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Abstract

We obtained convergence rates of the collocation approximation by deep ReLU neural net-
works of the solution u to elliptic PDEs with lognormal inputs, parametrized by y from the
non-compact set R>. The approximation error is measured in the norm of the Bochner space
Lo(R*°,V, ), where  is the infinite tensor product standard Gaussian probability measure on
R*® and V is the energy space. Under a certain assumption on ¢,-summability for the lognormal
inputs (0 < ¢ < 2), we proved that given arbitrary number § > 0 small enough, for every integer
n > 1, one can construct a compactly supported deep ReLU neural network ¢, := (¢j);n:1
of size at most n on R™ with m = O (n1_5), and a sequence of points (yj);nzl C R™ (which
are independent of u) so that the collocation approximation of u by ®,u := ZT:l U (yj ) b,
which is based on the m solvers (u (yj ));n:l and the deep ReLU network ¢,,, gives the twofold
error bounds: [[u — ®nully, g vy = O (m~/a=1/2)) = O (n=(1=91/a=1/2)) | where ®; are
the extensions of ¢; to the whole R>. We also obtained similar results for the case when the
lognormal inputs are parametrized on RM with very large dimension M, and the approximation
error is measured in the /gar-weighted uniform norm of the Bochner space LO‘/og (RM V), where
g is the density function of the standard Gaussian probability measure on RM .
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1 Introduction

Partial differential equations (PDEs) with parametric and stochastic inputs are a common model
used in science and engineering. Stochastic nature reflects the uncertainty in various parameters



presented in the physical phenomenon modelled by the equation. A central problem of computa-
tional uncertainty quantification is efficient numerical approximation for parametric and stochastic
PDEs which has been of great interest and achieved significant progress in recent decades. There is
a large number of non-deep-neural-network papers on this topic to mention all of them. We point
out just some works [3, 4, 5,7, 8,9, 10, 11, 12, 14, 15, 24, 36, 60, 61] which are directly related to our
paper. In particular, collocation approximations which are based on a finite number of particular
solvers to parametric and stochastic PDEs, were considered in [8, 9, 10, 14, 15, 18, 24, 60].

The approximation universality of neural networks has been achieved a basis understanding
since the 1980’s ([6, 13, 25, 37]). Deep neural networks in recent years have been rapidly developed
in theory and applications to a wide range of fields due to their advantage over shallow ones. Since
their application range is getting wider, theoretical analysis discovering reasons of these significant
practical improvements attracts special attention [2, 20, 44, 55, 56]. In recent years, there has
been a number of interesting papers that addressed the role of depth and architecture of deep
neural networks for non-adaptive and adaptive approximation of functions having a particular
regularity [1, 22, 29, 32, 31, 42, 39, 50, 48, 58, 59]. High-dimensional approximations by deep
neural networks have been studied in [43, 52, 16, 19], and their applications to high-dimensional
PDEs in [23, 27, 28, 30, 33, 46, 51]. Most of these papers employed the rectified linear unit (ReLU)
as the activation function of deep neural networks since the ReLU is a simple and preferable in
many applications. The output of such a deep neural network is a continuous piece-wise linear
function which is easily and cheaply computed. The reader can consult the recent survey papers
[21, 47] for various problems and aspects of neural network approximation and bibliography.

Recently, a number of papers have been devoted to various problems and methods of deep
neural network approximation for parametric and stochastic PDEs such as dimensionality reduction
[57], deep neural network expression rates for generalized polynomial chaos expansions (gpc) of
solutions to parametric elliptic PDEs [17, 49], reduced basis methods [38] the problem of learning
the discretized parameter-to-solution map in practice [26], Bayesian PDE inversion [33, 34, 45],
etc. Note that except [17] all of these papers treated parametric and stochastic PDEs with affine
inputs on the compact set 1> := [—1,1]*°. The authors of paper [49] proved dimension-independent
deep neural network expression rate bounds of the uniform approximation of solution to parametric
elliptic PDE with affine inputs on I* based on n-term truncations of the non-orthogonal Taylor gpc
expansion. The construction of approximating deep neural networks relies on weighted summability
of the Taylor gpc expansion coefficients of the solution which is derived from its analyticity. The
paper [17] investigated non-adaptive methods of deep ReLU neural network approximation of
the solution u to parametric and stochastic elliptic PDEs with lognormal inputs on non-compact
set R, The approximation error is measured in the norm of the Bochner space La(R*,V,~),
where v is the tensor product standard Gaussian probability on R* and V is the energy space.
The approximation is based on an m-term truncation of the Hermite gpc of u. Under a certain
assumption on {,-summability (0 < ¢ < co) for the lognormal inputs, it was proven that for every
integer n > 1, one can construct a non-adaptive compactly supported deep ReLLU neural network
¢,, of size < n on R™ with m = O(n/logn), having m outputs so that the summation constituted
by replacing Hermite polynomials in the m-term truncation by these m outputs approximates u

with the error bound O ((n/ log n)fl/ q). The authors of [17] also obtained some results on similar
problems for parametric and stochastic elliptic PDEs with affine inputs, based on the Jacobi and



Taylor gpc expansions.

In the present paper, we are interested in constructing deep ReLLU neural networks for colloca-
tion approximation of the solution to parametric elliptic PDEs with lognormal inputs. We study
the convergence rate of this approximation in terms of the size of deep ReLLU neural networks.

Let D € R? be a bounded Lipschitz domain. Consider the diffusion elliptic equation
—div(aVu) = f in D, wulgp = 0, (1.1)

for a given right-hand side f and diffusion coefficient a as functions on D. Denote by V := H}(D)
the energy space and H~!(D) the dual space of V. Assume that f € H~1(D) (in what follows
this preliminary assumption always holds without mention). If a € Lo (D) satisfies the ellipticity
assumption

0 < amin < a < apax < 00,

by the well-known Lax—Milgram lemma, there exists a unique solution v € V' to the equation (1.1)
in the weak form

/aVu-Vvd:v = (f,v), YveV.
D

We consider diffusion coefficients having a parametrized form a = a(y), where y = (y;);en is
a sequence of real-valued parameters ranging in the set R*>°. Denote by u(y) the solution to the
parametrized diffusion elliptic equation

—div(a(y)Vu(y)) = f in D, u(y)lop = 0. (1.2)

The resulting solution operator maps y € R® — u(y) € V. The goal is to achieve numerical
approximation of this complex map by a small number of parameters with a guaranteed error in
a given norm. Depending on the nature of the modeled object, the parameter y may be either
deterministic or random. In the present paper, we consider the so-called lognormal case when the
diffusion coefficient a is of the form

a(y) = exp(b(y)) (1.3)

with b(y) in the infinite-dimensional form:
bly) =D yivy, yeER™, (1.4)
j=1

where the y; are i.i.d. standard Gaussian random variables and ©); € Loo(D). We also consider
the finite-dimensional form when

M

by) = ypby, yeRY, (1.5)
j=1

with finite but very large dimension M.

We briefly describe the main results of the present paper.



