YOSIDA DISTANCE AND EXISTENCE OF INVARIANT MANIFOLDS
IN THE INFINITE-DIMENSIONAL DYNAMICAL SYSTEMS
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ABSTRACT. Using a new concept of “Yosida distance” between two (unbounded) linear
operators A and B in a Banach space X defined as limsup,,_, ; . |4, — Byl|, where A,
and B, are the Yosida approximations of A and B, respectively, we study the persis-
tence under small linear perturbation of exponential dichotomy in the linear evolution
equations. This new concept of distance is also used to define the continuity of the proto-
derivative of the operator F' in the equation u’(t) = Fu(t), where F: D(F) C X — X
is a nonlinear operator. We show that the above-mentioned equation has local stable
and unstable invariant manifolds near an exponentially dichotomous equilibrium if the
proto-derivative of F' is continuous. The Yosida distance approach and the obtained
results seem to be new.

1. INTRODUCTION

It is well known in the qualitative theory of ordinary differential equations that the
asymptotic behavior of linear equations of the form

u'(t) = Mu(t), u(t) e R", teR, (1.1)

where M is a m X m-matrix, persists under “small” perturbation that is either linear or
nonlinear if the system has an exponential dichotomy, that is, all eigenvalues of M are off
the imaginary axis (see e.g. [7,[T1L[12]), or equivalently, the unit circle does not intersect with
the spectrum of e™. For many decades, extensions of these classical results have been ones of
the central topics in the theory of infinite dimensional dynamical systems with applications
to partial differential equations and other types of evolution equations. Namely, for linear
perturbation of a linear hyperbolic system in a Banach space

u'(t) = Au(t), wu(t) eX, (1.2)

where X is a (complex) Banach space, A: D(A) C X — X is an unbounded linear operator,
one often considers the equation

u'(t) = (A+ B)u(t), u(t)eX, (1.3)

where B: D(B) C X — Xis a linear operator. To justify for the “smallness” of the perturba-
tion B one often assumes that B is bounded and its norm || B|| is small. This assumption on
the “smallness” of perturbation B actually limits its applicability of the obtained results to
partial differential equations and other types of evolution equations. For this reason, when
A has some further properties like the generator of an analytic semigroup one can consider
the perturbation B among a more general class of linear operator that are A-bounded, that
is, ||Bz| < al||Az|| + ¢||z||, * € D(A), for some fixed positive constants a and c¢. Then, the
smallness of B is measured by the sizes of max{a,c}. These approaches are discussed in
[T, 12 2T}, 22] for the generation of semigroups by A + B that can be easily used to show
that the exponential dichotomy of Eq. persists under small perturbation.

2010 Mathematics Subject Classification. 34G10, 37D10, 34D20, 34C45, 34D09.

Key words and phrases. Yosida distance, proto-derivative, exponential dichotomy, invariant manifolds.

The work of the first author (X.-Q. Bui) is partly supported by the Vietnam Institute for Advanced
Study in Mathematics (VIASM)..



2 X.-Q. BUI AND N.V. MINH

For nonlinear perturbation of Eq. (|1.2))
u'(t) = Au+ Fu, u(t) €X, (1.4)

where F': D(F) C X — X is a nonlinear operator, the asymptotic behavior of Eq. near
the equilibrium is often described by the (local) invariant manifolds near the equilibrium,
see e.g. [3, 4 [6 10, 14, [16] 17, 18, 19, 24, 26]. Apart from the assumption that F' be
differentiable in some sense, say, in the sense of Fréchet, the continuity of the derivatives
is often determined by that of F'(x) in certain spaces of bounded linear operators (see e.g.
[10, 14}, (16l [1I°7]). This allows to include more classes of partial differential equations into the
consideration.

In this paper we will take an attempt to propose a new approach to the perturbation
theory for Eq. in which the size of perturbation will be measured by the so-called
“Yosida distance”. This is a new concept of a pseudo metric defined on the set of all gener-
ators of Cp-semigroups (see Deﬁnitionbelow). This allows us to measure to the distance
between two unbounded operators in many important classes as seen in our Lemma [3.2
Note that in our Example distances between another class of operators than those in
Lemma [3.2] could be determined as well. Remarkably, in the case of evolution equations
under unbounded perturbations we can see the work done by Chow-Leiva [5]. Unlike that
approach, our method by the Yosida approximations and Yosida distance is different and
that can be easily used to study nonlinear perturbations as shown in the paper. We will
use this Yosida distance to define the continuity of the proto-derivatives of F' in Eq. .
For linear equations (|1.3]) we will show the persistence of the exponential dichotomy under
small perturbation measured by Yosida distance between A and A 4+ B, see Theorem
The Yosida distance approach will be extended to nonlinear perturbation, namely, to study
Eq. where we allow F to be proto-differentiable and its proto-derivative is continuous
in the topology defined by the Yosida distance. We prove the existence of local stable and
unstable invariant manifolds near an equilibrium of if the linearized equation has
an exponential dichotomy, see Theorems and We note that in our Assumptions
and [3] conditions on the m-accretiveness of the operators only to guarantee that they gen-
erate semiflows, or in other words, the corresponding equations are well posed. At the end
of the paper we provide some examples to show that our approach allows a generalization
of known results as shown in Examples and To the best of our knowledge, the
Yosida distance approach to the perturbation of exponential dichotomy and the obtained
results discussed in this paper are new. Though the concept of proto-differentiability is
popularly used in Applied Nonlinear Analysis to deal with set valued operators, we use it
in the paper in the context of single-valued operators, so some statements are adjusted to
this restriction.

This paper is organized as follows: In Section [2] we first list some notations used in the
paper. Then, we recall some background materials on accretive operators and generation
of strongly continuous nonlinear semigroups. Section [3| contains the definition of Yosida
distance between two linear operators and results on the roughness of exponential dichotomy
in linear dynamical systems. Nonlinear perturbation of exponential dichotomy is presented
in Section[4 In this section, using the concept of Yosida distance, we define the continuity
of the proto-derivative of a nonlinear operator and prove the existence of invariant manifolds
for nonlinear dynamical systems. Finally, in Section |5 we give some examples to show that
the Yosida distance is a consistent tool in studying the existence of invariant manifolds.

