ON THE GAUSS MAP OF COMPLETE MINIMAL SURFACES WITH
FINITE TOTAL CURVATURE INTO PROJECTIVE VARIETIES
RAMIFIED OVER HYPERSURFACES IN SUBGENERAL POSITION

DO DUC THAI AND PHAM DUC THOAN AND NOULORVANG VANGTY

ABSTRACT. This paper is a continuation of the recent studies of L. Jin - M. Ru [13] and
D. D. Thai - P. D. Thoan [5], [6]. The first aim of this paper is to show the second main
theorem for linearly non-degenerate holomorphic maps from a compact Riemann surface
into a projective algebraic variety which are ramified over hypersurfaces located in sub-
general position. We then use it to study the ramification over hypersurfaces located in
subgeneral position of the linearly non-degenerate generalized Gauss maps of complete
regular minimal surfaces in R” with finite total curvature into projective algebraic va-
rieties in P ~!. Finally, we study the unicity problem of the generalized Gauss maps
of complete regular minimal surfaces in R™ with finite total curvature sharing hyper-
surfaces located in subgeneral position without the linear non-degeneracy (or algebraic

non-degeneracy) assumption of these maps. Our results complete the previous results in

[13], [5); [6].

1. INTRODUCTION

The second main theorem for holomorphic curves from a compact Riemann surface into
the n-dimensional complex projective space P"(C) is studied intensively in recent years.
For instance, in 2007, L. Jin-M. Ru [13] established the second main theorem for linearly
non-degenerate holomorphic curves from a compact Riemann surface into P*(C) sharing
hyperplanes in general position. Namely, they showed the following.

Theorem A [13, Theorem 2.4] Let S be a compact Riemann surface of genus g. Let
f: S = P*(C) be non-constant algebraic curve. Assume that f(S) is contained in some
k-dimensional projective subspace of P"(C), but not in any subspace of dimension lower
than k, where 1 <k <n. Let Hy,--- ,H, be the hyperplanes in P"(C), located in general

position and let Ly, --- , L, be the corresponding linear forms. Let E be a finite subset of
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S. Then

(g—2n+k—1)deg(f <22mm{k vp(L;(f ))}+%k(2n—k‘+1){2(g—1)+\E|},

j=1 P¢FE

where |E| is the number of elements of E and vp(L;(f)) is the vanishing order of L;(f)
at the point P.

Recently, D. D. Thai - P. D. Thoan [6] showed a second main theorem for algebraically
non-degenerate holomorphic curves from a compact Riemann surface into P"(C) which
are ramified over hypersurfaces located in subgeneral position.

Theorem B [0, Theorem 1| Let S be a compact complex Riemann surface of genus g.
Let f : S — P*(C) be a holomorphic curve such that f(S) C P¥(C) and f(S) is not
contained in any hypersurface in P*(C) for some 1 < k < n. Let Qi,---,Q, be the
hypersurfaces in P"(C), located in N —subgeneral position with d; := deg@; (1 < i < q).

k+d
Putd= lem (dy,--- ,dy) and M = —l: ) — 1. Let E be a finite subset of S. Then

2N —k+1)(M +1)
(q kit 1 deg(f

< Z Z — mm{]\/[ I/Qj(f)( )}

j=1 PZE 9
2N —k+1)MM +1) 2(g—1)+ |E|
2(k+1) d ’

where vg 5y = f*Q; (1 < j < q) is the vanishing order of Q(f).

The first question is arised naturally at this moment.

Let S be a compact complex Riemann surface of genus g. Let V' be a complex projective
subvariety of P*(C) of dimension k (1 < k < n). Let f be a holomorphic curve of S
into V' such that f is linearly non-degenerate, i.e. f(S) is not contained in any complex
projective subspace of P*(C) of dimension lower than k. How to state the second main
theorem for f sharing hypersurfaces in P"(C), located in subgeneral position with respect
to V7

Using the second main theorem, L. Jin-M. Ru [13] also showed the following theorem
on the ramification over hyperplanes located in general position of the generalized Gauss
map of complete regular minimal surfaces immersed in R™ with finite total curvature.
Theorem C [13, Theorem 3.1] Let z : S — R™ be a non-flat complete reqular minimal
surface with finite total curvature. Let G : S — P™Y(C) be its generalized Gauss map.
Let Hy,--- , H, be hyperplanes in P™1(C), located in general position in P™(C), (1 <
i <q). If G is ramified over H; with multiplicity at least m; for each j (note that if G(S)
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omits H;, then we take m; = 0o), we obtain that

q

Z(l—mn;jl) <%m<m+1>.

j=1

In particular, G(S) can fail to intersect at most m(m + 1)/2 hyperplanes in general
position in P™1(C).

Also in [0], they showed the following theorem on the ramification over hypersurfaces
located in subgeneral position of the generalized Gauss map of complete regular minimal
surfaces immersed in R™ with finite total curvature with the additional assumption on
the algebraic non-degeneracy of the generalized Gauss map.

Theorem D [0, Theorem 2] Let = : S — R™ be a non-flat complete regular minimal
surface with finite total curvature. Let G : S — P™ Y(C) be its generalized Gauss map.
Assume that G(S) C P*(C) and G(S) is not contained in any hypersurface in P*(C) for
somel <k <m—1. Let Qy,--- ,Q, be hypersurfaces in P~ (C), located in N -subgeneral
position in P 1(C) with degQ; = d; (1 < i <gq). Let d = lem (dy, - ,d,). Assume

that G 1s ramified over hypersurfaces (); with multiplicity at least m; for each j and

k+d
Mk:< _]: )—1. Then

I M, (2N — k4 1)(M, + 1)(M; + 2d)
Z(“ﬁ% ST E—

j=1 J

q
—1 2N — 2 1
In particular, for each 1 < k < m — 1, then Z <1 _m ) < ( m+2)(m+ 1)

= mj 2
q
M 2N — 2)(M + 1)(M +2
ifd:landZ(l——)<( mt )2(d+)( +2d) if d > 1, where M =
mj m

The second question is arised naturally at this moment.

