PRODUCTS OF VOLTERRA TYPE OPERATORS AND
COMPOSITION OPERATORS BETWEEN FOCK
SPACES

PHAM TRONG TIEN

ABSTRACT. We show that entire functions ¢, which induce bounded
products of Volterra integral operators V, (Volterra companion op-
erators J,) and composition operators C,, acting between different
Fock spaces, must be affine functions, i.e. ¢(z) = az +b. Then,
using this special form of ¢, we characterize boundedness and com-
pactness of these products in term of new quantities, which are
much simpler than the Berezin type integral transforms in the pre-
vious papers.

1. INTRODUCTION

For an entire function g, the Volterra integral operator V; and its
companion operator J, are defined as follows

V,f(2) = / T HOF(QdC and Jyf(z) = / T F(O9(O)de.

These operators V, and J, have been intensively investigated on vari-
ous function spaces after the works of Pommerenke [17], Aleman and
Siskakis on Hardy and Bergman spaces [2, 3].

Given an entire function ¢, the composition operator C, is defined
by C,f = f op. Such operators C, have become an attractive subject
for many researchers during the past few decades (see [5] and [18] for
an overview).

In this paper we are interested in the products of Volterra integral
operators V; (Volterra companion operators J,) and composition oper-
ators Cy,. In details, we will investigate boundedness and compactness
of the following operators:

z

VEF(2) = Vyo Cuf () = / F(O)g Q)
o(2)

COf(2) = CpoVyf(z) = / F(Og ().
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Tyl (2) = Jy0 Cof (= /f (©)g(C)d.

Cogf(2) = Cy0 Jy f(2) = / F(Og(C)dc.

The study of these operators naturally comes from the isometry of some
function spaces (see, for instance, [6] and [7]) and has been carried out
on different spaces of holomorphic functions on the unit disc such as
Bergman spaces, Bloch spaces, Zygmund spaces, spaces H* [11, 12, 13,
20]. Recently, much progress was made in the study of these products
acting between Fock spaces FP(C) and F¢(C) with 0 < p,q < oo by
Mengestie [14, 15, 16], and Abakumov and Doubtsov [1]. In details,
in [14, 15, 16] the author characterized boundedness and compactness
of the products V7, CY, C, 4, and the generalized Volterra companion
operator Ty , : FP ((C) —> F1(C) with p, ¢ € (0,00), where

T, . f(2) L/if Q)d,

in term of the following Berezin type integral transforms, respectively:

By« (w) 2/63(2Re(ww(z))—lzl2—w2) —|g’(z)|‘1 dA(z),
’ c (1 + [2])e

By (w) = /(Ce2(2Re(wgo(z)) - 19 (P (2 ))@’(z)|qu(z>7

(1+[z[)?
/ q
B = (1 0 [ LaeRe@o() -l lw?) (9P (2]
Cw,g(QU) ( +|w|) /b(C6 (1+|Z|)q (Z)a
q
B =(1 ¢ [ egereme - 19N 4
1o (1) = (L4 ) /ce (1+]z])9 =)

However, these results are quite difficult to use, even for the special
operators

Topf(2) = Cof(2) = f(p(0)) and Cpuf(z) = Cpf(z) — f(0),
for which boundedness and compactness can be easily reduced from the
ones of composition operators C,, established by Tien and Khoi in [19,
Corollaries 3.5 and 3.6]. Note that the product J,,, and the operator
Ty, are slightly differently defined and we also consider the operator
Ty, at the end of this paper.

On the other hand, we recall that in [19] it was shown that en-
tire functions ¢, which induce bounded composition operators C, :
FP(C) — F?(C) and weighted composition operators ¢C, : F*(C) —
F4(C), must be affine functions, i.e. ¢(z) = az + b. Using this special
form of functions ¢, the authors completely solved several important
questions for both operators C, and ¥C,. Based on this idea, in this
paper we also prove that this statement is valid for the products V7,
CY, Jgp, and Cy 4. That is, these products are bounded from F?(C)

9,0
to Fq((C) only when ¢(z) = az + b. This allows us to characterize
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boundedness and compactness of the products V2, C7, J,, and Cy,

in terms of the following simpler quantities, respectively:

lg'(2)] o212
MVf(’Z) = 1+ |Z|e 2

Y

19'(0(2))¢'(2)| ez
Meg(2) = 1+ |7] e 2

My, (2) = (L+1p(G)DIg()9 (2)] er=ter
T+1s

A+ lp(2)DIg(e(2) @ (2)] recrz-iez
1+ |z '

The paper is organized as follows. After the Introduction, in Section
2 we give some preliminary results about Fock spaces F?(C), oper-
ators defined on them, Fock Carleson measure, and an extension of
[10, Proposition 2.1], which plays a crucial role in this work. Sec-
tion 3 is devoted to the products V7 and CY, while the products
Jgo and C, 4 are studied in Section 4. In these sections, firstly we
prove that the considered products, denoted by T', are bounded from
FP(C) to FUC) only if ¢(z) = az + b with |a|] < 1 (Propositions
3.2 and 4.2). Then, in the case 0 < p < ¢ < oo, we show that the
product 7' : FP(C) — F4(C) is bounded (or, compact) if and only
if Mr(z) € L>*(C,dA) (or, Mr(z) — 0 as |z|] — oo, respectively)
(Theorems 3.4 and 4.4). When 0 < ¢ < p < oo, boundedness and
compactness of the product 7' : FP(C) — F4(C) are equivalent, and
by using Fock Carleson measure we prove that these properties are
equivalent to that My (z) € L1 (C,dA) (Theorems 3.5 and 4.5).

Based on the simpler criteria established in Sections 3 and 4, we can
give a clear overall picture on the interplay between two entire functions
g and ¢ in inducing bounded and compact products Vi#, C9, J, ,, and
Cy.4 (Remarks 3.6 and 4.7).

9

Y

Mcw’g (Z) =

Notations: Throughout this paper, we use the notation A < B
(and A 2 B) for nonnegative quantities A and B to mean that there
is a constant C' > 0 dependent only on p,q such that A < CB (and
A > CB, respectively); similarly the notation A ~ B means that both
A < B and B < A hold.

