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Abstract In this paper, a regularized dynamical system of forward-backward-forward type
method for solving structured monotone inclusions is studied. The novelty of the proposed
dynamics consists of the fact that only the algebraic part of the dynamical system needs to
be regularized, while the differential part remains unchanged. We obtain strong convergence
of the generated trajectories to a solution of the original monotone inclusion and under
strong monotonicity conditions we obtain a convergence estimate. A time discretization of
the dynamical system by explicit Euler scheme provides an iterative regularization forward-
backward-forward splitting method with relaxation parameters. Numerical experiments il-
lustrate the effectiveness of the proposed dynamical system approach with regularization.
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1 Introduction

A dynamical system approach to a monotone inclusion consists of constructing a Cauchy
problem, which has a unique global solution, whose limit at infinity exists and solves the
original problem.

Having enjoyed many interesting features as well as provided several efficient numerical algo-
rithms, the dynamical system approach has already found various applications and attracted
much attention of researchers. For a wide literature, please refer to [1,2,6-8,11-17,19, 22]
and references therein.

In this paper, we are interested in the following structured variational inclusion (VI),

Find u* € H such that 0 € (A + B)u*, (VD)

where H is a real Hilbert space, A : H — 2" is a maximally monotone operator and
B :H — H is a monotone and Lipschitz continuous operator.

Throughout this paper, we assume that the solution set 2 = Zer(A + B) of the (VI) is
nonempty.

When A = N¢, the normal cone of a nonempty closed convex subset C' of H, we come to
the following variational inequality problem (VIP):

Find v* € C such that (Bu*,u —u*) >0, Yu € C. (VIP)
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Barnet and Bot, addressed in [9] a dynamical systems of forward-backward-forward type for
finding the zeros of the structured variational inclusion (VI):

2(t) = Jywya (z(t) — () Bx(t))
0=2a(t)+z(t) — z(t) + ~(t) (Bz(t) — Bz(t)) (1)
x(0) = =y,

where ~ : [0, +00) — (0, %) is a measurable function, L is a Lipschitz constant of B, xq € H
and J.(4)4 denotes the resolvent of the operator (t).A for every t € [0, +00).
Dynamical system (1) is a continuous counterpart of the forward-backward-forward algo-
rithm [25]:
Zn = Jya (T — Bxy)
Tpt1 = Zn + Yo (Bxy — Bzy) (2)
x(0) = .

Recently, Bot, Csetnek, and Vuong have attached to pseudo-monotone variational inequality
problem (VIP), a dynamical system, which is a continuous analogue of Tseng’s forward-
backward-forward algorithm.

Weak convergence of the generated trajectories to a solution of the original problem was
established in both works [9, 15].

On the other hand, solutions to monotone inclusions in general are not unique and do not
depend continuously on the input data. Besides, approximate methods can in general provide
only weak convergence to a solution. In this case the so-called regularization technique is
needed to provide strongly convergent algorithms, see, [3-5].

Thus, instead of the monotone inclusion problem (VI), we study the so-called regularized
variational inclusion (RVI for short):

Find u € H such that 0 € (A + B)u + aFu. (RVI)

where F : H — H is y—strongly monotone and K —Lipschitz continuous and o > 0 is a
regularization parameter. It is well known that for each o > 0, the RVI has a unique solution
Ug.

To find a special solution to (VI) in a stable manner, we consider the variational inequality
problem on the solution set {2 of the (VI):

Find u' € 2 such that (Ful,u* —u') >0, Vu* € 2. (3)

Since the operator F is strongly monotone and the solution set 2 = Zer(A-+B) of maximally
monotone operators is closed and convex, see, [10], problem (3) is uniquely solvable.

In a particular case, when F = I — g, where [ is an identity operator and g is a suggested
point in #, then the unique solution of the problem (3) is uf = Pg(g)- a projection of g
onto £2. If g = 0 then u' is the minimum-norm solution of the VI.

Very recently, Bot, et all [17] have considered the following regularized forward-backward-
forward dynamics:

2(t) = Jawya (@(t) — A(t) (B (t) + a(t)z(t)))
0=a(t)+z(t) — 2(t) — A\(t) (Bx(t) — Bz(t) + a(t)(z(t) — 2(t))) (4)
SC(O) =1x9 € H,

where A(t) and «(t) are Lebesgue measurable functions, and z( is a given initial condition.
Under certain conditions on the parameters A(t) and «(t), the authors proved the existence
and uniqueness of the strong global solution as well as strong convergence of trajectories to
the minimum-norm solution of the original monotone inclusion.

