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Abstract. The purpose of this article is twofold. The first aim is to characterize
an n-dimensional hyperbolic complex manifold M exhausted by a sequence tΩju of

domains in Cn via an exhausting sequence tfj : Ωj ÑMu such that f�1
j paq converges

to a boundary point ξ0 P BΩ for some point a P M . Then, our second aim is to show
that any spherically extreme boundary point must be strongly pseudoconvex.

1. introduction

Let M be an n-dimensional hyperbolic complex manifold. Let tMju and tΩju be two
sequences of open subsets in M and Cn respectively. Suppose that M can be exhausted
by tΩju via an exhausting sequence tfj : Ωj Ñ Mj � Mu in the sense that fj is a
biholomorphism from Mj onto Ωj for all j ¥ 1 and Y8

j�1Mj � M . Then it is a natural
problem is to describe M in terms of Ω. In the case that Ωj � Ω for all j ¥ 1, this
problem is called the union problem (cf. [BBMV21, FSi81]). In 1977, J. E. Fornæss and
L. Stout [FS77] proved that if Ω � Bn, then M is biholomorphically equivalent to Bn.
More generality, M is biholomorphically equivalent to Ω if it is a homogeneous bounded
domain in Cn. For further results about the union problem the reader may also consult
the references [FSi81, Liu18, NT21, BBMV21].

Now let us fix a point a P M and assume that lim Ωj � Ω (see Definition 2.1 for the
notion of this limit). Then, we consider the behavior of the sequence tf�1

j paqu � Ω. In

the case when tf�1
j paqu converges to a point p P Ω, M is biholomorphically equivalent

to Ω (cf. Corollary 2.4 in Section 2). Therefore, we especially pay attention to the case
that tf�1

j paqu converges to a boundary point ξ0 P BΩ.
In the first part of this paper, we give a characterization of our manifold M in term of

the behavior of the orbit tf�1
j paqu. To do this, let us fix positive integers m1, . . . ,mn�1

and let P pz1q be a p1{m1, . . . , 1{mn�1q-homogeneous polynomial given by

P pzq �
¸

wtpKq�wtpLq�1{2

aKLz
1K z̄1L,

where aKL P C with aKL � āLK , satisfying that P pz1q ¡ 0 whenever z1 � 0. Here and

in what follows, z :� pz1, . . . , zn�1q and wtpKq :� °n�1
j�1

kj
2mj

denotes the weight of any

multi-index K � pk1, . . . , kn�1q P Nn�1 with respect to Λ :� p1{m1, . . . , 1{mn�1q. Then
the general ellipsoid DP in Cn pn ¥ 1q, defined in [NNTK19] by

DP :� tpz1, znq P Cn : |zn|2 � P pz1q   1u.
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Throughout this paper, we assume that the domain DP is a WB-domain, i.e., DP is
strongly pseudoconvex at every boundary point outside the set tp01, eiθq : θ P Ru (cf.
[AGK16]).

For any s, r P p0, 1s, inspired by [Liu18, Lemma 2.5] let us define Ds
P and Ds,r

P respec-
tively by

Ds
P :� tz P Cn : |zn � b|2 � sP pz1q   s2u;

Ds,r
P :� tz P Cn : |zn � b|2 � s

r
P pz1q   s2u,

where s � 1� b. We note that Ds,1
P � Ds

P and the property that limψ�1
j pDs

P q � DP for
a certain family tψju � AutpDP q (cf. Lemma 4.1 in Section 4) plays a key role in the
proofs of our main theorems below.

Indeed, we first prove the following theorem.

Theorem 1.1. Let M be an n-dimensional hyperbolic complex manifold and let Ω be
a pseudoconvex domain in Cn. Let tΩju be a sequence of subdomains of DP such that
Ds
P � Ωj � DP , j ¥ 1. Suppose also that M can be exhausted by tΩju via an exhausting

sequence tfj : DP � Ωj Ñ Mj � Mu. If there exists a point a P M such that the
sequence Ds,r

P Q ηj :� f�1
j paq converges to p01, 1q in DP for some fixed r P p0, 1q, then

M is biholomorphically equivalent to DP .

Remark 1.1. Notice that the point p � p01, 1q is pP, sq-extreme for each domain Ωj (cf.
[NNC21, Definition 1.1] for the notion of pP, sq-extreme points) and the convergence of
a sequence of points in Ds,r

P to p is exactly the Λ-nontangential convergence introduced
in [NN19, Definition 3.4]. Therefore, [NT21, Theorem 1.1] yields Theorem 1.1 for the
case that Ωj � DP for all j ¥ 1. However, our proof here is quite different and more
simple. In particular, we do not need the condition that Ωj converges to DP and the
proof shows that DP is not necessary to be a WB-domain.

