribu-
tional solutions to (1.10). In practice, a smooth solution is often a distributional one, hence
yielding (1.12) instantaneously.

In this paper, by making use of the advantages of (1.7), we propose another proof, which
allows us, at the same time, to treat the case 0 < o < 1 being left in [CLS22] and the case
s non-integer. Up to this point, we know that any smooth, positive solution v to (1.1) gives
rise to a smooth, positive solution u to (1.12). As the second step of the strategy, one could
obtain a Liouville type result from the integral equation (1.12). Let us now state the second
result of this paper.

Theorem 1.2. Let s > 1 and n > 2s. Then under one of the following conditions

(1) eithere >0and0 < o < (n + 2s)/(n — 2s)
(2) ore =0and0 < oo < (n+ 2s)/(n — 2s)
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any non-negative, non-trivial, smooth solution v to (1.1) on S™, if exists, must be
constant.

It is worth emphasizing that Theorem 1.2 can be though of a prior result. To be precise,
it only tells us that if a solution v to (1.1) exists, then it must be constant. By a simple
calculation, it can be verified that if o # 1, then the non-zero constant solution v to (1.1)
is (1 — ¢)"/(@=1)_ However, in the case o = 1, there is no non-zero constant solution
v to (1.1). A similar situation occurs when € > 1, as the corollary below, just a direct
consequence of Theorem 1.2, shows.

Corollary 1.3. Let n > 2s > 2 and € > 1. Then, equation (1.1) on S™ admits no non-
negative, non-trivial, smooth solution.

In case s is an integer, Corollary 1.3 can be proved directly by integrating both sides of
(1.1). Indeed, as n > 2s > 0 and Q2° > 0 by integrating we arrive at

(1—5)/ vdpgn :/ vYdugn.

This immediately tells us that ¢ < 1. Theorem 1.2 deserves further comments as follows.

e It is not difficult to see that the strict inequality o < (n + 2s)/(n — 2s) for the
case ¢ = 0 in Theorem 1.2 is optimal. In other words, the above Liouville type
result does not hold when € = 0 and o = (n + 2s)/(n — 2s). This is because the
corresponding equation (1.10) becomes

(—A)°u = w" 2 inR"

and in this particular case we know that (see e.g. [CLZ17, Theorem 2]) there are
many positive, smooth solution of the form

u(z) = a(#)

b2 + |z — x)?

n—2s

for some g € R™ and some constants a, b > 0. This and (1.7) show that there are
many non-constant solutions v to (1.1). Therefore, our Theorem 1.2 shows how
does the linear perturbation effect the critical equation.

e An immediate consequence of Theorem 1.2 is that the function u defined by (1.7)

is of the form
2\
u(@) = C<1 + |x|2)

for some positive constant ¢ > 0. In the course of the proof of Theorem 1.2, we
crucially make use of the structure of S™ as well as the relation (1.7). For exam-
ple, the relation (1.7) provides us the exact asymptotic behavior of u at infinity.
Therefore, by relaxing the relation (1.7), it is natural to ask if any smooth, positive
solution u to (1.10) in R™, namely the equation

s 2 2s 2 [
(=4) u=6(w) “+(T|x|2) v

at least in the case s is an integer and o # 1, is of the above form, up to translations
and dilations. It should be noted that in the special case ¢ = 0, the equation
(1.10) in R™ is very similar to the Matukuma equation; see [Mat38] and [BFH86,
Eq. (4.21)]. Therefore, one can ask many similar questions, for example, is any
solution to (1.10) radially symmetric? See [Li93]. Toward an answer for this
question, we expect that the method developed in [CAMO08] and [NY22] could be
useful.
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Let us sketch our approach to prove Theorem 1.2. With help of Theorem 1.1, we mainly
work on the integral equation (1.12) and our aim is to prove that any positive, smooth
solution u to (1.12) must be radially symmetric with respect to the origin; see Lemma 3.7.
Unlike the similar work [CLS22] where the method of moving planes in integral form was
used, we use the method of moving spheres. Once we have the symmetry of u, by using
(1.7) we are able to conclude that v must be constant. This completes the proof of Theorem
1.2.

Finally, to illustrate our finding on a Liouville type result for solutions to (1.1), we revisit
the sharp subcritical/critical Sobolev inequality for P25 on S™ proved in [Bec93], see also
[CLS22].

Theorem 1.4. Let n > 2s > 2and 0 < o < (n + 2s)/(n — 2s). Then, for any
v € H*(S™), we have the following sharp Sobolev inequality

L(n/2+5) oy o=t =
P2 (v)dpiggn > = |S™|® Aty . (113
L o, > FE s ([ ol )T 1)

Moreover, equality occurs if v is any positive constant.

We prove Theorem 1.4 in section 4. The strategy is as follows. First we transfer a
perturbation of (1.13) into a minimizing problem; see (4.1). Then to look for an optimizer
we need to employ a concentration-compactness principle to gain a strong convergence
due to the fact we are in the critical case; see Lemma 4.1. It should be pointed out that
we still have strong convergence due to the presence of the perturbation. Finally, we use
duality argument to realize that the optimizer is necessarily non-negative; see Lemma 4.2.
From this we can apply the Liouville type result and through a limiting process to arrive at
(1.13).

Before closing this section, we briefly mention the organization of the paper.
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2. FROM DIFFERENTIAL EQUATIONS TO INTEGRAL EQUATIONS: PROOF OF THEOREM
1.1

This section is devoted to a proof of Theorem 1.1, namely we show that if v is a non-
negative, non-trivial, smooth solution to (1.1) on S™, then the corresponding function
defined by (1.7) solves (1.12) in R™. However, it is clear from the previous section that it
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suffices to show that if u solves (1.10), then u also solves (1.12). To this purpose, we let u
be the right hand side of (1.12), namely

_ 1 S
U(0) = oun | Py inR
R

n o —ynm2en
with F ,,(y) given in (1.9) and 25, = C(2s) Q2% > 0 as above. We have to prove that
u =u everywherein R".

In the first step, we show that

1
W)

u(z) —u(z) = O( 2.1

at infinity. From the definition of u, see (1.7), namely

ue) = (5 p)  (omi)@),

and the smoothness of v on S, it is clear that u(x) = O(|z|?*~™) near infinity. Next, we
shall see that the function % also has the decay as that of the function |x|2*~™ at infinity.
This is done if one can show that

1 1
F o dy=0(——).
o T 0¥ = Ol )

To do so, first keep in mind that

2 o arn 2 ni2e C1\a 1
(1 i |y|2) u) = (3 + IyIQ) (womy)*(w) |y|n+2s
and that 5 5 )
2s nd2e -1
— ) uly) = vVoT ~—
at infinity. Hence, there is some C' > 0 such that
2 2s 2 o C
F.. =e(——=) uly) + (——=) u” < — 2.2
|Feu(y) (1+|yl2) (v) (1+|yl2) (v) s 2.2)

everywhere in R™. Due to the smoothness, it suffices to consider |z| > 2. We decompose
R"™ as follows
R" = Bjy|2(z) U [R" \ By ja(z)]

Obviously, any y € R™ \ B|,|/2() enjoys the estimate 2|z — y| > |z[. This gives
/ L i O / (o) Tu )y < +o0
o leu ~ .

