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ABSTRACT. We give an alternative proof of Tsuji’s theorem on the construction of
Kéhler-Einsteins on strongly pseudoconvex domain, adapting the method of Berndts-
son in the compact case.

1. INTRODUCTION

Let 2 be a bounded strongly pseudoconvex domain in C" with C'*°-boundary. In
|CY82], Cheng-Yau proved the existence of a complete Kéhler-Einstein metric wg g on
Q (see also [MY83] for its generalization on pseudoconvex domains). In [Tsul3|, Tsuji
showed that this metric is the limit of a sequence of Bergman metrics. This is the
non-compact version of his earlier result on compact Kéhler manifolds [Tsul0] (see also
Song-Weinkove [SW10| and Berntdsson [Ber09b] for other proofs of this result with
uniform convergence).

The aim of this note is to give an alternative proof of the result in [Tsul3| by adapting
and refining the method of Berndtsson [Ber09b]| in the case of compact Kéhler manifolds.
The main idea is to use a uniform asymptotic of Bergman kernel.

When €2 is a bounded domain in C", then Kgq is a trivial bundle, so we work on
the space of holomorphic functions instead of holomorphic (n,0)-forms. We recall the
definition of weighted Bergman kernels which will be used later. Let ¢ be a continuous
plurisubharmonic function, then we can define a L? norm with respect to the weight ¢

i,u:/lu|2e¢ﬂ
Q

where p is a positive measure. Define
L*(Q, ¢, 1) = {u] Julls < +o0},

[u

and
Hy = {u € O@Q)| Jullgu < +o0} = L}, 6, 1) N O(Q).
The projection from L*(§2, ¢, u) to Hy,, is called the Bergman projection. Its kernel
K(z,w) is given by
Koz, w) =Y uj(2)u;(w),
where {u;} is any orthonormal basis for H,,. Let K4, be its associated Bergman
kernel, defined by

Kou(2) = Koulz,2) = Z |“j’2<z)-

J

Date: December 21, 2022.



2 TAT DAT TO

We also have the extremal characterization
Kpu(2) = sup ——
Consider the complex Monge-Ampére equation on €2

(dd°p)" = e®v, (1.1)
where v is a smooth volume form. With a special choice of €, the solution ¢ of (1.1)
gives us a complete Kéhler-Einstein metric on € (cf. [CY82]). The corresponding Tsuji’s
iteration [Tsul0, Tsul3| can be defined as the following (see also [Ber09b]). Denote by

Kis the weighted Bergman kernel with respect to the weight k¢ and u = e?v, and
define

1
Br(¢) = ang Krs —log dy,),
where
dp = (k/2m)".
Starting from any plurisubharmonic function ¢; on {2, we define the sequence of function

b bY ry1 = Br(dr).

Remark 1.1. In [Ber09b], for a compact Kéhler manifold X, the number d; was the
dimension of H°(X, kKx).

Then our main result is the following.

Theorem 1.2. Let ¢, be a solution of (1.1) such that (2, dd¢s,) has bounded geome-
try. Let ¢y is any continuous plurisubharmonic function on  such that supg, |¢1—Poo| <
00. Let {¢r tren+ be the sequence defined by Tsuji’s iteration above, then

Sup | — Pool
Q

uniformly converges to zero at the rate 1/k.

The main idea of the proof is to use a uniform asymptotic of Bergman kernel for Kéh-
ler manifolds of bounded geometry as in the compact case due to Berdtsson [Ber09b|.

Theorem 1.3. [MMO07, Problem 6.1| Let ¢ is a smooth strictly psh function on Q such
that (Q,w,) has bounded geometry, then

_ E\" b 1
st = (L) (14 20 (1)), 02

Sw, 18 the scalar curvature of wg, and O (k%) denotes a quan-

tity dominated by C/k=% on Q with a uniform constant C' depending on the bounded
geometry of (2, wy,) (see Definition 2.1).

where by(z,2z) = S,

UJ¢.7

This result can be seen as a uniform version of the asymptotic of weighted Bergman
kernels due to Englis [Eng00]. In this note, we give a simple proof for this result. We
follow some ideas from the asymptotic of Bergman kernels on compact Kahler manifolds
in [Lu00, Chalb|.
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As in [Tsul0, Tsul3|, an interesting corollary of Theorem 1.2 is the subharmonicity
properties on the variation of Kéhler-Einstein metrics on peseudoconvex domains (see

Theorem 3.4).

2. GEOMETRY OF STRONGLY PSEUDOCONVEX DOMAINS

We first recall the definition of bounded geometry for Kahler manifolds.