Now we consider the case that taju � ΩXU converges Λ-tangentially to p � 0 in the
sense that for any 0   r   1 there exists jr P N such that aj R Ds,r for all j ¥ jr, we
do not know whether M is biholomorphically equivalent to DP . However, the following
theorem shows that M is biholomorphically equivalent to the unit ball Bn provided that
all BΩj share a small neighborhood of the point p01, 1q with BDP to which the sequence
of points converges Λ-tangentially. More precisely, we prove the following theorem.

Theorem 1.2. Let M be an n-dimensional hyperbolic complex manifold. Let tΩju be
a sequence of subdomains of DP such that Ωj X U � DP X U , j ¥ 1, for a fixed
neighborhood U of the origin in Cn. Suppose also that M can be exhausted by tΩju
via an exhausting sequence tfj : DP � Ωj Ñ Mj � Mu. If there exists a point a P M
such that the sequence ηj :� f�1

j paq converges Λ-tangentially to p01, 1q in DP , then M
is biholomorphically equivalent to the unit ball Bn.

Remark 1.2. In order to prove Theorem 1.2, we shall show without loss of generality that
the sequence tψ�1

j pηjqu converges nontangentially to some boundary p P BDPXtzn � 0u.
Thanks to the fact that DP is a WB-domain, that point is strongly pseudoconvex and
hence the proof easily follows from Theorem 3.1. However, if DP is not a WB-domain,
i.e. the point p may not be strongly pseudoconvex, but it is h-extendible in the sense
of J. Yu (cf. [Yu95]), then M would be biholomorphically equivalent to some model by
Theorem 1.1 in [NT21].
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Let Ω be a pseudoconvex domain in Cn. Suppose that ξ0 P BΩ is a boundary orbit
accumulation point, i.e. there exists a sequence tϕju � AutpΩq such that ηj :� ϕjpaq
converges to ξ0 P BΩ for some point a P Ω. Here and in what follows, AutpΩq denotes
the automorphism group of Ω. Then, one notices that our domain Ω is exhausted by
itself via the sequence ϕj : Ω Ñ Ω. In addition, as an application of Theorem 1.1 and
Theorem 1.2, we show that if Ω is a subdomain of DP and ΩXU � DP XU for a fixed
neighborhood U of p01, 1q in Cn, then Ω must be biholomorphically equivalent to either
DP or Bn (cf. Corollary 4.2 and Corollary 4.3 in Section 4).

Now we move to the second part of this paper. Let Ω be a domain in Cn and q P Ω.
For a holomorphic embedding f : Ω Ñ Bn :� Bp0; 1q with fpqq � 0, one sets

σΩ,f pqq :� sup tr ¡ 0: Bp0; rq � fpΩqu ,
where Bnpz; rq � Cn denotes the ball of radius r with center at z. Then the squeezing
function σΩ : Ω Ñ R is defined in [DGZ12] as

σΩpqq :� sup
f
tσΩ,f pqqu .

Note that 0   σΩpzq ¤ 1 for any z P Ω and it is obvious that the squeezing function is
invariant under biholomorphisms.

Now we recall the definition of spherically extreme boundary points (cf. [KZ16]).
Indeed, a boundary point p P BΩ is said to be locally spherically extreme if there exist a
neighborhood U of p and a ball Bpcppq;Rq in Cn of some radius R, center at some point
cppq such that BΩX U is C2-smooth, ΩX U � Bpcppq;Rq, and p P BΩX BBpcppq;Rq.

By using the scaling method, K.-T. Kim and L. Zhang [KZ16, Theorem 3.1] proved
that if a domain in Cn admits a locally spherically extreme boundary point p, then

lim
ΩXUQqÑp

σΩXUpqq � 1,

where U is a small neighborhood of p. Of course, we may not have that lim
ΩQqÑp

σΩpqq � 1

(see [FN21, Theorem 1]). It is known that every strongly convex boundary point is
locally spherically extreme. However, the following theorem points out that every locally
spherically extreme point is also strongly pseudoconvex.

Theorem 1.3. Let Ω be a domain with C2 smooth boundary near the point p P BΩ.
Suppose that Ω admits p as a locally spherically extreme point. Then, Ω is strongly
pseudoconvex at p.

