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Abstract

Considering supercritical Bernoulli percolation on Z¢, Garet and Marchand [25| proved
a diffusive concentration for the graph distance. In this paper, we sharpen this result by
establishing the subdiffusive concentration inequality. As a consequence, we revisit a recent
result by Dembin [17] on the sublinear variance of the distance.

1 Introduction

1.1. Model and main result. Bernoulli percolation is a simple but well-known probabilistic
model for porous material introduced by Broadbent and Hammersley |7]. Let d > 2 and E¢ be
the set of the edges e = (z,) of endpoints z = (z1,...,24),y = (Y1,...,y4) € Z such that
=yl :== %, |2 — | = 1. Given the parameter p € (0,1), we let each edge e € E? be open
with probability p and closed otherwise, independently of the state of other edges. The phase
transition of model has been well-known since 1960s. Aizenman, Kesten, Newman [1] proved that
there exists a critical parameter p.(d) € (0,1), such that there is almost surely a unique infinite
open cluster Coo if p > p.(d), whereas all open clusters are finite if p < p.(d). In supercritical
regime (p > p.(d)) and critical regime (p > p.(d)), the model behavior are more understandable
that the critical case. Refer to |27]|19] [20] for more detail results and open questions on this
fields.

Let z € Z% we denote by z* the closest point to = in Co (in ||.||sc distance), call it the
regularized point of 2. We define the graph distance as: for z,y € Z¢,

D*(z,y) =D(a%,y") = inf [y,

vz —=y*
where the infimum is taken over all open nearest-neighbor open paths starting at * and ending
at y*. Let e; = (1,0,...,0) and we aim to study the graph distance from 0 to ne;:
D} = D*(0,neq).
The linear growth of D} was described by Garet and Marchand [22|: for any p > p.(d), there
exists a constant p(e;) € [0,00) such that,
*

D
(1.1) lim = = p(e;) a.e and in L'.
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The value p(eyq) is called the time constant. In fact, they show the stronger result that still
holds true in a more general context of stationary integrable ergodic fields.

Naturally, the next question we are interested in is the fluctuation and deviation of the graph
distance. The moderate deviation of D} (or precisely the concentration with diffusive scale) was
established by Garet and Marchand (see [25, Theorem 1.2]): for each ¢ > 0, there exist some
constants ¢y, ¢ such that for all A € [clogn, \/n],

(1.2) BID;, — E[D}]| > VA < cre2,

Recently, Dembin give a sublinear bound on the vairance of D} (see |17, Theorem 1.1]): there
exists a positive constant C' such that

Cn
. ) < .
(1.3) Var(D;) < gt

The main result of our paper is to sharpen the moderate deviation (1.2)) by establishing a
sub-diffusive concentration of DJ,.

Theorem 1.1. Let p > p.(d). There exist positive constants c1,ca > 0 such that for all n € N
and k >0,

n
1.4 . — >4/ < cre” 2"
(1.4) P (]Dn E[D;]| o n/i) c1e

Consequently, the sublinear bound of the variance ([1.3|) holds.

Remark 1.2. If k < 1, we can take c; = €“ and hence (1.4) holds trivially. From now on, we
focus on the case k > 1 throughout this paper.

1.2. Connection to generalized first passage percolation. We recall here similar results
for generalized first passage percolation, a kind of mixed model between first passage percolation
and supercritical Bernoulli percolation. For each edge e € E¢, we assign a random weight ¢, taking
values in R} U oo such that the family ¢t = (t¢).cge is independent and identically distributed
with distribution ¢ such that {([0,00)) > p.(d), where p.(d) is the critical point for Bernoulli
percolation on Z¢. Thus, the edges with a finite weight are supercritical. If ¢([0,00)) = 1, we
return to the model of first passage percolation that the edges has finite weight.
The first passage time is defined as follows: for z,y € Z¢,

(1.5) T(z,y) = _inf > te,

where infimum is taken over the set of paths from x to y. Then the supercritical Bernoulli
percolation can be referred as a particular case of first passage percolation with the distribution

(1'6) ¢= Cp = p51 + (1 _p)5007 p> pc(d)'

The convergence of the scaled passage time in probability to time constant was obtained by
Cerf and Théret |10, Theorem 4], without any moment assumptions: there exists a constant
u(er) € [0,00) such that

(1.7) lim L(0:"e1)

n—oo n

= p(eq) in probability.



In [23, Remark 1], Garet and Marchand proved if E[t?*¢I(¢ < c0)] < oo with some ¢ > 0, then
the convergence in (1.7 holds true almost surely and in L;. It then has been proved by Damron,
Hanson and Sosoe 16| that if (([0,00)) = 1 and E[t?log, t] < oo, then the sublinear variance
holds:

(1.8) Var(T(0,ne1)) < Cn/logn.

This phenomenon was known as superconcentration, coined by Chatterjee [13]. It has been
widely conjectured by physicists that the bound in (1.8)) should be improved by polynomial.
Furthermore, Chatterjee’s work establish a more general principle that connects between su-
perconcentration and a chaotic phenomenon of the ground state in many Gaussian disordered
systems |11 [12] [13]. Recently, Ahlberg et al. show that that this deep relation holds true in
context of first passage percolation under the assumption that (([0,00)) = 1 and E[t?] < oo.
Notice that by , the first passage time is superconcentrated, so they give first evidence of
chaos of the geodesic in this context. It is still open question whether chaotic phenomenon holds
in the generalized first passage percolation without any moment conditions.

Additionally, Damron et al.|15]| also prove the subdiffusive concentration for T(0,ne;), in
similar form as : for the upper tail inequality (resp. lower tail inequality) the authors
require E[e**"] < oo for some a > 0 (resp. E[t?log, ] < oo) and (([0,00)) = 1. A lot more
was proved concerning generalized first passage percolation, for example, the regularity of time
constant [10][26][9], the large deviation [3] [24]|14][4]]18].

We remark that in supercritical Bernoulli percolation (or the generalized first passage perco-
lation with distribution with ¢([0,00)) < 1) the moment conditions E(t?log, t) < oo and
E[e?*!] < oo do not hold due to the infinite weight. Hence, we need the new discover on this
model to apply the techniques in the case first passage percolation with finite edge-weight.

1.3. Method of the proof. In this subsection, we will address main challenge in extending
the previous results of Damron, Hanson and Sosoe [15] to Bernoulli percolation and outline our
strategy to overcome this issue. In [15], Damron et al. use the ideas of Benaim-Rossignol, to prove
the subdiffusive concentration of T(0,ne;), it suffices to estimate the variance of exponential
function of T(0,ne;). The remaining step can be derived by combining the geometric averaging
trick of Benjamini, Kalai, Schramm with the entropy inequalities [6], following the same sub-
linear variance strategy for general distribution |16].

In both [15] and [16], we emphasize the importance of imposing moment conditions on the
edge-weight distribution. This is crucial for obtaining good control over the impact of resampling
an edge. However, in the context of the graph distance in Bernoulli percolation, closing an edge
on the geodesic can have a significant impact on the graph distance due to the possibility of
infinite edge-weight values. To solve this issue, using a complex multiple-scale renormalization
process introduced in [9], Dembin constructs a detour that bypasses a given edge |17] . She then
can control the length of these bypasses. In the final step, to prove the sublinear property of
variance, Dembin use the concentration inequalities in a similar manner as in |16] with some
technical difficulties specific to the graph distance.

In the study of subdiffusive concentration for supercritical Bernoulli percolation, we shall
have to deal with the fluctuation of exponential function e*Pn, rather than the graph distance
Dy itself. Hence, the approach of Dembin which is based on multi-scale renormalizations would
be much more complex. In this paper, we use a simpler approach, that give a systematic way to
tame the effect of resampling a given edge with being of independent interest.



Our mechanism goes as follows: Instead of working with the graph distance D}, we prove

sub-diffusive concentration for T,, a modified graph distance of T,. Then, we indicate the
equivalent of sub-diffusive concentration between these distances. In particular, we sketch the
proof of Theorem as follows:

Step 1 (Setup). We introduce T, a truncated passage time from 0 to ne;, which is derived
from a Bernoulli first passage percolation with truncated edge-weights:

te=po1 + (1 — p)(slogzn‘

Subsequently, in Theorem we prove the subdiffusive concentration for T, i.e.

(1.9) VneN k>0, P <Tn —E[T,]| >,/ n /<c> < crem N
logn

for some positive constant ¢y, co > 0.

Our argument initially follows the common scheme as in [15]: Considering F,, the averaged
version for the passage time T,, (inspired by Benjamini, Kalai, and Schramm in [6]), to prove the
subdiffusive concentration, we relies on establishing a connection between bounds on Var(em/2)
and exponential concentration. Then, we obtain the tails of the true passage time T,, as in ([1.9)
based on those of Fy, (see more details in Section . That is, we need to prove that (see

cn

Theorem : there exists a constant ¢ > 0 such that with K =

logn’

(1.10) VA < \/1?, Var [emm} < %/\QE [e”‘Fm} < 00,

To attain this variance bound, we utilize the Falik-Samorodnitsky inequality (Lemma [5.1). Let
us enumerate the edges of E? as {e1,€2,...,} and consider the natural filtration of these as

Fo=29, fi:U(tel,...,tei),ViZL

We perform a martingale decomposition of the random variable G = e'm:

G-E[G] =) A,
=1
where

Vi>1, A;=E[G|F]-E[G]|Fi_i]

Then, we have

- _vla)
(111) ;Emm = VarlG]log <z;’21<EnAiu>2) '

Notice that if Var[G] < CA?n!/1OE[e?AF'm] then we obtain (L-10). Otherwise, one has Var[G] >
CAZnl5/16F [¢2AFn] g0

C)\2n15/16E [62)\Fm] oo )
(1.12) wmm<zgwa>g;mmg




As a result, ((5.16)) reduce to estimate the total influence (the sum in the denominator of left
hand side) and total entropy (the sum of right hand side).
Step 2. The bulk of the paper is devoted to bound these quantities, which is done in Proposition

and , respectively:

(1.13) S E[AD)? < CNE[e /5, YA eR;
=1
(1.14) ) “Ent[A?] < CA’nE[e*m], V|A| < W
=1

Using some the martingale computation, we can represent
AF o (te; tec
E[|Ai]) < CIAE [ 051) s (B (log? n, ter) — Fn(1,ter)] 5

and by the tensorization property of entropy and the log-Sobolev inequality for the Bernoulli
distribution,

[o.¢] o

2
Y Ent[A? < 2002 E[(&AF’“‘I% miteg) +62AF’"<”€%)) % (Fin(log? 1, tee) — Fm(l,teg))z},
i=1 =1

where (r,t.c) denote the configuration with value t., = r and ¢, if j # i.

