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Abstract We consider sensitivity analysis in terms of variational sets for nonsmooth vector optimization.
First, relations between variational sets, or their minima/weak minima, of a set-valued map and that of
its profile map are obtained. Second, given an objective map, relationships between the above sets of this
objective map and that of the perturbation map and weak perturbation map are established. Finally,
applications to constrained vector optimization are given. Many examples are provided to illustrate the
essentialness of the imposed assumptions and some advantages of our results.
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1 Introduction

Stability and sensitivity analysis are of great importance for optimization, as well as for other fields of
applied mathematics, from both the theoretical and practical view points. As usual, stability is under-
stood as a qualitative analysis, which concerns mainly studies of various continuity (or semicontinuity)
properties of solution maps and optimal-value maps. Sensitivity means a quantitative analysis, i.e., stud-
ies of kinds of derivatives of the mentioned maps. For sensitivity results in nonlinear programming using
classical derivatives, see, e.g., [1]. However, practical optimization problems are often nonsmooth. To
cope this crucial difficulty, most of approaches to studies of optimality conditions and sensitivity analysis
are based on generalized derivatives. Nowadays, set-valued maps (or multimaps) are involved frequently
in optimization-related models. In particular, for vector optimization, both perturbation and solution
maps are set-valued. One of the first and most important derivatives of a multimap is the contingent
derivative. In [2-8], behaviors of perturbation maps for vector optimization were investigated quanti-
tatively by making use of contingent derivatives. Higher-order sensitivity analysis was studied in [9,
13], applying kinds contingent derivatives. To the best of our knowledge, no other kinds of generalized
derivatives have been used in contributions to this topic, while so many notions of generalzed differ-
entiability have been introduced and applied effectively in investigations of optimality conditions, see
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excellent books [14-18]. We mention in more detail only several recent papers on generalized derivatives
of set-valued maps and optimality conditions. In [19, 20], optimality conditions for set-valued vector
optimization were discussed in terms of contingent derivatives. Variants of contingent epidderivatives
were developed with applications in optimality conditions for several types of solutions in [21-25]. In [26,
27], lower and upper Dini derivatives were used for a similar purpose. In [28, 29], radial epiderivatives
were the generalized differentiability for getting optimality conditions. Variants of higher-order radial
derivatives for establishing higher-order conditions were proposed in [31, 32]. In [33] the higher-order
Neustadt derivative was employed to extend the classical Dubovitski-Milyutin scheme. The higher-order
lower Hadamard directional derivative was the tool for set-valued vector optimization in [34]. In [10, 11],
higher-order variational sets of a multimap were proposed in dealing with optimality conditions for set-
valued optimization. Calculus rules for variational sets were established in [12] to ensure the applicability
of variational sets. We can expect that many generalized derivatives, besides the contingent ones, can be
employed effectively in sensitivity analysis. However, only few generalized derivatives admit extentions
to higher orders. Here we choose variational sets for higher-order considerations of perturbation maps,
since some advantages of this generalized differentiability were shown in [11-13], e.g., almost no assump-
tions are required for variational sets to exist (to be nonempty); direct calculating these sets is simply
a computation of a set limit; extentions to higher orders are direct; they are bigger than corresponding
sets of most derivatives (this property is decisively advantageous in establishing necessary optimality
conditions by separation techniques), etc.

The aim of this paper is to study properties of perturbation maps, in terms of higher-order variational
sets. Regarding solutions of vector optimization, we restrict ourselves to the two basic notions of (Pareto)
minima and weak minima. Correspondingly, our concern is to deal with perturbation maps and weak
perturbation maps. We employ variational sets in both assumptions and conclusions of our results. We
also show cases where our results can be employed but some existing results cannot. Examples are
provided to ensure the essentialness of each imposed assumption.

The plan of the paper is as follows. Some preliminary facts are given in Sect. 2 for our later use.
In Sect. 3, we prove relations between a variational set of a multifunction or the minima/weak minima
of this set and that of the corresponding profile multifunction. The obtained results are employed in
Sect. 4 to get relationships between the variational sets of a perturbation map or weak perturbation
map or the minima/weak minima of these sets and the corresponding ones of the feasible-set map to the
objective space. Sect. 5 is devoted to applications of the above sensitivity analysis to a set-constrained
vector optimization problem. In this case we go further to have an analysis including variational sets of
the constrained-set map into the decision space. Concluding observations are included in Sect. 6.

2 Preliminaries

Let X and Y be normed spaces, A C Y, By the closed unit ball in Y, and S = {y € Y : ||y|| = 1}.
By intA and clA we denote the interior and closure of A. N, R* and R’i stand for the set of natural
numbers, the k-dimensional space and its nonnegative orthant, respectively (resp). We often use the
following notations: coneA = {Aa: A\ >0, a € A}, cone; A ={Aa: A >0, a € A}. A nonempty subset
Q of a cone K is called a base of K iff K = cone) and 0 ¢ clQ. It is easy to see that if K has a convex
base, then K is convex and pointed. For A C Y, § € A is said to be a (Pareto) minimum of A (with
respect to, shortly wrt, the ordering cone K) iff (A —g) N (—K) C K. When intK # ), § € A is said
to be a weak minimum of A iff (A — g) N (—intK) = (. Let Ming A (WMing A) stand for the set of all
minima (weak minima) of A.

A subset A of Y is said to have the domination property iff A C Ming A + K. Similarly, when
int K # (), we say that A has the weak domination property iff A C WMing A + (int K U {0}).

For a set-valued map H : X =2 Y, the domain, graph and epigraph of H are denoted by domH, grH,
and epiH, resp. H + K is called the profile mapping of H. H is said to be calm around x¢ € domH iff
3V (neighborhood of z¢), IM > 0, Vx € V, H(x) C H(zo) + M||z — xo||By. The Kuratowski-Painlevé



upper limit (lower limit, resp) of H at xq is defined by

Limsup H(z) = {y € Y : 3z, € domH : z, — x0, Iy, € H(xy), yn — y}

H
T—T0

(Liminf H(z) ={y € Y : Va, € domH : z, — o, Iyn € H(zp), yn — y}),

H
T—T0

where z 25 2o means that = € domH and z — zo. If we have Limsup » H(x) = Liminf " H(x),
T—T0 T—TQ
then this value is called the (Kuratowski-Painlevé) limit of H at 2y and denoted by Lim » H (z).
0

3 Variational Sets of Set-Valued Maps

In this section, let X and Y be normed spaces, K CY a closed convex cone and F : X = Y. We recall
first the concept of variational sets of set-valued maps and establish some results on the relationship
between variational sets of F'+ K and F.
Definition 3.1 Let (xg,y0) € grF, v1,- -+ ,Um—1 € Y, and m € N.