2. PRELIMINARIES

2.1. Fock spaces. For a number p € (0, 00), the Fock space F?(C) is
defined as follows

F(C) = {f € 0(©): |Ifl, = (% / FE)re s dA<z>)" < oo},
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where O(C) is the space of entire functions on C with the usual compact
open topology and dA is the Lebesgue measure on C. Furthermore, the
space F>°(C) consists of all entire functions f € O(C) for which

N
1 fll. =sup|f(z)le” 2 < oo.
zeC

It is well known that FP(C) with p > 1 and F>°(C) are Banach spaces.
When 0 < p < 1, FP(C) is a complete metric space with the distance
d(f,9) = IIf —gllp-

For each w € C, we define the function
PO L
kyw(z) =€e*"2, z€C.
These functions play an important role in the study of Fock spaces
and operators in them. Obviously, ||k,|[, = 1 for every w € C and
p € (0,00); and k,, converges to 0 in O(C) as |w| — oo.

Lemma 2.1. Let p € (0,00) be given. For every f € O(C) and z € C,

£ E < 1f 1l

Lemma 2.2. For 0 < p < ¢ < oo, FP(C) C F4(C), and the inclusion

18 proper and continuous. Moreover,
1

T (]%) Ifll, for all f € F*(C).

The next lemma proved in [19, Lemma 2.3] is a key ingredient in the
study of compactness of linear operators on Fock spaces.

Lemma 2.3. Let p,q € (0,00) and T be a linear continuous operator
from O(C) into itself and T : FP(C) — FUC) be well-defined. Then
T : FP(C) — FUC) is compact if and only if for every bounded se-
quence (fn)n in FP(C) converging to 0 in O(C), the sequence (T fn)n
also converges to 0 in F4(C).

To investigate the operators J,, and C,,, we need the following
weighted Fock space. Given a number p € (0, 00) and a weight W (z) =
12| +1og(1+|2|), we define the weighted Fock space Fi;,(C) as follows

F4(C) = {f cO©) : [|fllwy = ( / FE)Pe Ve dA(z)) "< oo} |

By modifying W (r) on some finite interval [0, R], we can suppose that
dd‘W(z) ~ dd|z]*. Then Fi,(C) is a particular case of the space
FP(p) in [9]. For each z € C, let Ky .(-) be the Bergman kernel and

kw.(C) = % the normalized Bergman kernel of Hilbert space

FZ,(C). Then, according to [9, Section 2], we get
(2.1) Kw.(2) ~ @ and ||kw..|lwp ~ 1, z € C.
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Similar to Lemma 2.1, we have the following auxiliary result.

Lemma 2.4. Let p € (0,00) be given. For every f € O(C) and every

z € C,
HOIpE. QP wg
EEEEE (/ 0+ dA(O)

Proof. For each z € C and f € O(C) fixed, the inequality 2(1 + |z|) >
1+ |z +¢] for all |¢] < 1 and the subharmonicity of |f(z + ¢)e™>¢|?
imply that

T+ ]zl ~ (14 1]z 4¢P

_ s [ TP e
—E | ey A©

plzl? 7|f(<’)|p _ple?
e 2 —e 2 A .
/c arip = O

From this the desired inequality follows. U

VEP [ Qe
. A

IN

2.2. Fock Carleson measure. Inthe case 0 < g < p < oo, we will use
Fock Carleson measure for both spaces F7(C) and Fj;,(C) to prove that
boundedness and compactness of the considered products are equiva-
lent.

We recall that a positive Borel measure p on C is called a (p,q)-

2
Fock Carleson measure, if the operator ¢ : F?(C) — L%(C, e
bounded, i.e. there exists a constant C' > 0 such that

) is

1
q

[1se " dute) | < Ol for every £ € F(C).
C

2|2
We write |||l for the norm of i from FP(C) to Lq(C,e_%d,u). The
following characterization can be reduced from [8, Theorem 3.3].

Lemma 2.5. For 0 < ¢ < p < 00, a positive Borel measure pn on C is
~ P
a (p, q)-Fock Carleson measure if and only if p € Lv=a(C,dA), where

- /c k(Ole " du(¢), = e C.

1
Furthermore, ||p|| ~ ||z||* »
Lp—4q

Next, we say that a positive Borel measure p on C is a (p,q, W)
Fock Carleson measure, if the operator i : Fy,(C) — L (C, e~ &) dp)
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is bounded, i.e. there exists a constant C' > 0 such that

/ FEPe™Odu(z) | < Cllfllwy for every f € FL(C).
C

We denote by [|pflw the norm of i from Ff,(C) to L1 (C,e & dy).
Applying [9, Theorem 2.8] to the weight W (z) = 1]z|* + log(1 + |2|),
we get the following characterization.

Lemma 2.6. For 0 < ¢ < p < 00, a positive Borel measure p on C

is a (p,q, W)-Fock Carleson measure if and only if iy € Lﬁ(c, dA),
where

finl=) = [ (Ol ™ (o), = € C.

1
Furthermore, ||u||lw =~ [[pw||* » -
LLp—a

We end this section with two lemmas, which play an essential role in
this paper. The first lemma was proved in [4, Proposition 1] and the
second one can be obtained by slightly modifying [10, Proposition 2.1].

Lemma 2.7. Let 0 < p < oo. The following inequality holds

Y BN 05| g™ SO
[ireipe Faac) = s+ [ e 5 aae)

for every function f in O(C).

Lemma 2.8. Let ¥ and ¢ be two entire functions such that ¥ is not
identically zero. If

| (2)] L@ 1sl?

e

sup

< 0
z€C1+|Z’ ,

then ¢(z) = az + b with |a| < 1.

