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Abstract

The aim of this paper is to give sufficient conditions, very close to the necessary
one, to classify the strongly stochastic permanence of SIQS epidemic model with iso-
lation via a threshold value R. Precisely, we show that if R < 1 then the stochastic
SIQS system goes to the disease free case in sense I,(t),Q(t) converges to 0 at the
exponential rate and the density of susceptible class S, (t) converges to the solution of
boundary equation almost surely at the exponential rate. In the case R> 1, the model
is strongly stochastically permanent. We also show the existence of a unique invariant
probability measure and prove the convergence in total variation norm of transition
probability to the invariant measures. Some numerical examples are also provided to
illustrate our findings.
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1 Introduction

An important issue in mathematical models of disease dynamics is to find out under which
conditions the disease can be endemic (permanent over long periods of time) or go extinct.
The mathematical study of these types of questions commenced with the early work of
Kermack and McKendrick in [11, 12]. Their work is in fact the root of two classical epidemic
models, namely, SIR and SIRS models and their variants. Then much attention has been
drawn to analyzing, predicting the spread, and designing controls of infectious diseases in
host populations (see, for example, [1, 2, 8, 9, 21] for the deterministic models, and [5, 4,
6, 10] for the stochastic cases). As is well-known, the quarantine/isolation is an important
strategy for the control and elimination of infectious diseases. Such as, in order to control
SARS, two-strain avian influenza, childhood diseases, the Middle East respiratory syndrome,
Ebola epidemics, Dengue epidemic, HIN1 flu epidemic, Hepatitis B and C, Tuberculosis, the
government of nations are the first to use isolation. Therefore, there are various types of
classical epidemic models with quarantine/isolation are introduced and investigated (see
[3, 17, 22, 23] and the references therein). X. Zhang et al. [23] considered the stochastic
SIQS epidemic model with isolation

4S(t) = (o — BSOI(H) — pS(E) +I(t) +12Q0)dt + o1 S(E)dB (1)

dI(t) = (BS@)I(t) — (1 + p1+ v+ 3)(t)dt + 021 (t)dBs(t) (1.1)

dQ(t) = (v1(t) — (1 + p2 + 12)Q(1))dt + 03Q(t)dBs(t),
where o the per capita birth and immigration rate of the susceptibles; p is the per capita
disease-free death rate; p; and py are the excess per capita death rate of infective and
quarantine class respectively; v; and v are the rates at which individuals recover and return
to susceptible from infective and quarantine class respectively; 73 is the rate for individuals
leaving the infective class for the quarantine class; Bi(t), Ba(t) and Bs(t) are mutually
independent Brownian motions and oy, 09, 03 are the intensities of the white noises. In that
paper, authors provided the classification for the extinction and persistence of the disease
based on the reproduction number R = i af o They showed that if
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Condition p > tells us that the intensities of noises must be small enough. In our
opinion, this assumption is rather restrictive and it is easy to give examples where it can not
be satisfied.

The aim of this paper is to remove this condition and improve obtained results. We
classify the model by using the same reproduction number R but without the condition
> %2 Moreover, in case R< 1, we consider not only the average permanence of susceptible
individuals and the average extinction of quarantine individuals as in [23] but also study
almost sure convergence to 0 at the exponential rate. In the case of permanence of the disease
R > 1, the strongly stochastic permanence and existence of ergodic stationary probability
measure are proved. Only the critical case R = 0is not studied in this paper. Our findings are
considered as a sufficient conditions and almost surely necessary conditions for permanence
and extinction of diseases. Similar results hold true for some stochastic SIR models can be
seen in [4, 5] and for stochastic SIRS model in [16, 20].

Noting that, in almost existent literature on this topic they often derived the sufficient
condition for the permanence and extinction of diseases, there is a gap between the necessary
and sufficient conditions for the permanence of the system.

The most difficulty we have to face to obtain these results is unable to use the stochastic
comparison theorem to dominate the solutions of (1.1) with the solution of the boundary
equation. Therefore, the technique used in [4, 5] is no longer valid and it need being improved.