Definition 2.1. Suppose (M,w) is a complete Kdhler manifold. We say that (M,w)
has bounded geometry if there exists r > 0,¢ > 0, Ax, k = 1,2,... such that for any
p € M there is a domain U in C" and a holomorphic maps ¢ : Ben(0,7) — M which is
biholomorphic onto its image, satisfying

(1) Ben(0,7) C U and 9(0) =

(2) On U we have

¢ twen < dfw < cwen;
(3) for any k and any multi-indices a, 8 with |a| + |8] < k

gle+18l g, ()

0z0zP < A

sup
xE€Ben (0,r)

where g;; is the component of *w on U in terms of natural coordinates (z',...2").

As consequence, we have the following normal coordinates for Kéhler manifold of
bounded geometry.

Lemma 2.2. Suppose (M,w) is a Kdhler manifold of bounded geometry. Then there
exists € > 0,¢ > 0, Ay, > 0,k = 1,2,... such that for any point p € M we can choose
a holomorphic chart ¢ : V= Ben(0,€) — M with 1¥(0) = p satisfies condition (2), (3)
in Definition 2.1 and w = dd°p with ¢;3(0) = 6;; and ¢;3,(0) = ©;55(0) = @5r(0) =
%‘jkzl’(o) = 0.

Proof. For any p € M we choose the local chart (U = B(0,7),1) at p as in Definition
2.1. By complex linear transformation we can assume that ¢*w = dd¢ on U with
¢i5(0) = 0. Consider a biholomorphic map Y B(0,e(p)) — U with 20 = (2) =

w' Ap wrw® + Bl wmw"w? where A, Bl will be chosen hereafter.

On B(0,€), we have the pull-back metric ¢*(1)*w) = dd¢p with

Pap = §b +2Alk¢ bW +2A £¢a]_e+3Bémn n¢zb+3B ¢a3wpwq+4A;kA_{)é¢z§wkw€+O<|w|3)

Therefore we have

(pal_)c(o) = ¢al_)c<0) + 2Agc7 ¢al_)é = qbal_)é + 2‘4_207 Pabed = ¢al_>cd + 6B(I;cd

By choosing A%, = —1¢,;(0) and B, = —¢,3.4(0) we get the local canonical coordi-
nates for any p € M. In particular, A?. and Bj.; are uniformly bounded for any p € M
by the definition of bounded geometry. Since €(p) depends only on Af. and By, we can

choose a uniform € > 0 as required. 0

bpq
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We recall some properties of pseudoconvex domains (cf. [CY82]). Let 2 be a strongly
pseudoconvex domain in C". Let p be a smooth defining function for {2. We define
v = —(n+1)log(—p), which is a strictly plurisubharmonic function on €2 and pq(z) —
+00 as z — 0. It follows from [CY82| that (£2,w,,) is a complete Kéhler manifold,
where w,, = dd‘pq. Since

1 n+1
detl(pals) = 0+ 10" (<) detls)=p-+ doP),
we have the Ricci curvature
Ric(wwn) = _<‘10Q)5z + azaij
where F' = —log[det(p;;)(—p + |dp|?)] is a smooth function on Q.

As explained in [CY82] that (€2, w,,,) has bounded geometry. The following theorem
is due to Cheng-Yau [CY82].

Theorem 2.3. There exists a unique complete Kdihler-Einstein metric wxg = dd°¢kg

with
Ric(wKE) = —WKE,
where ¢ is smooth plurisubharmonic function satisfying
(dd°pxp)" = ePKB=Patryn | (2.1)

and |V$Q(¢KE —q)| < Cy for any k € N. Moreover (2, wxg) has bounded geometry.
Then the following is straightforward from Theorem 1.2.

Theorem 2.4. Let p and g = —(n + 1)log(—p) as above. Let ¢y is any continuous
plurisubharmonic function on Q such that supg |¢1 — pa| < oco. The the sequence
{&k}ken+ defined by Tsuji’s satisfies

Slglzp |Pr — dxEl
uniformly converges to zero at the rate 1/k.

3. ASYMPTOTIC OF BERGMAN KERNEL AND THE MAIN THEOREM

3.1. A uniform asymptotic of Bergman kernel. We first prove a uniform asymp-
totic of Bergman kernel on pseudoconvex domain which will be used in the proof of the
main theorem. We refer to [Eng00] and references therein for the local version of this
result.

Theorem 3.1. Let ¢ is a smooth strictly psh function on 2 such that (Q,wy) has
bounded geometry, then

_ E\" b 1

where by(z) = Swys Sw, 18 the scalar curvature of wg, and O (k%) denotes a quantity

dominated by C'/k? on Q with a uniform constants C depending on the bounded geometry
of (Q,wy).
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We need the following Laplace approximation.

