BOUNDARY BEHAVIOR OF THE SQUEEZING FUNCTION NEAR
A GLOBAL EXTREME POINT
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ABSTRACT. In this paper, we prove that the general ellipsoid Dp is holomorphically
homogeneous regular provided that it is a W B-domain. Then, the uniform lower
bound for the squeezing function near a (P, r)-extreme point is also given.

1. INTRODUCTION

Let Q be a domain in C" and p € €. For a holomorphic embedding f: (2 — B" :=
B(0;1) with f(p) = 0, we set

oa,;(p) :=sup{r >0: B(0;r) = f(Q)},

where B(z;r) < C" denotes the ball of radius r with center at z. Then the squeezing
function og: Q@ — R is defined in [DGZ12] as

oq(p) == Sup {oa,r()}-

Notice that 0 < 0q(z) < 1 for any z € 2 and the squeezing function is obviously invariant
under biholomorphisms. A domain 2 in C" is called holomorphically homogeneous
regular (HHR) if inf,eq 0q(z) > 0 (cf. [LSY04, [Ye09], for example). It is worthwhile to
note that the HHR property is clearly preserved by biholomorphisms and implies the
completeness and the equivalence of the classical holomorphic invariant metrics such as
the Carathéodory metric, the Kobayashi metric, the Bergman metric, and the Kahler-
Einstein metric (see [DGZ16, LSY04, [Ye09]). Moreover, it is known that the class
of HHR domains includes bounded homogeneous domains, bounded convex domains,
and C?-smooth bounded strongly pseudoconvex domains (see e.g., [DWZZ20] and the
references therein).

As a main result of this paper, we first present a new class of HHR domains, for
instance, a nonconvex domain {(z1, z2) € C?: |23|* + |21|® +|21|*Re(2)/2 < 1} can be its
typical element. To do this, for positive integers myq, ..., m, 1 let us consider a general
ellipsoid Dp in C" (n = 2), defined by

Dp :={(¢,2,) € C": |z,]* + P(¢) < 1},
where P(2') is a (1/m4,...,1/m,_1)-homogeneous polynomial given by
P(Z') = Z arr? 2"
wi(K)=wt(L)=1/2
where axy, € C with axy = apg, satisfying that P(z') > 0 whenever 2’ # 0. Here and
in what follows, 2’ := (21,...,2, 1) and wt(K) := Z;:ll 2%] denotes the weight of any
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multi-index K = (ky,...,k, 1) € N*~! with respect to A := (1/my,...,1/m, 1). (See
Section |3 for the definition of weighted homogeneous polynomials.) The domain Dp is
called a WB-domain if Dp is strongly pseudoconvex at every boundary point outside
the set {(0/,¢): 0 e R} (cf. [AGK16]).

Our first main result is the following theorem.

Theorem 1.1. Let P be a weighted homogeneous polynomial with weight (myq, ..., m, 1)
given by such that P(2') > 0 for all 2’ € C*""\{0'}. If Dp is a WB-domain, then
Dp is HHR.

Thanks to the explicit description for the automorphism group of Dp, denoted by
Aut(Dp), given in [NNTKI9|, we shall deduce the lower estimation of the squeezing
function of Dp to the subset {(2/,0) € Dp: P(z') = 1}, whose closure intersects dDp at
only strongly pseudoconvex boundary points. Then our proof of Theorem becomes
a simple consequence of Theorem as shown in Section [2]

As a consequence of Theorem [1.1] by [DGZ16, LSY04, [Ye09], one obtains the following
corollary.

Corollary 1.2. The Carathéodory metric, the Kobayashi metric, the Bergman metric
and the Kahler-FEinstein metric on Dp are all equivalent and complete, provided that
Dp s a WB-domain.

Next, as our second main result, we shall discuss the behavior of the squeezing func-
tion near a global extreme point. Let Q be a domain in C" with C2-smooth boundary
near a boundary point p € d€). Let us recall that a boundary point p is said to be
spherically extreme if there exists a ball B(c(p); R) in C™ of some radius R, centered
at some point ¢(p) such that Q < B(c(p); R) and p € 0Q n dB(c(p); R) (see [KZ16]).
It was shown that limgs, ., 00(q) = 1 if p is a spherically extreme boundary point of
Q (see [KZ16, Theorem 3.1]). However, a spherically extreme boundary point does not
exist generally, even for a smooth pseudoconvex domain of finite type. For example,
the boundary point (0', 1) € dDp is not spherically extreme if min{my,...,m, 1} = 2.