We investigate non-adaptive collocation methods of high-dimensional deep ReLU neural net-
work approximation of the solution u(y) to parametrized diffusion elliptic PDEs (1.2) with log-
normal inputs (1.3) in the infinite-dimensional case (1.4) and finite-dimensional case (1.5). In the
infinite-dimensional case (1.4), the approximation error is measured in the norm of the Bochner
space Lo(R*°, V. ), where ~ is the infinite tensor product standard Gaussian probability on R>.
Assume that there exists a sequence of positive numbers p = (p;) jeN such that for some 0 < g < 2,

> pilt] <oo and p~! = (pf)jeN € 4y(N).
jEN Leo(D)

Then, given an arbitrary number § with 0 < § < min (1,1/q — 1/2), for every integer n > 1, we

can construct a compactly supported deep ReLU neural network ¢,, := ((;5]-)?:1 of size at most n
m
J

on R™ with m = O (n1_5), and a sequence of points Y,, := (yj) _; CR™ so that
) The deep ReLU neural network ¢,, and sequence of points Y;, are independent of u;
) The output dimension of ¢,, is m = O (n'~?);

(iii) The depth of ¢,, is O(n%);
) The support of ¢,, is contained in the hyper-cube [—T,T]™ with T'= O (nlf‘;);

(v) If ®; is the extension of ¢; to the whole R* by ®,(y) = ¢; ((yj);”:l) for y = (y;)jen € R*,
the collocation approximation of w by the function

which is based on the m solvers (u (yj ));n:1 and the deep ReLU network ¢,,, gives the twofold
error estimates
(11 —(1—s)(r-1
1t = B e,y = O (m (; 2>> _0 (n a-5)(; 2>) . (1.6)

Notice that the error bound in m in (1.6) is the same as the error bound of the collocation
approximation of u by the sparse-grid Lagrange gpc interpolation based on m the same particular
solvers (u (yj ));n:l, which so far is the best known result [15, Corollary 3.1]. Moreover, the
convergence rate (1 — 0)(1/q — 1/2) with respect to the size of the deep ReLU network in the
collocation approximation, is comparable with the convergence rate 1/q¢ — 1/2 with respect to
the number of particular solvers in the collocation approximation by sparse-grid Lagrange gpc

interpolation.

We also obtained similar results in manner of the items (i)—(v) in the finite-dimensional case
(1.5) with the approximation error measured in the ,/ga-weighted uniform norm of the Bochner
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space Lo@ (RM V), where gy is the density function of the standard Gaussian probability measure
on RM,

The paper is organized as follows. In Section 2, we present a necessary knowledge about deep
ReLU neural networks. Section 3 is devoted to collocation methods of deep ReLLU neural network
approximation of functions in Bochner spaces Ly(R%, X, ~) or in La(RM, X, ) related to a Hilbert
space X and the tensor product standard Gaussian probability measure . In Section 4, we apply
the results in the previous section to the collocation approximation by deep ReLU neural networks
of the solution u to the parametrized elliptic PDEs (1.2) with lognormal inputs (1.3) on in the
infinite case (1.4) and finite case (1.5).

Notation As usual, N denotes the natural numbers, Z the integers, R the real numbers and
No := {s € Z : s > 0}. We denote R* the set of all sequences y = (y;)jen with y; € R.
Denote by IF the set of all sequences of non-negative integers s = (s;);jen such that their support
supp(s) := {j € N:s; >0} is a finite set. For s € F, put [s|1 := >,y s;. For a set G, we denote
by |G| the cardinality of G. If @ = (a;);c7 is a sequence of positive numbers with any index set
J, then we use the notation a=! := (aj l)jgj We use letters C and K to denote general positive
constants which may take different values, and C,, 5. and K, g . when we want to emphasize the
dependence of these constants on «, 3, ..., or when this dependence is important in a particular
situation.

2 ReLU neural networks

In this section, we present some auxiliary knowledge on deep ReLU neural networks which will be
used as a tool of approximation. We will consider deep feed-forward neural networks that allows
connections of neurons in non-neighboring layers. The ReLU activation function is defined by
o(t) := max{t,0},t € R. We denote: o(x) := (c(x1),...,0(xq)) for & = (z1,...,24) € R

Let us recall a standard definition of deep ReLLU neural network and relevant terminology. Let
-1
A LEN,L>2 Ny=d, and Ny, ..., N, € N. Let W’ = <w§{j) e RV (ZIZN) ¢—1.. .. L. be

an Ny x (Zf;ll Ni> matrix, and b® = (bﬁ) € RM. A ReLU neural network @ (on R?) with input

dimension d, output dimension Nz and L layers is called a sequence of matrix-vector tuples
= (Whh),...,(Wkbh)),
in which the following computation scheme is implemented:
2V=gxec Rd;
¢ e (.0 -1\ | e
z ::U<W (z seey 2 ) —|—b>, £=1,...,L—1;

=W, 2T el



We call 2° the input and with an ambiguity we use the notation ®(x) := 2z for the output of
®. In some places we identify a ReLLU neural network with its output. We adopt the following
terminology.

e The number of layers L(®) = L is the depth of ®;
e The number of nonzero wf,j and bﬁ is the size of ® and denoted by W (®);
e When L(®) > 3, @ is called a deep ReLU neural network, and otherwise, a shallow ReLU

neural network.

There are two basic operations which neural networks allow for. This is the parallelelization
of several neural networks and the concatenation of two neural networks. The reader can find for
instance, in [32] (see also [21, 47]) for detailed decriptions as well for the following two lemmas on
these operations.

Lemma 2.1 (Parallelization) Let N € N, \; € R, j=1,...,N. Let ®;, j =1,...,N be deep
ReLU neural networks with input dimension d. Then we can explicitly construct a deep ReLU
neural network denoted by ® so that

N
O(w) =Y N®;(w), xeR%
j=1

Moreover, we have

N
< : _ )
W (D)< ]Zl W; and L(®) j:nlaf??N L;

The network ® is called the parallelization of the deep ReLU neural networks ®;, j =1,..., N.

Lemma 2.2 (Concatenation) Let ®; and ®2 be two ReLU neural networks such that output
layer of ®1 has the same dimension as input layer of ®o. Then, we can explicitly construct a
ReL U neural network ® such that ®(x) = ®o(®1(x)) for x € RY. Moreover we have

W (D) < 2W(®1) +2W ()  and  L(D) = L(D1) + L(Dy).

The deep ReLU neural network ® s called the concatenation of the deep ReL U neural networks ®;
and ®o.

The following lemma was proven in [49, Proposition 3.3].

Lemma 2.3 For every 6 € (0,1), d € N, d > 2, we can explicitly construct a deep ReLU neural

network ®p so that
d

<.




Furthermore, if x; =0 for some j € {1,...,d} then ®p(x) = 0 and there ezists a constant C' > 0
independent of § and d such that

W(®p) < Cdlog(ds™) and — L(®p) < Clogdlog(ds™).

Let o1 be the continuous piece-wise function with break points {—2, —1, 1,2} such that ¢;(z) =
xif z € [—1,1] and supp(¢1) C [—2,2]. It is easy to verify that ¢ can be realized exactly by a deep
ReLU neural network (still denoted by 1) with size W(¢1) < C for some positive constant C.
Similarly, let ¢o be the ReLLU neural network that realizes the continuous piece-wise function with
break points {—2,—1,1,2} and ¢o(z) = 1 if x € [—1,1], supp(po) C [-2,2]. Clearly W(pp) < C
for some positive constant C'.

The following lemma directly derived from the realization of the functions ¢o and ¢; by deep
ReLU neural network and Lemma 2.3 (see also [17, Lemma 2.4]).

Lemma 2.4 Let ¢ be either pg or p1. For every § € (0,1), d € N, we can explicitly construct a
deep ReLU neural network ® so that

[[ o)) —o@)| <o

J=1

sup
xe[-2,2]¢

Furthermore, supp(®) C [~2,2]% and there exists a constant C > 0 independent of 6 and d such
that
W (®) < C(1+dlog(ds™)) and  L(®) < C(1+ logdlog(dd)). (2.1)

3 Deep ReLU neural network approximation in Bochner spaces

In this section, we investigate collocation methods of deep ReLU neural network approximation of
functions in Bochner spaces related to a Hilbert space X and tensor product standard Gaussian
probability measures . Functions to be approximated have the weighted f2-summable Hermite gpc
expansion coefficients. The approximation is based on the sparse-grid Lagrange gpc interpolation
approximation. We construct such methods and prove convergence rates of the approximation
by them. The results obtained in this section will be applied to deep ReLLU neural network
collocation approximation of the solution of parametrized elliptic PDEs with lognormal inputs in
the next section.

3.1 Tensor product Gaussian measures and Bochner spaces

Let v(y) be the standard Gaussian probability measure on R with the density

9ly) = \/12—%61’2/2, ie, dy(y):=g(y)dy. (3.1)




For M € N, the standard Gaussian probability measures vy(y) on RM can be defined by
M
dy(y) == gu@)d(y) = Q) gly)dyy), y= ()L € RY,
j=1

where gps(y) == ®jﬂi1 9(yj)-

We next recall a concept of standard Gaussian probability measure y(y) on R* as the infinite
tensor product of the standard Gaussian probability measures ~(y;):

) = QW) v =(y)jen € R™.
jJjEN

The sigma algebra for v(y) is generated by the set of cylinders A := [] jen Aj, where A; C R are
univariate y-measurable sets and only a finite number of A; are different from R. For such a set
A, we have y(A) = [[;en7(4;). (For details on infinite tensor product of probability measures,
see, e.g., [35, pp. 429-435].)