The rest of the paper is arranged as follows. Section 2 derives a threshold that is used
to classify the extinction and permanence of the disease. To establish the desired results,
via the dynamics on the boundary we obtain a threshold R that enables us to determine the
long term behavior of the solution. Precisely, it is shown that if R < 1, the disease will decay

in an exponential rate. In case R> 1, the solution converges to a stationary distribution in

total variation, that means the disease is permanent. The ergodicity of the solution process



is also proved. Finally, Section 3 is devoted to some discussion and comparison to existing

results in the literature. Some numerical examples are provided to illustrate our results.

2 Threshold between extinction and permanence

Let (2, F,{F:}+>0,P) be a complete probability space with the filtration {F;};>0 satisfying
the usual condition, i.e., it is increasing and right continuous while F; contains all P-null
sets. Let By, By, Bs be independent F-adapted, Brownian motions, R>° := {(z,y,2) : = >
0,y > 0,> 0}. We consider the equation (1.1). The existence of uniquely a global solution
(Suww(t), Luvw(t), Quow(t)),t > 0 to (1.1) has been provided in [23]. Moreover, the domain
R*° is invariant in the sense that if (Sy..w(t), luww(t), Quew(t)) € R*°, ¥V t > 0 provided
(u, v, w) € R¥*.

In the following, we denote z = (u, v, w) and write (S,(t), 1,(t), Q.(t)) or (S(t), I(t), Q(t))
for (Suww(t), Luwaw(t), Quuaw(t)) if there is no confusion.

It is easy to see that if 1(0) = 0 then I(¢) = 0 for all £ > 0 and the first equation of (1.1)

becomes the equation on the boundary,
dSO(t) = (o — pSO(t))dt + 1.5°(t)d By (¢). (2.1)

Let S%(t) be the solution to (2.1) with initial value S9(0) = u > 0. It is noted that we
can not use the comparison theorem to get S,(£) < S°(¢) V¢ > 0 as in [5]. By solving the
Fokker-Planck equation, it is easy to see that (2.1) has a unique stationary distribution, say
10, with density »

— 2 e 2 >0 (2.2)

where a = 2“{%‘7%, b= i—%‘ and I'(-) is the Gamma function. The strong law of large numbers
1 1

[18, Theorem 3.16, p. 46] says that

1 oo
tliglot i SU( )ds :/0 zf*(x)dx :% a.s. (2.3)
From the second equation of (1.1) we have
In/, In 7, ( o2 Bs(t
t() ﬁ/ s)ds — (i + pr+ 71 +7s) — ) + 0 Qt()-

lnIz

The Lyapunov exponent A = limsup,_, ) of I,(t) can be calculated from this equation.

Intuitively, if A < 0 then limy; o I.(t) = O, which implies that S.(t) ~ S°(t). Thus, we
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expect that
t

1 IS
lim = [ S.(s)ds~ lim - | S°(s)ds = 2.
s—oo t 0 s—oo t 0 1%
Therefore, a candidate of A can be recommended as

t 2 2
A= limg/ S%(s)ds — <,u+p1+fyl+fyg+2) :%ﬁ— <c2+%), (2.4)
0

t—o00 2

where ¢y = it + p1 + 71 + 73, when it is negative.
In the following we study A because it plays the same role as Rsince R<lor R>1is

equivalent to A < 0 or A > 0.

2.1 Case 1: A <0 (or R < 1)

Theorem 2.1. If A < 0, then for any initial value z = (u,v,w) € R>° we have

2

P{limM:/\<O,limw:max{—(@—k%),/\}}:1, (2.5)

t—oo t t—o0 2

P{gg LILGREHUT {50 %) (4 7) ;A}} _1 )

where c3 = L+ p2 + Yo.

and

To proof this theorem, firstly, we present the following lemmas.

2
Lemma 2.2. For0 <p < —'Z, there exists M, > 0 such that
o

limsup E(S.(¢) + L(¢) + Q.(t))'1* < M, (2.7)

t—o00

Further, for any H,e,T > 0, there exists My .1 > 0 such that
P{S.(t) + L(t) + Q.(t) < My 7,t € [0,T]} > 1 —¢,2 = (u,v,w) € [0, H]". (2.8)

Proof. Consider the Lyapunov function V (u,v,w) = (u+v+w)'*?. The differential operator

LV (u,v,w) associated to the equation (1.1) is given by

LV (u,v,w) = (1+p)(u+v+w)P(a—plu+v+w) — pv — paw)

1+
( p)p(u v+ w)? 1( % 2 gyz g 2)
(1+ p)po?