R\ B, o () [T — Y[" 72 re 1+ [y[?

Now for y € By /2(x) we can estimate |y| > |z| — |z —y| > |2|/2 > 1. Hence, together
with (2.2), we obtain

/ ﬂpﬁ ()d <C| |n—23/ 1 1 g
Blayae) 18—yl o ) Biayja(e) [T —y[* 728 [y[nt2s Yy
< 1 / Ay
T2 By a) 1T = yh
1
Saps R

Putting the above computations together gives u(z) = O(|z|?*~™). Thus, we have shown
that (2.1) holds.

In the next step, we prove that

(—A) u(z) —T(z)] =0 inR™ (2.3)
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Note, for |z| large, that | F. ,, ()] < (1 + |x]?)(=25=™)/2, see (2.2). Hence, we can use the
following identity from [FKT22, page 8] (see the last line) to obtain that

A [ =Py = s () ().

It yields
(—A)T = Q2 (A *F., inR".

Together with (1.10), we arrive at (2.3).

In view of (2.3), the function w = uw — w is poly-harmonic in R"™. Hence, we make
use of the Liouville theorem for polyharmonic functions, see [Mar09, Theorem 5], to get
that w is a polynomial. (See [AGHW22, Lemma 5.7] for a similar result in the fractional
setting.) However, as w vanishes at infinity because of (2.1), it must be identically zero,
ie.u =wuin R™

Finally, we prove that u must be strictly positive. If this is the case, then by (1.7) we
conclude that v is also strictly positive. To this end, we assume that there is some o € R"
such that u(z) = 0. Using (1.12) we should have

1
0= u(xg 2723,71/ —— I (y)dy.
( ) R |£L'07’y|n725 € ( )

Keep in mind that 72, ,, > 0. The only possibility is that « = 0 in R™. Hence w is trivial.
This completes our proof.

3. CLASSIFICATION OF SOLUTION VIA THE METHOD OF MOVING SPHERES: PROOF
OF THEOREM 1.2

This section is devoted to the proof of Theorem 1.2, namely, we shall show that any non-
negative, non-trivial, smooth solution v to (1.1) is necessarily constant. Thanks to Theorem
1.1, we can assume at the beginning that v is positive everywhere on S™. Therefore, our

aim is to show that, up to a constant, positive, smooth function w to (1.10) is of the form
(1 + |x|2)(23—n)/2‘

To prove Theorem 1.2, we make use of the method of moving spheres in the spirit of
[Li04] and [JLXO08], see also [Yan21], with some modifications due to the presence of
the weight (1 + |y|?)~?. It is worth noting that in the case n > 2s we still can make use
of the method of moving planes, resulting in the radial symmetry of solutions w to (1.10)
with respect to the origin. This is the approach used in [CLS22]. However, it is not clear
for us how to show that u must be of the form (1 + ||?)(2*=™)/2, In the next paragraph,
we recall basics of the inversion and the Kelvin transform necessarily for the method of
moving spheres.

Given the parameter A > 0 we denote by £%* the inversion of £ € R™ via the sphere
0B, with radius X\ and center at z € R".
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B )\2(z‘r’*7x)
——————— 2=+ oo
aB)\(:L') —————— |z ,A,w‘z

FIGURE 1. Inversion in the method of moving spheres.

Precisely, £%* is given as follows

§1A:z+7|§_x|2 for £ # x.
It is clear that \
(e = '
(€)= (=) e
and
|2 — @[|§ — 2l|g™ = 2% = A*[E — 2] 3.1)

We also denote by u, » the Kelvin transform of u via the sphere By, namely

o A n—2s A\ A n—2s )\2(5 - 1')
vl = (g€ = g e )
Clearly, the Kelvin transform wu,,_ » is defined in R™ \ {0} and
)\ n—zs - n—zs
(@) = () e = () ute),

The basic idea of the method of moving spheres is to compare u and u,,_ ) pointwise starting
from small A > 0. More precisely, we shall show for small A > 0 that

u(y) = ua A (y)
for any y satisfying |y — x| > A > 0; see Lemma 3.3. Then we increase A toward
/1 + |z|? until the above inequality does not hold; see (3.8). We shall show in Lemma
3.5 that A > |z|, and at the moment when \ passes |x|, we are able to capture further
information on u; see Lemma 3.7.

To be able to compare u and u,; », our proof starts with the following simple observation
for ug .
Lemma 3.1. There holds
207 o 1
1 5(1+|ZI,)\|2) |Ziz|4suz7)‘(z)
ux,)\(g) = V2s,n

R~ |€ _ Z|n—28 2)\2 - 1
(1+ |Zz,A|2) |zfz|2" ug)\(z)

dz (32)

in R™.

Proof. This is straightforward. For completeness, we include its proof here. With y =
2%, the relation (3.1), and the identity 20 = n + 2s — a(n — 2s) in hand, we easily get

Um,k(é-) = (|§ i :C| )n—QSU(gz,)\)
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2

2s z,A
oAy T ey
= V2sn\77— .
' |§ - :C| n T ol T, |§I7)\ - ZI7)\|n72S
+(1+|ZI,)\|2) u (Z )
Note that
x |Z —_ .CC| n—2s af x |Z — .CC| (n—2s)a_ o
u(z ’A) = (T) 2 ug A (2), u(z ’A) = (T) %,A(Z),
and
o) '

Therefore, we obtain

U A(€) = Yasm / !

re ([§ — @]|g0A — 2022
n—=2s/1% — T|\n—2s A 2n 2 2s
oAn2 (%) ()" () e

A28 \2n 2 o |
Aa(n—2s) \1 | |Zz,A|2) |z — z|2"
|Z _ 1.|n72s >\2n 9
o n/ 5)\2(n72s)|§ _ Z|n725' |Z — .1'|"+28 (1 + |Zm,k|2

’ am 1 ( 222 )0’ 1 e\ (2)
L€ — 2|25 N 4 2222 [z —gf2e O
r 1 1 2)2
_ / E|Zfz|45 |§7Z|n72s(1+|zz,/\|2
= g 1 22 ., 1 .
I + |€ = z|n—2s (1 T |Zx,)\|2) 2 — x|26“x,)\(2)

dz

P $|a(n—23)

+

UgA(z)

)25 uz,A(Z)
dz

)25 Um,A(Z)
dz.

From this one easily gets (3.2) as claimed. The proof is complete. O

Next, we can estimate the difference u — u, . This step is necessary to run the method
of moving spheres.

