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Schedule

1. 22.11.2017, 09.00-11.30: Phase space analysis for classical damped wave models
Content: First we derive representations of solutions by using Fourier multipliers.
This allows to discuss decay behavior and decay rate of the wave type energy. Moreover,
we explain the influence of additional regularity in the data. One of the most important
properties is described by the so-called diffusion phenomenon for damped wave models.
We explain this phenomenon. Some conclusions complete the first part of lectures.

2. 24.11.2017, 09.00-11.30: Semilinear classical damped wave models

Content: ~ We begin with explanations of the Fujita exponent as the critical exponent
in semilinear heat models. Then we show that this exponent is critical in semilinear
classical damped wave models with power nonlinearity, too. Stability of the zero solu-
tion is proved by using decay estimates for solutions to parameter-dependent Cauchy
problems, Duhamel’s principle and a fixed point argument. The optimality of the crit-
ical exponent is proved by applying the test function method. This implies blow-up
(in finite time) of weak solutions even for small data.

3. 30.11.2017, 09.00-11.30: Fujita via Strauss - a never ending story
Content: First we recall the story of the Strauss exponent appearing as the critical
exponent in semilinear wave models. We introduce Kato’s lemma as an important tool
to prove blow-up results. Finally, we introduce recent results for some semilinear wave
models with power nonlinearity and with scale invariant mass and dissipation. These
models are taken from a grey zone, where an interaction of Fujita and Strauss critical
exponents appears.



1 The classical damped wave model

First of all we mention that solutions to classical damped wave equations have qualitative
properties as existence of a forward wave front, finite propagation speed of perturbations or
existence of a domain of dependence.

1.1 Representation of solutions by using Fourier multipliers

Let us turn to the Cauchy problem
uy — Au+u, =0, u(0,2) =@(x), u(0,z)=1(x).

Step 1 Transformation of the dissipation term into a mass term
We introduce a new function w = w(t,x) by w(t,z) := ez'u(t,z). Then w satisfies the
Cauchy problem

1 1
wy — Aw — Zw =0, UJ(O,I) = w(x)a wt(oax) = 590(1‘) + ¢($)

In opposite to the Klein-Gordon equation now appears a negative mass term. This negative
mass needs some special considerations.

Step 2 Application of partial Fourier transformation

The application of partial Fourier transformation gives the following ordinary differential
equation for v = v(t,§) = Fye(w(t, x))(t,€):

vt (IR =)o =0, v(0,6) = w(€) = F(£)(©)

0(0,€) =na() = 5 F@)(©) + F)(€).

We make a distinction of cases for {£€ € R™ : |¢| > 1} (the coefficient [£]* — § is positive) and
for {€ € R™: [£] < £} (the coefficient |¢|* — 1 is negative).
Case 1 {&:|¢] > 3}

Using [£|> > § we define a new positive variable || by |n* := [¢{]* — 1 > 0. So we get

the ordinary differential equation vy + [n|?v = 0. We obtain immediately the following
representation of solution v(t,£):

v(t, &) = cos (\ [1€]% — % t) vo(§) + o (\/7;2; t> v1(§).

Case 2 {&: ¢ < 3}



The solution to the transformed differential equation is

UO(S) Ul(f) —L1/1-4)¢2¢
i) = (5 - 1—4I£|2>62 ‘

= vp(&) cosh (5 1 —4[¢? t) +

1
————sinh (5 1— 4\g|2t).

If we consider the Cauchy problem

uy — Au+u, =0, u(0,z) =p(x), w(0,r)="1)(z)

with data ¢ € H*(R") and ¢ € H*"'(R"), then we conclude from the above representations
of solutions the next result after taking into consideration that only the behavior for large
frequencies is important for the reqularity of solutions.

Theorem 1.1. Let the data p € H*(R™) and ¢ € H*7'(R"), s € R', n. > 1 be given in the
Cauchy problem

ug — Au+u; =0, u(0,2) = p(x), u(0,x)=1(x).
Then there exists for all T > 0 a uniquely determined (in general) distributional solution
ue C([0,T], H*(R")) n C'([0,T], H*'(R")).
We have the a priori estimate
[u(t, -)]

Finally, the solution depends continuously on the data.

me [t )]

w1t < (D) (Jlepll s + (1]

H.sfl) .
Let us discuss how to prove this theorem.

Remark 1.1. The statements of Theorem 1.1 are true for the solutions to the Cauchy
problem

uy — Au =0, u(0,2) = p(x), u(0,x)=1(x).

Consequently, the dissipation term has no influence on the regularity of solutions. Dissipation
terms have an essential influence on energy estimates, they produce a decay of the energy.
This will be explained in the next section.



1.2 Decay behavior and decay rate of the wave energy

We know that the wave energy

B (u)(t) = %/ (jut, ) + Vu(t, 2)) do

of Sobolev solutions to the Cauchy problem
uy — Au+uy =0, w(0,2) =p(x), ul(0,z)=1(x)

is a decreasing function if Fy (u)(0) is finite. This follows from differentiation of the energy
Ew (u)(t) with respect to ¢ and integration by parts. We assume that all these steps can be
carried out, that is, the data are supposed to be smooth enough (it is sufficient to assume
for our purpose that the data (¢, 1)) belong to the so-called energy space H!'(R™) x L*(R")).
Then, we derive

1
Eyy (u)(t) = 5 / (2upuy + 2Vu - V) do

= / (we(Au —w) + Vu - V) do = / —uy(t, z)*dr < 0.

n

Thus, the energy is decreasing for increasing t. We can not expect energy conservation. This
seems to be no surprise because of the damping term. It arises the question for the behavior
of the energy for ¢ — oo. Of special interest is the question whether the energy Ey (u)(t)
tends to 0 for t — oo. Such a behavior is called decay.

Applying phase space analysis allows to verify that the energy FEy (u)(t) is even decaying
for t — co. We are able to derive for Ey (u)(t) an optimal decay behavior with an optimal
decay rate.

Theorem 1.2. The solution to the Cauchy problem
uy — Au+u; =0, w(0,2) =p(x), ul(0,z)=1(x)
with data ¢ € H'(R") and v € L*(R™) satisfies the following estimates for t > 0:
[t )l 2 C(llellez + ¥lla-1),

<
IVut, Mz < CO+8)72 (gl + [10]]2),
lust, Mz < CA+E (el + [¢22)-

Consequently, the wave energy satisfies the estimate

By (u)(t) < CAL+1) 7" (lellin + 1911Z2)-



Remark 1.2. We see that the kinetic energy decays faster than the elastic energy. To get
these estimates we suppose for the data (p,) the reqularity H'(R") x L*(R™) which is
stronger than the reqularity H'(R™) x L*(R"). The last reqularity guarantees for a Sobolev
solution to become an energy solution. Try to understand what kind of estimates we would
have in the case of data to belong to H'(R™) x L*(R™). In which step of the following proof
do we use the assumption ¢ € L*(R")?

Proof. Step 1 Transformation of the energy in the phase space

Let @ be the Fourier transform of u, that is, a(¢,&) = Fye(u(t, x))(t,£). We transfer the
energy in the phase space as follows:

B (u)(®) = 5 (IV(t, )3 + et VI

1
= 5 (gl IIE= + (e, I132).

Here we applied the formula of Parseval-Plancherel. After introducing u(t, z) = e~ 2'w(t, x)
and v(t,&) = Fye(w)(t, §) it follows a(t, §) = e~2'(t, £). For the elastic energy we will use

€la(t, &) = e 3t |¢|u(t, €),

for the kinetic energy we will use

(€)= e H (u(t.6) 5 0(t.9)).

Step 2 FEstimate of the solution itself
We will divide the phase space R{ into several regions.
Case 1 {&: ¢l > 1}

The representation of solution yields

A (1 v1(8)]
(6, )] < O (Joo(©)] + 1)

Case 2 {£: €] € (i, 1)}

The representation of solution yields

[a(t, &) < Ce™ (Jvo(&)] + ua(€)])

with a suitable positive constant 0.
Case 3 {€: Il < 1}

The representation of solution yields
[a(t, &) < C(Jvo()] + lvi(€)])-
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Summarizing we conclude the first estimate.
Step 3 FEstimate of the elastic energy

We will divide the phase space R{ into several regions already motivated in Section 1.1 (cf.
with Cases 1 and 2 there). We shall use the notations from the previous section.

Case 1 {&: [¢] > 1}

First we notice

1 1 sin (/1¢12 = 1)
la(t &) = e (cos (/1€ = 7 1) Ieluo(€) +¢ €len(©)
2 1
\IEP =5t
By using the formula of Parseval-Plancherel this helps us to estimate the elastic energy
| Vu(t,-)||3.. We have

€Lt 2 ey = /

1€1>5

sin? (y/[€]2 — 1t
T / ( 1) o tePlon(e) e
i<lgl<1

(/1€ = 1)

1 2 _—t 2d
v gl i)
—_———

1

et P <2( [ e e as

£>5

<C

<2t [ [€Pluo(€)2de + Ct2e / (P de + Cet [ un(6)]? de.
.

n Rn

Summarizing we obtain an exponential decay for large frequencies. It holds
[, et Pz < cre | (PR + (@) de
¢>3 Rn

We need the regularity H'(R") x L*(R") for the data (g, ).
Case 2 {&:|¢] < 3}



To estimate the elastic energy we use

|€la(t, &) = |€|6—%t<<vo §) - v1(§) )e‘émt

vo(§) v1(§
e
= up(€)le] cosh (5y/T— AEF 1) ¥
—l—msinh<1 1—4]5\215)@*%?

Vi 2
We divide the interval (0, 3) for [£| in two subintervals.

Case 20 {€:[¢l€[5,3)}:

Here we estimate as follows:

[€llat, )l =

vo(€)[€] cosh (% 1 — 4!£|2t> ot

sinh (% 1—4\g|2t)

%«/1—4]5\%

-~

+

t vy (€)lgle 2!

(.

<Ct cosh(% t)

V3

3
< w(@lelcost (2 0)et + vl eosh (Y1) 1t |
N 4 N——_ 4 B
< =00, 550 <lo1(©)] Py

and obtain with a suitable positive constant ¢ the estimate
| Pl oP s < oe [ (ePm@F + () de
1<lél<s R™

Here we get an exponential decay and use again the regularity H'(R™) x L2(R") of the data
(0. 9).

