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Abstract

In this paper, we study the practical exponential stability of nonlinear nonautonomous differential equations under nonlinear
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1. Introduction and Preliminaries

applications to neutral networks will be investigated.

Nonlinear differential equations are models for a variety of phenomena in the life sciences, physics and technology, chemistry and

economics (see, e.g., [ 10, 15 ]). When studying these equations, stability analysis is always a central issue. In the literature, there are

may be possible to require finite time stability only). These considerations allow to relax some hypotheses usually needed in classical

Lyapunov’s stability (see, e.g., [ 1,2,4,25 ]). The traditional approaches to practical stability of nonlinear differential equations are the

]). To the best of our knowledge, there are not many explicit criteria for the practical exponential stability of these equations.

In this paper, we will develop a new approach to the practical exponential stability of nonlinear differential equations. Our approach is

based on the theory of comparison principle and nonnegative matrices, (see, e.g., [ 3 ]). This theory has been applied successfully to

theory, several explicit criteria for the practical exponential stability of some nonlinear differential equations will be given. Some

Let N be the set of all natural numbers. For given |m € N, let|m :={1,2,...,m}

and my := {0, 1,2, ...

,m

}H Let K=C

and [R| denote the sets of all complex and all real numbers, respectively. For positive integers
space over [R| and R stands for the set of all

understood componentwise, i.e., for two real matrices

and

A = (ai;)
forg=1,...,0l,7=1,..

t=1,...,l,j=1,...,q. In particular, if |ja;; > b;;

A > 0. Similar notations are adopted for vectors.

leq the set of all nonnegative matrices

l,g>1,R!

., ql, then we write

A>B

iff a;j > bij

for

[ x g-matrices with entries in l]@ Inequalities between real matrices or vectors will be

B = (b;;) in R, we write

A > B|instead of

A > B

is the spectrum of M. A matrix |[M € R™"

o(M) :={X € C:det(A\l, — M) =0}

Metzler matrices which will be used in what follows.

M e R™"

Theorem 1 [21 ] Suppose that
(M)

is a Metzler matrix. Then,

(i) (Perron—Frobenius)

is an eigenvalue of M and there exists a nonnegative eigenvector z # 0

a € R|, there exists a nonzero vector |x > 0| such that Mz > ax

(ii) Given

if and only if ju(M) > a.

(tI, — M)~!|exists and is nonnegative if and only if t > p(M)|.

(iii)

(iv) Given

B e R C e C"". Then,

|IC| < B= u(M+ C) < u(M + B).

The following is immediate from Theorem 1 and is used in what follows.

(i) k(M) <0}

for some

Mp <0 p € RY,p> 0;

(i)

(iii) M is invertible and

M1 <o;
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Theorem 2 Let |M € R™*"|be a Metzler matrix. Then the following statements are equivalent:

is said to be Hurwitz stable if

For iz € R"|and |P € R | we define ||z| = (|])| and | P| = (|pi;]). A norm || - ||| on |@| is said to be monotonic if|||z| < ||y||| whenever
1

0,y € B", 2] < |y]. For example, the p-norm on & ([, = (121 + 22" + -+~ + lea)F,1 < p < 00| and [Je]loc = maxi_12,..n Joi])

monotonic.

For any matrix |M € R™",|the spectral abscissa of M is denoted by |u(M) := max{RA : A € o(M)}|, where

p(M) <0

such that [Mz

As its name indicates, the practical stability concept is motivated by engineering considerations: it is rarely needed for an industrial system
to reach its target exactly (this means, asymptotic stability is a rather constraining aim), or to behave until a really infinite time (then, it

exponential stability and robust stability of some classes of differential and difference equations (see, e.g., [ 13,17, 18,21 ]). By using this

or [R,| where

denotes the /-dimensional vector

. We denote by

1s

. For an arbitrary

norm || - ||| on [R™*" | the matrix measure of |M := (m;;) € R"*"|is defined by
I, +eM|| -1
s(M) := lim 12w | ,
e—0" €
where |I,, € R"™"|is the identity matrix, see [8 ].
A matrix |M € R" " is called a Metzler matrix if all off-diagonal elements of M are nonnegative. We now summarize some properties of
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there exists , such that ;

(v) for any jz € R"\ {0}, the row vector 2T M| has at least one negative entry.