2. PRELIMINARIES

2.1. Notations. In this paper we will denote by X, Y Banach spaces with corresponding
norms. The symbols R and C stand for the fields of real and complex numbers, respectively.
Denote by £(X,Y) the Banach space of all bounded linear operators from a Banach space
X to a Banach space Y. We will denote the domain of an operator T' by D(T) and its
range by R(T"). The resolvent set of a linear operator T' in a Banach space will be denoted
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by p(T') while its spectrum is denoted by o(T). Let P be a linear operator in a Banach
space X, as usual, Ker(P) and Im(P) are the notations of kernel and image of P. We shall
denote by B,-(0,Y) the ball of radius r centered at 0 of Y and write B,.(0,X) = B,(0) if this
does not cause any confusion, when X is a given fixed Banach space. Given function F', the
notations F'(u), dF'(u), and OF (u) will stand for the Fréchet derivative, Gateaux derivative,
and proto-derivative, respectively, of F' at u.

2.2. Accretive operators and generation of strongly continuous nonlinear semi-
groups.

Definition 2.1 (accretive, m-accretive (see [2, 8])). Let B be a (possibly nonlinear multi-
valued) operator in X, then B is called accretive if (I + AB)™! exists as a single-valued
function and

[(T+AB)" 2 = (I+AB) "'y < ||z -y,
for all z, y € D((I+AB)~1). An accretive operator B is called m-accretive if R(I+AB) = X
for all (equivalently for some) A > 0.

Below is the well known Crandall-Liggett Theorem on the generation of strongly contin-
uous nonlinear semigroups.

Theorem 2.2 (see Crandall-Liggett [9]). Let A be a (possibly multivalued) nonlinear oper-

ator and w be a real number such that wl — A is accretive. If R(I — XA) D D(A) for all
sufficiently small positive X\, then

lim (1 - ZA) o, (2.1)

n—oo
exists for all x € D(A) and t > 0. Moreover, if S(t)z is defined as the limit in (2.1)), then
St+7)=5@1)S(r), t, >0, (2.2)
ltlﬁ)l St)r ==z, xe€ D(A), (2.3)
[S@)| <evt, t>0. (2.4)

In addition, if A is a single-valued operator and R(I — AA) D clco D(A) (“clco” means

the closure of convex hull of D(A)), then S(¢)x is the solution of the Cauchy problem
d
dit‘ = Au, u(0) =z € D(A). (2.5)

Definition 2.3 (Exponential dichotomy). A linear semigroup (7'(t)):>o is said to have an
exponential dichotomy or to be hyperbolic if there exist a bounded projection P on X and
positive constants N and « satisfying

(1) T(t)P = PT(t), for t > 0;
(2) T(t)|Ker(P) is an isomorphism from Ker(P) onto Ker(P), for all ¢ > 0, and its inverse
—1
on Ker(P) is defined by T'(—t) := (T(t)’Kcr(P)) ;
(3) the following estimates hold
|T(t)z]] < Ne x|, forallt>0, z<Im(P), (2.6)
|T(—t)z|| < Ne P!||z||, forallt>0, z ¢ Ker(P). (2.7)
The projection P is called the dichotomy projection for the hyperbolic semigroup (T'(t)):>0,
and the constants N and « are called dichotomy constants.
The following result is well known:

Lemma 2.4. Let (T'(t))i>0 be a Co-semigroup. Then, it has an exponential dichotomy if
and only if o(T(1))N{z € C: |z| =1} =0.
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Proof. See Engel-Nagel [12], 1.17 Theorem)]. |

From Lemma [2.4] it is easy to prove the following result:

Lemma 2.5. Let (T'(t))i>0 be a Co-semigroup that has an exponential dichotomy. Then,
(S(t))i>0 has an exponential dichotomy provided that S(1) is sufficiently close to T(1).

3. YOsIDA DISTANCE AND ROUGHNESS OF EXPONENTIAL DICHOTOMY

We begin this section with the concept of Yosida distance between two linear operators.
To this end, we recall the concept of Yosida approximation of a linear operator in the
definition below (see e.g. [21], 29]).

Given operator A in a Banach space X with p(A) D [w, 00), where w is a given number,
the Yosida approzimation Ay is defined as Ay := A2R(\, A) — A for sufficiently large \.

Definition 3.1 (Yosida distance). The Yosida distance between two linear operators A and
B satistying p(A) D [w, 00) and p(B) D [w, 0), where w is a given number, is defined to be
dy (A, B) :=limsup ||A, — B, (3.1)

p—>+00

Lemma 3.2. The following assertions are valid:

(i) Let A, B be the generators of contraction semigroups. Assume further that D(A) =
D(B). Then, A = B, provided that dy (A, B) = 0.
(ii) Let A, B € L(X). Then
dy(A,B) = ||A— B]. (3.2)
(iii) If A is the generator of a Co-semigroup T(t) such that | T(t)|| < Me*t, and C is a
bounded operator, then dy (A, A+ C) is finite. Moreover,
dy (A, A+C) < M?||C|| (3.3)

(iv) Let A be the generator of an analytic semigroup (T(t))e>o such that | T(t)| < Me*t,
and C be an A-bounded operator, that is, D(C) D D(A), and there are positive con-
stants a, ¢ such that

[Cz|| < al|Az| + c|[=|- (3.4)

Then, there exists a constant 6 > 0 such that if 0 < a < §, the distance dy (A, A+ C)
is finite. Moreover,

dy (A, A+ C) < aKM + cM?, (3.5)

where K and M are positive constants that depend only on A.

Proof.

(i) From the semigroup theory (see Pazy |21, Lemma 1.3.3]), if A is the generator of a
contraction Cy-semigroup, then

lim A,z = Az, x¢€ D(A). (3.6)

pH——+00
Therefore, for x € D(A) = D(B), Ax = Bx.
(ii) Firstly, we have
— (4~ B)R(u, B)R(s, A) — R(p, BYR (s, A)( — A).
Set C,, := R(u, B)R(p, A). Then
R(p, A) = R(p, B) = (p = B)C — Cu(p — A)

=uC,+BC,-Cup—-CLA
=BC, - C,A.
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Thus,
p2|R(p, A) = R(u, B)|| = i [|BC,, — C Al -
We will show that for a bounded linear operator A in X the following is valid

lim R(p,A)=0. (3.7)

p—400

In fact, for sufficiently large j, say p > || A||, using the Neuman series, for large i, we

have
o0 1 n
> (i)

1 1 1
|mmAw—\hQ,Aw§
" u u

n=0

1 1
S WT=IAT
pl—lAf

This proves (3.7). Next, by (3.7) and the identity (4 — A)R(u, A) = I we have that
li A)=1
Jim  pR(p, A) =1,

SO
: 2
i, 120 =1,

Finally, we have
dy (A, B) := limsup p? | BC,, — C,A| = || B — A],

p—>—+00

and this finishes the proof.
By a simple computation we have

R(u, A+ C)— R(p, A) = R(u, A+ C)CR(u, A). (3.8)
Tt is known (see e.g. Pazy [2I, Theorem 1.1, p. 76] that A+ C with D(A+C) = D(A)
generates a Cy-semigroup (S(t)):>o satisfying
IS@)] < Meleraieir, (3.9)
so by the Hille-Yosida Theorem