We assign to each (RVI) a dynamical system:

2(t) = Jawa (u(t) — A@)(Bu(t) + a(t) Fu(t)))

w(t) = —u(t) + z(t) + A(t) (Bu(t) — Bz(t)) (5)
u(0) = ug € H,



Title 3

where, A : [0,400) — [a,b] C (0, 1) and « : [0, +00) — (0,+00) are continuous functions.
Observe that in (5) the differential part needs not to be regularized as in (4). This is no
mean trivial in regularizing differential-algebraic equations (1). The new dynamics, when
F = 1, looks simpler and its trajectories may converge faster to the minimum-norm solution
than those of (4).
Motivated by the iterative regularization forward-backward-forward splitting method [20],
Up = JIn, A4ty — A (Buy, + anFuy)) (6)
Upt1 = Up + An(Buy, — Boy,).

we will establish the strong convergence of trajectories to the specially chosen solution u?.
The paper is structured as follows. In Section 2, we recall some notions and concepts which
will be frequently used in this paper. In Section 3, we establish the existence and uniqueness
of the global solution to (5). Moreover, by proving that u(t) — us) — 0 as t — +oo, where
Uq(t) is the unique solution to (RVI) with o = «(t), we establish strong convergence of
generated trajectories by (5) to uf. Further, we obtain a convergence rate under the strong
monotonicity assumption on A + B. In Sections 4, we consider some discrete dynamical
systems obtained via the explicit time discretization of the corresponding continuous ones.
Finally, in Section 5, we perform several numerical experiments to illustrate the effectiveness
of the proposed method.

2 Preliminaries

We begin by recalling some notations and concepts of multi-valued (set-valued) operators.
Let A : H — 2 be a multi-valued operator acting in a Hilbert space H. The graph of A is
defined by

Graph(A) = {(z,u) : v € H,u € Ax}.

A multi-valued operator A : H — 2% is called: (i) monotone, if (u — v,z —y) > 0 for all
z,y € Hand u € Az, v € Ay; (ii) v - strongly monotone, if there exists v > 0 such that
(u—v,x—y) > ||z —y||* for all z, y € H and u € Az, v € Ay; (iii) mazimally monotone,
if A is monotone and its graph is not properly contained in the graph of any other monotone
operator.

The resolvent Jy4 = (I + AA)~! of the maximal operator AA for A > 0 is a single-valued
operator, defined on the whole space H and it is firmly nonespansive, i.e.,

(Taat — Jrav,u —v) > ||Jaaw — Jyav||?, Yu,v € H.

Moreover, according to [24], for all r, s > 0 and for all z € H we have

s—1
—— (Jsax — Jpax, Jopqx — ) > ||Jsax — J,.AxHQ.

In particular, we get
S—7rT
Moz — draall < B — .

Recall that a single-valued operator B : H — H is called: (i) Lipschitz (L—Lipschitz) contin-
uous, if there exists L > 0, such that ||Bx — By|| < L|jz — y|| for all z,y € H; (ii) monotone,
if (Bx —By,x—y) >0 for all x,y € H; (iii) strongly (y— strongly) monotone, if there exists
a constant v > 0, such that (Bx — By,x — y) > ||z — y||? for all z,y € H.

By [18, Lemma 2.4], if A : A — 2" is a maximally monotone operator and B : H — H is a
Lipschitz continuous and monotone operator, then the sum A4+ B is a maximally monotone
operator.

Observe that since A is maximally monotone, B is Lipschitz continuous and monotone and
for each o > 0, a.F is Lipschitz continuous and strongly monotone, the operator A+ B+ aF
is maximally and strongly monotone, hence its solution set Zer (A + B+ aF) = {u,} is a
singleton (see [10, Corollary 23.37]).

We call u,, the regularized solution to (RVI) and collect some of its properties in the following
lemma, see [20]:
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Lemma 2.1 (i) The net {us} is bounded;
(i) There ezists a positive constant N such that for alla > 0 and 8 > 0, ||uqg—ug|| < ‘O‘a;ﬂlN;
(i) lim u, = ul.
a—0t

Under the strong monotonicity condition of A+ B, we obtain an estimate ||u, —u'|| = O(a).

Lemma 2.2 If A+ B is p-strongly monotone and F is y-strongly monotone then

o
ay+p

= wall < 17wt

Proof We have 0 € (A + B)u! and —aFu, € (A+ B)u,. Using the p-strong monotonicity
of A+ B, we obtain
(aFua,ul —uq) > pllul — ua .

On the other hand, since F is «y-strongly monotone, it holds that
a{Ful,ul —ua) — aylul —ua||? > @ (Fua,ul —ua) > pllu’ — ual.

Using the Cauchy-Schwarz inequality, we have

@
ay+p

lu — o < IFu].

Lemma 2.3 [26] Let {ax}, {Cx}, {0k} be sequences of non-negative real numbers satisfying
¢k €(0,1) and

g1 < (1 - Ck)ak + 0, VkE >0

limg o0 G = 05 Dopg Cr = 003 limyso0 25 = 0.

Then, ar, — 0 as k — oo.

Finally, we will denote by ACiqc ([0, +00),H), LL_ ([0,+00),H) the spaces of locally abso-
lutely continuous functions and locally integrable functions, respectively. For more details,

see, [9].

3 The dynamical approach with regularization

3.1 The regularized forward-backward-forward dynamics

Consider the dynamical system of equations (5), where, A : [0,400) — [a,b] C (0, 1) and
a: [0,+00) — (0,400) are continuous functions.

Following [9], we call u : [0,+00) — H a strong global solution of (5) if the following
properties hold:

i) u € ACipc[0,+00), i.e., u(t) is absolutely continuous on each interval [0,T], for any
0<T < +o0;
i) For almost everywhere ¢ € [0, +00) the second equation of (5) holds, where z(¢) is defined
by the first relation of (5);
iii) u(0) = wo.

Define the function f : (0, +00) x (0,+00) x H — H as
fla,\u) == ((I = AB)oJyxgo (I — AB—alF)— (I — AB))u.