(iv) for given |b eR",b>0,

With a given matrix |4 = (a;;) € R™*"|, we associate the Metzler matrix |[M(A) := (a;;) € R™*"|, where

~

a;; ‘= aj;, iEQ; &ij = ’aij‘a i?'éj,@jeﬂ-

2. Main Results

Consider a nonlinear nonautonomous differential system of the form

z(t) = f(t,2(t)) + w(t, 2(t), t>o0,

where |f,w: R x R" — R"| are continuous and are locally Lipschitz in the second argument, uniformly in # on compact intervals of |R.| This

system is seen as a perturbation of the nominal system

. 2
z(t) = f(t,z(t)), t>o.
The perturbation term |w(¢, z)| could result from modelling errors, aging or uncertainties and disturbances, which exist in any realistic
problem.
It is well known that for fixed |o € Rl and given jzy € R"|, there exists a unique local solution of ( 1), denoted by z(-; o, zo )| satisfying the
initial value condition
3

z(o) = xo,

see e.g., [ 10 ]. This solution is defined and continuous on (o, )| for some [y > o/ and satisfies ( 1) for every [t € [o,7), see e.g., [ 10 ].

Furthermore, if the interval |0, 7)|is the maximum interval of existence of the solution |z(-; o, o), then [z (+; o, 2o )| is said to be

noncontinuable. The existence of a noncontinuable solution follows from Zorn’s lemma and the maximum open interval of existence.

Definition 1 Equation (1) is said to be practicallly exponentially stable (shortly, PES) if there exist positive numbers |[K, § and [T > 0,

such that for each |0 € R and each [zq € R" | the solution of ( 1)-(3) exists on

—

o, o0)| and furthermore satisfies

lz(t, o, z0)|| < Ke P& ||m]| + T, VE>o.

If T = 0, then equation (/1) is said to be exponentially stable (shortly, ES).

Now, we consider

(Hy)| There exists a continuous function (-) : R — R|such that

s(J(t; z)) < 6(t), ¥t € R, Yz € R”, 4
where [J(t, z) := <g£] (t, 1’)) € R™" t € R,z € R", is the Jacobian matrix of |f(¢, -)| at x.
(H,)| There exist a continuous function ja(-) : R — R, |and a bounded function |h(+;-) : R x R™ — R |such that
lw(t, w)|| < a(t)||u]] + h(t,w),Vt € R,Vu € R™. .
Theorem 3 Suppose that (H;)-(Hz)| hold and f{¢, 0) is bounded on . Then, (1) is PES if there exists 7 > 0| such that
8(t) + a(t) < —61,Vt € R. 6
Moreover, if |f(¢;0) = 0,Vt € Rl and |h(t,z) = 0,Vt € R, Vx € R" | then equation (1) is ES.
Proof Since (6), there exists |T € R4 such that
7

(H(t) I a(t))T < =€, Vt e R,V € R,

where € := sup;cp ,cpe {[|f(2,0)] + h(t,u)}.|Let|{ > 0| be arbitrary, but fixed and |z(t) := z(t; 0, x0), t € [0,7), o € R"|, where the interval

[0, 7)|is the maximum interval of existence of the solution (-; o, o). Choose a positive number K > 1| such that ||zo|| < K ||xo||.| Define

3(t) := Ke " (||zo|| + ¢) + T, te o, +00).

Clearly, |[|z(0)]| < v(c). We claim that ||z ()| < 0(t), Vt € [o,7)|.

