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Abstract In this paper, we introduce a new algorithm for solving variational inequality
problems with monotone and Lipschitz-continuous mappings in real Hilbert spaces. Our al-
gorithm requires only to compute one projection onto the feasible set per iteration. We prove
under certain mild assumptions, a strong convergence theorem for the proposed algorithm to
a solution of a variational inequality problem. Finally, we give some numerical experiments
illustrating the performance of the proposed algorithm for variational inequality problems.
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1 Introduction
Let H be a real Hilbert space with the inner product (-, -) and the induced norm || - ||. Let
C be a nonempty closed convex subset in H.

Now, we consider the classical variational inequality problem (VIP), which is to find a
point x* € C such that

(Ax*,y—x*) >0, VyeC, )
where A : H — H is a mapping.

We assume that the following conditions hold:
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(C1) The solution set of (I, denoted by VI(C,A), is nonempty.
(C2) The mapping A is monotone, i.c.,

(Ax—Ay,x—y) >0, Vx,y€H.

(C3) The mapping A is Lipschitz-continuous with constant L > 0, i.e., there exists L > 0
such that
JAx—Ay| < Lijx—yl, Vx,y € H.

Variational inequality theory is an important tool in economics, engineering mechanics,
mathematical programming, transportation, and others (see, for example, [2L3L/11L16L18]).
Many numerical methods have been constructed for solving variational inequalities and re-
lated optimization problems, see [[7,415,164117,23L131113213311341361/40,/41]] and the references
therein.

One of the most popular method for solving the problem (VIP) is the extragradient
method (EGM) which introduced in 1976 by Korpelevich [19] as follows:

xeC,
Yn :PC(xn_len)a (2)
Xnt1 = Po(xn — AAyy), Yn >0,

1
where A € (0, Z) and FPc denotes the metric projection from H onto C.

First, this method (EGM) was proposed for solving saddle point problems in finite-
dimensional space, but, after that, this method was further extended to the problem (VIP) in
both Euclidean spaces and Hilbert spaces.

In recent years, the method (EGM) has received great attention by many authors, that is,
there are many results have been obtained by the extragradient method and its modifications
when A is monotone and L-Lipschitz continuous in infinite-dimensional Hilbert spaces (see,
for instance, [81122,[26,39]).

In [22], to obtian the strong convergence of extragradient method (EGM) in real Hilbert
spaces, Maingé proposed the algorithm as follows

xo € H,

Yn = Fe(xn — AnAxy),
tn = Po(xp — 2pAyn),
X1 = In — 0, Fty,

where A : H — H is monotone on C and L-Lipschitz continuous on H and F : H — H is
Lipschitz continuous and strongly monotone on C such that VI(C,A) # 0. Maingé proved

. . .. 1 .
that if the parameters satisfy the conditions: A, € [a,b] C (0, Z)’ 0, €10,1), limye 0, =0
and Y o, = oo then the sequence {x,} converges strongly to x* € VI(C,A), where x* is

the element such that
(Fx*,x—x*) >0VxeVI(C,A).

The drawback of these results is the need to calculate two projections onto the closed
convex set C in each iteration. So, in case that the set C is not simple to calculate projection
onto it, a minimum distance problem has to be solved twice in one iteration, which is a fact
that might affect the efficiency and applicability of this method (EGM).
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To overcome this drawback. Censor et al. [4] introduced the subgradient extragradient
method (SEGM), in which the second projection onto C is replaced by a projection onto a
specific constructible half-space:

Yn :PC(xn_len)a
T,={weH: (x,— AAx, —yy,w —y,) <0}, 3)
Xn+1 = Pr, (xn — AAyn), ¥ >0,

1
where A € (0, Z) In order to obtain the strong convergence of the method (SEGM), they
[I5] also introduced the following hybrid subgradient extragradient method (HSEGM):

xo €EH

Yn = Pe(x, — UAxy),

T, ={x€H: (x,— AAxy, — yy,x —yn) < 0},

Zn = OpXn + (1 — 04y Pr, (X, — AAyy), 4)
Co={weH:|z—wl < |x—wl},

On={we€H: (x,—w,xo—x,) >0},

Xn+1 = Pe,ng, X0, Vn >0,

and they proved, under appropriate conditions, that the the sequence {x,} generated by
converges strongly to a point p = Py 4)(Xo)-

As Kraikaew and Saejung noted in [17]] that the sequence {x, } generated by (E]) seems to
be difficult to use in practical problems because the computation of the next iterate becomes
a subproblem of finding a point in the intersection of two additional half-spaces.

