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Abstract

In this paper we will study the asymptotic behaviour of certain widths of the embeddings
Ay (T?) — L,(T%), 2 < p < o0, and A, (T?) — A(T?), where A, (T?) is the weighted Wiener
class and A(T?) is the Wiener algebra on the d-dimensional torus T¢. Our main interest will
consist in the calculation of the associated asymptotic constant. As one of the consequences
we also obtain the asymptotic constant related to the embedding of C™ (T¢) into Lo(T%)
for Weyl and Bernstein numbers.

Keywords and Phrases: Mixed smoothness, Wiener algebra, compact embeddings,
widths, asymptotic constant, dimensional dependence

1 Introduction

In this paper we are concerned with the behaviour of certain widths (s-numbers) with respect
to the embedding of a weighted Wiener class A, (T?) on the d-dimensional torus T¢ into either
the Wiener algebra A(T?) itself or into L,(T%), 2 < p < oco. Most interesting for us will
be the case of dominating mixed smoothness. In this case the weight w = w;,, has a tensor
product structure and the related spaces A" (T?) are counterparts of the well-known Sobolev
spaces H! (T¢) of dominating mixed smoothness s > 0. The parameter r € (0,00] does not
influence the set of functions but the norm. Our motivation comes from some recent articles
in high-dimensional approximation, see, e.g., [3], [10] and [/ 1], which are dealing either with
approximation of functions from A% (T¢) or with approximation in the norm of A(T?).

In specific situations we shall not only investigate the optimal order of the decay of the
widths (as classically done) but we shall determine the asymptotic constant as well. This sheds

some light not only on the dependence on n, but also on the dependence on s, r and in particular
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on d. Our main results are the following. For 0 < s < 00, 0 < r < oo and d € N we have
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nvoo n—(Inn)*@1) R CE
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Here s, € {an,byn,dn,x,}. By a, we denote the approximation numbers (linear widths), by
b, the Bernstein numbers, d, refers to the Kolmogorov numbers and z,, to the Weyl numbers.
From these relations it is immediate that in the first two cases the optimal order of the decay
(asymptotic behaviour) is given by n~* (Inn)*(¢~Y, n € N, whereas in the third case we have
n—s—1/2 (In n)s(dfl), n € N. With other words, for approximation numbers there is not much
difference in the approximation with respect to the norm of the Wiener algebra A(T?) or with
respect to the norm in Ly(T?), but for Bernstein and Weyl numbers it is. The value of these
limits above we shall call asymptotic constant. In case of the target space Lp("]I“d)7 2 <p<oo,we
are not able to determine the asymptotic constant, we do not even no whether the limit exists.
However, we will prove two-sided estimates for the approximation numbers (and sometimes also
other widths) with constants independent of n and d.

Our method consists in a reduction of our original problem to the investigation of the widths
of certain diagonal operators between sequence spaces. This is essentially standard and has been
employed at many places.

The original motivation to consider the d-dependence of the behaviour of approximation
numbers comes from the needs of numerical analysis in high dimensions. We refer to Bungartz,
Griebel [1, Theorem 3.8] as well as to Schwab, Siili, and Todor [27]. In both papers the non-
periodic situation is considered. These papers have found a lot of followers. Let us refer to
Dinh Dang, Ullrich [7], Chernov, Dinh Dung [1], Krieg [14], Kithn, Mayer, Ullrich [15] Kiihn,
Sickel, Ullrich [16, 17, 18] and Cobos, Kiihn, Sickel [5, 6]. In all these quoted papers the
asymptotic behaviour as well as the preasymptotic behaviour of the approximation numbers of
the embedding of a weighted Hilbert space F,(T%) either into Ly(T?) or into Leo(T%) have been
investigated.

Let us give a short overview what is known about the d-dependence of certain n-widths at
this moment. For simplicity we concentrate on approximation numbers.
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Each arrow has to be interpreted as the existence of a sharp two-sided estimate for ap-
proximation numbers of a corresponding embedding with constants independent of n and d. Of
course, it would be desirable to replace Afr’gx(Td) by the classical (mixed-type) Holder-Zygmund
space C%,. (T%) (or by the Nikol'skij-Besov space S5, . B(T?) of dominating mixed smoothness).
However, with this respect we do not have a complete answer. Only for Bernstein and Weyl
numbers and m € N we know

i b (id : Ci (TY) = Ly(TY)) - (T?) — Ly(T%))

mix
n—r00 n_m_%(ln n)m(d—l) n—00 n_m_%(ln n)m(d—l)

In addition, since we have sharp estimates for embeddings of A”% (T9) into Ly(T?) and into
Loo(']l‘d), it is not a surprise that we are able to derive also sharp two-sided estimates for the
L-case, 2 < p < oco. But for 1 < p < 2 we do not know so much, we refer to [06] for some results,
mainly based on duality. Finally, we shall deal with the behaviour of s-numbers with respect
to the embedding Afﬁx('ﬂ‘d) < HY(T9). As a preparation for this we shall supplement the

knowledge about the asymptotic behaviour of s-numbers of the embedding H*?2 (T%) — H(T%),

Tn, (id o™

mix

see, e.g., [1], [7] and [15], by determining the asymptotic constant. Clearly, HL. (T%) # H'(T%),
in fact the embedding Hl. (T?¢) — H'(T) is proper. It holds
- ag(id s AYE(TY) — H'(TY)) g (id s AN (TY) — H'(TY))
lim = lim
n—00 n—s+1 n—o00 n—s+l
25 \°
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(5y) 2025+ 1) ,
and
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where d € N, s > 1 and
“+00

1
S = .
T
Those embeddings are of particular importance with respect to the numerical solution of the
Poisson equation, we refer to [1]. Having a look onto the asymptotic constants in (1.1) and (1.2)
then it becomes clear that there is no simple lifting argument behind. Indeed, this can not be



expected because H'. (T?) belongs to a different scale of spaces than H!(T?). The latter space
is not a tensor product space. So in the embedding A% (T?) < H!(T?) we have a break in the
scale.

It would be also of interest to study the isotropic situation. In this case the related spaces
A®"(T?) are counterparts of the classical periodic Sobolev spaces H*"(T%) on the d-dimensional
torus. The behaviour of the s-numbers (s,),, in dependence on n for the embedding H*" (T%) —
Lo (Td) has been investigated at various places, but for investigations in dependence of n and d
we refer to [10].

The paper is organized as follows. In Section 2 we collect the needed material about the
functions spaces and the widths under consideration. The next Section 3 is devoted to the study
of the widths s, (id : A, (T?) — X(T%)) for general weights w and X € {A, Ly, Loo}. These
results will be used in Section 4, where we deal with the particular family of weights associated
to the dominating mixed smoothness. In the final Section 5 we shall determine the asymptotic
constant for the embedding Afrfx(']l‘d) — HY(T?).

Notation

As usual, N denotes the natural numbers, Ny the non-negative integers, Z the integers, R the real
numbers, and C the complex numbers. By T we denote the torus, represented by the interval
[0, 27], where the end points of the interval are identified. For a real number a we denote by |a|
the greatest integer not larger than a. The letter d is always reserved for the dimension in N,
Z4 R4 C? and T¢. For 0 < p < oo and & = (x1,...,24) € R? we denote |z|, = (Z?Zl |2 |P) 1/
with the usual modification for p = co. If a € Nd and = € C? we use z& := Hle x;" with the
convention 0° := 1. Let Q be a discrete set. Then the symbol |Q| stands for the cardinality of
the set Q). If X and Y are two Banach spaces, the norm of an element x in X will be denoted
by ||z|X|| and the norm of an operator A : X — Y by ||[A : X — Y||. The symbol X — Y
indicates that there is a continuous embedding from X into Y. By id we denote always identity
operators.

The equivalence a, =< b, means that there are constants 0 < ¢; < ¢ < oo such that
c1an < by < coay for all n € N Sometimes we write a,, <4 by, then we mean that the
constants ¢; and co depend on the parameters s and ¢ only.

2 Preparations - widths and function spaces

First we recall the definition of various widths which will play a role in our investigations.