Assume on the contrary that there exists t* > of such that |||z(¢*)|| > v(¢*). Set ty := inf{t € (0,7) : ||z(¢)|| > v(¢)}. By continuity, t;, > o]
and

lz@)|| <o(8),VE € [o, ta]; |lx(t)ll = 0(te);  llz(m)ll > B(7),
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for some |7, € (tb, tp + %), keN

Note that

x
D" ||z(tp)] := limsup H

eProofing

(t + Ol — llz()l

. Using the mean value theorem (see, e.g., [ 6 ]), we get the following estimates:

el + (el — (6

= lim sup ;

_ limsup z(ts) + €(f (tp, 2(tp)) + wlts, #(tp)))]| — ll2(ts) |l
e—0" £

T () + (£ (ty, z(ts)) — F(ts, 0))I| — llz(2s)]]

< lim sup .

1 )] + [, ()]
l2(ts) + ( [t sx(tb»ds)w(tb)n = et

= lim sup
e—0t

€

£, O + ot 2(t))]
1L + € [1 It sw(ta))ds]| — 1) la(es)l

= lim sup
e—0"

€

+ |1 (te, 0) || + [|w(te, z(ts)) |
= s(/o J(tp, sa:(tb))ds> lz(t)|| + || (ts, 0)|| + llw(ts, z(ts))]-

3( /0 1 J(tb,sm(tb))ds) < /0 1 S(J(tb,sx(tb))>ds,

(see, e.g.,[8]). Then |(Hy)-(H2), and (6), (7) and (&) imply

o1
D+||*’I-‘(fb}” E / 5 (I(fh H.!'{f-b)))(_]_,ﬁ;”.{'(ff;}” + ||f“fjﬂ)|| + ”W(fhf{fh})”
J A

(H1),(Hz)

4 (ﬁm - atn) ) )+ 17t 0) ] + it (00)
< (06t + a(t) ) (e + &

. (H(tb} + n(fh))-ﬁ{f;}) &= (9(@) + n(f;;))
X (ﬁ'rf—‘i'““‘_"}(llif‘nH +¢) + T) +¢

(6).(7) - .
< =0 Ke =) (||zo|l + €) = v(tp).

On the other hand, (8 ) implies that

z(t)|| — ||z(t S— () = e (t
tt] t—1t % — 1
— v(7r) — v(t v(7r) — v(t
Tk — tp k—+o00 T — tp

This is a contradiction. Therefore,
lz(t; 0, 20) || < 5(t) = Ke ) (||lzol| + ¢) + T, Vt€ [0,7), Vao € R™.
Letting |(| tend to zero, we obtain

lz(t; 0, 20)|| < Ke " zo|| + T, Vt€ [0,7), Yo € R

Now, we claim that [y = oo| and so equation (/1) is PES. Seeking a contradiction, we assume that ry < oo|. Then it follows from (9 ) that

continuous on |, 7)|. This implies that lim, - x(t)| exists and z(-)| can be extended to a continuous differential function on (o, 7]\

z(-; o, 2o )| is bounded on |[o, 7)|. Furthermore, this together with ( 1) implies that |z(-)|is bounded on ([, 7). Thus,

z()

is uniformly

Therefore, one can find a solution of ( 1) through the point |(-y, (~y))| to the right of H This contradicts the noncontinuability hypothesis on

z(-)|. Thus, H must be equal to gl

Finally, it is easy to see that if |f(¢,0) = 0,Vt € R|and h(t,z) = 0,Vt € R,Vz € R"|then | = 0. Hence, (1) is ES. This completes the

proof.
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Remark 1 Based on a nonlinear inequality and Lyapunov’s method, Makhlouf-Hammami [ 16, Example 2] show that

_ ; 22(t) —t : 2 2 cos t 10
(561(75)> O raer . T ERE O TR o
i B z1(t) Sty me |05
PO\ mm@ 4 ey om0 + )

is PES. Let be endowed with 1-norm. It is easy to check that (10 ) is PES, by Theorem 3, where
)= (),
— 2o

T2

and

et + sin(a:% 4t wg)w

t | @) 142
w(t,z) = o ¢ . 9 2\ sin ¢
—E ety sinad + o)t
1+(-’E1+11?2) 1+t

Definition 2 Equation (1) is said to be ultimately practically exponentially stable (shortly, UPES) if there exist a positive number @

and vectors i, v > 0| such that for each o € R and each |zg € R",|the solution of ( 1)-(3) exists on

—

o, 00) and furthermore satisfies

|z (¢, o, 20)| < e Alt=o) |lzo|ln + v, Vt>o.

