DATA ASSIMILATION FOR THE THREE-DIMENSIONAL
LERAY-o MODEL USING LOCAL OBSERVABLES ON ANY
TWO COMPONENTS OF THE VELOCITY FIELD

CUNG THE ANH AND VU MANH TOI

ABSTRACT. We study continuous data assimilation for the three-dimensional
Leray-a model using local observables and using only coarse mesh observations
of any two components of the three-dimensional velocity field, and without any
information of the rest component. We prove that, with the spatial resolution
N and the analyticity radius o are sufficiently large (in the periodic boundary
conditions case), the complement of the full domain Q¢ and the sub-domain
Q is small enough (in the no-slip boundary conditions case), and with the
relaxation (nudging) parameter p is sufficiently large, and the spatial mesh
resolution h is sufficiently small, we can approximately recover the unknown
reference solution corresponding to the measurements by the approximating
solution.

1. INTRODUCTION AND STATEMENT MAIN RESULTS

Data assimilation is a methodology to estimate weather or ocean variables com-
bining (synchronizing) information from observational data with a numerical dy-
namical (forecast) model. In recent years, data assimilation problems for many
important equations in fluid mechanics have been extensively studied by Edriss
Titi and his coauthors, see e.g. [2| [8, 22] 23, 24 27, 29, 30, [32]. We also refer the
interested reader to [I} [4, (5l [6] [10) 1), BI] for some results of other authors.

In verry recent years, Biswas et al., [I12] studied the data assimilation for the two-
dimensional Navier-Stokes equations using local observables was studied recently
n [12]. To overcome the difficulty due to the local observations, the authors used
spectral inequality and Gevrey property of solutions in the periodic case, and the
assumption of the complement of the full domain €y and the sub-domain 2 is small
enough in the no-slip boundary conditions case.

The Leray-« model was introduced in [I7]. In the last years, the mathematical
questions related to the Leray-a model, including existence, regularity, convergence
and long-time behavior of solutions as well as controllability property, has attracted
the attention of many mathematicians, see e.g., [3| [7], (14} 16} 28] [33, [35] and refer-
ences therein.

In this paper, we will investigate the data assimilation for the 3D Leray-a model
using local observables on any two components of the three-dimensional velocity
field, and without any information of the rest component. In the case of periodic
boundary conditions, besides Gevrey assumption of solution, the key ingredient is
a spectral inequality due to Egidi and Veseli¢ [19, 20] which bounds the L? norm
over the full domain in terms of that over a sub-domain, enabling us to use the local
data obtained from the sub-domain for global assimilation of the system. In the
case of no-slip boundary conditions, we require the sub-domains occupies almost
the full domain. In what follows, we will explain the problem to be investigated.
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Suppose that the evolution of u is governed by the three-dimensional Leray-a
model [17, 25], subject to periodic boundary conditions on €y = [0, L]* or no-slip
boundary conditions (u = Au = 0 on 9€y) if Qp is a C? bounded domain in R3

0
a—zt)—uAv—k(u-V)v—FVp:f,

V-u=V-v=0, (1.1)
v=u—a’Au,

on the interval [0, 00), where the initial data v(0) = vg is unknown. In the Leray-o
model , u represents the velocity of the fluid, called the filtered velocity and
a > 0 is a scale parameter with dimension of length, p is the pressure, and f is a
body force which is assumed, for simplicity, to be time-independent.

We will study a data assimilation algorithm for three-dimensional Leray-« model
on the domain €2y using local observables on a sub-domain on 2. Observations are
limited to an open set €2 compactly contained in Qg. Here, the reference solution
is given by a solution v of for which the initial data is missing. We have the
following type 1 local interpolant operator (see [12] for more details) which satisfies
the following property:

1n0() = ¢llZ2(0) < coh®[@llin @) (1.2)
From the bounded property of the interpolant operator, the local interpolant op-

erator I o : L*(Qo) — L?(Q) satisfies the following estimate for some positive
constant c;