In what follows, we use letter U to denote either RM or R> and letter J to denote either M
or oo, respectively. If X is a Hilbert space, the standard Gaussian probability measure v on U
induces the Bochner space Ly(U, X, ) of y-measurable mappings v from U to X, equipped with
the norm

1/2
rvmdaxw::(zﬂvmywadWyﬁ .

For a y-measurable subset €2 in U the spaces Lo(£2, X,~y) and Ly(£2,7) is defined in the usual way.

In the case U = R we introduce also the space Lo@ (RM X)) as the set of all y-measurable
functions v : RM — X for which the ,/gas-weighted uniform norm

o1l aor ) = esssup (el xVon(y)) < oo
’ ye

One may expect an infinite-dimensional version of this space. Unfortunately, we could not give

a correct definition of space Lg{? (R*°, X') because there is no an infinite-dimensional counterpart

of the weight gps. We make use of the abbreviations: LY (RM) = Ly (RM R) and Ly (R) =
Va9

LY (R, R).

In this section, we will investigate the problem of deep ReLLU neural network approximation
of functions in Lo(R*>, X, ) or LQ(RM , X,7) with the error measured in the norms of the space
Ly (R*>, X,~) or of the space Lo{? (RM, X), respectively. (Notice that these norms are the most
important in evaluation of the error of collocation approximation of solutions of parametric and
stochastic PDEs). It is convenient to us to incorporate these different approximation problems
into unified consideration. Hence, in what follows, we use the joint notations:

LX) = LY®RM X)  if U=RM,
T La(R™®, X, ) if U =R



Fo Ny if U=RM,
" \F if U=R>;

and

Vo {1,...., M} ?f U=RM,
N if U=R>.

Here F is the set of all sequences of non-negative integers s = (s;)jen such that their support
supp(s) := {j € N:s; > 0} is a finite set.

Let (Hp)ken, be the Hermite polynomials normalized according to [, [Hi(y)[> g(y)dy = 1.
Then a function v € Lo(U, X, ) can be represented by the Hermite gpc expansion

v(y) =Y vs Ha(y), vs€X, (3.2)
seF
with
() = @ 1) vei= [ o) Huly)dr(w). s €7, (3.3)

JEN
Notice that (Hg)scr is an orthonormal basis of Lo(U,7y) := Lo(U,R,7). Moreover, for every
v € La(U, X, ) represented by the series (3.2), the Parseval’s identity holds

lol7,0x0 = 2 losllx-
sEF

For s,s" € F, the inequality s’ < s means that s; < s;, j € N. A sequence o = (05)scr is
called increasing if oy < s for s’ < s.

Assumption (I) For v € Ly(U, X, ) represented by the series (3.2), there exists an increasing

sequence o = (0g)scr of positive numbers strictly larger than 1 such that Ha_le ) <(C < oo
q

for some ¢ with 0 < ¢ < 2, and

1/2
(Z(US||7)S’X)2> <C <oo, (3.4)

SEF

where the constants C' are independent of J.

Lemma 3.1 Forv € Ly(U, X, ) sastisfying Assumption (1), the series (3.2) converges absolutely
and therefore, unconditionally in L(U,X) to v and

Susllx < € <o, (3.5)
seF

where the constant C' is independent of J.



Proof. By applying the Holder inequality from Assumption (I) we obtain

1/2 1/2
ke £ (Selln?) (Sor) < Ol <

sEF seF sEF

This proves (3.5). Hence, by the equality |[Hs| 1, gy = 1, s € F, and the inequality [|Hs|[;,__(ge) <
1, s € N} (which follows from (A.9) in Appendix), the series (3.2) converges absulutely, and
therefore, unconditionally to v € Lo(U, X, ) since by the Parseval’s identity it already converges
to v in the norm of Ly(U, X, 7). a

3.2 Sparse-grid Lagrange gpc interpolation

For m € Ny, let Y,, = (Yn:k)kem, be the increasing sequence of the m + 1 roots of the Hermite
polynomial H,, 1, ordered as

Ym—i < < Ym=1 < Ymo =0 < yYm1 < - <Ym,j if m=2j,

Ym— < < Ym=1 < Ym1 < -+ < Ym,; if m=2j—1,

where

{-=j,—j+1,..,-1,0,1,....,5 — 1,5} if m = 2j;
Tm 1=
m {_jj_j—|—1’,,.,—1,1,..-,j—1,j} ifm=25—1.
(in particular, Yy = (yo,0) with yo,0 = 0).

If v is a function on R taking values in a Hilbert space X and m € Ny, we define the function
I,(v) on R taking values in X by

Y — Ymyj
[m(v) = g U(ym;k)Lm;ka Lm,k(y) = | | 7?; vy ]. > (36)
kemm JETm j#k n; m;j

interpolating v at Y.k, i.e., I (V) (Ymsk) = V(Ym:k). Notice that for a function v : R — R, the
function I,,,(v) is the Lagrange polynomial having degree < m, and that I,,(¢) = ¢ for every
polynomial ¢ of degree < m.

Let

An¥) = s (o)
ol 5 5, <1 =

be the Lebesgue constant. It was proven in [40, 41, 53] that
An(Ym) < Cm+1)Y0, meN,

for some positive constant C' independent of n (with the obvious inequality Ag(Yp) < 1). Hence,
for every € > 0, there exists a positive constant C. > 1 independent of n such that

Am (Vi) < (1+Com)Y/5% vm e Ny. (3.7)
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We define the univariate operator A,, for m € Ny by
Apy = Iy — m—1,
with the convention I_; = 0.

Lemma 3.2 For every € > 0, there exists a positive constant C. independent of m such that for
every function v on R,

HAW(”)HLO@(R) < (1+Com)V/5+= |y Vm € Ny, (3.8)

= LY (R)’

whenever the norm in the right-hand side is finite.

Proof. From the assumptions we have that
[Am (@) < 200+ Cm) ol s, Y € No,

which implies (3.8). a

We will use a sparse-grid Lagrange gpc interpolation as an intermediate approximation in the
deep ReLU neural network approximation of functions v € Lo (U, X,~y). In order to have a correct
definition of interpolation operator we have to impose some neccessary restrictions on v. Let £ be
a y-measurable subset in U such that 7(£) = 1 and £ contains all y € U with |y|p < oo in the
case U = R*, where |y|o denotes the number of nonzero components y; of y. For a given £ and
Hilbert space X, we define L§(U, X,) as the subspace in Ly(U, X,~) of all elements v such that
the point value v(y) (of a representative of v) is well-defined for all y € £. In what folllows, &£ is
fixed.

For v € L‘g(U, X, ), we introduce the tensor product operator Ag, s € F, by

As(v) == ® A, (v),

where the univariate operator Ag; is applied to the univariate function v by considering v as a
function of variable y; with the other variables held fixed. From the definition of L§ (U, X, ) one
can see that the operators Ay are well-defined for all s € 7. We define for s € F,

Is(v) == ®Isj(v), L (v) == ® L k; (v),  7s:= H T, -
JEN JEN JEN
For s € F and k € 7, let Es be the subset in F of all e such that e; is either 1 or 0 if s; > 0,
and e; is 0 if s; = 0, and let Y. == (Ys;5k;)jen € U. Put [s|1:= 32,55 for s € F. It is easy to

j
check that the interpolation operator Ag can be represented in the form

As(v) = Z(_l)lehlst(fU) = Z(_l)‘eh Z U(ysfe;k)Ls—e;k- (39)

eckEg ecE; kems_e
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For a given finite set A C F, we introduce the gpc interpolation operator Iy by

Iy = ZAS.

sEA

From (3.9) we obtain

NG DD DICEILIND IR TR A (3.10)

scA ecFEg kETs_e
A set A C F is called downward closed if the inclusion s € A yields the inclusion s’ € A for
every s’ € F such that s’ < s.