Let V' be a complex projective subvariety of P™1(C) of dimension k (1 <k <m —1).
Let x : S — R™ be a non-flat complete regular minimal surface with finite total curvature.
Assume that G : S — P Y(C) is its generalized Gauss map such that G(S) C V. How to
state the theorem on the ramification over hypersurfaces in P™1(C), located in subgeneral
position with respect to V' for the map G without the algebraic non-degeneracy assumption
of this map?

Using Theorem A and Theorem C, L. Jin-M. Ru [13] also obtained the following unicity

theorem for the generalized Gauss maps of complete regular minimal surfaces immersed
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in R™ with finite total curvature sharing hyperplanes located in general position with the
additional assumption on the linear non-degeneracy of these maps.
Theorem E [13, Theorem 4.1] Consider two algebraic minimal surfaces My, My immersed
in R™ with the same basic domain M = M\ {P1,--- , Pr}. Let G, Gy be the generalized
Gauss map of My, My respectively. Assume that Gy, Gy are linearly non-degenerate and
assume that G1 # G2. Let Hy,--- , H, be the hyperplanes in P™~(C) in general position,
and let Ly,- -+, L, be the corresponding linear forms. Assume that

(1) min{vp(L;(G1)),1} = min{vp(L;(G2)),1}, for Pe M and j =1,--- ,¢;

(ii) For every i # j, GT'(H) GT'(H;) = 0

(iii) Gy = Gy on I, G1*(Hj).
Then q < %(m2 + 5m — 4).

Using Theorem B and Theorem D, in [5] they also obtained the following unicity the-

orem for the generalized Gauss maps of complete regular minimal surfaces immersed in
R™ with finite total curvature sharing hypersurfaces located in subgeneral position with
the additional assumption on the algebraic non-degeneracy of these maps.
Theorem F [5, Theorem 3| Consider two algebraic minimal surfaces Sy, Sy immersed
in R™ with the same basic domain S = S\ {Py,---,P.}. Let G1,G5 be the generalized
Gauss map of Sy, S, respectively. Assume that G1(S1), Go(Ss2) are not contained in any
hypersurface in P""Y(C). Let {Q;}L, be the hypersurfaces in P™~(C), located in N-
subgeneral position with deg Q; = d; (1 <i < q). Assume that

(i) min{v(, (), 1} = min{v(q,(@y)), 1}, for all P € S and 1 < j < ¢

(it) G1 = Go on UL, GT'(Q)).

Then G = Gy if
(2N —m+2)(M + 1)[(2d + 1) M + 2d]
2dm ’

q=

where d = lem (dy,--- ,d,) and M = (m—1+d> -1
m—1

The third question is arised naturally at this moment.

How to state the unicity theorem for the generalized Gauss maps of complete reqular
mainimal surfaces immersed in R™ with finite total curvature sharing hypersurfaces located
i subgeneral position without the additional assumption on the linear non-degeneracy or
the algebraic non-degeneracy of these maps?

The main aim of this paper is to give compete answers for the above-mentioned prob-
lems. To state our results, we now recall some notations.

Let M be a complete immersed minimal surface in R™. Take an immersion = =

(0y ey Tm—1) : M — R™. Then M has the structure of a Riemann surface and any local
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isothermal coordinate (x,y) of M gives a local holomorphic coordinate z = x + v/—1y.

The generalized Gauss map of x is defined to be

G:M—P"(C),G = 11»((;—”;) —(

o 0z /

Since x : M — R™ is immersed, it implies that

Oxo OTm—_1 )

g =9: = (907 . 7gm—1) = ((Qo)z, ceey (gm—1>z> - (E? T s

is a (local) reduced representation of G. Moreover, for another local holomorphic coordi-

dz
dg

local holomorphic coordinate). Since M is minimal, G is a holomorphic map.

nate { on M, we have g: = g, - ( > and hence, g is well defined (independently of the

We now consider the hypersurface () given by

Z arz! =0,

IeZ,

where Ty = {(ig,...,in) € N"* iig + oo b iy = d}, T = (ig, ... 0p) € Ty, 2! = 200+ 2in
n+d

and a; € C (I € Z;). Put M = — 1 and denote by
n

HI{(Z(]?...’ZM) GCM+1: Z aljzlj :0}

Ij €1y

the hyperplane in CM*! associated with Q;.
Let f : S — P*(C) be an holomorphic map with a reduced (local) representation
f(2) = (fo(2),..., fu(2)). For each d, define F : S — P™(C) by

F(z) = (f(2),..., [ (2)),

where {ly,...,Iy;} = Iy and f(2) = fi(2)--- fir(2) for I = (ig,...,in) € Zy. Such
definition is independent of the choice of the representation of f and of the parameter z.
We call F the associated map with f of degree d. Put Q(f) = H(F) = >z, arff. We

will consider f*Q = vg(y) as a divisor.

Definition 1. The map f is said to be ramified over a hypersurface Q in P™1(C) with
multiplicity at least e if all the zeros of the function Q(f) have orders at least e.
If the image of f omits Q, one will say that f is ramified over QQ with multiplicity oc.

Now, let V' be a complex projective subvariety of P"(C) of dimension k (k < n). Let
d be a positive integer. We denote by I(V') the ideal of homogeneous polynomials in
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Clxo, ..., z,] defining V' and by Clzy, ..., z,]q the vector space of all homogeneous polyno-

mials in Clxo, ..., z,,] of degree d including the zero polynomial. Define

C[.To, ceey .Cljn]d
(V) N C[l’o, ceey J?n]d

Cy(V) = 7 and Hy(d) ;= dim Cy(V).

Then Hy(d) is called the Hilbert function of V. Each element of Cy4(V') which is an
equivalent class of an element @) € Clxy, ..., z,]q4, Will be denoted by [Q)].