Recently, for a smooth pseudoconvex domain of finite type, K. Diederich et al.
[DFW14] proved that for any bounded domain 2 < C", which is locally convexifi-
able and has finite 1-type 2k at p € 0€2, having a Stein neighborhood basis, there exists
a holomorphic embedding f: Q — C" such that f(p) is a global extreme point of type 2k
for f(Q) in the sense that f(Q) c B} := {z € C": |z,> + ||2|** < 1} and f(p) = (', 1).

Therefore, this motivates us to introduce the following definition.

Definition 1.1. Let Q be a domain in C" (n = 2), p € dQ, P(2') be the polynomial
given in (], and r € ﬂ, 1]. We say that p is (P, r)-extreme if there exists a holomorphic
embedding f: Q@ — Ep such that f(p) = (0',0) and D(r) < f(£2), where
Ep:={(2,2,) e C": P(z) <2 Re(z,)};
D(r) := Dp, = {(¢,2,) € C": |z, — r|* + P(¢') < r*}.
In this situation, denote by I'(r,c) := f~1(D(r) n {(z', z,) € C": |Im(z,)| < c|Re(z,)|})
for ¢ > 0.

Remark 1. Since D(r') < D(r) for 0 <1’ <r < 1, it follows that if p is (P, r)-extreme,
then it is also (P,7’')-extreme for any 0 < r’ < r < 1. In addition, p is spherically
extreme if and only if it is (||2/||?, 7)-extreme for some 0 < r < 1.
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Our second main result is the following theorem.

Theorem 1.3. Let Q be a domain in C" (n = 2) and p € 02 be a (P, r)-extreme point
with 0 < r < 1. Then, for any 0 <1’ <r and ¢ > 0 there exist €,y > 0 such that

da(q) > v, Yge T(r',¢) n B(p; €o).

Remark 2. The convergence of a sequence of points in I'(r,¢) to p is exactly the A-
nontangential convergence introduced in [NN19, Definition 3.4]. For the case when
{a;} = f7Y(D(r)) = Q does not converge A-nontangentially to p = 0, i.e., for any
0 <" < rand ¢ > 0 there exists j. € N such that a; ¢ I'(+',¢) for all j = j. ., we
do not know the behavior of {oq(a;)}. Therefore, a natural question to ask is whether
liminf  og(z) > 0 holds.
f=HD(r)3z—p
The organization of this paper is as follows: In Section [2] we provide several properties
of the squeezing function needed for a proof of Theorem [I.1 In Section [3, we recall
the explicit description for Aut(Dp) given in [NNTKI19] and the proof of Theorem |1.1
is given. Then, we shall prove Theorem in detail in Section [ In addition, an
alternative proof of Theorem will be presented in Appendix.

2. SEVERAL PROPERTIES OF THE SQUEEZING FUNCTION

Let Q be a bounded domain in C"™. Denote r(z,2) and R(z, ), respectively, by
r(z,Q) =sup{r > 0: B(z;r) < Q} and R(z,Q) = inf{R > 0: B(z; R) 2 Q}.
For a subset K < (), we put
r(K,Q) = gglf(r(z,Q); R(K,Q) = sup R(z,Q).

zeK
Now we prepare a technical lemma.

Lemma 2.1. Let ) be a bounded domain in C™ and K be a relative compact subset of §2.

K, Q
Then one has r(z,Q)/R(z,2) < oq(z) < 1 for any z € Q and zlg}f{ oq(z) = % > 0.
Proof. Let us consider an affine map f({) := % Then one sees that f is a

biholomorphic map from €2 into B". Moreover, we have
B(0;7(z,Q)/R(2,Q)) = f(B(z7(2,Q))) < f(Q),

and hence (2.Q) (.9)
r(z r
. > . P _ 9
oo = M ree T rEe T
Therefore, the proof is complete. 0

Definition 2.1. Let 2 be a bounded domain in C"® and X be a subset of 2. We say
that Q is HHR on X if inf,cx 0q(z) > 0. In particular, Q is HHR if it is HHR on .