2.1 Widths

Let X, Y be Banach spaces and T be a continuous linear operator from X to Y, ie., T €
L(X,Y). Then the nth approximation number of 7" is defined as

an(T):=if {|[T-A: X =Y]|: Ac L(X,Y), rank(A) <n}, neN.
The nth Kolmogorov number of the linear operator 7' is defined as

dp(T)= inf sup inf [Tz —y|Y|,
Ln—1 |z x||<1¥€Ln—1

where the left-most infimum is taken over all (n — 1)-dimensional subspaces L1 in Y.
The nth Weyl number of T is defined as

zn(T) == sup {a,(TA): A€ L(,X), |A <1}, neN.
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The nth Bernstein number of T is defined as

bn(T) =sup inf [Tz |Y],
xELn

"ozl X<t

where the supremum is taken over all n-dimensional subspaces L,, in X.

There is a huge amount of literature about these numbers, their different roles in approxima-
tion and operator theory and applications. Approximation, Kolmogorov, Bernstein and Weyl
numbers are s-numbers in the sense of Pietsch [21], [22, Section 11.1]. Later, in [23, Section 2.2],
[25] Pietsch modified the definition of s-numbers and Bernstein numbers do not satisfy these
new conditions, but the other still do. All these numbers have its own history. Good references
are the monographs of Pietsch [22, 23] and of Pinkus [20].

Some properties

Many times we shall employ the ideal property, i.e., if s = (s, )nen is one of the above sequences,
then

sn(RST) < [|R[ sn(S) T,  neN, (2.1)
holds, see [21], [22, Section 11.1]. Here R,S,T are linear operators satisfying T' € L£(Xo, X),
S € L(X,Y), and R € L(Y,Yy) for certain Banach spaces Xy, X,Yp,Y. Furthermore, the
approximation numbers represent the largest s-numbers. For compact operators T it holds

bo(T) < dn(T) < an(T),  neN.

We refer, e.g., to [21, Theorems 8.1, 8.2]. There is no general inequality relating Weyl and
Bernstein numbers, Weyl and Kolmogorov numbers, see [25]. However, if T': X — Y, where
Y is a Hilbert space, then there is a relation between them. For any A : fo — X with |A]| <1
we have TA: ¢ — Y and by Theorem 11.3.4 in [22] we conclude that

an(TA) = by (TA) < JJA|| - 0p(T: X =2Y)<b,(T: X =Y).
It follows immediately from the definition of the Weyl numbers that
20(T) < by (T) (2.2)

in this special situation. We also have if Y is a Hilbert space that

see [22, Proposition 11.6.2].

As it will be seen below, Bernstein numbers and Weyl numbers will behave similarly in our
context and in the same way Approximation numbers and Kolmogorov numbers. Therefore we
will use the following convention.

Convention: The notation v, (7") will be used instead of z,,(T") and b, (T"). The notation wu,(T")
will be used instead of a,(T) and d, (7). This means if we say v, has properties x,y, z then
both, Bernstein numbers and Weyl numbers have these properties etc..



2.2 Function spaces. I

Let T = [0,27] denote the torus and T be the d—dimensional torus. We equip T¢ with the
probability measure (27r)~?da. This is for convenience. It implies |T?| = 1 and this is needed for
the theory developed in [5]. Furthermore it has the advantage that several related embeddings

will have operator norm equal to 1. For a function f € L;(T¢), its Fourier coefficients are
defined as

(k) = (27) /T f@eede, ke

Note, that the system {¢*® : k € Z?} is an orthonormal basis in Ly(T?). Hence, it holds for
any f € Ly(T?) that

d\|I12 = (9,7)~4 2)2de = FO)I2
1F1L2(T)[" = (2m) /Td\f( )Pdw = [f(k)|

kczd

Let w = (w(k))keze be a sequence of positive real numbers. Those sequences we will call a
weight in what follows. We introduce the weighted Wiener class A, (T?) as the collection of all
functions f € Li(T%) such that

1A ALTH] = D> w(k)|f(k)| < oco.

keZd

In case w(k) = 1 for all k € Z¢ we get back the classical Wiener algebra A(T?).
As a second scale of function spaces we introduce some weighted Hilbert spaces built on
Ly(T%). The class F,,(T%) which is the collection of integrable functions f € L;i(T¢) such that

1/2
|A1F(TY] = ( 3 w(kmf(k)yz) <.

kcZd

For later use we remark that

1F 1Eu (T < | f AT, (2.3)

or with other words, the norm of id : A, (T¢) — F,(T?) is equal to 1. In what follows we
suppose
lim |w(k)| =oc. (2.4)
|k|—o00
Then an important role will be played by the non-increasing rearrangement of the sequence
(1/w(k))geza, denoted by (o5, )nen. Observe that (2.4) implies on the one side the compactness
of the embedding F,,(T%) — LQ(Td)) and on the other side lim,, o o, = 0.

Lemma 2.1. Let (w(k))peze be a sequence of positive real numbers such that (2.4) is satisfied.
Let sy, € {xp, by, dn,an}. Then we have

sn(id : Fy(T%) — Ly(TY)) = oy, ne€N.

This lemma represents nothing but a convenient reformulation of a classical result on the
behaviour of approximation numbers of certain diagonal operators, see e.g. Pietsch [22, Theorem
11.3.2.], Kénig [13, Section 1.b], Pinkus [26, Theorem IV.2.2], or Novak and Wozniakowski [19,
Corollary 4.12]. Comments on the history may be found in Pietsch [24, 6.2.1.3]. The lemma has
been used already in several of our earlier papers devoted to this subject, see, e.g. [16, 17, 5].
There it is formulated for approximation numbers only. However, we are in a Hilbert space
case. There all theses numbers coincide, see [21] and [22, Theorem 11.3.4].



3 Widths of weighted Wiener classes - general results

Essentially we will consider two different cases, namely s, (id : A, (T?) — A(T?)) and s, (id :
A (TY) — Ly(T9)), where s, € {an,bn,dn,z,}. In addition a supplement to the case id :
A (T4) — Loo(T?)) will be given.

3.1 Widths of id : A,(T¢) — A(T?)

The main result in this subsection will be an surprising identity, see (3.5) below, very easy to
prove. But before we have to calculate s, (id : Ay, (T?) — A(T?)).

Theorem 3.1. Let w = (w(k))geza be a weight satisfying (2.4). Let s, € {zp, by, dn, an}.
(i) Then we have
sn (id : A, (T4 — A(Td)) = Op, neN. (3.1)

(i) Let n € N. Let A C Z% be a set with the two properties
e The cardinality |A| of A isn — 1.
e Forany k€ A and anyl & A it holds w(k) < w(l).
For f € L1(T%) we define

Saf(@):=>_ f(k)e*™,  xeT’

keA

Then

an(id : Ap(T?) — A(TY)) = sup || f— Saf]A(TY].
[l £ 1A (T)|I<1

Proof. Step 1. Proof of (i). We consider the following commutative diagram

Au(T) —4 A(T9)
lA ]B
n(zhy Loy gz,

where the linear operators A : A, (T?%) — ¢1(Z%), B : #,(Z%) — A(T9) and
Dy : £1(Z%) — £1(Z%) are defined as follows:

Af = (w(k)f(R))kez (3:2)
Dy§ = (e/w(k))gezd £ = (§k)keze
(BE(x) = Y &e*™, zeTd (3.4)
kezd

It is obvious that ||A|| = ||B]| = 1. By the ideal property (2.1) and the identity id = B D,, A it
follows
s (id : Au(T?) — A(T?)) < s, (Dw : G1(Z) — 61(ZY) .

Theorem 7.1 in [21], see also Proposition 2.9.5 in [23], yields

sn(Dw : L1(Z%) = £4(2%) = 7y, .



This proves the estimate from above. Now we employ the same type of arguments with respect
to the diagram

06zt 2o 0z

R
Au(Td) — 5 A(T9).
It is easy to see that the operators A and B are invertible and that |A~Y| = |[B7!|| = 1.
As above we conclude

0 = $n (D 41(ZY) — 01(Z%)) < s (id + Ay(T?) — A(TY)) ,

which completes the proof of (i).
Step 2. Proof of (ii). By definition of the sequence (o), we conclude

1f = Saf AT = D If(k)| < sup wb( > \W(k)f(kﬂ)

keZA\A ez W) keZA\A
on || f1AL(TY] .