That is, we have to control the impact of resampling edge e along the geodesics of the
truncated passage times. We estimate this effect by the weight of the bypass that avoids e. The
key here is this bypass composes only of 1-weight edges, so its weight can be bounded by using
the notion of effective radius R.. Roughly speaking, the effective radius help us find a good
path bypassing a given edge e inside the annulus Ag,_ (e) = Agg, (e) \ Ag, (e) (see Proposition [2)).
The construction of this radius with appropriate properties is induced from the well-connected
properties of infinite cluster, which behaves (in a sense made precise later) like that of Z¢. We
refer to Section [3| for more details. Now, we give the radius inequalities (see more details in

Subsection : forall i > 1,
1/2

c
E[lA] < — A | B[] E 6;.}23 ,

where g is the geodesic of T,, and
Yoo =0 N {ei = Aty {ei = Apya} ={e' = (e, — 2,96, — 2) 1 2 € A},

and
1/2

0o 2
> E[A] < ClAln | E [ | E (Zm) ,

=1 eEY0

1
and fOI' A S W,

- 2 2 2\F;, pn 1/4
(1.15) z;Ent[Az] < ONnE [e ] + Cexp (1og2<d+11> n> (B (Y, > Cn))V/4,



where for some constant C,

Y, = Z Rz, Re =CyR. N log2 n.

€€

To accomplish the desired influence bound, the remain work is to compute these expectations
on the right hand sides, i.e to understand the total cost of resampling the edges on random
set y: Cost = 3 . f(Re) with f a suitable function. We remark that the bound on Cost is
highly non-trivial since v is random and the radii (R),cga are not independent. Fortunately, we
can show that (Re).cge are weakly dependent in the sense that for each e and ¢t > 1 the event
{R. < t} is independent of the radii R, with |le — €||c > 4t. Using the technique of greedy
animal lattices for dependent weights, we can control the total cost (Corollary (i) and (ii)):

2
supE ZRg §0n1/4; E (ZR6> < Cn.

i1 ece; eEYo

These combine with the above estimates to confirm .

One of the complicated point we must address is estimating the total entropy. In particular,
to control the the right hand side of , we need a large deviation estimate for Y,,-the total
cost of the truncated radii (taking the value at most log®n). Corollary [4.3| (iii) and the large
deviation estimate of g give us,

cn

for some positive constant C,c. In context of Bernoulli percolation, we can control the total
entropy by the total cost of effective radii, Y, = > ecro Be; using the same strategy. Similarly,
we have to deal with proving the large deviation estimate for Y, instead of Y;,. However, this issue
is not considerably follows by the theory of greedy lattice animals since (Re),cge are unbounded.
One explains why we switch to prove the sub-diffusive concentration for the modified graph
distance T,,, rather than the graph distance Dj;. It pays a cost we must show the equivalent
between these distance in the next step. We remark that by the large deviation estimate of F,,,

Cn -1
2XFpm, G -
Ele | > exp ( Jog2(@+11) n) , VAZ log2(@+11)
Finally, combining two above estimates with (1.15]) allows the bound (1.14)).
Step 3. We will show that there is not a significant discrepancy between Dj and T,. It is
easy to estimate this discrepancy from the following large deviation result (Theorem : for all

L> log2 n,

(1.17) P (|D} — T(0*, (ne1)*)| > L) < Cexp(—cL/log L),

with positive constants ¢, C.

Using covering argument, the gap between D} and T(0*, (ne;)*) are bounded by the total
weight of the bypasses avoiding all log? n-weight edges on the geodesic =, of T(0%, (ne;)*).
Furthermore, we remark that the weight of bypasses can be simply controlled by using the
effective radius. Lemma [6.1] shows that if some certain conditions occur with high probability,
there exists a random subset T',, C 7, of log? n-weight edges such that



(i) Ve, f € T'n,lle = flloo = max{Re, Ry},
(ii) |D;, — T(0%, (ne1)*)| < 2C.Y, with Yy := > 1 Re.

This is essentially done through a selection process of a suitable family of bypasses. We emphasize
here that the property (i), in some sense, strengthen the local dependent of (R¢)cer,,, S0 it enable
the estimate of the total cost Y. The remain work we must prove a large deviation estimate for
Y.* by using the coarse graining argument (see more details in Section @): for all L > log®n,

P (EI Iy, C 7y, satisfying (i) and Y, > %) < C lexp(—CL/logL).

This deduce (1.17) and complete the proof.

1.4. Organization and notation of this paper. The paper is organized as follows. We
introduce the modified graph distance of D} and we deduce Theorem from Theorem and
Theorem in Section [2 In Section |3, we present the construction of random effective radius
and its application to control on the effect of flipping an edge. We study some moments and
large deviations of lattice animal of dependent weight in Section [d] In Section [3], we first revisit
concentration inequalities and then prove the subdiffusive concentration of the modified graph
distance. Finally, we estimate the discrepancy between the graph distance and its modified
version via the covering argument in Section [6]
Finally, we introduce some notations used in the paper.

e Metric. We denote by || - |[1, ] - |loos || - [|2 the {1, s, l2 norms, respectively.

e Bor. Let x € Z% and N € N, we will denote by Ax(z) = 2 + [N, N]¢ the box centered
at © = (x1,...,24) € Z* with side length N. For convenience, we shortly write Ay =
[—N, NJ4 for An(0).

o Set distance. For X, Y C Z%, we denote dso(X,Y) the distance between X and Y by

doo(X,Y) = min{||z — y||lw : x € X,y € Y}.

e Edge distance. For each edge e € E?, we pick a deterministic rule to represent e = (z¢, ye).
For any e, f € E¢, we denote the distance between e and f by

le = flloo = e = 2 flloo-

o Z%-path. We say that a sequence v = (v, ..., vy,) is a Z%path if for all i € [n], |v; —v;_1|1 =
1. From now on, we shortly write a path replacing of a Z%path. In addition, if v; # vj
for i # j, then we say that 7 is self-avoiding. Given A C Z<, let P(A) be the set of all
self-avoiding paths starting in A.

e Open path, open cluster and crossing cluster. Given a Bernoulli percolation on Z% with
parameter p, let G, = (Z¢,{e € E? : e is open}). We say that a path is open if all of its
edges are open. A open cluster is a maximal connected component of G,. A open cluster
C is crossing for a box A, if for all d direction, there is an open path in C N A connecting
the two opposite faces of A.



e Diameter. For A C Z% and 1 < i < d, let us define

diam;(A4) = 5?31/%};1 |zi — yil,

and we thus denote diam(A) the diameter of A by

diam(A) = max diam;(A).

1<i<d

2 The modified graph distance and proof of Theorem (1.1

Consider a Bernoulli first passage percolation as follows. Let (t¢),cge be i.i.d random weights
such that

. 1 with probability p,
¢ log®n with probability 1 — p.

Next, we define a modified graph distance T by

2.1 T(z,y) = inf te,
(2.1) (2.y) V}Hy; e
and set

Tn = T(O,nel).

We couple this Bernoulli first passage percolation with Bernoulli percolation as follows: each
1-weight edge (resp. log?n) is open (resp. closed). Recall that Co is the infinite cluster of open
(resp. 1-weight) edges in Bernoulli percolation and for each z € Z¢, 2* is the closest point of z
in Co.

Our aim is to show the subdiffusive concentration D} via the modified graph distance T),.
The proof is essentially based on two key ingredients. The following theorem is proved in Section
[6] help us to control the discrepancy between T(0*, (nej)*) and Dj-the chemical distance in
Bernoulli percolation.

Theorem 2.1. There exist positive constants ¢y, ca such that such that for all L > log®n,
(2.2) P[|D;; —T(0%, (ne1)*)| > L| < 1 exp(—caper).
As a consequence, we have
(2.3) E[|D;, = T(0%, (ne1)")[] < O(log?n).
Subsequently, we establish the subdiffusive concentration for T,, as follows.

Theorem 2.2. There exist positive constants ci,co such that

(2.4) P <|Tn _E[T,)| > bgnn) < cre®" for alin € N and k > 0.