Inspired by the results in [5]], Kraikaew and Saejung [17]] combined the subgradient
extragradient method and the Halpern method to propose an algorithm, which is called the
Halpern subgradient extragradient method (HPSEGM) for solving the problem (VIP) as
follows:

xo €H,
yn:PC(xnflen%
Tn:{er:<xn_AAxn_yn7x_yn> So}y 5)

in = PT,, (xn - ZAy,,),
Xn+1 = OpXo + (1 - an)znv Vn > 0,

1
where A € (0, Z) {0} € (0,1), limy—yeo @t =0, Yo | 04y = +oo, and they proved that the
sequence {x,} generated by the method (HPSEGM) converges strongly to a point p =
Pyip(c.a)¥o-

In this paper, we wish to focus on a close, but different type of the algorithm, known as
Tseng’s extragradient method (TEGM) [37], which use only one projection in each itera-
tion:

X0 €H,
Y = Po(xn — AAXy), (6)
Xn+1 =Yn _A(A n _Axn)y Vn > 07

1
hi —).
w erele(O,L)
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Recently, the method (TEGM) for solving the problem (VIP) has received great
attention by many authors (see, for example, [31,13538]] and the references therein).

In this paper, motivated and inspired by the work of Censor et al. [5]], Kraikaew and Sae-
jung [[L7], first, we investigate the strong convergence for solving the problem (VIP) by our
new algorithm which is a combination between the modified Tseng extragradient method
and the viscosity method [20,125] for solving the problem (VIP) in Hilbert spaces. Second,
we show that an advantage of the proposed algorithm is the computation of only two values
of the inequality mapping and one projection onto the feasible set per one iteration, which
distinguishes our method from most other projection-type methods for variational inequality
problems with monotone mappings (see [S.12L[17,23138]]). Finally, we give some numeri-
cal experiments for the performance of the proposed algorithm for variational inequality
problems.

This paper is organized as follows: In Sect. 2, we recall some definitions and prelimi-
nary results for further use. Sect. 3 deals with analyzing the convergence of the proposed
algorithms. Finally, in Sect. 4, we perform some numerical experiments to illustrate the
behaviours of the proposed algorithms in comparison with other algorithms.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H.

e The weak convergence of {x,} to x is denoted by x, — x as n — oo;
e The strong convergence of {x, } to x is written as x, — x as n — oo.

For each x,y € H, we have the following:

2.

e y12 =[xl + 20, 3) + Ly
e+ 3117 < [lxll? + 2002+ ) (7
For all point x € H, there exists the unique nearest point in C, denoted by Fcx, such that
[lx = Fex|| < [lx =y, VyeC.
Fc is called the metric projection of H onto C. It is known that Pc is nonexpansive.

Lemma 2.1 ([13]) Let C be a nonempty closed convex subset of a real Hilbert space H. For
any x € H and z € C, we have

7=Pcx <= (x—2z,2—y) >0, VyeC.

Lemma 2.2 ([13]]) Let C be a closed convex subset in a real Hilbert space H and x € H.
Then

(1) ||Pex— Pey||* < (Pex — Pey,x—y) forall y € C;
@) [|Pex =y|]* < e =y|]* = |lx — Pex||* for all y € C.

For some more properties of the metric projection, refer to Section 3 in [13]].
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Lemma 2.3 ([1528]) Let {a,} be sequence of nonnegative real numbers, {0} be a se-
quence of real numbers in (0,1) with ¥, o, = e and {b, } be a sequence of real numbers.
Assume that

ap+1 < (] - an)an+ anbna Vn > 17

If limsupy_,., by, < 0 for every subsequence {ay } of {a,} satisfying liminfy_e. (a1 —
ap,) > 0 then lim, 0 a, = 0.

Lemma 2.4 ([17]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A :H — H be a monotone and L-Lipschitz continuous mapping on C and let S = Pc(I — LA),
where A > 0. If {x,} is a sequence in H satisfying x, — q and x,, — Sx, — 0, then q €
VI(C,A) = Fix(S).

3 Main results

Recently, some authors have studied the convergence of modified inertial Mann algo-
rithms and inertial CQ-algorithms to fixed points of nonexpansive mappings ([10]) and the
convergence of inertial projection and contraction algorithms to solutions of variational in-
equality problems in Hilbert spaces ([9]).