For §, A > 0, we define the sequence p(6, \) := (ps(0, \)) ;7 by

ps(0,0) = [ (1 +rsy)?, seF (3.11)
JEN

with abbreviations ps(#) := ps(0,1) and p(0) := p(0, 1).
Let 0 < ¢ < 0o and o = (0s)ser be a sequence of positive numbers. For £ > 0, define the set

A ={seF: ol <} (3.12)

By the formula (3.10) we can represent the operator /) in the form

Lo = > (“Deholy, ) Le e, (3.13)
(s, k) G(E)

where
G¢) = {(s,e,k) e FxFxF:s€ANl), ecEs, k€ms_e}. (3.14)

The following theorem gives an estimate for the error of the approximation of v € E‘; (U, X,7)
by the sparse-grid Lagrange gpc interpolation I (¢)v on the sampling points in the set G(&), which
will be used in the deep ReLU neural approximation in the next section.

Theorem 3.1 Letv € L5(U, X,~) satisfy Assumption (I) and let € > 0 be a fized number. Assume

that Hp(@,)\)oﬁlHe ) < C < o0, where § =7/3+ 2e, A := C; is the constant in Lemma 3.2, and
q

the constant C' is independent of J. Then for each £ > 1, we have that

v = Inyll e, x) < CE~ a1/, (3.15)

where the constant C' in (3.15) is independent of J, v and &.

A proof of this theorem is given in Appendix.
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Corollary 3.1 Let v € L5(U, X,~) satisfy Assumption (I) and let ¢ > 0 be a fived number.
Assume that Hp(G, )‘)U_lugq(]:) < C < oo, where § = max (7/3 + 2¢,2/q), A := C: is the constant
i Lemma 3.2, and the constant C is independent of J. Then for each n > 1, we can construct a
sequence of points Y(e,) = (Ys_ek)(s,e,k)eG(en) S0 that |G(&n)| < n and

v = Ine,y0llcwxy < Cn~ /7712, (3.16)

where the constant C' in (3.16) is independent of J, v and n.

Proof. Notice that this corollary was proven in [15, Corollary 3.1] for the case U = R*. By Lemma
A.2 in Appendix |G(£)| < Cy € for every € > 1. Hence, the corollary follows from Theorem 3.1 by
sellection of &, as the maximal number satisfying |G(&,)| < n. a

3.3 Approximation by deep ReLU neural networks

In this section, we construct deep ReLLU neural networks for collocation approximation of functions
v € La(U, X,7). We primarily approximate v by the sparse-grid Lagrange gpc interpolation Iy (¢v.
Under the assumptions of Lemma A.1(iii) in Appendix, I)v can be seen as a function on R™,
where m := min {M, | K,§]} . In the next step, we approximate I, )v by its truncation Ij‘\’(g)v on
a sufficiently large hyper-cube

B™ = -2V, 2V/w]™ C R™, (3.17)

where the parameter w depending on £ is chosen in an appropriate way. Finally, the function Il‘\"(f)v
and therefore, v is approximated by a function ®,v on R™ which is constructed from a deep
ReLU neural network. Let us discribe this construction.

For convenience, we consider R™ as the subset of all y € U such that y; =0 for j > m. If g
is a function on R™ taking values in a Hilbert space X, then g has an extension to the whole U

which is denoted again by g, by the formula g(y) = g ((yj)§”20> for y = (y;)jen-

Suppose that deep ReLU neural networks ¢_¢.x on the cube B! are already constructed for ap-
proximation of the polynomials Ls_ck, (s, €, k) € G(§). Then the network ¢ (¢) := (¢s)(s,e,k)cc(6)
on B with |G(§)| outputs which is constructed by parallelization, is used to construct an approx-
imation of IK@)U and hence of v. Namely, we approximate v by

Crev(y) = Y (D)oY ep)boeik- (3.18)
(s.e)€G(€)

For the set A(£), we introduce the following numbers:

my(§) == Jnax |s]1, (3.19)
and
m(§) := max {j € N : 3s € A(&) such that s; > 0}. (3.20)
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Denote by e’ = (eé)je/\/ € F the element with e! = 1 and eé- =0 for j # 1.

In this section, we will prove our main results on deep ReLU neural network approximation of
functions v € L (U, X,~) with the error measured in the norm of the space La(R>, X, ) or of the

space Lﬁ(RM , X)), which are incorporated into the following joint theorem.

Theorem 3.2 Letv € L§(U, X,~) satisfy Assumption (1). Let 6 be any number such that 6 > 3/q.
Assume that the sequence o = (0s)ser in Assumption (I) satisfies o+ < 0gi if i’ < i, and that
Hp(@)a‘lHé ) < C < oo, where the constant C is independent of J. Let K4, K, and Cy be
the constants in the assumptions of Lemma A.1 and of Lemma A.2 in Appendix. Then for every
€ > 1, we can construct a deep ReLU neural network ¢ ¢y := (Ps—esk)(s,e,k)cc(e) on R™ with

min{M, [K,&]} if U=RM,
T LK) if U=R>,

and a sequence of points Yy ¢) := (ys,e;k)(&e’k)eg(f) having the following properties.

(i) The deep ReLU neural network D) and sequence of points Yy ¢) are independent of v;
(ii) The output dimension of (e are at most [Cy€];
(il)) W (pa(e)) < Celt2/0)og ¢,
(iv) L(d’A(g)) < CeV%(log €)%
(v) supp (d’A(E)) C [-T,T)™, where T := 4@;
(vi) The approzimation of v by ®p(eyv gives the error estimate

v = @pe) 0l e x) < CEWaY2), (3.21)
Here the constants C are independent of J, v and &.

Let us briefly draw a plan of the proof of this theorem. We will give a detailted proof for the
case U = R™ and then point out that the case U = RM can be proven in the same way with slight
modification.

In what follows in this section, all definitions, formulas and assertions are given for the case
U =R, and for £ > 1, we use the letters m and w only for the notations

m:= K], w:=|Kg ], (3.22)

where K, and K, ¢ are the constants defined in Lemma A.1 in Appendix. As mentioned above,
we primarily approximate v € La(R*, X,v) by the gpc interpolation Iyv. In the next step,
we approximate I¢)v by its truncation I/U\J(g)v on the hyper-cube B[, which will be constructed

14



below. The final step is to construct a deep ReLU neural network Pae) = ((ﬁs,e;k)(&e’k)eg({) to
approximate I v by @ ¢)v of the form (3.18).

For a function ¢ defined on R, we denote by ¢* the truncation of ¢ on B, i.e.,

{@“(y) ify € B}

. (3.23)
0 otherwise.

©“(y) =

If vg C {1,...,m}, we put

m

H sk y € R™,

We have Lg, (y) = [17L; Ls;u; (y;) if y € B, and LZ(y) = 0 otherwise. For a function v €
L5 (R*, X, ), we define

IX(Q (U) = Z (_1)|8|lv(ys—e;k)Lt’;—e;k' (3.24)

(s,e,k)eG(&)

Let the assumptions of Theorem 3.2 hold. By Lemma A.1(iii) in Appendix for every £ > 1
we have m(§) < m. Hence, for every (s,e, k) € G(£), Ls—_e;r, and L% e and therefore, Iy )
and IY . v can be considered as functions on R™. For g € Ly(R™, X,7), we have |||, gm x ) =
1911, (ree x ) in the sense of extension of g. We will make use of these facts without mention.

To prove Theorem 3.2 we will use some intermediate approximations for estimation of the
approximation error as in (3.21). Suppose that the deep ReLU neural network ¢ Ae) and therefore,
the function @, are already constructed. By the triangle inequality we have

v = Pa@) vl oo, x ) S v = Ta)vlLa®ee,x0) + Ha@)r — IR eyl Lo\ B X ) (3.25)
+ [Hx v — Pa@vllLasr.x) + 1A vl L2\ B, X 9) -

Hence the estimate (3.21) will be done via the bound C¢~(1/4=1/2) for every of the four terms in
the right-hand side. The first term is already estimated as in Theorem 3.1. The estimates for
the others will be carried out in the following lemmas (Lemmas 3.3-3.5). To complete the proof
of Theorem 3.2 we have also to prove the bounds of the size and depth of ¢, ) according to the
items (iii) and (iv) which are given in Lemma 3.6 below.