M
p—(w+M|Cl)’

M
[R(p, A)|| < P [R(p, A+ O <

for certain positive constants M and w. Therefore,
limsup % || R(p, A) = R(p, A+ O
H—00

< limsup WMP|C|
T oo (L= w)(p— (w+ M)
= M?||C| < 0. (3.10)

By Pazy [21] Theorem 2.1, p. 80] and the remark that follows it, there exists a positive
constant 0 such that if 0 < a <4, then, A4+C generates an analytic semigroup (S(t))¢>o0
that satisfies

IS(@)] < MelHheD,
where lim.,o A(c) = 0. Therefore, by (3.8), as A generates an analytic semigroup

there are positive constants K and N (see Pazy [21], Theorem 5.5, p. 65]) such that if
1> N, then

K
|AR(w, A)] < -
Hence,
dy (A, A+ C) = limsup 4| R(u, A + C) — R(u, A
J—>00
2
. M
< limsup — = (all AR, A)|| + ¢ R, A)]))

ol =W = A(e)
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) WM aK cM
< lim sup e A0\ +
c

J—>00 M_W—A H B—w
< aKM + cM?>.

The proof is completed. O

Remark 3.3. The reader is also referred to Example for another example where the
distance between two unbounded linear operators A and A + B that are not included in
Parts (iii) and (iv) of the above lemma.

The following theorem is the main result of this section on the roughness of exponential
dichotomy.

Theorem 3.4. Let A be the generator of a Cy-semigroup that has an exponential dichotomy.
Then, the Cy-semigroup generated by an operator B also has an exponential dichotomy,
provided that dy (A, B) is sufficiently small.

Proof. First, we assume that both semigroups generated by A and B are contraction Cy-
semigroups. Then, by Pazy [21, Lemma 3.4], e*4* is a Cyp-semigroup of contractions.

Let C' and D be two bounded linear operators in a Banach space X. We will estimate the
growth of e!“ — etP. By the Variation-of-Constants Formula that is applied to the equation
2'(t) = Cx(t) + (D — C)z(t) and by setting z(t) = Pz we have

¢
z(t) = ez + / =)D — C)x(s)ds.
0

For each ¢t > 0, we have
t
||etcac - etD:vH < / He(t*S)C(D - C)eSDxH ds
0

< t|C = D[l [[lle*? [l
Therefore,
le > — B3| < ¢ Ax — Balle" [l ). (3.11)

Now we assume that (T'(¢));>0 and (S(t));>0 are the Cy-semigroups generated by A and B
that satisfy
IT@)] < Me**,  [IS()] < Me!

for certain positive numbers M and w. As is well known, for the Yosida approximation
Ay of the generator A of a Cy-semigroup T'(t) that satistifies ||T'(¢)|| < Me** the following
estimate of the growth is valid (see e.g. Pazy [21], (5.25)])

||€tA>‘H S MeQ“’t, HetB)‘H S Meth.

Hence, we have
|etAr — etBr|| < tM?|| Ay — By|le**]|. (3.12)
By Pazy [2I, Theorem 5.5], for each z € X, we have
IT(t)z — S(t)z|| = lim ||etAAx _ etBAx”
A—00

< tM?e**limsup ||Ay — Byl

A—00
= tM?e*dy (A, B). (3.13)
Finally, if dy (A, B) is sufficiently small, ||T°(1) — S(1)| is sufficiently small as well, and thus,
(S(t))t>0 has an exponential dichotomy. O

Corollary 3.5. Let A be the generator of an exponentially dichotomous Cgy-semigroup
(T'(t))e>0 tin X and C be a bounded linear operator in X. Then, the operator A + C with
domain D(A+ C) = D(A) generates an exponentially dichotomous Cy-semigroup, provided
that ||C|| is sufficiently small.
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Proof. Let A generate a Cy-semigroup (T'(t))¢>o that satisfies [|T'(¢)|| < Me¥. By (3.10) if
IC| is sufficiently small, then dy (A, A+ C) is sufficiently small as well, so by Theorem
the semigroup generated by A + C' also has an exponential dichotomy. O

Corollary 3.6. Let A be the generator of a hyperbolic analytic semigroup (T(t))i>0 in X
satisfying ||T(t)|| < Me“t. Then, if C is a A-bounded linear operator in X, that is, it satisfies
for all x € D(A)

1Cz]| < al| Az + cf|z|
for certain positive constants a and c. Then, A+ C generates an exponentially dichotomous
analytic semigroup, provided that a and c are sufficiently small.

Proof. By assumption for each x € D(A) we have
ICzl < NCI - Ml
< - 1Azl + N -l - (3.14)

As is well known (see e.g. Pazy [2I, Theorem 2.1, p. 80]) for sufficiently small ||C|||, the
operator A 4+ C' generates an analytic semigroup. Moreover, by if [|C||| is sufficiently
small, dy (A4, A + C) is sufficiently small, so by Theorem the semigroup generated by
A+ C has an exponential dichotomy. O

4. NONLINEAR PERTURBATION OF EXPONENTIAL DICHOTOMY

We consider evolution equations of the form
u' () = Aul(t), (4.1)

where A is a nonlinear single-valued operator from D(A) C X to X. We will assume that
A(0) = 0, A is proto-differentiable in a neighborhood of 0 (see the definition below) and
the linearized evolution equation at 0 (i.e. w' = 9A(0)u) has an exponential dichotomy.
Roughly speaking, our next result in this section to show that if the proto-derivative of A is
continuous at 0 in the Yosida distance’ sense, then there exist stable and unstable invariant
manifolds in a neighborhood of 0.

4.1. Proto-Differentiability. The convergence of sets in a complete metric space (X, d)
in this section is adapted from the similar concept from Rockafellar [23]. A family of sets
{St}+>0 in a complete metric space (X, d) is said to converge to a set S C X as t | 0, written

=1 4.2
S tlfél S, (4.2)

if S is closed and
ltiﬁjl dist(w, Sy) = dist(w, S), for all w € X, (4.3)

where “dist” denotes the distance dist(w, S) := inf,es{d(z,y)}. It is often convenient to
view (4.3) as the equation

S = liminf S; = limsup S, (4.4)
tl0 L0
where
liminf S, = {w € X : limsup dist(w, S;) = O} ) (4.5)
tl0 10
and
limsup S; = {w € X : liminf dist(w, S) = O} . (4.6)
10 t}0

As in this paper all operators and functions under consideration are assumed to be sing-
valued we will adapt the definition of proto-differentiability from Rockafellar [23] accordingly.