If v = 0, then equation ( 1) is said to be ultimately exponentially stable (shortly, UES)).

Remark 2 1t is easy to see that if equation (/1) is UPES (UES, respectively), then it is PES (ES, respectively).

Now, we consider the assumptions:

(H3)||f(¢,-) is continuously differentiable on [R"|for any [t € R|and there exists a matrix-valued continuous function |A(:) : R — R™*"| such

that
M(J(t,z)) < A(t),Vt € R,V € R", i
where |J (¢, x) := (gj (¢, :v)) € R™" t € R,z € R", is the Jacobian matrix of |f(¢, -) at x.
(Hy)| There exist a matrix-valued continuous function |B(-) : R — R’*"| and a bounded function jg(-, -) : R x R"™ — R’;|such that
w(t, w)| < B(®)[u| + g(t, w), Vt € R, Yu € R™. 12
(Hs )| There exists a matrix-valued continuous function |C(-) : R — R’"| such that
w(t,2) - w(t, y)| < C@)le - yl, V¢ €R, Yz, y € R .
We are now in the position to state the second main result of this paper.
Theorem 4 Assume that |(H3)|and (H,)| hold and f{¢, 0) is bounded on . If there exist |8 > 0/ and p := (p1,p2, - - - pn)’ €RT,p >0
such that
14
(A(t) o B(t))p < —fp, VteR,
then equation (1) is UPES.
In addition, if |f(¢,0) = 0,Vt € R|and |g(¢,z) = 0,Vt € R, Ve € R") then equation (1) is UES.
Proof Letw:= (wi,ws,...,wy)" € R% such that w; := sup,cp yep{|fi(t, 0)| + gi(t, u)}.
Since (14 ), there exists v := (v1,v2,...,v,). € R" | such that
15

<A(t) + B(t))v < —w,Vt €R.

Let |A(t) := (a;;(t)) € R™", t € R;|and |B(t) := (b;;(t)) € R™*",t € R. Let € > 0 be arbitrary, but fixed. Define

z(t) := z(t; 0, 20),t € [0,7),xo € R"|, where the interval |[o, 7)| is the maximum interval of existence of the solution z(-; o, zo)|. It follows

from (3) that||z(o)| = |zo| < HmOH%, where |\ := min;e, p;|. Define

u(t) == e Pt=9) (||zo || + e)g +u, telo,+o0).

Clearly, ||z(0)| = |zo| < u(o). We claim that ||z (¢)| < u(t), Vt € [0, 7). Assume on the contrary that there exists [tg > o] such that
|z(to)| £ u(to). Setft1 := inf{t € (o,7) : |z(t)| £ u(t)}. By continuity, ¢; > o and there is {ip € n|such that

()] < u(t), vt € [0, 1); iy (£1)] = iy (£1), [0 ()] > iy (), o

for some |, € (t1,t1 + %), k € N. By the mean value theorem (see, e.g., [ 6 ]), we have for each [t € R and for each i € n

https://eproofing.springer.com/ePj/printpage_jnls/UAY 3e48psNQJkXXR81nphFShwk_gcl-7SfHGg66 T3MgQpZOBcVnf_2RjSS86yu_MJOWrkhRQAIj3ksgaWV18sis7dmLdVkZp84U47JL6rlZj8Jf8aJBVmrmoNtXK1dL5 5/12
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@ (t) fz (t, z(t)) + wit, z(t)) = (fi(t, 2(t)) — £i(t,0)) + fi(t,0) + wi(t, z(t))
= ( : Ofs (t, sz(t )ds) i(t) + £i(t,0) + w;(t, z(t)).