3. THE PRODUCTS OF VOLTERRA INTEGRAL OPERATORS AND
COMPOSITION OPERATORS

In this section we give characterization for boundedness and com-
pactness of the products V,? and CY in terms of Myy(z) and Mg (2),
respectively. First we prove the following auxiliary lemma, which al-
lows us to study both operators V7 and C¥ simultaneously. We put

|z

g'(2)] e 19'(0(2))¥'(2)
myg(2) = T |z|e > and meg(2) = T+ 1]

| 2
2

|e_ ,z2 € C.
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Lemma 3.1. Let ¢ € (0,00) and T be either V¥ or C9 induced by
entire functions g and p, where g is non-constant. For each f € O(C)
and z € C,

31 T =IEHO+ [ 1l

(I|¢’(C)\

Mz (¢)*dA(C)

(THO) + / F(e(O)ma(C)dA()
> [(THON + (=) o (2.

In particular,

(3.2) / mr(Q)'dA() £ |11l

Proof. For each f € O(C), by Lemma 2.7, we get

HfoHq ~ |(V¢f O ’q_i_/ |f(901(§_))|g‘§§)’qe_qudA(O
V‘pf |q /|f |q€

(VER)(O))7 + / F(@(0)) oy (C)7dA(C)

7 (C)1dA(C)

and
ety = leznop+ [ e +<|§)>>w<<>\q€_q.gsz(O
(C2nOF + [ 17 5 Meyic)aa(

(L) + / F(@(0) [fmes () AA(C).

Moreover, for every f € O(C) and z € C, applying Lemma 2.4 to entire
functions (f o )¢’ and (f o ¢)(g’ o v)¢’, we obtain

Q)N _uce Fol)g Ml _a
/ Gl ¢ O T

= [fle))[ myg (2)7

SO Lagt s @D _as
/ e aa 2 e el
= |f(e(2)|*mey (2)7.
From these inequalities the assertions follow. Il

Proposition 3.2. Let p,q € (0,00) and T' be either V¥ or CY induced
by entire functions ¢ and g, where g is non-constant. If the operator
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T : FP(C) — FYC) is bounded, then Mr(z) € L>*(C,dA). In this
case, ¢(z) = az+ b with |a|] <1 and

(3.3) Mrp(2) S | Tkpllg < T|| for all z € C.

Proof. For every w € C, using ||k, =1 and (3.1), we get

1T = Tkl Z/(Clkw(w(é))lqu(C)”dA(C) R [k (@(2))|*mr(2),

for all z € C. In particular, with w = ¢(z) the last inequality means
that

()2

\T|| > || Tkp)llq 2 € 2 mp(z) = Mp(z) forall z e C.
Hence, by Lemma 2.8, p(z) = az + b with |a| < 1. O

In view of Proposition 3.2, throughout this section we suppose that
©(z) = az + b with |a] < 1. In the case a = 0 we get the following
simple result.

Corollary 3.3. Let p,q € (0,00), ¢(z) = b and g be a non-constant
function in O(C).

(a) The operator ng : FP(C) — FUC) is compact if and only if
g € F1(C). Moreover,
lo?
V7l = e [lg = g(0)ll,-
(b) The operator C} : FP(C) — F(C) is compact and

|b|2
CY < |ble = "(O)].
I3 < lble™s max |g'(<)]

Proof. (a) For each f € F?(C),
VEF(2) = F(B)(g() — (0)). = € C.

Hence, by Lemma 2.1, we obtain

Vg fllg = 1F®)lg = g(0)lly < ¢ llg — 9O, f11

Moreover, ||k||, =1 and

o2
IVyksllg = [Es(D)lllg — g(0)llg = e = llg — g(0)ll,-

From these the assertions follow.
(b) For each f € F?(C),

b
Cof(z) = / F(O)g(Q)dc, = € C.
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Hence, by Lemma 2.1, we get

b
ezl = | [ @ cad
<1b < b
b ma (€)' ()] < bleF 171, mas (O
From these the assertions follow. O
The case 0 < |a|] < 1 is more complicated. We firstly investigate

the operators Vi# and CY acting from a smaller Fock space F7(C) to a
larger one F4(C).

Theorem 3.4. Let 0 < p < g < oo, T be either V7 or CY induced by
a non-constant entire function g and p(z) = az +b with 0 < |a| < 1.

(a) The operator T : FP(C) — F4(C) is bounded if and only if
Mr(z) € L>*(C,dA). Moreover,
_2
[Myg (2)lle S IVEIS lal ™[ Myg (2) |,
and
_2
[Meg (2l S NCLN S NCEI + lal™ 7 || Mg (2) ]| os -
(b) The operator T : FP(C) — F(C) is compact if and only if
lim Mr(z) =0.

|z| =00
Proof. (a) The necessity follows from Proposition 3.2. Suppose that
Mr(z) € L>*(C,dA). Then, by (3.1) and Lemma 2.2, for every f €
FP(C), we get
ale(x)|?

\TAIlE ~ (T + / ()7 25 My (2)1dA(2)

q\¢<2)|

< [(THO)* + || Mr(= quo/!f Dlfe 2 dA(z)
de?

(TO) + a2 M (2)] e / FOpre "
(TF)O)7 + la] 2| M (2) [ | £
< [(THON + a2 Mr(2) 11712

|

|
From this, (3.3) and the fact that (V7 f)(0) = 0 and (CZf)(0) = C} f,
it follows that the operator T : FP(C) — F4(C) is bounded; moreover

_2
[Myg ()]l S NVEIS ol [ Myg ()| 2=,

IN

dA(¢)

12

and
_2
[Mes (2) ||z SNCIL S NCEN A+ lal ™[ Meg (2)] oe -

(b) Necessary. Suppose that the operator T : FP(C) — F4(C) is
compact. Then for every sequence (z,), with z, — 0o, ¢(z,) — oo,
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and hence, the sequence k) converges to 0 in O(C) as n — oo.
Therefore, by (3.3) and Lemma 2.3,

My (z) S ([ Tkg(znllg = 0 as n = oo.
Thus, lim,| . Mp(2) = 0.
Sufficiency. By part (a), the operator 7' : FP(C) — F4(C) is
bounded. Let (f,) be an arbitrary bounded sequence in FP(C) con-

verging to 0 in O(C). Then, for every n € N and R > 0, using (3.1),
(3.2), and Lemma 2.2, we get

1T full =~ I(Tfn)(0)|q+/ |[Fn(p(2)[*mr(2)"dA(2)

|z|<R

ale(=)[2

" /| el A

SI(TF)O0)) + maXIfn(SO(Z))Iq/|<R m(2)"dA(z)

|z|<R
_ale(=)|?