Case 2b  {&: ¢ €(0,1)}:
By using the property
vr+y< \/E—FL forany x >0 and y > —x
2\/x

it follows the inequality

1
P < —1+ TP < ~20¢P for J¢] < .
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With this inequality we proceed as follows:
| JePlat. P g
lel<%
fz/ﬁ (00l©)PIER + oy (©)PIe ) oy gtV HER ) g
<z <et

< e—2l€2t

1
€<z

< Ce_t/ (oo ()IPIE1* + 1 () *1¢]*) de

+C [ (ul©F + () PePe e e
lel<%
For t > 1, we may estimate the second term on the right-hand side of the last inequality by

C/ (100 (€)% + Ju1 (€)[2) ¢ |2e 2P de
lg|<3

2
<0 s B[ (i + o) i

l¢l< g, t>1

1 2
< C; sup  t|¢|Pe 2kl / (lvo(E) P + [v1(6)I?) dé.
<, t1 R

-~

J/

IN

For ¢ € [0, 1] we use €[22 < €. Summarizing we have shown for small frequencies
[, i ora < o | (w@F +ln ) e
gl<g "

In this case we need the regularity L?(R™) x L?(R") for the data (¢, ).
Summarizing all estimates of the Cases 1 to 2b we may conclude the desired decay estimate
for the elastic energy.

Step 4 FEstimate of the kinetic energy
We use the identity ||u:(t, ) [|72(mp) = [l (t, -)H%Q(R?) with

lt,€) = e (u(t.€) — % o(t,€)).
Case 1 {&:|¢] > 3}

Using
u(t,€) = /162 — psin (/162 = 7 #) (@) +cos (1162 =  #) @
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we obtain

1 NG
in(t.€) = 4 (wn(6) (cos (€ = 1) — 1= &7 )
€l
1
— (@) (5 cos (1/le12 = 7 ¢) + yle = o (3 el -

Repeating the approach to estimate the elastic energy gives

[ (2, )HL2{|§\> 1y

t ] sin (1/]€]> — %
e

N

<C(1+t)

e /Ig @R ler - Tsin (y/lel - 1 1)
+ %COS <\/ |€|? — ;1 t) >2d§.

-~

<C

The inequality (|| — 1) sin® <w/|f|2 -2 t) < [€[* implies for {¢ : |¢] > 3}

/ ant, €)P de < O(1 + £ / (ERI(©) + [1n(6)2) de.
l€1>3 R

We need the regularity H'(R™) x L2(R") for the data (,1) and obtain an exponential decay
in time.

Case 2 {&:|¢] < 3}
We get immediately
ﬁ/t(t?g)
1 -1t — 2 o 1 _ 2+) _ 1 — 2
= e (\/1 Al¢| smh<2 1 — 4[] t) cosh<2 1 — 4[] t))uo(g)

+e—%t<cosh (%\/1—74\5215) - \/%éllf\? sinh (% - 4]5\%))@1(5).

Again we divide the interval [0, 2) into two subintervals.

Case 2a  {£: || € [47 2)}



Here we show the exponential decay of the kinetic energy. On the one hand we use

1 1 3
cosh (5 1— 4|§|2t> + sinh (5 1— 4|§|2t> < 2cosh <\/T_t>’
on the other hand we use

| 1
( 1—4|§|%)‘§C’8t for 5V/1—4gPt<e.

e

Both estimates lead to
ot Wsggeqypy < €™ [ (6PR(@F +n(©)P) de

with a suitable positive 6. Here we need the regularity H*(R") x L*(R") for the data (¢, ).
Moreover, we derived an exponential decay in time.

Case 2b  {&:|¢] < i}

In this case we obtain

— 4¢]

5) Ul(g) ) % _% 1-4l€)2¢
( 1 4|§|2>( — 4+ 1)e ‘

(vof (5) 2)(\/@_1) “Lr iR
Vo

Hence, we can estimate as follows:

0 < (O (Tt ) by

< —2)¢|2 <emlEPt Jgj<]
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Recalling the estimates for the elastic energy a similar approach leads to

et Mzageresy < © /E _, (0P + @)t + e~ g

§l<1

oo /g|<;1 (02 (©)F + [uo(©)[?) de

i O/ (l01(&)1 + [vo(€)[?) €] e~ 24 ag
€<

< Cet/
1<

1 2
+ Oy sup Egften e / (Jon(©) + e (€)[?) de
le|<, t>1 €<%

g

<c

< Ce~ /5|<}1 (|U1(5>| + |vo(§)| )d§

C 2 1y 2
+m /|£<A11 (‘U1(€)| +’ 0(5)‘ )df
< e L (0 OF +lulOP) de

~(1+1¢)?

N

[o1(E)” + [vo(€)[7) d€

4
/

Here we need the regularity L*(R™) x L*(R") for the data (¢,%). Summarizing all the
estimates from the Cases 1 to 2b we have proved the third inequality for the kinetic energy.
Thus all statements from the theorem are proved. O

Which part of the phase space does the decay behavior of the energy influence?

The decay behavior is influenced by the small frequencies. But, which properties of solutions
do the large frequencies influence? The large frequencies influence the necessary regularity
of the data.

The reader can find a detailed discussion on the classical damped wave model in [34].

1.3 The diffusion phenomenon for damped wave models

At a first glance the properties of solutions to heat or wave models are completely different.
One will not expect any relation between heat and wave models. In general, this is true.
But, already the following exercise hints to something.

Exercise  Let us consider the mixed problem

52utt — Ugy + Ut = Oa U(O,l’,i‘:) - 90<x)7 Ut(O,ZL‘,E‘:) = ¢($)’ YIS (07 L)a
u(t,0,e) = u(t,L,e) =0 for t >0,
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with sufficiently smooth data ¢ and 1. We assume that the compatibility conditions are
satisfied. Let u = wu(t,z,e) be the unique (distributional) solution of this mixed problem
(without explaining the precise regularity). Prove, that for every fixed (t,z) the following
relation holds: lim._,ou(t, z,e) = w(t, z), where w = w(t, x) solves the mixed problem

Wt — Weg = Oa UJ(O,,I’) = ¢($)7 S (O’ L)’
w(t,0) =w(t,L) =0 for t > 0.

To what does this exercise hint?
From time to time mathematicians use instead of the heat equation

Wy — Wy = 0
which solutions possess an infinite speed of propagation the damped wave equation
U — Uyy +ur = 0, €2 >0 is small.
Now solutions have a finite speed of propagation. The speed depends on . One can prove
the relation lim. o u(t, z,¢) = w(t, x).

The main result of this section is a relation between solutions of the heat and of the classical
damped wave equation. On the one hand we have the a priori estimate

lw(t, )|z < C|lel|z2 for solutions to w; — Aw =0, w(0,x) = (x).
On the other hand we have from Theorem 1.2 the a priori estimate

lu(t, )|z2 < C(|l¢llr2 + [¢]lg-1) for solutions to
uy — Au+u, =0, u(0,z) = p(x), u(0,z)=1(x).

Problem: Let (¢,%) be given data in the Cauchy problem for the classical damped wave
equation. Can we find a data ¢ in the Cauchy problem for the heat equation such that the
difference of the corresponding solutions u(t, ) — w(t, ) decays for ¢ — oo in the L?>-norm?
Take into consideration that the estimates for ||u(t, -)||z2 and ||w(t, )| 2 are optimal, thus we
can not expect any decay for t — co. If we show that the difference decays in the L?-norm,
then it is said that the asymptotic behavior of both solutions coincide for t — co.

In the following we will give a positive answer to the last question. This effect is called
diffusion phenomenon which was originally observed in [16] and was, for example, studied
among other things in the papers [60], [37], or for an abstract model in [17].

To apply the above a priori estimates for solutions to the Cauchy problem for the heat and
for the wave equation as well we shall assume @, € L*(R™). Then let us turn to the Cauchy
problems

Uy — Au+u, =0 and wy— Aw =0
u(0,7) = p(z), w(0,2) =1(x) w(0,7) = p(x) + ¥(2).

We introduce a cut-off function x € Cg°(R"™) with x(s) = 1 for |s| < § < 1 and x(s) = 0 for
|s| > & which localizes to small frequencies. Then we have the following remarkable result:

12



Theorem 1.3. The difference of solutions to the above Cauchy problems satisfies the fol-
lowing estimate:

| Pt (MO P (it 2) = wit.2) ) | < C@+07 e 0)llee

Proof. We use for small frequencies |£| < % the following representation for the solution
u = u(t,z) from Section 1.1:

x—)é( )(taf)
_, %t<< F(e)(€) + F( )(f))e_;\/ﬁgm
V1= 4¢P
+<%F(¢)(€> N EF(SO)(f)_Z’g'(;U)(f))eémt).

We have for w = w(t, z) the representation of solution

Fose(w)(t,€) = e T (F(9)(&) + F()(€))-

Taking into consideration the relations

2
\/1+s:1+§—%+0(s3)

1
and —:1—§+O(52) for s — +0
1+s 2
we get
VI—4lEP=1-20¢* - 20¢* + O([¢°)

1
and ———= =1+ 2|¢]* + O(|¢|*) for |¢] — +0.

V1 =4

These relations allow to conclude

H £—>:c< Fose (ult, ) — w(t,a:))) HX Fose (u(t, z) — w(t, z))
=[x ((%F«o)(s) - (%F@o)(s) +E(E)

L2

_,_(% )O €2 ) ~5t+O(g) -3t
+ (3R + ( F(p)(€) + FW)(©) + (F2)(©) +2Pw)(©)) I¢f*
+<% )O €[4 >€§t €12 t=le]* t+O(*) t o~ 5 ¢

eI t( @)+ F@)©))|
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On the one hand we have

HX@( — F)(©) + <%F(Sﬁ)(f) + F(w)(é‘))O(]g\?))e<f1+0(|e\2>>t
< Ce (¢, ¥)lle

with a positive constant ¢ < 1 depending on the support of y. On the other hand we have

L2

@ ((Feo©) + F@)©) + (Fe)(€) + 2P @)(©) ¢l
+(5F)© + F@)©)oller)
x e I IIE O _ It (P () (g) + F(@Z))(g))) ,
< [} (F (o)) + () ©)) (o7 e w0t — i)
@ (P +2P@)©) ¢

H(GF)© + F@)(©) Ol )eleP rotes

L2

2

We denote the two terms on the right-hand side of the last inequality by J; and by J;. Let
us assume t > 1. So, we obtain the estimates

N = HX(O (F(go)(g) + F(¢)(§))(‘|f|4t + O(J¢|%) t)e*\EIQt

1
" / (I +0(E0) s g
0

L2

~~

<1

< c|ue) (e + Fw)©) L e

L SO s
and

1, < OO (RO + IF@)E)) - e

<O (o)
For t € (0,1] and for k = 1,2 we have

T < Cll(e, 9|12

Summarizing all derived estimates gives
Jr S CA+1) (e, )2 for k=1,2.