In this section, we construct Algorithm by the modified Tseng extragradient via
using the term o, (x, — x,—1), which is called the inertia, and it can be regarded as the pro-
cedure of speeding up the convergence properties (see, for example, [1.21127]). Therefore,
the following algorithm is different from the algorithms studied in [31,37.138]].

Let f : H — H be a contraction mapping with contraction parameter k € [0,1). Let A €

1
(0, Z) {0} C [0, ) for some o > 0 and {f,} C (0, 1) satisfying the following conditions:
nlg‘[olo[))n:o’ rl;lﬁn:oo

Now, we introduce the following algorithm:

Algorithm 3.1

Initialization: Let xo,x; € H be arbitrary.

Iterative Steps: Calculate x,, as follows:

Step 1. Set w,, = x,, + 04, (x, — x,—1) and compute
Yn = Pe(wn — AAwy,).

If y, = wy, then stop and y, is a solution of the problem (VIP).
Otherwise, go to Step 2.
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Step 2. Comptue Compute

Xp+1 = ﬁnf(xn) + (1 - Bﬂ)zru
where 7, =y, — A(Ay, —Awy,). Set n:=n+1 and go to Step 1.

Now, we give our main results in this paper.

Theorem 3.1 Assume that (C1), (C2), (C3) hold and the sequence {04, } is chosen such that
it satisfies the following condition:

oy N
r}gl}oﬁﬂxn—xn,lﬂ =0. (8)

Then the sequence {x,} generated by Algorithm converges strongly to an element p €
VI(C,A), where p = Pyjc )0 f(p)-

Remark 3.1 Tn [29], Suantai et al. noted that the condition () is easily implemented in the
numerical computation since the value of ||x, —x,—_1]| is known before choosing ¢,. Indeed,
the parameter o, can be chosen such that

a
in{ — W = i
I Lt v B Rt
n — o . .
b} if otherwise,

where {7, } is a positive sequence such that 7, = o(f3,).

Proof Claim 1. The sequence {x,} is bounded. Indeed, for p = Py;c4) o f(p), first, we
show that
20 = pI? < llwn = pII* = (1= A2L) ||y — wal*- ©

Now, we have
20 = pII* = [[yn — A (Ayn — Aw,) — p||*
= [lyn — PII* + A% Ay — Aw,||* — 24 (yu — p, Ay, — Awy)
= [[wn = PI* + [[Wn = Yull* 200 — Wa, W — ) + A2 || Ay, — Aw, ||
= 2Ayn — P, Ayn — Awy)
= W — PI* + W = Yull* = 20 = Wi, ¥ = Wa) + 2 — Wn, Yn — P)
+ A%|| Ay, — Ay |[* = 22 (v — P, Ayn — Awy)
= |wn = pII> = [1wn = Yall* +2(3n — W, yn — p) + A%|| Ayn — A ||*
= 2A(yn — P, Ayn — Awy). (10)
Since y, = Pc(w, — AAw,), we have

<yn _Wn+AfAWn7YH _p> <0

or, equivalently,
<)’n*Wn7yn*p> S*/WAWm)’n*p)- (11)
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From (I0) and (TT), it follows that
1z = PI> < W = pI? = lwn = ull* = 224(Awn, 3 — p) + 22| Ay — Aw |
= 2A{yn = p,Ayn — Awn)
= |lwa —p||2 = [lwn _ynH2 +12”A)’n _AWn”2 —2A{yn — p,Ayn)
< wa = pI% = 1w = yull* + ALy = wall* =24y — p, Ay — Ap)
—2A(m —p,Ap)
< fwa = pI? = (1= A2L2)[[yn — wal]*.
Therefore, we have
122 =PIl < [[wa —p- (12)

From the definition of w,,, we get

W = Pl = [0 + 0 (X2 —xn—1) = p||
< Hxn - PH + aonn —Xn—1 H
oy,

:Hxn*pH+ﬁn-ﬁ*”xn*xn—l”- (13)
n

.. (0 . .
By the condition B—n |7 —xn—1]] = O, it follows that there exists a constant M; > 0 such that
n

,
ey — Xn1 || < My, Vn>1. (14)
Bn
Combining (12), (T3) and (T8), we obtain
lzn =PIl < [[wa — Pl < llxa — pll + BaMi. (15)

From the definition of {x,}, we get

[2n+1 = pll = [|Baf (%n) 4 (1 = Ba)za — p||
= [1Ba(f (xn) = p) + (1 = Bu) (20 — P)|I
< Bull £ (n) = Il + (1= Bu)llzn — |
< Bullf(xn) = F(2) I+ Bull £ (p) — Pl + (1 = Ba)llzn — Pl
< Bukllxa = pll + Bull £ (p) = pll 4+ (1= Bu) |20 — pI- (16)