5 (u+v+w) P

<(1+p)(u+v+wP(a—plu+v+w))+



Therefore,
LV (u,v,w) < Ky — KoV (u, v, w), (2.9)

2 2
Where0<p<—/;and0<K2<(1+p)<u—p%> and
o

Ky = sup {LV(u,v,w)+ KV (u,v,w)} < 0.

(u,v,w)ERi
By using standard arguments as proof of [5, Lemma 2.3], we obtain

i sup E(V (5.(0), (0 Q:(0))) < 12 i= M,

Thus we get (2.7).

To prove (2.8) we consider a sequence of stopping times
e = inf{t > 0:5,(t) + L(t) + Q.(t) > k}; k € N.
From (2.9) we have

kaP{le < T} =E [V<Sz(7]k A T)v Iz(nk A T): Qz(nk A T))]

T

< V(“? v, w) + E/ LV(SZ(nk N t), Iz(nk A t), Qz(nk A t))dt
0

< V(u,v,w) + K 1E[n ANT] < V(u,v,w) + KiT.

It implies that there exists a k large enough such that P{n, > T} > 1 — €. Hence,
P{S.(1) + L(1) + Q-(t) <k, VI € [0,T]} =P{ny > T} > 1 —e.

It means that (2.8) holds. Lemma is proved. O

A
108(71 + 72)
Then, for any € > 0 and H > 0, there exists an 0 < h < g such that for all z = (u,v,w) €

[0, H] x [0, h] x [0, h], we have

Lemma 2.3. Let 0 = with X = min{—\, ¢5 + %‘%} and assume that A < 0.

P { lim L(t) = lim Q.(t) = 0} >1-— ¢, (2.10)
t—o0 t—o0
¢
P {limsup 1/ S.(r)dr < a+(n+ ’)/2)9} >1—c. (2.11)
t—o00 0 %



Proof. Consider a perturbed equation of (2.1)
S0 (t) = (a + (1 + )0 — M§9(t)) dt + 015 (t)d B (¢). (2.12)

By a similar argument, the equation (2.12) has an invariant probability measure, say pu,

with density

ay
D @ g
F(Ch)

. Therefore, the solution 53 with the initial condition

fo(x) =

2u+to} b — 2(at(y1+72)0)
2 V1l — 2
a1 a7

5%(0) = u > 0 satisfies the estimates

where a; =

1[5 0
lim — [ S%s)ds = ot (n+9) a.s. (2.13)
t—oo t [ 7!
and . )
im 1/ ;dT = 2/t + 0 , a.s. (2.14)
tooot Jo SO(T) 2(a+ (1 +72)0)

From (2.13), for any € > 0, there exists a T} > 0 such that P(Q) > 1 — $, where

1 [*s 0 A
QY = w:—/SZ(T)dTga—i_(%—i_%) + —forallt >1T; 5.
t Jo L 10

Since 5%(s) < S%(s), s > 0 almost surely for u < H, P(Q%) > 1 — § for all u € [0, H]. The

strong law of large numbers for Brownian motion

By (t
tim 20 _ 0 as. fork = 1,2,3, (2.15)
t—o0
implies that P(€2;) > 1 — £, where
By _ A
Qy = {w ; ’akt d < 10’ forallt > Ty, k = 1,2,3} for some T3 > 0.

We can choose T' > max{7Ty,T,} such that

vs exp{—IAT} -

2 < (2.16)
C3 + 50’3 — 5)\

By virtue of Lemma 2.2, there exists an M = M (e, T, H) > 0 such that
P(Q) > 1 — Z, for all, (u,v,w) € R® withu+v+w < H,

where

0y = {w : /OTﬁsZ<T)dT < ]\/[} . (2.17)

7



Moreover, we can choose M sufficiently large such that

P(Qy) >1-— Z where Qy = {w : |oxBi(t)] < M, for allt € [0,T] and k = 1,2, 3}.

Let h > 0 be sufficiently small such that

2
eles+3H)T+3M

0
h@M 1+’}/3 S 5

2
a.
03+73

Define a stopping time
T=inf{t >0:Q.(t) > 6}.