For v € L§(R>, X,v) satisfying Assumption (I), by Lemma 3.1 the series (3.2) converges
unconditionally in La(R*, X, v) to v. Therefore, the formula (3.10) for A = A(§) can be rewritten

= > D v > (D Y Ho(Wa ew)Ls-ein- (3.26)

SGA(& S e ecEs kETs_e

Hence, we also have by the definition (3.24)

Z ZU’ Z |e|1 Z Hs’(ysfe;k:)LL;—e;k' (327)

seA(§) s’'eF eckEs kems_e
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Lemma 3.3 Under the assumptions of Theorem 3.2, for every & > 1, we have that

<C —(1/q—1/2)’ 3.98
La® Xm) 3 (3.28)

HIA(@U - f‘A”(g)“‘

where the constant C' s independent of v and &.

Proof. By the equality
HLs—e;k - L‘;f_e;th(Room = HLS_E;kHLQ(Rm\BL”,'y) ) V(S, €, k) € G(£)7

and the triangle inequality, noting (3.26) and (3.27), we obtain

L2 (R, X,y) < Z Z Vsl Z Z |Hs (Yo ek ) Ls— ekHL2 (RM\ BTy

SEA §) s’eF ecEs kEng_e

HIA(@U—I‘A"@) ‘
Let (s,e, k) € G(&) be given. Then we have

m
Ls—e;k = H LSj—ej;k'j (yj)v y € R™,
j=1

where Ls; .k, is a polynomial in variable y;, of degree not greater than my () < w. Hence,
applying Lemma A.7 in Appendix with taking account of (3.22) gives

1L < Cee ™ | Lo—ell,

s—ek HL2(R’"\BZJ’W) (R™y) °

From Lemmas A.3 and A.4 and Lemma A.1(ii) in Appendix we derive that

||LS_e5k||L2(]Rm7’y) - H Hsz_ej;k]‘ HLQ(R;}/) S H eKz(ijej)

JEN jEN
< H ef2si — oKalsh < (Kami(€) < 6K3€1/9q,
JEN
and
1/6
S Hy (g o] < efilsh < Kami(€) < K€%, (3.29)

kems
Summing up, we arrive at

T Clﬁexp( K& + (Ko + K5 €1/9q> o> sl > >t

seN() s’elF ecFEs kEms_e

HIA(QU — I/"((Qv’

< Cigexp (= Kag + Ko /") |G Y lowlx

s’'elF

Hence, by Lemma 3.1, Lemma A.2 in Appendix and the inequality 1/0¢ < 1/3 we get

< Cy¢% exp ( - K&+ Kﬁﬁl/eq) < cemWa1/2),

HIA(s)U - IA@)U’ Lo(R=,X )
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The previous lemma gives the bound of the second term in the right-hand side of (3.25), i.e., the
error bound for the approximation of sparse-grid Lagrange interpolation Ij)v by its truncation

I/“\J(g)v on BY for v € Lay(R*, X,v). As the next step, we will construct a deep ReLU neural

network ¢ ¢) := ((bs,e;k)(s e.k)cG(e) OD R™ for approximating I;\J(g)v by the function @ )v given
as in (3.18), and prove the bound of the error as the third term in the right-hand side of (3.25).

For s € Ny, we represent the univariate interpolation polynomial L. in the form of linear
combination of monomials:

y) =) by, (3.30)
=0

From (3.30) for each (s, e, k) € G(§) we have

s—e
Loer =y by “*yt, (3.31)
£=0

where the summation Zz;g means that the sum is taken over all £ such that 0 < £ < s — e, and

m
s ek H bs] ej,k] yg _ H yfj
Jj=1

Indeed, we have

U ki £;
Lg_ Ek_HLSj—e], yj H Z ng ej;k; y
J=1 Jj=1 £;=0

s—e m s—e
=2 | IToi ™ | v =20y

£=0 \j=1 £=0

By (3.27) and (3.31) we get for every y € B[}
s—e E m e
Bo@@= > (Do, o) > b5 (4vm) ™" H< ) . (3.32)

(s,e,k)EG(E) £=0 j=1

Let £ € F be such that 0 < £ < s — e. For £ # 0, with an appropriate change of variables,

the term []7., ( 4%)£j can be represented in the form H' |1 ¢1(xj) where ¢ is defined before
Lemma 2.4. We put

By:= max max |b5~°"|, (3.33)
ecEs kems_e 0<f<ls—e
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and
2 Y Kl (9) (4v) ) B, (3.34)
seA(§)

where K is the constant in Lemma A.3 in Appendix. Hence, by Lemma 2.4, for every (s, e, k) €
G (&) and £ satisfying 0 < £ < s — e, there exists a deep ReLU neural network gbz &k on R™ such
that

m 0
Yj > / s—e;k ( ) >
sup e —¢ — < 6, 3.35
Al (25) -4 (o (355
and
—e;k ) [ve
supp <¢z € (W) > C By 2. (3.36)
In the case when £ = 0, we fix an index j € vs and define the deep ReLLU neural network
e e y
05w =t e ().
Then \bs_e;k — ¢s,0(y)| = 0 for y € B[}. Observe that size and the depth of ¢50 are bounded
by a constant. For £ # 0, from Lemma 2.4 one can see that the size and the depth of ¢, * are

bounded as

W ((bz—ak) < C(1+1£, (log €], +1logs™")) < C (1+ |€];logs™ 1) (3.37)
and
L <¢§*e;’“) < C (1+logle], (log €], +logs")) < C (1 + log|e], log 6" (3.38)

due to the inequality [£|; < §~!. In the following we will use the convention |0|; = 1. Then the
estimates (3.37) and (3.38) holds true for 0 < £ < s.

We define the deep ReLU neural network ¢4_c.; on R by

y e R™, (3.39)

SN ()

which is the parallelization deep ReLLU neural network of the component deep ReLU neural net-

works ¢ g (m) From (3.36) it follows
supp (¢s—ek) C B'SuPp( I, (3.40)
We define ¢ ¢) := (¢s—e; k)(s ek)eG(e) B the deep ReLU neural network realized by parallelization

of ps_ek, (s,€ k) € G(&). Consider the approximation of IX(&')’U by

ey = > (DoY) baen- (3.41)

(s,e,k)eG(8)
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Lemma 3.4 Under the assumptions of Theorem 3.2, for every & > 1, we have

HIX(E)U B (I)A(ﬁ)UHLQ(BQEX,v) < oo, (3.42)

where the constant C' is independent of v and &.

Proof. According to Lemma 3.1 the series (3.2) converges uncondionally to v. Hence, for every
€ B, we have by (3.27)

7
ZOCTURD v o195 wEHEID oA SR D | (N

seA(€) s’eF ecFEg kETs_e
(3.43)

and by (3.41)

Prgoly)= > S ve D (-1F ST Hy(y, e st o (1) g5 ek<4\f>

seA(§) s’eF ecEs kEms_e
(3.44)
From these formulas and (3.35) we derive the inequality

s—e
Lo (B™, X < Z Z ”US HX Z Z ys ek ’Z
. £=0

HIX)(@” - ‘I’A(f)“’

b (ave) s

seN(E) s’eF ecFEs kEmg_e
(3.45)
We have by (3.33)
s—e
> bz—e,k’ <Bs [[ si<ps(1)Bs,
£=0 JE€Vs_e
and by Lemma A.3 in Appendix
Do D HoWeew)l < Y eflomel <albellsh < py(1)eflel. (3.46)

eCEs kEms_e ecFEs

This together with (3.45), Lemma 3.1 and (3.34) yields that

P S Z 6Bups(1) Y vsllx (V)™ D7 3" |Hor (Y o)

HIX’(@” — pgv ‘

s’elF ecEs kcms_e
< Z ||7Js ”X 5 Z K|8\1 4f)|5|1
s'elF seA(E)

< g Wa=1/2),
a

In the previous lemma, we proved the bound of the third term in the right-hand side of (3.25),
i.e., the error bound for the approximation of IX(g)U by the function ® v for v € La(R*, X, 7).
As the last step in the error estimation, we will establish the bound for the fourth term in the
right-hand side of (3.25).
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Lemma 3.5 Under the assumptions of Theorem 3.2, for every & > 1, we have
—(1/g—1/2
H(I)A(é)UHLQ((Rm\BLn)’XN) < cg a1/, (3.47)

where the constant C' is independent of v and &.