Lemma 3.2. We have

0(€) = tar () = 120 /| KA Gl (3.4)
z—x|>\
with
i 2 2s 2 o« ]
5(1 T |z|2) u(z) + (1 T |z|2) u®(z)
2)\2 2s 1
Ga,k,u(z) = |- 5(1 + |Zx,/\|2) |z — x|t Uz A (2)
222 s 1 N
__(1+|Zx,)\|2) |fo|2a urk(z) l
and the kernel K (x, \; €, z) given by
1 )\ n—2s 1
K z, )‘7652 = -
( ) |§7Z|n725 (|§71.|) |§x,)\72|n725

(3.5)

B 1 _ 1 ( A )n—2s
IR e e

Moreover, the kernel K > 0 for any | — x| > Aand |z — x| > A
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Proof. This is also straightforward. First, we estimate u by using (1.12). To do so, we

decompose the integral [, in (1.12) into two parts f{z:lz—zl%\} + f{z:lz—z|</\} to get
1
u(§) =72s,n / —F. ,(2)dz
{z:]z—x|> A} |§ - z|n 20 °

1 A A
+ '725,71/ T oy _oe F, U 25N d(2% )
(22|53 — g <A} |§ _ Z:n,/\|n 25" € ( ) (

For the integral f{zm;\zm_ we simply make use of (3.3) and the change of the

z|<A}
variable z — 2% to get

1
U€ = S,n/ fF,ude
o sz € — 27727 F (2)

1 >\ 2n
+72s,n/ 7_1?7“(’2%)\) dz.
R e )
As
>\ n—2s
UI)\(Z) = (|Z — xl) 2 u(zz7)\)
we further get
1 2 2s 2 o
Ufi’ms,n/ _,|:€ uw(z) + (——= uo‘z}dz
€ =voun | e ) @ ) )
2 2s )\ n+2s
+ / : i) =) v dz
2s,m 16 _ Lz, |n—2s :
|z—z|>\ |€ -z ’)‘l 2 4 ( 2 )o( A )2n7a(n72s)uaA(Z)
1+ 2722 |z — | ©

In a same way, we obtain a similar decomposition of u, x by using (3.2) in Lemma 3.1.
Indeed, by letting

272 1 272

s o 1
F)‘ = 2 x @
E,u(z) 5(1 - |Z‘T7)\|2) = $|4su a(z) + (1 i |z$’k|2) |z — a2 Uz,/\(z)
we clearly have
© =2un [ (e
Uz AS) =V2s,n Te — Jn—2s " eu\?)0Z
|z—xz| >\ |£—Z| 2
1 A A A
+725,n/ T s Feu(77)d(z"7)
{vak;‘zmkaz‘SA} |€_ Z$1A|n 257 €,
1 A
:7287’”/ ﬁF u Z)dZ
|z—z|>A |§ — 2|2 (

1 2n
s PO (2 dz.
[ AR () e
By using (3.1) one can verify that

1 A A
|§ _ Z:c,/\|n72s F57U(ZI, )(

A

|z — x|

)Qn
2 2s
\n2s “(Trp) e

= |€ _ xln—23|§z,)\ _ Z|n—28

()
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Hence,
272 2s 1
© =raen | L) e |
Uz, A =72s,n e in—2s z
|z—x|>X |£ - Zl 2 ( 2)? )U 1 ue (Z)
14 2222 |z — z|20 z,A
2 2s
n / )\n—QS 5(1 + |Z|2) ’LL(Z) p
V2s,n n—2s|¢x n—2s z
[z—z| >\ |§7:C| 2 |§ ’Afz| 2 +( )Uua(z)
1+ [z
Next, combining the above two decompositions for «(§) and u x () yields
2 2s 2 o |
k/, - - «
1 [5(1+|z|2) u(z) + (1+|z|2) u (Z)_
272 2s 1 7
u(€) — uy = Yos.n € Ug A (2 dz
(5) 1/\(5) 2 /z—wzk _k (1 + |ZI’/\|2) |Z - :L'|45 ,A( )
) S S
us (2
14 22227 |z —z|?0 @AV |
with k1, ko being
1 )\ n—2s 1
klzkl x,)\;f,z): —
( |§7Z|n725 (|§71.|) |§m,)\72|n725
and ) ) \
n—2s
k2:k2 x,)\;f,z = — .
( ) |§7Z|n72s |§7Zz’/\|n725(|2*1'|)

The positivity of the kernels k; > 0 and k; > 0 for any | — 2| > Aand |z — 2| > A
follows from the following identities

(E§ﬂfw*—ﬁ—m—

zﬁ_(b—MQ—VKK—wP—A%

)2
and
|z — |2 22 o (=2 = X)(€ == =)
(—7—)K—Z | =16 —2|° = 2 :
In addition, the above calculation shows k1 = ko. Hence, putting k1 = ko = K gives
(3.4). The proof is complete. O

In the following lemma, we show that the method of moving spheres can start from
some very small A > 0. The argument is standard and depends heavily on the smoothness
of u around the center x € R” and the asymptotic behavior of u near infinity.

Lemma 3.3. There exists some Ao > 0 such that for any A € (0, \g), we have
u(y) > uz A (y)
Sor any y satisfying |y — x| > X > 0.

Proof. The proof consists of two steps. First, because u > 0 is C'!, we obtain

n—

Vyly =27 u(y)) =
which yields

n—2s n—2s o
— 2
5|y~

u(y)(y — ) + |y — 2| “T Vu(y),

n —2s

n—

(Vy(ly — 2= uly)),y — 2) = |y — 2| "= uly)(

u(y)(

+ (Vlogu(y),y — z))

n —2s

n—2s

> |y — x| 2

— |Vioguleoly — $|)
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Hence, if |y — x| is sufficiently small, say

n —2s
0<ly—el < min 12 )
<l|y—z| <A :=min 2V Tog ]

then we must have

(Vy(|yfx|%25u(y)),yfx> >0 forall0 < |y—z| < A1

Hence, |y — /"= u(y) is increasing in the direction of y with 0 < |y — 2| < A1. In
particular, for 0 < A\ < |y — x| < A1, by comparing at the two points y and y** we must
have

n—2s

Iy*xl%zsU(y)Z\yz’*fx\ 2 u(y®™).