Hn.(@)l720) < cillelZaa,)- (1.3)
For any positive integral IV, we denote I, no = PnIx. where Py is the projection
onto the first N eigenvectors of the Stokes operator (see in Section 2)

Periodic boundary conditions case. We now follow the approach in [12]
to introduce the following data assimilation algorithm for finding an approximate
solution zy of the unknown reference solution v: Given information about a ref-
erence solution v by using the interpolant operator I n .o, we look for a function
2N = (2k, 2%, 23) satisfies the same boundary conditions for v = (vy,vq,v3), and
the following system

0z}
a—g — I/AZJIV + Py (wy - V)z}v + PnOz,q = Pnf1 — ,thvNﬁg(z}V — 1),
0z
6g —vAZ% + Py(wy - V)2% + PNOy,q = Py fa — ,I.LI}L7N7Q(Z]2V — vg),
0
% — vAzZ + Py(wn - V)23 + PnOzyq = Py fs, (1.4)
V’MNZV-ZNZO,
Ny = wy — o2 Awy,
ZN(O) =0.

Here the samples used to drive zy are confined to the sub-domain € C €y and
zn lives in span(¢q,...,¢n). v and f are the same kinematic viscosity parameter
and forcing term from , q is a modified pressure, and g > 0 is a relaxation
(nudging) parameter. The purpose of p is to force the coarse spatial scales of zn
toward those of the reference solution v.

‘We will show that the data assimilation equation has a unique solution zy,
and within any given tolerance ¢, under suitable conditions (which are provided by
Q, v, the Grashof number G and ¢) of N, u (sufficiently large) and h (sufficiently
small), this approximate solution will capture the long time properties of the ref-
erence solution v of the three-dimensional Leray-a equations. Here, we have to
require the solution v and consequently the forcing f to be uniformly in the L?
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. 1/2 . .
based Gevrey class, i.e., v € L>®((0,00); D(e?4 ")), with o sufficiently large as

determined by Q,v,G and €. We will recall the definition of D(e"Am) in Section
2.

The approximate convergence for local observations is given in the following
theorem.

Theorem 1.1. Let Q be an open set in [0, L]>. Let v be the weak solution to (1.1
for some vg € H and f € H. Assume additionally that

C= ligrisup HU(t)”D(ecrAl/z) = liirisup |e”A1/2v| < 00. (1.5)
o0 oo

Let € > 0 be given. If

CoL
0>, (1.6)
L\? 4 [/cM2CoC?
N= max{(zm) = <W>
4

—a? M@ + /o= Mg + 2=/~ 1a=3/2 My M, ) =
23/4a_3/2M0M1 - ’ ( : )
- chCQeCQW 18
n= O(3l/2>\1 ) ( . )

v 1/2
h< <2C u) min{A}/Q,z—l/Z‘}, (1.9)

0

then there exists a unique global solution zn to (L.4) such that
lzn(t) —o(t)| < e

for sufficiently large t.
Here, Cq presents a positive constant in (2.10) which is independent of N, the
constants Mo, My are defined the upper bounds for u (see (2.6)-(2.7) ).

An exact convergence result follows as a corollary of Theorem In particular,
we can construct a vector field z that converges to v as t — oo in an appropriate
average by increasing the sample size in Theorem

Corollary 1.2. Under the assumptions of Theorem[I]], there exists a vector field
z € L>(0,00; H) N L2(0,T; V) for all T > 0 so that z is a limit (in an appropriate
sense) of a sequence of vector fields satisfying (1.4]) and for every measurable set U
we have

lim [ (2(x,t) —v(z,t))dx =0,

t—o00 U

at an exponential rate.

Remark 1.1. As in [12] for the case of two dimensional Navier-Stokes equations,
we do not know the precise dynamics of z since we have not obtained a governing
system for z via the limiting process. This comes from the term p I n. o(v) can
go to oo as pe — oo.