(i) ([10, 11]) The mth-order variational set of type 1 (type 2, resp) of F at (xo,y0) (relative to

V1,0 avm—l) is

. 1 _
V™ (F, x0,Y0,v1,** ,Um—1) = Limsup tfm(F(fU) —yo —tog — - — "y )
xixo,tﬁo*'
. 1 _
(W™(F,z0,y0,v1," " ,Um—1) = Limsup W(COHGHF(@ —yo) —v1 — - — " 1)),

F
r—=x0 t—0t

(ii) If the upper limit in (i) is equal to the lower one, then this limit is called a proto-variational set of
order m of type 1 of F' at (xg,yo). Similar terminology is defined for type 2.
We can easily prove the following formulas for V'™ and W™:

VM(F,20,Y0,V1," * ,Um_1) = {yEY\Etn—>O+,3xn£xo,an%y,Vn,
Yo + tpvr + oo+t Loy g + T, € F(zy)),
Wm(FﬂfO,yO,Ul,'" 7/Um—l) - {yEY‘EItn_>O+azl$n£>x053vn_>yv\v/n7

V1 A+ oo+ 20,1 + 7, € coney (F(,) — y0) }-

Remark 3.1 Recall that the mth-order contingent derivative of F' at (xg, yo) (relative to (u1,v1), -+, (Um—1,Vm—1))
is the map D™ F(zo, Yo, U1, V1, ** ,Um—1,Vm—1) : X = Y defined by

1
D™ F(z0,Y0,u1,v1, "+ s Um—1,Vm—1)(u) = Limsup — (F(zo+tui+-- A" g+ ) —yo—toy—- - =t

u' —u,t—0t

Umfl)

We can say roughly that the contingent derivative is a directional variant of variational set V™. Sim-
ilarly, most of generalized derivatives (e.g., the (upper) Dini derivative, Hadamard derivative, adjacent
derivative, etc) are also based on directional rates, while for the variational sets we allow the flexibility

Tn EN xg. That is why these sets are big:
DmF(CCO,yO,Ul,’U]_, e aumflvvmfl)X g Vm(Fa Zo,Yo, V1, " ,Um,]_) g Wm(Fa o, Yo, V1, " ,”Um,]_).

The first simple result is about a relation between the variational sets of the two maps F' and F'+ K.
Proposition 3.1

(i) V™(F,x0, 90,01, yUm—1) + K CV™(F + K, 20,90, V1, ** , Um—1);

(ii) W™ (F, xo, 0,01, ,Um—1) + K C Wm(F + K, xg, Y0, v1, - - ,Um_l).



Proof By the similarity we present only a proof for (ii). Let y € W™ (F, zo,y0,v1,"** ,Um—1) + K, i.e.,

there exist v € W™ (F, z9,%0,v1, "+ ,Um—1) and k € K such that y = v + k. Then, there are t,, — 0T
and z,, 5 2o such that Bn(v1 + -+ 0 20,1 + 7 v, + k) € F(z,) + K — yo.
So, v+ ke W™(F + K, xo,yo, 1, -+ ,Um—1) and the proof is complete. O

The inclusions opposite to those in Proposition 3.1 may not hold as the following example shows.
Example 3.1 Let X =R, Y =R? K =R, (z0,0) = (0,(0,0)), and F(x) is equal to {(0,0)} if z = 0,
and to {(—1,—1)} if  # 0. Then, we have V(F,zo,y0) = {(0,0)} and V}(F + K, xo,y0) = R%. Thus,
VYF+K,x0,90) € VI(F,z0,90)+K. Let vy = (0,1) € VI(F+K, x0,90). Then, V2(F+K, 0, y0,v1) # )
and V2(F,zg,yo,v1) = (. Consequently, V2(F + K, xq,v0,v1) € V2(F, z0,y0,v1) + K.

For variational sets of type 2 one has W!(F, zo,90) + K = R?> = WY(F + K, x9,0), and
vy € WHF 4+ K, x0,90). But, W2(F + K, 9, y0,v1) = R?, W2(F, z0, yo,v1) = (). Hence,

W2(F + K, xg, yo, 7)1) Z WZ(F, l‘o,yo,’ul) + K.
Proposition 3.2 Suppose K have a compact convex base. Then,

(i) MinKVm(F + K, xg, Yo, V1, " ,'Um_l) C Vm<F, o, Yo, V1, " " ,vm_l);

(ii) Ming W™(F + K, 20, Y0, V1, * ,Vm—1) € W™ (F,20,%0,v1, """, Vm—1)-

Proof We prove only (i). Let v € MingV"™(F + K, xo,y0,v1," "+ ,Um—1). Then, there exist ¢, — 0T,
Tn LN xo, Yn € F(zy), and k,, € K such that v, := tim(yn +kp — Yo — tpvy — - — ™ Lu, 1) — v. Then,

n

Yo + tpvr + -+ g T, — Ky € F(2y). (1)

k
We claim that tTZ — 0 (for a subsequence). For a convex compact base @ of K, one has k,, = by, for

some o, > 0 and b, € @ and all n. If a;,, = 0 for infinitely many n € N, we are done. Hence, let a;, > 0

k anpb « «
for all n. We may assume that b, — b € Q. Then, — = —-" — 0 if and only if — — 0. Suppose —
tn ta tn tn

«
does not converge to 0. Then, nothing is lost by assuming that LTZ > € for some € > 0 and all n. Let

tm — —
= (e)ky. Then, k, — k, € =K and yo + tpv1 + - + " Loy, 1 + t™0, — k, € F(x,) + K. Since

n

n

kn
— eb # 0, one has 7, — tTZ — v — eb, and hence v — eb € V" (F + K, x9, Yo, V1, ** ,Um—1). Thus,

n

3|7

—eb € (Vm(F+Ka Zo, Yo, V1, - avmfl) - U) N (_K)

k
Because K has a convex base, —eb ¢ K, contradicting the minimality of v. Therefore, tTZ — 0. It
n

k. k
follows from (1) that yo + tpv1 + -+ + " v,y + 7 (v, — tTZ) € F(xy), and v, — tTZ — v. Therefore,
n n

’l)GVm(F,QZ‘(),yo,Ul,"' 7’Um71)' U
For weak minima we do not have a similar result, as indicated by the following example.
Example 3.2 Let X =R, Y =R? K =R2, (z0,y0) = (0,(0,0)), and F(z)is equal to {(0,0)} if z =0,

to {(0,-1)} if z = %, to {(1

-1 1
—,—)}if x =sin = for n € N, and to () otherwise. Then, we have
n’ n n

VYE, z0,y0) = {(z,y) €Y 1y = —z,z > 0},

W(F,z0,50) = {(0,9) €Y :y <0} U{(2,y) €Y 1y = —z,2 > 0},
Vl(F+K7 anyO) = WI(F+K7$O7?/0) = R+ x R.