+ sup M(2)" /| | Hateeppe A

|z|>R

ST f) O + [ T2lg max | £l (=) + lal 1 fallf sup Mz ()"

|z|>R

S (T f)(0)7 + HTlHZﬁlgg |l ()| + la| = sup || full} sup, Mz (z)%.
z|I< n z|>

Since (V£ f,)(0) = 0 for all n and (Cf,)(0) — 0 as n — oo, letting
n — oo and then R — oo in the last inequality, we observe that (T'f,),
converges to 0 in F?(C). From this and Lemma 2.3, the assertion
follows. O

To study the case ¢ < p, we define the following positive pull-back
measures fyy , and pes , on C:

pve o(B) :/ Me*@dfl(z) :/ mye (2)7dA(z)
o—1(m) (1+]z2]) e1(B)

and

B N O o Y
pera(B) = [ | RIS = [ meraac)

for every Borel subset B of C. Thus,

(3.4) prq(B) = / mr(2)'dA(z) for T =V or T = CY.
e~ 1(B)

Theorem 3.5. Let 0 < g <p < oo, T be either Vi or CY induced by
a non-constant entire function g and ¢(z) = az + b with 0 < |a| < 1.
The following statements are equivalent:

(i) The operator T : FP(C) — Fi4(C) is bounded.

(ii) The operator T : FP(C) — F4(C) is compact.
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(iii) Mp(z) € Lr-1(C,dA).

Furthermore,
2(p—q) < el < _2
jal v | Myg (2)]] | e S VIS lal ™2 ([ Myg (2)]] | 22,
and
2(p—q) _2
la| P | Meg (2)]|, 22 S ICYN S NCEN + lal > [|Meg (2)]], 20,

Proof. (ii) = (i) is obvious.
(i) = (iii). Suppose that T': FP(C) — F9(C) is bounded. Then
for every f € FP(C), by (3.1) and (3.4), we get

1Tl > 1Tl 2 (/ PR )qu(Z));

(/|f oy ) ([irare <>),

where dAp,(z) = e 2 ¢(2). From this it follows that Ar, is a (p, q)-
Fock Carleson measure. Then, by Lemma 2.5, we obtain

M) = [ (O

Moreover, by (3.1), for every w, z € C, we have

Al / Q) Py (€) / a(9(C) [T (C)FA(Q)
> ()|t (2)°.

In particular, with w = ¢(z) we get that for every z € C,

4(¢) € L= (C, dA).

— ale(2)[?
2

Arq(p(2)) Z e my(z)? = Mp(z)2.

Hence

P

[ Mraac) < [ (rlele) ™ aac)
_ W?/C (E(w})piqdfl(w) < .

From this it follows that Mp(z) € L%(C,dA); moreover, again by
Lemma 2.5,

_2(p—q) :
12, g, S el ™5 (Il 2, )

LP—4
2(p—q) 2(p—q)

(3.5) = lal™ 7 [ Argll S laf™ v [T
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(ili) = (ii). For each function f € FP(C), using (3.1) and Holder’s
inequality, we get

ale(2)[?

ITAIlE = (T O + / (=) 7 "2 My (2)1dA(2)

(THO + </|f DI ) (/MT =T ))

= [(T)(O) + !al_?||f||p||MT(z)|lz%-

This and the fact that (V?f) =0 and (CZf)(0) = C} f imply that the
operator 1" : FP(C) — F(C) is bounded; moreover

p—aq
p

_2
(3.6) VIS a2 [[Myg (2)] | 2o,
and
_2
(3.7) ICEIS NEYI + lal ™7 [ Meg (2)1], 2e,

Let (f,)n be an arbitrary bounded sequence in F?(C) converging to
0 in O(C). Then for every R > 0 and n € N, using (3.1), (3.2), and
again Holder’s inequality, we get

ITflle = |(T£,) ()7 + / Falol2)) (=) dA(2)

|2|<R

qe’M 2)? z
" /| RS M (2)1dA(2)

SITLION +masl el [ melyraAC)

pP—q

i </I>R|f"(¢<z))|p6_wdz4(z)>p ( l2|>R MT(Z)ZE‘]dA(ZD p
ST f)(0))7 + ||T1||qmax | fu((2))]?

q
|2|<R

pP—q

P

+|a!_25|!fn\|§( . MT<z>p”—%dA<z>)

ST f) ) + TG max | falp(2))]"

P—q

_2q _Pq_ p
tal PsuprnHZ( MT<z>p—qu<z>)

|z|>R
Since (V7 f,)(0) = 0 for all n and (C%f,)(0) — 0 as n — oo, letting
n — oo and then R — oo in the last inequality, and using the fact that

Mry(z) € L4 (C, dA), we conclude that the sequence T'f,, converges to
0 in F4(C).
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Consequently, the assertion follows from Lemma 2.3. Moreover, the
desired estimates for ||V/?|| and [|CZ|| can be obtained from (3.5), (3.6)
and (3.7). O

We summarize all situations of the function ¢(z) = az + b with
la| <1 for both operators V7 and CY.

Remark 3.6. (1) If @ = 0, then by Corollary 3.3, for every 0 < p,q < oo,
Ve o FP(C) — F9C) is compact for every non-constant function
g € FU(C) and CY : FP(C) — F?(C) is compact for every non-constant
function g € O(C). This means that in this case there exist entire

functions g, say g(z) = eng with 0 < a < 1, such that both products
V¢ = V00, and CY = C, 0V, are compact from F?(C) to F4(C), but
the Volterra operator V; : F?(C) — F¢(C) is unbounded by [4, Theo-
rem 1]. It should be noted that by [19, Corollary 3.2], the composition
operator C,, : FP(C) — F?(C) is compact when a = 0.