As an application of Theorem 1.3, in the union problem, the hyperbolic complex man-
ifold M must be biholomorphically equivalent to Bn provided that tf�1

j paqu converges
to a spherically extreme boundary point ξ0 P BΩ (see Theorem 3.1 and Corollary 5.1 in
Sections 3 and 5 respectively for more details). More generally, if lim

zÑξ0
σΩpzq � 1, then

M is also biholomorphically equivalent to Bn (cf. Corollary 5.3).
The organization of this paper is as follows: In Section 2 we provide some results

concerning the normality of a sequence of biholomorphisms. Next, we introduce a proof
of Theorem 3.1. Then, in Section 4 we give our proofs of Theorem 1.1 and Theorem
1.2. Finally, the proof of Theorem 1.3 will be introduced in Section 5.
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2. The normality

First of all, we recall the following definition (see [GK87] or [DN09]).

Definition 2.1. Let tΩiu8i�1 be a sequence of open sets in a complex manifold M and
Ω0 be an open set of M . The sequence tΩiu8i�1 is said to converge to Ω0 (written
lim Ωi � Ω0) if and only if

(i) For any compact set K � Ω0, there is an i0 � i0pKq such that i ¥ i0 implies
that K � Ωi; and

(ii) If K is a compact set which is contained in Ωi for all sufficiently large i, then
K � Ω0.

Next, we recall the following proposition, which is a generalization of the theorem of
H. Cartan (see [DN09, GK87, DT04]).

Proposition 2.1. Let tAiu8i�1 and tΩiu8i�1 be sequences of domains in complex manifolds
M and N respectively with dimM � dimN , limAi � A0, and lim Ωi � Ω0 for some
(uniquely determined) domains A0 in M and Ω0 in N . Suppose that tfi : Ai Ñ Ωiu
is a sequence of biholomorphic maps. Suppose also that the sequence tfi : Ai Ñ Nu
converges uniformly on compact subsets of A0 to a holomorphic map F : A0 Ñ N and
the sequence tgi :� f�1

i : Ωi Ñ Mu converges uniformly on compact subsets of Ω0 to a
holomorphic map G : Ω0 ÑM . Then, one of the following assertions holds:

(i) The sequence tfiu is compactly divergent, i.e., for each compact set K � A0 and
each compact set L � Ω0, there exists an integer i0 such that fipKqXL � H for
i ¥ i0; or

(ii) There exists a subsequence tfiju � tfiu such that the sequence tfiju converges
uniformly on compact subsets of A0 to a biholomorphic map F : A0 Ñ Ω0.

Remark 2.1. In [DN09], Do Duc Thai and the first author proved the above proposition
for the case that M � N , but the same proof can give the result in the above proposition.

The following proposition is inspired by Theorem 3.2 in [FSi81].

Proposition 2.2. Let X, Y be complex manifolds of dimension n. Let tMju8j�1 be a
sequence of domains in X that converges to a domain M and tΩju be a sequence of
domains in Y that converges to a taut domain Ω. Let tfj : Mj Ñ Ωju be a normal
sequence of biholomorphisms. Suppose that there exists a point a P M satisfying the
following conditions:

(i) lim
jÑ8

fjpaq � b P Ω;

(ii) lim
jÑ8

FMj
pa, ξq ¡ 0, @ξ � 0.

Then, tfju contains a subsequence that converges uniformly on compacta to a biholo-
morphic map f : M Ñ Ω.

We claim no originality for the following fact which is a slight extension of Hurwitz’s
theorem.

Lemma 2.3. Let X, Y be complex manifolds of complex dimension n and let tfju be a
sequence of injective holomorphic maps from X to Y. Suppose that tfju converges locally
uniformly to a non-constant holomorphic map f : X Ñ Y. Then, f is also injective on
X.
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Proof. Suppose that there exist two distinct points z, w P X such that fpzq � fpwq �
λ P Y . Then we choose disjoint neighbourhoods U, V of z and w, respectively, such that
each of them is biholomorphic to the unit ball in Cn. By Hurwitz’s theorem there exists
n0 such that λ P fn0pUq X fn0pV q. This is a contradiction to injectivity of fn0 . �

Proof of Proposition 2.2. Since tfju is normal and fjpaq Ñ b P Ω as j Ñ 8, without loss
of generality we may assume that fj converges uniformly on compacta to a holomorphic
map f : M Ñ Ω such that fpaq � b. By the invariance property of the infinitesimal
Kobayshi metric we obtain

FMj
pa, ξq � FΩj

pfjpaq, f 1jpaqξq, @j ¥ 1, @ξ P TC
a pMq.

