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Abstract

This paper investigates the impulsive stability analysis issues of discrete-time positive singular
systems with time delay. First, the paper addresses the positivity problem of the system by
providing sufficient conditions. Next, a new method based on state transformations is presented
to derive a new delay-dependent criterion for the exponential stability of impulsive positive
singular systems. Finally, the effectiveness of the proposed conditions is validated through a
numerical example.
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1. Introduction

There exists a special class of dynamic systems called positive systems whose states and out-
puts are always nonnegative for any nonnegative inputs and nonnegative initial states [1]. Posi-
tive systems are widely applied in many fields like chemistry [2], ecology [3], and biomedicine
[4]. Numerous important results on positive systems have been achieved, such as stability anal-
ysis and controller synthesis [1, 5-9], input-output property analysis [10, 11], and filter design
[12, 13].

Impulsive systems have received considerable attention in the past few decades [14] due
to their wide applications in many practical areas such as economics, mechanics, population
dynamics, biological phenomena, etc. Many important results on various impulsive systems
have been explored. By employing Lyapunov functions with discontinuity at the impulse times,
the authors in [15] considered the problem of exponential stability of impulsive systems. Liu
[16] established comparison principles of existence and uniqueness and stability of solutions for
stochastic impulsive systems by combining Lyapunov-like function method and It6’s formula.
The problem of input-to-state stability of impulsive systems with nonlinear perturbation was
addressed in [17]. Feng and Cao [1] discussed stability analysis for impulsive switched singular
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systems. Li et al. [18] provided several criteria for uniform stability and globally asymptotical
stability for impulsive systems via event-triggered impulsive control. The problem of noise-
to-state stability and globally asymptotic stability was studied in [19] for a class of random
nonlinear impulsive systems.

An impulsive positive system is positive system which is modeled with impulsive effect.
Impulsive positive system can be used to represent certain classes of epidemiology [20], popu-
lation models [21], and ecosystems [22], which having deterministic jumps in their dynamics.
Recently, impulsive positive systems have received great attention from researchers. By using
linear copositive Lyapunov functions, Zhang et al. [23] have proposed new conditions for im-
pulsive positive linear systems without time delays for the first time. However, as we know,
time delays are frequently encountered in many fields of science and engineering, and they are
often a source of degradation in system performance or instability. Therefore, it is necessary to
consider the problem of stability analysis for impulsive positive systems with time delays. Fol-
lowing these ideas, many researchers focus on stability analysis and control design problems for
impulsive positive systems through various techniques[24—-28]. By combining a copositive LKF
and the average impulsive interval method, the authors in [24] established a sufficient criterion
of global exponential stability via linear programming problems for impulsive positive systems
with mixed time-varying delays. Hu et al. [25] derived some sufficient delay-independent
conditions to guarantee stability and stabilization for impulsive positive delay systems based
on the Lyapunov-Krasovskiis functional (LKF) method. Dwell-time stability and stabilization
for linear positive impulsive and switched systems were investigated in [26]. By constructing
a multiple linear copositive Lyapunov function and using the average dwell time method, the
guaranteed cost finite-time boundedness problem for positive discrete-time impulsive switched
systems was investigated in [29].

In the past three decades, singular systems theory has been widely investigated due to its
important applications in many fields from the engineering point of view. Many interesting
results have been explored for various singular systems such as linear delayed singular sys-
tems [30], TS fuzzy singular systems [31], stochastic polynomial fuzzy singular systems [32],
switched linear singular systems [33], and fractional-order singular systems [34]. For singular
systems with impulsive effects, few works on the problem of stability analysis can be found in
the literature [14, 35-38].

It should be noted that almost all of the current results on stability analysis problems are
focused on impulsive systems and singular systems, and few works are devoted to positive
impulsive systems, not to mention impulsive positive singular systems. To the best of the au-
thors’knowledge, the exponential stability analysis for discrete-time impulsive positive singular
system with time delays have not extensively investigated yet. One of the primary difficulties
is the presence of singularities, making applying standard linear analysis methods challenging.
The singularity of the matrix combined with the non-negativity of variables of impulsive pos-
itive singular systems makes the problem more difficult. Therefore, the exponential stability
analysis problem for the concerned systems is not trivial and still remains a technically chal-
lenging issue.