Assumption 1. Let G : D(G) C V C X — X be an operator. We assume that domain
D(G) is an open subset of a vector subspace V. C X.



8 X.-Q. BUI AND N.V. MINH

Definition 4.1 (Proto-differentiability). Under Assumption [l] let z € D(G) be a given
vector. For each ¢t € (0,1), let T;: V € X — X be an operator defined as

G(z + tw) — G(x)
t

for each w € B.(z) NV, where ¢ is a sufficient small positive constant such that B (z) N
V C D(G). Then, we say that G is proto-differentiable at u if there is a linear operator
T: D(T) C V — X such that in B.(z) x X the graph of T; converges to the graph of 7' as
t J 0. In this case we write 0G(z) =T.

Tt (w) =

(4.7)

Remark 4.2. As all functions considered in this paper are assumed to be single-valued, the
proto-differentiablity of a function G mentioned in Definition [4.1] can be stated equivalently
as follows (see [I,[15]): G is proto-differentiable at © € D(G) if and only if 0,G(z) = 9,G(x),
where 9;G(z) and 9;G(z) are defined as:

(1) The linear operator 0;G(z) is defined at all u € X and its value at u is v =: 9;G(x)u
if for each sequence {t,} | 0, there exists a sequence {(u,,v,)} C X x X such that
(Up,vpn) = (u,v) in X X X, z + t,u, € D(G) and

G(z + thuy) — G(x)
tn

(2) The linear operator 9sG(x) is defined at all u € X and its value at u is v =: ;G (z)u
if there exists a sequence {t,} | 0, and a sequence {(u,,v,)} C X x X such that
(Un,vpn) = (u,v) in X x X, z + t,u, € D(G) and

G(z + thuy) — G(x)
tn

= Up. (4.8)

= Up. (4.9)
By definition it is apparent that 9;G(z) C 9;G(z).

Before we proceed to studying the nonlinear perturbation of exponential dichotomy we
consider some special cases.

Example 4.3. Consider G(z) = Uz, where U: D(U) C X — X is a closed linear operator.
Then, G is proto-differentiable at every x € D(U) and 0G(x) = U.

Proof. Indeed, we have

Dy(w) = G(u+tw) — G(u) _ U(u+tw) —Uu _ U (tw) U,
t t t
so, the operator D; and U are identical in any neighborhood of u, and their graphs must be

the same. O

Definition 4.4 (Gateaux differentiability). Suppose X and X are Banach spaces, U C X is
open, and F': U C X — Y. Operator F'is Gdteaux differentiable at u € U if there exists an
operator L € £(X,X) such that

F(u+Tw) — F(u)

lim = Lw,
T7—0 T

for all w € X. In this case we denote the Gateaux derivative of F' at u by dF(u).

Proposition 4.5. Let G: D(G) =V C X — X and let V' be equipped with the graph norm
llzll := llz|| + ||Sz||, where S : D(S) =V C X = X is a closed linear operator. Then, the
following assertions are true:

(i) If G is a Gateauzx differentiable operator from (V,||-|l) to (X,|| - 1) and T is its
derivative at x. Then

T € 9,G(x). (4.10)
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(i) If G is a Fréchet differentiable operator from (V,||-l|) to (X,|| - |) and T is its
derivative at x € V that is a closed operator in X. Then, G is proto-differentiable
atx €V and

0G(x) =T. (4.11)
Moreover, if H= S+ G, then 0H(z) = S + G'(z), for all x € X.

Proof. Part (i): By definition, as G is a Gateaux differentiable operator from (V,||-||) to

X, |- D) and T is its Gateaux derivative at x, we have
tw) — —T(t
t=0 ¢l

where w € B.(x) NV for a sufficiently small positive e. Therefore,
0 — lim |G (z + tw) — G(x) — T(tw)||
=0 [twl]| + [[S(Ew)]
We will prove that T C 0;G(z) C 9;G(z) C T. Let 0 # w € D(T) and {t,} | 0 be any
sequence. By (4.13]),

(4.13)

o — iy |GG+ ) = Ga) = T(tyw)]|
B0 el + S]]

(4.14)
Set
G(z + thaw) — G(x)

tn '

Then, for n large enough = + t,w € B.(z) NV C D(G), and setting y := G(x) we have
G(z + thaw) — G(x)
tn
80, (T + tptn, y + tovy,) € graph(G). Obviously, u, — w. We will show that
G(z + thw) — G(z)

Up =W, Uy =

y+thv, = G(x) + L,

=Gz + thw),

Up = ; —Tw, asn— o00. (4.15)
By (.14)
H G(m+tntw)7G(x) ~ T(w) H
lim - (4.16)
n—voo [w] + 1S (w)]

This shows that (4.15) is valid. Finally, we have that (w,Tw) € graph(0;G(x)). By the
arbitrary nature of w, this yields that

T € 9;(G)(x). (4.17)

Part (ii): Suppose that (u,v) € graph(9s;(G)). This means that there exists a sequence
{tn} | 0 and sequence (u,,v,) = (u,v) € X x X such that G(z + t,u,) = G(z) + tpv, for
each n. As G is Fréchet differentiable at = we have

Gz + taun) — Gz) = T(taun)|

lim =0, (4.18)
=60 |thun|”
s0, as u, — u # 0,
HM - T(un)H
0= lim - (4.19)
n—o00 HunH + HS(U")H
G tpln) — G
T e R o
n— oo n
= lim [[v, — T'(un)]|. 2
n—oo

As v, — v € X, we have that Tu,, — v as n — 0o. Since T is a closed operator in X this
yields that v € D(T) and Tu = v. In other words, J,G(x) C T. Combined with Part (i)
and the fact from the definition that 9;G(x) C 0;G(x) we have

T C 9;G(z) C 9;G(x) CT.
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This yields that OG(z) exists and is equal to T, completing the proof. a

Proposition 4.6. Consider ' = G(x) = Ux + F(z), where the linear operator U is the
generator of a Cy-semigroup in X and F(-) is Fréchet differentiable at x € X. Then, G is
proto-differentiable, and

0G(z) =U + F'(x). (4.22)

Proof. We have

Dy(w) = G(u+tw) — Gu)  U(u+tw) — Uu+ F(u +tw) — F(u)
= t - ¢
F(u+ tw) fF(u)

t

=Uw+

Since F'(z) is Fréchet differentiable, we have

lim (F(“+tw) —Flw) _ F’(u)) —0.
t—0 t
Set W :=U + F'(z). We will show that
W C 9;G(z) C 9;G(z) C W. (4.23)