Thus (5) is reduced to an initial-value problem for the non-autonomous differential equation

a(t) = fla(t), At), u(t))
{ u(0) = up. M)
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Theorem 3.1 Leta: [0,400) — (0,a*) and A : [0,400) — [a,b] C (0, 1) be two continuous
functions. Then for each ug € H, there exists a unique global solution u € AC),.([0, +00), H),
satisfying equation (1) for almost every t € [0,+00), and u(0) = ug.

Proof For applying the Cauchy-Lipschitz-Picard theorem on the existence and uniqueness
of the global solution, see, [21, Prop. 6.2.1] to (1), we need to verify the following conditions:

(1) Vu € H, f(-,-u) € Lig ([0, +00), H);
(ii) V¢t € [0,400), f(af(t),A(t), ) : H — H is continuous, moreover,
Vuo € H, (el A0),u) — Fa(), D) < wlt, ul + [0l - vll, where Vr >
0, w(t,r) € LL.[0,+00).
(i) Vt € [0, +00), 1/(a(6), A(8), )] < o(6)(1+ Jul), where o € LL[0, +o0).

Indeed, the function oo — f(a, A, u) is continuous on [0, +00). Further, due to [9, Lemma
1], the function A — f(a, A, u) is continuous on (0, +00) and 1/\1?& fla, A\ u) =0, for every

u € DomA.
Let uf € DomA be a solution to (3), then the function A\ — f(a, \,u') can be extended
continuously on the interval [0, +00), hence the function

t— (t) = || f(alt), A1), uh)]| (2)

is continuous on [0, +00).

In order to have more compact notations, we set C := I — AB, Cy :=C — aAF, J := Jyg
and rewrite the right-hand-side of (1) as f(a, A\, u) = (CoJoCy — C)u.

Next we show that the function f(«, A, u) is globally Lipschitz continuous w.r.t. the third
variable. For all u,v € H, we have ||f(a, \,u) — f(a, \,v)||> = Ty + Ty, where Ty := ||Co J o
Cot —Co JoCuv||?, Ta :=||Cu — Cv||*> —=2(C o J o Cou —C o J o Chv,Cu — Cv).

Further, using the L— Lipschitz continuity of B, we obtain T} = ||J o Cqou — J o Cov||* +
AN|[BoJoCyu—BodoCu||> =2 \BoJoCou—BodJoCuv,JoCou—JoClCuv) <
(1+N2L2)||J 0 Cott — J 0 Cov||? —2X\(Bo JoCou—BoJoCuv,JoCou—JoCuv). Since J is
firmly nonexpansive, one gets ||J 0 Cou — J 0 Covl|? < (J 0Cou — J 0 Cov, Cott — Cov), which
ensures that

Ty < (14+N2L*){JoChu—J0Cov, Coti—Cov) —2X(BoJoCqui—BoJoCov, JoCou—JoCuv). (3)

Rewritting Ty = ||Cu—Cv||? —2(JoCou—J 0Cov,Cu—Cv)+2X(BoJoCyu—BoJoC,, Cu—Cv)
and using the firm nonexpansiveness of J, we find

Ty + Ty < (1+M2L2% —2)(J o Cott — J 0 Cov, Cott — Cov) +2(J 0 Cot — J 0 Cov,Cott — Cov) —
2MBo JoCou—BoJoCyv,JoCou—JoCuv)+ ||Cu—Cv||? —2(J 0 Cou — J 0 Cov,Cu —
Cv) + 2 (BoJoCuu—BoJoCyv,Cu — Cv). Taking into account (3), the monotonicity of
B and the relation between C, and C, we come to the estimation

Ty +Ts < ||Cu—Cuv|[? +2(J0Coi— J 0Cov, aN(Fv— Fu)) +2M(Bo JoCou—BoJoCq, Cuu—Cu).
(4)

Using the L— Lipschitz continuity of B and K— Lipschitz continuity of F' we have ||Cu —
Cv|| < (1 + AL)|ju —v|| and ||Cqau — Cav|| < (1 4+ AL + aAK)|lu — v||. Thus, from (4) we get

[1f (e, Ay u) = fla, A v) || < M(8)|[u = o], (5)

where M (t) = /(1 + AL)% + 2aAL(1 + AL + aAK) + 2AL(1 + AL)(1 + AL + aAK). Due to
the assumptions a(t) € (0,a*) and A(t) € [a,b] C (0, 1), there exists a number M* > 0,
such as M(t) < M* for all ¢ € [0,+00). Thus, the global Lipschitz continuity of f(a, A, u)
w.r.t. the third variable is proved.

Due to (2), the function o (t) := max{p(t) + M*|lu'||, M*} is continuous on [0, +00). Thus,
1f (), A&, w)ll < [ (eult), A(E), ) [+ (), A(t), w) = F(exlt), At), uF)|| < p(t) + M *[|u—
ul|| < () + M*|lut|| + M*||u|| < o(t)(1+ ||ul|). Thus condition (iii) is satisfied.

Finally, recalling that for each u € H, the function & — f(a, A, u) is continuous on [0, +00),
while the function A — f(a, A\, u) is continuous on (0,4+00) we can conclude that the
function ¢t — f(a(t), A(t),u) is measurable. Condition (iii) ensures the local integrability
of f(-,+,u) for each u € H, which means Condition (i).