Substituting (T3) into (T6), we obtain

X1 = pll < (1= (1= &) Ba) X0 = pll + BuM1 + Bull £ (P) = Pl

=(1-(1 *K)Bn)Hxn*pHJr(l*K)B”W
gmax{l\xn*l?H’W}

S.

gmax{l\xo—PWW}'

This implies {x,} is bounded. We also get {z,},{f(x4)},{wn} are bounded.
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Claim 2.
(1=B) (1= 22L2)[[yn = wal* < [0 = qlI* = [Pens1 — qlI* + BuMa (17
for some My > 0. Indeed, we get
%01 = I < Bull £(xn) = pII* + (1= Ba)llzn — pII>
< Bulllf ) = £+ £ () =PI + |20 — I
< Bu(kllxa = pll+11£(p) = plI)* + (1 = Bu)llzn — pII>
< Bu(llxa = pll+1£(p) = pID* + (1= B) Iz — pI?
= Bullxn — pII* + Ba2llxa — pll - 11.£(p) — Pl
+1£(p) = pIP) + (1= B)llza — pII?
< Bullxn = plI* + (1= Bu)l|zs — pII* + BuMa (18)
for some M, > 0. Substituting (9) into (T8), we get
[xas1 = PI* < Ballxn — plI* + (1= Ba)llwa — plI?
— (1= B (1 =22L)|[yn — wa|* + BuM2, (19)
which implies from (T3) that
[lwn _P||2 < (% = pll +ﬁnM1>2
= [Jxn —p||2 + B (2M, ||xn — p| +ﬁnM12)
< Jlxn = pII + BuMs, (20)

for some M3 > 0. Combining (T9) and (20), we obtain
[xas1 = pI* < Bullxa — pII* + (1= Bu)llxa — plI* + BuMs
— (1= Ba) (1 = A2L?)[[yn — wall* + BuM2
= |lxn = pII* + BuMz — (1= ) (1 = A°L?) [y — wal|* + BuMo>.
This implies that
(1= Ba) (1= APLP) [yn — wall* < [1xn — glI* = %011 — ql|* + BaMa,
where My := M, + M3.
Claim 3.
X1 = plI* < (1= (1= ) By)|lxa — pI>

+ (1= K)Bu- [LU(P) = PyXnt1 —p)+ M

—x Tox gy el

for some M > 0. Indeed, we have

llwn *P”z = {2 + 0 (X0 — Xn—-1) *sz
= ||xn*PH2+2an<xn*P7xn*xn—l>+a3||xn*xn—l”2

< lxn _PH2 + 204 |10 — plll[xn — 01| + 063||xn —Xn—1 H2 (21)
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Using (), we have
a1 = pI* = [1Baf () + (1= Bu)za — pII?
= 1Ba(f () = £(P)) + (1 = Bu) (20 — ) + Bu(f () = ) II?
<IBa(f () = £(P) + (1= Bu) (20 = P> +2Bu(f (P) — PrXus1 — P)
< Ball £ o) = F(P)IIP + (1= Ba)llzn = PII* +2B4(f () = P,Xus1 — P)
< Buk|xu = plI” + (1= B)llzw = pII* +2B4 (£ (P) — P+ X1 — )
< Buxllxn *PHZ + (1= Ba)llzn *PHZ +2Bu(f(P) — P, Xn+1 — D)
< Bukllxa — plI* + (1= Ba) [wa = plI* +2Ba (£ (P) — P> Xns1 — p)-
Substituting 2T) into 22), we have
e —pl1?
< (1= (1= K)Ba)|lxn = pII> + 2006w — |l = xa—1 | + 06 160 — %117
+2Bu(f(P) = PsXnt1 = p)
= (1= (1= )= Pl + (1= 0By = (F(P) ~ prris — )
+ 0t |0 — X1 [[ (2[]30 — 7| + Q|0 — 201 1)

< (U= (=Bl —plP+ (L= K)B 7
+ w1 | 2116w — " | + 0 — 201 ]])

< (1= (1=K)Ba) |l — plI?
(1= K)B T

< (1= (1=x)Ba) |l —pl?