Proof. We use the formula (3.44) to estimate the norm H<I>A ’UHL2 (R™\ B, X )" From (3.35) one

ome k( )| <2, Vy € R™. Hence, by Lemma A.7 in Appendix,

can easily see that ‘(Z) o

i~ (c2)

This together with (3.44) implies that

< 2|l pymm\Bm ) < Crmexp (—Kw).
La(R™\BZ' 1)

H(I)A(é)vHLg(Rm\BL”,XKY)

’ .
<Y Slwlx XY [Hlaen) Z e e | .
SEA(E) s'EF e€Es kems_e =0 2(R™\By)
< Crmexp (—Kjw) Z (4\@)|3\1 Z vs || Z Z (Ys—en) ‘Z bz_e;k‘.
seA(E) s’'cF ecFEs kems_e £=0

By a tensor product argument from Lemma A.6 in Appendix and the inequality s — e < s for
e € F;, we deduce the estimates

X

bs ek‘ < 6K2|S|1S| < eK2|S‘1|S||s‘1 (348)

which and (3.46) give

—_ek
S [ HoWarew)| D0 057 D0 [ (ames)| sl < po(1)eR2Ioh 5|1 (3.49)
kETs_e £=0 kEms_e

This in combining with (3.22), (3.29), Lemma 3.1 allows us to continue the estimation as

H<I>A(£)UHL2(RM\B$7X,7) < Cymexp (—Kjw) Z llvs || x Z (4\@)|Shps(l)eKﬂS‘l|s||13‘1

8'€F sEA(E)
< Comexp (—Klw) Z (4\/&)|8\1 ps(l)eIQIsh |s|lls\1
sEA(E)
m1(€)
< O exp (— K1) (0351/2) szl(&) m1 () Z ps(1

seA(¢

Hence, by Lemma A.1(ii) in Appendix we have that

Kq,0€"/% 1/6 K. ,£1/0q
1280l y@m mp, ) < Co€ exp (-E) (0351/2) q Moo (K, g /09) 0o Oy
< Os€2 exp(— K€ + K4/ log € + K56/%).
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Since 1/60q < 1/3, we obtain

H¢A(£)UHL2(RWI\BZ}”’X77) < Céf(l/qfl/Q)_

ad

To complete the proof of Theorem 3.2, we have to establish the bounds of the size and depth
of the deep ReLU neural network ¢, () as in (iii) and (iv).

Lemma 3.6 Under the assumptions of Theorem 8.2, the input dimension of Pae) s at most
| K€, for every § > 1, the output dimension of @,y at most [Cy],

W (ppe)) < C& /M 0g g, (3.50)

and

L(pag)) < C&Y7(log€)?, (3.51)
where the constants C' are independent of v and &.
Proof. The input dimension of ¢, is not greater than m(§) which is at most |K| by

Lemma A.1(iii) in Appendix. The output dimension of ¢, is the number [G(§)| which is at
most |Cy&] by Lemma A.2 in Appendix.

By Lemmas 2.1 and 2.4 and (3.37) the size of P (¢) is estimated as

S W dse) < Y. DY ZW(gbj e’“) (3.52)

(s,e,k)eG (&) SEA(E) e€Es k€ms_e £=0

<G Y Y > Z(H\E\lloga—l), (3.53)

SEA(¢) e€Es kEms_ o £=0

IN

W (b))

where we recall,

sl .— é~1/q—1/2 Z eK1|s\1pS(2) (4\@)Is|1 Ba,

s€A($)

Bg := max max ‘bz & ‘
ecEs, kems_e 0<f<s—e

From (3.48) it follows that

s—e

Bs < max Z
66E57k67r.97e£ 0

by < exp (Kag!/M10ge)
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which by Lemma A.1(i) in Appendix implies
51 < £/a1/2 oxpy (K2£1/9" log 5) 3 ps(2)
s€A(E)

< Cog /T 2 exp (Kag!/Mlog ) < Crexp (K Mloge) .
Hence,
log(671) < Ku&/%10g €. (3.54)
and consequently,
(1-+ 1€l 1og57) < (14 |s|, Kag"/*log€) < Ca¢/10g¢.

From (3.52)—(3.53) and Lemma A.2 in Appendix we obtain the desired bound of the size of @)

W(gag) < Cotloge - > > D1

sEN(€) e€Es kEms_e £=0

< 0252/9‘1 log & Z ps(l) < C’3§H2/9q log €.
(s,e,k)eG(E)

By using Lemma 2.1, (3.38), (3.54) and Lemma A.1(ii) in Appendix, we prove that the depth
of @y (¢ is bounded as in (3.51):

m s—e;k
< . < 3
t <¢A@)> S oo L Peme) < | 0 ool L <¢f )

<C 1+ log €], logd!
<Ca | g o odpax (L4 logéllogd™)

< Cy max (1+log|s|,logd™*

< 43@(@( glsl;logd™)

< 1/0q 1/6q < 1/0q 2
<0y maég) (1 + log (Kq79§ ) (K5§ log §>> < 5% (log€)

sEA

We are now in a position to give a formal proof of Theorem 3.2.

Proof. [Proofs of Theorem 3.2] From (3.25), Theorem 3.1 and Lemmas 3.3-3.5, for every £ > 1,
we deduce that

|v— @5 | < Cce=/a=1/2),

(f)vHLQ(R"O,X,'y =
The claim (vi) is proven. The claim (i) follows directly from the construction of the deep ReLU
neural network ¢, ) and the sequence of points Y (), the claims (ii)~(iv) from Lemma 3.6 and
the claim (v) from Lemma A.1(iii) in Appendix and (3.40). Thus, Theorem 3.2 is proven for the
case when U = R*°.
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The case U = RM can be proven in the same way with a slight modification. Counterparts of
all definitions, formulas and assertions which have been used in the proof of the case U = R, are
true for the case U = RM. In the proof of this case, in parlicular, the used equality || Hs|| Lo®ee) = 1,

s € F, is replaced by the inequality ||Hs|| <1,seN). a

ng(RM)

4 Application to parametrized elliptic PDEs

In this section, we apply the results in the previous section to the deep ReLU neural network
approximation of the solution u to the parametrized elliptic PDEs (1.2) with lognormal inputs
(1.3). This is based on the weighted ¢3-summability of the series (||us||y)ser in following lemma
which has been proven in [4, Theorems 3.3 and 4.2].

Lemma 4.1 Assume that there exist a number 0 < g < oo and an increasing sequence p = (p;)jen
of numbers strictly larger than 1 such that prle ) <C < oo and
q

> pilsl <C < oo,

JEN Loo(D)

where the constants C' are independent of J. Then we have that for any n € N,

. S 25"
Soalualv<C <o win a2i= Y (3)IA% (4.)

s€F 8|l () <7 JEN

where the constant C is independent of J.

The following two lemmas are proven in [15, Lemmas 5.2 and 5.3].

Lemma 4.2 Let the assumptions of Lemma 4.1 hold. Then the solution map y — u(y) is 7-
measurable and u € Lo(U,V,~). Moreover, u € L§(U,V,v) where

= qyeR™: sup,oj_l\yj] < 00 (4.2)
JjEN

having v(€) = 1 and containing all y € R* with |y|o < oo in the case when U = R*.