We postpone its proof to Section [5] and give the proof of Theorem [I.1]
Proof of Theorem By the triangle inequality,

(2.5) D, = ED]| < Dy, = Ta| + [Tn — E[Th]| + [E[Ty] — E[Dy]|.
Notice also that
(2.6) Ty — T(0%, (ne1)™)| < log?n(]|0"]1 + [|(ne1)” — neil).
Therefore,
D7, — T <D}, = T(0%, (ne1)”)| + [T(0, (ne1)”) — Tl

(2.7) < |D;, = T(0%, (ne1)*)| + log? n([[0*[l1 + [|(ne1)* — nex ).
Combining this with triangle inequality, we have

E[D;, — Tnl] < E[|D;, — T(0%, (ne1)")[] + log? nE[[|0* |1 + [|(ne1)* — ne|1]
(2.8) = E[|D], — T(0%, (ne1)")|] + 21og” nE[||0"[|1],

where for the last line we used the translation invariance. By Lemma there exist positive
constants (31, 82 such that for ¢ > 0,

(2.9) PlI0%]1 = #] < B1 exp(—Fat),

and thus
E[[|0*[l1] = O(1).
Combining this with (2.8)), (2.3) and (2.9)), we get
|E[DZ] — E[T,]| < O(log®n).

n

It follows from the above estimate and ([2.5)) that for all kK > 1 and n large enough,

P||D; — E[D}| 2 xy /| < P[ITw — EITall = 5 /5w | +P|ID5 = Tul 2 5/ -

By Theorem [2.2]

P[\TH—E[TnHzg ] < erexp(—ean/d),

for some c1,co > 0. In addition, using (2.7)), (2.9) and Theorem ,

B[ — Tal > %/ ] < B[ID; = T(0, (nen))| > 5, /2]

* * 1/2
+P[(10%]]1 + ll(nen)* = nex 1) 2 5 |

* * 1/2
< P[|D; - T(0", (ne1)*)| > & wbm}+2hmnh_w®mwﬁ

< ¢y exp(— CoR (g V372 ‘f)g/g)+251exp( Bok logn 5/2)

(2.10) < cjexp ( - cén#),
for some ¢/, ¢y, > 0. Finally, combining the last three displays we get Theorem O

9



3 The effect of resampling

As we will see in the next sections, in essence, the problem of sub-diffusive concentration of
Dy can be reduced to understand the effect of resampling the edges along the geodesic of the
modified graph distance. To study this issue, given an edge e, we introduce the effective radius
R, that measures how large the change of passage time when flipping the weight of e from 0
to logZn (see Subsection . Our strategy goes as follows. In the generalized first passage
percolation models with a bounded distribution ¢, we define for any z € Z¢,

T, :=T(z,z + neyp).

Our goal is to study how the random variable T, changes when resampling the value of each
single edge e. In particular, the change can be estimated as: for a given edge-weight configuration
(te)ecre and edge e, let (r,tcc) denote the configuration with value t, = r and ¢, if € # e. If
b > a, it is easy to check that

VzeZ%, 0 < T(btee) — To(a,tee) < (b—a)l(e € 7,),

where v, is the geodesic of T(a,tec) from z to z + ne;. However, this bound becomes less
effective when b is much larger than a. To circumvent this difficulty, in our modified model with
¢C=poh + (1 - p)510g2 > We will construct a bypass of 1-weight edges avoiding the box centered
at e. Thus the cost of resampling t. can be bounded by the length of the bypass. Furthermore,
we can control this length by the effective radius (see Proposition . The next question is to
estimate the total cost of resampling all the edges in E¢. We shall see that this problem leads
to an investigation of total weight in a dependent percolation for which we use greedy lattice
animal theory to deal with, see more in Section [4]

3.1. Connectivity properties of the cluster. In this section, we consider a Bernoulli per-
colation with parameter p > p.(d). We introduce the notion of good annulus, which plays an
important role to construct suitable modified paths. We first review some properties of percola-
tion related to the graph distance and crossing cluster.

Thanks to |28, Theorem 2|, we can control the size of the holes in the infinite cluster:

Lemma 3.1. Let p > p.(d). There exists a constant ¢ = c¢(p) > 0 such that
(3.1) ¥t >0, P(A;NCo =0)<c 'exp(—ct).
Consequently, for all z € 2% and t > 0,

(3.2) P(||lz — 2*|oo > t) < ¢ 'exp(—ct).

The existence of open crossing clusters for boxes with high probability is proved in [27,
Theorem 7.68|.

Lemma 3.2. There exist a constant ¢ = ¢(p) > 0 such that for allt > 0,
P(A; has a open crossing cluster) > 1 — ¢~ L exp(—ct).

The following lemma which is a result of Antal and Pisztora [3, (4.49)] that provides the
large deviation estimates for graph distance between two connected points.

10



Lemma 3.3. There exist p = p(p), p1 = p1(p), p2 = pa(p) > 0 such that for every x € Z* and
t = pllzfloo,

(3:3) P(oo > D(0,2) > t) < p; ' exp(—pit),

and consequently,

(3.4) P(D*(0,z) > t) < py* exp(—pat).
For each N > 1, we define the family of N-annuli:

(3.5) Ve e B4, Apn(e) = Asn(e) \ An(e).

Next, we introduce properties of good annuli. Roughly speaking, a good annulus possesses the
geometry of its percolation cluster so similar to Euclidean space that guarantees the feasibility of
constructing a modified path. Before defining what is good annulus, let us give some definitions.

Fix p as in Lemma |3.1)and N, = {%J. We now divide the annulus Ay (e) into a family of sub-

boxes of side-length N, such that two adjacent sub-boxes have only one shared face (see Figure
. We enumerate these sub-boxes as (Aévp)ie[mp] with some constant m, < (6N/Np)d = (48p?)4

and write
mp
An(e) = [ J A%, -
i=1

For each A, B C Z%, we define
D(A,B) :=inf{D(z,y):x € A, y € B} =inf{|y|: 2 € A, y € B, 7y is a open path from x to y}.
In addition, for A C Z%, let D4 be the graph distance using only open paths inside A.
Definition 3.4. For each e € E?, we say that the annulus An(e) is good if the following hold:

(i) There ezists a open cluster C in An(e) which is crossing all sub-bozes (Aé\rp)z‘e[mp]f

(ii) Forallz,y € An(e) such that de({z,y},0AN(e)) > N/2, |2—ylloo < 2N,, if DANE) (z,y) <
00, then DAN() (z,9) = D(z, ).

(1it) If D is a connected component in An(e) such that diam(D) > N,, then DN C # (.
Remark 3.5. The event {An(e) is good} depends only on the state of the edges in Agn(e).
We would like to control the probability of being good for Ay (e).
Lemma 3.6. Let p > p.(d). There exists ¢ = ¢(p) > 0 such that for all N > 1,
P(Ax(e) is good) > 1 — ¢ L exp(—cN).

Before proving this lemma, we need the following result, whose proof is postponed until
Appendix [A] For N > 1 and € > 0, we define

En = {there exists a crossing C and a connected component D in Ay
such that diam(D) > eN and DNC = (}

Ly = {there exist two disjoint open clusters of diameter at least e N in Ay}.

11



Lemma 3.7. Let p > p.(d). There exists c1 = ci(e,p) > 0 such that for all N > 1.

P(Ey) +P(Ly) < ¢; ' exp(—c1N).
Proof of Lemma We first observe that the property (ii) directly follows from the following:
(ii")  For all z,y € An(e) such that de({z,y}, 0AN(€)) > N/2, ||z — ylloc < 2N,,
if DAV() (2, ) < oo then D(z,y) < 4pN,,.
Thanks to the union bound and Lemma (3.3
P(An(e) does not satisfy (ii’)) < c3*|An(e)|? exp(—4c3pN,) < c3 ' exp(—2c3pN,),
for some positive constant cs = c3(p). Therefore,
(3.6) P(Ap(e) satisfies (ii)) > 1 — c3 ' exp(—2c3pN,).
To deal with (i), let us define
Crb := {A’]'Vp has a open crossing cluster C;, Vi € [m)]}.

We note that

(3.7) P(An(e) satisfies (1)) > P(CrbN {C; N Cit1 # 0, Vi € [m, — 1]}).
By Lemma there exist a constant ¢4 = c4(p) > 0 such that
(3.8) P(Crb) > 1 — c; texp(—cyN,).

Remark that two consecutive sub-boxes always belong to a box of side-length 2N, in Ay(e).
Thus by Lemma

P(C; N Civ1 # DVi € [m, — 1] | Crb) > 1 — c5 ' exp(—c5N,),
for some constant ¢5 = c3(p) > 0. Hence, combining this with (3.8]) and (3.7 gives
(3.9) P(Ay(e) satisfies (i)) > 1 — (cacs) ™" exp(—cacsN,).

Suppose now that Ay (e) satisfies (i) but not (iii). Let D be the connected component in Ay (e)
with diam(D) > N, and C be the open cluster that crosses all sub-boxes (Aly )igm,], such that
DNC = 0. Then, there exists a sub-box A of side-length N, in Ay(e) such that D’-the largest
connected component of D N A satisfies diam(D’) > 7% and D' NCNA = (. Hence, thanks to
Lemma there exists cg = cg(p) > 0 such that for all N > 1

P(An(e) satisfies (i) but not (iii))

< P(there exists a sub-box A of side-length N, and a connected component D' C A

N,
satisfying diam(D’) > m—p and D'NCNA=0)
D

< cg'Neexp(—csN,).
Combining this estimate with and yields that
P[An(e) is good] > 1 — P(An(e) does not satisfy one of the three properties (i)—(iii))
>1—c¢ lexp(—cN),

for some constant ¢ = c¢(p) > 0.
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3.2. Effective radius and its application. Given ~, the path inside Ay (e), we say that v is
a crossing path of Ay (e) if it joins AN (e) and OAsn(e). Let € (An(e)) be the collection of all
crossing paths of Ax(e). Let C, be a fixed positive constant chosen in Proposition (I} To each
e € B4, An(e) is called Ci-connected if Vi (e) N V% (e) occur where

Vi(e) == {¥11,72 € €(An(e)), DAV (31, 79) < C.N},
V2 (e) := {Va,y € An(e) with D*3¥() () < 0o, DA (2 y) < C,N}.
For each e € E?, we define the C,-effective radius of e as
R :=inf{N >1: An(e) is Cs-connected}.