Motivated by the discussions mentioned above, this paper considers the impulsive stability



analysis issues for the discrete-time positive singular system with time delays. The main con-
tributions of our paper are summarized as follows.

(i) For the first time, the problem of impulsive stability of the discrete-time positive singular
system with time delay has been studied;

(ii) New characterizations of positivity of such systems are proposed;

(iif) New sufficient conditions on the exponential stability of impulsive singular systems are
presented.

The rest of this paper is organized as follows. We present problem formulation, notations
and some auxiliary results that will be used in next sections in Section 2. Furthermore, in
Section 3, a new exponential stability criterion for discrete-time positive singular system with
time delay is established. In Section 4, numerical example is studied. The conclusions are given
in Section 5.

Notation: The sets of integers, positive integers, and nonnegative integers are represented
by Z,7Z7, and N, respectively. The space of all nonnegative (positive) vectors in R” is denoted
by Rf , (R), and the space of all real (s x ¢) matrices is denoted by R**9. I, is the identity
matrix with n— dimensions. For x € R", x > 0 if all of the entries in a vector x are nonnegative.
For K € Rh”’, if all of the off-diagonal entries in matrix K are nonnegative, the matrix is
Metzler. The notation || - || refers to the vector 1-norm. For a matrix K = (k;j)pxq € RP*Y,
kij denotes the entry in row i and column j. K > O(> 0) indicates that all elements of the
matrix K are positive (nonnegative). Given a vector A, the weighted /., norm is defined as

Xl'|

[E3ES :maxlgfgn{r} .Forp<gq,p,qeN,p;g:=p,p+1,...,q.
1

2. Problem statement and preliminaries

Consider the following impulsive singular systems

Ex(t+1)=Ax(t)+Agx(t —h), t #ty,— 1,
X1 (tm) = Hx1(tn — 1),m € Z7, (1)
)C(S) = V(S),S S {_h7 _h+17 ) 0}7

where x(+) := (x1(+), x2(+)), x1(t) € R" and x,(r) € R"™" is the state vector. The matrix E €
R™*" is singular and rank(E) = r < n. A, A, are known constant matrices with appropriate
dimensions. In this paper, we suppose that the matrices E,A, A, have the following expression:

(15 0 (A1 A _(Agq, Ag
e o) (0 8= ()
AL Ag €R™T Ay Ay € RPN A3 Ay € ROTIIXT Ay Ay € RS0 ¢ R™T The
delay h € Z*. v : [—h,0] — R’ is a vector-valued initial function with the norm defined by
V][ = sup_j<s<o||V(s)||. The impulse sequence {t,}, _, satisfies 0 =19 <1} <t < --- <
b <0ty —» oo for m — oo. Let us denote the state trajectory with the initial value (v, V) of
the system (1) by x; (¢, vy, Vv2) and x5 (¢, v, V2).



Lemma 1. Assume that the matrix A4 in the system (1) satisfies the condition det(A4) # 0. Then,
the solution of system (1) exists and is unique in 7™ .

Proof. From det(A4) # 0, for t € [0, /], the system (1) can be reduced to the system:

x1(t+1) =A1x1(t) +Axxa(t) +Ag Vi (t —h) +Ag, Vo (t — ), t # b — 1,
Xz(t) = —AZI (A3X1(l‘) —|—Ad3V1 (l‘ —/’l) +Ad4V2(t —h)) , 2)
X1 (tm) =HX1(ty —1),m € Z+7

For t = 0, from the first equation of (2) we have
x1(1) = (A1 — A4, 'A3) Vi (0) + (Ag, — A2AL "Agy) vi(—h) + (A, — A2AL 'Ag,) va(—h), (3)
Substitute (3) into the second equation of (2) we get
x2(1) = — A, (Asx1 (t) +Agyvi (1 = h) + Ay, v2 (1= 1))

Using the method of steps , we can find solution x;(¢) on [0,4] of the first equation of (2).
Once xi(t) is known on [0, 4], from the second equation of (2) we can find solution x,(z) on
[0,h]. Repeating the process on [nh, (n+ 1)h]|, n € N, we can find solution x(¢), ¢ > 0, which
completes the proof. 0

Definition 1. [39] System (1) is said to be an impulsive positive system if for all v(¢) = 0, then
x(t,v) = 0 forallz > 0.