The proof is complete. n
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The diffusion phenomenon contains the information that the solution to the Cauchy problem
uy — Au+u, =0, u(0,z) = p(z), w(0,x)=1)(x)

has asymptotically a parabolic structure (compare with the behavior of solutions to the
Cauchy problem for the heat equation) from the point of view of L*-estimates for the solution
itself.

Why do we consider the diffusion phenomenon only for small frequencies?

Following the approach in Section 1.2 we conclude for large frequencies and for large times
t the estimates

17, (1 = x(©)w(t, ) |2 < Coe™ " [[(0,9) 112
and
17, (1= x(©)alt, ) 2 < Coe™ M [(, )] 22
with some positive constants C7 and Cj.
Thus we already have an exponential decay. This is optimal. There is no any reason to

study in detail for the difference of Fourier transforms localized to large frequencies a better
decay than the exponential one.

1.4 Decay behavior under additional regularity of data

We learned in Theorem 1.2 that the energy of solutions to classical damped wave models
decays. This decay becomes faster under additional regularity of the data (p,%). Let us
turn again to the Cauchy problem

uy — Au+u, =0, u(0,2) =¢(x), u(0,x)=1(r)

under the additional regularity assumption (¢,v) € L™(R™) x L™(R"), m € [1,2). In the
following we restrict ourselves to explain modifications in the treatment, in particular, how to
use this additional regularity. For large frequencies we do not change our approach because
under regularity H'(R") x L*(R") of the data we have an exponential decay. But for small
frequencies the additional regularity L™(R™) x L™(R™) leads to better decay estimates.

Setting
1 1 1

2 r m
and after using Holder’s inequality we get

g1t N7y < C / P (juo (O + [ (€)7) de

l€l<3
< C(lenlr + el ([ (e ag)”
€1<3
< C(leln+ Il ([ (ePe )= ag) ™
lel<1
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Here m' € (2, o0] is the conjugate exponent to m € [1,2). Let us only estimate the integral
on the right-hand side. By using polar coordinates we obtain for large ¢ the estimate

1
2m g2t 4 om 2 tm _
/ |€’2—m6 €% 320 d& = C’/ ro—me " z-mp™ L dp
€< 0
m

S C<2_m>2+m/ Sn71+2277mm6—82 dS S O(1+tm)_2_27n'
0

tm 2—m

Summarizing implies

_n2-m)

~ 1 —I'_tm 2m
ettt 12 ggpery < C(5—) (lelZm + ll0120)
n(2—m)71

< Cn(1+8) 2 (el + 1WlEm).

Mapping properties of the Fourier transformation explain why to suppose additional regu-
larity L™ (R"™) for m € [1,2), only. '
Similar estimates can be derived for ||0]u(t, §)||iQ{|£‘<l} with 7 =0, 1.
4
All these estimates together imply the following result.

Theorem 1.4. The solution to the Cauchy problem
Utt — Au + Ut = Oa U(Ou I) = QO("E): ut(07x) = ¢($)

satisfies the following estimates for t > 0:

~n(2—-m)
lut, Mz < Co(X+8)" 5 (llelmeare + 1¥llz2nzm),

(2—-m)

IVu(t, )z < Cu(l+t)72""%

lu(t, Mz < Cu(l4+8)777

(Il nem + lbllzzncm),
(Il snzm + Illzzncm).

(2-m)
4m

Consequently, the energy satisfies the estimate

_ 71’1,(27777,)
Ew(u)(t) < Cou(L+ )72 ([lellzpngm + 101 720zm)-

Remark 1.3. The statement of the last theorem coincides for m = 2 (we suppose no addi-
tional regularity for the data) with the statement of Theorem 1.2.
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2 Semilinear classical damped wave models with
source nonlinearity

Let us consider the Cauchy problem for semilinear wave models with time-dependent speed
of propagation

g — a(t)*Au = f(u), u(0,7) =p(x), u(0,z)=(x).

We will explain the definition of energies. The term uy yields the kinetic energy 1||uq(t, -)||%,
the term a(#)?Au implies the elastic type energy (we should take account of the time-
dependent coefficient) 1a(t)?||Vu(t,-)[|3.. But how does the nonlinear term f(u) influence
the definition of the energy7 Let us define the primitive F'(u fo s)ds. Tt could be an
idea to include this term into the energy, so we could propose as a Sultable energy

B (u)(t) = 5 u(t, )| + 5ol V(e ) + [ ~Flu)de

Is this a good idea? It depends heavily on —F'(u). The energy is supposed to be nonnegative.
So, we expect nonnegativity of —F(u) for all u. But this is not always satisfied. For this
reason we distinguish between

1. an absorbing nonlinearity f(u): —F(u) > 0 appears (is absorbed) in the definition of
the energy. A typical example is f(u) = —|ulP"lu, p > 1,

2. a source nonlinearity f(u): —F(u) is not nonnegative, thus, it does not appear in
the definition of the energy. It should be treated as a source. Typical examples are

flu) =Juf~tu, p>1, or f(u) = [ufP,p>1.

Let us turn to the Cauchy problem
uw — Au+up = [uf’, u(0,2) = p(z), w(0,z)=1(z)

We learned that the nonlinear term |u|P is a source nonlinearity. For this reason the global
existence (in time) of small data solutions is of interest. This means, that we try to prove
that the steady-state solution u = 0 of the Cauchy problem with homogeneous data is stable
in a suitable evolution space. Small perturbations of the data in suitable Banach spaces
preserve the property of the Cauchy problem to have globally (in time) solutions. It turns
out that there exists a critical exponent p..;, a threshold between global and non-global
existence of small data solutions. For the above semilinear damped wave model this critical
exponent is actually the Fujita exponent pp,j(n) =1+ % We shall discuss this issue in the
next two sections.

A suitable energy of solutions is the wave energy Ey (u)(t).
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2.1 Fujita discovered the critical exponent
In his pioneering paper (see [10]) Fujita proved the following two results.

Theorem 2.1. Let us consider the Cauchy problem
ur — Au=u, u(0,z) = p(z).

The data ¢ does not vanish identically and is supposed to be nonnegative and to belong to
the function space B*(R™). Let p € (1,1 + 2). Then there is no global (in time) classical
solution satisfying for any T > 0 the estimate

lu(t,z)| < Mpexp(|z|?) for all (t,z) € [0,T] x R", B € (0,2).

Here B?(R™) denotes the space of functions with continuous and bounded derivatives up to
order 2.

Theorem 2.2. Let us consider the Cauchy problem
u — Au =uP, u(0,z) = p(z),

where the data ¢ is supposed to be nonnegative and to belong to the function space B*(R™).
Letpe (1+ %, o0). Take any positive number . Then there exists a positive number § with
the following property:

If p(x) <0G, (7, ), then there is a global (in time) classical solution satisfying the estimate

0 <u(t,z) < MG,(t+~,x) for all (t,x) € [0,T] x R".

Here

1 jaf?
Gult.) = o exe (= )

is the Gauss kernel.

Both Theorems 2.1 and 2.2 imply that pg,;(n) is really the critical exponent. The case
p = pryj(n) remained open. Later a blow up result for p = pp,;(n) has been proved in [15]
or in [25].

2.2 Global existence of small data solutions

2.2.1 Main result

To formulate the following theorem we need the abbreviation pgy(n) = 5 for n > 3. This
number is connected with the Gagliardo-Nirenberg inequality. The space for the data (p, )
is defined as follows:

Aiq = (H'R") N LYR™) x (L*(R") N LY(R")).
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Theorem 2.3. Let n < 4 and let

p>pFuj(n) an:1727
2<p<3=pen(3) ifn=3,
p=2=pan(4) if n = 4.

Let (p,v) € Ay 1. Then the following statement holds with a suitable constant g > 0: if

1@, D) llar, < €0,

then there exists a unique globally (in time) energy solution u belonging to the function space
C([0, 00), H'(R")) N C*([0,00), L*(R™)).

Moreover, there exists a constant C > 0 such that the solution and its energy terms satisfy
the decay estimates

lult, e < CA+O) TN (0, ¥)llarss
IVult, )l 2 (L+8) 752 (0, )|
e (2, )| 2 L+ (e )l

Remark 2.1. We obtain the global (in time) existence of energy solutions only in low di-
mensions n < 4. This depends on the weak assumptions for the data. They are chosen from
the energy space only with an additional reqularity L*. More restrictions of the data space or
using estimates on LP basis with p € [1,2) allow, in general, to prove the global existence of
small data solutions in higher dimensions for p > pp,j(n), too (see, for example, [36], [56],

[19], [18]).

2.2.2 Main steps of our approach

We explain the main steps of our approach to prove Theorem 2.3. This approach can be
used to study large classes of semilinear models.

Linear Cauchy problem: Let us consider the corresponding linear Cauchy problem
wy — Aw +wy =0, w(0,2) =p(z), w(0,z)=1().
Then the solution w = w(t, z) can be written in the following form
w(t,x) = Ko(t,0,2) *@) @(x) + K1(t,0,2) @) ¥ (x).

Here Ko(t,0, ) *@) ¢(x) is the solution of the above Cauchy problem with second Cauchy
data ¢» = 0. On the contrary, K(t,0, ) *()1(x) is the solution of the above Cauchy problem
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with first Cauchy data ¢ = 0. Now let us turn to the following classical damped wave model
with source:

Vg — A'U + Uy = f(t,il)), ’U(va) = 07 Ut(ovx) = 0

Using Duhamel’s principle we get the solution

v(t, x) :/0 Ki(t,s,x) %) f(s,x)ds.

The family of terms {K(t, s, z) *() f(s,2)}s>0 is the solution of the family of parameter-
dependent Cauchy problems

Wyt — Aw +wy = 07 U)(S7$) = 07 U}t(S,ZE) = f(S,I).

So, Duhamel’s principle explains that we have to take account of solutions to a family of
parameter-dependent Cauchy problems, where the parameter appears in the description of
the hyperplane {(¢,z) € R"™! : ¢ = s}, where Cauchy data are posed. The classical damped
wave equation has constant coefficients. Using the change of variables t — ¢ — s in the last
Cauchy problem implies the relation K;(t,s,z) = K;(t — s,0,z) for { =0, 1.

Choice of spaces for solutions and data: This is a very important step. The choice of the
space for the data is, in general, connected with the choice of the space for solutions. On the
one hand the choice of data (the choice of [ in the function spaces below) may cause some
additional difficulties in the treatment. On the other hand the space of data may influence
qualitative properties of solutions (e.g. compact support for all times or decay behavior for
all times). We propose as space for solutions the evolution space

X(t) = C([0.1], #,,(R")) N C*([0, 1], H,, " (R"))
for m e (1,2], 1 € N, [ > 1 and for all ¢ > 0. The data are taken from the function space
(Hy,(R™) N LY(R™) x (Hy, '(R™) N LYR™).