+ (1 - K)ﬁn' [é

(f(p) = PrXnt1—p)

(f(P) = P Xur1 — p) +3M0% | xn — X1 |

Fp) =P =)+ T

where M := sup, cn{|[x: —x*||, 0]|xn —x4—1]|} > 0.

Claim 4. {||x, — p||*} converges to zero. Indeed, by Lemma [2.3| it suffices to show
that limsup,_,..(f(p) — p,xs,+1 — p) < 0 for every subsequence {||x,, — p||} of {|lx, — pl|}

satisfying
liminf(|lx 1 — pl| =l — pl) 2 0.

For this, suppose that {||x,, — p||} is a subsequence of {||x, — p||} such that liminfy_e. (|| Xp+1 —

pll = IIxn, — PI|) > 0. Then

lim inf(lxy, +1 =l = llxa, = pII*) = liminfl(|lx,+1 =Pl = [Pne =PI (61 = plI+ 12, = pl1)] 2 0-

By Claim 2 we obtian

limsup(1 _ﬁnk)(l _12L2)H)’nk _Wnk”2 < 1imsup[\|xnk _pH2 - HxnkH _Q||2 +ﬁnkM4]

k—yoo k—soo

< timsup(|lxs, — plI* = [P — pI|*] + limsup B, Ma
k—roo

k—>oo
= —liminf{|lx 11 — gl [|x, =PI

<0.
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This implies that

1}5130 yne — Wiy |l = 0. (23)
Now, we show that
X, +1 =X, || = 0 as n— oo, (24)
Indeed, from (23), it follows that

||an _Wnk” = ||ynk _A(Aynk _Awnk) _WﬂkH
< Hyﬂk _W”kH +}"|Aynk _AW"/(H

< (L4 AL)||yn, — Wy, |l — 0. (25)
Moreover, we have
||xnk+1 _an” = ﬁnk”an _f(xﬂk)H — 0: (26)
and
Oy,
Hx”k _W”k” = a”ka"k — Xng—1 H = ﬁ”k‘inxnk _xnkle — 0. 27

N

From 23)), (26) and 7), we get
||xnk+1 _xnk” < HxnkJrl —an” + Hzﬂk _Wnk” + Hwnk _xﬂkH —0.

Since the sequence {x,, } is bounded, it follows that there exists a subsequence {x,, } of
J

{%n, }, which converges weakly to some z € H, such that

liinsup(f(p) — DXy, —P) = }ﬂ(f(p) —pxn, —p)={f(p)=pz=p). (28

From and Lemma we have z € VI(C,A) and, from and the definition of p =
Pyyc.a)© f(p), we have

limsup(f(p) — p,Xn, — p) = (f(p) = p,2—p) < 0. (29)

k—roo

Combining (24) and (29), we have

limsup(f(p) — p,Xn+1—p) < lilknsup<f(p) — Dy Xn, — D)
—So0

k—yoo
=(f(p)—p,z—p)
<0. (30)

Hence, by (30), Claim 3 and Lemma[2.3] we have lim,, . ||x, — p|| = 0. That is the desired
result.
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4 Numerical illustrations

In this section, we provide two numerical examples to test the proposed algorithm. All
the codes were written in Matlab (R2015a) and run on PC with Intel(R) Core(TM) i3-370M
Processor 2.40 GHz.

Now, we apply Algorithm to solve the variational inequality problem (VIP) and
compare numerical results with other algorithms. In the numerical results reported in the
following tables, ‘Iter.” and ‘Sec.” denote the number of iterations and the cpu time in sec-
onds, respectively.

Example 1 Suppose that H = L*([0, 1]) with the inner product

(x,y) :== /le(t)y(t)dt7 Vx,y e H

1
1 2
x| := (/ |x(t)|2dt) , VxeH.
0

Let C:= {x € H : ||x|| < 1} be the unit ball and define an operator A : C — H by

and the induced norm

(Ax) (1) = max{0,x(¢)}.

It is easy to see that A is 1-Lipschitz continuous and monotone on C. With these given C and
A, the set of solutions to the variational inequality problem (VIP) is given by

I ={0} #£0.

It is known that

N .
Pe(x) = 2 if [Jx]|2 > 1,
X, if x| 2 < 1.

Now, we apply Algorithm 3.1 itTEM), Maingé’s algorithm [22] (M and Kraikaew and
Saejung’s algorithm [17]] (KR) to solve the variational inequality problem (VIP).
We use the following:

(i) the same parameter A = 0.5;
(ii) the stopping rule ||y, —wy|| < 1073 for Algorithm[3.1]and ||y, — x,|| < 103 for Maingé’s
algorithm and Kraikaew and Saejung’s algorithm;
(iii) the same starting point xp.