o0z
J J

,\
=
N—r
=
=
N—

Taking into account, we obtain

0 = snai)in) = sone ) 32 ([ gt seto)ds )t

T £i(,0) + wilt, m(t)))
1 8fz n 1 6f1
< (t, sz(t))ds | |z (t)] + |==—(t, sz(t))|ds|z;(t)|
< 0 8.%1 > j—lgyéi/o 8.’Ej
+ |fz(t 0)| + |wi(t, z(t))],
(Hs),(Hy) %
< Z aij (t)]2; (¢)] + ) bz‘j(t) |z (2)]

+ |fi(t7 0)| + gi(ta x(t))

<3 asOlas(O] + Y by (Oles(o) +wi

for almost any ¢t € [0, ). It follows that for any ¢t € [0, v),

it + — |z (2 1 [tte d
D7 |z;(t)| := lim sup 2t o)l ~ lo:(b)] = lim sup —/ —|zi(s)|ds
€ Jt

e—0" € e—0" ds

<D aOles] + 3 b (Ol o) +

where |[D"| denotes the Dini upper-right derivative. In particular, it follows from (14 ), (15) and ( 16) that

D |z, (t1)] < Z‘%J t1)|z;(t)] + szw t1)|z;(t)| + wi,,
gty o) ol + €
(Z%J £)p; +wa H)p ) A=) [T
+ (Z @iy (t1)v; + Z bz'oj(tl)vj> + wj,
=1 =1

(14),(15) , Di
— Be 70 (Jlzoll + ) Zr = D uiy ().
On the other hand, ( 16 ) implies that
iy ()] — |2, (¢ —— i, ()| — |2, (¢
D (1) imsap (2o = )] o ()] e (1)
t—t t—1h e — t

wio (k) — wig (1) _ . g (k) — iy (t1)

T — t1 k—+o0 T — t1

> Elk—H—oo
=Dt Uj, (tl ) .
This is a contradiction. Therefore,

z(t; o, w0)| < w(t) = e P (||lao || + 6)% +v, Vtelo,), Voo € R™.

Letting |e| tend to zero, we obtain

17
|z(t; o, x0 )| < efﬂ“*”)HmOH% +v, Vtelo,q), Vzo € R™

Now similar to the final part in the proof of Theorem 3, we imply |y = oo and so equation ( 1) is UPES. Finally, if |f(¢,0) = 0,Vt € R|and

g(t,z)) =0,Vt € R,Vz € R" | then v = 0] and equation ( 1) is UES. This completes the proof.

Hs)|and (Hy) hold and f{z, 0) is bounded on . Then equation (1) is UPES if one of the following conditions is

Corollary 1 Suppose

—~

satisfied:

(i) There exists a Hurwitz stable matrix |By € R™""| such that

A(t) + B(t) < By, VteR. 18

(ii) There exist p, g € R'}, p, ¢ > 0| such that

19
(A(t) -+ B(t))p <—q VteR

In addition, if |f(¢,0) = 0, Vt € R|and |g(¢, z) = 0,Vt € R, Vz € R" | then (1) is UES.

https://eproofing.springer.com/ePj/printpage_jnls/UAY 3e48psNQJkXXR81nphFShwk_gcl-7SfHGg66 T3MqQpZOBcVnf_2RjSS86yu_MJOWrkhRQAIj3ksgaWV 18sis7dmLdVkZp84U47JL6rZj8Jf8aJBVmrmoNtXK1dL5 6/12
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so that

stable, there exists p € R ,p>> 0

for some sufficiently small |3 > 0|

Thus, (14) holds.

eProofing

Proof (i) Assume that (i) holds. It remains to show that (14 ) of Theorem 4 holds. Note that is a Metzler matrix. Since is Hurwitz

Bop < 0, by Theorem 2. By continuity, this implies that

(ii) Suppose that (ii) holds. We show that ( 14 ) of Theorem (4 ) holds. Let jp := (p1, p2, - - -

20
BOP < _ﬂp’

Therefore,

(20)
(A(t) + B(t)>p < Byp< — Bp, VteR.

with

S an)T €R”

apn)Taq = (q17q27 ..