Definition 2. Let Qy,...,Q, (¢ > k+ 1) be q hypersurfaces in P*(C). The family of
hypersurfaces {Q;}i_, is said to be in N—subgeneral position with respect to V' if for any

1§i1<...<iN+1,
N+1

(ﬂ Qi) NV =0.

j=1
If {Q;} is in n—subgeneral position with respect to V', then we say that it is in general

position with respect to V.
We now state the first result.

Theorem 1. Let V' be a complex projective subvariety of P"(C) of dimension k (k < n).
Let Qq,-- - , Qg be the hypersurfaces in P*(C), located in N -subgeneral position with respect
toV and d; == deg@Q; (1 <1 < gq). Putd = lem (dy,---,d,). Let S be a compact
Riemann surface of genus g and let E be a finite subset of S. Let f be a holomorphic curve
of S into P*(C) such that f(S) is contained in V. Assum that the map f is linearly non-
degenerate in V) i.e. its image f(S) is not contained in any complexr projective subspace
of dimension lower than k of P*(C). Then

(q N -—k+ l)HV(d))

dog(f) < 3037 - minfug,n(P), Hy(d) ~ 1}

j=1 P¢E

n (2N —k+1)(Hy(d) —1)Hy(d) 2(g—1)+ |E]|

2(k+1) d ’

kE+1

where vg,p) = [*Q; (1 < j < q) is the vanishing order of Q(f) and Hy(d) is the Hilbert
function of V.

It is easy to see that Theorem A is deduced immediately from Theorem 1 by considering
V = P*(C) c P*(C) and Q; are hyperplanes, because d = 1 and Hy/(d) = k + 1 in this
case. Moreover, Theorem B is deduced immediately from Theorem 1 by considering
V =TP*C) c P*(C).

We now state the second result.
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Theorem 2. Let V be a complex projective subvariety of P™1(C) of dimension k (1 <
k <m-—1). Let Qq,- -+, Q, be hypersurfaces in P™~(C), located in N-subgeneral position
with respect to V and d; := deg Q; (1 <i <gq). Putd = lem (dy,--- ,d,). Letx : S — R™
be a non-flat complete regular minimal surface with finite total curvature. Let G : S —
P™1(C) be its generalized Gauss map. Assume that G(S) is contained in V and the map
G is linearly non-degenerate in V, i.e. its image f(S) is not contained in any complex
projective subspace of dimension lower than k of P Y(C). Assume that G is ramified

over hypersurfaces QQ; with multiplicity at least m; for each j. Then

1 Hy(d) —1 (2N — k + 1)Hy (d)(Hy(d) — 1+ 2d)
E:(l_ m; )< 2(k+ 1)d

=1

k+d
We now consider V = P*(C) c P*(C). It is easy to see that Hy (d) = ( _]: ) :

For each 1 <k <m — 1, put

k+d
a = ,
¥ k

Mk:ak—l,
1
M= My, = (m +d>—1,
m—1
Hy(d)
A= (2N —k+1
5 _ (M +2d) (2N — k+ 1) Hy (d)(Hy (d) — 1+ 2d)
b 2d B 2(k +1)d '

(2N —m + 2)(M + 1)(M + 2d)

Then B, < B,,_1 = 5
m

Indeed, we consider two cases.
Case 1. Assume that d > 1.
Then

forall 1 <k <m-1.

Qg
A= (N —k+ 1)
AN —k+1 k+d
T ky1 ke
:@N—k+D<%1+d_1.%1>
ko k+l K
Ar—1 ap—1 |:d -1

—(ON — k12
( IRl el

2N —k+1)—1

> Ap-a.
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Hence, for each 1 < k < m — 1, we have

A (M), + 2d) - A1 (My—1 + 2d)
2d - 2d

It yields that By < B,, 1 forall 1 <k <m — 1.

Case 2: Assume that d = 1.
Then d; =1 (1 <i < q) and hence, M}, = k. Since

B =

= Bj-1.

2N —k+1)(k+2) < (2N —m+ 1)(m +1)

for 1 <k <m—1, we also have B, < B,,,_; forall 1 <k <m —1.
From Theorem 2, we now have the following theorem on the ramification over hyper-
surfaces located in subgeneral position in P™~!(C) for the map G without any additional

assumption of this map.

Corollary 3. Let x : S — R™ be a non-flat complete reqular minimal surface with finite

total curvature. Let G : S — P™1(C) be its generalized Gauss map. Let Qy,--- ,Q, be

hypersurfaces located in N -subgeneral position in P™~1(C) and d; := degQ; (1 <i < q).
—14+d

Let d = lem (dy,...,dy) and M = m —; — 1. Assume that G is ramified over
m JE—

hypersurfaces Q; with multiplicity at least m; for each j. Then

d M (2N —m + 2)(M + 1)(M + 2d)
> (1-0) < omd

j=1

It is easy to see that Theorem C is deduced immediately from Corollary 3 by considering
V = P™ }C) and Q; are hyperplanes located in general position in P™~*(C), because
d=1and M =m — 1 in this case. Moreover, Theorem D is deduced immediately from
Theorem 2 by considering V = P*(C) c P !(C) and remarking that if Q,--- ,Q, are
located in N-subgeneral position in P"~!(C) then they are also located in N-subgeneral
position in P*(C).

Let z : S — R™ be a complete regular minimal surface with finite total curvature.
Let G : S — P™1(C) be its generalized Gauss map. By the result of S.S. Chern and
R. Osserman (see [3]), S is conformally equivalent to a compact surfaces S punctured
at a finite number of points Pj,---, P,. Hence, G : S = S\ {P,..., P} — P"}(C) is
algebraic. We call S the basic domain of the minimal surface.

By using the arguments in [4, 5, &, 12, 13], we have the following.