The proof of Theorem 3.1 is complete. B
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3.2 Convergence analysis

Let « : [0,+00) — (0,400) be a continuous function. For each ¢ € [0, +00), there exists a
unique solution u, ;) to the problem

Find u € H such that 0 € (A + B)u + a(t) Fu. (RVL)

In what follows, we will call uy ;) a regularized solution to (RVI;) for short.
The following result is a direct consequence of Lemma 2.1.

Lemma 3.1 Suppose « : [0,+00) — (0,+00) is a continuous function. Then it holds:

1) The set {uqgmy} is uniformly bounded on the interval [0, +00);
()
(ii) There exists a constant N > 0, such that for all t,s € [0,400);

|a(t) — afs)].
a(s)

||uo¢(t) - ua(s)” < N

(iti) If lim o0 a(t) = 0 then ugu) — ul, as t — +oo.

Theorem 3.2 Let a(t) be a positive and strictly decreasing and continuously differentiable
function, satisfying the following conditions

A2) [ a(t)dt = +oo;
0
A3) limy_, 4 oo % = 0.

Further, assume that A(t) is a continuous function, mapping the interval [0,+00) into a
finite interval [a,b] C (0, +). Then the trajectory u(t) defined by (5) strongly converges to u'
as t — +o0.

Proof First observe that by Condition (Al), there exists a positive number a* such that
a(t) < a* for all t € [0,400). Thus, all the conditions of Theorem 3.1 are satisfied, hence
there exists a unique global solution u € AC).([0, +00), H) to (5). From Condition (A3), it
follows that the function a(t) is absolutely continuous.

Further, we show that the regularized solution w,(; is locally absolutely continuous on
[0, +00), hence it is differentiable almost everywhere. Indeed, for any 7' > 0 and for any
t,s € [0,T], one has a(t),a(s) > a(T), hence, according to Lemma 3.1 (ii) ||uq(s) — Ua(s)| <
N M, which implies the absolute continuity of u,;) on the interval [0, 77].

a(T)
Moreover, from the relation [[uq 1) — Ua |l < N%, we have
d |a(t)]
— < N—=. 6
[fieo] <755 0

Now let us consider the Lyapunov function V() := 3|lu(t) — ua(y|[>. From (6), we have

V(t) = () — tage), w(t) — ag))
< (—u(t) + 2(t) + A(t) (Bu(t) — Bz(t)) , 2(t) — uag)) + N%m(t) — Uq(p) ||+
+ (—u(t) + z(t) + A\(t) (Bu(t) — Bz(t)) ,u(t) — z(t)) . (7)

Using the L-Lipschitz continuity of B, we have

(—u(t) + 2(t) + X(t) (Bu(t) — Bz(t)) ,u(t) — 2(t)) < —(1 = At)L)[[u(t) — 2(t)|*.  (8)
On the other hand, from the definition of z(¢) in (5), we get

u(t) = A(¢) [Bu(t) + a(t) Fu(t)] € 2(t) + A(t)Az(¢),

or equivalently,

u(t) — 2(t) — M) [Bu(t) — Bz(t) + a(t)Fu(t)] € Mt)(A + B)2(1). 9)
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Since wy () is a solution of (RVI,), it follows that
— M) () Fuuag) € AE)(A+ B, (10)

Using (9), (10) and the monotonicity of (A + B), we find
(u(t) = =(t) = A1) [Bu(t) — B=(8)] = X(t)a(t) [Fult) = Fuagn] , 5(t) = tagn) > 0. (11)

Combining (11), the v-strong monotonicity and the K-Lipschitz continuity of F, we obtain

(u(t) = 2(t) = At) [Bu(t) — Bz(t)], 2(t) = tar)) = Mt)a(t) (Fu(t) — Fuagy, 2(t) = tag))
> —EMt)a(t)][u(t) — wagll2(t) — u®)] + 3B () [ult) — vaeI*. (12)
From (7), (8) and (12), we have
V(1) < KX®)a(t)[ult) = vaelll2(t) = ul)]] = yAE)at)l[ult) = vae*+
|

|%?|ww—uﬂmrwl—A@mew—z@m? (13)

+
aft

Note that

KAt a(t)][u(t) —ua llll2(8) —u@)]| - %/\(t)a(t) [u(t) = a1 = (A=A L) Ju(t) - ()| < O

) (14)
1 . AL=ADL)

OO
or equivalently

alt) < V(IKQ;S))L) (15)

Since A(t) € [a,b] C (0; 1) and a(t) — 0, we can assume that for all ¢ € [0, +00), a(t) <
202L4) " which ensures (15). On the other hand, it holds that

()] N262(t)

g
a(t) ||U(t) - U’a(t)” < a3(t)’y)\(t)

= IAa®llu®) = oo + N

Combining (13), (14) and (16), we have
. 2@2
V() +yA@)at)V(t) < M.