Lemma 3.2. [Hor90, Thm 7.7.5] Let K C R™ be a compact set and U an open neigh-
borhood of K. If u € C**(K) and f € C3*T1(U) then we have

Af(zo) 9\ /2 ,
)M @ € -7
‘/ e (3) DA

i<k

< CONF Z sup | D%ul|

la| <2k

for a constant C' depending on Hf“cSkJrl(U), where

Lju= Z Z 27%(—Hy(z0) ' D, D)" (gs,u) (o) /r!s!,

s—r=j 2s>3r
with
Geo() = F(2) = F(z0) — 5 (Hyo) & — ), — 0).
In particular, Lou = u(xy) and
v = Sl fuelims P+ S fI P 4 1 ) (32)
AL forgtp — Te(H H )| omay (3.3)

Proof of Theorem 3.1. The proof uses the method of peak sections due to [Tia90] (see
also [Lu00, SW10]) and the approach using the Laplace approximation (cf. [Hor90]) by
[Chalb] for compact Kéahler manifolds.

For any p € Q, we take (U,z = (2',...,2")) the local canonical coordinates in

Lemma 2.2 centered at p. Choose a holomorphic function g such that ¢ = ¢ — log lg)?
has minimum at p = (0,...,0) and

n

6(z) = Y|P + iz 225" + O(|2I°) (3.4)

=1

Here for example, we can choose a;, bjk, Cimn, dpgrs for g(z) = ¢(0) + a;2" + bjrz9zF +
Clmn2™2' 2" + dpgrs2P 2927 2% to have (3.4).

Let n : [0,00) be a cut-off function satisfying n(¢) = 1 for t < 1/2, n(t) = 0 for > 1,
|n'(t)| < 4 and |n"(t)] < 8. Define a (1,0) form

=9 [" (<1k|gz|c>>] -

which vanishes outside Ay, := {z|(log k)?/(2k) < |2| < (logk)?/k} C U. It follows from
the definition of bounded geometry that the weight ¢ := k¢ + log(w}; /dV') satisfies

k
ddy) = kwy — Ric(wy) > rola

for a constant C' > 0.
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Applying Hémander’s L? estimate (cf. [Hor73]) with the weight ¢: there exists a

smooth function u on € such that du = a,u(0) =0 and
[ peray < & / al2, e (3.5)
< (oo Zko=ho,n 3.6
< O [ loe (3.

1 ~

= C —koym 3.7
(log h)? /A ¢ (3.1)
here we used |2, = [1 <(IIZZ,LQ)2> |2(10gk)4 G217 gk < Cy k‘g‘ 7 on Ay, otherwise o = 0.

Since on Ay, e % = (1 — pOEE )k 4+ O(|2]?), hence

e < (1- —|Z| )ed
We infer that
/Q |u?e W] < C(log k)>" 2k~ 108 H/2n (3.8)
It follows that the holomorphic function f := ng* — u satisfies | f(0)|> = e *¢(®) and
11 = [ 1P = [ lgPetoug + 002, (39)
t

where Uy, = {2 : |2|* < (logk)?/k}. On Uy, we have (wy)" = (1 + ¢p;;:2" 2" + o(|2]*))dV
Applying the Laplace approximation (Lemma 3.2), we have

gPhe Moy = / L+ Gzt 2 o2V
Uk

_ <2%) (1 + o+ 0<k2>)
_ (2%) (1 ~ 55,(0) + O(k‘Q)) ,

where O (k ) dominated by C'/k™2 on Q with a uniform constant C' depending only on
the bound of |[D*¢| on U with |a| < 7. Therefore

Uy

/Ckgb,w;( ) > ||J|CJE||1L > (%)new(o) (1 + QkS (0 )+O(k2)) , (3.10)

hence we get a lower bound for Kpg.

We now obtain an upper bound for Ky, following the strategy in [Chal5|. Let f be
any holomorphic function on €. Since |f/g*| is subharmonic function on U, we have

PN kb0 pdV/

, 3.11
fA e~kéopdV’ 31

1£(0)/g"(0)* <
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where ¢ = 3 |27]2 + ¢i3kgziz3zk’z‘7, p =1+ ¢;;2"z" and Ap C U is a polydisc with
radius R. Choosing R = k~%/3, we have
—kdo < —kd+ Ck™/3

and
pdV < (14 C/{_Q)wg
hence
[ ity < qeer) [jpgpe iy 3a2)
AR AR
= (1+Ck2)/ |flPe " w]. (3.13)
AR
Using the Laplace approximation again we have
5 27\ " 1
—kéo g7 — 27 R k%)) . 14
[ e = () (1= s +ou) (3.1