Theorem 4. Consider two complete reqular minimal surfaces with finite total curvature
Sy and Sy immersed in R™ with the same basic domain S = S\{Py,---, P.}. Let Gy and
Gy be the generalized Gauss maps of Sy and Sy respectively. Let {Q;}_, be the hypersur-

faces in P™1(C) located in N -subgeneral position with common degree of d. Assume that
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(i) min{vg, ) (P), 1} = min{vg, @, (P), 1} for all P € S and 1 < j < g,

(ii) there exist a positive integer mumber k such that ﬂf:ll G1H(Qi;) = 0 for any
{is, v} CHL ..o g}y

(iii) G1 = Gy on UL, G71(Q;)-
Then G, = Go if

S (2N —m +2)(M + 1)(M + 2d) N 2kMq
7= 9md g — 2k + 2ME
where M = (m—l—l—d) —1.
m—1
2kMgq

In the case k = 1, since < 2M, we obtain the following corollary.

q—2k+2ME

Corollary 5. Consider two complete reqular minimal surfaces with finite total curvature
Sy and Sy immersed in R™ with the same basic domain S = S\ {Py,---,P,}. Let
G1 and Gy be the generalized Gauss maps of S1 and Sy respectively. Let {Q;}i_, be
the hypersurfaces in P™~1(C) located in N-subgeneral position with common degree of d.
Assume that

(i) min{v(;(c)), 1} = min{v(q,(ay)), 1} for all P € S and 1 < j < g,

(ii) for every i # j, GPN(Q) NG H(Q:) =0,

(iii) G1 = Gy on UL, G7(Q;)-

Then Gy = Go if
(2N —m+2)(M + 1)(M + 2d)

2md

q= +2M,

where M = (m—l—l—d) — 1.
m—1

In Corollary 5, if {Q;}._, are the hyperplanes in general position in P"~!(C), then

(2N —m+ 2)(M + 1)(M + 2d)
2md
and hence, Corollary 5 gave a nice improvement of Theorem E by omitting the linear

1
d=1,M=N=m-—1, +2M:§(m2+5m—4)

non-degeneracy assumption of the maps G; and G5 in this theorem.

In Theorem 4, if we choose k = N then condition (ii) automatically holds when the

2kM
hypersurfaces are in N-subgeneral position. Since m < 2M N, it implies that

the following corollary holds.

Corollary 6. Consider two complete reqular minimal surfaces with finite total curvature
Sy and Sy immersed in R™ with the same basic domain S = S\ {Py,---,P,}. Let
Gy and Gy be the generalized Gauss maps of S and Sy respectively. Let {Q;}i_, be
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the hypersurfaces located in N -subgeneral position in P™1(C) with common degree of d.
Assume that
(i) min{vg, G, (P), 1} = min{vg,a,)(P),1} for all P € S and 1 < j < g,
(it) G1 = Go on UL, GT'(Q)).
Then G, = Go if
(2N —m + 2)(M + 1)(M + 2d) L OMN,
2md

q=z

where M = (m—l—l—d) - 1.
m—1

Finally, we would like to emphasize that, by the another approach, D. D. Thai and V.
D. Viet in [7] showed the second main theorem and a unicity theorem for holomorphic
curves of a compact Riemann surface into a compact complex manifold sharing divisors

in subgeneral position in this manifold.

2. AUXILIARY LEMMAS

Assume that f : S — P*(C) is a linearly non-degenerate holomorphic curve (that
is, f(S) is not contained in any hyperplane in P"(C)). For every point P € S, in a
neighborhood of P, let f(z) = (fo(2), -, fu(2)) be a reduced representation of f at P
with z(P) = 0, where z is a local parameter for S at P and fo,--- , f, are holomorphic
functions without common zeros. Take a hyperplane H : agzg + -+ + apz, = 0 in P*(C)

and put
H(f)=aofo+ -+ anfn

Then Y, ¢ vr(s)(2) does not depend on the choice of H, where vy (s)(2) is the intersection
multiplicity of the images of f and H at f(z). We define the degree of f by

deg(f) = vn(p)(P)

pPes

It is easy to see that if f~'(H) = {P,---, P}, then

r

deg(f) = v (Fy) > (2.1)

j=1
Now we may assume that f (O) = (1,0,---,0) by making a linear change of coordinates in
C+1. We have f1( ) == fa(0) = 0. Write (f1(2), -, fu(2)) = 2" (fi(2), -, fu(2))

with (f1(0),---, f}(0 )) # 0. Make a linear change of the last n coordinate C"*! so that
(f1(0),-+- . f (0)) = (1 ,0). Write (f3(2),-++, fa(2)) = 227 (f3(2), -+, f2(2))
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with (f2(0),---, f2(0)) # 0. Continuing in this way we end up with a system of co-

ordinate for C"*! in terms of which
f(Z):(Zéo—i-...’Z&l_}_...7...’26"_}_...)’ (22)

where 0 = d0g < 0y < -+ < . Put v; = 6,41 — 9; — 1, 0 < i < n — 1 and note that, for
P e S, we have

- 1
D (n—iw(P) + (0 +1) = 00(P) + 61(P) + -+ + dn(P). (2.3)
i=0
Let
pes
By Pliicker formula which is a generalization of the Riemann-Hurwitz’s theorem (see [11]),

we have
n

> (n—i)o; = (n+ 1) deg(f) +n(n+ 1)(g — 1). (2.5)
i=0
Here g stands for the genus of S.
Let V' be a complex projective subvariety of P"(C) of dimension k (k < n). Let
{Q;}1_, be a family hypersurfaces in P"(C) of the common degree d. Each @, is defined

by some homogeneous polynomial Qf € Clzg,x1,...,2,]. Consider the set Cy(V) :=
Clzo, -y Tn)a

I(V) N (C[l‘[), ceey xn]d

as a vector space and define

rank{@z}zeR = rank{[ ]}163

for every subset R C {1,...,q}. It is easy to see that
rank{Q; }icr = rank{[Q?]}icg > dimV — dim m Q:NV),
iER
with dim () := —1. Hence, if {Q;}._, is N-subgeneral position, then
rank{Q; }icr = rank{[Q;]}icr > dim V — dim( ﬂ QinNV)=k+1
1ER

for any subset R C {1,...,q} with |[R| = N + 1.