Consequently, WMing V(F + K, 2, y0) = WMing W (F + K, 29, 90) = {0} x R. Therefore,
WMing VY F + K, z0,y0) € VY(F, x0,%0), WMingW(F + K, x0,90) € W(F, x0,%0)-

If int K # (), for weak minima, we have the following analogous properties.
Proposition 3.3 Suppose K CintK U {0} be a closed convex cone with a compact convex base. Then,

4



(i) WMinKVm(F + R’lxo,yo,vl, cee ,Um_l) C Vm(F, x0, Yo, V1, """ ,Um_l);
(11) WManWm(F + K?‘/Iio’y(]vvlv o ,’Umfl) g Wm(Fv o, Yo, V1, - aAUmfl)-
Proof Consider (ii). Since K C intK U {0}, any v € WMing W™ (F + K, x¢, Yo, V1, -+ ,Um—1) satisfies

v € W™(F + K, 20,0, V1, + »Um—1) N MingW™(F + K, 9, Y0, V1, "+, Um—1)- (2)

Hence, there exist t,, — 01, z,, EN Ty, Up — U, kp € K, and h, > 0 such that, for all n,

v+ e+ tnm_2vm—1 + tnm_lv
hn,

" —kp € F(zy) — 0. (3)

For a compact base Q of K , there exist o, > 0 and ¢, € Q such that k, = a,q,. We may assume that

qn — q € Q We claim that n%n — 0 (for a subsequence). This is true if a;,, = 0 for infinitely many
tm 1

n

hpon,

m—1
n

n € N. Now, suppose to the contrary that a, > 0, for all n, and

# 0. Then, we may assume

m—1

hno, _ t N .
that 222" > ¢ for some ¢ > 0 and all n. Let ky, = Eh" k, € K. Then, we have k,, — k,, € K. By (3),

n

Zn—l - nQn

v+ -+ tnm_vaq + tnm_lv
hn

n
v—eq € W™(F+K,x9,Yy0,v1,"* ,Um—1). Therefore, —eq € (W™ (F+K,x0,Y0,V1, " ,Um—1)—0)N(—K),

we obtain

o A e o
—kp € F(z,) + K —yo. As ; — €q # 0, this implies that

m—1

. h k
and —eq ¢ K, which contradicts (2). Hence, % — 0 and v, — ——— — v. It follows from (3) that
n n
ve W™(F,xo,Y0,v1, - ,Unm—1) and the proof is complete. O
To get the equalities in Proposition 3.1, we need the following new notion.
Definition 3.2 Let (xo,y0) € grF, vi, -+ ,vpm—1 € Y, and m € N. The mth-order singular variational
set of type 1 (type 2, resp) of F' at (xo,yo) is defined by
Voo(m)(Faq:OuyO)rUlf" ,Um_l) = {yey‘azngx())zltn _>0+7E|An_>0+7
F —yo — tpvy — - — " Ly,
Ty € L)~ 30 nvtlm L Natn ¥}
n
(Woo(m)(Fny)y()vvlv"' 7vm71) — {yeyyaxng«’UO?th—)O—i_aa)\n _>0+7
coney (F(xp) —yo) — v — -+ — tM 20,
Jyn € +( ( n) . )tml = m s AnYn — y})
Proposition 3.4 Let K have a compact convex base. "
(i) Let either of the following conditions hold:
(iy) V™(F + K, x0,%0,v1, " * ,Um—1) has the domination property;
(12) Voo(m) (Fa 0o, Yo, V1, " aUTI’L*l) N (_K) = {O}
Then,
Vm(F + Kv o, Yo, V1, - avmfl) — Vm(Fa To,Yo, U1,y - ,Um,]_) + Kv (4)
MinKVm(F + K, o, Yo, V1" ,’Um_l) = MinKVm(F, o, Yo, U1, ,’Um_l). (5)

(ii) Let either of the following two conditions hold:
(iiy) W™(F 4+ K, x0, Y0, V1, "+ ,Um—1) has the domination property;
(iig) WU (F, 20, y0,v1, - yvm—1) N (—K) = {0}.
Then,
W™ (F + K, zo,y0,v1, ", vm—1) = W"(F, 20, Y0, 01, ,Um-1) + K,
Ming W™ (F + K, x0, 0,1, * Um—1) = Ming W™ (F, 2o, Yo, V1, * , Um—1)-

Proof We prove only (i). First, we check (4). By Proposition 3.1(i), we need simply to verify that

Vm(F+K7w07y07vla'” 7Um—1) g Vm(F7 0o, Yo, V1, - 7vm—1) +K



If (i1) holds, then V™(F + K, o, Y0, V1, "+ ,Um—1) € Ming V"™ (F + K, z9, Yo, V1, ,Um—1) + K. Hence,
(4) is satisfied, since we have (by Proposition 3.2)

MiHKvm(F+K,$0,y0,U1,"‘ 7Um71) + K - Vm(Fa-"UanO:’Ul"" 7Um71) + K.

If (iz) holds and v € V™ (F + K, w0, Y0, V1, " - , Um—1), then there exist t,, — 07, z,, LN x0, Yn € F(xy),
1
and k, € K such that m —(Yn + kn — yo — tpvr — — t™ Yy, 1) — v. If one has ng such that k, = 0
for all n > ng, then, v € Vm(F x0,Y0, V1, -+ ,Um—1). If there is a subsequence, denoted again by {k,}
with k, # 0, we claim that {H nH} be bounded. Indeed, otherwise we may assume that H nH — oo and
n TL
k, _
— k€ K\ {0}. Setting
K|
oo o Ynt R = Yo —tnvr — - — tr o1 A
we get
Yn — Yo — tpvy — - — tP Loy, g — Ty —
Ap n i n___T nt s —ke—K\{0}.
_ k
As )\, — 0T, this means —k € V"O(m)(F7 0, Y0, V1, -+, Um—1) N —K \ {0}, contradicting (i2). So, HﬂZH
1
is bounded and H nH — a > 0. With 7,, := ol (Yn —yo — tpvr — -+ — tnmflvmfl — tMvy,), one has
n n
Yo+ tpvt + -+ 1T ot + 17 (Un + 1) = yn € Fwn).

n

[ Rn| [0

It easy to see that v, + —ak. Thus, v —ak € V™(F,z0,v0,v1, - ,Um_1) and (4) is satisfied.

(5) is implied directly from (4) and Proposition 2.2. O
The following result for weak minima can be proved similarly as Proposition 4.3.
Proposition 3.5 Let K C intK U {0} be a closed convex cone with a compact convez base.
(i) Impose either of the following two conditions:
(i) V™(F + K, %0, y0, 01, - , Um—1) has the weak domination property;
(ig) VU (F 20, 90,01, - ,vm-1) N (—K) = {0}.
Then,

WManVm(F7 o, Yo, V1, - - ,'Um_l) - WManvm(F + K7x07y07vl7 Tt 7vm—1)-

(ii) Let either of the following conditions hold:
(iiy) W™(F 4+ K, x0,Y0,V1, " * , Um—1) possesses the weak domination property;
(il) W™ (F, z0,50,v1, -, om—1) N (—K) = {0}.

Then,

WMinKWm(F, o, Yo, V1, - ,?}m_l) = WMinKWm(F + K,wo,yo, (% P ,Um_l).
4 Variational Sets of Perturbation Maps

In this section, we apply the results of Sect. 3 to set-valued optimization. Let U be a normed space of
perturbation parameters, Y be the objective (normed) space ordered partially by a closed convex cone
K,and F': X =Y. One aims at finding minima or weak minima of F'(u) for a given parameter value
u. Hence, we define set-valued maps G and S from U to Y by, for u € U,

G(u) = Ming F'(u), S(u) = WMing F(u).