This shows that

T\ n—2s
yor—a\tT
u(y) = (ﬁ) u(y™) = uz A (y)

for any y satisfying 0 < A < |y — x| < A;. In the second step, we aim to consider
|y — x| > A1, and this requires the smallness of A leading to the threshold A\y. To do so,
first we make use of (1.7), namely

2 n—2s 1
U= (TW) (vomy),
and the positivity of v everywhere on S™ to get
C
u(y) = ||271 forall [y| > R (3.6)
y s—n

for some constants C; > 0 and R > 0. For the region |y| < R we make use of the integral
equation (1.12) to get

1 2

u(y) > 728,71/ n_92s Uuo‘(z)dz
zl<r [y — 2["72 (1 + |Z|2)
., ) (3.7)
2s,n o
> —" —— ) u*(2)dz > 0.
(QRO)n—Qs /ZSR(1+|Z|2) ( )
Putting the two estimates (3.6) and (3.7) together we arrive at
Ca
uly) 2 ————— forall |y —z| > A
ly — z[*~n
for some C5 > 0. Hence, for small A\g < A\ and for A < Ay we have
A n—2s )\0 n—2s
Uz (y) = (———)"" Tu(y?) < ( ) sup u < u(y)
ly — | ly — | Bx, (2)
for |y — | > A1 > 0. This completes the proof. O
For arbitrary but fixed point x € R™ \ {0}, we define
- O<pu<V1+|z2: wurnly) <u(y) foral |y—z|>A>0
A(z) :=sup ’ .
andforall 0 <A < p
(3.8)

(It is worth noting that in the definition of \(z), we require 1 < /1 + |x[2, which is
different from the standard method of moving spheres in [Li04]. This extra restriction can
be easily understood by seeing Lemma 3.4 below.) It follows from Lemma 3.3 that \(x)
is well defined and \(z) > 0. Next we will show that A\(z) > |z| for all z € R". Before
proving this, we need the following auxiliary lemma.
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Lemma 3.4. Forany A € (0,+/1 + |z|?) there holds
A2 (1+[2]%)
|z — $|2(1 + |Zz,>\|2)
forany z € R" satisfying |z — x| > \.

3.9)

Proof. This is elementary. Indeed, let 2 € R"™ with |z — x| > \. As 2% = 2 + \2(z —
x)/|z — z|?, the inequality (3.9) is equivalent to

AEDP) v

=z — z2(1 + |z]?) + 202 (z — z, z) + X = A2(1 + |2]?)

=|z — x> (1 + |2|*) + 222 (2, 2) — 2\2|z|® + \* — X2(1 + |2|?)
=z —z|*(1 + |z|? = A?) = A%z + \* — A2

=(lz — 2l = X*)(1 + Jal* = A?).

0<|z—x|2(1—|— ‘x—i—

Clearly, the right most term on the preceding estimate is strictly positive, thanks to |z —x| >
Aand A2 < 1+ |z|?. This completes the proof. O

For simplicity, from now on let us denote the left hand side of (3.9) by L(z, A, z),
namely

2 2
Ll 2) = — 2 (1+]2) (3.10)

=2 (L4 [ 2)
We are now in position to estimate the threshold \(x) for any x € R™ \ {0}.

Lemma 3.5. Suppose that 0 < s < n/2and 0 < o < 2s. Let u € C(R"™) be a positive
solution to the integral equation (1.12). Then, there holds

Xx) > |z| foranyx € R™\ {0}.
Proof. By way of contradiction, we suppose \(x) # |z| for some z € R™ \ {0}. Then by
the definition in (3.8) we must have
For simplicity, let us write

_ — ) lz] — A
=) and ¢ =min {1, 5 }.

>|

Clearly, § > 0. Still by the definition of ), see (3.8), we have
u, x(y) < uly) forally satisfying [y — = > . (3.11)
However, we shall prove that
uz(y) <uly) forany |y —z[ > A

for some A slightly bigger than . If this is true, then this violates the definition of X in
(3.8). Hence, we must have A(z) > |z| as claimed. The proof consists of two steps as
follows.

Estimate of u — u, ) outside the ball B(z, A + ). To estimate u — u,, y we first estimate
u — u, 5. In the region |y — 2| > X 4 0, we first claim that there exists C3 € (0, 1) such
that

(u—u,5)(y) > Cs forall |y —z| > X+4. (3.12)

Ty -
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To this purpose, we start from making use of the identity (3.4) in Lemma 3.2 to obtain

(u—u, 5)(¥)

() 1) + () )
- 2N 25 1
= [ Rins) | ) e e
N . 1,
— (1 + |ZZ7X|2) |z — x|2" Um,X(Z)

We now examine the terms in the parentheses in the preceding identity. With help of (3.11)
and (3.9) we observe that
2

2y X e 1
(TW) u(z) — (1 ) o u, 5(2)
2 2s _ s
= (T'ZP) {u(z) — L(x, >\,Z)2 UzX(z)} (3.13)
2 2s — 2
> _ sl
- (1 + |z|2) {1 Liz, A 2) }“z,\(z) >0
and that
—2
2 g, o 2)‘ o 1 o
2 7w By o,
- (TMQ) [u (2) — L(z, X, 2) uﬂ(z)} (3.14)
RVENPE T, A Z)7 Uy x(2) 2 0
Here, L(z, \, z) is defined as in (3.10). Therefore,
(U — ULX)(y) > ’725,71/' | XK(:E,X7 Y, z)LE,X,m(Z)dZ’ (3.15)
z—x|>
where
2 2s — s
Lexal2) :5(w) [1— Lz, A, 2)*]u, 5(2)
2 . i
+ (W) [1 = L(z, X, 2)7]ul 5 (2).

Hence, under the condition that either ¢ > 0 if «
a < (n+2s)/(n — 2s) we deduce that

szyx(z) >0 forall |z — x| >,

(n+2s)/(n —2s) ore > 0 if

which tells us _
(u—u,x)(y) >0 forall |[y—x[> A
This together with the Fatou lemma yields

— "7 (u — u, 5) ()]

lim inf
ly| Soo [ly

y| oo

=251 1‘iminf/ ly— x|”_28K(x,X;y,z)Lgxm(z)dz
|z—z|>X w

>0.
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Thus, there is some small Cy > 0 and some large R > & such that

Cy
Uu—mu, x > —
( m,)\)(y) j |y _ x|n72s

forall |y —z| > X+ R.
To gain (3.12), it suffices to show that u — u,  is bounded from below away from zero in
thering {y : A+ < |y —z[ < A+ R}. By the positivity of the kernel K (z, \;y, z) in the
region |y — x| > Aand |z — x| > A, see Lemma 3.2, there is some small C5 > 0 such that
K(z, Xy, 2) 2 Cs
for all y and z satisfying
A+0<|ly—2| <A+R<20+R) < |z —2| <4+ R).