(2) If 0 < |a|] < 1, then by [19, Corollaries 3.5 and 3.6], C,, : F?(C) —
Fi(C) is compact for every 0 < p,q < oo. However, in this case
there are non-constant entire functions g, which induce an unbounded

operator V7 : FP(C) — F4(C) or CY : FP(C) — Fi(C). Indeed, for
91(z) = e in F1(C) with 1 — |a]* < a < 1, we have

a|z| (lal?=1)|z|? +aRe(22?) +2Re(baz) +|b]?
2

sup Myg (2) = sup

g OO’
2eC 2eC 1+|z|

a((z=b)/a)?
2

and for go(2) =€ with 1 —|a]* < a < 1, we get

C2(1)(2) = galp(2)) — 92(0) = e 27 —e2z € FI(C),
but

alz|  Gal?-1)iz taRe(z3) +2Re(Baz) +1b]>
2

sup M, z) =su e
zeg Cff() ze¢12)1+|’z’

Furthermore, if b = 0 and @ = 1 — |a|?, then

alz](ap-nymsy?

limsup My (z) = limsup Mgz (z) = limsup = .

In this case by Theorem 3.4, both operators V2 and C¥? are bounded,
but not compact from F?(C) to F4(C) with 0 < p < ¢ < 0o; moreover,
by Theorem 3.5, these operators are unbounded when 0 < ¢ < p < o0.

(3) If |a] = 1 and b # 0, then by [19, Corollaries 3.5 and 3.6],
C, : FP(C) — F4(C) is not bounded for every 0 < p,q < co. In this
case, we have

o2 g/(Z)egaz 2 g/(CLZ + b)egaz
M. =e2 — and M, =e2 e C.
vr(z) =e FupE and Mg (2) = e 577 2

Using this and Liouville’s theorem, we can check that
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o Myg(z) € L>(C,dA) if and only if g(2) = (Az + B)e b 4 C,
moreover, Myg¢(z) — 0 as |z| — oo precisely when A =0, i.e.
g(z) = Be ™ 4 C. )
e Mcy(z) € L>(C,dA) if and only if g(z) = (Az + B)e™™ + C;
moreover, Mcgg(z) — 0 as |z| — oo precisely when A = 0, i.e.
g(2) = Be ™ + C.
Consequently, for 0 < p < g < 0o, by Theorem 3.4,
e the operator Vi# : F?(C) — F4(C) is bounded (or, compact) if
and only if g(z) = (Az + B)e™** + C (or, g(z) = Be " + C,
respectively);
e the operator CY : FP(C) — F?(C) is bounded (or, compact) if
and only if g(2) = (Az + B)e™® + C (or, g(z) = Be™* + C,
respectively).
While for 0 < ¢ < p < oo, by Theorem 3.5,
e the operator Vi# : FP(C) — F4(C) is bounded (or, compact) if
and only if g(2) = Be™** + C and ¢ > %;
e the operator CY : FP(C) — F?(C) is bounded (or, compact) if
and only if g(z) = Be ™ + C and ¢ > 1%'
(4) If |a] = 1 and b = 0, then by [19, Corollaries 3.5 and 3.6],

C, : FP(C) — F4(C) is bounded for 0 < p < ¢ < oo and unbounded
for 0 < ¢ < p < oo . In this case, we have

l9'(2)] g’ (az)]
© e g =
Mvg (2) and MCV,(Z) 1+ 2| ) 2

cC
1+ 2]

Using this and Liouville’s theorem, we can check that for T' = V¥ or
T = CY, My(z) € L=(C,dA) if and only if g(z) = Az*> + Bz + C;
moreover, Mr(z) — 0 as |z] — oo precisely when A = 0, i.e. g(z) =
Bz + C. Therefore,

e if 0 < p < ¢ < o0, then, by Theorem 3.4, the operator T :
FP(C) — F1(C) is bounded (or, compact) if and only if g(z) =
Az%+ Bz + C (or, g(z) = Bz + C, respectively);

e if 0 < ¢ < p < oo, then, by Theorem 3.5, the operator T :
FP(C) — F4(C) is bounded (or, compact) if and only if g(z) =

2
Bz+Candq>1?”2.

From this and [4, Theorem 1], in this case V,# and CJ : FP(C) —
F1(C) are bounded (or, compact) if and only if V, : FP(C) — F4(C)
is bounded (or, compact, respectively).

Remark 3.7. From Remark 3.6 we can see that [15, Corollary 1] seems
to be incorrect. In fact, the reasoning before [15, Corollary 1] that the
Berezin type integral transform Byg(w) is bounded only when ¢(z) =
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az + b with |a] < 1; moreover, if |a| = 1, then b =0 and compactness
is achieved only when |a| < 1, may be false.

4. THE PRODUCTS OF VOLTERRA COMPANION OPERATORS AND
COMPOSITION OPERATORS

In this section we establish criteria for boundedness and compact-
ness of the products Jy, and C,, in terms of M;, (z) and M¢, (2),
respectively. Similarly to Section 3, we firstly prove the following aux-
iliary lemma, which allows us to give the study of both products J,,
and C, , simultaneously. We put

l9(2)¢'(2)

mjw(z) = T’Z‘ 2 and mcw

l9(p(2))¢' ()] _1=2
(2) = TR

Lemma 4.1. Let g € (0,00) and T be either J,, or C,, induced by
entire functions g and p, where g is nonzero. For each f € O(C) and

z € C,

@) il =Ianor s [ %e”wwowo

(THO) + / L (0(O) P ()1 dA(C)
> [(THON + [ (o) (=),

In particular,

(4.2) / mr(Q)7dA(C) < | T2

Proof. For each f € O(C), by Lemma 2.7, we get

ool =10+ [ ENEEMIOR - g g

g
~1Uueh O + [ % My, (01dAQ)
= e O+ [ 17, (€A

and

ICoaflly = (Cop O+ [ THEDREENEON - 40
~(Coan O+ [ AEEE e e, (00
~1(Coah O+ [ 17O} 'me (€A,
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Moreover, for every f € O(C) and z € C, applying Lemma 2.4 to entire
functions (f’ o sD)sO’g and (f' o p)(g o p)¢', we obtain

PO (OOl —ag 1 (@(2)¢ (g(2)le _ast
/ 1 + \CI e ddOR 1+ |2])?
= |f'(p(2)|'my, ,(2)

M

/|f’ O a2 1 o) 5 WIS o
+|<|>q SENGERFT

= /' (@(2)|"me,,, (2)*.