IN

This proves
|id — Sp |Aw(T?) — A(TY)|| < 0, = an (id : Au(T?) — A(T?)).
But by definition of a,, we know a, < ||id — Sp |Aw(T?) — A(T%)||. This proves (ii). O

Corollary 3.2. Let w = (w(k))pecze be a weight satisfying (2.4). Let s, € {zpn,bn,dn,an}.
Then, for all n € N, we have

s (id + Ay (T — A(TY)) = s, (id : Fo(T?) — Lo(T%)). (3.5)

Furthermore, in both cases the operator Sy, defined in Theorem 3.1(ii), realizes the optimal
approximation, i.e.,

|id — Sp |Au(T?) — A(TY)|| = ay, (id : Au(T?) — A(TY))

and
|id — S |Fu(T%) — Lo(T%)|| = an (id : Fu(T?) — Lo(T?)).

Proof. Lemma 2.1 and Theorem 3.1 yield the first part of the claim. The second part is a
consequence of Theorem 3.1(ii) and Remark 4.2 in [16]. O

3.2 Widths of id: A, (T%) — Ly(T?)

Now we turn to the Lo-case. Here we need our convention. Weyl- and Bernstein numbers have
a different behaviour than approximation and Kolmogorov numbers.

Theorem 3.3. Let w = (w(k))gezae be a weight satisfying (2.4).
(i) In case of Weyl and Bernstein numbers we have

n —-1/2
o (id : Ay(T%) — Lo(T?)) = (Za;2> ,  mnmeEN.
k=1
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(ii) For approximation and Kolmogorov numbers it holds

1/2
— 1
un (id : Ay(T%) — Ly(T%)) = sup <hh”+2> ., mneN
h>n \ D k1 O

Proof. The proof is quite similar to the proof of Theorem 3.1. Again let s,, € {p, by, dp, an}.
We consider the following diagram

Ay (T —%s Lo(T?)

4 E
06 (2 2y 0y(z9)

where A, B and D,, are defined as in (3.2)-(3.4). Again we have ||A|| = ||B|| = 1. By the ideal
property of these numbers, see (2.1), we obtain

s (id + Ay(T?) = Lo(T?)) < s, (Do : G1(Z) — 6:(Z%)) .

Let D, be the diagonal operator from ¢;(N) — /¢3(N) defined by Dy& := (0k &k )ken. Since
(0n)nen is the non-increasing rearrangement of (1/w(k))geze we obtain

$n(Dy : 41(ZY) — £5(Z)) = 5,(Dy : t1(N) — £2(N))

which leads to
s (id = Ay(T?) = Lo(T%)) < 5, (Dy : £1(N) — £5(N)). (3.6)

To prove the reverse direction we consider the modified diagram

Au(Td) —Ly [,(Td)
ol
0(z%) 2o 0y(z%).
By the same argument as used above we get the reverse inequality of (3.6). Consequently we

find that
s (id : Au(T?) = Lo(T?)) = 5, (D, : £1(N) = £5(N)).

Finally, from
n —1/2
vn (Do : £1(N) = £5(N)) = (Z a,;?>
k=1

see [21, 9] and
h +1 Y
-n
Un (DO' . g]_(N) — EQ(N)) = su <h—2> y
h2n \ D=1 0
[22, Theorem 11.11.7], we obtain the desired results. O

Theorem 3.4. Let s > 0,d € N, § > 0 and let w be a weight satisfying (2.4). Assume that
there exists a real number C' such that
n(id : Fy(T4) — Lo(T?
im0 (T9) > Lo(T) _ . (3.7)

n—o0 n=s(lnn)?

9



(i) In case of Bernstein or Weyl numbers we have

v (id + Ay(T?) — Lo(T9))

n—00 n_s_%(ln n)p

=v2s+1C.

(ii) For approzimation or Kolmogorov numbers it holds

up (id + Ay(T?) — Lo(T?)) B 2s \°
o - <2s+ 1) ¢

n—00 n=s(lnn)?

Proof. Step 1. Proof of (i). From Theorem 3.3 we have
v = vy (id © A (T?) — Lo(TY)) Za ,

where (oj)ren is a non-increasing rearrangement of (1/w(k))geze. By Lemma 2.1 it follows
o, = sp(id : F,u(TY) — Ly(T?)). Assumption (3.7) indicates that for any £ > 0 there exists
ng := ng(e) € N such that for all n > ng we have

On
I —e | I
n—s(Inn)P C’ =
or equivalently
On
—e< —— < .
C e< (lnn)5_6+c (3.8)

which implies
n

no
v, 2 < 20,22 + (C - 8)72 Z k% (Ink) ™2
k=1

k=no+1
Observe that f(t) = t?*(Int)~2% is an increasing function if t > ty > 0 for some appropriate

to = to(s). Estimating the sum by an integral and afterwards changing variable we find

n

n+1
> E*(Ink) ¥ < / 25 (Int)~28dt

k=no+1 no+l

_ (n+ 1)23+1 /n+1 + 2s+1 In(n + 1) 25@
(In(n+1))28 /.01 \n+1 Int t

 (n+ 12+t il of In(n+1) 28
~ (In(n+1))28 ﬁoJrl v’ <ln(y(n + 1))) dy-

We claim that

lim
n—oo [ng+l
n+1

L 28< 1n(n+1)))25dy_ 1

In(yn +y 25417
This is just a particular case of Lemma 3.5 below. Choosing n > n; large enough such that

1 28
/ 2S<ln(n—|—1)> dy < 1+¢ and (In(n + 1))° o< e

notl In(yn + y) T 25+1 (n 4 1)2F1 £~ Tk

we finally obtain that
o 1)25+1 o/ 1+4e
-2 _ 2 < (’I'L + _ ‘
Wt =2 0% < e f T 09 (5 (3.9)

10




for all n > ny. The other direction is carried out similarly.
Step 2. Proof of (ii). We obtain from Theorem 3.3 that

h — 1
u? = up (id : A, (T — Lg('ﬂ‘d))2 = sup % , n € N.
h2n \ Qg1 0%
Substep 2.1. Estimate from below. As a consequence of (3.9) we have for any h > n > n;

2 >h_n+12(h—n+1)(ln(h+1))26[e+(0—e)_2<1+5>]_1.

n= Z:l 0;2 (h+1)2sH+1 25 + 1

Choosing h € N and 6 € [0,1) such that A+ 1= (1 + 5-)n + 6 we conclude

o 14+e |
e+ (C—¢) (234—1)

n [In ((1+%)n+9)}25
( +9) [(1+ L)n+ 6]

or equivalently

@ n(E 1 0) (14 + o))
n=25(Inn)? = (Inn)2P [(1+ L)+ ]23+1

+ 1
2s

Note that

mlkﬂg+mpuu+$M+mw]:1<23>%H

(Inn)? (14 Lyn 4 0] 1+2s

n—o0

which leads to

u? 1 25\ >t o 1+e\17!
n > | = — — 3.10
n=25(Inn)%8 — [23<1+2s) E] [€+ (C—e) <2s—|—1)] (3.10)

for all n > ns.
Substep 2.2. The estimate from above. From (3.8) we derive

h—n+1 h—n+1 h—n+1
h -2 < h —2 < —28
2 k=1 0% 2 k=no+1 Ok Zk g1 k2 (Ink)
Similarly as in Step 1 we obtain

h h 42s 2541 1 26 2541
t h Inh h 1-¢
k%1k4ﬂ>/ dt > /t% dt> "¢
kE;J (Ink)= 2 wo 1) = (W) fua " \In(th) = (mh)2P2s+1°

(C+E)2.

where we used Lemma 3.5 below in the last step. As a consequence we have

_ _ 28 _ -1
h—n+1 S(h n+1)(Inh) (C +e)? 1—¢ .
Zk o 72 h2s+1 25+ 1

Considering the function

h—n+1
g(h) = W(ln h)? h € [n,o0)

we have

J(h) = <—23h+(n— 1)(28+1)>(lnh)25+ <h_n+1>26(lnh)2'8_1.

h2s+2 h2s+2

11



Hence ¢'(h) = 0 is equivalent to

[—2sh+ (n—1)(2s+1)]Inh+ (h—n+1)28=0. (3.11)
We put

f(h):==[—=2sh+(n—1)2s+1)|Inh+ (h—n+1)23, h € [n,0).
It follows
(n—1)(2s+1)
h

This implies that f < 0 if n > e(1+28)/(29)  Observe that

f((”i)“’—l)) = —(n—1)1n<(1+i)<n—1>> AU R

f'(h) = —2slnh —2s + +268< —2slnh+1+23.