Using this and (3.15) we can estimate u — u,, 5 from the below as follows

(0=, 3)0) 2 122nCs | Ly, ()dz=Co
2(3+R)<|z—z|<4(M+R)

for some Cg > 0 which possibly depends only on z. Putting the above estimates together
we arrive at (3.12) for some C5 depending on Cy and Cs. We are now in position to
estimate u — wu, ) in the region |y — x| > X + & but this requires A closed to \, say
X< X\ < X+ 6 for some small 6; € (0,5). Indeed, recall
A n—2s . g\
= x|) u(y™?).
Hence, by continuity, there is some small d; € (0, 3) such that
Cs 1
N

Uz,/\(y) = (

(U, 5 = ue\)(y) =

forall A\ < A < XA+ 6y and all |y — 2| > X\ + 4. Here the constant Cj is as in (3.12). This
and (3.12) helps us to conclude that
C3

> 3.16
T2y —afn 310

(u—=ug ) (y) = (v —u, 3)(Y) + (uy x = ta2)(y)

for all y satisfying |y — 2| > X\ + § and all ) satisfying A\ < A\ < X + §;.

Estimate of u — wu, ) inside the ball B(x, A + §). From now on, we always assume
A < A < A+ 07 where the constant d; is found in the previous step. We shall obtain (3.20).
Making use of (3.4), (3.13), and (3.14) we get

(u— gz 2)(y) > 728,71/ - K(z, Ay, 2)He x o (2)d2
:725771(/_ ~ +/ B _)K(x,)\;y,z)Hsﬁ,\ym(z)dz.
X43>|e—z|>A  J|z—a|>N4E
with
H.y.(2) = E(L)Qs(u(z) — Uy )\(z)) + (L)a(ua(z) - uo‘)\(z)).
el =<l URINERE :

Thanks to (3.16) we know that u > u  in the region |z — x| > A+dand X < A < \+46;.
This yields

/ K(z, Ny, 2)He ) 5(2)dz > / K(z, Ay, 2)He x0(2)dz.
|z—x|>X48

A+3>|z—z|>X+2
Therefore, we can further estimate u — u as follows

(U—Uz,,\)(y) Z ’725,71(/ +/_ _ )K('Ta)‘;yaz)HE,NZ(Z)dZ
A3>|z—z| > A+2

AHI>|z—z|>A
= 728,71([ +11).
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Hence for some sufficiently small d2 € (0, d1) to be specified later we shall show that
I+I1>0 foralA<|y—a| <X+, A< A< A+ dy;
see (3.20). To see this, we estimate [ and /] term by term.

Estimate of 1. Using the smoothness of u, there exists some C7 > 0 independent of Jo
such that

max{|u$5(z) —ug A (2)], |ugx(z) —ug A(2)]} < C5(A = Q) < Crby (3.17)
forall A\ < |z — x| < A+dandall X < X\ < X+ 8. Besides, in view of (3.5) we have the
following estimate

/ K2 Ay, 2)d= < Ca(ly — o] — ) (3.18)
A<|z—z| <A+

for some Cs > 0; see Appendix A. As 0 < |z — 2| — A < d2, we obtain from (3.18) the
following

/ K(z,\y,2)(|z — 2| — N)dz < Csda(ly — x| — N). (3.19)
A<|z—z|<A+62
With help of (3.17), (3.18), and (3.19) we are able to estimate I as follows

I:/_ _ K(x, Ny, 2)H: x o (2)dz > —C7Cda(ly — x| — A).
A6>|z—z| >N

Estimate of 11. By (3.16), there is some Cy > 0 such that

max {u(z) — uz x(2),u®(z) —

z)} > C
< X + 8. This leads to

ug (2
for any z satisfying A +2 < |z — x| < A+ 3 and any A < \

II:/_ _ K(x, Ny, 2)He 2 (2)dz
A+32|z—z|>A+2

2 2s 2 o
209/ Kz, \y, 2 (57 +(—— )dz
omtenioren N0 AR+ (TR)

Observe from (3.5) that K (z, A\;y, z) = 0 fory € 9B (x) and that

|z —al* — |y — «f?

<vyK($))\7y)Z))y |yiz|n+2725

:(n—23) >0

x>‘\y71\:)\

forall A + 2 < |z — x| < X + 3. Therefore, there is some Cs > 0 independent of 65 such
that _ _
K(z, Ay, z) > Cro(Jly —xz| =) forallA+2 <|z—z| <A+ 3.

Putting the above estimates together we arrive at

2
11> 0708/ —_—
3> |z >ate L+ 2]

)Gdz
We are now in positign to com_bine the two estimates for 1 arld I { to get Thus, it follows
from the above that for A < A < A+ 6@ andfor A < |y — z| < A+ 0,
(u — uz,k)(y)

V2s,n

=I+1I

)7dz)(ly - al = A).

(3.20)
In view of (3.20) if we choose 5 sufficiently small, then the right most hand side of (3.20)
is positive. Together with the estimate in (3.16) we deduce that (v — uz x)(y) > 0. This
contradicts the definition of X in (3.8). This completes the proof of Lemma 3.5. O

2
> ( — C7C302 + C'9010/ —
r2<|z—a<ats 1+ [z]?



18 Q.N.T.LE, Q.A. NGO, AND T.-T. NGUYEN

After proving Lemma 3.5, we have the following remarks.

Remark 3.6. It is worth noting that the condition © € R™ \ {0} is crucially used in the
proof of Lemma 3.5, and it is not clear if A(x) = |z| or not. In fact, we would like to
know the exact value of \(x) at any point z € R™ \ {0}. It turns out that with help of
Theorem 1.2 we are able to compute the exact value of A(x) at any point z € R™ \ {0};
see Appendix C.

Finally, we are in position to complete our proof of Theorem 1.2.

Lemma 3.7. The function u is radially symmetric about the origin. Consequently, the
function v must be constant.

Proof. Using Lemma 3.5, we obtain for every z € R™ \ {0},

uga(y) <wu(y) forall |y—z| > X 0< < |z (3.21)

Let y € R™\ {0} and @ > 0 be arbitrary but fixed. Let € € R™ be any unit vector such
that

(y — aé,é) < 0. (3.22)

For any number R > a if we set \ = R —a and = R@, then 0 < A < |z| and with help
of (3.22) we get

ly —af* = |y — a@ = Ae> = N + |y — ael® = 2\(y — a€, &) > \°.
Therefore, we can apply (3.21) to get

u(y) > uza(y) = (ﬁ)n_%“(x * %)
(B R0 RO
_(nyRe*I) (Re+ ly — Rel? )

Notice that
(R—a)*(y—Ré) Rly— RéPPe+ (R—a)’(y — Ré)
y—Re? ly — Reél?
R(ly]> — 2R{y, &) + R*)E+ (R? — 2Ra + a?)(y — Re)
- ly — Reél?

Re +

Hence, by letting R to infinity, we get

Re+ (R — a’)Q(y — Rg)

=y —2({y,€) —a)e.

ly — Reél?
Obviously,
R—a n—2s
— —1
(Iy - Ra)
as R goes to infinity. Hence, by the continuity of u, we arrive at
u(y) > u(y —2((y, €) — a)e). (3.23)

Since the inequality (3.23) above holds for arbitrary a > 0, we let a ™\, 0 to get
u(y) > u(—y) forall y e R\ {0}.