No-slip boundary conditions case. Now we consider the data assimilation
problem for the three-dimensional Leray-a model in the case of no-slip boundary
conditions. The interpolant operators are localized but we require the sub-domains
occupies almost the full domain. This requirement enables us to use a helpful
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inequality (see (2.10) below) as same as in the smooth boundary case in [9, Lemma
1]. The variant of the local data assimilation equation is given by

%3 —vAzz+ (w-V)z3 + Opyq = f3, (1.10)

We have the following result about the exact convergence for large sub-domains.

Theorem 1.3. Let Q be a sub-domain of Qy. Let v be the solution to (1.1) for
some vg € H and f € H.

If
> cv, (1.11)
N Y
h < min{A}/QJ} (1.12)
2eopt
and 1o
3/2 A
A (99, 90) ~ L2 (1.13)
M,
then there exists a unique solution z of (1.10) satisfying
|z(t) —v(t)| = 0, as t— (1.14)

at an exponential rate, where di denotes the Hausdorff distance.

The rest of the paper is organized as follows. In Section 2, for the conve-
nience of the reader, we recall the functional setting and some results on the
three-dimensional Leray-a model which will be used in the proof of main results.
Section 3 is devoted to proving Theorem Corollary and Theorem In
the Appendix, we give the proof of Theorem for the case of no-slip boundary
conditions.

2. PRELIMINARIES

We begin by defining a suitable domain € and space V of smooth functions
which satisfy each type of boundary conditions.

e In the periodic boundary condition case: Qg = [0, L]?, we denote by V the
set of all vector valued trigonometric polynomials defined in €2y, which are
divergence-free and have average zero.

e In the homogeneous Dirichlet boundary condition case: Let Q4 be an open,
bounded and connected domain with C? boundary. We denote by V the set
of all C* vector fields from Qg to R? that are divergence free and compactly
supported.

Then we denote by H and V the closures of V in the L?(£2)® and H' ()3, re-
spectively. Then H and V are Hilbert spaces with inner products given by

3 3
(u,v) = Z/ uvidr and ((u,v)) = Z 0ju;05v;dx,
i=1 7% i,j=1" %%
respectively, and the associated norms

Jul = (u,w)'/? and [Jull = ((u, )"/
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With the Leray projector P, we denote the Stokes operator A = —PA with
domain D(A) = H?(Q)?> N V. In the case of periodic boundary conditions, A =
—A|p(a)- The Stokes operator A is a positive self-adjoint operator with compact

inverse. Hence there exists a complete orthonormal set of eigenfunctions {¢;}2; C
H, such that A¢; = A\;j¢; and

0</\1S/\2§"', /\j—>OOSJSj—>OO.
Moreover, we have \; ~ A7 '5%/3.
We have the following versions of the Poincaré inequalities:
lullfr < A7 Hul?, Yu € H, (2.1)
[ul? < A\ Hull?, Yu e V. (2.2)
For all v = u — o?Au,v € H, we have
v = (u — &?Au,u — o*An)
= (u,u) — 202 (u, Au) + o (Au, Au)
= [ul? + 207 Ju® + 0| Auf2,
Thus,
lul < Jol, [Jull < 27207 o], | Au| < a”2[o]. (2.3)
For u,v,w € V we have that
<(u : V)’U,’LU>V/7V = - <(u : V)w, U>V/7V 5
and consequently
((u-V)v,v)y. = 0. (2.4)
Furthermore,
(- D)oy} | < ellul 2l Y2 olllw], Yu e D(A),v e Hwe V.  (25)

For external force f € H, we define the Grashof number in three dimension as
follows
|/

B 1/2)\?/4.

We need the following result for the solutions to the Leray-«a model (L.1) whose
proof is given in the Appendix.

Theorem 2.1. Let f € H and vg € H. Then the system (1.1 with the initial
data v(0) = vy subject to both periodic boundary conditions and no-slip boundary
conditions, has a unique weak solution v that satisfies

d
v € C([0,00): H) N L, (0,00 V), = € L, (0,00: V).