Remark 3.8. By the construction of the effective radius, for any e € E* and t > 1 the event
{R. =t} depends only on the state of edges in the box A¢(4t).

The following propositions give a large deviation estimate for the effective radius.

Proposition 1. Let p > p.(d). There exist C, = Ci(d,p) > 1,a = a(p) > 0, such that for all
ecE andt > 1,

P[R. > t] < a 'exp(—at).
As a consequence, all (Re) cga are finite almost surely.
Proof. Fix e € E?. By the definition of R,, we have for each ¢t > 2
P(R. > £) < 1— P(VL,(e) N V2 (e)) < P((VE(€))%) + P((VE(0))°):

Thus we only need to show that there exist some positive constants C. = C.(d,p), S = 5(p),
such that for N large enough

(3.10) max{P((Vx())), P(VZ(e))*)} < 87" exp(~BN).

We first consider P((V4(e))¢). Recall that p is the constant as in Lemma and N, = L%J.
We now show that

(3.11) (Vx ()N {An(e) is good} C E,
where

By := {there exists (z;)/L; C Ay(e) with m < m,, such that |[z; — z;11]lc < 2N, Vj€ [m—1]
m—1
and oo > Z D(zj,zj11) > CuN}.
j=1

Suppose that (V) (e))¢ occurs, i.e. there exist 1,72 € €(An(e)) such that DANE) (1, 49) >
C.N. The delicate part of the proof is the construction of a short path inside Ay (e) that joins 7y,

to v2. For each j € {1,2}, let 7; is the largest connected path of ;N {A2N+& (e)\Ayy (e)}.
It is straightforward to check that ’ :

Vj € {1,2}, diam(ﬂj) > |7I‘j| > Np, doo(ﬂ'j,aAN(e)) > 3N/4.
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joining 71 to 72 inside annulus A (e) joining x to y inside Aan(e)

Suppose in addition that Ay(e) is good. Then by Definition (iii), we have m; NC # 0 and
mo N C # 0. Therefore, there exist £1 = £1(71,C), la = la(7y2,C) € [m,)] such that

N

(3.12) vj€{1,2}, mNCNAY #0; deo(AY, ,0AN(e)) > 5

As consequence, we can take a tuple (i;), C [m,] for some m < m, with iy = ¢y, i,, = {5, such

J=1
that (A% s )m 1 is the sequence of consecutive sub-boxes satisfying

(3.13) ¥j € [ml,  doo(AY, ,0AN(e)) > N/2.
Using Definition (i) of being good of An(e), we can take a sequence (z;)jL; C An(e) such
that z1 € 11 ﬁCﬂAilp,wm € ’ygﬁCﬂAi";,:cj € CﬂA]{,p forallj =2,...,m—1. We remark that
m—1
oo > Z DAN(G)(.’EJ',$]'+1) > DAN(e)(’Yl,’}/Q) > C,N.
j=1

Moreover, notice that for all j € [m—1], ||z;—2j41]/cc < 2N, and for all] € [m],doc(xj,0AN(e)) >
N/2, since A’ ]{, and AZJ+1 are two consecutive sub-boxes satisfying (3.13]). Hence, it follows from
Definition (11) of belng good of Ay(e) that for all j € [m — 1]

DAY (25, 2541) = D(xj, 211).

In conclusion, the sequence ()7, C An(e) satisfies m < m,, Vj € [m—1],[|z; —zj11]lc < 2N,
and oo > Z;n;ll D(zj,zj41) > C.N. We complete the proof of (3.11)).
Next, we estimate P[E;]. By the union bound,

P[E;] < P[there exist z,y € An(e) such that ||z — y||ec < 2N,,00 > D(z5,2j41) > C*%]

(3.14) < (6N)Y max Ploo>D(z,y) > c*ml] .
z,y€AN(e) e
eyl <2N,

Taking C, = 484p*~1/2 such that C,N/m,, > % > 2pN,, thanks to Lemma if |z — oo <
2N, then

(3.15) P[00 > D(z,y) > Ci ] < exp(82N).
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Combining this with (3.11)) and Lemma give us for all N large enough,
P((Vx(e))) < P((Vy(e))* N {An(e) is good}) + ¢ exp(—c2N)
< O(NY) exp(fg—ZN) + c1 exp(—caN)
(3.16) < exp(—v1N),

for some positive constant 14 = v1(p).
Now by similar but simpler arguments as in (3.16[), we also have for N large enough

(3.17) P[(VX(€))] < exp(—1v2N),

for some positive constant o = v5(p). Hence, (3.10) follows by combining (3.16)) and (3.17)) and
taking 8 = 11 A e.

O

For any path 7, we denote by clo(y) the set of all closed edges in . The following propositions
help us build a bypass for a given edge in an arbitrary path, with economical cost (comparable
to the effective radius).

Proposition 2. Let C, be the constant as in Proposition[]. The following holds.

(i) For any path ~ between x and y with x,y € Z¢, if an edge e € v satisfies x,y & Asg, (e),
then there exists another path n. between x and y such that:

(i-a) ne N Ag,(€) =0 and ne. \ v consists only of open edges;
(i-b) [ne \ 7| < CiRe;

(ii) Let ~ be a path between x and y with x,y € Coo. Suppose that an closed edge e € 7 satisfies
either © ¢ Asg_ (e) ory ¢ Asg, (e). Then there exists a path n. between x and y, such that:

(ii-a) clo(ne) Ny N Ag, (e) =0 and ne \ 7y consists only of open edges;
(ii-b) |ne \ 7| < 2C.Re.

Proof. Let us first consider (i). Assume that  is a arbitrary path between z and y with z,y € Z¢.
If e € v and z,y ¢ Asg.(e), then v crosses the annulus Ap, (e) at least twice. Let 1 and
v be theses first and last crossing, in the order from z to y. Notice that both 1 and o
belong to € (An(e)). Furthermore, by the definition of R, the event V}{e(e) occurs, and so
DARe(€) (71,72) < CiR.. Let 7. be a geodesic of DARe(€) (71,72). Then 7). consists of only open
edges and satisfies

[fie| = DA% (71, 79) < CLRe.
Suppose that 7. intersects with v; and o at z; and zo, respectively. We define

Ne = Ya,z1 U Te Uz s

where for any path v and w,v € v we write 7,, the sub-path of v from u to v. Notice that
e \ ¥| = [7e] < CyRe. Moreover, since 1 and 2 are the first and last crossing path of the
annulus Ap_(e), one has v, ., NAg, (e) = @ and 7., , N Ap, (e) = @. In addition, fNARg, (e) = @
since 7. C Ag,(e). Hence, ne N Ag, (e) = @ and so we get (i).

For (ii), assume that 7 is a arbitrary path between z and y with z,y € C~. Let e € 7 such
that either x ¢ Asp_(e) or y ¢ Asg.(e). We consider two cases:

15
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Figure 2 — A bypass consists only of open edges (dashed red curve) avoiding the box
centered at e

e Case 1: {z,y} ¢ Asgr, (e). Then by Proposition |1 (iii), there exists a path 7. from x to y,
such that 7. \ v consists of only open edges, 7. N Ag,(e) = &, and |n. \ 7| < CiR.. Hence,
we get (ii).

e Case 2: there is only z € Asp, (e) or y € Asr, (e). We suppose that x € Asg_(e), the proof
for the remaining case is similar and omitted. The path v crosses the annulus Ag_(e) at
least once. We call the last crossing path by ;. Since z € Co, there exists a open path
2,00 joining x to oo.

Case 2a: {; o crosses the annulus Ag_(e). Let v2 C &z be the first crossing path of
Apg. (e), so v2 € €(Ag_ (e)). Since the event V}%e(e) occurs, there exists a geodesic of
DAR(€) (41, 72) inside Ag,_(e), denoted by 7, that consists of only open edges and satisfies
|7e| < CyR.. Suppose that 7). intersects with v; and 2 at z; and z3, respectively. By
the definition of 72 and 22, & .,-the sub-path of &, o from x to 22 is open and satisfies
€22 C Azp, (e). Thus DA3re(®)(z 29) < co. Hence, by the definition of V% (e), one has

DA4Re(©) (2, 29) < CLR,. Let us denote by &, ., the geodesic of DAAe(€)(z, 29) and define

Ne = 5.1‘,22 U 776 U Yz1,y-
We observe that 7, \ v C 5%22 U 7. consists of only open edges, and

me \ 7| < |'Yx,ZQ| + |7le| £ 2C4Re, clo(ne) Ny N Ag,(e) = 2,

since 1. Ny N Ap, C & ..,, which is open and clo(7,) is closed. Hence, (ii) follows.
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Figure 3 — Illustration of Case 2a: {; o crosses the annulus Ap_(e)

Case 2b: &, oo does not cross the annulus Ap, (e). Let 7., be the sub-path of v joining e
to z. Hence, Neoo := Vex U &sz,00 crosses the annulus Ag_(e). Let 72 C 7e,00 be the first
crossing path of Ap_(e), and so v2 € € (Ap, (e)). By the definition of V}%S (e), there exists
a geodesic of DA%e(%)(vy,45) inside Ap, (e), denoted by 7, that consists of only g-open
edges and satisfies |7.| < CyR.. Suppose that 7. intersects with «; and 79 at z; and 2o,
respectively.