S

for n > no depending on s and 8. From this we conclude that the equation (3.11) has a unique
solution for any n > ng and this solution belongs to the interval

I, = [(1—1—218)(n—1)—1, <1+i>(n—1)+1}

Consequently, we obtain
w 1 h—n+1) _ (h—n+1)(Inh)? (C+2)? 1—e\ !
hzﬁ n=2(Inn) yor 2] = heII:L h2s+1p=2s(Inn)2A 25+ 1

k=1Tk
h—n+1 of 1—e\ !
< sup <h28+1n—25> (1 + 8) (C + 8) <2S 4 1)

heR, h>n
as long as n > ny. It is easy to see that the function ¢;(h) := %, h € [n,0), attains its
maximum at b = (1+ 5-)(n — 1). Inserting this into the above estimate we find
1 h—n+1 n?(1+¢)(C +¢)? 1—e\ !
P _25(1 28 x~h -2 < 1\2s+1 2 25+ 1 : (312)
h>n \ T nn)? S o 2s(14 52)7 " (n—1)2s \28

Taking the limits n — oo and afterwards ¢ | 0 in (3.10) and (3.12) the claimed result for d > 1
follows. However, the modifications needed for d = 1 are obvious. O

Lemma 3.5. Let s >0, a > 1, and 8 > 0. Then we have

1 B
Inn 1
li Hl— ] dy= ——.
oo fa <ln(yn)> P

Proof. We consider the sequence of functions

Inn

B
ln(yn)> Xa/n,1] > y€(0,1),

foly) = 3° (

where X([4/n,1) is the characteristic function of [a/n, 1]. It is clear that this sequence converges
pointwise to f(y) = y® on (0,1). Now we turn to the existence of a common majorant. The

12



case = 0 is obvious. So we concentrate on § > 0. Then the derivative of f,, on (a/n,1) is

given by o ;
= (o) o= |

This function has at most one sign change in (a/n,1). Hence, the maximal value of f,, with
respect to the interval [a/n, 1] is attained either in a/n, 1 or €#/*/n. This implies

a\s/Inn\»8 s In®n
— =) (=) ,1,2¢8 .
a/rrf?;(gl [fn()] max{(n) <lna) B < T }

Summarizing we found that there exists a constant C, ; 3 > 0 such that

sup |fn(y)| < Casp
yE(O,l)

holds. Hence, the desired result follows from Lebesgue’s dominated convergence theorem. [

3.3 A supplement - the widths of id: A,(T¢) — L (T%)

The Hilbert space F,(T?) is continuously embedded into A(T?) if and only if 3", cza w(k) ™2 is
finite, see [5]. Under this restriction it has been proved in [5] that the approximation numbers
of embeddings of the Hilbert spaces F,(T%) have the following property:

an (id : Fy(TY) — Loo(T%)) = ap (id : F,(T%) — A(T%),  neN. (3.13)

Now we would like to understand whether a similar property is true for the approximation
numbers of embeddings of the weighted Wiener classes A, (T?%). As a preparation for later
considerations we mention the following partial result.

Lemma 3.6. Let w = (w(k))geze be a weight satisfying (2.4). Then we have
h ) 1/2
sup (ﬁ) < un(id : Aw(']I‘d) — LOO(Td)) <o, n € N.
hzn \ X p—1 0y,
Proof. We consider the following chain of embeddings
Au(T9) = A(T9) < Loo(TY) < Ly(T9).
Then the lower bound follows from Theorem 3.3 and

p (id + Ay(T?) = Lo(T?)) < ||id : Loo(T) — Lo(T%)|| - un (id : Au(T?) — Loo(T?))
= up (id : Au(T?) — Loo(TY)) .

For the upper bound we have

U (id + Ay(T?) = Loo(T)) < ||id : A(T?) = Loo(TY)|| - un (id : Au(T?) — A(T?))
= up (id : A, (T — A('I['d)) .

Finally we use (3.1) to get the desired result. O

13



Remark 3.7. In some special situations the quantities

1/2
h—n+1
sup | ————— and On

h>n

will be of the same order. In such a situation we will not be able to show the existence of an

asymptotic constant, however, we will get information about the correct order of the decay of
the (up)n.

All the results we obtained so far have the disadvantage that the sequence (o, )nen shows up.
Below we shall discuss a special family of weights ws, and the corresponding spaces Aws,r(']l‘d)
and F,,,  (T%). Then we will be able to remove this dependence. The nonincreasing rearrange-
ment (o, ), of our weight will be replaced by explicit quantities in n, s, d and 7.

4 Spaces of dominating mixed smoothness

In this subsection we shall deal with the family of weights

d
wsr(k) = [+ k)T,  0<r<oo,
i=1
wer(k) = [[max(1,|kl)®, r=o0,
k € Z4. Here the parameter s satisfies 0 < s < oo. We shall use the notation A% (T?) :=
Au, , (T?) and H (T?) := F,, ,(T%), respectively. In both cases, for different 7, we obtain the

same sets of functions. A change of the parameter r leads to a change of the quasinorm only.
The classes H:' (T9) are well-known in approximation theory. They are called periodic
Sobolev spaces of dominating mixed smoothness. The space H:T (T%) is just a tensor product
space of the univariate Sobolev spaces H*"(T), i.e.,
HY! (T% = H*"(T) ® ... ® H¥"(T)

mix

(to be understood as the iterated tensor product of d Hilbert spaces). Let s = m € N. We define
the space H™. (T?) to be the collection of all functions f € Ly(T¢) such that all distributional

mix

derivatives D®f with ||, < m belong to La(T¢) equipped with the norm

1/2
17 mlxﬂrdu< 5 HD"fILQ(Td)W) .

aeNE, |alee<m

Then H™ (T?) = H™"(T?) for all r in the sense of equivalent quasinorms. If m = 1, then we

mix
have || - [HL2(T4)| = || - [HLy(TY)| . T m > 2, then the norm | - [HI, (T9)] itself does not
belong to the family of norms || - |H5 (T9)||, 0 < 7 < co. But the choice r = 2m leads to the
following standard norm

1/2
| 71 ey H—( 5 HD"f\Lg(Td)||2> | m

ac{0,m}?

see [17]. For a recent survey on the behaviour of widths of embeddings of these spaces into
L,(T?) we refer to [3].
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There is a different class of weights which would be of interest. For 0 < s < oo and
0<r<oo,let

d s/r
Wer(k) = <1+Z|ki\r> , 0<r<oo,
=1

a8,7“(k) = Inax (1?|k1|7 7|kd|)sv r=00,

k € Z%. The corresponding Sobolev spaces H S’T("]I‘d) are the standard periodic Sobolev spaces
of fractional smoothness s, the classes A*"(T?) would be the natural counterparts. The in-
vestigation of the behaviour of the s-numbers for the embeddings A" (T9) — A(T9) and
AT (T4) — L,(T?) will be postponed.

4.1 Widths of id: AJT (T9) — A(T9)
Here we are in a convenient situation. Based on [17, 18] and (3.5) all hard work is already done.
For convenience of the reader we recall some basic facts.

Corollary 4.1. Let 0 < s <00, 0 <r < o0 and d € N. Let s, € {xp,bp,dpn,an}. Then

. sp(id s ADT (TY) — A(TY)) 2d 7
e n—(Inn) @D - [(d - 1)!} 42)

Proof. The proof is a direct consequence of a corresponding result for a,(id : HZ>T (T?) —

L2(T9)), see [17], [18], and Corollary 3.2. O

The asymptotic behaviour of the numbers s, (id : Ayt (T4) — A(T9)) is quite different
from the behaviour for small n, say n < 2¢. This range is called the preasymptotic region. In
case d is large this is the only region where such a result could be of practical relevance (e.g.,

as a benchmark).