It yields from the second equation of (1.1) that

L(t) = L.(0) exp { /0 ' BS.(r)dr — <02 + %%) ‘+ 0—232@)} |

Therefore, on Q3 N 2y, we have

2

L) (= F)T < [ (1) < L0)e®™ for all t € [0, 7.

Furthermore,
t
Q.(t) = O(t) {QZ(O) —|—/ 73]2(7')@1(7)d7}
0
with
0_2
o) = (s F s
It is seen that on 4 there holds

O(t) < e3P < M for allt € [0,7].

Hence, by (2.22) it yields that

o2
eles+3H)T+3M

t t 2
/ 2L (1)0 (r)dr < L(0)s / M I < (0)3
0 0

0.2
c3 + 73
for all t € [0, 7] and w € Q3 N Qy. As a result, if 1,(0), Q.(0) € [0, h) then

2 2
(cs+3)T+3M eles+3)T+3M

¢ <eM | h+hys

IN
N D

Q-(t) <e™ | Q.(0) + L.(0)y3

63—|—U?g C3+U_2§
for all t € [0,T], w € Q3N Q. Thus, if z € [0, H] x [0, ) x [0,h) then
?>T, fOI'&HWEQgﬂQ4.

8

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)



We are going to provide that
T = 0o, for almost every w € M. (2.28)

or any initial value z € [0, H] x [0, h) x [0, h). Indeed, for t € [T,7) we have S.(7) < 5%(7)
for all 7 € [0, ¢], which implies that for almost every w € Ni_ O,

L(t) = L(0) exp {/Ot BS.()dr — (02 + %5) t + oy B(t)

< I,(0) exp {/Ot BSY(r)dr — <c2 + %3) t+ 02 B(1)

o+ (’)/1 + ’}/2)(9 A (7% X
< JE— J— —— _
IZ(O)exp{5< —1—10 t co + 5 t+1ot
3Nt Tt
= I1,(0) exp {)\t + 0 } h exp { 0 } (2.29)

With ¢ > T we can rewrite (2.23) as

Q.(t) = O(t) [QZ(O) —l—/o *yg]Z(T)@_l(T)dT] + @(t)/ 3L (T)O~(7)dT. (2.30)

On the set w € €y, it is seen

, o~ , o~
o3 A o3 A
exp{ (c;; + 5 + 10) t} O(t) exp{ (c;; + 5 10) t} , Vi>T. (2.31)

Combining (2.29) and (2.31) obtain that for z € [0, H] x [0, h

v
X

=)

=

0(t) [ 1L ()0 (7)dr < l.(0)exp {_ <c3 + % %) t}

T

< ph——g 2= <h, (2.32)

where the last inequality follows from (2.16). Let n be any integer greater than 7. From
(2.26), (2.30) and (2.32), it follows that for any (u,v,w) € [0, H] x [0,h) x [0,h) and for
almost every w € N{_, Q. and ¢ € [0,n A T)

Qz(t)§g+h<6.

9



This implies that 7 > n for almost every w € N{_,Q. Since n is arbitrary, we get (2.28).

Further, it follows from (2.30) (2.31) and (2.32) that

2 3 exp {(03 +% - Q)T} —1Nt
Qz(t) < e*(03+73’%)t h + v3h 022 ~5 + fygh% (2_33)
C3+§—% 03+§0'2—5)\
on N{_, Q. Using (2.28) and letting ¢ — oo in (2.29) and (2.33) obtain
lim I,(t) = lim Q,(t) =0 (2.34)
t—00 t—o00

for any initial value z € [0, H] x [0,h) x [0,h) and for almost every w € M;_,;Q. Tt is clear
that P(N{_;Q) > 1 — e. Thus, we obtain (2.10). Moreover, from (2.28) and comparison
theorem we can see that S.(s) < S%(s) for all s € [0,00) and w € N:_, Q. Therefore,

I IS 0
lim sup —/ S.(t)dr < lim = [ S%(r)dr = a+(n+7) on NMi_; Q. (2.35)
t—o00 t 0 t—oo { 0 ol
This gets (2.11) and hence the proof of lemma is completed. O