Since Ω is taut, by letting j Ñ 8 while applying Lemma 3.1 in [NT21] we obtain for
each ξ � 0 that

0   lim
jÑ8

FMj
pa, ξq � FΩpb, f 1paqξq.

It implies that f 1 is invertible at a, and hence at every point of M by Hurwitz’s theorem.
Therefore, by the inverse function theorem, f is an open map on M , and so fpMq � Ω.
By Lemma 2.3 f is indeed one to one entirely on M .

Finally, because of the biholomorphism from M to fpMq � Ω and the tautness of Ω,
it follows that the sequence f�1

j : Ωj Ñ Mj � M is normal. Moreover, since fjpaq Ñ
b P Ω, it yields the sequences fj and f�1

j are not compactly divergent. Therefore, by
Proposition 2.1, after passing to a subsequence, fj converges uniformly on compacta to
a biholomorphic map f : M Ñ Ω.

�

By Proposition 2.2, we obtain the following corollary, which is a generalization of
[Fr83, Lemma 1.1].

Corollary 2.4. Let tMju8j�1 be a sequence of domains in an n-dimensional hyperbolic
complex manifold M such that limMj � M and tΩju be a sequence of domains in Cn

converging to a taut domain Ω � Cn. Let tfj : Mj Ñ Ωju be a normal sequence of
biholomorphisms. If there exists a point a P M such that fjpaq converges to a point
b P Ω, then tfju contains a subsequence that converges uniformly on compacta to a
biholomorphic map f : M Ñ Ω.

Proof. We first prove that FMj
pa, ξq Ó FMpa, ξq for all a PM and for all and ξ P TC

a pMq.
Indeed, by the decreasing property of the infinitesimal Kobayashi distance we see that
the sequence tFMj

pa, ξquj¥1 is decreasing and bounded from below by FMpa, ξq.
On the other hand, for each j ¥ 1, let fj : ∆ ÑM be a holomorphic map with

fjp0q � a, f 1jp0q � λξ,
1

λ
¤ FMpa, ξq � 1

j
.

Notice that fjpp1� 1
j
q∆q is relatively compact in M for any j ¥ 1, and thus it is included

in some Mkpjq. By considering the map f̃j : ∆ ÑMkpjq defined by

f̃jpzq :� fj

�
p1� 1

j
qz
	
, z P ∆,

we obtain

FMkpjq
pa, ξq ¤ 1

λ
�

1� 1
j

	 , j ¥ 1.
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Therefore, one has that�
1� 1

j

	
FMkpjq

pa, ξq ¤ FMpa, ξq � 1

j
, , j ¥ 1.

By letting j Ñ 8, we get
lim
jÑ8

FMj
pa, ξq ¤ FMpa, ξq.

Hence, lim
jÑ8

FMj
pa, ξq � FMpa, ξq for all a P M and ξ P TC

a pMq, as desired. The proof

now follows from Proposition 2.2. �

Next, we need the following lemma which is essentially well-known (cf. [NNTK19]).

Lemma 2.5 (see [NNTK19]). Let P be a weighted homogeneous polynomial with weight
pm1, . . . ,mn�1q given by (1) such that P pz1q ¡ 0 for all z1 P Cn�1zt01u. Then, AutpDP q
contains the following automorphisms φa,θ, defined by

(1) pz1, znq ÞÑ
�p1� |a|2q1{2m1

p1� āznq1{m1
z1, . . . ,

p1� |a|2q1{2mn�1

p1� āznq1{mn�1
zn�1, e

iθ zn � a

1� āzn



,

where a P ∆ :� tz P C : |z|   1u and θ P R.

3. The strongly pseudoconvexity

The following theorem is a slight generalization of [NT21, Theorem 1.2].

Theorem 3.1. Let M be an n-dimensional hyperbolic complex manifold and let Ω be a
pseudoconvex domains in Cn. Suppose that BΩ is C2-smooth boundary near a strongly
pseudoconvex boundary point ξ0 P BΩ. In addition, let tΩju be a sequence of domains
in Cn such that Ωj X U � Ω X U , j ¥ 1, for some neighborhood U of ξ0. Suppose also
that M can be exhausted by tΩju via an exhausting sequence tfj : Ωj Ñ Mj � Mu. If
there exists a point a PM such that the sequence ηj :� f�1

j paq converges to ξ0, then M
is biholomorphically equivalent to the unit ball Bn.