First, we show that W C 9;G(x). Let 0 # w € D(W) and {t,} | 0 be any sequence. By
assumption,

[F(x + thw) = F(z) - F'(2)(taw)]]

0 = lim

t=0 [tnw]|

i GG+ tew) = Gla) = Wi(taw)] 424
t=0 [tnw]]

G(rx+t,w)—
H (z+t ;:) G(z) W(w)H

= lim (4.25)

n—00 [[w]]

Set

Then, for n large enough x + t,w € B.(x) NV C D(G), and setting y := G(z) we have
Gz + tyw) — G(x)
tn
50, (z + thun, y + thv,) € graph(G). Obviously, u, — w. We will show that

oy = G I0) = CG@) (4.26)

Y+ tav, = G(x) + ty, = G(z + thw),

as n — oco. By (4.25)

(4.27)

This shows that (4.26) is valid. Finally, this shows that (w, Ww) € graph(9;G(x)). By the
arbitrary nature of w, this yields that
W C 9;(G)(z). (4.28)

Next, we will show that 0;G(x) C W. Suppose that (u,v) € graph(9s(G)). This means
that there exists a sequence {t,} | 0 and sequence (u,,v,) — (u,v) € X x X such that
G(z + tpuyn) = G(x) + tyv, for each n. As F is Fréchet differentiable at = we have

_ _ !
o G ) — Fa) — @) ()]
t—0 thun”
— lim HG@ + tnun) — G(x) - W(tnun)H
t=0 ([t un |

:0,
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S0, as U, — u # 0,

H G(:t—i—tnzz,,)—G(m) _ T(un)

0= lim

=00 [l + 115 (un) |

~ lim H G +tattn) = G@) _ypri s
n— o0 tn

= lim_{jo, — W (un)]

As v, > v e X, Wu, - vasn — co. Since U is a closed operator in X and F'(z) is a
bounded operator, the operator W is closed, so this yields that w € D(W) and Wu = v. In
other words, 0,G(x) C W. Finally, (4.23]) holds true, completing the proof. O

4.2. Families of linear operators depending continuously on a parameter. Recall
that dy (U, V') stands for the Yosida distance between two closed operators U and V in X.

Definition 4.7. Let A, be a family of (possibly unbounded) linear operators in X with
parameter o € S, where S is a metric space satisfying dy (Aq,, Ag) < oo for every g € S
and qg is a certain element of S. The family of such operators A, is said to be continuous
at ag € S if
lim dy (Aa, Aa,) = 0. (4.29)
a—roQ
Example 4.8. Let A be the generator of a Cy-semigroup. Then, the family A¢ = {A +
C,C € L(X)} is continuous at ap := C = 0. In fact, as in Lemma [3.2] if the semigroup T'(t)
generated by A satisfies | T(¢)]] < Me“?, then

dy (A, A+ C) < M?||C|.
Therefore, when C' — 0 in £(X), dy (A, A+ C) — 0.

Example 4.9. Let A be the generator of an analytic semigroup and C' be an A-bounded
operator. Since D(C) D D(A) and there are constants a, ¢ such that

|Cz]| < af| Az]| + cf|],

the restriction of C' on D(A) is a bounded linear operator from (D(A),|||-|) to (X, - ),
where

il = llzll + [[Az]l, = € D(A).

If we define F to be the family of all operators of the form Az := A 4+ C where C is
A-bounded, and the metric space S as L((D(A), ||-l), X), then

Jim dy (Ac, Ag) = 0.

4.3. Existence of invariant manifolds. This subsection deals with the existence of in-
variant manifolds.

Assumption 2.

(A2.1) There exists a real number w such that wl — A is m-accretive;
(A2.2) The proto-derivative JA(x) exists for each x € D(A) as a single-valued linear
operator in X such that wl — A is m-accretive.

(A2.3) Yosida distance dy (0A(z),0A(0)) satisfies

sup dy(0A(z),0A(0)) = ¢ < 0. (4.30)
z€D(A)

The assumption yields that the operator A generates a nonlinear semigroup in D(A) by
the Crandall-Liggett Theorem (Theorem .
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Let us consider the following family of equations associated with Eq. (4.1])

d
ad = A <t<1
dtU)\<t) U)\(t), 0<t<1, (E»)
ux(0) =z,
where )
J =T - A7, AN = 3 (I -1), (4.31)

for A > 0 and MAw < 1. Note that with our notations if U is a linear operator, then
1 1
U_ (7_ -1_tp(t
JY =(I-M\U) )\R(/\,U>.
1/1 1
U= (<R, U)-1)=U
2\ (}\ <)\7 ) > 1/X

where U is the Yosida approximation of a linear operator U with parameter £. Therefore,
the Yosida distance between two linear operators U and V' can be written as

Therefore,

1 1 1
dy (U, V) =1 IRl -, U] —-R| -,V
Y( ) ) III;f(}lpAQ ()\7 ) ()\7 )H
1 e !
=limsup < ||| = = U — ==V
BVRPE (A ) (A )
1
zlimsuprJij—J)‘\/H (4.32)
A0 A
1
=i —|U1/x — V4 . 4.33
msup ¢ 1012 = Vigull (4.33)
Recall that if @ is a nonlinear operator such that wl — @ is m-accretive if and only if
1
|78 = g2u] < = le -9l wyex (4.34)

By Kato [15, Lemmas 1.1, 1.2], A* is proto-differentiable in a neighborhood of 0 and
0ANz) = dAN(z) for x in a small neighborhood of 0. Consider the linearized equation for
equation (E,) along a solution Sy (t)zo
d
—u(t) + dAMN(SA(t t)=0, 0<t<1
OO +dAN S (B)zo)ua(t) =0, 0<t<1, (L w)

vA(0) = w.

Since for each sufficiently small (but positive) A, A*(x) is a Lipschitz operator with A*(0) =
0, it generates a a semigroup (Sx(t))i>0. Moreover, uy(t) := Si(t)x is the classical solution
of (E,)). By Kato [15, Proposition 3.1] the solution of the Cauchy problem (E,) satisfies

loa@®I < e ]l (4.35)
where p=w/(1 — Mw), 0 < A < 1/w.
Lemma 4.10. Define Sx: X — C(][0, 1], X) by
(Sxz)(t) = Sa(t)z, forte]0,1]. (4.36)
Then, we have

(1) Sy is Gateauz differentiable at each x© € B.(0) and the Gateauz derivative dSy(x)
represents a unique solution of ,
dSy(x)w = vx(;0,w) (4.37)

is solution of (Ly;wl).
(2) Fiz w € X. The mapping z — dSx(z)w is continuous from B,.(0) into C([0,1],X).
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(3) Forz, y € B, (0),

1
Sy — Sz = /0 dS)(0y + (1 — 0)x)(y — z)db (4.38)

in C([0,1],X).