Corollary 4.2. Letd>3,0<s<oo0 and 1 <r < oc. Let s, € {xp,bp,dp,an}. For alln > 2
it holds

C’(d)) (T8 (@ T))

n

sp(id: AL (T4 — A(TY) < ( ,

where C(d) is defined as

C(d) = [1+di1<1+10g2(2_1))]d_1, 3.

Proof. Again the proof follows from Corollary 3.2 and a corresponding result for a,(id :
H>T (T4) — Ly(T9)), see [17, 18]. O

mix

Obviously limg .o, C(d) = e. That makes clear that in the preasymptotic range there
is an essential change in the approximation properties. The asymptotically optimal rate
n~* (Inn)*@1 is replaced by n T @ 1), As larger as d, as smaller is the convergence
rate. In addition there is a tremendous influence of the special norm chosen, i.e., of the param-
eter . If r — oo, then the rate is getting worse. Here is the result in the limiting situation
r = 00.

Corollary 4.3. Let d € N and 0 < s < oo. Let s, € {xp,bn,dpn,an}. Then
snlid: AD(TY) — A(TY) =1, n=12,...,3%.

Proof. The proof follows from Corollary 3.2 and a corresponding result for a,,(id : H>:>2(T4) —

L2(T9)), see [18, Theorem 4.3]. O
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4.2 Widths of id: A% (T%) — Ly(T¢)

We recall a further result obtained in [17].

Proposition 4.4. Let 0 < s < 0o and 0 < r < co. Let s, € {xpn,bpn,dn,an}t, n € N. Then it

holds
sn(id : Hyp (T7) — Lo(TY)) 2 \*°
nvoo n—s(Inn)s@D “\@-1
In [17] this is formulated for a, only. But we are in a Hilbert space situation, see Lemma

2.1. Theorem 3.4 and Proposition 4.4 and will be used to derive the following.

Theorem 4.5. Let 0 < s <00 and 0 <r < oo.
(i) In case of Bernstein or Weyl numbers we have

_vp(id s AT (T?) — Lo(T?))
lim

n—=o0 n=s"3 (Inn)s(d=1)

:m< 2 )

(ii) For approzimation or Kolmogorov numbers it holds

_up(id s AYL(TY) — Lo(T4)) /25 \°/ 27 \°
am n=s(In n)5(@-1) - <2s+1> ((d—l)!) ‘ (43)

4.3 Widths of id : AZ! (T9) — L,(T%), 2 <p < o0

Now we turn to the widths u, (id : A%} (T%) — Ly(T?)).
Theorem 4.6. Let 0 < s < oo and 0 < r < oo.
(i) For any € > 0 there exists some ng € N such that

(22 () oo BT (2

holds for all n > ng.
(ii) Let 2 < p < oo. Then (4.4) remains true also for Loo(T?) replaced by L,(T?).

Proof. Step 1. Proof of (i). We employ Lemma 3.6, Theorem 3.3 and Theorem 4.5. This yields
the following

sup ( h-n+1 )1/2

Un (id © AL (T?) = Ly(TY))  pon \Xia 0 ( 2s >< 2d )
n=5(Inn)s(d-1) n=3(Inn)s@d=1)  nooo \2s+1 (d—1)') -~
On the other hand we know
On g (id : Hyp (T4 — Ly(T)) ( 24 )
n=s(lnn)sd-1) n=5(Inn)sd-1) n—oo \(d—1)!) "~

see Lemma 2.1 and Proposition 4.4. Combining these two facts yields the claim.
Step 2. Proof of (ii). In view of the commutative diagram

Il

A ()

mix

Ly(T7)

& I?

Lo(T%)
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with I? = I? o I! we conclude

sn(id + ADT (T — Lo(T%) < s, (id : ASE(T?) — Ly(T%)) . (4.5)

mix mix
Similarly it follows

sn(id : AZT (T — Ly(T%) < s, (id : ASE(T?) — A(T). (4.6)

Now we combine (4.5), (4.6) with (4.2) and (4.3). O

Remark 4.7. (i) One of the main results in [5] reads as follows. Let d € N, s > 1/2 and
0 <r <oo. Then

i an(lg: Hyp (T%) = Loo(TY)) 1 2¢  7°¢
noo p—stL/2(Inp)@dDs T V2s—1|(d-1)

Comparing this behaviour with the result obtained in Theorem 4.6 we notice an essential dif-
ference. Indeed, we have that for any € > 0 there exists some ng such that

11 an(lg: Hp (T%) — Loo(T7)) _ (1 N 1)5 1
vn T ovnoan(Iy s ADG (T?) — Lo (T?)) — 2s) 25 —1
holds for all n > ng. For the first inequality we used (2.3) and (2.1).
(ii) The left-hand side of inequality (4.4) can be simplified. Elementary analysis yields that for
all € > 0 there exists some ng € N such that

Ve \(d—1)! n=3(Inn)sd=1) -1

is true for all n > ng.
(iii) Above we have mentioned the identity

+e€

an (id : Fy(TY) = Loo(T%)) = ap (id : F,(T?) — A(T?)),  neN.
see (3.13). Up to now it is not clear whether the counterpart

an (id : A7 (T?) = Loo(TY)) = ay, (id : A27 (T?) — A(T?))

mix mix

holds. But at least we know that for any € > 0 there exists some ng € N such that

_ an (id : A5 (T — A(T?)) - (25 +1

mix
2s

= ap(id : A (TY) — Loo(T?)) —

mix

S
> +e<Ve+1

holds for all n > ng. This follows from

mix mix

an (id : A7 (T = Loo(TY)) < ay(id : A57 (T?) — A(T?))

and Theorem 4.6(i).

17



4.4 Widths of the classes C™ (T?) and STW (T¢)

Let m € N. We define C™._(T?) as the collection of all functions f on T¢ such that all classical

mix

derivatives D®f with |a|s < m belong to C(T%). The norm of f in C™. (T9) is given by

mix

If1Cw (T == max  [[DYfIC(TY)].

aeNE, |alee<m

Similarly we define ST (T?) as the collection of all functions f in C(T?) such that all distri-
butional derivatives D®f with |a|sc < m belong to Loo(T%). The norm of f in STW (T?) is
chosen as
IFISZW (Tl == max [ D¥f|Loo(T?)].
aeNg, |ajeo<m

Lemma 4.8. Let me N and 0 < r < o0o.
(i) Then we have the chain of continuous embeddings

AT (Td) s O™

mix mix

(T9) — STW(T9).

The norm of these embedding operators is always 1.
(ii) We have the continuous embedding S™W (T%) — H":*™(T%) and

mix

|id = SZW (T4) — HIW>™(TY)|| = 24/2.

mix

Proof. Step 1. Proof of (i). Let f € A7 (T4) and @ € N& with |at|oo < m. Then D®f is a con-

mix

tinuous function which coincides with its Fourier series given by » ;.74 f(k) etk ( H?Zl(ikg)af> .

Furthermore, we have the obvious estimate

d d
S f(k) eikw<H<ikz>W>‘ < 3 Wi TTw
kezd =1 kezd =
d
< > If(k) H + [l ) e/
kEZd /=1
< Z‘f wmr ‘
keczd
= || FIAR(TD] -

Step 2. Proof of (ii). We employ the identity in (4.1). Then it follows immediately

L1 ] < 272 | Fisew (T

mix

Now we turn to the estimate from below. Therefore we shall employ the test function

g(x) = ellmrttra) xcT.
Again by using (4.1) it is easy to see that || g |[H:2™(T%)|| = 2%/2. Moreover it is obvious that
| g |S™W (T?)|| = 1. This proves the claim. O
We first consider the embedding C™ (T¢) — Ly(T9). Here we really need to work with
Bernstein numbers. For this we recall the following result in [20, Theorem 4].
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Theorem 4.9. Let H be a Hilbert space, E a topological space with probability measure v such
that suppv = E. Let Hy be a subspace of Lo(E,v) and Xg C Hy be a subspace of C(E). Assume
that a bounded linear operator Ty : Hi — H satisfying

T Tok = st @, k=1,2,...,

where s1 > sg > ... > 0 and {¢r} is an orthonormal basis for the range of T{Ty with ¢i, € Xp.
DefineT : Xp — H by Tf:=1Tof. Then

Below we shall apply the above theorem with E := T¢, Xp := C™ (T4), Hy := H; (T4),
H := Ly(T%) and T : H:(T%) — Lo(T?) being the identity operator. Then the dual operator
T} is given by
9k) ik d
Tég(m)zzielm, zeT,
kezd wm,r (k)?

i.e., s, = 0, and (0,)%%; denotes the non-increasing rearrangement of 1/w,y, .(k), k € Z%.