Proof of Theorem 2.1. Since the system (1.1) is non degenerate, it is either recurrent or
transient with a probability 1 (see Kliemann [14, Proposition 3.1]). Therefore, (2.34) takes

place with a probability 1. Consider random accupation measure
~ 1 [t
II'(A) = ;/ L{(s.(m).1o(m).Q-(meaydT, >0, A€ B(RY).
0

By using [7, Lemma 5.7], we can show that with probability 1, any weak limit of I as
t — oo is an invariant probability measure of process (S,(t), I(t), Q.(¢) in R%. From (2.7)
and (2.34), it is seen that the family of measures {II'(-,w),t > 0} is tight in R? for almost
sure w € € and any weak limit of II/(-) as ¢ — oo must have support on Ry x {0} x {0}.
Clearly, on Ry x {0} x {0}, the process (S,(t), 1.(t), @.(t) has an unique invariant probability
measure 1”0 x df0y X Og0y, Where dyqy is the Dirac measure with mass at 0. As a result,

lim ﬁt() = MO X 5{0} X 5{0}, a.s.

t—o00

2
On the other hand, the function x — z!'™ is p’-integrable whenever 0 < p < —/; and
o
{% fg S.(rT)dr : t > 0} is uniformly integrable for almost sure w € €. Thus, there exists the
limit

1/t «
lim — [ S,(7)dT = / zp’(dx) = = a.s. 2.36
i 5 [ iy = [ aptan) = (2.36)

10



From the second equation of (1.1) and It6 formula we obtain

ECRRIAU LY YAV R W}

t t 2 t

Therefore, it follows from (2.36) that

In7,(t)

lim

t—o00

= )\ for almost sure w € €.

Thus, for any € > 0 sufficiently small, there are two random variables 7y, 7, such that

me(k—f)t <L) < 772€(A+a)t for all ¢t > 0.

Further, there exists the limit

2
lim nO() = — <03 + §> a.s,

t—00 t 2

which implies there are two positive random variables &, & satisfying
2 2
—(es+F+e )t —(es+ T )t
&12e (3 2 6) < O(t) < &e (3 2 E) a.s for all t > 0.

Hence, from (2.23) we get

Ele <CS+L§+€)t [Qz(o) + % /Ot e(A+03+C§2€)TdT]

&1 Jo

<Q.(t) < o (rd-2) [sz) o / G(H(;H;%Hg)TdT] |

which implies that

2
max {)\, — (03 + %)} —2e < liminfw

t—o0

In Q. (t 2
< lim sup th *) < maX{A,— (C3+2>} + 2¢ a.s.

t—o00 2

Thus,

1 2
lim thz(t) = max {)\, - (03 + 2) } a.s.

t—o0 2

On the other hand, consider the stopping time

Cn = inf {t Z n: Sz(t> + Iz(t) + Qz(t) = max [SZ(T) + IZ(T) + QZ(T)]

n<r<n-+1

11

(2.37)

(2.38)



From (2.9) we have

E| max wuﬂ+@m+wamﬂ=MW&mmu@m@@m

n<r<n-+1

Cn
gm«@mmkmmam»+E/‘Lv<<> (5Q.()) dt
< EV(S.(n), L(n), Qu(n)) + K1E[Ga — 1] < EV(Su(n), L (), Qu(n)) + K.

Thus,

E sup V(S.(t), L(t),Q.(t) SEV.(S(n), L(n), Q.(n)) + K, < K + Ky, (2.39)

n<t<n-+l1

where K = sup;», EV(S.(t), I.(t), Q.(t)) < oo by Lemma 2.2. For any ¢ > 0 and n € N put

A, = {w : ln(supngt§n+1 Sz<t)) > 8} '

n

By virtue of (2.39)

Z]P’ < (K 4 K;) Ze—an .

n+1 n+1
Therefore, Borell-Canteli Lemma says that

In [Supn§t§n+1 Sz(t)]

lim sup <0 a.s.
n—00 n
In particular,
InS,(t
lim sup In 5. (t) <0 a.s.. (2.40)
t—o0 t
Hence,
InS,(t) +1Inl,(t _ InT,(t
lim sup nS:(t) +In L. (¢) Shmsupn—og)\<0.
t—o0 t—o0

As a result, for any €, > 0, there exists a positive random variable £ such that
S, (O L(t) < EeMTT Ve > 0. (2.41)
In order to show that S.(t) converges to S°(t), we consider

d(S(8)=52(1)) = [=p(S(8) =52 (1)) +BS-(D) L(8) = L. (1) =12Q= (D)]dt+00 () (1) = S.(¢) )dBi (¢).