~ \ - \
S—-— \ - .
Ay \ \ |
-7 __e \ |7 e 4
f 7 7 ) /
T ] , Y ’ T ] \ Y

/ < p / ) |
, AN , ] A N
\ e | AR T / Tle
CR

1 B =

(a) Sub-case 2b: 22 € fle N Ye,u (b) Sub-case 2b: 29 € fle N &x,00

Figure 4 — Illustration of Case 2b: &, ~ does not cross the annulus Apg_(e)

If 22 € e N Ve, We set
Ne = Va,zo Y Me U Yz1,y»
where 7, ., is the sub-path of v from z to 2. Therefore, 1. \y = 7, consists of only g-open
edges, and
e \ V[ = [7e] < CuRe, me N Ag,(e) = 2.

If 25 € Ne N &y 00, We have DAsre (€) (x,22) < oo. Using similar arguments as in Case 2a, we
have D47 () (1, 29) < O R,. We then call &, ., the geodesic of D*7e(€) (z 29) and define

Tle = §$7Z2 U ﬁe U Yz1,y-

Hence, ne \ v C EI,ZQ U 7. consists of only open edges, and

e \ 7] < |gz,z2| + [7e| < 2C4Re, clo(ne) Ny N Ag,(e) = @,

since 1. N yAg, C ., is open and clo(n.) is closed. Hence, we get (ii).
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O

As a consequence, we can control the effect of resampling an edges on the geodesic of the
modified graph distance by the following result.

Proposition 3. Let p > p.(d). Assume that (R¢).cga be the sequence of Cy-effective radii as in
Proposition . The following holds for all z € Z¢ and e € EX,

(3.18) 0 < T.(log?n, tec) — To(1, tee) < (log? nl(U. .) + Re)l(e € 7.),

where v, is a geodesic of T,(1,tec),

—_

Use ={Re 272}, 120 = 5 (lle = 2lloo Al = (2 +1€1) o)

3
and

R.=C.R. A log? n.

Proof. Since T, is increasing, the first inequality in (3.18|) is trivial. By the definition of the
modified graph distance, if e ¢ -y, then

(3.19) T.(log® n,tee) — To(1,tec) = 0.

If e € v, and U, . occurs (or equivalently either z or z + nep is in Agp, (e)), we use the trivial

bound
(3.20) (T.((log n)Z,tec) —T.(1,tee))l(e € v2;Uze) < (log2 n)l(e € v, U e).

On the other hand, suppose that e € v, and U, occurs (or neither 2 nor z + ney is in Agg, (e)).
Applying Proposition (1] (iii) to v = ., we have there exists a path n. between z and z + ne;
such that

T.(log?n, tec) — T,(1,tec) < T(ne \ 72) < CxRe.
Moreover, we always have T (log?n,tec) — T, (1, tec) < log?n. Therefore,
(3.21) (T.((log n)z,tec) — T.(1,tec))l(e € 725Uz ) < (CiRe A log? n)l(e € 7).

Combining this estimate with (3.20]), we arrive at

(3.22) T.(log?n, tec) — T, (1,tec) < (log? nl(U, ) + (CiRe Alog®n))l(e € 7.),
with together with (3.19)) implies the desirable result. O

4 Lattice animals of dependent weight

We first recall the result derived from the theory of greedy lattice animals that helps us control
the maximal weight of paths in locally dependent percolation.

Given an integer M > 1 and positive constants a, A, suppose that (Ie ar).cge is a collection
of Bernoulli random variables satisfying

18



(E1) (Ie.p)ecpd are aM —dependent, i.e. for all e € E¢, the variable I, 5 is independent of all
variables {Io ar: € & Aanr(e)}.

(E2)

qm = sup E[I. p] < AM 4.
ecEd

For any path -, we define

N(y)=> Iem, Npw= max N(),
ecy =

where for L > 1,
Er ={y:7visasetof edges in Ar; |y| < L}.

Lemma 4.1. [8, Lemma 2.6] Let M > 1,a,A > 0 and (I¢nr)ecge be a collection of random
variables satisfying (E1) and (E2). Then, there exists a positive constant C = C(a, A,d) such
that

(i) For all L € N,
1/d 4 rd4+1
E[Nrm) < CLgy M.
(i) If t > C M?max (1,MLqu>, then
P(Nz s > t) < 2% exp(—t/(16M)%).

We aim at extending this result to general weight distributions. Let a, A be positive constants.
Suppose that (X¢),cga is a collection of non-negative random variables satisfying the following:
forall M >1

(P1) for all e € E?, the event {M — 1 < X, < M} is independent of the state of all edges
{e/ e/ ¢ Aanr(e)},
(P2) there exists a function ¢ : R, — R, such that ¢(M) < AM~¢ and

gu =sup P(M —1 < X, < M) < ¢p(M).
ecEd

Lemma 4.2. Let X = (X¢).cpe be a family of random variables satisfying (P1) and (P2) and
let f: Ry — Ry be an increasing function satisfying

[e.9]

(H) Y (F(M) + (M) + fHM)) MT (M) < e

M=1
Then there exits a positive constant C'= C(a, A, f), such that the following holds.
(i) For all L > 1,

2
E (mafo(Xe)> < CL>.

&=
2l L6€7
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(ii) Let v be a random path starting from 0 in the same probability space of X. Then for all
L>1,

(Zf(Xe)> <CL2+CZg2 (ly] = ))1/2_

ecy {>L

(iii) Let m > 1 and vy be a random set of edges of B(m) in the same probability space of X.
Then for all L > 1,

2
<Z f(Xe)) < O(L+m)>+C) (E+m)*(B(h| =)'/

ecry {>L

(iv) There exist constants o, B > 0 such that for any random path ~y starting from 0 in the same
probability space of X and integers L, K satisfying LM(b(M)l/d >1forall K>M >1,

<Zf ) > aL) < Z exp(—BLM@(M)"*) +P(|y| > L),

eey M=1
where Xe =X.NK.

Proof. We first prove (i). By Cauchy-Schwarz inequality,

2
41) E (gg};Zf(&)) max 7] Y fA(Xe

ecry
since |y| < L for all v € 2. For set of edges 7, we define

< LE

) S ]

=[fecy:M-1<X. <M} =) ILu,

e€y
where
Tepg:=I(M—-1< X, < M)
Since f is increasing,
(42) > X < Y PODAY + FA0)1,
e€y M>1

and hence

E $%§;f2(Xe) <E Mzzjlfz ’Iy%i}LCZIeM + f2(0)L
(43) = > PODE Nz + 0L,

M>1

where



By (P1) and (P2), the conditions (E1) and (E2) are satisfied for all M > 1. Now using Lemma
(i), we obtain that for all M > 1,

(4.4) E[Npa] = O(1) LM (M),

This together with (4.3) implies that

mafo2

[SS)
v LeEW

VLY MM (G(M)) V= O(L),

M>1

using . Finally, combining the above estimate with (4.1)), we obtain (i). Next, to prove (ii),
we decompose

(Zf(Xa)Q —E (Zf )2 (W <L)| +E (Zf )2 (hl > L)

ecry ecy ey

<E (maXZf )2 +ZE[|7|Zf2 Wl—ﬁ)]

€E
YEEL prs

ecy
mafo (vl = 5)]

667

(4.5) O(L?) + Z (E

by using (i). Moreover, by Cauchy-Schwarz inequality and (i),

97 1/2

(maxzf2 ) E[I(ly| = )]'/?

YEE,

[maXZf2 I(]y| = ¢)

S
v Zeew

< O(0)(B(y| = ).

Combining the last two displays yields (ii). We can easily prove (iii) by using the same arguments
as for (ii) and the fact that if |y| < ¢ then v € E¢4,, for all ¢t > 1.
Finally, we show (iv). Using X. < K and the similar estimate as in (4.2)), we have for any

a>2f(0)

(Zf >aL><}P’<Zf >aL,]7|§L>+P(|’y|2L)

ecy ecy
K
(4.6) <P (Z F(M)Npa > aL/2> +P(ly| > L),
M=1

Furthermore, the conditions (E1) and (E2) are satisfied for all M > 1. Let C be the constant as
in Lemma [4.1] and set

) +2C Z FOM)(@(M))V A,
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Note that o € (0,00) by (H). Using Lemma [4.1] (ii),

K K K
P (Z F(M)Npar > aL/2> <P (Z FOMNpar > ) Cf(M)qS(M)l/dLMd“)
M=1 M=1 M=1
K
<Y p (NL,M > C¢(M)1/dLMd+1)
M=1
K
< 37 exp(—eLMo(M)V),
M=1
with ¢ = ¢(d) a positive constant. Combining this with (£.6), we derive (iv). O

In the next section, we shall apply Lemma [4.2] to the sequence of effective radii. Let C, be
the constant and (R.).cge be the collection of effective radii as in Proposition |1} We define also
R, = min{C,R,,log?n}.

Corollary 4.3. There exists a positive constant C such that the following holds for all n,m
sufficiently large.