Theorem 4.10. Let m,d € N.
(i) Then the following identity takes place

n —-1/2
v (id : O (T?) — Loy(T%)) = (Za,;2> : (4.7)
k=1
(ii) In case of Weyl and Bernstein numbers the asymptotic constant is given by
n(id 2 O™ (T4) — Ly(T? d m
A i () = Lo ) _ 2m+1< 2 '> .
n—00 n~ ™72 (Inn)md-1) (d—1)!

(iii) For all e > 0 there exists some ng € N such that

() () e HEESREBE (2 a

holds for allm > nyg.

Proof. Step 1. Proof of (i). From the chain of embeddings A" (T9) — C™ (T?) < Lo(T9),
always with operator norm 1, see Lemma 4.8, we conclude by means of (2.1) that
on(id s ATE(TY) = Ly(T%) < lid  AZS(TY) = Ol (T - v, (id : O (T%) = Lo(T%))

= v, (id : C (T?) — Lo(T)).

Theorem 3.3 yields the lower estimate. Since the target space is a Hilbert space we know that

zn (id : O (T — Lo(T?)) < by (id : CT (T9) — Ly(T?)), see (2.2). Applying Theorem 4.9
with E := T, Xg := C™ (T%), H, := H(T9), H := Ly(T?) and T = id we obtain (4.7).

The special choice of r does not play a role.

Step 2. Proof of (ii). Part (ii) becomes a direct consequence of (i) in combination with Theorem
3.3(i) and Theorem 4.5.

Step 3. Proof of (iii). Concerning the lower bound in (4.8) we may use the same argument
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as in Step 1. Concerning the upper bound we shall employ the embeddings C™ (T%) —
H™2™(T4) < Ly(T?). We have
wp (id : O (T4) — Lo(T%) < lid : C% (T9) — HTZ™ (T - wp (id = HIY™(T) — Lo(T9))
< 242, (id : HI2™(T?) — Ly(TY) .

In view of Proposition 4.4 we have finished the proof. O

Remark 4.11. Tt would be desirable to improve the estimate in part (iii). The correct behaviour
in the dependence on d is still unclear because of the additional factor 2%/2.

Corollary 4.12. Let m,d € N. Then all assertions in Theorem 4.10 remain true when replacing
m (T) by STW(T?).

mix

5 Approximation numbers of A% (T%) in H'(T%)
In this section, we are interested in sy, (id : Aflfx(’]l‘d) — H'(T9)), s > 1. Here we equip H'(T%)
with the norm

d 1/2
| FIE ) < = < 3 (1 'y kj|2)|f<k>|2)
j=1

kezd
) o o\ 12
_ <\|f|L2(Td)’2+ZH dz; ‘Lz(Td)H > |
J=1

le., H 1(']I““’) is the standard isotropic periodic Sobolev space with smoothness 1. As a prepa-
ration we shall investigate the asymptotic constant of s, (z'd : H;?X(']I‘d) — H 1(']I‘d)), s > 1.
Because we are in a Hilbert space situation it will be enough to deal with the approximation
numbers. We define a weight w by

d 12V\s/2
L+ |k
k) := [jm (1 ) kezt (5.1)

(1430 ky[2)

In addition we need the diagonal operator D& := ({g/w(k))pezd, & = (€k)rezd, see (3.3). Now
we observe that

an (id : H?

mix

(T%) — HYT?)) = an(Dy : £2(Z%) — £2(Z%) = ay(id : Fo(T?) — Lo(T9)), (5.2)

see Lemma 2.1. Rearranging non-increasingly the sequence {1/w(k)}jcze with the outcome
denoted by (0,)22,, we obtain o, = a,,(id : H? (T4) — HY(T%)).

mix

The asymptotic order of ay, (id : H?2 (T4) — H? (T?)) is well-known, see [7, 2]. It holds

Ci(s,dyn= 7Y < a, (id : H2Z (T?) — HYTY)) < Cy(s,dyn~ "V, neN,

with constants C(d, s) and Ca(d, s) depending on s, d. Notice that there is no logarithmic factor
anymore. Several preasymptotic estimates for a, (id : H, 52 (Td) 5 | 1(T?)) may be found in

mix

[15]. Our result for the asymptotic constant of a, (id : H 52 (Td) 5 H 1(T?)) reads as follows.

mix
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Proposition 5.1. Let d € N and s > 1. We define
+00 1

=) ————. (5.3)

k=1 (k% +1)2¢=D
Then we have

2
Lim (Zd Hrsmx(Td) — H' (Td))
n——+00 ni—s

= (2d)*71(28 + 1)~ D=1,

The rather technical proof of this assertion is shifted to Appendix A. Our main result in
this section reads as follows.

Theorem 5.2. Letd € N, s > 1 and S be given in (5.3).
(i) In case of Bernstein or Weyl numbers we have
v (id : A2 (T9) — H'(T?))

mix o s—1 (s—1)(d—1)
S — V25 1 1(2d)°1(25 + 1) .

lim

n—o0

(ii) For approximation or Kolmogorov numbers it holds

uy, (id : AT (T?) — H'(T)) < 2s

1' mix
o 2s+1

n—o00 n—st1

> (2d)*~1 (28 + 1)t~ DY,

Proof. Let w be given in (5.1). From (5.2) and Proposition 5.1 we obtain
an (id : F,(T%) — Ly(T))

_ s—1 (s—1)(d—1)
Jim % = (2d)°* 1 (28 + 1) . (5.4)
Next we will show that
s(id : AZ2 (T — HY(T?) = s,,(id : Ay (T%) = Lo(T?)), (5.5)

by using standard lifting arguments. We consider the diagram

A2 (T Ly g(TY)

ml]A TB
A (T —s Ly(T9)

where the linear operators A and B are defined for f € A®2 (T%) and g € Ly(T?) respectively

IIllX
by

—-1/2

— <1+Zd;|kj]2>l/2f(k), By(k <1+Z!k \2> g(k), ke’
p

It is obvious that ||A|| = || B|| = 1. Now by the ideal property of s-numbers, see (2.1), we obtain
s (id = AZ2 (T4 — HY(T?) < sy, (id : Ay (TY) — Lo(T?)).

mix
The reverse inequality follows from the modified diagram

id

A2 (19— HN(TY)

e e
Ao(Td) —y Ly(TY).

Now the claims follow from Theorem 3.4, (5.4), and (5.5). O
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A  Appendix - the proof of Proposition 5.1

Proposition 5.1 in case d = 1 is almost obvious and represents an old result of Kolmogorov, see
[12]. However, it can be found also in [16, Theorem. 4.14].
In the following we will assume that d > 2. For s > 1, r € N and w(k) as in (5.1) we define

C(r,d) := ({k ezl (1+)T > w(k)}’ .

s—1

Later on we shall need the following observation. If k € Z¢ satisfies (1 +12)2 > w(k) then

kil <r, j=1,....d (A1)

follows. Indeed, from

1+ |k1|2>8(1+§ijz|kj12) > <”-§;W>

we derive

TT5- (1 + |k [*)® - [T5_o(1+ |ky[*)*
L+ k2 14 205, Ik 2

Iterating this argument we find w?(k) > (1 + |kg|?)*~ . This yields the observation. We shall
need several further preparations.