From these inequalities the assertions follow. U

Proposition 4.2. Letp,q € (0,00) and T be either J, , or C, , induced
by entire functions @ and g, where g is nonzero. If the operator T :
FP(C) — F4(C) is bounded, then Mr(z) € L>®(C,dA). In this case,
w(2) = az+b with |a] <1 and Mr(z) < ||T|| for all z € C.

Proof. For every w, using ||k, |, =1 and (4.1), we get

ITN* = Tkullg 2 /C |k (@(0))"mr (()*dA(C)
R [k (p(2))*mr(2)* = [w]*kw (e (2))[*mz(2)*,

for all z € C. In particular, with w = ¢(z) the last inequality means

that
)12

IT > [ Tkp)llq Z (2 )IeM; my(z) for all z € C.

From this and Lemma 2.8 it follows that ¢(z) = az + b with |a| < 1.
Moreover, if |p(2)| > 1, then

lo(2)?

(4.3) T[]l = [Tk llg 2 (14 le(2)))e 2 " me(2) = Mr(2).

In the case |p(2)| < 1, with w = 2 + ¢(2) the above inequality shows
that

1T = I Th2402)lla 2 12 + (2 |[R210(z) (0(2))Imr(2)

> e_2e|¢(;)‘ my(z) 2 Mr(z).

Thus, Mr(z) < ||T| for all z € C. O
In view of Proposition 4.2, throughout this section we suppose that
©(z) = az + b with |a| < 1. In the case a = 0, i.e. ¢(z) = b, it is clear

that J,; is the zero operator and we get the following simple result for
Chg-

Corollary 4.3. Let p,q € (0,00), ¢(z) = b and g be a nonzero entire
function. Then the operator C 4 : .7-—p((C) — F(C) is compact and

2
C < |bl(1 +|b e =2 max .
ICuall S B+ e max ()
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Proof. For every f € FP(C),

Chof(2) /f ¢)dc¢, = € C.

Hence, by Lemmas 2.4 and 2.7, we obtain

ol = C)ie| < ] ()
- ( FOF g )i
Swl+phes ([ G55 me o) max o)
< bI(1+ )€ 171 lo(O).
From these the assertions follow. U

The case 0 < |a| < 1 is more complicated. Now we give necessary
and sufficient conditions for boundedness and compactness of .J, , and
Cy g in the case 0 < p < g < o00.

Theorem 4.4. Let 0 < p < g < oo, T be either Jg, or C, 4 induced
by a nonzero entire function g and ¢(z) = az + b with 0 < |a|] < 1.

(a) The operator T : FP(C) — F(C) is bounded if and only if
Mr(z) € L>*(C,dA). Moreover,
_2
1My, (D)llzoe S N goll S lal™ 2 [ M, (2) ]| 2o
and
2
1Mc,,(2)l|oe S 1 Cogll S N Coll + lal e[| M, , (2)] o
(b) The operator T : FP(C) — F1(C) is compact if and only if
lim Mr(z) =0.

|z| =00

Proof. (a) The necessity follows from Proposition 4.2. Suppose that
Mr(z) € L=(C,dA). Then using (4.1) and Lemmas 2.2 and 2.7, for
every f € FP(C), we get

172 =~ |(TF)O) + / %e—wwzm@

< IO+ M) [ % 2 )

<O + eI [ L )

(T 1)) + lal (| Mz (2) [ | FII3
(TF)O)]7 + lal (| Mz (2) [ 71 F1I3-
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From this, Proposition 4.2, and the fact that (J,.,f)(0) = 0

) an
(Cpy£)(0) = Cyyf, it follows that the operator T : F*(C) — F?(C) i
bounded; moreover,

_2
1M, ()l S gl S lal™ o l[My, , (2)[]

nd
is

and
_2
[Mc, , ()l S NCpgll S NCoyll + lal™[[Mc, ,(2)]] Lo~

(b) Necessary. Suppose that the operator T : FP(C) — F4(C) is
compact. Then for every sequence (z,), with z, — 0o, ¢(z,) — oo,
and hence, the sequence k) converges to 0 in O(C) as n — oo.
Therefore, by (4.3) and Lemma 2.3,

Mp(zn) S || Tky(s || — 0 as n — oo.

Thus, lim;|,. Mp(2) = 0.

Sufficiency. By part (a), the operator 7' : FP(C) — F9(C) is
bounded. Let (f,) be an arbitrary bounded sequence in FP(C) con-
verging to 0 in O(C). Then, for every n € N and R > 0, using (4.1),
Lemmas 2.2 and 2.7, we get

1T fall§ ~ |(Tfn>(0)|q+/|<R|frlL(90(Z>>|qu(Z)qu(z)

TACE)
+/| n (Lt [P Mz(2)'dA(z)

SO + maxl L@ [ mr(rdAe)

l2|<R
JACE)
+ sup Ma(z)" /| Ut - 4G

ST ) O + (|1 T2]§ max [ £, (0(2))]*

912<R
—2 q |f/( )|q % A
I [ g 440
SITRIOF + ITal ma G + lal Al sup M (2)
SITE)ON + 1Tzl max £, (o(2))[* + al™ 2supran|S|L;p My (2)".

On the other hand, obviously, the sequence (f}),, also converges to 0 in
O(C), (Jy4fn)(0) =0 for all n, and (C, ,f,)(0) — 0 as n — oco. Thus,
letting n — oo and then R — oo in the last inequality, we observe that
(T f1)n converges to 0 in F4(C).