6



As it is well-known, G and S are called the perturbation map and weak perturbation map, resp. The
purpose of this section is to investigate relationships between the variational sets of F' and that of G and
S, including relations between minima or weak minima of these variational sets.

F has the domination property around wug iff there exists a neighborhood V' of ug such that F'(u) has
the domination property for all uw € V. F has the weak domination property around wug with respect to
(wrt) K iff there exists a neighborhood V of ug such that F(u) € WMing F(u) + K for all u € V.
Remark 4.1 (i) Suppose yo € G(ug) and F have the domination property around ug. Then,

V™G + K, up, Yo, 1, ,Um—1) = V"™(F 4+ K, u0,%0,V1,"** s Um—1),

Wm(G + Ka o, Yo, V1, * - - 7/Um—l) - Wm(F + Ka o, Yo, V1, * - - 7/Um—l)'
(i) If yo € S(ug) and F has the weak domination property around ug wrt K, then

Vm(S+IA(>u0>y07’U17"' 7Um71) = Vm(F—i_K)uO?ym’Ula“' 7Um71)7

Wm(S+K7u07y07v17'” avm—l) == Wm(F+K;Uan07UI;‘ t 7vm—1)-

Theorem 4.1 Let (ug,yo) € grG and vy,--- ,v;m—1 € Y. Let F' have the domination property around
ug, and K have a compact convex base.
(i) Assume further either of the following two conditions:
(i) V"™(F + K, uo, Yo, V1, - ,Um—1) has the domination property;
(i2) yoe(m) (F,up, Yo, v1,"* ,vm—1) N (—K) = {0}.
Then,
MinKVm(F, Uuop, Yo, U1, - - ,’Um_l) = MinKVm(G, uo, Yo, V1, ° -+ ,Um_l).

(ii) Impose either of the following conditions:
(iiy) W™(F 4+ K, uo,Y0,v1," " ,Um—1) has the domination property;
(112) Woo(m)(Fa Uuo, Yo, V1, "+ - >'Um—1) N (_K) = {0}

Then,

Ming W™ (F, ug, Yo, v1,- -, Um—1) = Ming W™ (G, uo, Yo, V1, - , Um—1)-

Proof We prove only Assertion (i). Remark 4.1(i) yields that V™ (G + K, ug, Yo, V1, -+ ,Um—1) also has
the domination property. Because either (i) or (iz) holds, from Proposition 3.4 we get

Manvm(Fa o, Yo, V1, " - - 7,Um71) - Manvm(F + Kv uo, Yo, V1, * - - avmfl)
= Manvm(G + K7 U, Yo, V1, - - - 7vm—1) = MinKvm(Gau():yOvyla to 7ym—1)'
The following example illustrates Theorem 4.1.
Example 4.1 Let U =R, Y =R? K =R?%, ug =0, yo = (0,0), and

F(u) ={(y1,y2) € Y :y1 = u, y2 = |yn[} for u € U. Then, G(u) = {(y1,52) €Y : y1 = u, y2 = [1]}.
Let v; = (—=1,1) for i = 1,--- ;m — 1. Direct calculations give

, €Y 1y > , ifm=1,
Vm(F’ U0, Yo, V1, - - - 7vm—1> - Wm(F’ U0, Yo, V1, - - ,’Um—1> - { %Ezi zz; eY: zi + ?‘leg()} ifm > 1.

m _ m _JAny) €Y iy =nl}, ifm=1,
14 (G7U07Z/0,U17 7vm—1)_W <G7u07y07v17 7Um—1)—{ {(y17y2) €Y3y1+y2:0}, ifm > 1.

We can check that the assumptions of Theorem 4.1 are satisfied for all m. Direct checking yields

Ming V"™ (F, o, Yo, V1, -+ s Um—1) = Ming V™(G, ug, Yo, 01, * ,Vm—1) = Ming W™ (G, ug, yo, v1, " ** , Um—1)

:{ {(y1,92) €Y 191 <0, y2 = gn}, ifm =1,
{(y1,92) €Y s y1 +3y2 = 0}, if m > 1.
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Similarly, by Remark 4.1(ii) and Proposition 3.5, we have the following for weak minima.
Theorem 4.2 Let (ug,yo) € grS and vi, -+ ,vm—1 € Y. Let F have the weak domination property
around ug wrt K, where K C intK U {0} is a closed convex cone having a compact convex base.

(i) Let either of the following two conditions hold:

(i) V™(F + K, uo,yo,v1 - - - ,Um—1) has the weak domination property;
(iy) VU (F ug, yo, v1,- -+ ,vm—1) N (—K) = {0}.

Then,

WMinKVm(F, Uuo, Yo, V1, - - ,’Um_l) = WMinKVm(S, Uuop, Yo, V1, - ;Um—l)-

(ii) Impose one of the following two conditions:
(iiy) W™(F + K, uo,%0,v1, "+ ,Um—1) has the weak domination property;
(ii) WU (F,ug,y0,v1,+ ,vm—1) N (—K) = {0}.

Then,
WMing W™ (F, ug, Yo, V1, -+ 5 Vm—1) = WMing W™ (S, ug, yo, v1, -+ , Um—1)-

Example 4.2 Let U =R, Y =R? K =R?%, ug =0, yo = (0,0), and F(u) is equal to {(y1,y2) €Y :
y1 =u, yo > —y1}tif u <0, and to {(y1,92) €Y : 0 < y1 <wu, yo > 0} if w > 0. Then, S(u) is equal
to {(y1,92) €Y :y1 =u, y2 > —y1} if u <0, and to {(y1,y2) €Y : 0 < y; <wu, yo =0} if u > 0. Let
v; = (1,0) for i = 1,--- ,m — 1. Direct computations yield that V'™ (F, ug, yo,v1, - ,Vm—1) is equal to
R2U{(y1,y2) €Y :y1 <0, y2 > —y1 } if m = 1, and to R xRy if m > 1, and V™ (S, ug, Yo, v1," -+ , Um—1)
is equal to {(y1,42) €Y :y1 <0, y2 > —y1} U (Ry x {0}) if m =1, and to R x {0} if m > 1.

For each of F' and S, the variational sets of the two types coincide for all m > 1. We can check that
the assumptions of Theorem 4.2 are fulfilled for all m (for an arbitrary closed convex cone K such that
K e intR% U {(0,0)}). Direct verifying gives

WMing V™ (F, uo, Yo, V1, s Vm—1) = WMing V"™ (S, uo, Yo, v1, -+ , Vm-1) = WMing W™ (S, ug, yo, v1, - - -

_ J AL y2) €Y iy <0, ya ==y U(Ry x {0}), ifm=1,
R x {0}, ifm> 1.

Note that the set of (Pareto) minima is much smaller than that of weak minima: G(u) is equal to
{(y1,y2) €Y :y1 =u, y2 = —y1 } if w <0, and to {(0,0)} if u > 0. For v; = (1,0), i =1,--- ,m — 1, we
have V1(G, uo, o) = W™(G, uo,v0) = {(y1,y2) €Y :y1 <0, yo = —y1}, and they are empty for m > 1.
We can check that the assumptions of Theorem 4.1 are satisfied for m = 1 and

MinKVI(F, o, Yo) = MinKVI(G,uo,yo) = MinKWI(G,u(],yo) ={(y1,y2) €Y 141 <0, yo = —y1)}.