So, we assume an additional regularity L' for the data (¢,).

Estimates for solutions and some of its partial derivatives:  To fix a norm in X (¢) we need
so-called (L™ N L') — L™ estimates for solutions and some of their partial derivatives

||8§‘u(t, ')HLm < Cf|a\(t)”(go7¢)||(H7lnmL1)><(an_10L1) for |a <1,
||8§Ut(ta ')HLm < Cg|a\(t)H((107w)H(anﬂLl)x(Hf{lﬂLl) for jo| <1-1.
Then we introduce in X (¢) the norm

]| x o)

= s (3 fu) U o+ 3 () ()

<7<
0Tt Mo la]<I-1

L'm) .
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Fized point formulation: We introduce for arbitrarily given data
(.)€ (HL, (R 0 LH(R™) x (HS (") N L)(R")
the operator
cu € X(t) = Nu = Ko(t,0,2) *@ ¢(x) + Ki(t,0,2) *@g) ()

/ Ki(t —5,0,2) %@ |u(s, x)|" ds.
Then we show that the following estimates are satisfied:

[Nul|x@ < Co H(%¢)H(HgnmL1)x(H£;1mL1) + Ci(t )HUHP
| Nw = Nollxq < Calt)lu — vllxoqo (Il + ||v||X0(t))

for t € [0, 00) with nonnegative constants Cy, C;(t) and Cy(t). Here we used the evolution
space Xo(t) := C([0,t], H.,) with the norm

Jullxoco = sup (32 (7)™ 05 u(r. ).

la| <1

Application of Banach’s fixed point theorem: The estimates for the image Nu of the last
step allow to apply Banach’s fixed point theorem. In this way we get simultaneously a unique
solution to Nu = u locally in time for large data and globally in time for small data. To
prove the local (in time) existence we use C}(t), Cs(t) tend to 0 for ¢ tends to 0, while to
to prove the global (in time) existence we use C(t) < C3 and Cy(t) < Cj for all ¢ € [0, 00)
with a suitable nonnegative constant Cs.

Let us only verify how to prove the global existence in time.

In fact, taking the recurrence sequence u_; := 0, uy := N(ug_y) for £ = 0,1,2,--- into
account we apply the estimate for || Nu||x) with small norm

H(%WH(Hgnle)x(Hi;lle) -

Then we arrive at ||ug||x@) < 2Cse for any € € [0,e0] with g9 = £0(2C}3) sufficiently small.
Once this uniform estimate is established we use the estimate for ||[Nu — Nv| x) and find

ks — urllxey < O3 [Juprr — el xey < 27 ue — w1l xq)

for e < g¢ sufficiently small. We get inductively |ur — up—1||x@) < C527% so that {ug}y is a
Cauchy sequence in the Banach space X () converging to the unique solution of Nu = u for
all £ > 0. Here we used that the constant C5 appearing in the last estimates is independent
of t € [0,00).
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2.2.3 Proof of the main result

Proof. Now let us prove Theorem 2.3 by following all the steps of the approach of the previous
section.

The space for the data is A;; := (H'(R") N LY(R™)) x (L*(R™) N L'(R™)). The space of
energy solutions is X (t) = C([0,], H'(R™)) N C*(]0,t], L*(R")). Taking into consideration
the estimates of Theorem 1.4 we choose

fiai(t) = (L +1)”

So we introduce in X (¢) the norm

n+

_nt4d
4 .

™ for o] <1, golt) = (1 +1)

n n+2
Jullxcy i= sup (142 u(r )iz + (1+7) 5 [ Fu(r, )
FL+7) S e () 22).
Moreover, we define the evolution space Xo(t) = C([0,¢], H'(R™)) with the norm

n n+2
Jullxo = sup (14 )Ffulr )l + (14 7) 5 [Vulr, ) 12).

It remains to show the estimates
INullx@) < Coll(: )l arnpy<zenryy + Cr()]ullk,
-1 —1
[Nu— Nollxy < Cot)lu = vllxo00 (1l %0 + 1015 )

for the operator NV of the previous section. These estimates will follow from the next propo-
sition in which the restriction on the power p and on the dimension n of Theorem 2.3 will
appear.

Proposition 2.1. Let u and v be elements of X (t). Then under the assumptions of Theorem
2.3 the following estimates hold for 7 +1=0,1:

(L+ 0 1+ ) T2V Nu(t, )2 < Cll 0, 9)lars + Cllull, s
(L+ 01+ 052 [V (Nu(t, ) — No(t,-))||.e
< Cllu = vllxow (Iullige + 1ol )-

Here the nonnegative constant C' is independent of t € [0, c0).

Proof. We have
VjﬁiNu(t, )= VjaiKo(t, 0,2) *@) () + VjﬁiKl(t, 0,2) *@ ¥ (x)

t
+Vjaf/ Ki(t = 5,0,2) %) |u(s, )| ds.
0
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The estimates of Theorem 1.4 imply immediately

V70l Ko (t, 0, ) *(zy () + VIOLK (2,0, 2) %) V()| 2
<CO+O)T A+ (0,0 s

for the admissible range of j and [. So, we restrict ourselves to the integral term in the
representation of VI9! Nu(t,-). Using K;(0,0,z) = 0 it follows

t
V]ai/ Kl(t — 8,0717) *(z) |u(8,l‘)|p ds
0
t
= / VjaiKl(t — 8,0,37) *(z) |u(57x)|p ds.
0

What we shall do is to use different estimates of solutions to the family of parameter-
dependent Cauchy problems

wy —Aw+w, =0, w(s,x) =0, w(s,z)=|u(s,z)l.

On the interval [0, £]: Here we use the L*N L' — L? estimates of Theorem 1.4. So, additional
regularity of the data is required.

On the interval [, t]: Here we use the L? — L? estimates of Theorem 1.2. So, no additional
regularity of the data is required.

Following this strategy we get

L2

t
TR
0
< [0t o)
~ ’ 2Nt
0
t
wc [ =t ]
5

We use

[[uls, 2)P[] 1 < Clluls, Mze + lluls, )|,
< Clluls, ) 172

(s, @)l

Now Gagliardo-Nirenberg inequality comes into play. We may estimate

[u(s, )7 < Cllus, )H”l ") ||, Ylj o(r)
(s, )72 < Cllu(s, )||p(1 0(2p)) ||V (s, )||109(2p7
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where

n(p—1)

n{p
= —" 0(2p) =
, (2p) o»
We remark that the restriction 6(p) > 0 implies that p > 2, whereas the restriction 6(2p) < 1
implies that p < pgny(n) if n > 3. So, we use the estimates for u(t, -) and Vu(t, -) only. This is

the main motivation for introducing the space Xy(¢). Taking into consideration (p) < 0(2p)
implies

—p(2492)) (=Un
H|u(87x)|p||L2r~|Ll S CHUHP 5)(1+S) p(4+ 2 = ||u|| 5)(1+S) 2 )
_(n 9@2p) _ (2p—1)n
[lu(s, 2)P|| 2 < Cllully (1 +8)7PEH720 =l (1 +5)7

After summarizing and using |lu||x,s) < ||ullx,@) for s <t we may conclude

t
H / viaﬁ[(l(t —5,0,) %@ |u(s,z)[P ds)
0

L2

p*l)n

t
2 no g
< Cllull%, (t/ (14t —s)"GE+2t0(1 4 5)- ds
0

(2p—1)n

t )
+0|yuy|§(0(t)[(1+t—s)—%—l(1+s>—4 ds.
2

The first integral is estimated by (1 + t)_(%Jr%*l). Indeed, since p > ppy;(n), the function
(p
(1+1)”

(RL). We treat the second integral as follows:

(2p—1)n

¢ A
/(1+t—s)_;_l(l+s)_ T ds
3

—1n t j
<C(l1+ t)’(2p4 : / (1+t—s)"2"4ds

i

2

<C(1+ t)‘@“—%—l((log(l +H))l <o+ t)—(%+%+”

for j +1 = 0,1. This completes the estimates for V/9!Nu(t,-). Exactly in the same way
we prove the desired estimates for V9] (Nu(t, ) — Nv(t,-)). The considerations base on the
following relations:

t
Vjaé/ Ki(t —5,0,2) %) (|u(s,x)|p — |v(s,x)|p) ds
0

¢
— / VjﬁiKl(t —5,0,7) *(y) (|u(s,x)|p — |U(s,x)|p) ds
0
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and

We conclude by Proposition 2.1 the statements of Theorem 2.3.

2.3 Application of the test function method

In this section we shall show that the Fujita exponent pg,;(n) is really the critical exponent.
Here we apply the test function method which was introduced in the paper [62]. Our main
concern is the following result.

Theorem 2.4. Let us consider the Cauchy problem for the classical damped wave equation
with power nonlinearity

Ut — Au + Uy = |u‘p’ U(O,l’) = 90<I>7 ut<07 I) = ¢<I>

in [0,00) x R™ withn > 1 and p € (1,1+ 2]. Let (¢,v) € Ay, satisfy the assumption

/n ((p(:z:) + w(x)) dz > 0.

Then there ezists a locally (in time) defined energy solution
ue C([0,T), H'(R") nC*([0,T), L*(R™)).

This solution can not be continued to the interval [0, 00) in time.

Remark 2.2. Following the proof to Theorem 2.3 we obtain a local (in time) energy solution
ue C([0,T), H'(R") nC*([0,T), L*(R™)).

For this reason we restrict ourselves to prove that this solution does not exist globally on the
interval [0, 00) in time.

Proof. We first introduce test functions n = n(t) and ¢ = ¢(x) having the following proper-
ties:

25



1 for0<t<i
— - — 27
n(t) {0 for t>1,

[ 1 for |z| <3,
o) = { 0 for |z| >1,

3. ";7((?)2§C’for%<t<1,and%§0f0r%<|x|<l-

Let R € [0,00) be a large parameter. We define the test function

Xr(t, ) == nr(t)dr(z) = n(%)qﬁ(}%)

We put
Qr = [0, R’ x Bp, Bpr:={x€R":|z| <R}.

We note that the support of xy is contained in the set Qr. Moreover, yg = 1 on [0, %2] X B%
We suppose that the energy solution u = wu(t,z) exists globally in time. We define the
functional

" /Q Ju(t, 2)PXr(t, 2)? d(, £) = /Q (1t — A+ ) Xr(t, 2)7 d(z, ).

R

Here ¢ is the Sobolev conjugate of p, that is, %—k% = 1. After integration by parts we obtain

IR:—/BR (s0+w)¢%d:v+/Rué’f(xié)d(w,t)
- /Q (), )~ /Q u(h) dr.