(2.42)
J(t) = exp { (/L + %%) t— alBl(t)} :

12

Denote



Using constant-variation formula, it implies from (2.50) that

006) — 5.0 = 507(0) [ VOISDIL) = mI(r) 2ot
It implies that
t
50710 [ D))+ Qi < S0 = .40 < 997 0) [ 9L

0

(2.43)

Let A = max{—(c3 + ‘ﬁ) A} and let 2> max{—(u + U—%);X} be arbitrary. We choose g1 > 0

such that A\ — g1 > max{—(u + ) A}. Since limy_ oo h”:(t) =+ U—;, there are two positive

random variables &1, & satisfying
§1€(M+§_%)t <J(t) < 526(#+L§+%)t- (2.44)
As a result of (2.37) and (2.38), there exists a random variables &3 such that
L) V Q.(t) < &3 (2.45)
From (2.41), (2.43), (2.44) and (2.45), we get

N O 3 o 5 3 o? e

e M(SO(t) — S.(t)) > —Ple(_’\_(l“r?%”rl)t fot e(’\ﬂﬁ%*%)sd&
~ o~ —~ . - o2 .

e M(S0(t) — S,(1) < el A—(ut T+t I SO+ )s ds,

where I'] = % and I'; = % Using L’Hospital rule obtains
. RS . A (ut Ty rsiy (ot (/\+u+ +51>
limsup e (S9(t) — S.(t)) > — lim [ye-Ar2)T30t [Fe ds =0
t—o00 t—o0 )
~ o~ o3\« A 91181 g
lim sup e (S9(t) — S.(¢)) < lim Tpel3- 0t fge< L AT
t—00 00
Thus,
lim e M(S0(t) — S.(1) =0 a.s.
—00
The proof is complete. 0

2.2 Case 2: A>0 (or R > 1)

Theorem 2.4. Let (S,(t), 1,(t),Q.(t)) be the solution to the equation (1.1) with initial value
z=(u,v,w) € R:,v>0. IfA>0 (07“]?{ > 1), the model is strongly stochastically permanent

in the sense that for any € > 0, there exists 6 > 0 such that

1itrg£fﬂ){min{sz(t), L(t),Q.(t)} > 6} > 1—c¢, (2.46)
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To proof Theorem 2.4 we need following lemmas.

-~

Lemma 2.5. For any 0 < h < H < o00,T > 1 and € > 0, there exists 5= (H,h,T,e) such

that
P{min{S.(t), L.(t), Q.(t)} > 6Vt € [T,2T]} > 1 —¢

holds for all initial value z = (u,v,w) € [0, H| x [h, H] x [0, H].

(2.47)

Proof. Recall from the proof of Lemma 2.3 that there exist an M such that P.(Q) > 1— s

where

t —~
G={o: sup o Belo) v/ S.(r)dr < M.
0

t€[0,27]

Similar to (2.22), we have

L(0)e ™ M=(eto)T < 1 (1) < 1.(0)e*™ for all ¢ € [0,27].

Therefore, on Q we have

L(t) > L(0)e M-Ce+oD)T .— 6 for all ¢ € [0, 27].

It implies from (2.24) and (2.48), that

e~ (Reatos)T-M < O(t) < eﬁ, for almost surely w € Q and ¢ € [0, 277.

Combining (2.23), (2.51), we obtain

— t —
Qz(t> Z 67(203+03)T7M |:Qz(0) —|—/ ’}/351€Md7':|
0

> ”yg,élTe’(2c3+”3)T’2]\7 =: 0 forall t € [T,2T].
On the other hand,

5.(6) = W(r) (sz<o> T / G () (a + (7 + %sz»m) |

where - :exp{—ﬁ/otfz<7>d7_ (,ﬁ(%%) t+alB1(t)}.