Definition 2. The system (1) is said to be exponentially stable if 3 & > 0, € (0,1) such that
for any v(-) = 0
Ix(@)] < &[]t = 0.

Lemma 2. [40] Let K € R!*! be a Metzler matrix. Then the following statements are equivalent:
i) 3 E € R! satisfies E = 0 and KE < 0.

ii) K is Hurwitz.

iii) K is nonsingular and K-1=<o.

Proposition 1. The system (1) is an impulsive positive system if Ay is a Metzler and Hurwitz
matrix and Ay, Ay, A3, H, Ay are nonnegative matrices.

Proof. A4 is a Metzler and Hurwitz matrix, then, using Lemma 2, we get det(A4) # 0, then
system (1) has a unique solution, by Lemma 1. Furthermore, we get —A;l > 0. Note that
—AZ1A3, —Ay lAdS, —Ay lAd4 are nonnegative matrices because —A;] ,A3,A4,,A4,, are nonneg-
ative. From (1) we get

Xl(t + 1) :Alxl(l‘) +A2X2(l‘) +Ad1X1(t —/’L) +Ad2X2(l —h),

Xg(t) = (—A4)_] (A3X1 (l‘) +Ad3X1(t —h) +Ad4X2(t —h)), @



for t =t,, we get
x1 (tn) = Hx{ (tnn—1),m € Z7. (5)

Firstly, we will prove that
x(1) =0,0<tr <t —1. (6)
For t = 1, from the first equation of (4), we have
X1 (1) =A1x1 (0) +A2X2(0) +Ad1 X1 (—h) —|-Ad2X2(—h)

=A1v| (0) +A2V2(0) +Ad1 Vl(—h) +Ad2V2(—h) @)
=0,

From (7) and the second equation of (4), we have

—As) " (Asxi (1) +Agyxi (1 — h) +Ag,x2(1 — h))
—As) " (Asx (1) +Agvi(1 — h) +Ag,v2(1 — h)) ®)

x2(1)

P

Y
o

The combination of inequalities (7) and (8) yields x(1) > 0. Similarly, we have x(r) = 0,Vr €
{1,2,---,t; — 1}. Therefore, (6) holds.

For t = t; we obtain x; (r;) = Hx; (t; —1). We have H > 0 and x; (f; — 1) > O implies
x1 (t1) = 0. From this and the second equation of (4) we get x5 (¢;) = 0.
Fort; <t <t — 1, we show that
xi(t) = 0,i=1,2. ©)

Note that x(¢;) > 0. Assume that (9) holds for all #, <1, t; <t < t; — 1. We shall prove (9)
holds for #; + 1. From the first equation of (4), we have
x1(te+1) = A1x1(tx) +Aoxo(tx) +Ag, x1(tk —h) + Ag,x2(tx —h) = 0, (10)
From (10) and the second equation of (4), we have
xo(te+1) = (—Ag) ! (Asxi(tx+ 1) +Agxi (e + 1 —h) +Agx2 (e + 1 —h)) = 0. (11)

Combining the inequalities (10) and (11) yields x(z + 1) = 0. Therefore, (9) holds.

When ¢t = t, we have x; () = Hx (t, —1). We have H > 0 and x| (r — 1) = 0 implies
x1 (t2) = 0. From this and the second equation of (4) we get x5 () = 0. By repeating the same
procedure, we obtain x;(¢) = 0,i =1,2,¢ > 0. This implies that system (1) is impulsive positive.
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3. Stability analysis

This section investigates the exponential stability analysis problem for system (1). One ex-

ponential stability criterion for system (1) is given by the theorem below. From now, we always
assume that Ag, Ay, H are nonnegative matrices.
Let us denote:

A =A+1,—E,

A=Ay —AZA;1A3 = (aij)
oy = —Ay Ay 1= (dyj)
Ay = Ag, —A2A Agy = (b))
Agy i=Agy — AL Ay, = (i)

rxr’