Furthermore, the associated semigroup S(t) : H — H has a global attractor A in
H. Additionally, for any v € A, we have

VoG

v| < My := W7 (2.6)
1

ol <3 = 8 (14 2 4 2\ g 2.7)
= v rad) v '

for some dimensionless constant ¢ > 0.
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Now we recall about L? Gevrey classes. Let ¢ € H then
~ Tk .z
So(x) = Z (pkez B
kez3\{0}

where
Pr :/ p(y)e 2™ vdy.
Qo

On the periodic box Qg = [0, L]*, with ¢ > 0, the Gevrey space D(e?*") is the set
of elements of H satisfying

K2,
H(p|‘2D(eUAS) = L3 Z 62U|27r[“ |<Pk\2 < o0,
kez3

Note that for Gevrey class forcing, a solution v to (1.1)) becomes and remains Gevrey
regular for positive times (see [36, Theorem 1.3]. More precisely, for vy € V' and
f € D(e""?) then v € D(AY2e°4"*) and then (L.5) is satisfied. However, here
we only assume v € D(e"A/2). Then from condition (1.5), we have

: N 2 CQ —dno kL

limsup [0 ()" < —e 2 (2.8)

t—o00 L

Now, we recall some spectral inequalities applying to thick sets (see [19, 20]). A

set S is thick in R? if there exists v € (0,1] and a = (a1,az, a3) where a; > 0 so
that for every z € R3,

[(S 4+ z) N ([0,a1] X [0,as] X [0,as])| > vaiaszas.

Any open set in [0, L]? which is periodically extended to R? is thick. We recall the
spectral theorem on the torus.

Theorem 2.2. [20] Let ¢ € L?(Qq) where Qo denotes the torus [0, L] x [0, La] X
[0, L3]. Assume supp ¢ C J where J is a rectangle in R with sides parallel to
coordinate azes and of length by, by and bz. Set b = (by,be,b3). Let S C R? be a
(v, a)-thick set with a = (a1, a2, a3) so that 0 < a; < 2wL; for i =1,2,3. Then

19
2 ||80||L2(Sﬁ90)a

—ca-b—

lellzz) < Cy
where ¢ is a numerical constant and a - b stands for the Euclidean inner product in
R3.

We note that here, for any ¢ € span(éi,...,¢n), there exists K ~ +/N such
that ¢ is supported in [~ K, K]?. Then similar to [12], from Theorem we have
the following inequality: If ¢ = (@1, @2, ©3) € span(¢i,...,dn), then

3 .
191220 < Cae V¥ |[pil|22(q), fori=1,2,3. (2.9)

where Cq, presents a positive constant which is independent of N.
We define A1 (€20\€2) is the first eigenvalue of the Laplace operator on the domain
Qo \ Q with no-slip boundary conditions, i.e.,

A (Q\ Q) := inf {/ |Vp|?dr | Vo € Hy (Q0\ Q) with / lo|?da = 1} :
Qo\Q Qo\Q

Then we have the following lemma whom proof is same as in [9, Lemma 1] (one
can see in [34]).

Lemma 2.3. Let Q and Qg be bounded domains with smooth boundary so that
0 C Q. For any e > 0, there exists by = Lo(e) > 0 so that for € > Ly, the following
inequality holds

/ (IVel? + fxalol?) de > (M (20 \ Q) — ) / oPdr,  (210)

Qo Qo
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for ¢ € Hy ().

We note that here

M\ >C ( sup dist(x,890)> . (2.11)

z€QH\Q

3. PROOF OF MAIN THEOREMS

3.1. Proof of Theorem We will prove this theorem in two steps.

Step 1. Global existence of zy. We first prove that zy exists globally. To
do this, we only need prove that zy is uniformly bounded in H for h is sufficiently
small.