In the following case, Theorems 4.1 and 4.2 can be used, but some recent existing results cannot.
Example 4.3 Let U =R, Y = R? K =R%, uy =0, yo = (0,0), and F(u) is equal to {(0,0)} if u = 0,

1 -1, -1 1 1
and to {(0,0); (ﬁ’ — )i (=, E)} if u = - for n € N, and is empty otherwise.

Then, S(u) = G(u) = F(u). For v; = (1,—1), v = (—1,1). Calculations give
V(Fu0,50) = WH(F,uo,0) = {(y1,52) €Y : y1 +y2 = 0},

V2(F,up,yo,v1) = W2(F,ug,y0,v1) = {(y1,42) €Y : y1 + y2 = 0},
V3(F, ug, yo,v1,v2) = W3(F, ug, yo,v1,v2) = {(y1,42) €Y : 41 +y2 = 0}.

We can check that the assumptions of Theorems 4.1 and 4.2 are satisfied. Calculating the lower Stud-
niarski derivative of F' at (ug, yo) (see [13] for the definition), we have d™F (ug, yo)(u) = 0 for all u € R.
Hence, Theorems 4.1-4.3 and Corollaries 4.1-4.3 of [13] cannot be in use.

Theorems 4.3, 4.7, and 4.10 of [9] in terms of second-order contingent derivatives cannot be applied
either, since D?F (uq, yo, u1,v1)(u) = 0, for all u € R.

) Umfl)



Proposition 4.1 Let (ug,yo) € grS and v1,--+ ,vm—1 € Y. Let F have a proto-variational set of order
m of type 1 at (up,yo), and intK # (). Then,

Vm(S> uo, Yo, V1, - - - aUm—l) g WManvm(Fa uo, Yo, V1, -+ - - 7Um—1)-
Proof Let y € V™(S, ug, 90,1, ,VUm—1), i.e., there exist t, — 0T, u, 5 ug, and y, — y such that
Yo +tpvr + -+ 0 yn € S(upn) C F(uy), (6)

and y € V"™(F,up, Yo, V1, ,Um—1). Suppose y & WMing V" (F, ug, yo, v1," - ,Um—1), i.e., there exists
y' € V™(F,uo,90,v1, "+ ,Um—1) such that y —y’ € int K. For the above sequences t,, and u,,, there exists
yr — ' such that yo + tp,v1 + - -+ t"y), € F(uy), and y, — y,, € intK for large n. Consequently,

(Yo +tnvr + - +t0yn) — (Yo + tpvr + - +t0yl) =t (yn — yl,) € intK,

ie, yo+tpvr + - +tMyy, & WMing F(uy) = S(un), which contradicts (6). O
Unfortunately, the similar result is not true for W™ as indicated by the next example.

Example 4.4 Let U =R, Y = R? K =R?, and F(u) is equal to ({0} x R) U (R x {0}) U{(z,y) :

22+ y? =1} u = 0, and empty if u # 0. Then, S(u) = WMing F(u) and S(u) is equal to ((—oo, —1)

x{0}) U ({0} x (o0, —1)) U{(z,y) : 22 +9?> = 1,2 <0,y <0} if u = 0, and empty if u # 0. F has a

proto-variational set at (0, (—1,0)) and W1(F,0,(—1,0)) = (R; x R) U (R_ x {0}). However, we have

WMingW(F,0,(—1,0)) = ({0} x R_) U (R_ x {0}),

WH(S,0,(=1,0)) = (R- x {0}) U{(z,9) : y < —2,2 > 0},

and hence W(S,0,(—1,0)) € WMingW'(F,0,(—1,0)).
Replacing ”S” in Proposition 4.1 by ”G” is impossible as shown now.
Example 4.5 Let U=R, Y =R? K = Ri, and F(u) is equal to {(z,y): © >0,y < —x} U{(z,y): vy
= —z} if u = 0, and empty if u # 0. Then, G(u) = Ming F'(u) is defined by G(0) = {(z,y) : y = —x,
x <0} and G(u) = @ for any u # 0. We see that F has the following proto-variational set V1(F,0, (0,0))
={(z,y) : * >0,y < —2} U{(z,y) : y = —x}. Since MingV(F,0,(0,0)) = {(z,y) : y = —x,z < 0},
V1G,0,(0,0)) = {(z,y) : y = —x,x <0}, one has V1(G,0,(0,0)) € MingV!(F,0,(0,0)).
Theorem 4.3 Let (ug,yo) € grS and vi, -+ ,0m—1 € Y. Let K be a closed convex cone contained in
int K U {0} and have a compact convex base. Let the following conditions be satisfied:
(i) either of the following holds
(iy) V™(F + K, ug, yo,v1, - - - ,Um—1) has the weak domination property;
(iz) VU (F ug,yo, 01, vm—1) N (—K) = {0};
(ii) F' has the weak domination property around uy wrt K;
(iii) F' has a proto-variational set of order m of type 1 at (ug,yo).
Then,
V(S up, yo, v1, "+, Vm—1) = WMing V™ (F, ug, Yo, v1, " ** , Um—1)-

Proof Obviously, by Proposition 4.1, we need to prove only that
V™S, 10,90, V15 5 Um—1) 2 WMing V™ (F, 10, Y0, V1, -+ Um—1)-
Propositions 3.3, 3.5, and Remark 4.1(ii) together imply that
WMing V™(F, u, Yo, U1, - - s Um—1) = WMing V™(F + K, ug, Yo, V1, - - , Um—1)

= WMinKVm(S + K,uo,yo,vl, s ,’Um_l) - Vm(S, UQ, Yo, V1, " * ,’Um_l).

5 Applications to Constrained Vector Optimization
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In this section, we consider the following two constrained vector optimization problems, where both the
objective map and the constraint set depend on a perturbation parameter,

Ming F(z,u), subject toz € X (u), (7)

WMing F(x,u), subject toz € X (u). (8)

Here, as before U, W, Y are normed spaces, K is a nonempty closed convex ordering cone in Y, which is
now assumed additionally to be pointed, F' is a set-valued objective map from W x U to Y, and X is a
set-valued map from U to W. We define a set-valued map H from U to Y by

Hu)=F(X(u),u)={yeY ye Flz,u),z € X(u)}.

So, H(u) is the parameterized feasible set in the objective space. In problems (7) and (8), we aim to
obtain minima and weak minima of H(u), resp. The solution sets in Y to problems (7) and (8) are
denoted by Ming H (u) and WMing H (u), resp. Like in Sect. 4, we define

G(u) = Ming H(u), S(u) = WMingH (u).

We need the following new definition.
Definition 5.1 Let W, U,Y be normed spaces, F': W x U =Y, ((xo,u0),y0) € grF, z € W, (w;, v;)
eWxYfori=1,---,m— 1.