The last inequality can be rewritten as

d t d t u N2 2(”)
d JEawade) « 4 / S aeys NZA)
3 (Ve )< & < | © o3 (u)y /\(u)du>

or

d t t u M20é2(u)
4 (el rwatuydn _ / JEa@a(sds M) N o
i (Ve ) ™) =

It implies that the function

. M?262(u)
() := V(¢ efo YA (u)a(u)du _/ €f0 YA(s)a(s )dsidu
0=V ; (7AW

is decreasing and hence, h(t) < h(0) = V(0) for all ¢ > 0. We obtain
t t u ]\4’2 2( )
Vit S e~ fo YA (u)a(u)du (/ efo 'y)\(s)a(s)dsidu + V(0 > 17
(t) ; B (0) (17)

Under the assumptions that [~ a(t)dt = oo, A(t) € [a,b] C (0; 1), we have

lim efo PWalwdu — o (18)

t—o0
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If

e} 2.2
/ efou'y)\(s)a(s)du é\]a (U) du < 0o,
0 o3 (u)yA(u)

then from (17) it implies that V(¢) — 0. In the opposite case, applying 1’'Hospital’s rule, we
have

efot YA(s)a(s)ds M?a%(t)

. ) B (t)yA(t)
lim V(t) =1
Jim V(E) = lim eJo P aatwduy y () o (h)
. N2a2(t)
= lim ————5—~
t—oo ()2 N2(t)
=0. (1)

The last equality comes from the conditions 52(("’2) — 0, A(t) € [a,b] C (0; 1) for all t > 0.
Taking into account Lemma 3.1-(iii), we obtain the desired result. B

Remark 3.1 It is worthy to note that if F = I- an identity operator, then the dynamical
systems (1) and (5) are of the same complexity, however the trajectories of the first system
converge weakly, while those of the second one converge strongly to a solution of the original
variational inclusion.

Remark 3.2 An example of a(t) satisfying the conditions in Theorem 3.2 is «(t) =
where 0 < p < 1.

@rne

The condition A(t) € (0,+) makes the algorithm not applicable when the constant L is
unknown or difficult to estimate. In the following corollary, we propose a different way of
choosing A(t), without knowing the constant L.

Corollary 3.1 Theorem 3.2 remains true if we replace the condition A(t) € [a,b] C (0, 1)

with the following conditions: A(t) — 0, % =0 ast — oo and [;° A(t)a(t)dt = co.

Proof In the proof of Theorem 3.2, the condition A(t) € [a,b] C (0, 1) is used to obtain (15),
(18) and (19). However, these results are still true under the new conditions of A(t), listed

in Corollary 3.1. B

Remark 3.3 An example of \(t) and a(t) satisfying the conditions in Corollary 3.1 is: A(t) =

and a(t) = 2, where a, 3 > 0, a4 3 < 1.

1
(S CSVEE

Lemma 3.2 Suppose that «(t) satisfies all the conditions in Theorem 3.2. Then for an
arbitrary € > 0 we have

a(t)e” — 0o ast — oo.

Proof From Conditions (A3), we have % — 0 as t = oco. Hence, for all € > 0, there exists
to > 0 such that

éégt)z— vt > 1.

a(t)

[NCN e

It implies that
a(t) > e 270 a(tg) Vit > t.

We obtain the desired result. ll

Corollary 3.2 In Theorem 3.2, suppose that A+ B is p-strongly monotone instead of mono-
tone. Then, we have

|u(t) —ul||> = O(a(t)) ast — oco.
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Proof Since A + B is p-strongly monotone, instead of (11), we have

(u(t) = 2(t) = A(t) [Bu(t) = Bz(t)] = A(t)a(t) [Fu(t) = Fuap], 2(t) = ta)) > pHZ(t)—i(t;ét)) 1.
Combining (20), the y-strong monotonicity and the K-Lipschitz continuity of F, we obtain
(u ( ) = 2(t) = A(t) [Bu(t) — B2(t)], 2(t) — ua()) =
At )a(t)< u(t) = Fia(e), 2(t) = taqe)) + pll2(t) — ta|*
KX)o (t) u(t) = uaeo [12(6) = w®)]l + yAO @) [u(t) = a1 + pll2(t) = ta 1*.

Hence, instead of (13), now we have
V(t) < KX®)a®)l[ult) = vamlllz(t) = u@)]| = yA@)a®)l[ult) = vaw >+

|(®)]
M [u(t) = wag |l = (1 = MO L)lu(t) = 21 = pll2(t) = ua . (21)
Since A(t) € [a,b] C (0, 1), there exists ¢ > 0 such that 1 — e — A(t)L > 0. Due to the
condition a(t) — 0, there exists tg > 0 such that
11 —e—-A@®)L)
K2)\(t)

a(t) < vt > to,

and hence for all £ > ty, we have

KA a(t)|lu(t) —uae | IIZ(t)*U(t)II*%/\(t)Oé(t)HU(t)*ua(t) =1 = e = A®)L) [lu(t)—2(®)]* < 0.