Di, Qi > 0>VZ € nj.

Fixji enand t € R,z € R"|,

and consider the function

Clearly, |F;(8

~—

and

Fi (B

~—

Therefore,

For each i € n,|let us define

Obviously, |8 > 0. We show that |3} > 0.

Then,

is continuous in Elon and limg_, 1 F;(B) =

is strictly increasing on . Therefore, there is a unique positive number, say |5;(t)|,

t)pi + ) (ai(t") + bii(t"))p; < eipi + Z aij(t

+ le )Pj,

,sz + Z az]

+00,

n (19)
Fi(0) =) (asj(t) + bij(t))p; < — qi <0,
=1

dF;
dp

=p; > 0.

such that

pz + Z al]

) + bij(t))p; = 0.

B; = mf{Bi(t) > 0: F(Bi(t)) = 0}

and

Then there exists t* € R| such that |3;(t*) < ¢

Suppose this is not true. Let |0 < ¢ < %.

pz + Z az]

+ bm ))Pj =0.

) + bza( ))PJ'

(19)
<gq; + Z azg + bl] ))pj <q —q = 07

which is a contradiction. Therefore,

It follows that

0|, for all 7 € n|.

Let|0 < 8 < minge, {8} }|

5}71 = Z azg

Hence, (14 ) holds. This completes the proof. I@

+ bw )Pj

forallt € R,

and for all 7 € n.

Remark 3 1t follows from the condition (i) of Corollary 1 that we can choose

The following follows from Theorem 4 and Corollary 1.

Theorem 5 Assume that hold and |f(¢,0), w(t, 0)

conditions is satisfied:

(i) There exist|8 >0 ypn)T € R, p>> 0 such that

and |p := (p1, p2, - -

such that

(ii) There exists a Hurwitz stable matrix |By € R"*"

A(t) + C(t) < Bo,

such that

(iii) There exist p, g € R’ ,p,g >0

<0,

v=—(By) tw

vVt € R.

(A(t) + C(t))p < —PBp, VteR.

such that ( 15) is satisfied.

are bounded on . Then equation (1) is UPES if one of the following

21

22
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(A(t) + C’(t))p < —q, VteR. >
In addition, if |f(¢,0) + w(¢,0) = 0, V¢ € R, then equation (1) is UES.
Proof Since (Hs)|, we have
lw(t, z)| < C(t)|z| + |w(t,0)|,Vt € R, Ve € R".
Then |(Hy) holds with g(¢, z) := |w(t, 0)|. Thus, the conclusion of Theorem 5 is straightforward from Theorem 4 and Corollary 1.
Example 1 Consider the differential equation:
24

i(t) := (—4 — 2 cos® t)z(t) + 8sin(t* + 0.001z(t)).

Clearly, (24 ) is of the form (1) with |f(¢, z) := (—4 — 2 cos? t)z + 8sin(t? + 0.001z), ¢ € R.| Furthermore, it is easy to see that f{z, x) is

local Lipschitz continuous with respect to x on each compact subset of R x R|and

0
6—£(t, z) = —4 — 2cos® t + 0.008 cos(0.001z + t%).

Let |1 = 3.991, p = 1| It is clear that

0
(6—f(t, :L'))p = —4 — 2cos® t + 0.008 cos(0.001z + t*)
73

< -3.992 < —3.991 = —Bip, VtcR,VzcR.

Therefore, (24 ) is PES, by Theorem 4. For a visual simulation, if we choose (0) = 10,| then the trajectory of system (24 ) is given in

1 4 T T T T T T T

—— 2()=Ix()
----- u(t)

10

o

trajectory

(9]

time s

In the particular case, if equation (1) is not perturbed (i.e., w(¢, ) = 0)), then the following follows directly from Theorem 5.