Similar to [2, Lemma 4.2], we have the following.

Lemma 7. Let {Q;}{_, be hypersurfaces of the common degree d in P"(C). Then, there
exist (Hy (d) —k—1) hypersurfaces {T;}1™ DR such that for any subset R C {1,--- ,q}
with |R| = rank{H; }icg = k + 1, we get rank{{Q; }icr U {T}} D" = Hy (d).

By [2, Lemma 3.3], we have the following.
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Lemma 8. ([2, Lemma 3.3]) Let V' be a complex projective subvariety of dimension k of
P*"(C) (k <n). Let Q1,--- ,Qq (¢ > 2N —n+1) be hypersurfaces of the common degree d
in P"(C), located in N-subgeneral position with respect to V. Then there exists a function
w:A{l,---,q} — (0,1] called a Nochka weight and a real number 8 > 1 called a Nochka
constant satisfying the following conditions:

(i) If j €{1,--- ,q}, then0<w(')9§ L.

(w)q—ZN—l—n—l—Q( foiw(d) —n—1).

(11i) For R C {1,--- ,q} wzth |R| =N +1, then ), pw(i) <n+ 1.

(iv) & N+1 << 2N +nl+1.

(v) Gwen real numbers A, -+, A, with A\; > 1 for 1 < j < q and given any R C
{1, ,q} and |R| = N+1, there exists a subset R° C R such that |R°| = rank{Q; }scpo =

n+1 and
H)\ <H)\

i€ER 1€RO

Taking a C-basis {[ ]}HV(d of C4(V) with ®; € H,, we may consider C4(V) as a
C-vector space CHv (@)
We consider [Q] € Cy4(V), where @ € Clzy, ..., z,]q is a hypersurface of degree d. Then

Hy (d)—1 Hy (d)—-1
@] = ) [ad]
=0 =0

with a; € C (1 < i < Hy(d)). Denote by
H=(a0:: amr) € BVOT(C)

the hyperplane in Pv(9=1(C) which is called the associated hyperplane of ) with respect
to the basis {[@i]}i‘g(d)_l.

We now consider a holomorphic curve f : S — V. Also consider the holomorphic map

F = (Do(f) : -+ Pry(ay-1(f)) of S to PHV@-1 " Take a reduced representation of
f=(fo:---: fn) of fonaneighborhood of P € S, then F' = (®o(f): - : @Hv(d),l(f))
is a reduced representation of F. The map F' said to be the associated map of f with

respect to the basis {[®;]} (9!

It is easy to see that Q(f) = F(H) = ao®o(f) + - + amy(@)-1Pay @)1 (f). We need
the following.

Lemma 9. Let V be a complex projective subvariety of P"(C). Let f : S — V be a
holomorphic curve and F : S — PHV(A=1(C) be the associated map of f with respect to
a some basis of C4(V'). Let Q be a hypersurface in P"(C) of degree d. If f is linearly
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non-degenerate with respect to V', then

deg(F) =Y vq(P) = ddeg(f). (2.6)
Pes

Proof. Taking a basis {[@i]}fi‘g(d)fl of C4(V). Let H° = {wy = 0} be a hyperplane in
PAV(A=1(C). Then F(H") = ®y(f), where ®, € C[zy, ..., z,]4. Hence

deg(F) =Y vay(s)(P). (2.7)

PeS

Now, assume that each () is given by

where Zy; = {(ig, - ,i,) € N'TL @ g 4 -0 4, = = (ig, "+ ,ip) € Iy, 2! =

, . +d
Z(Z)O...Zl’ﬂ

n ?

a;€C(1<I<M+1,1€Z)and M = ("

Denote by H = {(zg,-,2y) € CMT1: >orer, A1,AT; = 0} the hyperplane in CM*
associated to Q.
Put G : S — PM(C) by

G(z) = (), . [(2)),

where {Io,--- , Iy} = Iy and f1(2) = fi(z)--- fir(2) for I = (ig,--- ,in) € Iy. Such
definition is independent of the choice of the representation f(z) = (fo(2), - , fa(2)) of
f and of the parameter z. Put Q(f) = H(G) = 3,7, arf'. We will consider f*Q = vg )
as a divisor.

Consider the hyperplane H = {wy = 0} in PM(C). Assume that G-*(H) = {P,,--- , P, }.
For each 1 < j < r, take a holomorphic local parameter z; with z;(P;) = 0 in a neigh-
borhood of P; in S. Consider a sufficiently small positive number € such that Uj(e) := {z; :
|2;] < €} are mutually disjoint. Now take a reduced representation f(2) = (fo(2), - , fa(2))
of f on U, Uj(e). We obtain H(G)(2) = fo(2) = (fo(2))?, where Iy = (1,0,---,0) € Zy.
This implies that

deg(G) = D Vi) (P) = 3_vyg(Fi) = 3 d-vpn(P)

: (2.8)
= Zd : Vg(f)(Pj) = ddeg(f),
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where H : wy = 0 is a hyperplane in P*(C). By taking the associated hyperplane H of Q)
and K of ®; in PM(C), we have

deg(G) =Y wne)(P) =Y _vk@(P) =Y vomn(P) =Y vays(P). (2.9)

Pes Pes Pes Pes
Combining (2.7) with (2.8) and (2.9), we complete the proof of Lemma 9. O

3. THE PROOF OF THEOREM 1

Step 1. First of all, we prove the theorem in the case where all hypersurfaces @Q; (1 < i < q)
have the same degree d.