(22)
On the other hand, due to Condition (A3), there exists a constant @ > 0 satisfying
N2&2%(t)
— < t) Vit > 0.
A = 9=
Combining this inequality and (16), we get
¥ a(t
= IO = oy + N ED () ~ v < Qal vez 0. (23)
Moreover, it is easy seen that
€p
ellu(t) = 2@)I1° + pllz(t) = aen > = mllﬂ(t) —ua|*. (24)
From (21), (22), (23), (24), we have
. 2ep
V(t)+ V(t) < Qalt) Vt > to.
() + 2LV H) < Qa(D) Ve = 1y
Hence
—Zepy ! 2ep g, Zep g
V(t) <e = estrQafu)du+ V(tg)e=tr™ | .
to
Using Lemma 3.2 and the 'Hospital’s rule, we have
2epy,
V) e Qa(u)du
lim = lim E
t—)oo a(t) t—00 cirs a(t)
2epy
€ t
= lim —— e Qalt)
B (0 +a0)
2ep
_ 7 25
o2 (25)

where the last equality is inferred from Condition (A3). Combining (25), Lemma 2.2 and
the inequality
lu(®) = u!|* < 2lju(t) = ua @) + 2llua(t) — o',

we obtain the desired result. B
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3.3 Discrete dynamical system

Now, we consider a time discretization of the dynamical system (5):

uo e H,
= Ja.A (u — Me(Bu* + o Fu )) (26)
u’“*;k—u —uF 4 28+ Ny (Bub — B2,

where the parameters satisfy the following conditions:

(B1) A € [a,b] C (0,1); a > 0 for all k > 0;
(B2) limkﬁoo o = 0;

(B3) limy_eo 22kl — 0
(

(

X

B4) Y0 o =0
B5) h € [e,d) < (0, 258,

The last equation in (26) can be rewritten explicitly as

WM = (1= by )u® + by, (25 + A (BuF — B2F)) .

Theorem 3.3 The sequence {u*} generated by (26) converges strongly to a solution of (VI).
Proof Denote by u,, the unique solution of the ai-regularized variational inclusion:

Find uq, € H such that 0 € (A+ B+ apF)uq,-
According to Lemma 3.1, we have u,, — uf as k — oc. It remains to prove that ||u* —u,, || —

0. From Lemma 3.1, it implies that there exists P > 0 satisfying

Uy — Ugy SPMVkEO.
k k+1 ak

Applying the L-Lipschitz continuity and the monotonicity of B, we have

[ =t | = (|0 = oy + Bk (—u* + 2% 4+ Mg (BuF = B2%)) + g, — ttay, ||

2
X A — 041
< v |2 4+ B (1 NL2) e — 2 p2 Ltk el

k
+ QPMHU,]C — g, || + 2Phi (1 + )\kL)MHuk — K|+
a Qg
+ 2hg (—uF + 2 + Ay (Bu — B2F) uF - 2F) +
+ 2Ry, <—uk + 25+ AL (Buk — sz) ,zk — uak> . (27)
It holds that
(—uf 428+ A (But = B2Y) uf = 2F) < (14 ML) — 2512 (28)

Similarly to (12), we have

< uF 2P N (Bu — Bz ) z —uak> <K/\kozkHu —uak||||z —uk||—’y)\kozk||uk—uak||2.
(29)
Combining (27), (28) and (29), we get

Huk+1 — Ugyy H < (1= 2hpydean)|[uf — ua, |? + (hf + AEL?hE — 2k, + 2R A\ L) |lu® — 2%|2+
o

— A —
+ 213’“047’”1'”1/c — Ug, || + 2Phy (1 + )\kL)%Huk —2F|+
k k

2
ap — O
+ 2hp K Mpag ||u® — g, ||[|2° — u| +P2‘(172+1|. (30)

k
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Under the conditions Ay € [a,b] C (0, 1), hi € [c,d] C (0, %)7 there exists £ > 0 such
that

hi + N2L2h — 2hy + 2h A\ L < —2¢ < 0 Yk > 0. (31)

We have

2

A —
2Phy (14 A L) 25 ety by gt 2y
(6775 I3 (697

(hi Kbou)?
3

2h K Ak ||u® = ua, [l]28 — || < €llu — 2F|* + I —ua, lI* (33)

and

Pz\ak — Otk+1|2

(34)

A — O
e R By e e

ashiya

Combining (30), (32), (33) and (34), we have

2 hi Kbag,)? P?lay, — o 2
SR = (*mww”’“)) i = g |2+ A bl

& aihk'ya
P2h2(1 +bL)? — 2
+ |: k( + ) +P2:| |ak ak+1| ) (35)
3 o
k

Since \x € [a,b] C (0, %), ar — 0, without loss of generality we can suppose that (i :=
hiyApay — W € (0,1) for all k& > 0. Moreover, from the condition > 22, ax = o0,
it implies that Y-, (x = oo. On the other hand, using Condition (B2)-(B3), we infer that

limy o0 % = 0, where

P2y, — « 2 P?h2(1+bL)? ap — o 2
o, = L] b w1l i ( )” | p2| len vl
aphipya & aj

Applying Lemma 2.3, from (35) we have ||u* — u,, || — 0 and obtain the desired result. B

Remark 3.4 Theorem 3.3 recovers Theorem 2 in [20] as a special case, when the stepsize
hi = 1 for all £ > 0. Moreover, Algorithm (26) may be considered as an iterative regular-
ization forward-backward-forward splitting method with relaxation parameters. Note that

Condition (B5) can be replaced by those of: hy > 0 and limy o by € (O, 21&;2%2)) .

The following corollary allows us to apply Algorithm (26) when the constant L is unknown.

Corollary 3.3 Theorem 3.8 remains true if we replace the conditions (B1)-(B5) by the fol-
App1—og| _

lowing ones: ag, \g > 0, im0 Ap = 0, limy00 5= =0, > oo kA = 00, limg o0 W
ERVow

0 and hy € [c,d] C (0,2).