Therefore we get

Ia, 1£/g" P k0 pdV

0)/g*(0)) < - 3.15
roor < e .15
_(k ' 1+ LS (0) + O(k™?) / | f|Pe " wr.
2m 2k ¥ Ap ¢
Since |g(0)? = e *©) we imply
E\" 1
2 ko(0) [ 14+ = -2 / 2 —ké, n
o <0 () (14 s o) [ e,
hence we get the upper bound for KCg,. O

3.2. Proof of the main Theorem. We have the following lemma which is a local
version of [Ber09b, Lemma 3|.

Lemma 3.3. Let ¢, be the solution of (dd°¢n.)" = e®>v such that (Q, wy.. ) has bounded
geometry. Suppose that Cy, Cy are two real numbers satisfying C; < ¢—ooo < Cy. Then

we have
k—1

k
E—1

Br(¢) = boo + Ci— ey, (3.16)

and

where gy, depends on ¢u, k and tends to zero at rate 1/k>.

Cs + &y, (317)

In [Ber09b, Lemma 3|, the author used the asymptotic of Bergman kernel for the
Kéhler-Einstein metric with the coefficient of 1/k is the scalar curvature of the metric.
We give here a refined proof of this Lemma using only zero order asymptotic

E\" 1
—k¢ _ -
IquﬁMZe = (27r> (1 + @) (k‘)) .
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Proof. Since (dd°¢)" = e?~v, using the first order asymptotic of Bergman kernels for
the weight ¢o, ( cf. Theorem 3.1), we have

’Ck¢oo,e¢oou€_k¢°° = /Ck%o,wgoo e~ Roee (3.18)
— (k/2m)" (1 40 (%)) | (3.19)
By definition dy = (k/27)™ then
Krpe = /d), =1+ 0O (%) . (3.20)
This implies
Bu(dc) = 7 low(Ki. /) = b+ 24 (321)

k

where &; depends on ¢, k and tends to zero at rate 1/k>.

Next, it follows from the fact that ¢ > C] + ¢ for some constant C; > 0, the
extremal characterization of Bergman kernel implies that

Ko > eF VA4 . (3.22)
Therefore, combining with (3.21) we have

k —

1
L Cl+¢oo_5k

Br(¢) >

Similarly, we have
E—1

Br(9) <

as required. O

Proof of Theorem 1.2. We define by recurrence ¢x1 = fr(¢x). For any £ > 1, denote
C}, the best constant in the inequality

P > Ck + doo- (3.23)

Lemma 3.3 thus implies that

k—1
Cig1 >

Ck — &k

Since ¢y, is of order 1/k?, this implies that kCj,1 = O(1), hence Cy, = O(1/k). By the
same way, the last part of Lemma 3.3 gives a similar estimate that Cj, = O(1/k) where
C), is the best constant such that

¢k§¢oo+ék

So we get the desired convergence. 0
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3.3. Variation of Kahler—Einstein metrics. Let 7 : C" x C™ — C™ be the second
projection and © be a smooth domain in C"*™ such that €, := QN7 ~(¢) is a bounded
pseudoconvex domain with smooth boundary. It follows from [CY82, MY83| that on
each slice €, there exists a unique complete Kéhler-Einstein metric ¢(z,t) := ¢(2), i.e

Ric<w¢t) = T Wy
where wg, = i0,02¢(2)dz" A 2.

Theorem 3.4. [Chol5a, Cholbb, Tsul3| If Q C C"™™ is a bounded (strongly) pseudo-
convex domain, the function ¢(z,t) constructed above is a (strictly) plurisubharmonic
function on Q.

The result was proved in [Cholba, Cholbb| using the boundary behavior of the
geodesic curvature which satisfies a certain elliptic equation, and in [Tsul3| using Tsuji’s
construction of Kéhler-Einstein metrics. For the reader’s convenience we sketch the
Tsuji’s approach here.

Proof. Suppose first €2 is a bounded strongly pseudoconvex domain. Fix ¢; a continuous
plurisubharmonic function on €2 such that supg, |¢1 — ¢q| < co. Denote ¢, ; the restric-
tion of ¢ on , i.e ¢14(2) := P1(2,t). Let ¢p be the weights constructed by Tsuji’s
iteration above starting from ¢, on Q. It follows from [Ber06] and the induction on
k that (z,t) + log K, (2) is psh on Q, hence (z,t) > ¢p(2) is psh on Q. Letting
k — oo and using Theorem 1.2, we imply that ¢(z,t) = limg_,o ¢r(2) is strictly psh
on €.

In general when () is bounded pseudoconvex, the existence of complete Kéahler-
Einstein metric was constructed in [CY82, MY83| as the limit of Kéhler-Einstein met-
rics on relatively compact subdomains. By this standard approximation process we also
imply that ¢(z,t) is psh on Q. O
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