Fix a C—basis {[®;] fi‘g(d)_l of C4(V), where ®; € Clxy, ..., z,)4. Assume that the image
F(S) is contained in the [-dimensional projective subspace P'(C) of PHv(9=1(C), but not
in any subspace of dimension lower than [, where 1 <1 < Hy(d) — 1. Consider a linear

equation system determining P'(C) :
ajowo + -+ + a1, (v)—1Way(v)—1 = 0
(3.10)
AH (V)-1-1,0W0 t * ** F Gy (V) -1, Hy(V)—1WH (V)1 = 0
Without loss of generality, assume that
rank (a;;)1<i<m,v)-1i+1<i<m,v)-1 = Ha(V) =1 -1

By solving the above linear equation system (3.10), it implies that P!(C) is determined
by

Wig1 = bip1,0wo + -+ -+ b

WH,(V)—1 = ba,v)—1,000 + - + bpy(v)—1,@1

Since F'(S) C P/(C), it follows that

D11 (f) = bip1,0Po(f) + -+ b1, ®i(f)

Pp,0vy-1(f) = bryvy—1,0P0(f) + -+ + bayov)y—1,Pu(f)

Put B = (bj)o<i<ii+1<j<m,(v)-1- Then, the above linear equation system can be re-written

as follows

Pu11(f) Po(f)

P p,0)-1(f) Q(f)
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Consider the meromorphic map F* = (®y(f) : --- : ®;(f)) : S — PY(C). Then, the map
F™* is linearly non-degenerate.

For each hypersurface @ of degree d in Clzy, ..., z,]q4, take the associated hyperplane
H : apwo + -+ + agy(@y-1wm,)-1 = 0 In IP’HV(d)*l((C) of () with respect to the basis
{[®:]} D71 We have

Q(f) = F(H) =a®o(f) + + any@)-1Puy@)-1(f)
Do (f) D41 (f)

= (CLO”'CLZ) +(al+1---aHd(v)_1)
®i(f) Qp,0y-1(f) (3.11)

= ((ao---al)—I—(al+1---aHd(V),1)B)
Py(f)
Put Q* = HNP!(C). By a simple calculation, we can see that the equation of Q* in P(C)

1S

Wo
((ap---ar) + (@41 -~ aHd(v)_l)B) ... | =0.
Wi

It follows that Q*(F*) = H(F) = Q(f) and Q NV = H NPY(C) = Q~.
Repeating the above way for each hypersurface @);, we get the family hyperplanes
{Q;}j=,- By the assumption, it is easy to see that

- (09) - (00r)- (0e)

for any subset R € {1,..., ¢} with |R| = N+1. Note that rank{Q; }jer = rank{[Q;]};er >
dimV +1 =k + 1. We consider two cases as follows.

Case 1: [ < k.

Then rank{Q7};cr = I41. This yields that the hyperplanes {Q}}7_, are in N-subgeneral
position in P!(C). Applying Theorem A of L. Jin-M. Ru [13], we have

(q—2N +1— 1) deg(F) < 33 min{l, v (re) (P)} + 1(2N_++1)(2(g — 1) +|E)).
j=1 PZE
(3.12)

By Lemma 9, deg(F™) = ddeg(f).
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2N —k+1

-2k
k+1 ’

k+d
We now consider d > 1. Since Hy(V) > ( —; > > 2k +1 and 2N <

2N —k+1

t 2N —1+1<
we ge +1< E 1

- Hy(V) for | < k. Combining these to (3.12), we obtain

(q . (2N - Z‘:— 11)Hd(v)) deg(f) < éz Z min{Hd(V) — 17VQj(f)(P)}

j=1 P¢E
(2N —k+1)(Hy(V)—1)Hy(V) 2(9g—1)+ |E|
* 2(k + 1) ' '

(3.13)

We now consider d = 1. Since f(.5) is not contained in any complex projective subspace
of dimension lower than k, it implies that Hy(V) > 1+ 1 > k + 1. And hence, Hy(V') >
l4+1=Fk+1. From (3.12), we also obtain (3.13).

Case 2: [ > k.

We have rank{Q*};cr = k + 1. By Lemma 7, we can choose a family of hypersurfaces
{UMZF in P*(C) such that for any subset R C {1,...,q} with |R| = rank{Q;}icr =
k41, we get rank{{Q;}icr U {U;}.2"} = 1 4+ 1. By the assumption, it is easy to see that
rank{{Q’};erU{U; }\Z{} = I+1 for any subsct R C {1,--- , ¢} with |R| = rank{H;} ;e =
k+ 1.

Consider a point P € E. Since {Q;}j_, are in N-subgeneral position, there exist at
most N hypersurfaces which can intersect F*(S) at P. Without loss of generality, we may
assume that f(S) intersects Q; (1 < j < N) and f(S) does not intersect @); with j > N.
Put R ={1,---, N +1} and choose R® C R with |R%| = rank{Q,};cro = k+ 1 such that

R° satisfies Lemma 8 (v) with respect to the numbers ); = "2 (")

Hew(j)VQj(f)(P) < H eij(f)(P)7

JER JERO

. Then, we have

where w(j) are the Nochka weights associated to the hypersurfaces (); (1 < j < ¢). This
deduces that

MQ

w(i)vo,in(P) =Y w(ilvg,mn(P) < > o, (3.14)

j=1 JER Jj€Ro

For the linearly independent family of hyperplanes {{Q7};cro, {U =) in PY(C), take a
local parameter z for S at P such that z(P) = 0 and write [™* in the form in (2.2). At P the
maximum possible value of vg,(5)(P) = vo:(r)(P) (j € R°) or vz (P) (1 < i <1—k)
is §;(P), and for the unique hyperplane z; = 0. A second hyperplane can intersect f(.S)
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at P with multiplicities at most &;_;(P), . ... It follows that

iin*(F*)(P) + Z VQ;‘_‘(F*)(P) S 50(P> +61(P) + - +(51(P)

JERO
By (2.3), we have
-k l 1
Z VUi(f))(P> + Z VQj(f) Z l —1 VZ El(l + 1). (315)
i=1 JERO =0