Next, we prepare a proposition which is crucial in our proof of Theorem [1.1]

Proposition 2.2. Let Q2 be a bounded domain in C™. Suppose that there exists a subset
Y < Q satisfying that Yz € Q 3f € Aut(Q) such that f(z) € . Then Q is HHR if it is
HHR on .
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Proof. Suppose that € is HHR on ¥. By definition, there exists ¢ > 0 such that
oq(z) = c for all z € ¥. Now let z €  be arbitrary. We shall prove that oq(z) = c.
Indeed, by assumption there exists an automorphism f € Aut(Q2) such that f(z) € X
and thus oq(z) = oq(f(2)) = ¢ because of the invariance of the squeezing function
under biholomorphisms. Hence, the proof is complete. O

Let us recall that a compact set K € C" is said to have a Stein neighborhood basis
if for any domain V' containing K there exists a pseudoconvex domain €2y such that
K < Qy < V. For instance, the closure 2 of a smooth bounded pseudoconvex domain
2 in C" has a (strong) Stein neighborhood basis if 2 has a defining function p and there
exists €y > 0 such that {z € C": p(z) < €} is pseudoconvex for all € € [0, ¢] (cf. [Sal2]).

Recently, the behavior of the squeezing function near a strongly pseudoconvex bound-
ary point was established.

Theorem 2.3 ([DGZ16, DEW14] [KZ16]). If a bounded domain 2 in C" admitting
a Stein neighborhood basis has a strongly pseudoconvex boundary point, say p, then
lim,,,0q0(z) = 1.

As a consequence, Theorem [2.3] together with Lemmal[2.T]and Proposition 2.2 implies
the following:

Corollary 2.4. Let ) be a bounded domain in C™* admitting a Stein neighborhood basis.
Suppose that there exists a subset M < () satisfying that Vz € Q 3f € Aut(Q2) such that
f(z)e M. If each pe M n 09 is strongly pseudoconvex, then 2 is HHR.

Proof. By Proposition [2.2] it suffices to show that Q is HHR on M. Indeed, suppose
otherwise that there exists a sequence {z;} < M such that og(z;) — 0 as j — co. Taking
a subsequence if necessary we may assume that either z; — p € M OS2 or {z;} € Q.
By virtue of Lemma [2.1] the latter case does not occur. On the other hand, for the
former case one has oq(z;) — 1 as j — oo by Theorem 2.3 which is a contradiction.
This ends the proof.

O

Remark 3. By Lemma [2.1], it is easy to see that €2 is HHR on any relative compact
subset K € Q. In addition, one can infer that if og(p) = 1 for some p € Q, then ) is
biholomorphic to the unit open ball (cf. [DGZ12]). Moreover, it follows from Corollary

that  is HHR if each p € Q/Aut(Q2) n 09 is strongly pseudoconvex.
3. SQUEEZING FUNCTION OF THE GENERAL ELLIPSOID

Let us assign weights ! -, 1 to the variables zy,..., 2, 1, 2n, respectively

1
2my 7" 2my—
and denote by wt(K) := Z;:ll % the weight of an (n — 1)-tuple K = (ky,...,k, 1) €
Z;Lgl. A real-valued polynomial P on C" ! is called a weighted homogeneous polynomial
with weight (my, ..., m, 1) (or simply (1/mq,...,1/m, 1)-homogeneous), if
Pty Py Y = tP(z,. .. zp_q) for all 2 € C"! and t > 0.

In the case when m = my = --- = m,,_1, then P is called homogeneous of degree 2m.
We note that if P(2’) is a (1/m4,...,1/m,_1)-homogeneous polynomial, then
P(Z) = 2 arr? 2",

wt(K)+wt(L)=1



BOUNDARY BEHAVIOR OF THE SQUEEZING FUNCTION 5

where aki € C with K1 = QLK (see [NNTKng)
Throughout this paper, let P(2’) be a (1/my,...,1/m,_1)-homogeneous polynomial
given by
(1) P() = Z arr? ™"
wt(K)=wt(L)=1/2

where ag, € C with ax; = apg, satisfying that P(z") > 0 whenever 2’ # (/. In addition,
since P(z') > 0 for 2z’ # 0/ and by the weighted homogeneity, there are two constants
c1, ¢y > 0 such that

c1op(2') < P(2') € caop ('),
where o, (2') = Z;:ll |z;[*™ (cf. [NNTKI9, Lemma 6], [Yu95]). Furthermore, one sees

that Dp has a Stein neighborhood basis.
We first consider the general ellipsoid Dp and the model Ep in C* (n > 2), defined
respectively by

Dp = {(#,2,) € C": |z,]> + P(¢) < 1};
Ep:={(,2,) € C": P(') <2 Re(z,)}.
Then, we need the following lemma which is essentially well-known (cf. [BP94]).

Lemma 3.1. Let P be a weighted homogeneous polynomial with weight (myq, ..., m, 1)
given by such that P(z") > 0 for all 2’ € C"""\{0'}. Then, the holomorphic map
defined by

/ 91/2my 21/2mn—1 1—2,

is a biholomorphism from Dp onto Ep.