Corollary 2 Suppose that (w(t, z) = 0, [(Hs

~—

holds and |f(¢; 0) = 0, V¢t € R|. Then equation (1) is UES if one of the following conditions

1s satisfied:

(i) There exist |8 > 0/ and jp := (p1, p2, - . - ,Pn)’ € R, p>> 0 such that

2
Alt)p < —fp, VteR. >
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(ii) There exists a Hurwitz stable matrix such that

A(t) < By, VteR.

(iii) There exist |p, g € R", p, ¢ > 0| such that

A(t)p< —q, VteR.

Remark 4 The result in Corollary 2 includes the well-known result in [

18, Theorem 2.2]. Furthermore, in this paper, we have shown that equation ( 2 ) is globally exponentially stable for all jzy € R",|while

Theorem 2.2 in [ 18 ] proved that equation (2) is locally exponentially stable with |zy € B, = {z :€ R", ||z|| <}l

Remark 5 Our approach may be more easy to check UPES and UES in some cases than other results.
(1) Song—Lib—Wang [ 22, Example 4.1, page 1309] show that

(28) - (Sinln(t+ !y +::051n(t+ v sinln(¢ + 1) +IZOSln(t+ 1) — 2)
(2
xa(t

. It is easy to check that (28 ) is UES provided [k < 2 — /2, by Corollary 2.

is ES provided |k <

o [

(i1) Errebii—Ellouze—-Hammami [ 7, Example 3.1, page 170] show that the scalar differential equation with delay

. 1 —t
z(t) = —=(t) + Tx?(t)e ,t >0

1s PES. This is immediate from Theorem 4 .

(ii1) A similar result has been found in [ 1, Example 1, page 60]. More precisely, the differential equation

. zi(t) g2
(:l:l (t)) _ —z1(t) + HT%(t)e it) 1it2 z2(t)

T9 (t) — (t) 4 e (t)

is UPES. Once again, it is easy to see that this assertion follows from Theorem 4 with z = (21, a:z)T € R?

1

f(ta 3}) = (_xl " L2 $2) )

—x2 +e ™

and

3. Applications to Neural Networks

Consider the cellular neural network described by

zi(t) = —cit)wi(t) + zn: aij(t)gi(x;(t)) + Li(t), i€n,

where n corresponds to the number of units in the neural network, |z;(t) corresponds to the state vector of the ith unit at the time ¢, |¢;(¢)

represents the rate at which the ith unit will reset its potential to the resting state in isolation when disconnected from the network and

and |I;(¢) denotes the external bias on the ith unit at the time z.

Let g;(+), ci(), Li(+), ai;(-)| be continuous functions. Assume that |a;;(-)| is bounded.

Suppose that

(A1) For each |j € n), there exists |L; > 0| so that||g;(u;) — g;(v;)| < Lj|u; — vj], Yuj,v; € R.

(Az)| For each |j € nj, there exists |[M; > 0] so that 0 < g;(u;) < Lj, Vu; € R.

Define ([h(t)]" = max{h(t), 0}, for every t € R| Let |z(t) := z(t, zo)| be the solution of (31).

Corollary 3 Assume that (A1) holds and |I;(-)| is bounded. Then equation (31 ) is UPES if one of the following conditions holds:

(i) There exist a scalar |3 > 0| and positive numbers p;, ps, . - . , p,| Such that

26

27

28

29

30

31

external inputs, |g;(x;(¢))| denotes the output of the jth unit at the time [t, a;;(¢)| denotes the strength of the jth unit on the ith unit at time ¢
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—ci(t)pi + ) lai; (t)|Lp; < —Bpi, Yt €R,Vi € .
=1

(ii) There exists a Hurwitz stable matrix |B := (b;;) € R"""| such that for each (i, j € n,i # j,

—Ci(t) + |aii(t)|Li < by, Vt € R; |aij(t)|Lj < bij,Vt e R.