= —/ (¢ +¢)ohdr+ Ji + Jo + Js.
Br

By the assumption on the data (¢, ) it follows that Ir < J; + Jo + J3 for sufficiently large
R. We shall estimate separately J;, Jo and J3. Here we use the notations

A R2 A
Qnei= |5+ | x Br, Qna = [0, %) x (B \ By).
We first estimate J3. Noting
2
Alxh) = B alg — V()05 (@) |[Vo( 5 )| + R 2am()oh ' (@)(80)(5)
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and the assumed properties for the test functions we may conclude

k| < CR? /Q ul d(z, ).
R,x

Application of Holder’s inequality implies

- <er?( [ aen) ([ 1aen)

—92 1 1/q 1 nt2

— 'IJ — a 7

<crp,( L H) " <CIp,R
R,z

1/q

where

Tna = / Pt ) d(a, ).
QR,I

1
Since 1 < p <1+ 2/n the last inequality gives |Jz| < CIj . Next, we estimate .J;. Noting

2(3h) = aata — Dok O (7)) + groskamni o' (3)

and using the properties of the test functions again we estimate J; as follows:
1 Pad 1/p 1/q
Al <O ([ luPxgtdan) ([ 1de)
QR QR

% 1 1/q % n+2_g %
= 5@&@(/@ 1d(w,t)) <CI; R« *<CIg,,
Rt

where

Tns = / P (£, 7) d(, £).
QR,t

Finally, we estimate J,. By

1
(k) = okl (0 ().

we have
1 1
|Jo| < Oﬁ on, lulx%  d(z,t)
1 1/p 1/q
<cm( [ wgaen) ([ ey
RQ( Ons ) ( O )

T N N 1, 1
gCIR’tﬁRq([# Lat) < CIR, R < Cn,

2
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Putting the estimates of Ji, Jo and J3 together we obtain
In < C(I7 + 1P
for large R. It is obvious that Ir;, Ir, < Ir. Hence, we have
I <CI/”.

This means Ir < C, that is, I is uniformly bounded for all R. By letting R — +00 one

may conclude
/ / |ulP dzdt = lim I < 0.
0 n R—o0

Now we recall the inequality
1 1
In < O}, + 1},).

By the integrability of |u[” and noting the shape of the region Qr; and Qg, we conclude

: 1/ 1/py _
Jim (Ig7 + 147) = 0.

This implies

/ / |ulP d(z,t) = lim Ig = 0.
0 n R—o0
Hence, u = 0. But this is a contradiction to our assumptions for the data. O

Remark 2.3. The test function method bases on a contradiction argument. Under suitable
assumptions for the data no global in time solution does exist. Here one has to explain what
kind of solutions do we have in mind. We formulated Theorem 2.4 in correspondence with
Theorem 2.3. Both results are related to energy solutions. Following the proof to Theorem
2.4 we see that the same statement holds for Sobolev solutions as well. We may also exclude
global in time Sobolev solutions under suitable assumptions for the data. But we do not get
any information about blow up time or life span estimates or about blow up mechanisms.
The test function method was originally developed for proving sharpness of the Fujita expo-
nent as the critical exponent for semilinear parabolic equations. Later it was recognized that
this method can also be applied for classical damped wave models. These are models with a
“parabolic like behavior” from the point of view of decay estimates. Attempts to apply this
method to classical wave models fail in the sense, that sharpness of critical exponents can
not be expected in general.
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3 Fujita via Strauss - a never ending story

3.1 Semilinear classical wave models with source nonlinearity

The application of estimates for solutions to linear equations is a very useful tool to study the
global (in time) existence of small data solutions for semilinear equations. A lot of activities
have been devoted to the Cauchy problem for wave equations with power nonlinearity

u — Au = |ul’; u(0,z) = p(z), u(0,z)=(x).

For 1 < p < pg(n) = ™2 (px(n) denotes the Kato exponent) the nonexistence of global (in
time) generalized solutions for data with compact support was proved in [22].

On the other hand, in [21] it was shown that pg.; = 1 + v/2 is the critical exponent for the
global existence of classical small data solutions when n = 3. Here classical solution means

u € C*([0,00) xIR™). A bit later, it was conjectured in [50] that the critical exponent pe(n)
(Perit(3) = 1 ++/2) is the positive root of the quadratic equation

(n—1)p*—(n+1)p—-2=0.

This critical exponent is called Strauss exponent. In the further considerations we use the
notation pg(n) for the Strauss exponent. This conjecture was verified in [12] and [13] for

classical solutions when n = 2. For n > 3, the paper [47] proved the nonexistence of global (in
2(n+1)

time) solutions in C'([0, 0o), L »-1 (R™)) for suitable small data and for 1 < p < po(n). Later
the supercritical case p > po(n) was treated in [31]. There the authors proved the existence
of global weak solutions belonging to L>([0,00), LY(R", dy)) with a weighted measure dpu
up to n < 8 and for all n in the case of radial initial data. In [11] the authors removed
the assumption of spherical symmetry. The global existence also breaks down at the critical
exponent p = pg(n) as it was shown in [46] for n = 2,3 and in [61] and, independently, in
[66] for n > 4.

Some results verifying Strauss’ conjecture are summarized in the following table. The table
is taken from the paper [53].

p < po(n) p = po(n) Po(n) < p < Peons (1)
n =2 | Glassey [12] Schaeffer [46] Glassey [13]
n=3 John [21] Schaeffer [46] John [21]
n >4 | Sideris [47] | Yordanov-Zhang [61], Zhou Yi [66] | Georgiev-Lindblad-Sogge [11]

Remark 3.1. The power peonf(n) = Z—J_ri’ 1s well-known as “conformal power” and one can

obtain (see [32]) the global (in time) existence of small data solutions when p > peonp(n),
too, under suitable reqularity assumptions for the data.
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In the following two sections we are going to derive a local (in time) existence result (Section
3.2) and to show a blow up result in the special case n < 3 (Section 3.3). We skip to
describe methods how to prove the global (in time) existence of small data solutions for
p > po(n). The reason is, that due to the lack of L' — L7 estimates the necessary tools are
more complicated than the ones for the classical damped waves.

3.2 Local existence (in time) of Sobolev solutions

According to Duhamel’s principle, the Sobolev solution u of the Cauchy problem
uy — Au = |uf’, u(0,z) = (z), w(0,r)=P(z)
satisfies .
u(t,r) = uo(t,x) + /0 Ki(t —5,0,2) %@z |u(s, )" ds,
where

up(t, r) = Ko(t,0,2) x@) @(z) + Ki1(t,0,2) *@) (),
sin(¢[¢])
§
To derive a local (in time) existence result we are going to use the L" — L9 estimates for
solutions to the Cauchy problem

Ko(t,0,1¢]) = cos(t|¢]) and Ki(t,0,[¢]) =

u — Au = |ul?, u(0,z) = p(z), ul(0,z) = (x)

3.2.1 L™ — L9 estimates

Let us consider the Cauchy problem for the free wave equation
ug — Au =0, u(0,z) = @(x), w(0,x)=1().

By taking ¢ = 0 and without asking for additional regularity of the data, one still may
expect some singular L™ — L9 estimates. One may conclude the following L™ — L9 estimates

on the conjugate line:
lu(t, e < C 7T lll1r

uniformly for any ¢ > 0 and for

“+1<1_1)<1<n(1_1).
2 r q/ = r o q

11 1 : :
2 n+1). Since these estimates are true

for (%, é) =F = (%, %), by interpolation we conclude it on the line with end points Fy and

In particular, it is true for (1, %) =P = (5+
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Pr.
More in general, the estimates in [43] and [51] imply that the solution to the above Cauchy
problem satisfies L” — L7 estimates if, and only if, the point (%, é) belongs to the closed
triangle with vertices
R=(+ad-a) B (- i - i)
and Py = (1 4+ L 14 1)

2 n—17 2 n—1

In the case n =1 or n = 2 we define P, = (0,0) and P; = (1,1). Moreover, the asymptotic
behavior in t follows by homogeneity, namely, there exists a positive constant C' such that
the L™ — L7 estimates

lu(t, Mlza < C #7750 ] e

hold uniformly for any ¢ > 0.

If we ask for additional regularity of the data, besides to avoid singular estimates at ¢ = 0
we can also enlarge the admissible range for r,q in the L" — L7 estimates. For instance,
combining results from [48] and [35], the estimates

n—1)]:-1 max{(n—1)[+-1|—
lut, Mo < C(L+ )" Va2 ]| gy + (1 + )OI 2L0 )
hold for ¢ € (1, 00) if, and only if,
1 1 1 1
(n—l)‘a—§)§s and (n—l)b—i‘ﬁr—l—l,rz&

Therefore, apart from the case ¢ = 2, in general, one can not expect LY — L7 estimates for
the solutions of the free wave equation.

It is interesting to compare L™ — L? estimates for the solution to the Cauchy problem for the
free wave equation with the ones for the Klein-Gordon equation

v — Av+v =0, v(0,2) =p(z), v:(0,2)=1)(x).

In [33] the authors proved that for every ¢ > 0 the operator T : (p,v) — v(t,-) (¢ = 0) is
bounded from L"(R™) to L(R") if, and only if, the point (2, %) belongs to the same closed
triangle Py P, P;.

3.2.2 Main result and its proof

So, in the next two results we fix P, = (%, %) with

2 1 2 1
q:—(n+ ) and T:—(n+ )

n—1 n -+ 3

Lemma 3.1. If (p,v) € HY(R") x L*(R"), n > 2, with supp ¢, C {|z| < R}, then
up € C([0,T), LYR™)) for all T > 0 with supp ug(t,-) C {|z| < t+ R}.
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Proof. The statements of Theorem 1.1 and Remark 1.1 imply uo € C ([0, T], H*(R™)) for all
n > 1 and T > 0. The conclusion of the lemma follows by using the well-known domain of
dependence property of solutions to the wave equation and that H'(R") C L?(R"™) thanks
to Sobolev’s embedding theorem. m

Now we shall prove the existence of a uniquely determined local (in time) Sobolev solution
for compactly supported data.

Theorem 3.1. Let (p,1) € HY(R™) x L*(R"), n > 2 with supp ¢, C {|z| < R}. If
1<p< ”*3 , then there exists a positive T and a uniquely determined local (in time) Sobolev

solutz’on
2(n+1)

ue C([0,T), L1 (R")) with supp u(t,-) C {|lz| <t+ R}.

Proof. With ¢ ("+11 we define the space

X(T) :={ueC([0,T], LR")) :supp u(t,-) C {|lz| <t+ R} for t € [0,T]}.