Combining (3.15) with (3.14), we get

q -k
Zw P, (P) + Y v (P Zl—l vi(P %Z(HU

Hence, we have

l
SOS 0 -iw(P) > Z S w(i)ve o (P) - %z(z +1)|B|. (3.16)

i=0 PEE j=1 PCE

Consider a point P € E. Then, there exist at most N hypersurfaces which can intersect
F(S) at P. We may assume that F'(S) intersects @Q;, j € A C {1,---, ¢} with |A| =
and F'(S) does not intersect @); with j ¢ A. Take Ry C {1,---,q} such that B; D A
and |R;| = N + 1. We choose R} C Ry with |R| = rank{Q;};cpo = k + 1 such that R}
satisfies Lemma 8 (v) with respect to the numbers A; = ™0 P70 (1 < 5 < ()
Then, we have

H () max{ug, (1) (P)~10} H v, () (P) L0}
JER JjERY
This yields that
q
Zw(j) max{l/Qj(f)(P) —1,0} = Z w(7) maX{VQj(f)(P) —1,0}
=1 ek (3.17)
< Y max{vg,((P) —1,0}.
JERY

Denoting k + 1 hypersurfaces Q; (j € RY) by Qpis1—k, - » @pyt1, we have the linearly
independent family of hyperplanes {{Q%; éﬁ ko {U =51, Without loss of generality,
we may assume that

VUl(f)(P) <--- < VUl—k(f)(P> < VQP,1+17k(f)(P) <--- < VQP,l+1(f)(P)-

Then for each 1 <@ <1 —k, we have vy, (P) < §;—1(P) and for each 0 < j < k, we have
VQP,l+1—k+j(f)(P) < 5l—k‘+j(P)' Since §; > @ for 0 <7 <[ and VQP,lJrl—kJrj(f)(P) < 5l—k+j(P)
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for 0 < 7 <k, it is easy to see that
k

S Dok (P) — (L= k)] = > max{d s (P) — 1,0}
7= o (3.18)

> Z maX{VQlflkarj (P) -1, O}
=0

Combining (2.3) with (3.17) and (3.18), we get
!

D (U=iw(P) =) (&(P) —i)

=0 =0

Therefore, we get
!
DD (—iw(P) > w(i)vQ, (s =Y > w(i) min{ug, (s (P), 1}
i=0 PZE j=1 P¢E j=1 P¢E

From (3.16) and by above inequality, we get

Q
s}

q

!
ZZU—W >ZZ Vo, (s —ZZw(j)min{ij(f)(P),l}

i=0 PeS j=1 PeS j=1 P¢E (3.19)
1
— —l(l + 1)|E|.

Combining this inequality with (2.4) and (2.5), we get
q

(14 1) deg(F*) +1(1+1)(g — 1) >ZZ Dva,n(P) =D w(i)min{vg,(P), 1}

j=1 PeS j=1 P¢E
1
—§Z(Z+1)\E1.

Hence,

Q

DD wliva,in(P) = (L + 1) deg(F*) <> )~ w(j) min{vg, ) (P), 1}

j=1 PeS Jj=1 P¢E

W+1)-{2(g-1) +[E[}

DO | —
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By Lemma 9, this inequality implies that

q

LS

Y (W) = (I +1))ddeg(f) < w(y) min{vg, () (P), 1}
j=1 j=1 PgE (3.20)
Sl 20— 1) + | B
Using (ii) and (iv) in Lemma 8, we get
f(ﬁéw() (1+1)) ﬁiw --4)—9@—@

—(q—2N+k—1)—0(—k)
2N —k+ 1)(I+1)

>q -

k+1
Combining this inequality with (3.20), we have
(2N —k+1)(1 + 1) “ o
(q - ] )ddeg(f) < ;;E@w(]) min{vg,n(P), [}

+ 5010+ 1) {209 — 1) +] B}

It follows from (i) and (iv) in Lemma 8 that

OIN —k+1)(1+1
(q—( k——{{——l)( * )>de < ;P%%mm{l@ ), 1}
2N —Ek+DI(l+1) 2(g—1)+|E|
2(k + 1) ’ d '

Since | < Hy(V) — 1, we obtain again the inequality (3.13) from the above inequality.
Hence, the theorem is proved in the case where all (); have the same degree.

Step 2. We now prove the theorem in the general case where deg@; = d; (1 < i < q).
We put T;; = in (1 <i<gq). It is easy to see that the hypersurfaces 71, - - - , T, have the
same degree d and they are still in N-subgeneral position with respect to V. By (3.13) in
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Step 1, we have

(q — (2N - llj:——{{_— ?HV( ) deg(f) < Z Z min{v (P),Hv(d) -1}

i
d
j=1 PQE j
L @N—k+1)(Hv( ) DHy(d) 2(g—1)+|E|
2(k+1)
<Zz—mm{w2 (n(P), Hy(d) — 1}
j=1 PZE 9
. (2N —k+1)(Hy(d) —1)Hy(d) 2(g—1)+|E]
2(k+1) d '
The proof of the Theorem 1 is completed. 0O

4. THE PROOF OF THEOREM 2

Since S is a complete regular minimal surfaces with finite total curvature, S is confor-
mally equivalent to a compact surface S punctured at a finite mumber of points P, ..., P,
and the generalized Gauss map G extends holomorphically to G : S — P™~1(C) (see [3]).
Let {Q1, ..., Qry, Qrot1, - - -, @y} be the set of totally ramified hypersurfaces of G, located

in N-subgeneral position, where Q,,11, ..., Q, are exceptional hypersurfaces. Put
E={P,...,P}.
By the results of S.S. Chern and R. Osserman (see [3]), we have
C(S) = —2ndeg(G) <2m(X —r)=2n(2—29 —r — 1),
where X is the Euler characteristic of S and ¢ is genus of S. Hence,
2(g — 1) < deg(G) — 2r.