In view of (2.49), for almost sure w € €2, we have
exp {—2BHT€2]\7 — 2u+o})T — ]TI/} < U(t) <exp {]TI/}

14

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)



Therefore,
t —~ —~
S.(t) > \If(t)/ QU= (7)dr > T exp {—25HT@2M —(2u+ T — zM} =0y, Vi€ [T;27].
0

By putting 6 = min{dy, 9z, I3}, we see that min{S,(t), I.(t), Q.(t)} > Sforallte [T,2T] on
Q. The proof is completed. [

Lemma 2.6. Let (S.(t),1.(t),Q.(t)) be the solution to equation (1.1) with initial value
z=(u,v,w) € R IfA >0 (or R > 1), there exist 0 > 0 and H = H(0) such that

limsupEI?(t) < H for any (u,v,w) € R3 v > 0. (2.54)

t—o0

Proof. Since 1,(0) = 0 then L(t) = 0 and S,(¢) = S°(t)) for all ¢ > 0. Therefore from (2.3),
(2.4) and Feller properties, there exist ¢, > 0 such that

1t o3 3A . . 3
fim [ GRS — (e 2 ) > 2 uniformly in = = (u0,u) € B v <4,
0

t—o0 2
Thus, we can find a constant T sufficient large satisfying
r o3 AT
/0 BE[S, (7)]dT — (02 + %) T > > uniformly in z = (u,v,w) € R:, v < 4§y (2.55)
By using It6 formula and (2.55), for z = (u,v,w) € R%,v < d;, we have
AT
EInl(T)>Inv+ 5 (2.56)

Consider the Lyapunov function Vy(u, v, w) = v=?, where 6 is a positive constant. We have

0+1
LVy(u,v,w) = —v~° [Bu— <u+pl+%+73— _5 03)1

S HO‘/O(uy v, w)7

where Hg = 0 (u+ p1 + 71 + 73) - Thus, by using It6’s formula and taking expectation both

sides, we obtain
EI;%(t) < v % exp(Hyt) for any t > 0,2 = (u,v,w) € R%, v > 0. (2.57)
From Lemma 2.2 and (2.57), we obtain

E(L({t)+I;'(t)) <H <oo forall0<t<T.
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Applying [7, Lemma 3.5, pp. 1912] yields that the that the log-Laplace transform InE, ;I;%(T)

1

is twice differentiable on [0, 5) and there is a constant Hj such that

InEI;%(T) < —Eln 1(T)0 + Hy0%. (2.58)
By combining (2.56) with (2.58), we arrive at

EIZ_O(T> <o’ eXP(—T) for (u,v,w) € Ri,v < 04.

with a sufficiently small #. This inequality and (2.57) imply that

EL9T)<qu’+k forall (u,v,w)ée Ri,v > 0,

z —

AT

where £ = 8,7 exp (2% — 20T

)andq:exp( )

By using standard arguments as proof of [20, Theorem 2.2], we obtain (2.54). [

Proof of Theorem 2.4. In view of (2.54), for any € > 0 there exists 05 > 0 and a sufficiently
large k € N such that
P{L(KT) > 65} > 1—e. (2.59)

By combining (2.59), Lemma 2.5, and the Markov property of the solution, we have
P{min{S. (1), L.(t), Q.(t)} > 8,V € [(k+1)T, (k+2)T]} > 1—¢ for any (u,v,w) € R>, v > 0.
Letting k& — oo in this estimate yields (2.54). The proof is completed. [

From (2.46) implies that for all € > 0, there exists 6 > 0 such that

e 5
lim mf;/ E[1(s.(rzaL(n200-(rza} AT 2 1= 5 (2.60)
0

t—o00 4

Let H > 4]\54”. We also have from (2.7) that

. 1 [t ) 1 [t
lim sup— / EX {max{s. (r),1.(r),Q.(r)}>r}d7T < limsup — / El(s. (r)+1.(r)+Q.(rn)>H}AT
t—o00 t 0 t—00 t 0

1 1

t M .
i 1+ P
S H1+p hrtri)sogp ;\/0\ ]E(Sz(’r) + [z(7_> -+ QZ(T)) pdT S H1+p S Z

(2.61)