This is a Banach space with the norm ||u x(r) := maxco1 ||u(t, -)||Le. We introduce the
operator

t
N:ue X(T)— Nu:= uo—i—/ Ki(t —5,0,2) *(y) |u(s,x)|Pds for t € (0,T].
0

As in Section 2.2.2 our goal is to show that for some T' = T'(p, ) the operator N maps
X(T) into itself and is Lipschitz continuous for all (u,v) € X (T') x X(T'). In other words,
we are going to prove the estimates

I Nullx(r) < Coleo, ) + Cile, )T [[ull

|Nu = Nollxqry < Calep, )T [Ju — vl xcry (IIUII?E(lT) + vl ) -
Lemma 3.1 shows that uy € X (7). Now we use the L" — L? estimate, away of the conjugate
line, of Section 3.2.1 for solutions to the free wave equation. Here we take account of the

fact that (— E) coincides with the point P; from Section 3.2.1. Then we have

K1 (t,0,2) %) (@) || e < C 74|l for t> 0.
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Hence, the integral term can be estimated as follows:

t
H / Kyt — 5,0,2) ¥ [u(s, 2)|P ds
0

La

t
< /0 KL — 5,0,) %y u(s, )P, ds
t

: C/ (t =)' "7 uls, )P )lor ds

0

t
B O/ (t =)' elluls, 7w ds
0
t n, n 2
< CHuH’}(T)/ (t—s)'" "o ds < Ctwt |lulf,
0

because of 1 — = + % > —1 for n > 2. Here we use on the one hand the compact support
property of u(t,-) and suppose on the other hand that rp < ¢. The last inequality implies
the condition 1 < p < Z—J_ri’ This leads to Nu € LOO((O, T), LQ(R")). Moreover, using similar
arguments as in the proof to Lemma 3.1 we conclude that N maps X (7") into itself.
Thanks to Young’s inequality we have

[Jul” = [ol?| < Clu = vl(ful + [v])"~".
Using Holder’s inequality we conclude
lul’ = [Pl < Cllu =l (Jullm + lollz)-
Therefore,
2 _ _
INu = No|lxry < CTH [lu = ol xcry ([l 5y + 1ol )

for any u,v € X (7). The term T#+ implies that N is a contraction mapping on X (T) if
T is sufficiently small. This completes the proof of the existence of a uniquely determined
local (in time) Sobolev solution after applying a contraction argument for a, in general, small

T. [l

3.3 Nonexistence of global (in time) classical solutions

Now our aim is to introduce tools to show that the Strauss’ conjecture is really true. We
restrict our attention to lower space dimensions only. For higher dimensions, besides the
result in [47], we also refer to [20] for a more elementary treatment.

The main idea is to consider the functional



and to verify that this functional satisfies a nonlinear ordinary differential inequality and,
additionally, admits a lower bound in order to apply a version of Kato’s lemma taken from
[47]. We apply this proposition to prove that a solution can not exist beyond a certain time.

Theorem 3.2. Let n < 3 and u € C*([0,T) x R") be a classical solution of
Ut — Au = |u|p7 u(07 l’) = (p(l’), ut(oax) = ¢(l’)
Assume that v, € C§(R™), supp(p, ) C {|z| < R}, where

C, = / o(x) de >0 and Cy = () do > 0.
n R’n/

If 1 <p<po(n) (p>1 forn=1), then T is necessarily finite.

Remark 3.2. Under the assumptions of Theorem 3.2 and the hypothesis o, € C3°(R™) it is
well-known that there exists a unique local (in time) classical solution to the semilinear wave
equation with power nonlinearity for all p > 1. For simplicity, we prove the nonexistence of
global (in time) classical solutions, but the argument does not use at all the smoothness of
the solution, for more details see [47].

Proof. We will not explicitly consider the case n = 1. The proof we will give can be easily
extended to the case n = 1. If n = 1, then no critical value of p appears because the solution
does not decay uniformly to zero as t — co. So, one can expect blow up for all p > 1.

Let n = 3. By Theorem 3.1, we have supp u(t,-) C {|z| < ¢+ R}. Hence, after integration
with respect to the spatial variables (boundary integrals vanish), we obtain

F"(t):d?/ u(t,x)dx:/ 8fu(t,x)dx:/ lu(t, )P du,

thanks to the divergence theorem. Using the compact support property of u(¢, -) and Holder’s
inequality with ¢ = 1% we get

‘/ u(t, x) dz‘p = ‘/ﬂSHRu(t,z) dx

< ( /| |St+R1dx>§< / ) \u(t,x)|pdx> < O(t+ R)"e-DE"(p).

Thus, we have obtained the following differential inequality:

)p

F"(t) > C(t+ R)™"PVIF@)P forall 0<t<T.

If uy = we(t,x) is a classical solution to the Cauchy problem for the free wave equation
uyy — Au = 0 with data ¢ and v, then the divergence theorem implies

/ ug(t, x) de = Cyt + C,,.
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In three or lower dimensions the Riemann function K (¢ — s, 0, -) is non-negative. So, we may
conclude u(t, z) > uy(t, x). Moreover, in three dimensions the Huygens’ principle states that

suppug(t,-) CQ={z €eR*: ¢t — R<|z|<t+ R} for t > R.

Therefore, using Holder’s inequality we have
Cyt + C,, :/ uo(t, z)dr = / uo(t, z)dx
n Q
p—1 1/p
< [ utt.a)ds < (ol )F ([ Jutta)pis)
Q

R3

2(p—1) ! 2(p—1)

<C({t+R) > ( g |u(t,x)]pdx>; =C(t+ R)T(F”(t))%.

By our hypothesis, we have Cy > 0, thus, we may conclude
F"(t) > Ct*? for large t.

Integrating twice gives under the assumption p < 3 the estimate
F(t) > Ct*? for large t.

Proposition 4.9 implies that T < oo, provided that 1 < p < 1+ v/2. Indeed, for n = 3, the
functional F'(t) satisfies a nonlinear ordinary differential inequality and, additionally, admits
a lower bound as in Proposition 4.9, where we choose ¢ = 3(p — 1) and r = 4 — p. Moreover,
(p—1)r > qg—2if, and only if, p < 14 /2. Hence, the application of Proposition 4.9 implies
T < oo.

By the lack of Huygens’ principle, the proof for n = 2 is more delicate and for more details
we refer to Glassey [12]. O

3.4 Some remarks - life span estimates

Remark 3.3. Let us explain the solvability behavior of the Cauchy problem
ug — Au = [ul?, u(0,x) = p(z), w(0,r)="1(z)

in the 3d case. Due to Theorem 3.1, we know that for p € [1,3] we have a local (in time)
solution belonging to the evolution space C([0,T], L*(R?)). Theorem 3.2 yields, that this
solution has, in general, a blow up behavior for p € (1,1 + \/5) It is known by [46] that for
p =142 the solution may blow up in finite time for suitable small data. The existence of
global (in time) classical solutions for sufficiently smooth initial data with compact support is
proved in [21] for p € (1++/2,3]. In [11] the authors proved the existence of global (in time)
Sobolev solutions in the space LPT(R3*!, du) with a weighted measure dy for p € (14+/2, 3]
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and for initial data in C§°(R3). More recently, under the assumption of radial initial data
P € LAR3) N LP(R3) (for simplicity take ¢ = 0), in [8] the authors obtained the existence
of global Sobolev solutions u € C’([O, 00), L3(R3)), without any assumption on the support of
the data.

Remark 3.4. In Remark 2.3, we verified that the test function method bases on a contra-
diction argument. So this method does not give any information about blow up time or life
span estimate or about the blow up mechanism.

The application of Kato type lemmas (see Proposition 4.9) gives the information that the
functional

F(t) = / ult,2) de

may blow up in finite time. This describes a blow up mechanism. We can expect also
estimates for the life span time T'(¢) (see Remark 3.5).

Remark 3.5. The conclusion of Theorem 3.2 is true even by assuming small data, let us
say, u(0,x) = ep(x) and u (0, ) = e(x) with small e. An important topic of recent research
is to determine the lifespan T = T(e) of solutions. Here, we define T(¢) = sup{to > 0},
where the solution exists on the time interval [0,ty] for arbitrarily fized (p,1). One should
pay attention in which sense solutions do exist, as classical ones, energy solutions, Sobolev
solutions or distributional solutions. In order to have a good overview about results on lower
and upper bounds for the lifespan, we refer to the paper [52].

The following estimates for the lifespan T (€) were conjectured for 1 < p < po(n) (n > 3) or
2<p<p(2) (n=2)1in [52]:

2p(p—1) 2p(p—1)

ce” em <T(e) <Ce wm, y(p,n) =2+ (n+1)p—(n—1)p%

where the positive constants ¢, C' are independent of €. Results verifying this conjecture are
summarized in the following table from [52]:

lower bounds for T'(¢) upper bounds for T'(¢)
n=2 Zhou [63] Zhou [63]
n=3 Lindblad [30] Lindblad [30]
n>4 Lai-Zhou [27] | (rescaling argument of Sideris [47] )

In [52] the author presents a simpler proof for upper bounds for T'(¢) by using an improved
Kato type lemma without any rescaling argument.
If p = po(n), then it was conjectured that

exp (ce PP D) < T(e) < exp (Ce PP,

where the positive constants ¢, C' are independent of €. Results verifying this conjecture are
summarized in the following table from [52]:
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lower bounds for T'(¢) | upper bounds for T'(¢)

n=2 Zhou [63] Zhou [63]
n=3 Zhou [64] Zhou [64]
n>4 Lindblad - Sogge [31] | Takamura - Wakasa [54]

( for n < 8 or radially symmetric solutions)

3.5 Strauss exponent versus Fujita exponent
3.5.1 Shift of Strauss

In Section 3.1 we introduced the Strauss exponent py(n) as critical exponent for the Cauchy
problem for the wave equation with source power nonlinearity

uy — Au = |ul?, u(0,2) = @(x), u(0,z)=1(zx).

A dissipation term may have an improving influence on the critical exponent. If we are
interested in the Cauchy problem for the classical damped wave equation

u — Au+up = |ulf’, u(0,z) = p(z), ul(0,2)=1(x),

then it is shown in Sections 2.2 and 2.3 that the critical exponent is the Fujita exponent
Pruj(n). It holds ppy;(n) < po(n). In this way we may understand the improving influence
of the classical dissipation term wu;. There exists a class of damped wave models for which
the critical exponent depends somehow on the Fujita exponent and the Strauss exponent as
well. This class is described by scale-invariant linear damped wave operators and reads as
follows:

Ut — Au + Uy = ’u|p’ U(O,]?) = @(‘T)? ut(07x) = w(l’)a

1

1+t
where 41 > 0 is a real parameter. It was recently shown in [3] and [4] that pg,;(n) is still the
critical exponent when p > g ifn=1,pu>3ifn=2and u>n-+2ifn > 3.
It seems to be a challenge to determined the critical exponent in the case p € (0,n + 2).
In particular, it seems to be interesting to understand the transfer of pp,;(n) to po(n). The
interested reader can find a first result in [7]. The authors consider the above model for
1 = 2, that is, the Cauchy problem

2
Ut — Au + ].——i-tut = ’u|p7 U(O,.CC) = 90(‘17)7 'th(o,l'> = w(x)

In this special case a change of variables transforms this Cauchy problem to the Cauchy
problem
vy — Av = (1+ )" P VP, v(0,2) = vo(x), v,(0,2) = vy(z).