(i) The mth-order upper (lower, resp) variation of F' at ((xg,uo),yo) wrt x is

V" (F, (zolz],u0), Yo, w1, v1, - -+, Wim—1,Vm—1) = {v : 3t — 0*,3h, — 0", Iz, — =z, Ju, — v, IV, — v,Vn,

Yo + hovr 4 -+ B ooy + Bvg € Fwo + tywy + -+ A 47 w1 4 £ wn, un) }

(VI (F, (zolz], w0), Yo, w1, V1 Win—1, Vm—1) = {v : Vt, — 0", Va, — z, Vu, — ug, Jv, — v,n,

Yo + tav1 4 oo + " vy 4+ "0, € F(20 4 tawy + oo+ 7 gy 4 172, u,) ).

(ii) F is said to have a mth-order proto variation of F' at ((zg,up),yo) iff, for all x,
V:]m(Fa (I'O[x], u0)7 Yo, W1,V1, " , Wm—1, Um—l) == K?(F, (.%'()[l'], uO)a Yo, W1,V1, """ , Wm—1, Um—l)-

We now investigate connections of a proto variation of F and a variational set of X to the corre-
sponding variational set of H.
Proposition 5.1 Let ug € U, x¢ € X(up), and yo € F(xo,up). If F' has a mth-order proto variation at
((zo,up),y0), then

U qu(F, (xolx], uo), Yo, w1,v1, -+, Wm—1,Vm—1) | € V"™ (H,up,yo,v1, " ,Um—1)-
xeV™m(X,uo,T0,w1, ,Wm—1)
N (9)
Moreover, if W is finite dimensional, X (u,y) := {x € R" : € X(u),y € F(z,u)} is calm around
(uo, o), )N((uo,yo) ={xo}, and Vq1 ()N(, (up, yo[0]), xo) = {0}, then, the inclusion opposite to (9) is valid.
Proof Let there exist z € V"™ (X, ug, 2o, w1, -+ ,wm-1) such that v € V"(F, (wo[z], uo), yo, w1, v1, -,

Wm—1,VUm-1)- € V"™(X,ug, zg, w1, ,wm_1) means the existence of ¢, — 0", w, — ug, Tn £> T such
that, for all n, g + t,wy + -+ + " Lwy, 1 +t"x, € X(uy,). Then,

F(xo +tpwy + -+t w1 + 70, un) € H(uy). (10)

Because v € V" (F, (zo[7],u0), Yo, w1, 01, + , Win—1,Vm—1), With the above tp, un, Tn, there exists
1

Yn € F(x0+thwy + -+ " Ywy, 1 + 7, uy,) such that ﬁ(yn —yo —tpvr — - — " Lo 1) — v, So,
n

we have .

— o — by — e — Ty,
Yo + tuvr + - 0 Loy 4 (T n_ fmol

'
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=yn € F(zg + tywr + -+ + tnm’lwm_l + 0Ty, Uy).

It follows from (10) that v € V"™ (H, ug, Yo, V1, - ,Um—1)-

Next, we prove the inclusion reverse to (9). Let v € V™(H, ug,yo,v1, " ,Um—1), i.€., there exist
tn, — 07, u, — wug, and v, A such that Yo + tavr + oo + 7 Yoy g + ™, € H(uy) for all n.
Then, there exists x, € X(uy) such that yo + t,v1 + -+ + tﬁ_ivm,l + t"v, € F(xn,u,). Hence,
Tn € X(un,yo +tavr + - + " Loy 1 + t™y,). The calmness of X yields M > 0 such that

||~rn - -TOH < MH(Un,yo +tpvr + -0 +t:1nilvm—1 +t;nvn) - (Uo,yo)H-

1
Then, x, — x and hence (z,, — xg — tpwy — -+ — ™ tw,y, 1) — 0. We claim that {ﬁ(svn — g — tawy

n

— ™ Lw,, 1)} is bounded. Indeed, we have

(zn, — w0)

xo + ||zn — o] T — o] =2 € X(tn, Yo + tav + - + " Loy 4 t70y,). (11)
n
Ty — T .
We may assume that a, : M — a with norm one. Setting r* = ||z, — zo — t,w1
n — 40
— o =t Ly, 4], we have 7 — 0F and
tn tm_l m
Yo+ tnvr 4 U om0 = Yo + o1+ T e T ey,
Tn Tn n
tn m—2 t:Ln ! m— ltzr?zl
= Yo +ral—vr -ty LT Um= R Un) 2= Yo + Tndn
n n

m
For hy,, = ||zn—x0||, (11) is written equivalently as xo+hna, € X(un7 Yo+TnGn)- If — 0T, then ¢, — 0

n

and a € V! (X, (uo, 40[0]), zo), impossible. Thus, {ﬁ(mn — g —tpwy —- - - — " Lw,, 1)} is bounded and
n

Ty = Ty — o —tpWyp — -+ —tm_lwm_l) converges to some T € R™. Since xg+t, w1+ - - -+tﬂ_1wm_1

tm(

+t"7, € X (uy), one has yo +t,vy +- - - +t7 Loy, + 1T, € F(ag+tawr + -+t Ly, 1 + 10T, uy).

Therefore, Z € V™ (X, ug, 20, w1, -+ , Wy—1) and v € V"(F, (x0[T], uo), Yo, w1,v1,"* , Wm—1,Vm-1). O
The following four examples ensure the essentialness of each assumption of Proposition 5.1.

Example 5.1 (X (ug,yo) = {zo} is needed) Let U =W =Y =R, F(z,u) = {x(z — 1)}, uo =0, g = 1,
1

Yo =0 € F(xp,up), and X(u) isequal to {x: 0 <z <1} ifu=0,t0 {z:—u<z <1} ifuzﬁ,nEN,

and empty otherwise. Then,
{1—\/1+4y 1+v1+4y
’ 2

- 2
X(u,y) {\/2—1—724}’ ifue{E:nEN},0<y§u(u+1),

0, otherwise,

1 -1
I3 ifue{O}U{g:neN}, Tgygo,

—1 —1 1
andH(u)isequalto{y:Tgyg()}ifuzo,to{yzjSygu(u—kl)}ifu:ﬁ, n € N, and empty

otherwise. X is clearly calm around (ug,yo) and we can obtain by direct calculations that
Vi (X, (w0, 50[0]), w0) = {0}, V' (X, w0, 20) = —R,
Vql(Fv (‘770[‘7:]71‘0)7 yO) = {ZB}, Vl(Hv u()vy()) =R

So,

U V(@ (wolz], u0), yo) = —R.
zeV1(X,u0,20)
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Thus, since X (ug, yo) = {0,1} # {x0}, we have
V(H, uo, y0) & U V, (F, (wol], u0), yo)-

zeV1(X,uo,z0)

Example 5.2 (the calmness around (ug,yg) cannot be dropped) Let U =W =Y =R, F(x,u)
={z(zx— 1)}, upo=0,20 =1, yo =0 € F(xg,up), and X(u) is equal to {z : 0 <z < 1} if u = 0, to

{z:—u<zx<l1}ifu= - n € N, and empty otherwise. Then,

1
({1}, ifue{0}u{-:neN} y=0
1—VI+dy 1+I+4 i 1
Tty ( \/2+7y +\/2—i—7y}’ fuc QU nen), L ey<o
’ 1-/T+1 1
{\/2+73~/}, ifue{ﬁ:nEN},0<y<u(u+1)’
0, otherwise,

and H(u) is as in Example 5.1 with only “y < u(u + 1)” replaced by the strict inequality. Hence,
X (uo,0) = {zo}, V; (X, (uo,0[0]), z0) = {0},
VX, ug,z0) = =Ry, Vi (F, (zola], uo), yo) = {z}, V' (H, uo,0) = R.

