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Abstract. In this paper, we prove that the general ellipsoid DP is holomorphically
homogeneous regular provided that it is a WB-domain. Then, the uniform lower
bound for the squeezing function near a pP, rq-extreme point is also given.

1. introduction

Let Ω be a domain in Cn and p P Ω. For a holomorphic embedding f : Ω Ñ Bn :�
Bp0; 1q with fppq � 0, we set

σΩ,f ppq :� sup tr ¡ 0: Bp0; rq � fpΩqu ,

where Bpz; rq � Cn denotes the ball of radius r with center at z. Then the squeezing
function σΩ : Ω Ñ R is defined in [DGZ12] as

σΩppq :� sup
f
tσΩ,f ppqu .

Notice that 0   σΩpzq ¤ 1 for any z P Ω and the squeezing function is obviously invariant
under biholomorphisms. A domain Ω in Cn is called holomorphically homogeneous
regular (HHR) if infzPΩ σΩpzq ¡ 0 (cf. [LSY04, Ye09], for example). It is worthwhile to
note that the HHR property is clearly preserved by biholomorphisms and implies the
completeness and the equivalence of the classical holomorphic invariant metrics such as
the Carathéodory metric, the Kobayashi metric, the Bergman metric, and the Kähler-
Einstein metric (see [DGZ16, LSY04, Ye09]). Moreover, it is known that the class
of HHR domains includes bounded homogeneous domains, bounded convex domains,
and C2-smooth bounded strongly pseudoconvex domains (see e.g., [DWZZ20] and the
references therein).

As a main result of this paper, we first present a new class of HHR domains, for
instance, a nonconvex domain tpz1, z2q P C2 : |z2|

2�|z1|
8�|z1|

2Repz6
1q{2   1u can be its

typical element. To do this, for positive integers m1, . . . ,mn�1 let us consider a general
ellipsoid DP in Cn pn ¥ 2q, defined by

DP :� tpz1, znq P Cn : |zn|
2 � P pz1q   1u,

where P pz1q is a p1{m1, . . . , 1{mn�1q-homogeneous polynomial given by

P pz1q �
¸

wtpKq�wtpLq�1{2

aKLz
1K z̄1

L
,

where aKL P C with aKL � āLK , satisfying that P pz1q ¡ 0 whenever z1 � 0. Here and

in what follows, z1 :� pz1, . . . , zn�1q and wtpKq :�
°n�1
j�1

kj
2mj

denotes the weight of any
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multi-index K � pk1, . . . , kn�1q P Nn�1 with respect to Λ :� p1{m1, . . . , 1{mn�1q. (See
Section 3 for the definition of weighted homogeneous polynomials.) The domain DP is
called a WB-domain if DP is strongly pseudoconvex at every boundary point outside
the set tp01, eiθq : θ P Ru (cf. [AGK16]).

Our first main result is the following theorem.

Theorem 1.1. Let P be a weighted homogeneous polynomial with weight pm1, . . . ,mn�1q
given by (1) such that P pz1q ¡ 0 for all z1 P Cn�1zt01u. If DP is a WB-domain, then
DP is HHR.

Thanks to the explicit description for the automorphism group of DP , denoted by
AutpDP q, given in [NNTK19], we shall deduce the lower estimation of the squeezing
function of DP to the subset tpz1, 0q P DP : P pz1q � 1u, whose closure intersects BDP at
only strongly pseudoconvex boundary points. Then our proof of Theorem 1.1 becomes
a simple consequence of Theorem 2.3 as shown in Section 2.

As a consequence of Theorem 1.1, by [DGZ16, LSY04, Ye09], one obtains the following
corollary.

Corollary 1.2. The Carathéodory metric, the Kobayashi metric, the Bergman metric
and the Kähler-Einstein metric on DP are all equivalent and complete, provided that
DP is a WB-domain.