Proof First, we note that under the new conditions of parameters, (31) is still true and we
arrive at (35). Since limg_, o0 (;—’: =0, > po @Ak = 00, without loss of generality, we may
assume that ¢, € (0,1) for all & > 0. We have > 2, (x = oo. On the other hand, since

limy o 1255050 — 0, it implies that limy o % = 0. This completes the proof.l
>

Remark 3.5 We can choose the parameters satisfying the condition in Corollary 3.3 as fol-
lows: A\, = m, o = m, where ¢ >p>0,p+qg<1.
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4 Numerical experiments

In this section, we present some numerical experiments to illustrate the effectiveness of our
algorithms. These experiments were conducted using Matlab software, running on a PC with
CPU i5 10400 and 16Gb RAM.

Ezample 4.1 (Application to variational inequalities) Let A = N¢, where
C:={zeR™" -5<z,<5Vi=1,2,...,m},
B:R™ — R™, B(xz) = Bz for all € R™, where B = (b;;) is an m X m matrix,
-1 fj=m+1—4, j>1
bij: 1 ifj=m+1—14, j<i
0 otherwise.

It is easy seen that the mapping A is maximally monotone, B is monotone and 1-Lipschitz
continuous on R™. The variational inclusion (VI) now becomes the variational inequality

Find u* € C such that (Bu*,u—u*) >0, Yue C (VIP)

and the dynamical system (5) has the following form

z(t) = Po (u(t) — A(t)(Bu(t) + o(t) Fu(t)))

u(t) = —u(t) + 2(t) + A(t) (Bu(t) — Bz(t))

U(O) =uy € R™.
Let m = 5. We implement Algorithm (5) with F(u) = u for all w € R™, «a(t) = #,
At) = ﬁ, the starting point is randomly generated. The trajectories of u(t) are pre-

sented in Figure 1. We can see that the solution of the dynamical system (5) converges to a
solution u' = (0,0,0,0,0)7 of the problem (VIP).

states u(t)
states u(t)

1

2
0.5 — Y4

4

5

states u(t)
states u(t)

t t

Fig. 1 Performance of Algorithm (5) in Example 4.1 with different starting points

Next, we study effect of the step size on performance of Algorithm (5). Choosing m = 500,
uw(0) = (1,1,...,1)T, we test Algorithm (5) with different constant functions Ay (t), k =
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25 e e——————a
20t M0)=0.3 ||
T ——AM1)=0.5
% 15 L +7L(t)=07 i
<
= ——M1)=0.9
<: L 7 ]
I 10f
E
5 L
0
10~ 107 10’ 10' 10°

Fig. 2 Performance of Algorithm (5) with different step sizes

1,...,5. The results are presented in Figure 2. We found that the larger A\ (t), the faster
the algorithm converges.

To end this example, we compare Algorithm (26) with the Regularization forward-
backward-forward splitting method (RFBFSM) [20, Algorithm 2] and the Halpern-type
forward-backward-forward splitting method (HFBFSM) [23, Algorithm 3.11]. All these al-
gorithms converge strongly under the same assumptions. In these algorithms, we use the
same starting point, which is randomly generated, and choose ay, = W, A = 0.5 for all
k > 0. The mapping F in the two regularization methods is the identity one. In Algorithm
(26), the relaxation parameter is hy = 0.7 + % for all £ > 0. Comparison results are
presented in Figure 3. We can see that the two regularization algorithms are clearly supe-
rior to the Halpern-type one. Compared with RFBFSM, the new algorithm gives slightly
better results. This advantage is more clear when we use overrelaxion parameters in Algo-
rithm (26). To do this, according to Corollary 3.3, in our algorithm, we choose A\, = ko%,
hr = 1.05 for all £ > 0. The other settings in the both algorithms are unchanged. We
test the two algorithms in two cases : C ;= {x €e R™ : -5 < z; < 5Vi=1,...,m} and
C:={zx e R™:22% + 23+ ...+ 22 < 1}. The stopping rule in the both algorithms is
lu* — uf|| < 107*. We obtain the comparison results as in Table 1. Our algorithm shows
better behaviors in term of iterations and computational time.

(a) C:={zeR™: -5<2;,<5Vi=1,...,m} (b) C:={z eR™:222 + 22+ ... + 22, <1}

Algorithm (26) RFBFSM Algorithm (26) RFBFSM
Times(s) Iter. Times(s) Iter. Times(s) Iter. Times(s) Iter.
m=50 0.0037 27 0.0058 37 m=50 0.3497 24 0.3803 34
m=1000 0.7145 32 1.0173 45 m=1000 2.9248 24 3.3418 36
m=>5000 18.6659 34 26.8957 49 m=>5000 32.1197 35 45.0149 49

Table 1 Comparison results of Algorithm (26) with RFBFSM in two cases: C := {&# € R™ : -5 < z; <
5Vi=1,...,m}and C:={z € R™: 222 + 22 +... + 22, <1}

Ezample 4.2 In this example, we compare Algorithm (5) with the one introduced by Bot, et
al. [17, Algorithm (5.2)]. Let H =12, A = N¢, where C := {u € [? : u; = 0},