(n—r)xr?

rxr’

rx(n=r)

Ay = A Ay, = (eij)(nfr)xr’

Agy = =A7 Ady = (i) (o pyear)

H := (hij)rxr,

A=A, M) €RL A= (Mgt An) €RYTT
A= (A1, A) e R

Theorem 3. If there exist constants o, € (0,1), 6 € (0,1), and A € R”, such that the following
conditions hold

(—OCE +A+thAd>l <0, (12)
1
22 —glogaR;L, (13)
R Y L .
it i L _ ;
R;L_(Xj;huki >1,i=1,r, R; flgl?gxr{Rl}>1' (14)

Then, under the minimum dwell-time X (i.e., the impulse time sequence fulfills inf,, {t,, —t,,—1} >
T, m e ZT), system (1) is an impulse positive and exponentially stable. Moreover, we have

HX(I)H§< sup HV(S)Hi> 1] a2, 1 > 0.

h<s<0
Proof. FromAg :=A+1,—E = 0,A; wehave A{,A>,A3,A4+1,_,,Ag;,i = 1,4 are nonnegative

matrices. This implies that A4 is a Metzler matrix. Setting A = (A, Ay) € R, xR, Using
(12), we get

(As+a"44,) A2 <0,



which implies that A4A; < 0 because of a_hAd4A2 >~ 0. Combining this with Lemma 2, we
get det(A4) # 0 and A4 is a Hurwitz matrix, —AZI = 0. As a result, system (1) has a unique
solution, according to Lemma 1. Moreover, from Proposition 1, we obtain that system (1) is an
impulse positive. Since Ay.,i = 1,4,A1,A>,A3 are nonnegative, and —A;l > 0, then we obtain
I —AAy!

oy, o3, Ag,, Agy, Agy, Ag, are nonnegative matrices. Since ( 0 P
—Ay

) is a nonnegative

matrix and nonsingular, from (12) we get:

Al
5 AZ{‘{ (—aE +A+ othd> 2 <0. (15)
0 -4
From (15), we have
r n -
Y (aij+ a*hb,-j) i+ Y alejdi—adi < 0,i=1,r, (16)
j=1 j=r 1
Y (dij+ate;) A+ Y a7 fyd =4 <0,i=rFLn (17)
j=1 jor

Let x(t,v) = (x1(t),%2(t)), where x1(t) := (x1(t),...,x:(¢)), x2(¢) := (xp41(),...,x4(t)), be
the unique nontrivial solution of the system (1) with initial condition v(-). From Proposition 1,
we have
x(t) = 0,t > —h. (18)

To prove that the system (1) is exponentially stable, consider the functions as follows: U;(x(t)) :=

(7 — iU
XZ)(L ) ,i=1,n and we choose the function U (x(7)) = max; <;<, {¥;(x(¢)) } = maxj<;<, {#} )

i i

this implies that x(z) < U (x(¢))A. From (16) and (17), we have

Y (aij+orhb,-,) + Z —a<0 =1,r, (19)
j=1 ’ j=r+l1
and
- n, \ A h
Z(dijjtoc‘e,-j)kjt Z oc‘f,,/l—1<01—r+1n (20)
j=1 o j=r+l

It follows from (1) that

,
Xi(f+1 al,x, + Z (llJXJ +Zbl]x](t + Z cl]x] , 217 r,
1 i=1 1
) j= ,J#l J j=r+ Q1)
i(1) =) dijx;t -I-Ze,]xj h)+ Z fijxj(t=h),i=r+1,n.
j=1 j=r+1



Setting ||V||7 1= SUP_ <4< HV(S)HZLO, and

1(; —
Xl oI, —h<t<0,i=Tn,
Z,‘(t): Ai
xi(t) _ m—1 _t > +
. R a |||}t St <tp,meZT.
1

We will show that o
zi(t) <0, VYVt >0,Vi=1,n.

To prove (23), we divide into the following steps:

(22)

(23)

Step 1: We prove that (23) holds for 7 € [—h,0]. Indeed, from (18), x(s) = v(s),s € [—h,0],

a € (0,1) and the definition of ||v||}, we obtain

(1)

A
ai(r) =22 — ol |V < () — o VI
1
< |V — e |IVI; < 0,i =Tmt € [~h,0].