Next, as our second main result, we shall discuss the behavior of the squeezing func-
tion near a global extreme point. Let Ω be a domain in Cn with C2-smooth boundary
near a boundary point p P BΩ. Let us recall that a boundary point p is said to be
spherically extreme if there exists a ball Bpcppq;Rq in Cn of some radius R, centered
at some point cppq such that Ω � Bpcppq;Rq and p P BΩ X BBpcppq;Rq (see [KZ16]).
It was shown that limΩQqÑp σΩpqq � 1 if p is a spherically extreme boundary point of
Ω (see [KZ16, Theorem 3.1]). However, a spherically extreme boundary point does not
exist generally, even for a smooth pseudoconvex domain of finite type. For example,
the boundary point p01, 1q P BDP is not spherically extreme if mintm1, . . . ,mn�1u ¥ 2.

Recently, for a smooth pseudoconvex domain of finite type, K. Diederich et al.
[DFW14] proved that for any bounded domain Ω � Cn, which is locally convexifi-
able and has finite 1-type 2k at p P BΩ, having a Stein neighborhood basis, there exists
a holomorphic embedding f : Ω Ñ Cn such that fppq is a global extreme point of type 2k

for fpΩq in the sense that fpΩq � Bnk :� tz P Cn : |zn|
2 � }z1}2k   1u and fppq � p01, 1q.

Therefore, this motivates us to introduce the following definition.

Definition 1.1. Let Ω be a domain in Cn (n ¥ 2), p P BΩ, P pz1q be the polynomial
given in (1), and r P p0, 1s. We say that p is pP, rq-extreme if there exists a holomorphic
embedding f : Ω Ñ EP such that fppq � p01, 0q and Dprq � fpΩq, where

EP :� tpz1, znq P Cn : P pz1q   2 Repznqu;

Dprq :� DP,r � tpz1, znq P Cn : |zn � r|2 � P pz1q   r2u.

In this situation, denote by Γpr, cq :� f�1pDprq X tpz1, znq P Cn : |Impznq| ¤ c|Repznq|u)
for c ¡ 0.

Remark 1. Since Dpr1q � Dprq for 0   r1   r ¤ 1, it follows that if p is pP, rq-extreme,
then it is also pP, r1q-extreme for any 0   r1   r ¤ 1. In addition, p is spherically
extreme if and only if it is p}z1}2, rq-extreme for some 0   r ¤ 1.
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Our second main result is the following theorem.

Theorem 1.3. Let Ω be a domain in Cn pn ¥ 2q and p P BΩ be a pP, rq-extreme point
with 0   r ¤ 1. Then, for any 0   r1   r and c ¡ 0 there exist ε0, γ0 ¡ 0 such that

σΩpqq ¡ γ0, @q P Γpr1, cq XBpp; ε0q.

Remark 2. The convergence of a sequence of points in Γpr, cq to p is exactly the Λ-
nontangential convergence introduced in [NN19, Definition 3.4]. For the case when
taju � f�1pDprqq � Ω does not converge Λ-nontangentially to p � 0, i.e., for any
0   r1   r and c ¡ 0 there exists jr1,c P N such that aj R Γpr1, cq for all j ¥ jr1,c, we
do not know the behavior of tσΩpajqu. Therefore, a natural question to ask is whether

lim inf
f�1pDprqqQzÑp

σΩpzq ¡ 0 holds.

The organization of this paper is as follows: In Section 2 we provide several properties
of the squeezing function needed for a proof of Theorem 1.1. In Section 3, we recall
the explicit description for AutpDP q given in [NNTK19] and the proof of Theorem 1.1
is given. Then, we shall prove Theorem 1.3 in detail in Section 4. In addition, an
alternative proof of Theorem 1.1 will be presented in Appendix.

2. Several properties of the squeezing function

Let Ω be a bounded domain in Cn. Denote rpz,Ωq and Rpz,Ωq, respectively, by

rpz,Ωq � suptr ¡ 0: Bpz; rq � Ωu and Rpz,Ωq � inftR ¡ 0: Bpz;Rq � Ωu.

For a subset K � Ω, we put

rpK,Ωq � inf
zPK

rpz,Ωq; RpK,Ωq � sup
zPK

Rpz,Ωq.

Now we prepare a technical lemma.

Lemma 2.1. Let Ω be a bounded domain in Cn and K be a relative compact subset of Ω.

Then one has rpz,Ωq{Rpz,Ωq ¤ σΩpzq ¤ 1 for any z P Ω and inf
zPK

σΩpzq ¥
rpK,Ωq

RpK,Ωq
¡ 0.