Proof. We shall follow the proof of [NT21, Theorem 1.2] with minor modifications.
Indeed, let U be a neighborhood of ξ0 given in the statement of the theorem and let ρ
be a local defining function for Ω near ξ0. We may assume that ξ0 � 0. After a linear
change of coordinates, one can find local holomorphic coordinates w � pw1, wnq, defined
on a neighborhood U0 � U of ξ0, such that

ρpwq � Repwnq �
n�1̧

j�1

|wj|2 �Op|wn|}w1} � }w1}3q

By [DN09, Proposition 3.1] (or Subsection 3.1 in [Ber06] for the case n � 1), for each
point η in a small neighborhood of the origin, there exists an automorphism Φη of Cn

such that

ρpΦ�1
η pzqq � ρpηq � Repznq �

n�1̧

j�1

|zj|2 �Op|zn|}z1} � }z1}3q.

We now define an anisotropic dilation ∆ε by

∆εpzq �
�
z1?
ε
, . . . ,

zn�1?
ε
,
zn
ε



.



EXHAUSTION OF HYPERBOLIC COMPLEX MANIFOLDS 7

For each η P BΩ, if we set ρεηpzq � ε�1ρ � Φ�1
η � p∆εq�1pzq, then

ρεηpzq � Repznq �
n�1̧

j�1

|zj|2 �Op?εq.

By assumption, the sequence ηj :� f�1
j paq converges to ξ0. Then, we associate with

a sequence of points η̃j � pηj1, . . . , ηjpn�1q, ηjn � εjq, εj ¡ 0, such that η̃j is in the
hypersurface tρ � 0u. Then ∆εj � Φη̃jpηjq � p0, . . . , 0,�1q and one can see that ∆εj �
Φη̃jptρ � 0uq is defined by an equation of the form

Repznq �
n�1̧

j�1

|zj|2 �Op?εjq � 0.

Therefore, it follows that, after taking a subsequence if necessary, rΩj :� ∆εj �Φη̃jpU0XΩq
converges to the following domain

(2) E :� tρ̂ :� Repznq �
n�1̧

j�1

|zj|2   0u,

which is biholomorphically equivalent to the unit ball Bn.
Now, let us consider the sequence of biholomorphisms Fj :� Tj � f�1

j : M � fjpΩ X
U0q Ñ rΩj, where Tj :� ∆εj � Φη̃j for all j ¥ 1. By [Ber94, Proposition 2.1] or [DN09,

Proposition 2.2], since limjÑ8 f
�1
j paq � ξ0 and ξ0 is strongly pseudoconvex, it follows

that for every compact subset K � M there exists j0 � j0pKq ¡ 0 that for j ¡ j0

we have f�1
j pKq � Ω X U0 and then K � fjpΩ X U0q. Consequently, the sequence of

domains tfjpΩ X U0q � fjpΩj X U0qu converges to M as j Ñ 8. In addition, sincerΩj converges to the taut domain E and Fjpaq � p01,�1q for all j ¥ 1, by [DN09,
Theorem 3.11] the sequence tFju is normal. Therefore, Corollary 2.4 shows that, after
taking some subsequence, we may assume that Fj converges uniformly on compacta to
a biholomorphism from M onto E , and hence the proof is complete. �

4. Proofs of Theorem 1.1 and Theorem 1.2

This section is devoted to proofs of Theorem 1.1 and Theorem 1.2. To do this, we
first need the following lemma which is a generalization of [Liu18, Lemma 2.5].

Lemma 4.1. Let tψju � AutpDP q be a sequence of automorphisms

ψjpz, wq �
�

2m1

a
1� |aj|2

m1

a
1� ājzn

z1, . . . ,
2mn�1

a
1� |aj|2

mn�1

a
1� ājzn

zn�1,
zn � aj
1� ājzn

�
,

where aj P p0, 1q with limαj � 1. Then, for any s P p0, 1q we have ψ�1
j pDs

P q Ñ DP as
j Ñ 8.