Consequently, because X is not calm around (uo,yo), we really have

U VIE (@ola],uo) yo) = R4,
€V (X,u0,z0)

Vl(HuuﬂayO) Z U ‘/ql(Fa (xO[x]auﬂ))yO)‘
zeV1(X,uo,z0)

Example 5.3 (V,(X, (uo, y0[0]), o) = {0} is essential) Let U =Y =R, W = R?, X(u) = {z € R? : 1
=u, vy = 0}, F(z,u) = {z3(z1 — 1)}, up = 0, 29 = (0,0), and yo = f(z0,ug) = 0. Then, X (u,y) is
equal to {(u,0)} if u € R, y = u?(u — 1), and is empty otherwise, and H(u) = {u?(u — 1)}. Hence,
X (ug,y0) = {wo} and X is calm around (ug,yo). Direct calculations give V1(X,ug,z0) = R x {0},
V(F, (zo[z], uo), yo) = {0}. Therefore,

U VAP (ol uo), yo) = {0},

zeVl (X,u0,z0)

1 1 1
By taking t,, = - Uy = %, T = (Un,0) € X(uy), v, = % — 1 — —1, we can check that yg + t,v,
€ H(uy). Thus, —1 € V!(H,up,yo). Consequently,

V(H, uo, y0) & U VJ(F (zole], u0), wo)-

zeV1(X,uo,z0)

1

To see the reason, let t, = —, up = —, Yyp = 1) = 0, z, = (1,0) to have that z¢ + t,z,
n n

1
_ n
€ X (un, Yo + tnyn), and so (1,0) € Vl( , (w0, y0[0]), o).

Example 5.4 (W needs be finite dlmenswnal) Let U =Y = Rand W = [y, the space of all real sequences

z = (2")jey with Y |27| < oo. Let X(u) be {0} if u =0, {z = (2')jen € X : 2’ =uwifi=mn; ' =0, if
i=1

1
[0

(
]

1
i #n}if u=—, n €N, and empty otherwise, F(x,u) = {||z||(||z]] — 1)}, uo = 0, zg = 0 € X (up), and
n
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yo = 0 € F(xg,up). Then, X (u,y) is equal to {0} if u =0, to {z = (z')jen € X 12’ =wifi=n, 2! =0,
1

ifi#n}ifu=—,neN, y=|ul(Jlul—1), and empty otherwise, and H(u) is {0} if u =0, {|u|(|u| — 1)}
n

1 ~
ifu=—, n €N, and empty otherwise. Hence, X is calm around (ug,yo). We can compute directly that
n

X(UO,yo) = {m0}7 V:]l()?’ (UanO[O])a'IO) = {0}7

‘/ql(F’ (IEQ[LU],Uo),yQ) = {—HxH}v Vl(Xa an'TU) = {0}
Therefore,

U VAE (ol uo), o) = {0}.

m€V1(X,u0,zo)
By taking ¢,, = oy Un =, Tn = (2%)ien € X (uy) satisfying ! = u,, if i = n and 2!, = 0 if i # n, and

1
vp = — — 1 — —1, we can check that yo + t,v, € H(u,). Hence, —1 € V'(H,ug, o). Thus,
n

V(H, uo, y0) & U V (F, (wol], u0), yo)-
zeV1(X,u0,z0)

Finally, invoking to Proposition 5.1 and results of Sect. 4, we easily establish relations between
minima and weak minima of the mentioned variational sets stated in the following three theorems.
Theorem 5.1 Let (ug,yo) € grG, xo € X(ug), yo € F(xo,up), W be finite dimensional, and K have a
compact convex base. Suppose

(i) H has the domination property around ug;

(i) either of the following two conditions holds:

(iiy) V™(H + K, up, Yo, v1," - ,Um—1) has the domination property;
(iig) Voo(m)(H’ Z0, Y0, U1y * 5y Um—1) N (—K) = {0},

(iii) F' has a mth-order proto variation at ((xo,uo),yo);

(iv) X is calm around (uo,Yo);

(v) X (uo,y0) = {o} and V,'(X, (uo, yo0]), o) = {0}

Then,

Ming U V" (F, (zolz], v0), Yo, w1, v1, - -+, Win—1, Vm—1)

z€V™(X,u0,20,W1, " ,Wm—1)

= MiHKVm(G,I'O, Yo, V1, - avmfl)'

Proof This follows from Theorem 4.1(i) and Proposition 5.1. O
Theorem 5.2 Let (ug,y0) € grS, xo € X(uo), yo € F(zo,up), W be finite dimensional, and K be a
closed convex cone contained in int K U {0} and have a compact convex base. Suppose
(1) Y has the weak domination property around ug wrt K ;
(i) either of the following two conditions is satisfied:
(iiy) V™(H + K uy, Yo, V1, ,Um—1) has the weak domination property;
(112) Voo(m)(H’ 20, Y0, V1, " ,Umfl) N (*K) = {0},
(iii) F has a mth-order proto variation at ((zo,uo),Yo0);
(iv) ZN( is calm around ((vo,Yo), To);
(v) X (uo,y0) = {zo} and Vi (X, (uo, 0[0]), z0) = {0}
Then,

WMing U Vi (F, (zolz], wo), yo, w1, 01, -+, Win—1, V1)

€V ™ (X, u0,20,W1,** ;Wm—1)
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- WMinKvm(G,I'O,y(),’Ul, o 7Um—1)-

Proof Theorem 4.2(i) and Proposition 5.1 together imply this theorem. ([l
Theorem 5.3 Let the assumptions of Theorem 5.2 be satisfied and H have a proto-variational set of
order m of type 1 at (ug,yo). Then

Vm(S,UO,y(),Ul,"' 7Um71) :WMan U V;]m(Fa (w(][x]au(])ay(]awlvvla"' >wm717vm71)

zeV™(X,u0,20,W1, ,Wm—1)

Proof Applying Theorem 4.3 and Proposition 5.1, we are done. g
Remark 5.1 Though there have been several contributions to analysis of perturbation map G and
weak perturbation map S for unconstrained feasible map F' (defined in Sect. 4), we see only Tanino [2]
dealing with this topic for a map F' in a set-constrained smooth single-valued problem. That paper was
limited to first-order results in terms of gradients of F'. The present paper is the first attempt of higher-
order considerations of F' for a set-constrained nonsmooth multivalued problem. The extension has been
performed in several aspects. Furthermore, we have extended successfully almost directly Theorem 4.1
of [2]. However, a drawback here is that the results are technically complicated. We hope that, excluding
inevitable complexity, e.g. with higher-order derivatives (at least because of long expressions) and a high
level of nonsmoothness, improvements can be obtained in future. In this paper, we restrict ourselves to
making sure that the relatively complicated assumptions imposed in the results cannot be avoided by
showing (in examples) their essentialness.