(1) Let v be a random path in the same probability space of (Re)ecga, starting from 0 and
satisfying P(|y| = £) < CL~7 for all 1 > Cn. Then

E[(;Re)j < on2,

(ii) Let v be a random set of edges of B(m) for some m > 1 in the same probability space of
(Re)eera satisfying P(|y| =€) < CL™7 for all £ > Cm. Then

E[ > #2] <om.

ecy

(i11) Let v be a random path starting from 0 in the same probability space of (Re)ocpa. Then

Ao 9 B n
P <Z R: > Cn) < C'log” nexp < C’log2(d+10)n> +P(|y| > Cn).

ecy

Proof. Let ¢(z) = 2~ (@+119) for 2 > 0. We can take f(z) = z for the proof (i) and f(z) = 22 for
the proofs of (ii) and (iii). It is easy to check that the condition (H) holds true. By Proposition
(iii), the radii (Re),cga satisfy (P1). Moreover, the condition (P2) is verified using Proposition
(ii). Hence, the corollary directly follows from Lemma O

5 Subdiffusive concentration of T,

The proof strategy for Theorem relies on establishing a connection between bounds on
Var(e*T/2) and exponential concentration (|5, Lemma 4.1]). To attain the required variance
bound (Theorem , we apply the Falik-Samorodnitsky inequality (Lemma to a martin-
gale decomposition of the random variable e where F,, represents an averaged version of the
passage time. This approach was initially introduced by Benaim and Rossignol in [5] and later
used by Damron, Hanson, and Sosoe in [15|. Finally, we estimate the tails of the true passage
time T,, based on those of F,, (see more details in Section .
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5.1. Variance bound via entropy inequality. Let us enumerate the edges E? as {e1,e2,...}
and let a,b € R U {+o00}. Assume that (f¢,);>1 are ii.d. random variables with the same
distribution as

¢ = pda + (1 = p)dp.
Let g : {a,b}E" — R be a function of (te;)i>1- Fix A € R and define
G =G, =eV.

We write
G = G(tei,teg)

to emphasize G is the function of the random variables t., and tee = (tej )j#i- We define the
natural filtration of these random variables as

Fo=9, F= O'(tel,...,tei),
for each 7 > 1. Now we consider the martingale increments
Vi>1, A =E[G|F]—E[G| Fii] =BG, te) — Gller, tes) | Fit),

where t/ei is an independent copy of t.,. We will bound the variance of G based on the following
entropy inequality by Falik and Samorodnitsky [21, Lemma 2.3].

Lemma 5.1 (Falik-Samorodnitsky). If E[G?] < co then

- _valg]
(5.1) ;Ent[Ai] > Var|G] log S (E[A])2

where Ent denotes the entropy operator: if X is a non-negative random variable such that E[X] <
00, then

X
Ent[X]=E [X log } .
[X]
The following estimate on the total entropy is derived from the tensorization property of
entropy and the log-Sobolev inequality for the Bernoulli distribution. Notably, the proof of this
result follows the same approach as in |16, Lemma 6.3|, albeit in a simpler context.

Lemma 5.2. Assume that E[G*] < co. Then, there exists a positive constant C' depending on p
such that

(5.2) iEnt[A?] < OiE[(G(b, tee) — G(a, tec))?].
=1 =1

5.2. Proof of Theorem Instead of directly showing the subdiffusive concentration of T,,,
we will employ a strategy inspired by Benjamini, Kalai, and Schramm [6], known as the BKS
trick. This approach involves proving the subdiffusive concentration for a geometric average of
passage times, a notion previously used in both [2] and [29]. It is expected that the majority
of edges in the lattice have a low probability of lying in the geodesic of T,,, meaning they have
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a small influence. However, this does not hold for edges very close to the origin, and the BKS
trick provides a way to circumvent this challenge.
First of all, let us define a spatial average of the first passage time,

(5.3) F, = |A1’ > T,
™ 2eAm
where
T, :=T(z,z+ne), m=|n'4].
To prove Theorem [2.2] it now suffices to show the following variance bound.

Theorem 5.3. There exists a constant ¢ > 0 such that

(5.4) V[ < \/17( Var [eAFm} < K\’E [emm} < 0,

cn
where K =

logn’

The following result is a direct consequence of Theorem . We refer the reader to [5, Lemma
4.1] for a proof.

Corollary 5.4. There exist positive constants ¢}, ch such that

5.5 P(|F,, —E[Fn] >/ ——k) < e V> 0.
logn !

Next, we prepare a simple large deviation estimate for the first passage time which will be
used to compare T, and F,,.

Lemma 5.5. There exist positive constants p, p1, pa such that for all z,y € Z¢ andt > pl|z—y s,
(5.6) P(T(z,y) > t) < p1exp(—pat/log’n).

Proof. Observe that T(u,v) < log®n|lu — v||; for all u,v € Z% Therefore, by the triangle
inequality

(T(z,2%) + T(y,y") + T(z", y") 2 1)

P
<P(D*(,y) 2 t/2)+ P (e ="l 2 b ) + P (Il — o7l > 1)

where we recall that z* is the closest point of z in the infinite cluster C,. The last two terms

are bounded by ;1 exp (gg%fl), for some positive constants (1, 32 using Lemma , whereas

by Lemma the first term is bounded by py!exp(—pat) when t > pllz — yls With some
0, p1, p2 > 0. Hence, the result follows. O

Proof of Theorem Since E[F,,] = E[T,],

|T, — E[T,]| = |Fm —E[Ts] + T, — Fpu| = |[Fry — E[Fy] + Ty, — Fiy
(5'7) < |Fm - E[Fm” + |Tn - Fm‘
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Thus, for all M > 1, using the union bound, we have
(5.8) P(|T, — E[T,]| > 4M) <P (|F, — E[F,]| > 2M) +P(|T, — F.| > 2M).

By subadditivity property,

1 1
Ty, — Fp| = ‘Tn— 3 T < 3 [T(0,ne1) — T(z, 2 + ney)|
| A zeA [Am| eA
1
(5.9) < . Z (T(0, z) + T(ne1, ney + z)).
m ZGAm

Observe that if the event {ﬁ > en,, (T(0,2) + T(ney, ney + z)) > ZM} occurs,

(5.10) max T(0,z) > M or max T(nei,ne; + z) > M.

zEAm ZeAm

Combining this with union bound, it yields that
( Z (0,2) + T( nel,nel—i—z))ZQM)
A
z€EAm

<P (max T(0,2) > M> +P <max T(nei,ne; + z) > M>
2€Am z€Am

=2P <max T(0, z) > M)
ZGAm

(5.11) < 2| A max P(T(0,2) = M),
z€Nm

where for the equation we have used the translation invariance.
Let M = 1, | Tog i Since m = o(M), Lemma shows that

(5.12) max P(T(0,2) > M) < ,016—921\4/10g2n7
z2€Nm

for some positive constants pi, p2. Using this estimate, (5.9)), and (5.11)) yields

- > < d - v/
(ol > /) 200100 - ).
Combining this with Corollary and (|5.8)), it follows that

(5.13) i <]Tn —E[T,]| >, /1ogn“) <ot k>0,

for some positive constants c1, co. O

Proof of Theorem According to the Lemma the variance bound relies on two crucial
factors: the estimate of total influence and total entropy. These keys are presented in the
following results.

Proposition 4. Let d > 2. There exists a positive constant C such that

E[|A;]])? < ON2E[e2AFm|nO=D/8  w) e R.
> (E]
=1
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Proposition 5. Let d > 2. There exists a positive constant C' such that

(5.14) > Ent[A]] < CA*nE[e*Fm], V|| < o
=1

By Lemma Propositions [4] and [5], we have

-1
(5.15) Var [e’\Fm] < C'|log Var[e™* "] MnE [e”‘Fm]
’ - OX\2n(9-d)/8R [e”‘Fm] ’

We can assume that
(5.16) Var[e'Fr] > CA2n15/16F {emm} 7

since otherwise there is nothing left to prove. By (5.15)) and (5.16)), there exist constants ¢, C' > 0

such that for any A < lg%i%l)n’

n
Var [eAFm] < CAZ@E[e”‘Fm}.

This concludes the proof of Theorem by substituting A/2 for A. O
In the rest of Section[§, we prove Propositions[4 and [f] in subsections [5.3] and [5.4] respectively.

5.3. Bound on the total influence: Proof of Proposition Proposition |4| is a direct
consequence of the following lemma with the notice that m = [n!/%].

Lemma 5.6. Let d > 2. There exists a constant C' > 0 such that the following holds.

(1)

(5.17) sup E[|A]] < CIAmO=D2(B[e2Fm]) 2 yr e R,
i>1
(i)
(5.18) SE[A] < Cn(E[ePF]) 2, A eR.
=1

5.3.1. Proof of Lemma (i). Fix i > 1 and consider
(5.19) A; = E[G|F] — E[G|Fi-1] = E [G(tr,, tes) — Glte;, tes)|Fia] -
We have
AFo, (t/e/_ ,teg) Ao, (tei ,teg)
E[|Ai] < E[|G(, ter) — Glte, tep)]] = 2B [ (™50 — ¢ D).

where t’ is the independent copy of t.,. Furthermore, using the inequality that (eM — M), <
I\|(er i M) |a — b|, we get

EHAZH < Q‘A’E |:<6)\Fm( e it ef ) )\Fm tez,t C)) }Fm : Fm(te“tef)
Fm(té ) ) Fm(teiatef) :|

(5.20) < 8\E {eAFm(tewtef) (Fin(log?n, tee) — Fm(l,tef))] ,

— 4A[E [ et
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where for the last line we have used }F ,te c) — Fru(te, s tee ) <2 ( m(log2 n, teg) —Fn(1, teg))-
For each z € Z4, let 7, be a geodesic of T (1 teg)- Let C, be the constant and (R, );>1 be the
collection of random radii obtained in Proposition [I] By Proposition [3]

T.(log? n,tee) — To(1,tee) < (log? nl(Us.e,) + Re,)I(e; € 72),

where
quei = {Rei > rzvei}7 Tzei = %Hei - ZHOO N Hei - (Z + nel)”OO’
and
Re, = CyR., Nlog?n.
Therefore,

1
Frn(log®n, tee) — Fr(1, tec) = = In Z L(log? n, tee) — To(1, tee))
EAm
1
T ZA: log (U ;) + Rei)ﬂ(ei €72).

Observe that if the event U, o, N{r, ¢, > log3 n} occurs, then Cy R, > log;2 n and so Rei = log2 n.
Therefore, the above estimate implies that

(5.21) 0 < Fr(log®n, tee) — Fi(1,tec) < Aj,

where
1 .