Proof. Let us consider an affine map fpζq :�
ζ � z

Rpz,Ωq
. Then one sees that f is a

biholomorphic map from Ω into Bn. Moreover, we have

B p0; rpz,Ωq{Rpz,Ωqq � fpBpz; rpz,Ωqqq � fpΩq,

and hence

inf
zPK

σΩpzq ¥ inf
zPK

rpz,Ωq

Rpz,Ωq
�

rpK,Ωq

RpK,Ωq
¡ 0.

Therefore, the proof is complete. �

Definition 2.1. Let Ω be a bounded domain in Cn and Σ be a subset of Ω. We say
that Ω is HHR on Σ if infzPΣ σΩpzq ¡ 0. In particular, Ω is HHR if it is HHR on Ω.

Next, we prepare a proposition which is crucial in our proof of Theorem 1.1.

Proposition 2.2. Let Ω be a bounded domain in Cn. Suppose that there exists a subset
Σ � Ω satisfying that @z P Ω Df P AutpΩq such that fpzq P Σ. Then Ω is HHR if it is
HHR on Σ.
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Proof. Suppose that Ω is HHR on Σ. By definition, there exists c ¡ 0 such that
σΩpzq ¥ c for all z P Σ. Now let z P Ω be arbitrary. We shall prove that σΩpzq ¥ c.
Indeed, by assumption there exists an automorphism f P AutpΩq such that fpzq P Σ
and thus σΩpzq � σΩpfpzqq ¥ c because of the invariance of the squeezing function
under biholomorphisms. Hence, the proof is complete. �

Let us recall that a compact set K � Cn is said to have a Stein neighborhood basis
if for any domain V containing K there exists a pseudoconvex domain ΩV such that
K � ΩV � V . For instance, the closure Ω of a smooth bounded pseudoconvex domain
Ω in Cn has a (strong) Stein neighborhood basis if Ω has a defining function ρ and there
exists ε0 ¡ 0 such that tz P Cn : ρpzq   εu is pseudoconvex for all ε P r0, ε0s (cf. [Sa12]).

Recently, the behavior of the squeezing function near a strongly pseudoconvex bound-
ary point was established.

Theorem 2.3 ([DGZ16, DFW14, KZ16]). If a bounded domain Ω in Cn admitting
a Stein neighborhood basis has a strongly pseudoconvex boundary point, say p, then
limzÑp σΩpzq � 1.

As a consequence, Theorem 2.3, together with Lemma 2.1 and Proposition 2.2, implies
the following:

Corollary 2.4. Let Ω be a bounded domain in Cn admitting a Stein neighborhood basis.
Suppose that there exists a subset M � Ω satisfying that @z P Ω Df P AutpΩq such that
fpzq PM . If each p PM X BΩ is strongly pseudoconvex, then Ω is HHR.

Proof. By Proposition 2.2, it suffices to show that Ω is HHR on M . Indeed, suppose
otherwise that there exists a sequence tzju �M such that σΩpzjq Ñ 0 as j Ñ 8. Taking
a subsequence if necessary we may assume that either zj Ñ p P M X BΩ or tzju � Ω.
By virtue of Lemma 2.1, the latter case does not occur. On the other hand, for the
former case one has σΩpzjq Ñ 1 as j Ñ 8 by Theorem 2.3, which is a contradiction.
This ends the proof.

�

Remark 3. By Lemma 2.1, it is easy to see that Ω is HHR on any relative compact
subset K � Ω. In addition, one can infer that if σΩppq � 1 for some p P Ω, then Ω is
biholomorphic to the unit open ball (cf. [DGZ12]). Moreover, it follows from Corollary

2.4 that Ω is HHR if each p P Ω{AutpΩq X BΩ is strongly pseudoconvex.

3. Squeezing function of the general ellipsoid

Let us assign weights 1
2m1

, . . . , 1
2mn�1

, 1 to the variables z1, . . . , zn�1, zn, respectively

and denote by wtpKq :�
°n�1
j�1

kj
2mj

the weight of an pn � 1q-tuple K � pk1, . . . , kn�1q P

Zn�1
¥0 . A real-valued polynomial P on Cn�1 is called a weighted homogeneous polynomial

with weight pm1, . . . ,mn�1q (or simply p1{m1, . . . , 1{mn�1q-homogeneous), if

P pt1{2m1z1, . . . , t
1{2mn�1zn�1q � tP pz1, . . . , zn�1q for all z1 P Cn�1 and t ¡ 0.