6 Conclusion

Since quantitative properties of perturbation maps of nonsmooth vector optimization is of high impor-
tance, but there have been only considerations in terms of contingent derivatives, we discuss higher-order
analysis of such maps in terms of variational sets, a kind of generalized derivatives which is suitable for a
high level of nonsmoothness and relatively easy to compute. We establish relations between variational
sets of a perturbation map or weak perturbation map or the minima/weak minima of these sets and the
corresponding ones of the feasible-set map to the objective space. These results are applied to sensitivity
analysis for set-constrained vector optimization. As some results look complicated, we have tried to
confirm the essentialness of each imposed assumption as well as to illustrate advantages of our results
by a number of examples, which indicate also that computing variational sets is not a hard work.

References

[1] Fiacco, A. V.: Introduction to sensitivity and stability analysis in nonlinear programming. Academic
Press, New York (1983)

[2] Tanino, T.: Sensitivity analysis in multiobjective optimization. J. Optim. Theory Appl. 56, 479-499
(1988)

[3] Tanino, T.: Stability and sensitivity analysis in convex vector optimization. SIAM J. Control Optim.
26, 521-536 (1988)

[4] Shi, D. S.: Contingent derivative of the perturbation map in multiobjective optimization. J. Optim.
Theory Appl. 70, 385-396 (1991)

[5] Shi, D. S.: Sensitivity analysis in convex vector optimization. J. Optim. Theory Appl. 77, 145-159
(1993)

[6] Kuk, H., Tanino, T., Tanaka, M.: Sensitivity analysis in vector optimization. J. Optim. Theory
Appl. 89, 713-730 (1996)

14



[21]

22]

[23]

[24]

Kuk, H., Tanino, T., Tanaka, M.: Sensitivity analysis in parametrized convex vector optimization.
J. Math. Anal. Appl. 202, 511-522 (1996)

Klose, J.: Sensitivity analysis using the tangent derivative. Numer. Funct. Anal. Optim. 13, 143-153
(1992)

Wang, Q. L., Li, S. J.: Second-order contingent derivative of the perturbation map in multiobjective
optimization. Fixed Point Theory Appl., Art ID 857520, 13 pp. (2011)

Khanh, P. Q., Tuan, N. D.: Variational sets of multivalued mappings and a unified study of opti-
mality conditions. J. Optim. Theory Appl. 139, 45-67 (2008)

Khanh, P. Q., Tuan, N. D.: Higher-order variational sets and higher-order optimality conditions
for proper efficiency in set-valued nonsmooth vector optimization. J. Optim. Theory Appl. 139,
243-261 (2008)

Anh, N. L. H., Khanh, P. Q., Tung, L. T.: Variational sets: calculus and applications to nonsmooth
vector optimization. Nonlinear Anal. 74, 2358-2379 (2011)

Sun, X. K., Li, S. J.: Lower Studniarski derivative of the perturbation map in parametrized vector
optimization. Optim. Lett. 5, 601-614 (2011)

Aubin, J.-P., Frankowska, H.: Set-Valued Analysis. Birkhauser, Boston (1990).
Rockafellar, R.T., Wets, R.J.B.: Variational Analysis, 3rdedn. Springer, Berlin (2009).

Mordukhovich, B.S.: Variational Analysis and Generalized Differentiation, vol.I: Basic Theory.
Springer, Berlin (2006).

Mordukhovich, B.S.: Variational Analysis and Generalized Differentiation, vol.Il: Applications.
Springer, Berlin (2006).

Gopfert, A., Tammer, C., Riahi, H., Zalinescu, C.: Variational Methods in Partially Ordered Spaces.
Springer, New York (2003).

Luc, D.T.: Contingent derivatives of set-valued maps and applications to vector optimization. Math.
Program. 50, 99-111 (1991).

Li, S.J., Teo, K.L., Yang, X.Q.: Higher-Order Optimality Conditions for Set-Valued Optimization.
J. Optim. Theory Appl. 137, 533-553 (2008).

Jahn, J., Rauh, R.: Contingent epiderivatives and set-valued optimization. Math. Meth. Oper. Res.
46, 193-211 (1997).

Bednarczuk, E.M., Song,W.: Contingent epiderivative and its applications to set-valued maps.
Control Cybern. 27, 375-386 (1998).

Jahn, J., Khan, A.A., Zeilinger, P.: Second-order optimality conditions in set optimization. J.
Optim. Theory Appl. 125, 331-347 (2005).

Jahn, J., Khan, A.A.: Generalized contingent epiderivatives in set valued optimization : optimality
conditions. Numer. Funct. Anal. Optim. 23, 807-831 (2002).

Wang, Q. L., Li, S. J.: Generalized Higher-Order Optimality Conditions for Set-Valued Optimiza-
tion under Henig Efficiency. Numer. Funct. Anal. Optim. 30, 849-869 (2009).

Crespi, G.P., Ginchev, 1., Rocca, M.: First-order optimality conditions in set-valued optimization.
Math. Methods Oper. Res. 63, 87-106 (2006).

15



[27]

28]
[29]

[30]

[31]

32]

33]

[34]

Khan, A.A., Raciti, F.: A multiplier rule in set-valued optimization. Bull. Aust. Math. Soc. 68,
93-100 (2003).

Kasimbeyli, R.: Radial epiderivatives and set-valued optimization. Optimization 58, 521-534 (2009).

Flores-Bazan, F.: Radial epiderivatives and asymptotic function in nonconvex vector optimization.
STAM J. Optim. 14, 284-305 (2003).

Ha, T.D.X.: Optimality conditions for several types of efficient solutions of set-valued optimization
problems. In : P. Pardalos, Th. M. Rassis, A. A. Khan (Eds.), Nonlinear Analysis and Variational
Problems. Springer (Chapter 21), 305-324 (2009).

Anh, N.L.H., Khanh, P.Q., Tung, L.T.: Higher-order radial derivatives and optimality conditions
in nonsmooth vector optimization. Nonlinear Anal. TMA 74, 7365-7379 (2011).

Anh, N.L.H., Khanh, P.Q.: Higher-order optimality conditions in set-valued optimization using
radial sets and radial derivatives. J. Global Optim. DOI 10.1007/s10898-012-9861-z, Online First.

Studniarski, M.: Higher-order necessary optimality conditions in terms of Neustadt derivatives.
Nonlinear Anal. 47, 363-373 (2001).

Ginchev, I.: Higher-order optimality conditions in nonsmooth vector optimization. In: Cambini,
A., Dass, B. K., Martein, L. (eds.) Generalized Convexity, Generalized Monotonicity, Optimality
Conditions and Duality in Scalar and Vector Optimization. J. Stat. Manag. Syst. 5, 321-339 (2002).

16