Proof. Indeed, a direct computation shows that

Re 1—2z, _ Re (1—2,)(1+ z,)
1+ 2, 11+ 2,|?
. 1— |Zn|2

L 22
Moreover, since P has the form as in , it follows that

21/2m1 21/2mn,1 9 .
Py ey = Tapt

Therefore, one can deduce that

1 — Zn 21/2m1 21/2mn,1
2R -Pl—F,...,—m——2,1] >0
¢ (1 + zn> <(1 + z,,) Y/ o (1 + z,)Y/mn—1 : 1)

if and only if

|zn? + P(2)) < 1.
Hence, the conclusion easily follows from the previous relation. O

Remark 4. A direct computation also shows that ¢! = 1, ¥(0,0) = (0',1) and
(0, 1) = (0/,0). In addition, ¢(z) — (0',—1) as Ep 3 z — c0.

Next, the first author et al. [NNTK19] pointed out the following lemma.
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Lemma 3.2 (see Lemma 7 in [NNTK19]). Let P be a weighted homogeneous polynomial
with weight (my, ..., m,_1) given by (1)) such that P(2') > 0 for all 2’ € C*"\{0'}. Then,
Aut(Dp) contains the following automorphisms ¢, defined by

: (1~ laf?)"/2m (1 — Jaf?)!/2mn i0 #n —a
(2) (2, 2) — <W21, (1 azy) U Zn—1,€ 1—az,
where a € A :={z€ C: |z| <1} and § € R. In addition, Aut(FEp) contains the dilations
Ay, A >0, defined by

Z1 Zn—1 Zn)

!/
A)\(Z 7Zn) = ()\1/2m1 PRI )\1/2mn71 3 2\
Now we are ready to prove Theorem [L.1]

Proof of Theorem[1.1 Denote by ¥ := {(2’,0) € Dp: P(z') = 1}. Then for each p =
(p',pn) € Dp, one has ¢, o(p) € X, where ¢,, o is an automorphism given in . Since
each boundary point of ¥ n dDp is strongly pseudoconvex and the asymptotic limit
value of the squeezing function is 1 by Theorem it follows that op,(z) is uniformly

bounded away from zero on Y. Therefore, the assertion finally follows by Proposition
2.2 O

4. PROOF OF THEOREM [L.3|

This section is fully devoted to the proof of Theorem|[I.3] Let 2 be a domain described
in the hypothesis of Theorem [1.3] That is, p € 02 is a (P, r)-extreme point with 0 < r <
1. Then, by virtue of the invariance of the squeezing function under biholomorphisms,
we may assume that D(r) ¢ Q < Ep and p = (0,0). Let us fix 0 <7’ <r, ¢ > 0. Then
(1, ¢) becomes T'(r',¢) = D(r') n {(Z', z,) € C": |Im(z,,)| < c|Re(z,)|}-

b o Ay(Q)

5 =(%)
D =(E")

Dp

FIGURE 1.
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Let us denote by E" := Epj,, E := E' = Ep, D" := {(#,2,) € C": |z,|* + P(¢')/r <
1}, D := D' = Dp for simplicity. Then one can see that D(r') < D(r) € Q < E and
D(r') ¢ E. Moreover, the biholomorphism 1, given in Lemma , maps E,E", E"
onto D, D", D", respectively (see Lemma and Figure 1| above). Furthermore, by
Lemma [3.2, E, E", E” are invariant under the action of A, defined by

21 Zn—1 Zn

A/\(Z) = (Al/le"'.’)\l/an—l’ )\

), A>0.

In addition, a straightforward calculation shows that
A(D(r)) = {(#, zn) € C": N|z,|* + P(2') < 2rRe(z,)}

which converges to E” as A — 0%. Moreover, ¢ o A \(D(r)) converges to D" as A — 07.
Here and in what follows, a family of domains { X} er+ is said to converge to a domain
X as A — 0% if for each compact subset K € X, there exists A\g = A\o(K) such that
K c X, forall 0 < A < \.

Now let us define a set

5= {z — (' z) e B 2] = 1, [Im(z)] < c|Re(zn)|}
={z=(7,2,) € C": P(2') < 2r'Re(z,), |z = 1, [Im(2,,)| < c|Re(z,)|} € E"

and then ¥ := w(i) < D”. Then, one has & € E", and thus © € D". In particular,
for any ¢ € E” with [Im(q,)| < ¢/Re(gn)|, the orbit {Ax(¢)}rer+ meets the set & in a
(unique) point.