In the case when m � m1 � � � � � mn�1, then P is called homogeneous of degree 2m.
We note that if P pz1q is a p1{m1, . . . , 1{mn�1q-homogeneous polynomial, then

P pz1q �
¸

wtpKq�wtpLq�1

aKLz
1K z̄1

L
,
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where aKL P C with aKL � āLK (see [NNTK19]).
Throughout this paper, let P pz1q be a p1{m1, . . . , 1{mn�1q-homogeneous polynomial

given by

(1) P pz1q �
¸

wtpKq�wtpLq�1{2

aKLz
1K z̄1

L
,

where aKL P C with aKL � āLK , satisfying that P pz1q ¡ 0 whenever z1 � 01. In addition,
since P pz1q ¡ 0 for z1 � 01 and by the weighted homogeneity, there are two constants
c1, c2 ¡ 0 such that

c1σΛpz
1q ¤ P pz1q ¤ c2σΛpz

1q,

where σΛpz
1q �

°n�1
j�1 |zj|

2mj (cf. [NNTK19, Lemma 6], [Yu95]). Furthermore, one sees

that DP has a Stein neighborhood basis.
We first consider the general ellipsoid DP and the model EP in Cn pn ¥ 2q, defined

respectively by

DP :� tpz1, znq P Cn : |zn|
2 � P pz1q   1u;

EP :� tpz1, znq P Cn : P pz1q   2 Repznqu.

Then, we need the following lemma which is essentially well-known (cf. [BP94]).

Lemma 3.1. Let P be a weighted homogeneous polynomial with weight pm1, . . . ,mn�1q
given by (1) such that P pz1q ¡ 0 for all z1 P Cn�1zt01u. Then, the holomorphic map ψ
defined by

pz1, znq ÞÑ

�
21{2m1

p1 � znq1{m1
z1, . . . ,

21{2mn�1

p1 � znq1{mn�1
zn�1,

1 � zn
1 � zn



,

is a biholomorphism from DP onto EP .

Proof. Indeed, a direct computation shows that

Re

�
1 � zn
1 � zn



� Re

�
p1 � znqp1 � z̄nq

|1 � zn|2




�
1 � |zn|

2

|1 � zn|2
.

Moreover, since P has the form as in (1), it follows that

P

�
21{2m1

p1 � znq1{m1
z1, . . . ,

21{2mn�1

p1 � znq1{mn�1
zn�1



�

2

|1 � zn|2
P pz1q.

Therefore, one can deduce that

2Re

�
1 � zn
1 � zn



� P

�
21{2m1

p1 � znq1{m1
z1, . . . ,

21{2mn�1

p1 � znq1{mn�1
zn�1



¡ 0

if and only if
|zn|

2 � P pz1q   1.

Hence, the conclusion easily follows from the previous relation. �

Remark 4. A direct computation also shows that ψ�1 � ψ, ψp01, 0q � p01, 1q and
ψp01, 1q � p01, 0q. In addition, ψpzq Ñ p01,�1q as EP Q z Ñ 8.

Next, the first author et al. [NNTK19] pointed out the following lemma.
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Lemma 3.2 (see Lemma 7 in [NNTK19]). Let P be a weighted homogeneous polynomial
with weight pm1, . . . ,mn�1q given by (1) such that P pz1q ¡ 0 for all z1 P Cn�1zt01u. Then,
AutpDP q contains the following automorphisms φa,θ, defined by

(2) pz1, znq ÞÑ

�
p1 � |a|2q1{2m1

p1 � āznq1{m1
z1, . . . ,

p1 � |a|2q1{2mn�1

p1 � āznq1{mn�1
zn�1, e

iθ zn � a

1 � āzn



,

where a P ∆ :� tz P C : |z|   1u and θ P R. In addition, AutpEP q contains the dilations
Λλ, λ ¡ 0, defined by

Λλpz
1, znq �

� z1

λ1{2m1
, . . . ,

zn�1

λ1{2mn�1
,
zn
λ

	
.