Step 2: We prove that
Zi<t) < 07Vi:17_n;t € (Oatl - 1] :

Assume that this is not true. Then 3m € {1,2,...,n}, and 7 € (0,7; — 1] such that
zi(t) <0,6 € (0, —1],i=1,n,
and
zm (f) > 0.
From (22), (24) and (26) we get

x(t) 2 |V|EA, V1 € [—h,F—1].

Now we consider two cases:

(24)

(25)

(26)

27)

(28)



Case 1: If the index m € {1,2,...,r}, from (19), (21), (22) and (28) we have:

>

1 _ r
< T(ammxm(t—1)+ Z X (f— —l—meJxJ —1—nh)
m J=1j#m =1

n -
Yy cm,.x,.<f_1_h>)_ar||v||;

j=r+1
1 . =
s;(amma’ Wit Y ame VA Y bt VG (29)
" j= lj#m J=1
b ¥ e tal VI ) - ol vl
j=r+1
Aj A
o~ 1Hth< Zam]Jra hbmj))L—Jr Z a hcmjll a)
j=1 m Jj=r+1
< U,
(19)

which is in conflict with (27), z,, (f) > 0, this implies that

a(t) <0V i=T,r,t€ (0,6 —1]. (30)
Case 2: If the index m € {r+1,r+2,...,n}, from (20), (21), (22) and (28) we obtain:
_ xp(7) :
() =5 2~ o]
1 i .
=7(Zd Zemm B+ Y fai >)—a’||v||z
m o\ j= j=r+1
1 i B B}
T(Z i VI +Zem,a Akt Y fe V] )—afuvuz
=1 j= Jj=r+1

_ r 3 A« n - )‘
~ (L reme ) 2t § 1)
Jj=1 m m

j=r+l1
< 0,
(20)
(3D
which is in contradiction with z,, () > 0, then we obtain
zi(t) <0,Vi=r+1,n1t€ (0,5 —1]. (32)

Combining together with (30) and (32) implies (25) hold.
Step 3: Suppose that z;(t) <0,V i= 1,n,t € [0,;), s € ZT, then

Zi(t)Souizlv_nate[ZM*17IM)7m:1727"~7S~ (33)

9



For i = 1,n, we prove that z;(t) <0, t € [ty,t,,1) . First, we show that z; (t;) < 0,i = 1,n. From
(22) and (33), we get

xi(t) < R MIVIG Aiyi =T,m,1 € [ty—1,tm), m=1,2,....s,
22) (34)
x(t=1) =2 (Ry) e v}

From (14), (22) and (34), fori=1,...,r, we get

xi(ts) S ot > - xj<ts_1) s ot >
i(ty) = — (R ol ||V, = hji———— — (R as||v
) g, 7~ (R e VI = = = () e VI
r A
-1 t— .
< (Ry) ok IHVHZZhijf—(Rx)sa“HVHZ
1 . j
=Ry 't 1||V||Z <Zh,]1{—aR,1>
j=1 !
< 0,i=1,r,
(14)
then, we have
xi () < (Ry)* octSHvHZ?L,-,i =1,r. (36)

Note that Ry > 1,h > 0,t > 0, then V¢ € [0,1,), we get
xi(t—h) < (R ||vIra el A i=T,n. (37)
Fori=r+1,...,n, from (20), (21), (22), (34), (36) and (37) we achieve

xi tS Ky
i) =)ot )

( Z dijx;(ts) + Z eijxj(ts—h)+ Z i (s —h)) —a”||v[; (Ry)

;L j=1 j=r+l1
1 r
x(Zdu R;) atS||V|IZ7tj+Z(Rz)sei,a ot ||V,
= = (38)
LY R fe v )—<R»>Saﬂ*uvnz
J=r+1
s > d —h A] L —hﬂ‘]
:(Rl) (XSHVHh (Zd,-jJreijoc )7—{— Z fija I_
Jj=1 L j=r+1 i
<o
(20)

Combining inequalities (35) and (38), we get

zi(t) <0,i=T,n. (39)

10



Therefore, we only need to show that z;(¢) < 0 for all i = 1,n,t € (t;,t;,1). Assume that this is
not true, then 3 p € {1,2,...,n}, 1 € (t,t,+1 — 1] such that

Zi(t)govizlv_n7te(tsaf_l]a (40)
zp () > 0. 41)
Combining (33), (39) and (40) yields

x(t) = R M IVIEAA, 1 € [tmt,tm),m=1,--- .