So, one can apply tools for wave models with power nonlinearity and a time-dependent
coefficient. The authors prove the conjecture p..i(n) = po(n + 2), so we have a shift of the
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Strauss exponent by 2, in dimensions n = 2, 3. Later the first two authors of [7] proved this
conjecture for all odd dimensions [5]. We still feel an improving influence of the dissipation
term because of pr,;(2) = po(4) = 2 < po(2) for n = 2 and pr,;(3) < po(5) < po(3) for
n=3.

To prove the conjecture for n = 2,3 the authors use the following tools:

1. the blow up technique of Glassey (see [12]), in particular, a Kato type lemma (see
Proposition 4.9) and the considerations in Section 3.3,

2. for n = 2 Klainerman’s vector fields are used to derive a suitable energy estimate in
Klainerman-Sobolev spaces (see [24] and [65]),

3. for n = 3 radial data are supposed and the existence of small data radial solutions is
proved by the aid of pointwise estimates (see [1] and [26]).

3.5.2 Interplay between Strauss and Fujita

The goal of the last section is to explain a non-existence result for global (in time) solutions
of the Cauchy problem for semi-linear wave equation with scale-invariant dissipation and
mass and power non-linearity, i.e., for solutions to the following model:

1 13
Vrr — Ayv + vy + 2_y = v, T>0, y€eR",

L+7 (1+47)2
v(0,9) = wly), yeR",

v-(0,y) =vi(y), yeR",

(3.1)

assuming in some sense that the damping and the mass terms make the equation hyperbolic-
like from the point of view of the critical exponent diving the set of admissible exponents
into one set which allows to prove a blow-up behavior for global (in time) solutions and a
second set which allows to prove a (global) in time result of at least small data Sobolev
solutions. The previous model is called scale-invariant, since the corresponding linear model
is invariant under the so-called hyperbolic scaling

o(r,y) =v(AN1+4+7)—1,Ay), A>0.

Let us formulate analytically, in terms of y; and p3, the assumption that we require for our
model in this paper.
If we define

6= (m — 1)* — 4pi3,
then our assumption for these coefficients is

5 € (0,1]. (3.2)
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The quantity 0 describes in some sense the interplay between the damping and the mass
term in (3.1) and in the corresponding linear problem. Considering the transformation

u(t,z) = (1+ T)HlT_l+§U(T, ) T=(1+ t)“l -1, y=(1+0)z, (3.3)
where
_ 1= o 1—p—Vo 2(1—9)

then we find that u solves the following Cauchy problem:

g — (1 + )2 Agu =+ 1)2(1+t)*ulP, t>0, 2 €R",
U(O,IE) = UO(SL’), T € Rn? (35>
u(0,2) = wi(z), z€R”,

for suitable wg,u;. In particular, we see that condition (3.2) allows the choice of a non-
negative ¢. Therefore, we consider the Cauchy problem (3.5) for general ¢ > 0, k > —2
and nonnegative compactly supported data uy and u;. Since, we can derive a non-existence
result for global (in time) solutions to this last Cauchy problem, then using the inverse
transformation in (3.3) we obtain a blow-up result for (3.1) provided that (3.2) is satisfied.
Let us sketch the historical background of blow-up results for solutions to the Cauchy problem

wy — Ayw + b(t)wy + m2(H)w = |w|?, t>0, v €R",
w(0,x) = wo(x), x€R", (3.6)
wi(0,z) = wy(x), xR

that are related somehow to our scale-invariant model (3.1). In [56] the authors have proved
the blow-up of solutions in the case of sub-Fujita exponents (that is, for 1 < p < ppyj(n) =
1+ %) by using a blow-up result for ordinary differential inequalities (cf. [56, Proposition
3.1]). On the other hand, we have drastically less blow-up results concerning classical Klein-
Gordon equations with power nonlinearity on the right-hand side. In [23], for example, a
blow-up result has been proved in space dimensions n = 1,2, 3 and for sub-Fujita exponents.
Let us now recall some results to semi-linear wave models (3.6) with time-dependent dissi-
pation b(t)w, and without any mass term, where b(t) = (1 + t)? with 8 € (—1,1] and
w1 > 0. A blow-up result is proved in [29] by using the test function method, if g € (—1,1)
and provided that 1 < p < ppy,;(n). Later in [6] the authors generalized this blow-up result
to more general damping terms b(t)w; by using a modified test function method (cf. [4]).
More precisely, the dissipation b(t)w;, that is considered in [6], is effective according to the
classification given in [59].

Afterwards the case § = 1 was considered in [58]. In this paper the author proves two
blow-up results for the scale-invariant case, for 1 < p < pp,;j(n) if g1 > 1 and for 1 < p <
Pruj(n+p — 1) if 0 < py < 1, assuming a suitable integral sign condition for the Cauchy
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data. Also in this case the test function method is used in order to prove these results.
In particular, for p; > 1 the same result has been substantially already proved with the
modified test function method in [4].

Recently, in [28] the authors took into consideration the scale-invariant wave equation with
damping in the case in which, in some sense, we call the model hyperbolic-like. They have
shown a nonexistence result for global (in time) solutions for

n®+n-+2
2(n+2) "’

where the upper bound for i, guarantees the non-emptiness of the range for p, by using an
improved version of Kato’s lemma, which allows to control the life-span of the solution from
above (see [52]).

Finally, let us mention blow-up results which are known for the scale-invariant case when
also the mass term is present. In [39, 40] it is proved that the solution blows up for

p—1—6 )
2

assuming § > 0 and suitable sign conditions for the initial data (moreover, in [40], also the
compactness of the supports of data is required). Although the range of p, for which the
solution is not globally in time defined, is the same in both results, a different approach
is used in the corresponding proofs. While in [39] the test function method is considered,
in [40] it is employed a proper modification of the blow-up result for ordinary differential
inequalities introduced first in [56] for the constant coefficients case and adapted then in [3§]
for coefficients b(t) = p1(1 +t)~7, where 3 € [0,1).

Furthermore, in [39] a further nonexistence result is shown in the case in which the coefficients
of the damping and mass term satisfy 6 = 1. In more detail, it is proved that the solution
blows up in finite time (using Kato’s lemma) provided that

l<p< max{po(n—l—ul),ppuj(n—l— % — 1)}

and the data are nonnegative and compactly supported. In particular the case p; = 2, u3 = 0
(already considered in [7]) is included as a special case there.
For sake of brevity, we put

Pruj(n) <p < po(n+2u1) and 0 < iy <

1<p§pFuj<n+

(1) = T;:ll for 7 > 0.

Moreover, if a(t) := (1+t)* is the time-dependent speed of propagation for the transformed
Cauchy problem (3.5), then we denote by A(t) the primitive of a that vanishes for ¢t = 0,
namely

At) = /Ot a(s)ds = 75 (L+ 6" = 1) = ¢(1 + 1) — ¢(1).

Then we are able to prove in [42] the following blow-up result.
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Theorem 3.3. Assume that u € C*([0,T) x R") is a classical solution to (3.5) with { >
0,k > —2 and nonnegative, compactly supported initial data (ug,u;) € C*(R™) x C1(R") such
that ug is not identically 0. If the exponent p > 1 satisfies one of the following conditions:

p < pnp(n; 0, k) == max {po(n; £, k), pr(n; {, k) }, (3.7)
p=pne(n;l, k) =pi(n;{,k) if n=1,
p=pne(n; k) = po(n; L, k) if n>2,

where
(l+1)n+k+1

(l+1)n—1

and po(n; €, k) is the positive root of the quadratic equation

m(n; b k) =

(L+D)n—1)p* = ((L+V)n+2k+1-20p—2({+1) =0, (3.10)
then u blows up in finite time, that is, T < oo.

Remark 3.6. Using the same notations of the previous statement, we find in particular that
for £ =k = 0 the exponent py(n;{, k) coincides with the Strauss exponent po(n). Moreover,
since p1(n;0,0) = Z—ﬂ < po(n) for any n > 2, we find the well-known blow-up result for the

free wave equation with power non-linearity in the special case { = k = 0.
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4 Background material-Useful inequalities

First we remember a corollary of the Riesz-Thorin interpolation theorem (see [55]) for linear
continuous operators
T € L(LP(R") — LI(R™))

mapping LP(R™) into L¢(R™). The main concern of the Riesz-Thorin interpolation theorem
is to explain that if a linear operator T is defined on both LF°(R"™) and LP*(R"™) and maps
boundedly into L%®(R"™) and L% (R"), respectively, then the operator can be interpolated to
yield a bounded operator on LP?(R™) into L% (R™), where py and gy are appropriately defined
intermediate exponents.

Proposition 4.1. Let 1 < pg,p1,qo,q1 < 00. If T is a linear continuous operator from
L(LPO(R”) — L% (]R")) N L(L”1 (R") — L* (R”)),

then T belongs to
L(LP(R™) — L%(R"™)) for each 6 € (0,1),

too, where

1 1-6 0 1 1—-6 0
— = + — and — =
Do Po Y4 do do q1

Moreover, the following norm estimates are true:

HTHL(LPG (R™)—L% (R™)) < HT“L LPo(R™)— L0 (R™)) ||T||L (LP1(R™)— L% (R"))"
One application of this proposition is in proving Young’s inequality.

Proposition 4.2. (Young’s inequality)
Let f € L"(R™) and g € LP(R™) be two given functions. Then the following estimates hold
for the convolution u := f % g:

1 1 1
lullce < Ifllzrllgllze for all 1 <p <gq<oo and 1+5=;+Z—).

Proof. First, we use
[l < 1fllzellgllor and ffullze < LF]lzr gl
The Proposition 4.1 implies
[wlle < [1fllzi[lgllze for all g € [1, 0],

Finally, taking account of Holder’s inequality

1 1
[ullee <[ flleellgllze, —+ = =1,
q p

and again of Proposition 4.1 leads to the desired statement. O]

42



Sometimes one needs interpolation between Sobolev spaces. Here we refer to the following
interpolation result from [44], Theorem A.10.

Proposition 4.3. Let the linear operator T satisfy

T : WIR"™) — L>*(R"), bounded with norm My,
T : L*(R") — L*(R™), bounded with norm Mj.