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Denote by Σ :� tpz1, 0q P DP : P pz1q � 1u. Then for each p �
pp1, pnq P DP , one has φpn,0ppq P Σ, where φpn,0 is an automorphism given in (2). Since
each boundary point of Σ X BDP is strongly pseudoconvex and the asymptotic limit
value of the squeezing function is 1 by Theorem 2.3, it follows that σDP pzq is uniformly
bounded away from zero on Σ. Therefore, the assertion finally follows by Proposition
2.2. �

4. Proof of Theorem 1.3

This section is fully devoted to the proof of Theorem 1.3. Let Ω be a domain described
in the hypothesis of Theorem 1.3. That is, p P BΩ is a pP, rq-extreme point with 0   r ¤
1. Then, by virtue of the invariance of the squeezing function under biholomorphisms,
we may assume that Dprq � Ω � EP and p � p01, 0q. Let us fix 0   r1   r, c ¡ 0. Then
Γpr1, cq becomes Γpr1, cq � Dpr1q X tpz1, znq P Cn : |Impznq| ¤ c|Repznq|u.

ψ � ΛλpΩq
w1 z1

Re zn

rΣ
Er1

Er

E

Dpr1q

Ω

Dprq
0

r1 r

ψ � ψ�1

DP

Dr

Dr1

Σ

1 wn0

rΣ � ψpΣq
Dr � ψpErq

Figure 1.
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Let us denote by Er :� EP {r, E :� E1 � EP , Dr :� tpz1, znq P Cn : |zn|
2 � P pz1q{r  

1u, D :� D1 � DP for simplicity. Then one can see that Dpr1q � Dprq � Ω � E and
Dpr1q � Er1 . Moreover, the biholomorphism ψ, given in Lemma 3.1, maps E,Er, Er1

onto D,Dr, Dr1 , respectively (see Lemma 3.1 and Figure 1 above). Furthermore, by
Lemma 3.2, E,Er, Er1 are invariant under the action of Λλ, defined by

Λλpzq :�
� z1

λ1{2m1
, . . . ,

zn�1

λ1{2mn�1
,
zn
λ

	
, λ ¡ 0.

In addition, a straightforward calculation shows that

ΛλpDprqq �
 
pz1, znq P Cn : λ|zn|

2 � P pz1q   2rRepznq
(
,

which converges to Er as λÑ 0�. Moreover, ψ � ΛλpDprqq converges to Dr as λÑ 0�.
Here and in what follows, a family of domains tXλuλPR� is said to converge to a domain
X as λ Ñ 0� if for each compact subset K � X, there exists λ0 � λ0pKq such that
K � Xλ for all 0   λ   λ0.

Now let us define a set

rΣ :�
!
z � pz1, znq P E

r1 : }z} � 1, |Impznq| ¤ c|Repznq|
)

� tz � pz1, znq P Cn : P pz1q   2r1Repznq, }z} � 1, |Impznq| ¤ c|Repznq|u � Er

and then Σ :� ψprΣq � Dr1 . Then, one has rΣ � Er, and thus Σ � Dr. In particular,

for any q P Er1 with |Impqnq|   c|Repqnq|, the orbit tΛλpqquλPR� meets the set rΣ in a
(unique) point.

Let q P Γpr1, cq X Bp0; ε0q � Er1 X Bp0; ε0q be arbitrary, where ε0 ¡ 0 will be chosen

later. Then, there exists λ ¡ 0 such that Λλpqq P rΣ, i.e., }Λλpqq} � 1. Notice that
λ Ñ 0� whenever q Ñ p � p01, 0q. In addition, since ψ � ΛλpDprqq converges to Dr as
λÑ 0�, it follows that ε0 ¡ 0 can be chosen so that we always have Σ � ψ�ΛλpDprqq �
ψ � ΛλpΩq and

dist
�
Σ, B

�
ψ � ΛλpΩq

��
¥ dist

�
Σ, B

�
ψ � ΛλpDprq

��
¡ distpΣ, BDrq{2 ¡ 0

for any q P Dpr1qXBp0; ε0q. Here and in what follows, distpA,Bq denotes the Euclidean
distance between two subsets A,B � Cn.