Remark 4.1. In [Liu18, Lemma 2.5], B. Liu consider the case that P pz1q � |z1|2, i.e. DP

is the unit ball Bn, and Ds
P is a ball center at p01, bq with radius 1 � b. However, the

limit of ψ�1
j pDs

P q must be the ellipsoid
!
|zn|2� 1

1� b
|z1|2   1

)
, which is strictly smaller

than the unit ball Bn. Therefore, the proof of his main theorem should be adjusted.
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Proof of Lemma 4.1. A computation shows that���� zn � aj
1� ajzn

� b

����2 � sP

�
2m1

a
1� |aj|2

m1

a
1� ājw

z1, . . . ,
2mn�1

a
1� |aj|2

mn�1

a
1� ājzn

zn�1

�
  s2

ô
���� zn � aj
1� ajzn

� b

����2 � s
1� |aj|2
|1� ajzn|2P pzq   s2

ô
����w � bp1� ajq

1� aj � 2ajb

����2 � p1� bqp1� ajq
1� aj � 2ajb

P pzq   1� aj � 2b

1� aj � 2ajb
�
���� bp1� ajq
1� aj � 2ajb

����2 .
Moreover, by a straightforward calculation, one has that

lim
jÑ8

bp1� ajq
1� aj � 2ajb

� 0, lim
jÑ8

p1� bqp1� ajq
1� aj � 2ajb

� 1, lim
jÑ8

1� aj � 2b

1� aj � 2ajb
� 1.

This yields ψ�1
j pDs

P q Ñ DP as j Ñ 8. �

Proof of Theorem 1.1. By the invariance ofDs,r
P , DP under the rotation pz1, znq ÞÑ pz1, eiθznq

for θ P R satisfying that Impeiθηjnq � 0, without loss of generality we may assume that
Impηjnq � 0 for every j ¥ 1.

We now consider the sequence of automorphisms tψju � AutpDP q, given by

ψjpzq �
�

2m1

a
1� |aj|2

m1

a
1� ājzn

z1, . . . ,
2mn�1

a
1� |aj|2

mn�1

a
1� ājzn

zn�1,
zn � aj
1� ājzn

�
,

where aj � Repηjnq � ηjn P R for all j ¥ 1. Since aj Ñ 1 as j Ñ 8, Lemma 4.1 yields

lim
jÑ8

ψ�1
j pDs,r

P q � DP,r; lim
jÑ8

ψ�1
j pΩjq � DP ,

where DP,r :� DP {r �
!
z P Cn : |zn|2 � 1

r
P pz1q   1

)
. Moreover, since ψ�1

j pηjq �� aj1

λ
1{2m1

j

, . . . ,
ajpn�1q

λ
1{2mn�1

j

, 0
	
P DP,r X tzn � 0u, where λj � 1 � |aj|2 for all j ¥ 1 and

DP,r X tzn � 0u � DP X tzn � 0u, by passing to a subsequence if necessary, we may
assume that ψ�1

j pηjq converges to some point p P DP (see Figure 1 below). Therefore,

by Corollary 2.4 we conclude that ψ�1
j � f�1

j converges uniformly on compacta to a
biholomorphic map F : M Ñ DP , and thus the proof is complete. �

Proof of Theorem 1.2. For each j ¥ 1, choose θj P R such that that Impeiθjηjnq � 0.
Since Impηjnq Ñ 0 as j Ñ 8, one has that θj Ñ 0 as j Ñ 8. Moreover, by shrinking U
if necessary we may also assume that RθjpΩjq X U � DP X U for all j ¥ 1. Therefore,

by the invariance of DP under the rotation Rθj : pz1, znq ÞÑ pz1, eiθjznq for j ¥ 1, without
loss of generality we may assume that Impηjnq � 0 for every j ¥ 1 and tΩju is a sequence
of subdomains of DP such that Ωj X U � DP X U for all j ¥ 1.

We now consider the sequence of automorphisms tψju � AutpDP q, given by

ψjpzq �
�

2m1

a
1� |aj|2

m1

a
1� ājzn

z1, . . . ,
2mn�1

a
1� |aj|2

mn�1

a
1� ājzn

zn�1,
zn � aj
1� ājzn

�
,

where aj � Repηjnq � ηjn P R for all j ¥ 1. Since aj Ñ 1 as j Ñ 8, Lemma 4.1 yields

lim
jÑ8

ψ�1
j pΩjq � lim

jÑ8
ψ�1
j pΩj X Uq � lim

jÑ8
ψ�1
j pDP X Uq � DP .
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Let us set bj � ψ�1
j pηjq for all j ¥ 1. Then, a straightforward computation shows that

bj � ψ�1
j pηjq �

� ηj1

λ
1{2m1

j

, . . . ,
ηjpn�1q

λ
1{2mn�1

j

, 0
	
P DP X tzn � 0u,

where λj � 1� |aj|2 for all j ¥ 1.
Since tηju converges Λ-tangentially to p01, 1q, it follows that there exists a sequence

trju � p0, 1q with rj Ñ 1 as j Ñ 8 such that

|ηjn � 1� s|2 � s

rj
P pη1jq ¡ s2, @j ¥ 1.