This implies that
2(g — 1) + |E| < deg(G) —r < deg(G). (4.21)

Applying the second main theorem for the holomorphic curve G with E = {P,..., P}
and by (4.21), we have

j=1 P¢E d;

T Z Z—mm{yQ @ (P), Hy(d) — 1} (4.22)

j=ro+1 PZE 4
N (2N —k+1)(Hy(d) = 1)Hy(d) degG
2(k+1) d
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Since Qry+1, - - -, Q4 are exceptional hypersurfaces, for P € E, I/Q]_(@)(P) =0forrg+1<
J < g. On the other hand, for every P € S and 1 < j < g, we have

. . Hy(d) -1
min{ve, ) (P). Hy(d) — 1} < (Hy(d) ~ 1) - minfug (P). 1} < TAD =Ly o)
J
(4.23)
By Lemma 9, we get
0 To
Hy(d) —1 Hy(d) — 1
> Vo, (P) <Y Y ————4,)(P)
o M T hes Ml
"~ (Hy(d) — 1)d; deg(G
- m;d;
7=1
& (Hy(d) — 1) deg(G)
j=1 i
Combining this with (4.22) and (4.23), we have
(2N —k+1)Hy(d) = (Hy(d) — 1) deg(@)
(4 — des(@) < 3
L N = k4 D(Hy(d) = DHy(d) | deg(G)

2(k + 1) d

For all 1 <k <m — 1, the above inequality implies that

d Hy(d) —1 " Hy(d)—1 (2N —k+ 1) Hy(d)(Hy(d) +2d — 1)
Z(l_ m; )Sq_z m; = 2(k+1)d

j=1 j=1

The proof of Theorem 2 is completed. 0O

5. THE PROOF OF THEOREM 4

Replacing @; by Qj/ % if necessary, without loss of generallity, we may assume that
dj=dfor1<j<gq.

Assume that G; #Z G5 on S. Consider the equivalence relation on @ = {1, ..., ¢} given
by
Qi(G1)  Q;(Gh)
Qi(G2)  Q;(Ga)
Therefore, the set of indexes Q may be split up disjoint equivalence classes Si,...,S;.
Since Q1,Qs . ..,Q, are in N-subgeneral position, we have |Si| < N for all 1 < k < t.
Without loss of generality, we can assume that Sy = {ix_1 + 1,9x_1 + 2, , i, } for

= 0.

1 ~ j if and only if
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1 <k<t wherel =1 <iy<---<i;=q. It mean that

Qi1(G1) _ Q2(G1) _ _ Qu(Gh) £ Qi+1(G1) _ Qi2(G1) _  _ Qu(Gy)
91(G2) N QQ(GZ) N N Qil <G2)1 Qi1+1<G2) N Qi1+2(G2> N N QZz(G2>J
$1 group S group
Qiy+1(G1) _ Qipr2(G1) . _ Qi(Gh) . Qit71+1(G1)(G == Qi (G1)
Qinn1(G2) — Qip2(Ga) Qi (Ga) Qi+l 77 T Q)
S3 group St gfoup

Define the map o : {1,...,¢} = {1,...,q} by

_ 1+ Mif i+ M <gq,
o(i) =
1+ M—qifi+ M >q.
Then obviously o is bijective and |0 (i) —i| > M. This implies that i and (i) belong two
distinct elements of {S7,..., Sk}. So we have
Qz(Gl) . QO’(Z)(GI) ?_é 0
Qi(G2)  Qoi)(G2)

Put x; := Qi(G1)Qo(i)(G2) — Qo(i)(G1)Qi(G2). Then x # 0. Define

x=]]x= H Qi(G1)Qo(i)(G2) — Qo1 (G1)Qi(G2)) £ 0.

It is easy to see that

Z vy (P) < dq(deg(Gy) + deg(Ga)). (5.25)
PeS
By the same arguments as in Lemma [, ] or [12], we have the following lemma.

Lemma 10. Under the conditions of Theorem /, we get

n(P) 2 (T2 B S (infi, (P), ) + win{o, (P), 1))

j=1

forall P ¢ E.

Then from this Lemma and (5.25), we get

533 L (mingre, >,M}+mm{va2<P>,M})sq_j,’j”féwmeg@)+deg<@2>>.

j= IPQE

(5.26)
Let Eq, = UL, G7'(Q;). By assumption (i), Eg, = UL, G5 (Q;).
We can assume that (G1(S) is contained in a complex pro Jectlve subspace V' of dimension
k, but not in any complex projective subspace of lower dimension k.
Case d > 1.
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By Theorem 1, we immediately obtain

(2N —n+1)(M +1) 1
(4= B2 s;z min{uc, ) (P), M)
2N -—n+1)MM+1) 2(g—1)+|E|
2(n+1) d ’
where M = (n * d) —1land £ ={P,...,P}. By using (4.21), we have
n

deg(@) < 3037 S minfug @, (P), M}

(q_ (2N—m+2)(M+1))

j=1 P¢E
2N —m+2)M(M+1) 2(g—1)+|E]|
* 2m .
25 é min{M, v, @, (P)}
j=1 PeS
(2N —m+2)M(M +1) deg(G)
+ 2m ' '
So
(q 2N -—m+ 2)2(de+ 1)(M + 2d>) deg(G1) <> ) %min{ij(Gl)(P), M}.

j=1 P¢E
Similarly, we have

(2N —m +2)(M + 1)(M + 2d)
(q a 2dm >

deg(@) <> Y émin{y@(@)(m, MY,

j=1 PZE
Combining two above equalities with Lemma 10 and (5.26), we get

_N-mA (M4 (M +2d) kMg
2dm q— 2k + 2kM°

(5.27)

This is a contradiction.

Case d = 1.

We have Hy (d) = k + 1. Applying Theorem 1 for the holomorphic curve G; and using
the above argument, we get

(q_ (2N—kJ;1)(k+2)>

deg(Gr) < 3037 Smin{ug o, (P), k).

j=1 P¢E

It follows from (2N —k+ 1)(k+2) < (2N —m+2)(m+ 1) for all 0 < k < m — 1 that

(q_(QN—mJ;Q)(m 1)deg szm% (Pl —1)

j=1 P¢FE
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and also

(q_ (2N—m+2)(m—|—1))

5 deg(Go) <> Y min{y, @, (P),m — 1}

j=1 P¢E

These inequalities will lead us to the inequality (5.27) for the case d = 1. So the proof of

Theorem 4 is completed. 0
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