Wwi(k) =

Lemma A.1. Forr > 1, we have

d
d
Clrd) =1+ 2 | A(r,0), (A.2)
=1 <£>

where A(r,0) = | (r,0)| and

M (r,0) = {k: eN': (141)°F > w(kz)}.
Proof. We consider k € Z¢ such that supp(k) = ¢, £ =0,...,d, where

suppk := |{k:j: k:j;éO,jzl,...,d}}.

It is clear that

erzd,supp(k)ze; (1+72)F zw(k)}) zzf@)‘{keNf: (1+12)°F Zw(k)}‘.

From this the assertion follows. O
We claim and we shall prove below in Lemma A.3 that for £ € N, £ > 2, s > 1, it holds
A(r, ) = 0rS*1 + o(r) (r = 400). (A.3)

From this property Proposition 5.1 can be derived as follows.
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Proof of Proposition 5.1. For n € N, there exists some r € N such that
C(r—1,d) <n < C(r,d).
Then by the definition of C'(r,d) we get

1
(r2+1)"7

1
((r=1)241)

< an(id: H?

mix

(T%) — HY(T?)) <

s—1
2

mix

ment of the sequence {1/w(k)}pcze) which leads to

(recall o, = an(id : H 2 (Td) 5 | 1(T)), where (0y,), denotes the nonincreasing rearrange-

C(r—1,d)*! _ an(id : HS}

wix(T9) = HATY) - O™t (A4)
(2 +1)

i C(r-12 )

s—1
2

From (A.2) and (A.3), we have:

d
C(r,d) =1+ Z 2 (j) €5 4 o(r)
(=1

|
S8

=142 Z(QS)K_V <Z>r +o(r) =1+ 2d(2S + 1) r 4+ o(r).
/=1

Consequently we find

im 0D _ogos 4+ 1yd-L,
r—-+00 r
Now (A.4) implies the desired result. O

The next preparation will be used in the proof of (A.3).

Lemma A.2. Forr > 1,2 </ <d, and arbitrary vy € N, vy <1 we have

e
A0 =Y (5) At (A.5)

— \j
J

where A(r,0,5) = |4 (r,¢,7)| and

M(r, b, j) = {k: e M(r,0); ki,koy.o oo ki <res kjg1,... ke > T'g}.
Proof. Let 0 < j < /{. For any A C {1,...,¢} such that |A| = j we put
My =Lk e Mrl); ki <rgifieNand k; > rgif i€ {1,... (}\A}.

That is, .#) has exactly j components less than or equal to r, with index in A. It is obvious
that |.#Zx| = |.#(r,¢,7)|. Since for each j there are exactly (f) different sets A with |A| = j,
the claim follows. O

Note that all numbers A(r,¢,7) depend on 7y, but A(r,¢) not. In our notation we just
ignored this dependence (to keep the notation as simple as possible). In what follows we will
show that by choosing appropriate 7y, depending on r and ¢, A(r,¢,¢ — 1) has order r S*~!
when r — 4o00. All other summands A(r,¢,j), j # ¢ — 1, see (A.5), are much smaller and as a
consequence, (A.3) will follow.
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Lemma A.3. Let 2 < (< d and rg =[], where 0 < ¢ < % Then we have
(i) A(r,£,0) = o(r), r — 400,
(i) A(r, 0,5) =o(r), r— 400 if 0<j<l—2,
(iif) Tim, oo ACEED — g1,
Therefore, it holds

A(r, 0) = oS4 o(r), r— +oo.

Proof. Step 1. Proof of (i). From the definition of A(r,¢,¢) we derive

£(s—1) s—1
A(r, £, 0) < rf <M <pTm =9

Since #=1 < 1 we get immediately that A(r,/,€) = o(r), r — +oo.
Step 2. Proof of (ii). For k € .#(r, ¢, j), we have

1 £ g2 1/2 1 ‘ ;
( Z’szl ;) > — — H(l—}-k?)s < (1+T2)571 <1+ZI€Z2>
[T A+ k22— (1427 i=1 =1

which implies

(L)t () ()

1+ kD < —— - : (A.6)
R VR R CR T O o
Since ky > 7 and , ,
i1 K ILioi 7
=) s <=5 2 5> 1, (A.7)
[T (T + &) [Tz K
we have
L+ D k) @) T kg 2o e
A+ R)ILo k)~ ISR TR
From (A.6) and j =¢—1 (i.e., k; <rp,i=1,...,£— 1), we obtain
2(s—1) 9s—1,2(s—1) 9s—1,2(s—1=Xr)
K < -1 14 k2)s T 2(s—1)
[ +E) [Li=i
which leads to
r Tl_s/\fl
kg <c 5 + — (A8)
(Hfj(l + kZ)2G-D 1 kz)

for some ¢ = ¢(s) > 0. The definition of A(r,?, j) yields

Amti= 3 1= 3 [{keN: (0T zem)] (49

ke (rt,j) k1,....kj<ry
kj+1 ..... kg_1>mp
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This together with (A.8) and 0 < k; <r,i=1,...,0 if k€ 4 (r,{,j), see (A.1), implies

g

A(r, 4, j) 1 p sl
T <c Z /—1 2 2(:,1) + -1 k
ks <rg [Ti=i (L +E5) [Lizi ki

kjy1sekp_1€(rg,r]

Ag

1 o1
<c Z +c Z lfle_l 3

-1 2\3G-1)
ks skj €N Hi:1(1+ki)2(s R E,eskg 1 €[1,r] Lli=

00 1 J 00 1 l—j5—1 . ro —1
= E : = E D —— + -
(m:l (1 + m2>2(s_1) ) (m:Tngl (1 + m2)2(3—1) ) rs/\—g1 (mZZI m)
00 l—j—1
1 Inr)tt
(5 )]

m=ry+1 (1 + m2)2(571) rs—1

with ¢ > 0 independent of r. This estimate and £ — j — 1 > 1 yields that M tends to 0
when r — 4-o00.

Step 3. We will show that

A(r, 0,0 —1)

lim sup < 8t (A.10)

r—>+00

First we need an elementary inequality. We have
-1 72
ks 1
E@—l TV = (A.11)
[L=i A+ k) ILo ki(s—1)

for all £ > 2 and arbitrary k € N°. This can be proved by induction. From (A.6) and (A.11)
we conclude

. 1 2\s—1 9s—1 2(s—1—Xp)
k?( 1) < (14 kl?)S—l < H(Z_j_(:—i)— k?)s HE—rl k?(s—l) .
=1 7

=1 "

If s > % (i.e. ﬁ < 1) we get

g

V1472 N \/57*1_5—1
PR RGN

where we applied (a+b)? < aP+bP, a,b > 0, and 0 < p < 1. Consequently, by using the identity
(A.9) with j = £ — 1,

ky <

i

e
V1472 2! T
A te—1)< 3 { S L - \@_1 }
ki,..ke_1<ryp Hi:l(]‘ + k§)2<571> HiZI kz
/—1 /—1
o | v (A.12)
() (3
m=1 (1 '|‘77712)m m=1 m

A
< V1428714 crl_s—*el(lnr)gf1

for some constant ¢ > 0 depending on ¢. This yields (A.10) in case s > %
fl<s< % we use the inequality: for a,b > 0, b < ma and p > 1 it holds

(a+b)? <aP+p(l+m)PtaP b
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which can be derived from (1 + z)? < 1+ p(1 + m)P~ 1z for 0 < z < m. Observe that if
ke #(rl,{—1) we have

1 2\s—1 -1 2 1 2\s—1
= (L+77) 57(12221 ) < (- 1)—(#11_7“ ) =m-a. (A.13)
1+ E) [T (4 K7)0 [Lioi (1 + k)
From (A.13), (A.6) and the above inequality with p := ﬁ, m :={ — 1 we can estimate

IN

e VTR €)< (142 )”( <1+r2>s—1<zf;%k3>>
| ) (

1211+ k)26 D [T 1+ &2 1+ K2 TTZ (1 + k)
1

VIE? L e (ﬂ + >) e ((1 2] k%))