Since y € R™ \ {0} is arbitrary, it follows from the preceding inequality that « is radially
symmetric about the origin. Having the symmetry of u one can quickly conclude that v
must be constant. Indeed, using the relation

2 n—223 _ . "
u= (W) (vomy') inR
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we know that the function v depends only the last coordinate z,, 1 in R"*!. However, as
the x,,41-axis is arbitrarily chosen, the function v must be constant. This completes the
proof. (]

4. APPLICATION TO THE SHARP CRITICAL FRACTIONAL SOBOLEV INEQUALITY

This section is devoted to a proof of Theorem 1.4 which concerns a sharp subcriti-
cal/critical Sobolev inequality (1.13), namely

. F(n/2+s) a—1 ?«2#1
P2 (0)dptgg, > == g G5 (/ iy, )
/n v, (U) Hggn = F(TL/2 o S)| | gn |’U| Hgsn
with 0 < a < (n 4 2s)/(n — 2s). We note by the Holder inequality that

(a41)(n—2s)

_ (a+1)(n—=2s) 2n — 2n
Lol g, <187 (ol )T
n n

which implies

n—2s

2
S (ol g )T <1871 ([ ol g, )

Hence, the subcritical case of (1.13) can be derived directly from the critical case of (1.13).
Of course, it is clear that equality in (1.13) occurs if v is any constant function. Therefore,
in the rest of this section, it suffices to investigate the critical case of (1.13), namely we
shall prove the following sharp inequality

n—2s

F(H/Q + S) 2s 2n ™
2s > VU2 ign|y o35
/n v Pn (’U)dﬂgsn = F(?’L/Q . S) |S </Sn |’U| 2 dﬂgsn)

Set

S = Qi&|sn|25/n
Since we shall make use of a limit process, it is freely to consider e € (0,1). Now we
consider the following variational problem

S. = inf (0P (v) — e Q2v? | dpgn 4.1)
vEW Jgn
within the set
W= {v € H°(S"): /

n—2s

The set W is not empty because [S™|~ 2= & W. Besides, we also have

_2n
[0 75 dptgg =1}

n

n—2s n—2s

—2s - s|Qn|—
) —eQRIST T = (1-)QYIS" T #£0,
which helps us to conclude from (4.1) that

Se < (1) QpS" /" < +oc,

n

n|—n=2s s n|—
8"~ = PR(|S"

however, S. could be —co. Eventually we are able to show that S. = (1 — ) Q2°|S™|>*/,
but at the moment, we show that S, is finite and is achieved by some smooth positive
function v..

Lemma 4.1. The constant S; in (4.1) is finite and there exists some v. € C°°(S™) such
that

n—2s
n

/n [UE P%S(Ua) —€ Qisvg]dﬂgsn = 88(/

In particular, v. solves

P2 (v.) = e Q%v. + S.|v.|" = v. inS™

|U8|%dﬂgsn)

n
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Proof. Let us write
Azs e(v) := / [v P2 (v) — EQ?LS,UQ}dMgSn-

Note that, aas . (1) > 0 forall [ as 2s < n and aas,, (1) grows like 1%° + s(n — 1)12571 for
large [ by Stirling’s formula; see (B.1) in Appendix B. Due to the formula (1.4) and the fact
that the remaining finite rank terms are bounded in L?(S"™), we obtain for all v € H*(S™)
that

/ P2 (0)ditgsn > Cral[o)resm) — Coo [0 2asm “2)

with two positive constants C'1; and C12. This and the Holder inequality imply

Ags o (v) > —(C12 + Q%) / V2 diggn
Sn
n—2s

2s _2n__ n
n (/ |U|n—23dugsn)
Sn
for all v € H*(S™). From this we get S, > —oo. In fact, thanks to ¢ > 0 one should have
S <S.

This is trivial because by testing with the constant |S™|~ “zi° function on S™ one should
have

> —(012 + EQflS)|Sn

n

_n—2s slan|2s
5. [ 0= 0QES T < QS =5

Having this if we let (vx)x>1 be a minimizing sequence for S, then using (4.2) again,
we have (v ), is bounded in H*(S™). By the lower semicontinuity, we have

Agg e(ve) < lim Ao o (vg) = 1.
k—o0

Therefore, let D* be the fractional s-gradient, using the concentration-compactness princi-
ple, see e.g. [Maz16, Theorem 4] for integer case and [BSS18, Theorem 1.1] for fractional
case, there are two non-negative Borel regular measures p» and v on S™ and a function
ve € H*(S™) such that

vy — v. weakly in H°(S™) and a.e. in S", 4.3)
that
|Dvi|*dpigg — p weakly in the sense of measures, 4.4
and that
|Uk|”*—nés — v weakly in the sense of measures, 4.5)

up to a subsequence. In addition, there is an at most countable set Z, a family of distinct
points {z; : i € Z} C S™, families of non-negative weights {«; : ¢ € Z} and {S; : i € T}
such that

v= |vg|%d,ugsn + Zaiézw (4.6)
ieT
and
p > D% Pdpgg, + ) Bida,, 4.7)
i€eT
and
n—2s ﬂz )
a, " < S foralli € 7. 4.8)

2n . . . .
As v € Wand |vg|»-% — v weakly in the sense of measures, testing (4.6) with suitable
constant functions gives
/ dv =1,
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which, by making use of (4.6), further implies
1= / |v8|n7—n28dugsn + Z 0. 4.9)
sm s

In particular, there holds o; < 1 for all + € Z. In view of the inequality (4.7) for p gives

8= Jim [ (0P (o) — = @2 eR) g,
= 1 PQS _ Ds 2 d .
Jm ) [or P2 (k) — [ D*vp|*] dpags
: s 2 2s,.2
o Jim DT - e Q] digs (4.10)
> i PQS — D3 2 d .
= dm f [or P2 (k) — [D*vp|*] dpags
+ / (D% ve|* — £ Q%0 ] dpggn + Y Bi.
sn i€T
Set wi = v — ve, We now show that
li P2 — |D*wy)?|d =0. 4.11
G [wi P32 (wy) — | D*wy|*] dpggn =0 (4.11)

Let I € Ny and Y] be the spherical harmonic of degree [ on S™. Since (Y})en, is a basis
of L?(S™), we can write
wy = Z b Y.