From this and Lemma 2.3, the assertion follows. O

Similarly to the products V7 and CY, in the case 0 < ¢ < p <
oo, boundedness and compactness of the operators J,, and C,, are
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equivalent. To show this, we define the following positive pull-back
measure (i, o and pc, , , on C:

I O P AV
M‘]W’q(B) N /p_l(B) (1+|z|)4 dA(z) = [0—1(3) JW( J'dAG)

and

_ 9(p(2)) ' ()7 a2 )y - q
pegalB) = [ EREIR S aae) = [ e, (2raAC)

for every Borel subset B of C. Thus,
(44)  pzg(B) = / oy PICAR) for T =y 0r T = Cyy
o

Theorem 4.5. Let 0 < ¢ < p < oo, T be either J,, or Cy, 4 induced
by a nonzero entire function g and p(z) = az+b with 0 < |a| < 1. The
following statements are equivalent:

(i) The operator T : FP(C) — F4(C) is bounded.
(ii) The operator T : FP(C) — F4(C) is compact.
(iii) My (z) € Lv-a(C,dA).

In this case

2(p—aq) _2
lal v | My, ()], 2o S gl S lal ™7 1My, o (2] e,
and
2(p—q) _2
la v |Me, ()], 2o S 1 Cogll S N Cogll + lal 7 [[Me, , ()] 22,

Proof. (ii) = (i) is obvious.

(i) = (iii). Suppose that 7" : }"p((C) — ]:q((C) is bounded. Then for
every f € Fiy,(C), by Lemma 2.7, F(z) = [ f(¢)d¢ belongs to F*(C),
and hence, using (4.1) and (4.4), we have

1T A llw = NTHNE N = ITFl

(/ (o)) (2)1dA(2 ) (/ (=) dpr ))
([ o)

where dAr,(2) = (1 + |z|)qe%duqﬂ7q(z). From this it follows that Az,
is a (p, q, W)- Fock Carleson measure. Then, by Lemma 2.6, we get

o _ [ QI —ag2

()‘T,Q)W(w> - c (1 + KD d)‘TQ<C) € LH(CadA)
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Moreover, by (4.1), for every w, z € C,

o)y () = / v () (€) = / v (0(O)) | ()1 A(C)

2 [Fwaw(p(2))|"mr(2)1.

In particular, with w = ¢(z) using (2.1), we obtain

Or)w (2(2)) 2 k(e (9(2))[fmr (2)1

ale(=)[?

~ (1+[p(2)))?e > mp(2)?

for every z € C. Hence

p

= MT(Z)q,

[ M aac) < [ (Orwleln) ™ dae)
_ |a|_2/(c(()/q\;;)w(w)>pqdz4(w) < oo,

From this it follows that Myp(z) € L#-i(C,dA), and by Lemma 2.6

again,

| M=), <|a|—2m (||<ATq>W|| "

Lr—q

(4.5) ~ la|~

(iii) = (ii). For each function f € fp(C), using (4.

and Holder’s inequality, we get

Ity = o + [ LR

|
<lrn o+ ( [ LD e

— o+l ([ GO

SI@HO + lal ™ NI g,

This and the fact that (J,,f)(0) = 0 and (Cy4f)(0)

Mo(2)1dA(z)

s ([roane)

0)" (o

that the operator T : F?(C) — F?(C) is bounded; moreover,

_2
(4.6) gl < lal™» | My, , (2)]] | 2o
and
_2
(4.7) [Coull S IChgll + lal™ || M, ,(2)]

Let (

Lpa
fn)n be an arbitrary bounded sequence in F?(C) converging to
0 in O(C). Then for every R > 0 and n € N, again using (4.1), (4.2),

1), Lemma 2.7,

= Cpqf imply

pP—gq
P

1)’
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and Holder’s inequality, we obtain

1T fll§ = I(Tfn)(0)|q+/ | fa(e(2))[*mr(2)"dA(2)

|2|<R

Me_w )4 5
+/|Z|>R (14 |p(2)])e Mr(2)dA(2)

SIT)O) + maX|f£(90(Z))|q/l<R mi(2)'dA(2)

lz|<R

pP—gq

FalpDP et N7 2 aan)
([t aw) (e anc)
ST L)O)1 + T2l ma | £ (o ()]

pP—q

P

a2 1l ( MT<z>f%dA<z>>
|z|>R

SITE)ON + I Tally max |, (o ())[

P—q

_2q _pq_ P
tal Psuprané( MT<z>mdA<z>)

|z|>R

Similarly to the proof of Theorems 3.5 and 4.4, letting n — oo
and then R — oo in the last inequality, and using the fact that
My (z) € L1 (C, dA), we conclude that the sequence T'f,, converges to
0 in F1(C).

Consequently, the assertion follows from Lemma 2.3. Moreover, the
desired estimates for ||.J; .|| and ||Cy 4| can be reduced from (4.5), (4.6)
and (4.7). O

Putting ¢(2z) = z in Theorems 4.4 and 4.5, we get the following char-
acterization for boundedness and compactness of Volterra companion
operator J,.

Corollary 4.6. Let g be a nonzero entire function on C.
(i) If 0 < p < ¢ < oo, then the operator J, : FP(C) — Fi4(C) is
bounded if and only if g is a constant; however, this operator J,
18 not compact.
(i) If 0 < ¢ < p < o0, then every operator J, : FP(C) — F4(C) is
unbounded.

We summarize all situations of the function ¢(z) = az + b with
la] <1 for both operators J, , and C, .

Remark 4.7. (1) If a = 0, then J,, is the zero operator and by Corollary
4.3, for every 0 < p,q < 00, Cy 4 : FP(C) — F4(C) is compact for any
nonzero entire function ¢g. From this and Corollary 4.6, for every non-
constant entire functions g, the product C, , = C,0J, is compact from
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FP(C) to F1(C), but the Volterra companion operator J, : FP(C) —
F4(C) is unbounded.