(5.22) A; = . Z (2Re, +log® nl(r, ., <log®n))I(e; € 7.).
m ZEAm

Combining this with (5.20)) and Cauchy-Schwarz inequality yields
(5.23) E[|A]] < 8AE [e)‘FmAZ}

1/2
(5.24) < SN [ ] T E [47]'2.

Here for the first line, we remark that F,, (tei,te;;) =F,.
Next we will estimate E[A?]. Notice that for all edges e € E? and A C Z,

(5.25) HzeA:r,. <t} < ‘{z €Zt:r,. < t}’ = O(t%).
Therefore,
1 O(log*n _
(5.26) i Z (720, <log®n) < (]Ag | ) _ O(m!~%),
A m

since m = |n'/*]. Thus, by Cauchy-Schwarz inequality,

(5.21) A< 2SN RN € ) + O,

m z€EAm
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Combining this estimate and the translation invariance, we have

EA2 < 2 B[S R Ie; 2 € o) | +Om? 2
Aml 5
8 R
(5.28) S ) ZRE + O(m> ),
|Am| ecy
where

y=vN{ei—An}, {ei—An}={e = (Te;, —2,Ye; — 2) : 2 € A}

Observe that if |y| > ¢ then there exist z,y € V(e;, m)-the vertex set of e; — A, such that
T(xz,y) > £. Therefore, using the union bound and Lemma we have for all [ > pm with p a
sufficiently large constant,

Py =€) <P B,y € V(ei,m) : T(x,y) = £

2m+1)?¢ max P(T(x,v)
CC,er(Ei,m)

(5.29) < O(1) exp < cl )

log?n

<
<

with some positive constant ¢ > 0. Here, notice that to apply Lemma we have used ||z —
Ylloo < 2m for all z,y € V(e;,m).
The above estimate verifies the condition in Corollary (ii) and thus

(5.30) E[Zﬁg} = O(m).
ecy
Combining (5.28) and ([5.30)), it yields that for all i > 1,
(5.31) E[A?] = O(m!~%).
Finally, we conclude from (/5.24) and (5.31]) that
(5.32) sup B[|Ai]] < O(D)|A|(E[eFr])/2m-4)/2,
i>1
and the result follows. (]

5.3.2. Proof of Lemma (ii). Using and Cauchy-Schwarz inequality, we obtain that
B[ < SAE[ Y Al
i=1 i=1
2XF,, 1) 1/2 - 21\ 1/2
(5.33) < sE[T) 2 (B[(Y4a) )

i=1
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where A; is defined as in (5.22). Notice that

ZAi ]A ‘ Z Z 2R, + log? nl(r, ., <log® n))I(e; € 72)
i=1

zEAm
10g2n 3
|A SoDIDILNE. S o) SIS IR
M 2eAm e€7: M €Ay €72
|A | D > Re +0(1og* ),
z€N, €EY2

by using (5.25)). Therefore, by Cauchy-Schwarz inequality,

(5.34) (;Ai) < ‘A 3 Z (; R) + O(logh+ ).
It follows from Lemma [B.5] that

P(]v:| > pn) < p1 exp(—pan/log?n).

Then applying Corollary (i) gives
2
(5.35) E (Z Re> = O(n?).
€Yz
Combining ([5.34)) with ( - yields
. 2
(5.36) E (Z Az’) = 0(n?),
i=1

which together with (5.33)) implies that

iEHAiH < O(1)Aln(E[eXFn])"/2,
i=1

O
5.4. Entropy bound: Proof proposition|5(. Using Lemma the total entropy is bounded
by
oo oo
3 Ent[A?] < CZE[(G(log2 n,tee) — G(1, tef)f]
i=1 i=1
oo
_c E[(@)\Fm(logQ nitee) e,\Fm(l,th))z}
=1
< 2C|>\‘ ZE{< 2XF, (log? nt c) 1 62)\Fm(1,t51¢)>
(5.37) x (Fp(log?n, tee) — Fm(1,t85))2}.

29



Here for the last line we used the inequality that [e*® — e*?| < |A[(e*® + e*?)(a — b) for all a > b.
We remark that F,, (log? n, teg) and F, (1, teg) are independent of t.,, and hence

E [e”F m (o84 (B, (log2 m, ter) — Fon (L, Lee) 2}

2
ﬁE[ A (B, (log? n, tee) — Fon (1, tep)) “T(te, = log? n)}

1
< 171@ [eQAFm (Fin(log® n, tee) — Fpo(1, tec))q )
_p k2 K3

Similarly,
c 1
E |:62)\Fm(17tei ) (Fm(10g2 n, tef) - Fm(17 tef))Q} < Z;E [€2>\Fm (Fm(10g2 n, tef) - Fm(la tef))2:| :

Combining these inequalities with (5.37) and (5.21)), we get

iEnt[A?] < O(1)\? iE[e%Fm (Fyn(log?n, tee) — Fin(1, tef))ﬂ

=1 =1
(5.38) < O()N*Y E[ePFm A7),
=1

By Cauchy-Schwarz inequality and ([5.25)),

oo oo
1 .
Z A? < A Z Z (SR; +2log? nl(r,; < log? n))I(e; € 72)
i=1 T 2eAm =1
8 <9 210g n
e SR S S <o)
T 2eAm e€72 2EAm €€z
8
(5.39) = A > Y.+ O(log*tn),
zEAm

where

Y. =Y R

ecyz

Combining the last two estimates, we obtain

(5.40) iEnt[A2] < O(1)\? Z E[e2FrY,] + O(log¥4 n) \2E[e2Fm].

(A
i=1 [Arm| 2€Am,

By Lemma [5.5] there exist positive constants ¢, ¢ and C such that

P(|y.| > Cn) < P(T(z,z +ney) > Cn)
(5.41) = P(T,, > Cn) < c1 exp(—can/ log?n).

Using this estimate and Corollary (iii),

2 e
(5.42) P(Y; > Cn) < O(log” n) exp < clogg(d+10) n) ,
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where c is the positive constant. Moreover,
E [e”FmYZ} < CnE [e”‘Fm} + E[e”F"LYZ]I(YZ > Cn)}
(5.43) < O[] + (B[WF ) VAPLY, > Onl)VEYZ) 2,

using Cauchy-Schwarz inequality. Thanks to (5.42)),

It follows from Jensen inequality, the transition invariance, and Lemma that for all A <
1
log2(@+11) 1,

> E[ePT] = E[* ] < O(1) exp (ﬁ) '

Notice that by Lemma [5.5] there exist p, p1, p2 such that for any ¢ > pn,
P(F,, >t) =P(3z € A, : T, > t) < py exp(—pat/log? n).

This implies that for all |A] < L

Tog2@ D
2A\Fm, . pn
E[e**] > exp ( Jog2(@+1D) n) .
Combining the last five display equations yields

2AF 2AF 2 pn _ n
]E[e Yz] < CnE [e ] + O(1)n® exp <log2(d+11) n) exp ( C4log2(d+10) n>
< (’)(n)]E[eQAF’"],

which together with ([5.40) implies the desired result. O]

6 Comparison of the graph distance and the first passage time

To control the difference between D and T(0*, (ne;)*), we remove all log? n-weight edges on
the geodesic of T(0*, (ne;)*) by constructing the family of bypasses using only 1-weight edges.
As a result, this discrepancy can be bounded from above by the total weight (or total length) of
these bypasses. Furthermore, we remark that the lengths of bypasses can be simply controlled
by using the effective radius, as defined in Proposition [I}

The following lemma is key result to prove Theorem [2.1]

Lemma 6.1. Let C, be the constant and (R.).cge be the effective radii as in Proposition . Let
Yn be a geodesic of T(0*, (ne1)*) satisfying {0*, (ne1)*} ¢ Asr,(e) for all e € ~,. Then there
exists a subset Ty, C v, such that

(i) if e € T, then t. =log®n and R, > lgg(in;

(ii) for all e,e’ € Ty,
le — €[l > max{Re, Rer},
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(iii)

D}, — T(0%, (ne1)*)| < 2C. Y R..
EEF’VL

Proof. We recall the coupling between Bernoulli first passage percolation and Bernoulli percola-
tion with parameter p: each 1-weight edge (resp. log?n) is open (resp. closed). We construct
I, by the following process: Notice that clo(y,) = {e € n : te = log?n}. Define

(6.1) e = argmax{R. : e € clo(y,)}.

In the case that there several maximize edges, we choose one of them in a deterministic rule. By
Proposition [2| (ii), we obtain a modified path of +,, namely 7., such that the following holds.

(a) clo(ne) C clo(yn), clo(ne) Ny, N AR, (e) = 0;
(b) ne \ v consists only of 1-weight (open) edges;
(C) T(ne \ 'YTL) = |77€ \ '7n| < 2C:R..

Therefore,

T(vn) < T(me) < T(vn) + T(me \ ) — te < T(7n) + 2Cx R, — log?n,

2
which implies that R, > lggc*". We now update

Yo = 1e; - clo(m) == clo(m) \ Ar, (e) = clo(7e).