1eNp

Owing to the weak convergence of wy, to 0 in H*(S™), see (4.3), we have, for each [ € Ny,
that by; — 0 as & — oo. Note that (wg)y is uniformly bounded in H*(S™), yielding
> ien, i i1%* is uniformly bounded in k by C13. Note also that

DY, =Y,

and that
P2 (V) = aasn(l)Yi. 4.12)

Hence,

‘ / [wk Pff(wk) — |D5wk|2]dugsn

<Y |onan(l) = 1203,

1eNp

Keep in mind that s, (1) — 2% grows like (n — 1)sl?*~1 for large . Consequently, for A
sufficiently small, we take mgo > 2(n — 1)sC43/h to obtain

mo
/ [wi P2 (i) — |D*wi ] dpigen <Y |aen(l) = 1207, +2(n = 1)s Y b7 1>

=0 I>mo

= , 2(n —1)sC
S Z ’a25,n(l) _ ZQé’b%,l + (To)lg
=0

mo
<Y |azan(l) = 125[b3, + .
=0

Sending k — oo, we deduce that

<h

k— oo

} lim / [kais(wk)—|Dswk|2]dugsn
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for any h sufficiently small. The limit (4.11) thus follows. Using the weak convergence
wy, = v — v — 01in H*(S™) we deduce that

/ [Uk Pff(vk) - |stk|2]dﬂgsn :/ [Ua szs(vs) - |DSU8|2]dﬂgsn
n S'n.

+ / [t P2 () — | D*wl?] dbtgan + (L) roc-

Hence, combining this with (4.10) and (4.11) gives

Se 2 lim . [vk P2 (k) — [D*vg|?] dpggn
4 [ 1Dl Qi it +
" i€l

= / [ve P (v,) — ¢ Qisvg} dprgsn + Z Bi.
" €T
Using (4.8) and the boundedness «; < 1 for any ¢ € Z, we get further
S. > 88/ |U5|nf—n?sd,ugsn +SZaiT
S'n.

icT
> 88/ |U5|nf—n?sd,ugsn +82ai.
sn s
Thanks to (4.9) we eventually arrive at
0> (S-8)) a;i>0.
icT
Keep in mind that S; < §. Therefore, the only possibility for which the above inequalities

occur is o; = 0 for all 4 € Z. This implies that no concentration occurs, that is equivalent
to saying that

vg — ve strongly in H°(S™).
In particular, v, € W, and standard arguments show that v, solves
2s 2s s . n
P (v.) = Qve + Sc|ve|"= v, inS™.

Hence
5 nt2s
Se < / [UE ng(”&) - EQiévg}dﬂgsn = 88/ |ve| n=2s dptgsn = Se.
n Sn,

Hence, the constant S; is attained by v.. This completes the proof. O

When s = m is an integer, part of the above proof can be simplified, this is because
P25 is a linear combination of finite terms. Precisely, we do not have to go through (4.11)
because

m—1
. 2 . 2 : 2
Jim . ok (k) dptggn = lim . (V™o ]* + ZO a;|V'vk|*] dpggn
‘7:
m—1
> / V"0 Pdpge, + Y Bi+ Y aj/ IViv. 2dptgg,
sn icT =0 s

_ / 0 P2 (0. ) djtgen + 3 B
Sn,

€L
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thanks to (4.7) and the strong convergence V7vy, — V7v. in L?(S™) forall 0 < j < m—1.
From this we immediately get

Se > / ['UaPim (Us) - EQim’U?} dﬂgsn + Z ﬁz
" s
Adopting an interesting argument in [CLS22] we are able to prove that the function v
obtained in Lemma 4.1 above is actually non-negative.

Lemma 4.2. The optimal function v. € C*(S™) for S. in (4.1) is strictly positive, in
particular, v. solves

n+2s

P*(v.) = e Q%v. + Scvs ™™ inS™.

Proof. Let us recall some facts from the Legendre duality on S™. To a convex functional
F, we may associate the functional F* defined by the Legendre transform as

Frlv] = sup ( . Pvdpggn — F [d)])-

A fundamental inequality, known as the order reversal property of the Legendre transform,
is the following: if we have

Filv] < Fo[v]
then we have
Fiv] > F3 ).

/UPQ‘S V) dpigen

1= ([ g, )" =10l

0= 1 [ v(PE) " 0)dsen.

It is well-known that if

for p > 1, then

1 o 2(131:1) 1
ol =7 ([ 1 i) T =l

Let us now consider the following perturbed Sobolev inequality for arbitrary v € H*(S™)

n—2s

/ UPiS(”)dﬂgsn ZEQ%S U2dﬂgsn +S€(/ Mﬁdﬂgsn) " (4.13)
n Sn n

It follows from Lemma 4.1 that v, is an optimal function for (4.13). By the duality inequal-
ity, there holds

n+2s

s\ —1 1 1 _2n n
L oP2) @ < g [ P+ ([ 10 )

Since
(PZ) " (v)(w) =/ %dugsn (2),

the above inequality becomes

v(y)v(z) 1 _on e
/ / [z — y[n—2s ditggn Aftggn < S ( S o] 7+ dpiggn )
n n e n

(4.14)
1 2
e /s e
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for any v € H?®(S™). Thus, from the perturbed Sobolev inequality (4.13) we are able
to derive the perturbed Hardy-Littewood—Sobolev inequality (4.14). In particular, (4.14)
should hold for the symmetric decreasing rearrangement of v, which is obviously non-
negative. In fact, thanks to [LL01, page 81] and [Lie83, Lemma 2.1(i)] we should have
from (4.14) the following

/n/n |z— |n zédﬂgsndﬂgsn /n /n |z— |n zédﬂgsndﬂgsn

< —Ilv I3/ o—1) + Qgéll V13

||UHp/(p n+ QQSHUH%’

where v* denotes the symmetric decreasing rearrangement of v. Since v, is an optimal
function for (4.13), it is clear that v, is also an optimal function for (4.14). From this we
necessarily have v, > 0 everywhere. O

Having Lemmas 4.1 and 4.2 in hand, we are able to prove Theorem 1.4 as we shall do
now. By seeing our Liouville type result in Theorem 1.2, this is the place we need the
smallness of ¢.

Proof of Theorem 1.4. Lete € (0,1). By Lemmas 4.1 and 4.2, there is some non-negative,
smooth function v, satisfying
n+2s
P*(v.) = e Q*v. + S.v2 > inS™.
Then, it follows from Theorem 1.2 that v. must be constant. Hence, on one hand, as
Q?* = P2%(1), we can compute to get

S. = (1—¢)Q¥|sn >/,

on the other hand, by the definition of S. we get

—2n 7%25 s s s|Qn|2s/n
([ 1) " [ PR - Qi duge, > (12 Q1"

for any v € H*(S™). Now letting € \, 0 we obtain

n—2s

2s _2n_ n
| o, = QS ([ ol dge,)

Recall that
[(n/2+s)
2s — P25 1) = .