Let g e T'(+",¢) n B(0;¢0) = E™ n B(0;¢) be arbitrary, where ¢y > 0 will be chosen
later. Then, there exists A > 0 such that Ay(¢q) € &, i.e., [Ax(¢)| = 1. Notice that
A — 0" whenever ¢ — p = (0/,0). In addition, since 1 o Ay(D(r)) converges to D" as
A — 07, it follows that ¢y > 0 can be chosen so that we always have ¥ € o A\(D(r)) <
o A\(2) and

dist (2, 0(¥ 0 Ax(Q2))) = dist (3, 0(¢ 0 Ax(D(r))) > dist(X,0D")/2 > 0

for any ¢ € D(r’") n B(0; ¢9). Here and in what follows, dist(A, B) denotes the Euclidean
distance between two subsets A, B < C".
In summary, the biholomorphism G := 1 o A, from E onto D satisfies the following

properties:

a) G )\(Q) c D;

b) Gilq) e X € D"

c) dist (GA(q), 2(GA())) > 6,
where ¢ := dist(3, dD")/2. Therefore, by Lemma [2.1 and again by the invariance of the
squeezing function under biholomorphisms, we conclude that

0a(q) = 0a ) (Ga(q)) > 0/d >0, YV g T'(r',c) n B(0; €),

where d denotes the diameter of Dp. This ends the proof of Theorem [1.3|with 7o := §/d.
L
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APPENDIX

In this Appendix, we shall present an alternative proof of Theorem[I.1]by the following
argument. Indeed, suppose otherwise that there exists a sequence {a; = (a;-, ajn)} < Dp
such that a; — pe€ dDp and op,(a;) — 0 as j — co. If p is strongly pseudoconvex, then
op,(a;) = 1 as j — oo by Theorem . Hence our conclusion immediately follows from
this case. Moreover, since Dp is a WB-domain, it suffices to assume that p = (0/, e),
¢ € R, which is weakly pseudoconvex. In this case, one must have a’ — 0" and a;, — et
as j — o0. Denote by p(z) := |2,/ — 1 + P(2') a local defining function for Dp. Then
dist(a;, 0Dp) ~ —p(a;) ~ 1 — |a;n|* — P(a};). Here and in what follows, we use symbols
< and = to denote inequalities up to a positive multiplicative constant. In addition, we
use a symbol ~ for the combination of < and =.

Let us denote by ¢; := ¢,,, 0 the automorphism of Dp given in Lemma . Then
Y; € Aut(Dp), given by

1— |a, [2)/2m 1 — |ay, |[2)1/2mn— Y —
¢j(z): (( |_J | )1/m 217‘“’( |_J | )1/m,_ an,fj),
(1 —aj,z,)"Ym™ (1 — ajpz,)Ymn—1 1 —ajnzn

and hence v;(a;) = (b;,0), where

b, — aj1 45(n—1)

T T Tag B T Jau PP )
Thanks to the boundedness of {b;}, without loss of generality we may assume that
by >beC"!asj— 0.

We now divide the argument into two cases as follows:

Case 1. The sequence {a;} converges A-nontangentially to p (cf. Remark [2). Then
P(a);) < dist(aj,0Dp). Without loss of generality, we may assume that P(a}) < C(1 —
|ajn|* — P(a})) for some C' > 0. This implies that

! C 2
P(a}) < 77 (1 = lawl).

1 C
Hence, P(b]) = TWP(CL;) < 1—|——C < 1 and thus ?ﬂj(@j) = (b],O) — (b, O) S Dp
with P(b) < 1. Therefore, Lemma [2.1] yields liminf; o 0p, (a;) > 0, which is absurd.
Case 2. The sequence {a;} does not converge A-nontangentially to p. Then P(a}) >
¢; dist(a;, dDp) for some sequence {¢;} < R with 0 < ¢; — +oco. This implies that
P(d}) = ¢j(1—lajn|* — P(a})) for some sequence {c}j} < R with 0 < ¢; — 400 and hence

/

P(d}) > —2—(1 - |a;ul).¥j > 1.
J 1+¢ o

/

o, |2P(ag) > 1—i——jc”vj > 1. Therefore, we arrive at the
Jn j

situation b; — b with P(b) = 1 and thus v;(a;) converges to the strongly pseudoconvex
boundary point (b, 0) of Dp, which implies that op,(a;) = op,(¥;(a;)) = 1 as j — o
again by Theorem [2.3] This leads to a contradiction.

Hence, altogether, we complete the proof of Theorem [I.1]

This tells us that P(b;) =
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