Multiplying (1.4),, (1.4), and (L.4), by 2z, 2% and 23 respectively, then inte-
grating over 25 we obtain

2 2
1d i iy i
5 dt|ZN|2 tulanl? = (fran) + 1Y (v, 2h) =1 (Tnyalzh), 2i) -
i=1 i=1
(3.1)
Using the Cauchy inequality and the Poincaré inequality ([2.1]), we obtain
1 v
< —|fP+ = 2, 3.2
(o2l < o2+ Tl (32)

Using the Cauchy inequality and the Poincaré inequality (2.1)), the fact that vy is
projected onto the first N modes and , we obtain

2 2
i 1’
pY (Inna(vi), 2i) < TZ 1,3, 0(vi) 1720y + *||ZN||
i=1 =
2
=7 o)z + 7 ||ZNH2
=1
<€ 2 + 2 v 2
=N HvlnL?(Qg) [v2ll72(00) +ZHZNH
2
Qp” 2 Y 2
< — . 3.3
< S of? + e (33)

Using the Cauchy inequality, (1.2)) and the Poincaré inequality (2.2]), we obtain

2 2

—1)_ (Inva(zn),2y) = =) _(Ino(h), )

i=1 =1

= -y (Ina(zh) = xazh: 2) = 1Y l2h 1720
2 . . . 2 .

<u Y Mnalzh) = 2illz@llzi @) — MZ 2511720
=1 3

ucoh
Z ”ZNHHl (0) Z ||ZN||L2 Q)" (3.4)

If h is sufficiently small so that % < 4, we deduce from that

2

2
i i v I i
—ny (hvalen)2i) < glavl® =5 D lehlzz ) (35)

i=1 i=1
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Substituting estimates , and (| into , we deduce that

2
Ld 2, 2 Lo ap® o p i (|2

Z < = L .
zarl o el < SR+ S = 53 Ik e

Using the Poincaré inequality (2.2]) and dropping the last term, we have

V)\l
dat z T\ZN ? <
Because the right hand side is uniformly bounded in ¢, using the Gronwall inequality
for , we have a uniform in time and independent of N bound on |zy|.

Step 2. Approximate convergence. Let € be given and we set € = %. Let
v and zy be as in the statement of Theorem Note that for any N € N, Pyv
satisfies

201M
WP+ g 2 (36)

0
87PNU1 — I/A(PNvl) + PN(PNU . V)’Ul + PNE)mlp = PNf1 — PN(QNU . V)'Ul,

8

%PNU2 — vA(Pyv2) + Pn(Pyu - V)vg + PnOy,p = Py fa — Pn(Qnu - V)vg,

19)

&PN'UB — vA(Pnv3) + Py(Pnu - V)vs + PnOy,p = Py f3 — Py (Qnu - V)vs,
(3.7)

where Qn = I — Py. Let 6 = 2y — Pyv,n = wy — Pyu, we have § = n — a?An.

Subtracting (1.4)) from (3.7) to obtain

% — UAG, + Py (wn - V)zk — Pa(Pyu- V)or + Pydarq
= —plp N a(61) + plh N o(@nvi) + Pn(Qnu - V),

% —vAdy + Py(wy - V)23 — Py (Pyu - V)va + 0iyq (3.8)
= —plp no(62) + plh N0 (QNv2) + Py (Qnu - Vv,

% — vAGS3 + Py(wy - V)23, — Py (Pyu - V)va + 0pyq
= —pulp no(03) + plh v (@Nvs) + P (Qnu - V)us.

Multiplying the first, the second and the third equation in (3.8)) by d1,d2 and d3
respectively, then integrating over €y, summing up and using (2.4)), we obtain

5 dt|5|2 + V|61 + ((n- V)Pyv,8) — (Q@nu - V)v,6) — (Pyvu - V)Qnv,6)
Z—MZ In.na(o +,UZ Inno(QNvi), 6;), (3.9

i=1

where we have used the fact that
PN(’LUN-V)ZN —PN(PNU-V)U = PN(PNUV)5+PN(77V)5+PN(77V)PN’U
Using the Cauchy inequality and , we have

—uz (In.n (6 ,uz (xedi — Ina(d #ZM HLZ(Q)

< MZ [1n,0(6:) = dill L2y 16illL2(0) — MZ 161172 (02

i=1
2 3u 2
< peoh® Y N16:11* = 75 D 1il72)
=1 =1
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2
3p
< peoh?®||6]|* — u Z 16:[172 () (3.10)
i=1
We now have
((77 V PN’U 6 lez + ZIQZ + ZI?,“ (311)

where
I; = (1:05, PNv1,01), T2i = (10, Pnva, 02), I3; = (1;05, Pnvs,d3), © =1,2,3.