In summary, the biholomorphism Gλ :� ψ �Λλ from E onto D satisfies the following
properties:

a) GλpΩq � D;
b) Gλpqq P Σ � Dr;
c) dist

�
Gλpqq, B

�
GλpΩq

��
¡ δ,

where δ :� distpΣ, BDrq{2. Therefore, by Lemma 2.1 and again by the invariance of the
squeezing function under biholomorphisms, we conclude that

σΩpqq � σGλpΩqpGλpqqq ¡ δ{d ¡ 0, @ q P Γpr1, cq XBp0; ε0q,

where d denotes the diameter of DP . This ends the proof of Theorem 1.3 with γ0 :� δ{d.
l
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Appendix

In this Appendix, we shall present an alternative proof of Theorem 1.1 by the following
argument. Indeed, suppose otherwise that there exists a sequence taj � pa1j, ajnqu � DP

such that aj Ñ p P BDP and σDP pajq Ñ 0 as j Ñ 8. If p is strongly pseudoconvex, then
σDP pajq Ñ 1 as j Ñ 8 by Theorem 2.3. Hence our conclusion immediately follows from
this case. Moreover, since DP is a WB-domain, it suffices to assume that p � p01, eiθq,
θ P R, which is weakly pseudoconvex. In this case, one must have a1j Ñ 01 and ajn Ñ eiθ

as j Ñ 8. Denote by ρpzq :� |zn|
2 � 1 � P pz1q a local defining function for DP . Then

distpaj, BDP q � �ρpajq � 1� |ajn|
2 � P pa1jq. Here and in what follows, we use symbols

À and Á to denote inequalities up to a positive multiplicative constant. In addition, we
use a symbol � for the combination of À and Á.

Let us denote by ψj :� φajn,0 the automorphism of DP given in Lemma 3.2. Then
ψj P AutpDP q, given by

ψjpzq �

�
p1 � |ajn|

2q1{2m1

p1 � ājnznq1{m1
z1, . . . ,

p1 � |ajn|
2q1{2mn�1

p1 � ājnznq1{mn�1
zn�1,

zn � ajn
1 � ājnzn



,

and hence ψjpajq � pbj, 0q, where

bj �

�
aj1

p1 � |ajn|2q1{2m1
, . . . ,

ajpn�1q

p1 � |ajn|2q1{2mn�1



.

Thanks to the boundedness of tbju, without loss of generality we may assume that
bj Ñ b P Cn�1 as j Ñ 8.

We now divide the argument into two cases as follows:

Case 1. The sequence taju converges Λ-nontangentially to p (cf. Remark 2). Then
P pa1jq À distpaj, BDP q. Without loss of generality, we may assume that P pa1jq ¤ Cp1 �
|ajn|

2 � P pa1jqq for some C ¡ 0. This implies that

P pa1jq ¤
C

1 � C
p1 � |ajn|

2q.

Hence, P pbjq �
1

1 � |ajn|2
P pa1jq ¤

C

1 � C
  1 and thus ψjpajq � pbj, 0q Ñ pb, 0q P DP

with P pbq   1. Therefore, Lemma 2.1 yields lim infjÑ8 σDP pajq ¡ 0, which is absurd.

Case 2. The sequence taju does not converge Λ-nontangentially to p. Then P pa1jq ¥
cj distpaj, BDP q for some sequence tcju � R with 0   cj Ñ �8. This implies that
P pa1jq ¥ c1jp1�|ajn|

2�P pa1jqq for some sequence tc1ju � R with 0   c1j Ñ �8 and hence

P pa1jq ¥
c1j

1 � c1j
p1 � |ajn|

2q, @j ¥ 1.

This tells us that P pbjq �
1

1 � |ajn|2
P pa1jq ¥

c1j
1 � c1j

, @j ¥ 1. Therefore, we arrive at the

situation bj Ñ b with P pbq � 1 and thus ψjpajq converges to the strongly pseudoconvex
boundary point pb, 0q of BDP , which implies that σDP pajq � σDP pψjpajqq Ñ 1 as j Ñ 8
again by Theorem 2.3. This leads to a contradiction.

Hence, altogether, we complete the proof of Theorem 1.1.
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