Lemma 4.3 Let 0 < g < o0, p = (pj)jen be a sequence of positive numbers such that
prlHZ W) < C < oo, where the constant C is independent of J. Let 8 be an arbitrary non-
q

negative number and p(0) = (ps(0))ser the sequence given as in (3.11). For n € N, let the

sequence o = (0s)scr be defined as in (4.1). Then for any n > 72(0;1),

we have
-1
Hp(&)a Heq(f) < C <o,
where the constant C is independent of J.
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We are now in position to formulate our main results on collocation deep ReLU neural network
approximation of the solution u to parametric elliptic PDEs with lognormal inputs.

Theorem 4.1 Under the assumptions of Lemma 4.1, let 0 < q < 2. Then, given an arbitrary
number § > 0, for every integer n > 1, we can construct a deep ReLU neural network Pae,) =

(Ps—esk) (s,e.k)eC(en) Of the size W(d’A(gn)) <n on R™ with

1
min{M, {K <107gzn> 1+6J} if U=RM,

m = 1
K(logn> 1+5J if U=R>,

and a sequence of points Yy (¢, ) := (ys—e;k)(s,e,k)ec(gn) having the following properties.

(i) The deep ReLU neural network PA(e,) and sequence of points Yy (e, are independent of u;

1
(ii) The output dimension of g,y is at most {K ( n ) 1+5J ;

logn

[
(i) L(ae) < Cs (25) " (logn)?;

1
2(149) |

(IV) supp (¢A(£n)) C [—Ta T]m> where T’ := 05 (lngLn) ’

(v) The approzimation of u by ®p(,)u defined as in (3.18), gives the error estimate

1 1
) (G
lu = @peyulle oy < og :
Here the constants C', K and Cs are independent of J, u and n.

Proof. To prove the theorem we apply Theorem 3.2 to the solution u. Without loss of generality
we can assume that § < 1/6. We take first the number 6 := 2/dq satisfying the inequality § > 3/q,
and then choose a number n € N satisfying the inequality n > 2(0 + 1)/q. By using Lemmas
4.1-4.3, one can check that u € L§(U,V, ) satisfies the assumptions of Theorem 3.2 for X = V
and the sequence (0s)ser defined as in (4.1), where £ is the set defined in Lemma 4.2. For a given
integer n > 1, we choose &, > 1 as the maximal number satisfying the inequality Cg;i logé&, < n,
where C is the constant in the claim (ii) of Theorem 3.2. It is easy to verify that there exist
positive constants C; and Cy independent of n such that

1 1
1+6 1+6
Cr <6 <G .
logn logn

From Theorem 3.2 with ¢ = &, we deduce the desired results. a

From Theorem 4.1 one can directly derive the following
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Theorem 4.2 Under the assumptions of Lemma 4.1, let 0 < ¢ < 2 and §; := min(1,1/q —1/2).
Then, given an arbitrary number § € (0,04), for every integer n > 1, we can construct a deep
ReLU neural network e,y = (Ps—ek)(s,e,k)eG(en) Of the size W(d)A(gn)) <n on R™ with
min {M, |[Kn'=°|} if U=RM,
m:=
| Kn'—] if U=R>,

and a sequence of points Yy (g, ) := (ys_e;k)(s e,k)eG(e,) having the following properties.

(i)

(i)

(i) L(¢pace,) < Csnf;
)
)

The deep ReLU neural network ¢y, and sequence of points Yy (e, are independent of u;

The output dimension of qu are at most LKnl_‘SJ ;

(iv) supp (c,bA (én )) [T, T)™, where T := Csn'~9;

v e approximation of u by ®pe yu defined as in , gwves the error estimates
Th fu by Py, u defined 3.18), gives th '
_(1_1 _(—sfi_1
= el ey < Om- () < 000G ), (43)
Here the constants K, C' and Cy are independent of J, u and n.

Let us compare the collocation approximation of u by the function

(I)A(gn)u = Z (71)‘e|1u(ysfe;k)¢s—e;kv (44)
(s,e,k)€G(&n)
generated from the deep ReLU neural network ®A(g,) as in Theorem 4.2, and the collocation
approximation of u by the sparse-grid Lagrange gpc interpolation

Ingou:= Y (=DMu(y,_op) s e (4.5)
(s,e,k)eG(&n)

Both the methods are based on m the same particular solvers (u(ys_e;k))(sek)GG(£ ) From
Corollary 3.1 one can see that under the assumptions of Theorem 4.2, there holds the error bound

in m for the last approximation:
_(1_1
lu— IA(En)“Hc(U,V) < Cm G 2>’

which is the same as that in (4.3) for the first approximation since by the construction the parameter
m in (4.3) can be treated as independent.
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A Appendix

A.1 Auxiliary lemmas

Lemma A.1 Let 0 >0 and 0 < g < 0o. Let o = (05)ser be a sequence of numbers strictly larger
than 1. Then for every we have the following.

0 1l (5

. < K < 0o, where the constant K is independent of J, then
q

S pel) < K& Ve 1. (A1)

seA(§)

In particular, if Ho'_lHZ ) < K4 < 00, where the constant K is independent of J, then the
q
set A(§) is finite and

A < Ko VE> 1 (A.2)

i) If ||p(6)o 1 V0 <k g < 0o, where the constant K, g is independent of J, then
Lq(F) 4a, q,
q

m(€) < Kop€® VE> 1. (A.3)

(iii) If o v < 0gi for i <i, and if HU*IHZ(I) < K, < 0o, where the constant K is independent
of J, then

m(§) < K& V&> 1. (A.4)

Proof. The claim (ii) and (iii) were proven in [17, Lemmas A.1-A.2| for the case F = . The case

F = Né\/l can be proven in a similar way. Let us prove the claim (i). Indeed, we have for every
§>1,

Z ps(e) < Z ps(e)fa.;q < gzps(e)as_q < C¢.
seA(§) sEF: o5 9e>1 sef
a
Lemma A.2 Let§ >0,0<g<ocand& > 1. Let ¢ = (0s)scr be a sequence of numbers strictly

larger than 1. If and Hp (%) o~ ! () < C' < oo, where the constant C' s independent of J,
then there holds ’

S pa0)<Ce e (A.5)

(s,e,k)eG (&)

q
In particular, if and Hp (%) o~ ! < Cy < 00, where the constant C' is independent of J, then

£o(F)
GO < G ¥E> 1.
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Proof. We have for every € > 1,

Z ps(e): Z Z Z ps(e) < Z ps(e) Z |7Tsfe| (A6)

(s,e,k)eG({) SEA(f) eclEs kEms_e SEA(E) ecks
< Z ps(0)|Es|ps(1) = Z ps(0+1)2‘s|0 < Z ps(0+2) (A7)
sEA(€) SEA(E) s€EA(E)
< D) pe(042)0,7<ED  pa(f+2)0,7 < CE,
SEF: o5 e>1 seF
O
Lemma A.3 We have for any s,s' € F,
D [Ho ()| < 00, (A8)
keﬂ's
where the constant K is independent of J and s, s’.
Proof. From Cramér’s bound we deduce that (see, e.g., [15, Lemma 3.2])
Hy(y)Vay)l < 1, VyeR, VseN, (A.9)
or, equivalently, ,
|Hy(y)| < (2m)/4ev' /4, vy eR, Vs € Ny. (A.10)

Let s,8" € F and k € 75 be given. Notice that for the univariate Hermite polynomials, Hg(0) =0
if s >0, and Ho = 1. Hence, Hy (ysy) = Hjeu ) Hs; (Ys;—e; k;) = 0 if v ¢ vs. For the case when
vg C Vs, we have by (A.10),

2
[Ho (o) = [] 1He )l < TT @m)4e"™57 < T 2 )4k (A.11)
El// EV/ JEVs
Therefore,

S Ho(yae)| < 30 [T 0455 = [T S ™, (A.12)

kEﬂ's kETK’s ]eVs jeVs kj€7r5j

The inequalities [54, (6.31.19)] yield that

k
lysik| < K \’[|, Vk € s, Vs € N. (A.13)
Consequently,
Ls;/2] 2
y2 /4 K k2 o
(27)1/4k; e’ %k < 2 1/4 kz:o exp <4$j> < e i, Vs;eN. (A.14)
jETs =
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This allows us to finish the proof of the lemma as

S | Ho(yap)| < T 5 = XIoh.

kems j€vs
a
Lemma A.4 We have for any s € N and k € mg,
1Ll < €™ (A.15)
and
1Zsikllym gy < € (A.16)

where the constants K are independent of s and k € 7.