B(U) = (ul,(),u;;, .. )

for all u = (uy,us,us, ...) € [%. It is easy seen that A is maximally monotone, B is monotone
and 1-Lipschitz continuous on 2. In our algorithm, let F be the identity mapping. In the

both algorithms, we choose A(t) = X € (0,1), a(t) = W for all ¢ > 0. These parameters

satisfy all conditions in Theorem 3.2 and [17, Theorem 5.8]. It holds that Jy4(u) = Po(u) =
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5 m=50 5 m=500
10 10
-=- RFBFSM
-*- HFBFSM ATV
— it =e= Qur Alg. — Dy ol
E 0 e i E 0 '.:\
& 10 & 10 Y
&N iy &N % 8,
s 1'. S S N
2 ir = o ~=+- RFBFSM
7 7 o, e, -*- HFBFSM
ﬁ:‘ 1072 ﬁ:‘ 1072 Soy, ‘=e=-Our Alg.
2 =2 \\. "-.,N
\\. -.,"‘
10 10 T
0 0 01 0.02 0.03 0 0.1 0.2 0.3 0.4
Computational time (seconds) Computational time (seconds)
5 m=1000 5 m=5000
10 10
Whmtd
c:‘***"*«m‘, ‘ \“ T b b b g s
= ) — %
510°| % 1 g 10° “vﬁ 1
& . ~-s--RFBFSM & Sy ~-=- RFBFSM
2 RN -+~ HFBFSM = %, -+ HFBFSM
7 s, =e=QOur Alg. 7 .‘.'."\ =o=Qur Alg.
Mo oo Mo L
< 10 o 1 < 10 ~oiw 1
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%, n, Seons,
L ol
AN ."-'::'-
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0.5
Computational time (seconds)

Fig. 3 Comparison of the algorithms in Example 4.1

(Oa U2, U3, . -

zi(t) =
The dynamical system (5) now becomes

)= —(1— N

=Aa(t)ug

.

1

(
(

.

~
S~—"
Il

2

0,
(t) (1= Aa(t))u
(I=X=Xda®)u

(),
(t),

.

(1)

m
=

1 0
Computational time (seconds)

.). From the first equation in (5), we have

2(t),

J(t) Vi > 3.

- ()\ FAalt) — A2 — )\Qa(t))ui(t), Vi > 3,

Solving it, we have

(t = (0) fo(l )\)du
(t) —_ u2(0) Aa(u)du
’U,Z(t) u; (0)6 fo [)\+)\a(u) )\27)\2a(u)}du, Vi > 3.

Similarly, the Bot’s algorithm has the following form:

b1(t) = —(1 = M1+ at)))z1 (1),
io(t) = —Aa(t)(1 — Aa(t))za(t),

0 —()\+)\a() A2(1+ a(t))? ) A1), Vi >3,
z(0) € H.

-

-

Thus,

l‘1<0) fo (1- )\)duefo Aa( u)du
2(0)6 )\oz(u)duefo Ao 2(u) i

(0)e™ Jo Pra(w) =22 =A2a(u)]du,, fF Aza(u)(1+a(U))du7 Vi > 3.

)
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Assume that the two algorithms start at a same point, i.e. 2(0) = u(0). There exists u > 0
such that

t 2
2i(t) > poug(t)elo XMt Wdu — )y (pyedo @t =yt + 1) w(¢) Vi > 1, > 0.

Consequently,
u(t) — Wt

lim =
t=oo [|z(t) — ul|]

This means that our algorithm converges to the solution faster than the Bot’s one.

Ezample 4.3 We compare Algorithm (5) with the Bot’s algorithm [17, Algorithm (5.2)] using
the example (6.2) in [17]. Let C = {z € R®: 321 — 23 + 23 = 0}, A = N¢, B = Bz, where

0 01 0.5
B=1-01 0 —-04
-05 04 0

Following [17], in the both algorithms, we choose a(t) = W, A(t) = 0.5 for all ¢ > 0.

Note that, unlike the assertion in [17], if 5 = 0, the algorithms remain regularized with
the regularization parameter «(t) = 1 for all ¢ > 0. However, this contradicts the condition
a(t) — 0. Hence, we test these algorithms with 8 € {0.1, 0.5, 0.9} and the starting point
z(0) = u(0) = (1,1,1)T. The comparison results are presented in Figure 4. As we can see,
the new algorithm converges faster than the existing one. This happens because in the Bot’s
algorithm, the dynamical system needs to be regularized in both the algebraic part and
the differential part. Meanwhile, in our algorithm, only the algebraic part of the dynamical
system needs to be regularized.

B=0.1 p=0.5 p=0.9

2 2 2
—&—Our Alg. ——Our Alg. —e—Our Alg.
- o ——Bots Alg,, ° . ——Bots Alg. e ——Bots Alg.

n
wn

lu(t)-uM\daggerll

Fig. 4 Comparison of the two algorithms in Example 4.3 with different regularization parameters

5 Conclusion

We introduce a regularized forward-backward-forward continuous dynamics and proved
strong convergence of its trajectories to a specially chosen solution of the original varia-
tional inclusion. Under the strong monotonicity assumptions, we obtained a convergence
rate. Time discretization of the continuous dynamics provides a iterative regularization
forward-backward-forward splitting method with relaxation parameters. Some simple nu-
merical examples were given to illustrate the performance of the proposed algorithm.
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