This implies that

P pb1jq �
1

λj
P pη1jq ¥

2rjp1� ajq
1� a2

j

� rj
s

|1� aj|2
1� a2

j

¥ 2rj
1� aj

� rj
s

p1� ajq
1� aj

for all j ¥ 1. Therefore, we obtain that P pb1jq Ñ 1 as j Ñ 8, and hence by passing to a

subsequence if necessary, we may assume that ψ�1
j pηjq converges to some strongly pseu-

doconvex boundary point p P BDP X tzn � 0u (see Figure 2 below). Thus, by Theorem
3.1 we conclude that ψ�1

j � f�1
j converges uniformly on compacta to a biholomorphic

map F : M Ñ Bn, and thus the proof is complete. �

DP

ηj :� f�1
j paqz1

zn

p01, 1q
ψ�1
j pηjq

DP,r
Ωj

Ds,r
P

Figure 1. Λ-nontangential convergence

DP

ηj :� f�1
j paqz1

zn
p01, 1q

Ωj

ψ�1
j pηjq

DP,r

Figure 2. Λ-tangential convergence

We now consider a pseudoconvex domain Ω in Cn with noncompact automorphism
group. Roughly speaking, there exists a sequence tϕju � AutpΩq such that ηj :� ϕjpaq
converges to a boundary point ξ0 P BΩ for some a P Ω. In [NN19], the first and last
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authors showed that if ξ0 P BΩ is an h-extendible boundary point and ηj :� ϕjpaq con-
verges Λ-nontangentially to ξ0 (cf. [NN19, Definition 3.4]), then Ω is biholomorphically
equivalent to the model

MP :� tz P Cn : Repznq � P pz1q   0u .
However, we notice that our domain Ω is exhausted by Ω via the sequence ϕj : Ω Ñ Ω.
Moreover, in the case that P pz1q ¡ 0 whenever z1 P Cn�1zt0u and DP is a WB-domain,
by Theorem 1.1 and Theorem 1.2 we have the following corollaries.

Corollary 4.2. Let Ω be a subdomain of DP and ΩXU � DP XU for a fixed neighbor-
hood U of p01, 1q in Cn. Suppose that there exists a sequence tϕju � AutpΩq such that
ηj :� ϕjpaq converges to ξ0 for some a P Ω. Then, one of the following assertions holds:

(i) Ω is biholomorphically equivalent to MP ;
(ii) Ω and DP are biholomorphically equivalent to Bn.

For the case when maxtm1, . . . ,mn�1u ¡ 1, [CP01, Main Theorem] shows that DP

is not biholomorphically equivalent to Bn. Therefore, Corollary 4.2 yields the following
corollary.

Corollary 4.3. Let Ω be a subdomain of DP and ΩXU � DP XU for a fixed neighbor-
hood U of p01, 1q in Cn. Suppose that there exists a sequence tϕju � AutpΩq such that
tϕjpaqu converges to ξ0 for some a P Ω. If maxtm1, . . . ,mn�1u ¡ 1, then tϕjpaqu must
converge Λ-nontangentially to ξ0.

5. Spherically extreme boundary points

In this section, we are going to give a proof of Theorem 1.3. Then, several corollaries
are also given.

Proof of Theorem 1.3. Let Ω be a bounded domain with C2 smooth boundary in a neig-
borhood U of the point p P BΩ. Suppose that Ω admits p as a locally spherically extreme
point in the sense that the unit ball tangent to BΩ at p. We will show that Ω is strongly
pseudoconvex at p. Notice that we do not assume apriori that Ω is pseudoconvex near
p.

For the simplicity of exposition we may assume p � p0, . . . , 0, 1q P BΩ. Moreover, by
a rotation of coordinates and the implicit function theorem we may assume that near
p,Ω admits a local defining function ρ taking the form

ρpzq :� yn � ϕpz1, xnq,
where ϕ is C2 smooth near the origin p0, . . . , 0q P R2n�1 and satisfies ϕp0, . . . , 0q � 1.
Since the function

ψpzq :� }z1}2 � x2
n � ϕpz1, xnq2

attains its local maximum at the origin, for 1 ¤ i ¤ n� 1 we obtain

0 � Bψ
Bzi p0q �

Bψ
Bxn p0q.