(iii) There exist positive numbers p1, p2, ..., Pn,q1,q2, - - - , @n| Such that

n
—ci(t)pi + Y _ laij(t)|Lip; < —@i, VE €R, Vi € n.
=1

Proof Let

ft, ) :=(fi(t, x), f2(t, ), ..., fult, ac))T,
'w(t, 213) Iz(wl (t, x), w2 (t, 113), 2099 wn(ta x))T

with |f;(t, z) := —c;(t)zi(t), wi(t, ) := D7, aij(t)gj(x;(t)) + Li(t), i € nl. It is not hard to see that the equation (31) is of the form ( 1).

Then, the conclusions of Corollary 3 are straightforward from Theorem 5 .

Corollary 4 Assume that |(A)| holds and |I;(-)| is bounded. Then equation (31 ) is UPES if one of the following conditions holds:

() There exist a scalar | > 0| and positive numbers p1, p2, . . . , ps| such that

—Ci(t)pi + [aii(t)]JrLipi + Z |aij(t)|Ljpj < —Pp;, Vt € R, Vi € n.
J=1,5#1

(ii) There exists a Hurwitz stable matrix |B := (b;;) € R™*"| such that for each fi, j € n,i # j,

—ci(t) + [ai (8)]T Li < bii, Vt € R;|asi(t)|Lj < bij, Vt € R, j # i.

(iii) There exist positive numbers p1, p2, ..., Pn,q1,q2, - - - , @ SUch that

—Ci(t)pi + [aii(t)]+L¢pi + Z |aij(t)|Ljpj < —gq;,Vt eR,Vi € n.
J=1,5#

Proof Let

f@,2) :=(f1(t,2), fo(t, ), - -, Fults )T,
w(t, z) :=(wi (t, ), wa(t, x), ..., wa(t,z))"

with |fi(t, 2) == —c;(t)2i (t) + D07, aij(t)g;(x;(t)) + Li(t), wi(t, ) := 0,4 € n. Clearly, the conclusions of Corollary 4 are straightforward

from Theorem 5.

Corollary 5 Assume that |(A2)| holds and |[;(+) is bounded. Then equation (31 ) is UPES if one of the following conditions holds:

() There exists a scalar |37 > 0| such that

—ci(t) + la O Li + ) lai(t)|Li < —B1,Vt€R,Vj € n,

i=1iAj
or
—ci(t) + [ai(t) + Z |a;; ()] Li < —p1,Vt €R, Vi € n.
J=1,571
(ii) There exists a scalar 8 > 0] such that
+ 1 < :
—¢j(t) + lay (V)] Lj +5 > (lai(8)|Li + lagi(t)|L;) < —B2, Vt € R,Vj € n.
i=Lit]

Proof Let

f(t, ) :=(fi(t, x), f2(t, ), ..., fult, ac))T,
'w(t, ZE) Iz(wl (t, m), w2 (t, m)a 20099 wn(ta w))T

with |f; (¢, ) := —c;i(t)zi(t) + Z?:1 aij(t)g;i(z;(t)) + Li(t), wi(t, z) := 0,4 € n,. It is easy to see that the conclusions of Corollary 5 are

straightforward from Theorem 3 .
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Assume that |z* := (z}, @, ..., 25)T € R"is an equilibrium of (31). It is obvious that u(-) := z(-) — z*| satisfies

i(6) = (B + 3 as(siw (@), i€n,

where Sj(’u,j) = gj(Uj + x;) - gj(w;)aj € nj.

The following is immediate from Corollary 2 and Theorem 3.

Corollary 6 The equilibrium [z*| of (31) is ES if one of the following conditions holds:

(i) |(A1)|and one of conditions (i), (ii), (iii) of Corollary 3 are satisfied.

(ii) |(Az2)| and either one of conditions (i), (ii), (iii) of Corollary (4 ) or one of the conditions (i), (ii) of Corollary (5 are satisfied.

Remark 6 Corollary 6 includes some existing criteria for the exponential stability of the cellular neural network in the literature as
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