42
X(1) = (Ry)* [VIaia, 1 € [, — 1], )
Now we consider two cases:
Case I: If the index p € {1,2,...,r}, from (19), (21), (22), (42) we have:
o Xp(7) ,
zp(f) = ’i —(Ry) ||Vl
P
1 r n A
Sl_(appxp )+ Z apjx;j(f +pr1x/ —1—-h)+ Z ijxj(f_l—h))
P j=Lj#p j=1 j=r+1
— Ry & |vl;
1 P
< o (o @G VR (R 0 VA + X by (R e i
P j=L1j#p j=1
n ~ ~
b ¥ ey a el Vi) - (k) oI
j=r+1
s i—1 > . —h A’ /l
= (Ry)" o[V, (Zapj‘Hx bp)) 1 L+ Z a ijl -
j=1 P j=rtl1
< 0,
(19)
(43)
the opposite of (41), z,, () > 0, therefore we obtain z;(t) <0, i = 1,7t € (t;,t541)
Case II: If the index p € {r+1,r+2,...,n}, from (20), (21), (22), and (42) we obtain:
o Xp(D) s
Zp(f):i——(Rz)sa’HVllZ
P
1 r . r . n . R
= 3 (L@ Lemsi=m+ & poti =)~ ) el
= j=1 j=r+1
1 " _
,L—(Z VI Y (R e Mol VIR + Y (R e v, )
=1 j=1 j=r+1
— Ry avl;
s f > . —h Aj - —hﬂ'j
=R, | v|" (;dpj+epjoc )l—p+._2 fojct )L——l (2<0)0,
Jj= j=r+1 4
(44)

11



which contradicts with (41), z,, (f) > 0, therefore we obtain z;(r) <0, i = r+1,n,t € (t;,t541).
As a result of the mathematical induction principle, we have established that z;(t) < 0,7 > 0,i =
I,_n. In this light, we get

S0 < (R Vi = Tt € fesot) o € 2,
1
then
xi(f _
00) = max {0 < (R Vs € ) ezt 6

Using (13), we have
R)L S a—5§ S (x_s(l‘m_[mfl)7 me Z+

combine this with inequality (45) to get
-1
e < 1B(O) Al = D) Al < (R)™ o [[VIEIIAL
S a_6t1 a_a(tZ_ll) . a_6(lm71_li1172) atHvHZHA H
= At et i o v A = et v 1A
= a1 Da ! VAL < &' VIGIAYLE € lonttm) ,m € 27,

thus
lx(6)]] < a2 v|FA]]e > 0.

This means that system (1) is exponentially stable. 0

4. Numerical examples

Example 1 Consider system (1) where

0 0 0.15 02 0
1 0/,A=]01 02 0
0 0 0.15 02 —0.7

E =

)

o o =

02 0.1 0
Ag;= 101 02 0 ,H:B 8;},
1.0 20 0 '

and h =2. We see that Ap := A+ 13— E, Ay, H are nonnegative matrices. For & =0.8,6 = 0.9,
we can quickly check that the conditions (12), (13), (14) are satisfied with A = [11 10 76].
By some simple calculation, we have R}L = 1.4545 > 1, Ri =24>1,and Ry =2.4> 1.
Thus, if t,;, —t,,—1 > T > —%logaR;L,% 3.5310,m € Z*, then, from Theorem 3, the system is
exponentially stable.

12



5. Conclusions

This research paper proposes a method for analyzing the exponential stability of discrete-
time impulsive positive singular systems with time delay. It presents new results on impul-
sive exponential stability for discrete-time impulsive positive singular systems with time delay,
which have not been previously reported in the literature. The proposed method is demonstrated
to be effective through a numerical example.
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