(2) If 0 < |a|] < 1, then by [19, Corollaries 3.5 and 3.6], C,, : F?(C) —
Fi(C) is compact for every 0 < p,q < oo. However, in this case
there are non-constant entire functions g, which induce an unbounded

operator J, , : FP(C) = F4(C) or Cy 4 : FP(C) — F4(C). Indeed, for
2
g1(z) = e with 1 — |a]? < a < 1, we obtain

|a(1 4 |az 4 b]) GaP-1iz +aRe:) r2Re(az) o)

sup M, (z) =sup =00

zeC W( ) zeC 1 + ’Z‘ ’
a((z=b)/a)® . 9

and for go(2) = e 2 with 1 — |a|* < o < 1, we get

sup Mc, 4,(2) = sup [el(1+ a2 + b)) GoPonieProneceanaonyen® _

zeC zeC 1 + ’Z‘

Furthermore, if b =0 and @ = 1 — |a|?, then

limsup My, (2) = limsup Mc, 4,(2)

— lim sup |al(1 + |az]) e =D(Ima)? _ 112
|z]—o0 1 + |Z‘

In this case by Theorem 4.4, both operators J,, , and C,,, g, are bounded,
but not compact from F?(C) to F4(C) with 0 < p < ¢ < 0o; moreover,
by Theorem 4.5, these operators are unbounded when 0 < ¢ < p < o0.

(3) If |a]| = 1 and b # 0, then by [19, Corollaries 3.5 and 3.6],
C, : FP(C) — F4(C) is not bounded for every 0 < p,q < co. In this
case, we have

b2 (1 + |CLZ + b’ ‘g baz
M — e 2
Jg,¢< ) € 1 + ’Z‘

and

o2 (14 ]az +0]) ’g az + b)et*
v _ b
Capg( ) € 2 1—|—|Z|

Using this and Liouville’s theorem, we can check that
o My, (z) € L*(C,dA) if and only if g(z) = Ae~%: moreover,
Mj, ¢(z) — 0 as |z| = oo precisely when g is the zero function.
2)

o M, ,(2) € L(C,dA) if and only if g(z) = Ae~; moreover,
Mc, ,(z) — 0 as |z| — oo precisely when g is the zero function.

,z € C.

Consequently, for 0 < p < ¢ < 0o, by Theorem 4.4,
e the operator J,, : F?(C) — F9(C) is bounded if and only if
9(z) = Ae™";
e the operator C,, : FP?(C) — F?(C) is bounded if and only if
9(z) = Ae™;
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e there does not exist a nonzero entire function g such that J,
or Cy, 4 : FP(C) — F4(C) is compact.
For 0 < ¢ < p < o0, by Theorem 4.5, the operators J,, and Cy, :
FP(C) — F4(C) are unbounded for any nonzero entire function g.
(4) If |a] = 1 and b = 0, then by [19, Corollaries 3.5 and 3.6],
C, : FP(C) — F4(C) is bounded for 0 < p < ¢ < oo and unbounded
for 0 < ¢ < p < oo . In this case, we have

My, . (2) = lg(2)] and M, ,(2) = |g(az)], 2 € C.

Using this and Liouville’s theorem, we can check that for 7" = J, , or
= Cypyg, Mr(z) € L(C,dA) if and only if g is constant; moreover,
MT( ) — 0 as |z| — oo precisely when g is zero. Therefore,

e if 0 < p < ¢ < oo, then, by Theorem 4.4, the operator T :

FP(C) — F1(C) is bounded if and only if g is constant, and
there does not exist a nonzero compact operator 17" : FP(C) —

( )’

e if 0 < g < p < oo, then, by Theorem 4.5, the operator T' :
((C) F4(C) is unbounded for any nonzero entire function
g.
From this and Corollary 4.6, in this case the operator T' : FP(C) —
F4(C) is bounded (or, compact) if and only if J, : F?(C) — F4(C) is
bounded (or, compact, respectively).

Remark 4.8. In [14, Proposition 2.7] and [16, Theorems 2.1 and 2.2],
it was stated that in the case 0 < p < ¢ < o0,

1 1
(4.8)  NCE > [[Bog(w)l| fee and [[Cogll ~ [ B, , (w) | 7o
while if 0 < ¢ < p < 00, then
(4.9) 1CZI > N Bog (w)l 52, and [[Cogll ~ || Be, ,(w)ll 2, -

We can see that these estimates are slightly different from our ones
obtained in Theorems 3.4, 3.5, 4.4, and 4.5. In fact, to get (4.8) and
(4.9) the author used the following inequalities:

and

From this and Lemma 2.7, it is clear that the terms [(CYf)(0)| and
[(Cgf)(0)|? were omitted in these inequalities. Therefore, the con-
stants C' hidden in the estimates (4.8) and (4.9) must depend not only
on p and ¢, but also on functions ¢ and g.

It should be noted that the constants C' hidden in the estimates for
[C2]] and [|Cy 4| in our results are dependent only on p and g.
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We end this section with some discussions about the generalized
Volterra companion operator 7, , mentioned in the Introduction. Sim-
ilarly to the operator J, , and C, 4, we put

sy (2 — L LD,z
1+ 2]

Then we can see that Proposition 4.2 also holds for T}, ,. That is, if the

operator T, , : FP(C) — F9(C) is bounded with 0 < p,q < oo, then

My, ,(2) € L>*(C,dA). In this case, p(z) = az + b with |a| < 1.
Indeed for every w, using ||kyl||, = 1, Lemmas 2.4 and 2.7, we have

q |k (i
I Tyll” > 1Ty okl / 1+|<’| A0
N Al G
T (IR
— |w|q|kw(90(2))9(z)|qe,@
(1 + |2]) ’

for all z € C. In particular, with w = ¢(z) the last inequality means
that

, z € C.

| q 2

|¢(z)g(z)|e|w(z>\z—\z\2
1+ |z|

From this and Lemma 2.8, it follows that ¢(z) = az + b with |a| < 1.
Obviously, if a = 0, i.e. ¢(2) = b, then the operator T, : F?(C) —

Fi(C) is compact for every 0 < p,q < oo, otherwise if p(z) = az + b

with 0 < |a| <1, then

z

Tyof(2) = f’(w(é))g(é)dc

||T97<PH Z HTg,cpktp(z)“q Z for all z € C.

a” / @O (Qg(Q)dC = ™"y f(2)
and
_ (4 e@Dlg)] gt
My, (2) = R
- o LM g, )

for every f € O(C) and z € C.
Consequently, Theorems 4.4 and 4.5 also hold for the operator Ty ,.
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