JRI=E T [Tioi ke (14 k) TLo ke
SR L i
[lim (14 K7) 26D P22 [T5] kT
where in the second line of the estimate we used (A.7). Here C(s,¥) denotes a constant which
depeglds on s and ¢ only. Since i;f > 1, a similar argument to (A.12) yields (A.10) in case
s < 5-

We next prove the reverse direction, i.e.,

lim inf 714(747 te-1)

r—-+00 T

> 5t L, (A.14)
Let k = (ki,...,k¢) be such that (1 +r2)% > w(k). For ki,..., k—y fixed we have k; < K,
where K := K(ki,...,k¢—_1) is the positive solution of the equation

L+ 1+ TR

=1 "

(1 + X2)S_1 == — _ 9
[Tl +ED)s 1+ X211+ ks

see (A.6). From this we get

(1 + KZ)sfl >

— T as well as K > ) ——
[Lio (1 + &) [l (14 &)

Observe that 1 < k; <71y, i =1,...,f — 1, implies

1+ 72 12 1+7r? 2
7 5 -1 —?”[Z W—l — Ty
[T 1+ k)= L\ (L +72)

1/2
> ]. + TZ / s—1
= 2(s—1) | s(¢=1) —1 ==
L\N(14+r"5 ) =1

As a consequence of this estimate we obtain that the left-hand side of (A.15) is positive when
r is large enough. Hence, the set

1/2
1 2
k:(kl?"ﬂké):lgkigrfaizl,...7€—1; T£<k€§ — +7r i 1
Hi;1(1+/€l-2);

26

1/2
(1+72)s! 1+ 72 1) /

(A.15)




is a subset of .# (r,¢,¢ — 1) when r is large enough. Therefore, for those large r, we obtain

1472 2
A(r 0,0 — 1) > Q( _ i _1) J_W>
kl,...§1<w Hf:%(l + ki2)371
1+ 72 1/2
= Z 1 e 1 — rf.
k1, ke—1<rp Hi:l (1 + kz ) s-1

The estimate (A.15) also implies that

1472
-1 2\ T
[[i2i (1 + k)T

when 7 is large enough. From this and the inequalities

Va—1]>Va-1-1>a—2

for a > 1 we derive

1 2
Al t=1)> ) < 41\/T2 S _2)_r£
ki,...;kg—1<rg Hi:l (1 + ki ) 2(s—1)
=z Z — 2,’4Z—1 _ 7,@
o /—1 s ¢ ]
k1y...ske—1<rg Hi:l (1+ ]6‘12)2@*1)

o /—1
1 (£—1)(s—1) s—1
>r E —_— —2r s —rs
)2(371)

m=1 (1 + m2

which implies (A.14). The proof is completed.

Acknowledgments. The work of V. K. Nguyen is funded by Vietnam National Foundation for
Science and Technology Development (NAFOSTED) under Grant No. 102.01-2020.03. A part
of this paper was done when V. K. Nguyen was working at the Vietnam Institute for Advanced
Study in Mathematics (VIASM). He would like to thank the VIASM for providing a fruitful

research environment and working condition.

References

[1] H.-J. Bungartz and M. Griebel. Sparse grids. Acta Numer., 13: 147-269, 2004.

[2] G. Byrenheid, D. Dung, W. Sickel, and T. Ullrich. Sampling on energy-norm based sparse
grids for the optimal recovery of Sobolev type functions in H?. J. Approx. Theory, 207:
207—231, 2016.

[3] G. Byrenheid, L. Kaemmerer, T. Ullrich and T. Volkmer. Tight error bounds for rank-1
lattice sampling in spaces of hybrid mixed smoothness. Numer. Math., 136: 993-1034,
2017.

[4] A. Chernov and D. Dung. New explicit-in-dimension estimates for the cardinality of high-
dimensional hyperbolic crosses and approximation of functions having mixed smoothness.
J. Complexity, 32: 92-121, 2016.

27



[5]

[18]

[19]

[20]

[21]
[22]
[23]

F. Cobos, T. Kiithn, and W. Sickel. Optimal approximation of Sobolev functions in the
sup-norm. J. Funct. Anal., 270: 4196-4212, 2016.

F. Cobos, T. Kiithn, and W. Sickel. Optimal approximation of Sobolev functions in the
sup-norm. J. Math. Anal. Appl., 474: 1441-1462, 2019.

D. Ding and T. Ullrich. N-Widths and e-dimensions for high-dimensional approxima-
tions. Found. Comp. Math., 13: 965-1003, 2013.

D. Ding, V. Temlyakov and T. Ullrich. Hyperbolic Cross Approximation. Birkh&user,
Cham, 2018.

E.M. Galeev. Bernstein diameters of the classes of periodic function of several variables.
Math. Balk.(N.S.), 5: 229-244, 1991.

L. Kdmmerer, D. Potts and T. Volkmer. Approximation of multivariate periodic func-
tions by trigonometric polynomials based on rank-1 lattice sampling. J. Complezity, 31:
543-576, 2015.

L. Kédmmerer and T. Volkmer. Approximation of multivariate periodic functions based
on sampling along multiple rank-1 lattices. J. Approz. Theory, 246: 1-27, 2019.

A.N. Kolmogorov. Uber die beste Anniiherung von Funktionen einer gegebenen Funk-
tionenklasse. Ann. Math., 37: 107-110, 1936.

H. Konig. Figenvalue Distribution of Compact Operators. Birkhauser, Basel, 1986.

D. Krieg. Tensor power sequences and the approximation of tensor product operators.
J. Complexity, 44: 30-51, 2018.

T. Kiihn, S. Mayer and T. Ullrich. Counting via entropy - new preasymptotics for the
approximation numbers of Sobolev embeddings. SIAM J. Numer. Anal., 54: 3625-3647,
2016.

T. Kithn, W. Sickel, and T. Ullrich. Approximation numbers of Sobolev embeddings -
sharp constants and tractability. J. Complezity, 30: 95-116, 2014.

T. Kithn, W. Sickel, and T. Ullrich. Approximation of mixed order Sobolev functions
on the d-torus — asymptotics, preasymptotics and d-dependence. Constr. Approz., 42:
353-398, 2015.

T. Kithn, W. Sickel, and T. Ullrich. How anisotropic mixed smoothness affects
the decay of singular numbers of Sobolev embeddings. J. Complezity (online).
https://doi.org/10.1016/j.jc0.2020.101523.

E. Novak and H. Wozniakowski. Tractability of Multivariate Problems. Volume I: Linear
Information. EMS, Ziirich, 2008.

K. Yu. Osipenko and O. G. Parfenov. Ismagilov type theorems for linear, Gelfand and
Bernstein n-widths. J. Complexity, 11: 474-492, 1995.

A. Pietsch. s-Numbers of operators in Banach spaces. Studia Math., 51: 201-223, 1974.
A. Pietsch. Operator Ideals. North-Holland, Amsterdam, 1980.

A. Pietsch. Figenvalues and s-Numbers. Cambridge University Press, Cambridge, 1987.

28



[24] A. Pietsch, History of Banach Spaces and Linear Operators. Birkhéuser, Basel, 2007.
[25] A. Pietsch, Bad properties of Bernstein numbers. Studia Math. 184: 263-269, 2008.
[26] A. Pinkus. n-Widths in Approzimation Theory. Springer, Berlin, 1985.

[27] Ch. Schwab, E. Siili and R.A. Todor. Sparse finite element approximation of high-
dimensional transport-dominated diffusion problems. ESAIM-Math. Model Num. 42:
777-819, 2008.

29



	Introduction
	Preparations - widths and function spaces
	Widths
	Function spaces. I

	Widths of weighted Wiener classes - general results
	Widths of id:   A(Td) A(Td)
	Widths of id:   A(Td) L2(Td)
	A supplement - the widths of id:   A(Td) L(Td)

	Spaces of dominating mixed smoothness
	Widths of id:   As,rmix(Td) A(Td)
	Widths of id:   As,rmix(Td) L2(Td)
	Widths of id:   As,rmix(Td) Lp(Td), 2< p 
	Widths of the classes Cmmix(Td) and SmW(Td)

	Approximation numbers of As,2mix(Td) in H1(Td)
	Appendix - the proof of Proposition 5.1