We iteratively repeat this process until clo(y,) is empty. We call the final set of log? n-weight
(closed) edges revealed along this process by I',;,, and the final path composing only of 1-weight
(open) edges by ¥y,

Therefore, by the property (c)

(6.2) 0 < D}, — T(0, (ne1)*) < [4n| — T(0%, (ne1)*) < 2C, Y Re.
ecl'y,
We write the set I'), as {e1,...,e¢} in the order of revealing. By its construction, the sequence

(Re,)1<i<e¢ 1s non-increasing. Moreover, by the property (a) and (6.1)),
V1 <Jj< k< £7 Hej - ekHoo > REj = maX<RejaRek)a
and thus (ii) follows. O

Proof of Theorem [2.1] For the convenience, we recall the desired statement: there exist
positive constants C, ¢, such that for all L > log?n,

(6.3) P(|D;, — T(0*, (ne1)*)| > L) < Cexp(—cL/logL).
By Lemma [3.I] and Lemma [3.3] there exist positive constants C' and ¢, such that

(6.4) min(P(D;, < Cn/2),P(]|0 — 0*||cc < n/4)) > 1 — Cexp(—cn).
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Figure 5 — Illustration of the family of bypasses (the dashed red line) avoiding all
log? n-weight edges (green line) on the geodesic 7,

Remark further that T(0*, (ne;1)*) < D;, and if T(0*, (ne1)*) < k then v, C Ax(0*), since t. > 1
for all e. Therefore,

(6.5) P(E) > 1 — Cexp(—cn), E = {mm C Acn}

We define also
E«={{0",(ne1)*} & Asg.(e)Ve € v}

Using (6.4), (6.5), and Proposition [1] (i), there are positive constants C and ¢, such that

P(E) <PENEN{0 = 0%lc + [ne1 — (ne1)*[loc < n/2}) +P(E9)
+P{[0 - 0%[lc + lIne1 — (ne1)*[lc = n/2)
<P(Je € Acp : Re > n/12) + 3C exp(—cn)
(6.6) < 4C exp(—cn).

Case 1: L > Cn. Using Lemma [3.3
P (D, = T(0%, (ne1)")| = L) <P (D}, = L) < exp(—cL),

and the result follows.

Case 2: L < Cn. Using ([6.5)), , Proposition and Lemma
P (|D;, — T(0%, (ne1)")| > L)
< P(E%) + P(ES) + P (Ele € [-Cn,Cn)®: R. > L)

+ P (3T, C Ay, satisfying (a)—(c))
(6.7) < c lexp(—cL) + P (3T, C Ay, satisfying (a)-(c)),

where ¢ is a positive constant and
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(a) %€M <R, < Lforalle €Ty,
(b) |le — €'||oc > max{Re, R}, for all e, e’ € T'y,,

(¢) Yoer, Re > L/2C..

To estimate the last term of (6.7)), we set My = [log?’/2 n], and M, = My29 for 1 < g < a,, with
an = [logy L — logy logn]. Remark that log®%n < R, < L < M, and thus,

an
Y R <> 2MN,
=0

ecl'y, q=

where for each 1 < ¢ < ay,
Ny=|{e €l : R € [My,2M,]}|.

Therefore, it follows from the union bound that

(6.8)  P(3ITy C Acy satisfying (a)—(c)) < Y _P(3Ty C Agy satisfying (a)—(c); Ny > by),
q=0

where for each 1 < ¢ < ay,

L
by == {—J
4C My logy L
Moreover, by (b), if R and R, are in [Mg, 2M,] for some e, e’ € I'y,, then

(6.9) le — €']|oc > max(Re, Rer) > M,,.
Therefore,

(6.10) P (3T, C Ay, satistying (a)—(c); Ny > bg) < Sy,
where

S, ::P(El{el, cves} C Aot Re, € [My, 2My]V1 < j < by
(6.11) e = exlloo > My V1 < ji # k< b)),
The following claim is straightforward.
Claim There exists a constant ¢ = ¢(d) > 0 such that the following holds: for any M € N and

A C E? satisfying
|lu =] > M, Yu,veA,

we can find A" C A such that |A'| > ¢|A| and ||u — v||oo > 17M for all u,v € A'.

By this claim, there exists a positive constant ¢ depending on d such that for any 1 < ¢ < a,
if the event in (6.11)) occurs then we can find A’ C {ey,...,ep,} such that [A'] > [cby] and
le = €||loc > 17M, for all e,e’ € A’. As a result, we have

Sq SIP’(EI{e'I,...,e'Cq} ETq:Reg € [My,2M,|V1 <y ch)
(6.12) < > P(RyelMp2M V1< <q),

{€h ety YET,
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where ¢, = [cby| and
Ty = {{€},. .. ,elcq} CAcn: He;- — €l > 1TM, V1 < 4,k < ¢4}

We remark that the event R. € [M,,2M,] only depends on the state of edges in Agaz,(e).
Therefore, given {e},...,e; } € Ty, the family of the events ({Re; € [My,2My)})1<j<e, are
independent. Hence,

PRy € [My,2Mg] V1 < j < ) = HP( o € [My,2M,))

< a texp(—aM,c,),

where « is a positive constant, by using Proposition 1| This estimate together with (6.12)) yields
for all 1 < g < ay,

Sq < a_1]7;| exp(—acgM,) < a1 (4Cn)%s exp(—acgM,)

) - cal
< o~ Lexp(—ac,My/2) < a”texp (‘ W> |

Combining the above estimate with (6.10]), and (6.7]), we obtain (6.3)). O

A Proof of Lemma (3.7

By Lemma there exists a positive constant ca = co(p) such that
P(Ly) < P(Ex) + P(there does not exists a crossing cluster in Ay) < P(Ey) + ¢, ' exp(—caN).

Therefore, it remains to bound P(Ey).

Case 1: d = 2. Let C be a crossing cluster and let D be a connected component of Ay such
that diam(D) > eN. Then, there exists a sub-rectangle A of size eN x 2N in Ay(e) such that
D is crossing for two opposite faces of size 2N in A. It follows from the proof of |27, Theorem
7.61] that

P(there exists a crossing cluster in A, denoted by Cr(A)) > 1 — ¢, ' exp(—c1 N),

for some ¢; = ¢1(e,p). Furthermore, by the planar property of Z2, the crossing cluster Cr(A) of
A always intersect with D and C. Hence, we complete the proof of (i) for d = 2.
Case 2: d > 3. We closely follows the proof of |27, Lemma 7.104]. For —N < ¢t < N and
1<i<d,let

Hf:{x: ($1,...,$d) GANZJ}Z‘:t}.

and for —N < j; < jo < N, define
KJZ:sz ={z=(r1,...,2q) € AN : j1 < z; < ja}.

Let U,V,X C Z¢, we denote by U & V the event that there exists a g-open path between U
and V in X. Now for 1 <i < d and z,y € Ay N H!, we define

; a,a+k ; ; . . ; Kti,a-Hc
Qir(z,y) ={y Ko, H,,}n{3apathn, C K, joins = to Hp 43y ¢—— 15}
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Suppose that the event I, y occurs. Then there exist C a g-crossing cluster and D a connected
component of Ay such that diam(D) > eN and DN C = (. Notice that the diameter of D is
achieved in the i*! coordinate for some 1 < i < d, i.e.

there exist u,v € D with v; — u; = diam(D).

Therefore, if the event E, y occurs, then there exist 1 <i < d, a € [-N,(1—¢)N], and z,y € H}
such that the event sz,s ~(2,y) occurs. By the union bound and the symmetry of 74,

i i
Hé Hn eN

M
yM/L/-

a a+eN

Figure 6 — Illustration the event Q! _y(z,y)

(A.l)
<> ) ST OPQn(z,y) < AN sup P((QF .y (z,y)).

1<i<d —~N<a<(1—¢)N z,yc Hi z,y€Hy
Let L be a positive integer chosen later and write
(A.2) eN=KL+r, 0<r<L,
where K is a non-negative integer. We have
Qoen(,y) € Qo xr(r.y) S Qo re—1yr(@:y) S+ C Qo L(,y),

which implies that
K—1
(A.3) P(Qbon (2, 9)(2,9) <P (Qorr(wy) = [ P(Qb a1y (®:9) | Qb (@, 9))-
i=0
For x,y € H& and 7 > 0, let
K.
Oi(z,y) == {u € H}Y, : 3 a path n, C K&iL joins z to u;y 4 Na '},

Oi(y) :=={ve HY :y <0—1L> v}
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We remark that the sets O;(z,y) and O;(y) only depend the state of edges inside K&i ;- Further-
more, on the event Q(lm-L(ac, y), Oi(x,y) and O;(y) are non-empty and disjoint. On Q(l)ﬂ-L(:c, y), if

K
the event Q] (H_l)L(CL', y) occurs, then u %M—H)L> vforall u € O;(x,y) and v € O;(y). Therefore,
we have
Kl K1
1 1 iL, (1)L, 0,L
P(Qo i+ (#,9) | Qour(z,y) £ sup Pluy———v) = sup P(u—v)
u,veH], u,vEH}
: K,
=1— min Pu<+——v).

u,UEH&

Kl
It is clear that P(u PN v) is non-decreasing in ¢q. Thus, for all ¢ > qo, using |27, Lemma 7.78|,
there exist L = L(qo) and &y = do(qo, L) > 0 such that for all u,v € H}

K1 K,
P(u +—— v) > Py (u +—— v) > do.

Combining the last two estimates and (A.3)), it yields that

(A'4) P<Q(1J,EN<$7y)) < (1 - 50)K < (1 - 50>EN/L7 Va,y € H(%
The desired bound for P(E, ) follows from (A.1)) and (A.4]). O
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