This completes the proof of the critical case of (1.13), hence completing the proof of The-
orem 1.4. (]
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APPENDIX A. ESTIMATE (3.18) FOR THE KERNEL K

This appendix is devoted to the proof of (3.18), namely we prove that
/ K(x,)\;y,z)dng(|yf:c|f)\)
A<|z—x|<A+5

for some C' > 0. More or less this estimate is standard, but we re-mention it for com-

pleteness. Our argument depends on the following two ingredients. First we mention the
elementary inequality
1 1 < 1 1

o~ ol S vima{ )

for any 2,y > 0 and any p > 0. Next we observe that with & < n, if y € B(z, R), then
the following integral

1 _
/ ——dz < C(A, 0, |z|,R) (A.1)
A<|z—z|<x+3 [Y — 2"

is bounded from above, whose bound C' depends on 20, ||, and R. This is simple because

/ 1 / dz / dz
nd'z = P S Toir =

A< |z—z| <2+8 ly — 2| {y+2z:A<|z—z|<A43} |z B(A+6+|z|+R) |2

by triangle inequality. By using (3.5) we obtain

/ K(z, A\ y,2)dz
A2 <|z—2|<N+3

g/ K(xz,\y,2)dz
A< |z—z|<A+5

1 1
< | -
/)\<zz</\+6 |y - Z|n_2‘S |yz,)\ - z|n—25

A n—2s 1
+/ - _‘(—) —1}mdz
A<|z—z|<XA+8 ly — z| ly*> — 2]

=L + Is.

dz

Using the above elementary inequality we immediately get
1 1
ly — z|n=25  JyzA — z|n=2s

1 1
T, A
< (n=2s)ly—y |max{ ly — z|P=2s+17 o h — gn—2s+1 }’
which, after making use of (A.1) twice, allows us to write
I <Cly—y™?

for some C' > 0. (To be able to apply (A.1) we note that [y™* —z| = X2 /|y—x| < X\ < A6
for y being satisfied A < |y — x| < A 4 ¢.) For the term I, we note that

)\ n—2s 4l )\n—QS 1 _ 1
_ - _ n—2s )\n72s
ly — = ly —

B 1 1
< (= 25)X" |y — o = A| max { ly — 2] 20 A2 J

<(n—2s)(ly — 2| = A)
as |y — x| > A. Thus, applying (A.1) once gives
L <C(ly—az|—)\)
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for some C' > 0. Putting the above estimates for I; and I» together we arrive at

/ Ko hy.2)dz < Cly — ™ + Oy — 2] — A)
A<|z—2|<X+S

)\2
:C‘lfm“y*zHC(Iy*wI*A)
< C(ly— /- )

for some C' > 0.

APPENDIX B. ASYMPTOTIC BEHAVIOR OF a2 (1) — %% FOR LARGE [

Recall from (1.3) the following
I'l+n/2+s
asn(l) = #
I(l+n/2—s)

In [FKT22, page 13], the authors claim that ags (1) grows like 125 for large [ in the sense
that

agsn(l) = 1?5 4+ 0(1)1 " 400-
To serve our purpose, see the proof of Lemma 4.1, we need a refiner asymptotic behavior

for s (1) for large [, and this is the content of this appendix. To be more precise, we
prove that

25 (1) = 12+ (n — 1)sl®>* 71 + O(1*72) ryoo- (B.1)
This can be derived by making use of the following formula mentioned in [ET51]
P@+b) 0,1 b—a—1 b—a—2
— ="+ =(b—a)(d -1 “ 0] 47 Ao B.2
F(:L' ¥ a) Z + 2( a)( +a )$ + (‘T ) S+ ( )

Indeed, using this formula, we deduce that
n,2s Tn\2s—1 n,\2s—2
)=+ —su+ 2 ( 1+ 2 )
orsn(l) = (14+5)" —s(l+5)" +0((+7) i
— 125 + TLSZ2571 + 0(12572)l/‘+oo o 812571 4 0(12572)l/‘+oo-
From this we get (B.1). Since there is no direct proof of (B.2) in [ET51] and to make our

paper self-contained, we include here a proof for the reader’s convenience. Our starting
point is the following Stirling’s formula

1 2r, - B(n)
_ —2N
InT(z) =zlnzx —x+ 3 In (?) + nz::l 2n(2n — 1)z +O0(z™*" )z 400,
where B(n) is the n-th Bernoulli number. Hence, for any b > 0, we have
1 1 B(2
InT(z+b) = 3 In(2m) + (z+b— 5) In(z +b) — (x4 b) + ﬁ + 0@ %) s oo
Note that
b v? _3
In(x +b) =Inz + v +O0(277) 2 oo
That implies
1n1"($—|—b)—lln(2ﬂ')+(:E—l—b—l)(lnx—i—ﬁ—i—i—O(x*?’) )
T2 2 z 222 e

)+ 2o,
b(b—1) + B(2)

O(272) s Moo
o + 0@ )z 1t

1 1
:§1n(27r)—z+(:c+bf§)lnx+
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For any positive numbers a and b, we deduce that

InT(z+b) —InT(z+a)=(b—a)lnz+ b(b—1) —afa—1)

2z
— -1
=(0b—-—a)lnz+ (b a)(;); a—1) +0(27?) s 100
Consequently, we obtain
T@+b) o,  (b-a)bta-1)
D(x+a) voew ( 2z +0( )z/'H’O)
_ b (b—a)bta-1) 2
=2 (14 - +0(572)s e )

which is our desired formula (B.2).

APPENDIX C. THE EXACT VALUE OF A(z) FOR ANY 2 € R™\ {0}

We discuss the exact value of \(x) at any z € R™ \ {0} in this appendix. It follows
from Lemma 3.5 that

Az) > |x| forany x € R™\ {0}.
But the above inequality is enough to obtain the symmetry of u; see Lemma 3.7. Conse-
quently, we conclude the main result saying that v must be constant. Remarkably, with help
of the main result we are able to obtain the exact value of \. We shall prove the following.

Proposition C.1. There holds

Mz) = 1+ |z]2 foranyx € R™\ {0},
where \(z) is given by (3.8).

The proof goes as follows. By means of Theorem 1.2 we know that the solution v to
(1.1) on S™ must be a non-negative constant, say C. Since v is non-trivial, we also have
C > 0. Thanks to (1.7), namely

2 n—2s
U= (1 ¥ $|2)

(vomyh),

we conclude that
2

()
Next we assume by way of contradiction that
Az) < /1+|z]? forsome z € R™.
Then one can find sufficiently small € > 0 in such a way that
(@) +e)* =y = 2[) (M(@) +€)* =1 = [2*) >0
for all y satisfying |y — | > A(x) + €. In fact, there holds
(W =y —al)(X —1—[z*) 20

n—2s
2

u(z) =C everywhere in R"™.

for all y satisfying |y — | > A with all A < X(z) 4 . But this inequality is equivalent to

( )\ )n725( 1 ) n;Zs - ( 1 ) n;2s
|y — =] 1+ ’:c+ 2ly=s) ? TNy
Yy—x

which is nothing but
ugA(y) <wu(y) forall ly —z| > A

with A\ < A(x) + ¢. But this contradicts the definition of A(z) in (3.8). Thus, A\(z) =

/1 + |z|? as claimed.
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