Proof. See Kato [I5] Proposition 3.2, Lemma 3.3, and Lemma 3.4]. |

Lemma 4.11. Let A(-), B(:) be continuous functions from [0,1] to L(X). Assume that x(t)
and y(t) are the solutions of the Cauchy problems

a'(t) = A(t)z(t), =(0) =w,
y'(t) = Bt)y(t), y(0)=w,
respectively. Moreover, assume that the evolution operators of these two equations satisfy
| X(t,s)|| < Me*t %) ||V (L, )] < Me*9),  0<s<t<l1.

Then,

() = y(®)|| < Me* S [AT) = B[ - [lwll (4.39)

Proof. We have

y(t) = X (t,0)w +/0 X(t,7)(B(1) — A(1))y(r)dr.
Next,
l|=(t) = y(@)|l S/O X (& DI - [1B(T) = AT - ly(7)lldr
< Me* S [A(T) = B(7)| - [lwll. (4.40)
This completes the proof. O

Corollary 4.12. Under Assumption@, let v (t) and v} (t) be solutions to (Lx;w)) with zo =
x and xo = 0, respectively. There exists 0 < ro < r such that ||Sx(t)z| < e**!||x|| < r/2, for
small enough A, for allx € X and 0 <t < 1 the following estimate hold true

[v(8) = vX(®)]| < e sup dy (0A(z), 0A(0)), (4.41)

where p=w/(1 — \w).

Proof. Applying the Lemma to (Lx;w]) where
A(t) := dAMNSx\(t)x), B(t) := dA(S\(t)0) = dA*(0)
and taking into account , we arrive at
[o3(t) = (@) < € uw]] S |dA*(Sx(t)x) — dAN(SA(£)0)
< e*||w|| sup limsup HdAA(S,\(t)Jc) - dA’\(S,\(t)O)H
0<t<1 A0
< e®||w|| sup dy (0A(S(t)x), A(S(¢)0))
0<t<1
< e ||lw|| sup dy (0A(2), DA(0)). (4.42)
zeX
This finishes the proof. O
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Corollary 4.13. Let 0 be the stationary solution of (4.1) and let the Assumption @ be
made. Let us denote by (S(t))i>0 and (T'(t))i>0 the Co-semigroups generated by A and
0A(0), respectively. Then the following statements are true

l¢(2) = o)l < €*[lz — y] Sup dy (0A(2),04(0)), (4.43)

for all x, y € B,,(0) and rq is sufficiently small positive real number.

Proof. Set
o(t)x = S(t)x — T(t)x, (4.44)
ox(x) = Sx(z) — Ta(2), (4.45)
where
(Sxz)(t) = S\(t)z, forall t €0,1],

(Taz)(t) = Ta(t)z, for all t €[0,1].

In order to prove that (S(t))i>0 and (T'(t))i>0 are eo-close, it suffices to show that
Lip(¢y) < €, where ¢ = €(gg) is positive and independent of x, y, i.e. the following es-
timate

[éa(z) = oa()l < ellz —yl, forallz, yeX (4.46)
holds. Then, by letting A | 0, for fixed ¢, we have
o)z — o) W)l <ellz —yll, forallz, yeX, tel0,1]. (4.47)

Our task is now to prove (4.46). By Kato [I5, Lemma 3.4], we have

[¢x(z) — o (y)]|
= [|Sx(z) = Sa(y) — Ta(x) + Ta(y)||

< /0 1dSA(0z + (1 = 0)y)(z — y) — dTx(0z + (1 — O)y)(z — y)| db. (4.48)
Let n = 0z + (1 — 0)y. Then
vl (t) = [dSx(n)(x — )] (t) (4.49)
and
(1) = A1) = [dTa(n)(z — y))(t) (4.50)

are solutions to (£)) with the operators are dAx(Sx(t)n) and dAx(0), respectively, and
w = 2 — y. By Corollary for t € [0,1], we have

[dSx(0x + (1 = 0)y)(x — y)(t) — dTa(0z + (1 = O)y)(z — y) (1)
= [[o}(t) — (@)
< ez — vy s1€1§ dy (0A(2),0A(0)), (4.51)

where p = w/(1—\w), w is a fixed positive number that makes wl— A m-accretive. Therefore,
[dSx(0x + (1 = 0)y)(x — y) — dTx(6x + (1 = O)y)(z — y)|
= [dSx (02 + (1 = 0)y)(z — y)(t) — dTx(0x + (1 = O)y)(z — y) (D)
< ¥~y supdy (9A(2), 0A(0)).
Next, we have
I632) = 6301 < [ ¥l — vl supay (04(2),04(0))0

= ¢®|Jx — y| sup dy (DA(z), DA(0)).
zeX
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Letting A\ | 0, we arrive at

lo(2) = o)l < €[l -y sup dy (94(2), A(0)). (4.52)
z€
This completes the proof of (4.43)). O

Definition 4.14 (Lipschitz invariant manifold). Let (S(¢));>0 be a semigroup of (possibly
nonlinear) operators on the Banach space X. A set M C X is said to be a Lipschitz invariant
manifold for semigroup (S(t))¢> if the phase space X is split into a direct sum X = X' X2,
where X! and X2 are closed subspaces of X, and there exists a Lipschitz continuous mapping
®: X! — X2 so that M = graph(®) and S(t)M C M for t > 0.

For brevity, a Lipschitz invariant manifold will be called simply invariant manifold if this
does not cause any confusion.

Definition 4.15 (e-close (see Minh-Wu [19])). Two semigroups (S(¢)):>0 and (T'(¢));>0 on
a Banach space X are said to be e-close if there exist a positive constant € such that

lo()x — ¢yl <elle —yll, forallte[0,1], z,yeX, (4.53)

where
o(t)x :=St)x —T(t)x, forallzeX. (4.54)

Theorem 4.16 (Unstable invariant manifold). Under Assumption @, let 0 € X be a sta-
tionary solution of Fq. (4.1). Moreover, assume that the strongly continuous semigroup
(T'(t))i>0 has an exponential dichotomy with projection P. Then, there exists a positive
constant g, such that if 0 < € < g9, Fq. has a unique invariant manifold W" C X,
presented as graph of a Lipschitz continuous mapping ®: Ker(P) — Im(P). Moreover,
lim., o Lip(®) = 0.