Then there exist constants C1 = C1(q,n) and Cy = Cy(q,n) such that the operator T satisfies
the following mapping properties, too:

T : WM (R") = LYR"), bounded with norm M, < C;My~* M,
T : HéVP(R”) — LYR™), bounded with norm M, < CoM; =" M?
with p € (1,2), i—l—%: 1, 92% a,nde>n(%—%).
The following inequality can be found in [9], Part 1, Theorem 9.3.

Proposition 4.4. (classical Gagliardo-Nirenberg inequality)
Let j,m € N with j < m, and let u € Cf*(R"), i.e. uw € C™(R") with compact support. Let
0 € [£,1], and let p,q,r in [1,00] be such that

n

P A T
q r p

Then

ID7ull s < Crjprol D™ ullz Nlull "
provided that

(m—ﬁ>—j¢N, that is, E>m—j or EQ'N.

r r r

If
(m — E) —j€eN,
r

then Gagliardo-Nirenberg inequality holds provided that 6 € [%, 1).

Remark 4.1. Let us give some explanations. If j = 0, m = 1 and r = p = 2, then the
Gagliardo-Nirenberg inequality reduces to the special Gagliardo-Nirenberg inequality

0 1-6
ullza < OVl ]|,

where 0(q) is given from the equation

—=(1-3)0a) ~ 501~ 00) =6(0) ~ 5.
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It is clear that 6(q) > 0 if, and only if, ¢ > 2. Analogously 0(q) < 1 if, and only if,
eithern = 1,2 or q < 2” . Applying a density argument the above inequality holds for any
u e HY(R™). Assummg q < 00, then the special Gagliardo-Nirenberg inequality holds for any
finite ¢ > 2 if n = 1,2 and for any q € [2, 2%] if n > 3.

' n—2

There exist numerous generalizations of the classical Gagliardo-Nirenberg inequality. As an
example we present the following fractional Gagliardo-Nirenberg type inequality from [14].

Proposition 4.5. The generalized Gagliardo-Nirenberg inequality

[l s, o Nullgs

holds for all u € B __(R™) N B3 __(R™) if, and only if,

Po,00 Pp1,00

ﬁ—S: (1—0)<£—So> +9(£—81), ﬁ—S()7é£—81,
p Po b1 Do b1
s <(1—=0)sg+0s1, and py=p1 if s=(1—0)sy+ Osq,
where 0 < q < 00, 0 < p,po,p1 < 0, 8, 80,51 € RY, 6 (0,1).
We use the following corollary from Proposition 4.5.

Corollary 4.1. Let a € (0,0). Then, we have the following inequality for m € (1, 00):
a o ao‘ m Hag m o n
IIDI"u]l e < CHIDI Tl ™l o™ for ail w € HE,(R™),
where
a nsl 1 «a
— <b,s(gm) <1 and 6,,(q,m)= —(— - —+ —),
o o

[n+m(a— o)t

hence, m < q <

Proof. We use the notations from the monograph [45]. The operator [D|* generates an
isomorphism from LP(R™) onto H,*(R") for p € (1,00) and a € R (see [2] or [57]). The
space I-'[Ij “(R™) coincides with F (R”) for p € (1,00) (see [49]). The continuous embedding

(R") = E;,(R") = B} (R")

58
p,min{p,2}

(see [57]) implies the inequality

11D ullzs < Clullgy -

Now we apply the Gagliardo-Nirenberg inequality from Proposition 4.5 in the form

GU(qm 1- ead qm
g, < Cllulf ™ ul
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where all assumptions for its application are satisfied. Finally, the desired inequality follows
by the chain of inequalities

a,o 1 9110' ) a,o 1 9110' b
IDI"ull s < Cllully ™ g™ < CHDIul g7 @™ fuf g ™
9aa 1 eac'
< OID Iz ™ ™.

This completes the proof. O

Remark 4.2. The statement of Corollary 4.1 remains true for
mn

a
& < 0,.(qm) <1, hence, m<qg< — "
~ < o(g,m) < ence m_q_n—l—m(a—a)

(see [41]).

Sometimes the following result from [45] for fractional powers is very helpful.

Proposition 4.6. Let p > 1 and v € H? (R"™), where s € (ﬁ,p) Then the following
m

estimates hold:

ol Lz, < Cllvll ol

loloP~Hlz;, < Cllollss, lvll7=

m

We derive the following corollary from Proposition 4.6.
Corollary 4.2. Under the assumptions of Proposition 4.6 the following estimates hold:
o], < Cllv]

lolof*~]

vllfe
Lee s

Hs

1
i, < Cllvllgg, lvllze -

Hy,
Proof. We only prove the first inequality. For this reason we write the estimate from Propo-
sition 4.6 in the form

[o]”]

iy, 0Pl < C(Jl0]

-1
iy, + ol Il
Using instead of v the dilation v, () := v(\:) in the last inequality we obtain with

and with A to infinity the desired inequality. The other inequality can be proved in the same
way. 0

(N
s, = Xl

i and [lual|pm = A7 [Jul|pm

The Littlewood-Paley decomposition is a localization procedure in the frequency space for
tempered distributions. One of the main motivations for introducing such a localization
when dealing with nonlinear partial differential equations is that the derivatives act almost
as homotheties on distributions with Fourier transform supported in a ball or an annulus.
More precisely, we have the following proposition.
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Proposition 4.7. (Bernstein’s inequalities)

Let D be an annulus and B a ball. Then there exists a constant C' such that for any nonneg-
ative integer k, any couple of real (p,q) so that ¢ > p > 1 and for any function u € LP(R")
with supp (F'(u)) C AB for some A > 0, we have

sup [|0%ul|e < CEFFINFG=D ||| o
|a|=k

On the other hand, if supp (F(u)) C AD for some A > 0, then

C_k_l)\k||u||Lp < sup ||05ul|pr < Ck+1)\k||u||Lp.
|a|=k

The proof of decay estimates or blow-up behavior of solutions to nonlinear Cauchy problems
often relies on ordinary differential inequalities.

Proposition 4.8. Let y = y(t) be a bounded nonnegative function on the interval [0,T), T >
0, satisfying the integral inequality

y(t) <ko(1+t)" "+ Kk /t(l +t—8) P14 8)y(s)" ds

for some constants ko, k1 >0, a, 5,7 >0 and 0 < p < 1. Then we have the estimate
y(t) < CL+1)~°

for some constant C' > 0 and

-1
szin{a;ﬁ; 7 ;5+7 }
1l—p 1—p

with an exception given in the case a > 0 and

~ —1
9::min{ﬁ; 7 }—ﬂ+7 <1,
1—p 1—p

whereas i )
y(t) < C(L+1t)%(log(2+t))T=.

Remark 4.3. The conclusion of Proposition 4.8 is also true for the case p = 1. In particular,
if v>0and f+v—1>0, we may take = min{a; B}.

Proof. First we consider the case p = 0. Let us divide the interval [0, ] into two subinter-
vals [0, §] and [5,¢]. Tt holds

2

t
(1+t)<(14+t—s)<1+t forany s € [O,ﬂ,

t
(1+t)<(1+4s) <1+t forany s € [5,25]

N~ DN~
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Hence, using the change of variables 7 =t — s if needed, we get

I(t) := /Ot(l +t—s8) P (1+5)7ds

£

2

§(1+t)‘5/ (1+s)Yds+ (1+t)7 [ (1+t—s5)"ds

w\w\
2

o
£

~+07 [Casaseae0 [faen P

o

~ (14 ¢) e / C(1 4 5)meeB) g,
0

Therefore
(1 +t)~ mindfi} if max{f;v} > 1,
I(t) <O (14 )mindft Jog(2 4+¢)  if max{B;~} = 1,
(14 )P if max{g;v} < 1.

The proof of the desired estimate follows immediately for 4 = 0. If 0 < p < 1, then we
define
M) = sup (1+5)y(s).

0<s<t

So we may write
t
y(t) <ko(1+t)"*+k / (14t —35)P(1+s)7 1 ds M(t)".

0

If max{f3;y + pub} # 1, following the ideas to estimate I(t), we get
y(t) < ko(L+8)™ + C(L+ 1) " M(2),
with 0% = min{3;~y + pub; 8+~ + pf — 1}. One may verify that min{«; 6*} = #. Hence,
(1+8)y(t) < ko + CM(t)".

Thanks to 0 < p < 1, this inequality implies M (t) < C' and the proof is concluded. The
exceptional case max{(;~y + uf} = 1 can be treated in a similar way. O]

In Section 3.3 we apply the following version of Kato’s lemma to prove a blow-up behavior
of solutions to the Cauchy problem for semilinear wave equations.

Proposition 4.9. Suppose F' € C?[a,b) and assume that for a <t < b we have
F(t) = Co(k +t)", F'(t) = Ci(k+1)"F(t)",

for some positive constants Cy,Cy and k. If p>1,r>1 and (p — 1)r > q¢ — 2, then b must
be finite.
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Proof. By the hypotheses of the lemma we get
FI(t) 2 Cy(k +1)°Cg(k + 1) = C(k + )"

After integration one has
t
F'(t) — F'(a) > C/ (k+ s)P"ds.

Taking into consideration pr — ¢ > —1 the last inequality implies that unless b is finite F”(t)
must be positive for ¢ sufficiently large. Thus, one may assume that there exists an ag such
that a < ag < b and

F'(t) > 0 for all t € [ag,b).

It follows from the assumptions on p, ¢ and r that

1 -2
i . g
p pr
Hence, there is a 6 € (0, 1) such that
1 —2
Sch<1-12
p pr

By interpolating between the assumed inequalities, one has
F"(t) > Cy(k + )" F(t)P+1=0r > O (k + ¢)P1=9=4 p (1),
Our choice of § implies & = 0p > 1 and 8 = g — rp(1 — ) < 2. Without loss of generality
one can set # > 0. This leads to
F'(t)F'(t) > C(k+t) P F(t)* F'(t).
Integration of the last inequality yields
SO0~ Fa0)) 2 [ (b5 2R R () ds
> Cy(k + t)*B(F(t)”ao— F(ag)'**).
Note that we can choose the constant Cy so small that
F'(ag)? > 2Cy(k + ao) P F(ag)* ™.
Here we take account of F”'(ag) > 0. It follows that
F'(t)? > 20y (k + ) P F(t)",

and, therefore,
8
2

F(t)" 5 F'(t) > C(k +t)~
for all ag <t < b. One final integration yields (o > 1)

1—a

Flag)' 2" = F(t)' 7" > C((k+ )7 = (k+a0)'"?).

Since § < 2, it is clear that the time variable ¢ can not be arbitrarily large. O]
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