It follows from (2.60) and (2.61) that for all € € (0, 1) we can choose H sufficiently large and
0 sufficiently small such that
¢

1
lim inf ; ]El{(sz(T)7Iz(T),Qz(t))ED}dT >1—e>0, (2.62)
0

t—o00
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where D = {(u,v,w) : § < u,v,w < H}. By virtue of the invariance of R%® = {(z,y, 2) :
x,y,z > 0} under equation (1.1), we can consider the Markov process (S,(t), I.(t), Q.(t))
on the state space R}°. Tt is easy to show that (S.(t), L.(t), Q.(t)) has the Feller property.
Thus, in view of inequality (2.62) and the compactness of D in R , we implies that there
is an invariant probability measure 7* on M (see [19] or [15]). By the independence of
By (t), By(t), Bs(t), it implies that R%° is the support of 7*. Hence, the invariant probability
is unique and the strong law of large numbers holds; see [13, Theorems 3.1, 3.3]. We have

the following result.

Theorem 2.7. If A\ > 0, soluion (S.(t),1.(t),Q.(t)) of the equation (1.1) has a unique

wwvariant probability measure ™ with support Ri’o. Moreover,

(a) For any m*-integrable f(x,y,2) : R2° — R, we have

thmt/f (1),Q dT—/fmy, “(dz, dy.dz)a.s

(b) For all initial value (u,v,w) € R,

lim [|P(¢, (u,v,w),-) =7 ()[| =0,

t—o00

where P(t, (u,v,w),-) is the transition probability of (S,(t), I.(t),Q.(t)) and || -| is the

total variation norm.

3 Discussion and Numerical Examples

We have shown that the extinction and permanence of the disease in a stochastic SIQS
model with isolation can be determined by the sign of a threshold value A. Only the critical
case A = 0 is not studied in this paper. To illustrate the significance of our results, let us
compare our results with those in [23]. Firstly, our results can be proved without the appeal
to the condition p > %2 Moreover, in case R< 1, instead of convergence in mean, we prove
that the system (1.1) approximates to disease free case and S,(t) converges almost surely
to S’O(t) at an exponential rate. In case R>1we prove that the disease is permanent and
a stationary distribution exists. Of course, this result follows the persistence in mean as in

[23, Theorem 4, p. 370]. Let us finish this paper by providing some numerical examples.
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Ezample 3.1. Consider (1.1) with parameters « =4, f =2, u =2, py = 1,ps = 0.25, y; =
0.5,7% =0.25v3 =1, 0y = 1, and 09 = 2.5 and o3 = 2. With these paramaters condition

rnax{%2 ,i=1,3}

p > ——5—= is not satisfied. Direct calculation shows that A = —3.625 < 0. By virtue of

In’ 1 1 _ Q0
Theorem 2.1, lim nZ() _ ~3.625, lim nQ.(t) _ “3 and Lim n|S.(t) — S°(t)]
t=00 13 t—00 t t—o0 t

< —=2.5.

This claim is supported by Figures 1. That is, the population will eventually have no disease
and S.(t) convergence to S°(t) at exponental rate.

Simulator Ini)t Simulator In(Q(E)t Simulator In(ilde(S}0()-S(t)t

In(i)t (@)t In(uilde(S}0(t)-S(E)t

2 ]
3 ]
s AM

7! L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200
t

In{itilde(SPO(Y-S()t

(in ping line) and

Figure 1: Estimated paths of (in red line),

In | (t) — Sg(t)|
t

InI,(t)
t

InQ.(t)
t

(in blue line) in Example 3.1.

Ezample 3.2. Consider (1.1) with parameters « =5, 8 =5, u =1, py = 0.5,p5 = 0.25, 7, =
0.5, 72 =0.25, 73 = 1.5, 01 = 1, and 09 = 2.5, 03 = 1, . For these parameters, the conditions
o> M is also not satisfied. We obtain A = 18.375 > 0, As a result of Theorem
2.4, model is strongly stochastically permanent. A sample path of (S.(t), I.(t), Q.(t)) is

described in Figures 2

Simulator S(t) Simulator I{t) Simulator Q(t)

25

Figure 2: Trajectories of (5.(t), 1,(t), Q.(t)) in Example 3.2.
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