Proof. The theorem is an immediate consequence of Minh-Wu [I9] Lemmas 2.11, 2.12, 2.13]
and Corollary O

Theorem 4.17 (Stable invariant manifold). With the assumptions in Theorem the
set

WS = {x eX: lim Sit)zr= 0} (4.55)
t——+oo

is a stable invariant manifold of Eq. (4.1)), represented by the graph of a Lipschitz continuous
mapping V: Im(P) — Ker(P), i.e. W* = graph(¥) and S(t)W* C W5, for allt > 0.

Proof. The theorem is an immediate consequence of Minh-Wu [I9, Theorem 2.16] and Corol-

lary [4-13] O

Below we present local versions of Theorems and Recall that B,(0,Y) stands
for the ball of radius r centered at 0 of Y. Because we use X as the fixed phase space for
Eq. (4.1), for brevity, we denote B,.(0,X) by B,(0) if this does not cause any confusion.

Assumption 3.

(A3.1) There ezists a real number w such that wl — A is m-accretive;

(A3.2) There exists a positive v > 0 such that A is proto-differentiable at every point
x € B.(0)ND(A) and the proto-derivative OA(x) is a single-valued linear operator
in X such that wl — A is m-accretive.

(A3.3) Yosida distance dy (0A(x),0A(0)) satisfies dy (0A(x),0A(0)) < oo for all x €
B, (0) and it satisfies

lim dy (0A(x),0A(0)) = 0. (4.56)

z—0

This assumption yields that the operator A is proto-differentiable in a neighborhood of 0
and the proto-derivative A(-) is continuous at 0 in the Yosida distance’s sense.
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Definition 4.18 (Local Lipschitz invariant manifold). Let (S(¢));>0 be a semigroup of
(possibly nonlinear) operators on the Banach space X. A set N' C X is said to be a local
Lipschitz invariant manifold for semigroup (S(t))i>o around an equilibrium 0 if X is split
into a direct sum X = X! @ X2, where X! and X? are closed subspaces of X, and there exists
a Lipschitz continuous mapping ®: B,.(0,X!) — X2 and an open neighborhood U of 0 such
that /N U = graph(®) and for each ¢ > 0, S(¢)(graph(®)) N U C graph(®P).

Theorem 4.19 (Local unstable manifolds). Under the Assumption[3, let 0 € X be a sta-
tionary solution of Eq. . Moreover, assume that the strongly continuous semigroup
(T'(t))e>0 has an exponential dichotomy with projection P. Then, there exists a neighbor-
hood U of 0 € X, such that Eq. has a unique local invariant manifold Wi, C X,
presented as graph(®) N U, where ®: Ker(P) — Im(P) is a Lipschitz continuous mapping.

Proof. For the functions ¢(-) defined as in (4.54]), we consider the standard truncation pro-
cedure by defining

o(t)x, if [|z[| < 7o,

¢(t)(rox/|l«[l), if [|z]| > ro. (4.57)

Po(t)x == {

It can be shown that ¢g(t) is Lipschitz continuous with Lipschitz coefficient Lip(¢g(t)) =

2Lip qb(t)‘B ) (see, for example, Webb [28, Proposition 3.10, p.95]). Hence, by modify-
o
ing (4.42)) and (4.43) we have

I¢o(z) — do(y)ll < e*[lz —yl  sup dy(9A(2),04(0)), (4.58)

llzll<evro

for all z, y € B,,(0) and ry is sufficiently small positive real number. Next, we have

Lip ((b(t)

)Se?’“ sup  dy (9A(2), DA(0)). (4.59)

B 0
70 (0) Izl <e=ro

Since dy (0A(z),0A(0)) — 0 as 7o — 0, hence Lip (¢(t)|B (0)> — 0 as rg — 0. Now, the
v

assertions of Theorem can be applied to ¢o(t). In fact, we choose U = B, /2(0,X?) x
B, /2(0,X') C B,,(0). By Theorem ¢o(t) has an invariant manifold M, ¢o(t)M C M.

Since M = graph(®), where ®: X? — X! we have N := graph ((I)’B,‘O/Q(O,Xz)) C M. This
implies

Go(t)N C do(t)M,
that is,

do(N NU C po(t)MNU Cc MNU.

Note that M NU = graph (‘1>|B 12(0 x?))? CY
ro/2(0,

¢(t)graph (<I>|Bm/2(0,x2)) C graph <¢|B,,.0/2(0,X2)) .

The proof is complete. O

Theorem 4.20 (Local stable manifolds). Under the assumptions in Theorem there
exists a neighborhood U of 0 € X such that the set

Wi = {x eU: lim S(t)z= 0} (4.60)

t——+oo

is a local invariant manifold of Eq. (4.1)), represented as graph(¥) N U, where ¥: Im(P) —
Ker(P) is a Lipschitz continuous mapping.

Proof. The proof is similar to that of Theorem and so the details are omitted. |
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5. APPLICATIONS AND EXAMPLES

Example 5.1 (Semilinear equation). Let X be a Banach space. Consider the semilinear
equation

du(t)

dt

where L: X — X is the infinitesimal generator of a Cp-semigroup (T'(t));>o satisfying
IT(t)|| < Me“", where w is a certain positive number, F: X — X is a nonlinear Fréchet
differentiable operator, and @ = 0 is the stationary solution of Eq. . Assume further
that F” is continuous in a neighborhood of 0 and F'(0) = 0.

= (L + Fu(t), (5.1)

Then, by Proposition[£.6} the operator A := L+F is proto-differentable in a neighborhood
of 0. Moreover, 9A(z) = L 4+ F'(z) and then, by Lemma [3.2]

dy (0A(x), 0A(0)) = dy (L + F'(x), L)
< [F'(@)]- (5:2)
By a standard renorming |z| = sup,s [[e"“"T(t)z|| we can reduce the problem to the case

where L generates a contraction semigroup. Next, we can use the standard truncation
procedure by defining

E(roz/|zl), if [[zf| > ro,

then, the function Fp is globally Lipschitz. It is well known that in this case —(L + Fp) is
m-accretive (see e.g. [20, 27]). This process makes A := L + Fy satisfies all assumptions of
Assumption [2]

Fola) = {F<x>, if [l < ro, (5.3)

Example 5.2 (Semilinear equation). Consider Eq. again with a different assumption
that L be the generator of an analytic Cg-semigroup (T(¢));>0 in X such that | T'(¢)|| < e“?,
t >0, and ||z]|| := ||z| + || Lz| for all z € D(A), here we note that this norm ||-|| makes
(D(A), I'N a Banach space. Assume further that F : (D(A), ||-l) = X be a Fréchet differ-
entiable operator such that F(0) =0, F'(0) = 0 and F’(-) is countinous in a neighborhood
of 0. Then, by Proposition F is proto-differentiable as a function from D(A) C X to X
and OF (z) = F'(x). Therefore,

L+ F)(z)=[L+F(z)] =L+ F(x)
as L is its Fréchet derivative, itself.
Next, by Lemma |3.2
dy (0(L + F)(z),L) = dy (L + F'(z),L)
< K||F' )l (5-4)

where K is a constant depending only on L and for U € L(V,X), ||U||| denotes the norm of
U. If we denote A := L + F in this case, then

dy (0A(z), 0A(0)) = dy (L + F'(x), L)
< K[|F'(2)]I, (5.5)

where K is a constant depending only on L. Therefore, if F’'(x) is continuous in z around
0, then, Assumption [3|is made and Theorems and apply.