Moreover, with respect to Algorithm we take f(x) = %, Bn = ﬁ, 6 =0.6 and
min{@,ﬁ’%} if X, # Xp—1,
Oy = Hxn_xnle (31)
0 otherwise.

We also choose o, = nlﬁ for Maingé’s algorithm (M) and Kraikaew and Saejung’s

algorithm (KR). We now make comparison of three algorithms with different xy and report
the results in Table [4.1]
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xo(t) =1/200 xo(t) = 5k (P —e™)  xo(t) = 555 (sin(—3¢) +cos(—10r))

Sec. Iter. Sec. Iter. Sec. Iter.
Algorithm KR~ 0.076122 183 0.020808 49 0.011425 28
Algorithm M 0.025144 183  0.0062326 49 0.0035868 28
iTEM 0.0034307 19 0.0024726 15 0.0023558 14

Table 4.1: Comparison of three algorithms in Example

The convergence behaviour of algorithms with different starting point is given in Fig-
ures In these figures, the value of errors ||y, —wy|| (our Algorithm 3.1) and ||y, — x, ||
(Algorithm (KR) and Algorithm (M) is represented by the y-axis, number of iterations is

represented by the x-axis.

107 ¢ - - - - - - - - -
—OE— Algorithm (KR)
—¥— Algorithm (M)

10! —6—(TEM) J

Error

0 20 40 60 80 100 120 140 160 180 200
Number of iterations

Fig. 1: Comparison of three algorithms in Examplewith xo = t/200.
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]_02 T T T T T T T T T
—6— Algorithm (KR)
—¥— Algorithm (M)

10t F —6— (iTEM) 3

10°

10t

Error

102 F°

103

10
0 5 10 15 20 25 30 35 40 45 50

Number of iterations

Fig. 2: Comparison of three algorithms in Examplewith X0 = flz (1> —e™).

10° T T . : .
—6— Algorithm (KR)
—¥— Algorithm (M)

ok —6— (iTEM) |

Error

0 5 10 15 20 25 30
Number of iterations

Fig. 3: Comparison of three algorithms in Examplewith X0 = 535 (sin(—3t) +cos(—10¢)).
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Example 2 Consider the linear operator A : R” — R defined by A(x) = Mx + g, which is
taken from and has been considered by many authors for numerical experiments, see,
for example, [24)[31]], where

M =BBT +5+D,

B is an m x m matrix, S is an m X m skew-symmetric matrix, D is an m x m diagonal matrix,
whose diagonal entries are nonnegative (so M is positive definite), g is a vector in R™. It
is clear that A is monotone and Lipschitz continuous with the Lipschitz constant L = ||M]||.
For g = 0, the unique solution of the corresponding variational inequality is {0}. We will
compare our Algorithm@(iTEM) with the standard algorithm (Algorithm@with o =0,
shortly, (TEM). The starting point is xo = (1,1,---,1) € R™. All entries of the matrices
B,S,D are generated randomly (matrices of normally distributed random numbers).

The feasible set, control parameters and stopping rulues are choosen as in Example 1
except B, = ﬁ The results are described in Table 4.2|and FiguresEHEl

m=10 m =40 m =80

Sec. Iter. Sec. Iter. Sec. Iter.

iTEM 04056 56  0.4531 64 1.3281 75
TEM 23868 396 4.0313 618 12.1563 710

Table 4.2: Comparison of two algorithms with different m

]_01 T T T T T T T

L —6— (iTEM)
10°} —©— (TEM)| ;

Error

0 50 100 150 200 250 300 350 400
Number of iterations

Fig. 4: Comparison of two algorithms in Examplewith m=10.
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10t T T . . ; .

—6e— (iTEM)
100 —S— (TEM) | 1

0 100 200 300 400 500 600 700
Number of iterations

Fig. 5: Comparison of two algorithms in Examplewith m = 40.

10t T T T T T T T

—e— (iTEM)
—&— (TEM)

Error

0 100 200 300 400 500 600 700 800
Number of iterations

Fig. 6: Comparison of two algorithms in Examplewith m = 80.
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5 Conclusions

The paper has proposed a new method for solving monotone and Lipschitz VIPs in

Hilbert spaces. Under some suitable conditions imposed on parameters, we have proved the
strong convergence of the algorithm. The efficiency of the proposed algorithms has also
been illustrated by several numerical experiments.
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