An easy application of the chain rule yields

Bϕ
Bzi p0q �

Bϕ
Bxn p0q � 0.
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Now we look at the complex tangent plane at p. For this, we note that

Bρ
Bzi ppq �

1

2
r BρBxi ppq � i

Bρ
Byi ppqs � 0 @1 ¤ i ¤ n� 1,

Bρ
Bzn ppq �

1

2
r BρBxn ppq � i

Bρ
Byn ppqs � � i

2
.

Hence the complex tangent at p reduces to Cn�1 � t0u. Now we suppose for the sake
of obtaining a contradiction that p is not a strongly pseudoconvex of BΩ. Then, by the
structure of the complex tangent at p, we may find pt1, . . . , tn�1q P Cn�1zt0u such that¸

1¤j,k¤n�1

B2ρ

BzjBz̄k p0qtj t̄k   0,

or equivalently

(3)
¸

1¤j,k¤n�1

B2ϕ

BzjBz̄k p0qtj t̄k ¡ 0.

Since ψpz1, 0q ¤ 1 on a neighborhood of 0 P Cn�1, by Taylor expansion theorem the
following estimate holds true for all ε ¡ 0 small enough

1 ¥ ε2p|t1|2 � � � � � |tn�1|2q � ϕpεt1, . . . , εtn�1q2

¥ ε2p|t1|2 � � � � � |tn�1|2q �
�

1� ε2

2

¸
1¤j,k¤n�1

B2ϕ

BzjBz̄k p0qtj t̄k � opε2q
�2

¡ 1� ε2p|t1|2 � � � � � |tn�1|2q � ε2
¸

1¤j,k¤n�1

B2ϕ

BzjBz̄k p0qtj t̄k � opε2q.

After rearranging the above estimate and letting εÑ 0 we arrive at a contradiction to
(3). �

By Theorem 3.1 and Theorem 1.3, we obtain the following corollary.

Corollary 5.1. Let M be an n-dimensional hyperbolic complex manifold and let Ω be
a pseudoconvex domain in Cn. Suppose that BΩ admits a spherically extreme boundary
point ξ0 in a neighborhood of which the boundary BΩ is C2-smooth. In addition, let tΩju
be a subdomains of Ω such that Ωj X U � Ω X U , j ¥ 1, for some neighborhood U of
ξ0 in Cn. Suppose also that M can be exhausted by tΩju via an exhausting sequence
tfj : Ω � Ωj Ñ Mj � Mu. If there exists a point a P M such that the sequence
ηj :� f�1

j paq converges to ξ0, then M is biholomorphically equivalent to the unit ball Bn.

We note that if p P BΩ is a spherically extreme boundary point, then lim
ΩQzÑp

σΩpzq � 1

(see [KZ16, Theorem 3.1]). Hence, the above corollary easily follows from the following
corollaries.

Corollary 5.2. Let M be an n-dimensional hyperbolic complex manifold and let tΩju
be a sequence of domains in Cn. Suppose that M can be exhausted by tΩju via an
exhausting sequence tfj : Ωj ÑMj �Mu. Suppose also that there exists a point a PM
such that

lim
nÑ8

σΩj
pηjq � 1,
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where ηj :� f�1
j paq for all j ¥ 1. Then, M is biholomorphically equivalent to the unit

ball Bn.

Proof. By the assumption on the sequence tηju, there exists a sequence of injective
holomorphic maps Gj : Ωj Ñ Bn such that Gjpηjq � 0 and GjpΩjq exhausts Bn. Thus
the sequence

G̃j :� Gj � f�1
j : Mj Ñ GjpΩjq

satisfies G̃jpaq � 0 for all j ¥ 1. By Montel theorem, the sequence is also normal. Thus,
we may apply Corollary 2.4 to complete the proof. �

By Corollary 5.2, one obtains the following corollary.

Corollary 5.3. Let M be an n-dimensional hyperbolic complex manifold and let Ω be
a domain in Cn. Suppose that M can be exhausted by Ω via an exhausting sequence
tfj : Ω Ñ Mj � Mu. Assume that there exists a point a P M such that the sequence
ηj :� f�1

j paq converges to ξ0 P BΩ and

lim
qÑξ0

σΩpqq � 1.

Then, M is biholomorphically equivalent to the unit ball Bn.
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