Example 5.3. As a concrete example from PDE of Example we can take the following:
Let us consider the initial value problem

ou(t,z)  O%u(t,x) . [ 0%u(t,x)
5 = o2 au(t, z) + sin oz ) t>0, ze€l0,m7,
u(t, 0) = u(t, 7) = 0, £>0, (5-6)

u(0, ) = uo(w), z € [0,7],
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where a is a constant and ug(-) € L%[0,n]. If we set X := L2[0,7], then (see Pazy [21]
Chapter 7]) or Lunardi [I6]), the operator Ay := y” — ay with domain D(A) consisting of
all y € X such that y is absolutely continuous such that y” € X, y(0) = y(), will generate
an analytic Cop-semigroup (T'(t));>o. Therefore, (T'(¢))¢>0 has an exponential dichotomy if
and only if the following equations

Aa=-n? n=12,... (5.7)

have no zero root (see Travis-Webb [25, p. 414]). Since F(y(:)) := sin(y(+)) is continuously
differentiable in y(-) € D(A) all our assumptions in Theorems and are made if
a # —n? for any positive integer n.

Example 5.4 (Age-dependent population dynamics). Let L' := L(0, 00; R") be a Bochner
integrable function space, which norm is denoted by ||-||.1. Given two mappings F': L' — R"
and G: L' — L', we consider the following partial differential equation

du(t,a)  Ou(t,a)
o T a. — CGlult)(@), =0, a>0,
u(t,0) = F(u(t,)) t>0.

Fori=1,...,n, define K;, J;: L' —[0,00) by
&¢=/ ki(a)é(a)da, @¢:/'ﬁwmwm@
0 0

respectively, where k;, j;: [0,00) — L(R",[0,00)) are given mappings. Then define F': L' —
R™ and G: L' — L! by taking their i-th component as follows:

F(); = / " B Ki(@)dila)da for = () € L,

G(9)i(a) = —u(a, Jip)pi(a)da ae. a>0 for ¢ = (¢;) € L,
where B1, p;: [0,00) x [0,00) — [0,00) are given functions (see Webb [28] for details).

(5.8)

In the following, we assume that F': L' — R™ and G: L' — L' are continuously Fréchet
differentiable, i.e.,

(F) For any ¢ € L', there exists a F'(¢) € L(L',R™) such that

F(¢+h) = F(¢)+ F'(¢)h +op(h), he L,
where op: L' — X, |lop(h)|| < bp(r)||h] 1 for ||l < r,and bg: [0,00) — [0, 00) is
a continuous increasing function satisfying br(0) = 0; and there exists a continuous
increasing function dp: [0, 00) — [0, 00) such that
1F"(¢) = F'(¥)ll ezt %) < dr(r)llé — ¢,
for [|gllL <7, [[¢]lLr <.
(G) For any ¢ € L, there exists a G'(¢) € L(L', L') such that
G(6+h) =G(¢) +G'(¢)h +og(h), he L,

where og: L' — X, |log(h)||zr < ba(r)||h|[zr for ||h|pr < 7, and bg : [0,00) —
[0,00) is a continuous increasing function satisfying be(0) = 0; and there exists a
continuous increasing function dg: [0,00) — [0, 00) such that

IG'(¢) = G' (W)l ez ey < da(r)]|¢ — 1,
for ¢l <7, [[¢]lor <7
Let @ a be a stationary solution of (5.8), i.e., s € Whl = W11(0, 00; R?), 4 = F(u), and

@ = G(u) where “’” stands for d/da when the variable of functions in W'! is represented
by a. Fix ro > 0 such that ||a||z: < 9. Then define the radial truncations Fy and Gg by

Fo(d) {F(¢) if [lgllzs < ro,

5.9
Flro¢/I6lz)  if [6lls > ro, (5.9)
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and
G(o if |||z <o,
ey = {0 £ o]
(ro/ll@llr) if ll¢flzr > ro.
Then, the functions Fy and G are globally Lipschitz continuous and continuously Fréchet
differentiable on the ball B, in L'.

(5.10)

Now define an operator A on L! by

Ap =9 —Go(¢), for ¢ € D(A):={pe W' :6(0) = Fo(¢)} . (5.11)

Obviously, operator A is not included in Examples and even though the formula
defining A in (5.11)) would suggests it is. This is due to the fact that the domain D(A) is
not the whole space Wh! (see [13, 28] for more information on the matter).

The properties of operator A are summarized in the following proposition:
Proposition 5.5.
(1) With w = ||Follrip + [|GollLip, A+ wl is a densely defined m-accretive operator in
L.
(2) With w, = [|[F'(u)|| g1 x) + |G (u)|| 21,11y, operator OA(u) 4wyl is m-accretive

in L.
(3) Foru e D(A)N By(u), 0A(u) ezists and

graph(0A(u)) = ltiﬁJl t~graph(A) — (u, Au)). (5.12)

(4) Operator OA(u) + wl is m-accretive in L' for u € D(A) N B,.().
(5) There ezist Az and a nondecreasing Ly : [0,00) — [0,00) such that

[0 = 24| < Mz = ulla Lalolla) (5.13)

for 0 <A< \g, 2z, u € Bs, () N D(A) and v € L*.

Proof. See Kato [I5 Propositions 5.2, 5.4, 5.5 and 5.6]. O
By (4.32) and (5.13) we have
1 z u
dy (9A(=), 9A(0)) = 5 HJfA( Jy — JoA %HD <Nz — ull g2 La(||v]| 20)- (5.14)

This implies that
lir% dy (0A(z),0A(0) = 0. (5.15)
zZ—r

This means that the condition is fulfilled. Therefore, all conditions listed in Assump-
tion [3] are satisfied. Applying Theorems and the age-dependent population model
has a local stable, unstable manifold near @ if the linear system z’'(¢t) = —0A(@)x has an
exponential dichotomy.
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