Proof. Notice that L, is a polynomial having s single zeros {ys.;}jer,, j£k, and that Lgp(yer) = 1.
Moreover, there is no any zero in the open interval (ys.r—1,¥s) and

L5§k(y5;k) = max Ls;k(y) =1
ye[ys;kflvys;k}
Hence,
|L8,k(y)| < 17 Vy € [ys;k—hys;k—l-l]- (Al?)

Let us estimate |Ls(y)| for y € R\ (ys;k—1, Ys;k+1). From the definition one can see that

Y = Ys;k! _
Ls;k(y) = %/ = As;k(y - ys;k) le-i-l(y)’ (A18)
kers k't Ys:k Ys;k
where
1/2 _
Age=((s+ )" T s — )" (A.19)
Kens k'#£k
From the inequalities [54, (6.31.22)]
2 10.
i <d, < & (A.20)
V2s + 25+ 3
for the minimal distance ds between consecusive y,., k € 75, we have that
_ _ V2s+3
‘y_ys;k| ! Sdsl § W < \/gy VyGR\(ys;k—l,ys;k+1)7

and for any s € N and k, k' € 75 with &' # k,

NE
k= K|’

|ys;k - ys;k’|_1 <C (A.Ql)
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which yield for any y € R\ (Ys:k—1, Ys;k+1)

((s+ 1)!)1/253/2
El(s — k)!

_ 1/2 _
= woal Al S V(s + DDV TT Jer = o] 1 < V5O
k'ems k'£k

1/2 ¢ 1/2 s
< JiC® (Z) ((s+ 11") 55/2 < V320 ((s+ 11") 55/2 S (A

In the last step we used the Stirling’s approximation for factorial. Thus, we have proven that

‘Ls;k(y)‘ < eKls‘Hs+1(y)‘7 Vy € R\ (ys;kflv ys;kJrl)- (A'23)

With Ik := [Ysik—1, Ys;k+1], from the last estimate and (A.17) we prove (A.15):

2 2 2
”Ls;kHLZ(Rﬁ) = HLS%kHLz(IS;k,'y) + ”LS?kHLz(R\IS;k,’y)
<1+ €2K13 ||HS||%2(]R;}/) =14+ €2K15 < €2Ks.

The inequality (A.16) can be proven similarly by using (A.9). o0

Lemma A.5 Assume that p and q are polynomials on R in the form

m m—1
) =Y ay, qly) = byt (A.24)
k=0 k=0

and that p(y) = (y — v0)q(y) for a point yo € R. Then we have

k=0

Proof. From the definition we have

m m—1
D ary® = —=boyo+ D (b1 — bxyo)y* + bm—1y™. (A.26)
k=0 k=0
Hence we obtain
0=ao+boyo; br =ag+1+brr1y0, k=1,....m —2; bp_1 = am. (A.27)

From the last equalities one can see that the lemma is trivial if yg = 0. Consider the case gy # 0.
If |yo| < 1, from (A.27) we deduce that

bkz Z ajyg_k_l. (A.28)
j=k+1
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and, consequently,

|br.| < Z Jajlyol <Z\ag| (A.29)

j=k+1

If |yo| > 1, from (A.27) we deduce that

k
- Z ajy()_(k+1_j), (A.30)
j=0
and, consequently,

m
|b| < Zlagllyo\ 100 <3 " ay). (A.31)

7=0 7=0
a

Lemma A.6 Let bz;k be the polynomial coefficients of Ly as in the representation (3.30). Then
we have for any s € Ny and k € 7y,

S
DI < st (A.32)
where the constant K are independent of s and k € 7.
Proof. For s € Ny, we represent the univariate Hermite polynomial H, in the form
S
)= asey’. (A.33)
£=0

By using the well-known equality

Y
Ha(y) = s , A.34
(y) = (s —20)! 2¢ (A-34)
=0
one can derive that .
las,| < sl (A.35)
(=0
From (A.18) we have
As;kHerl(y) = (y - ys;k)Ls;k’(y)a (A36)
where A, is given as in (A.19). By Lemma A.5, (A.35) and (A.22), we obtain
s+1
Z by < ZAsk Z |as 10| < e (A.37)
a
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Lemma A.7 Let p(y) = H;n:l ©;(y;) fory € R™, where @; is a polynomial in the variable y; of
degree not greater than w for j =1,...,m. Then there holds

11l £y e 7y < Cmexp (—Kw) (@]l L, mm -y - (A.38)

and

< Cmexp (—Kw) [|l¢| (A.39)

H(‘O”LO‘?(RT"\BL") Lgﬁ?(Rm) ’

where the constants C' and K are independent of w, m and .

Proof. The inequality (A.38) was proven in [17, Lemma 3.3]. The inequality (A.39) can be proven
in a similar way with a slight modification. a

A.2 Proof of Theorem 3.1

Proof. This theorem was proven in [15, Corollary 3.1] for the case U = R*°. Let us prove it for the
case U = RM, By Lemma 3.1 the series (3.2) converges unconditionally in the space Lo(RM, X, v)
to v. Observe that Iy Hs = Hs for every s € A(§) and AgHy = 0 for every s £ s'. Hence for
the downward closed set A(¢) C N}, we can write

Ingv = IA@)( > vsHs) = > valygHa = Sagv + Y velngnr. He.
seN)! seNY! s¢A(€)
where Rs := {s’ € N} : &' < s}. This implies
HU o IA(&)UHL(\)/E(RMJ() = Hv o SA(&)UHLQ@(RM,_){) + Z HIA(f)ﬂRS HS“Lg/Og(RJ\/I)' (A.40)
sZA(§)

Therefore, to prove the lemma it is sufficient to show that each term in the right-hand side is
bounded by C¢~(1/9-1/2) The bound of the first term can be obtained from the Cauchy—Schwasz
inequality and (A.9):

I = Snol o) S 30 Iosllx Ml ysgr, < 3 llesllx

Us>§1/q O’s>fl/q
1/2 1/2 1/2
_ . —(2—

<| 3 ulloslx)? Y ot <o 3 o0

os>E1/a os>E1/4a os>E1/4

1/2
< cg~Wa=1/2) Z 051 < e~ (/a=1/2),
seNé”

(A.41)
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Let us prove the bound of the second term in the right-hand side of (A.40). We have that

“IA(E)ﬁRs HSHL(;/CE(]RM) < Z HAS’(HS)HLO\?(RM)- (A.42)
s'€A(E)NRs

We estimate the norms inside the right-hand side. For s € Né\/f and s’ € A(§) N Rs, we have
Ag(Hg) = H] 1Ay ( ;)- From Lemma 3.2 and (A.9) we deduce that

< (14 Ces; )1/6+E

18 (o) oy < (14 Cosp) VS H s
and consequently,
HAS’(HS)HLO\é?(RM) H ”A sJ HL‘f ®) < ps’(ela)‘) < ps(ela)‘)> (A'43)

where 6; = 1/6 + €. Substituting ||Ag (H

)| Lysgar, i (A:42) by the right-hand side of (A.43)

gives that

IN

> ps(B1.)) < [Ralps(61,))

s'€A(§)NRs
< ps(lal)ps(ela)\) < ps(9/2>)‘)'

From the last estimates and the assumptions we derive the bound of the second term in the
right-hand side of (A.40):

> a@on, Holl yygar, < € D lvsllx ps(6/2.3)

HIA(E)ﬁRs Hs HLO\?(RM)

sZA(£) sEA(E)
1/2 1/2

< C| Y (osluslx)? Y. ps(6/2,0)%0,°

gs>§1/‘1 US>£1/Q

1/2

<O Y pa(0/2,0)05 %0, %7

US>§1/Q

1/2
< cgWa=1/2) Z ps(0,\)o;? < g Wa=1/2),
seN}!
which together with (A.40) and (A.41) proves the theorem. a
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