By the Holder inequality, the Agmon inequality, inequalities (2.3) and the Cauchy
inequality we have
3 3

D 00 <Y mill L (90 102, Pl 2 00) 1611|200
=1 i=1
1/2 1/2
< CZH?%H 1 Il g 192 Ponl| 2 0 101 22(020)
<ca™?? Z 10ill 22 (220) 102, Pn o[l 22 (020) 01| 22 (25)

=1

3
< ca AT ST IV8i| 1200 192, Prvr | 22 o) 1011 22020

i=1
L3 3
=3 Z IV6ill 72 () + a2 v 1102, P12 00 1011172 00 -
i=1 i=1
Hence,
qu < 16H5II2 +ea v TN V|22 gy 1011172 0 - (3.12)
By the same as above we have
3
D I < EIMII2 +ea” I [V 22 ) 1921122 () (3.13)
i=1
and
2 y 2
> Iy < T6H53H2 +ea TS 0,013 2 00y 19172 0

i=1
< 2o l85]12 4+ ca AT Vs [Faay) (10113200 + 1921720y ) - (3:14)
For the last term, integrating by parts and using V-n =V -4 = 0, we have
Is3 = (N304, Pnvs, 03) = —(Pnvs, Ou,y (7303))
= —(Pnv3,0302,13) — (PNU3,1302,03)
= (Pnv3,03(0z,m + 02,m2)) + (Pnv3, 03(0r, 01 + 02,02)).

Integrating by parts once again and using the Holder inequality, the Agmon in-
equality, inequalities (2.3 and the Cauchy inequality we deduce that
2

2
(Pnvs, 03(0ay 1 + Oay2)) = — > (030, Pyvg,m;) — Y (Pnv3Os, 03,7:)
i=1

i=1

2
< Z (1051l 22 (20) |10z, Pnvsl L2 (020) + 1PN 03| £2(20) 102,03l L2 ()] 1176l] o (020
1=1
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2
< CZ 1051 22 (20) 102,03 L2 (20) + 103 L2(20) 10, 93] L2 (0] ||ﬂz||H1(QO)||Ui\|H2(Qo)

l\)h—‘

2
_3
<cam2A; Z [1V351 22 (o) 192, v3 1| 22 (930) + IV ]| 22 (920) 102, 03| 22 (90)] 10| 22 (26)-

Hence, by the Cauchy inequality one obtains that
(PNnvs, 03(0z,m1 + Oz,12))
< 5 IVl 30y +ca N v [Vl Fagay) (1911200 + 16220y ) - (315)

By similarly, we have

(Pnv3,m3(0z,01 + Op,02))

< 32Hv53||L2(90> + e Vsl ) (101130 + 1213200 ) - (3:16)
From and then we have

Iy < 1—6||V63\|L2<QO) +ca ATV Vsl gy (1011320 + 10220y ) -
(3.17)
Substituting estimates ([3.12)), (3.13), (3.14) and ([3.17) into (3.11]) we infer that

v _ -1 —
(- 9)Po,8) < 21017 + ca 371w ol (10113200 + 1520220y - (3:18)

Using (2.9 and .7 we obtain from (3.18)) that

cM?Coe® Ca VN ) ,
S Y (||51||L2(Q> ol ). (319

Combining (2.5)), (2.3), (2.6), (2.7) and the Cauchy inequality, we obtain
(@nu-V)v,0) + ((Pyu-V)Qnv,0)
< e (IQuull | AQwu["?lo] + | Pl APxul* Qo] 1]

((n-V)Pv,6) < 2 |9]]

IN

—1/4 —-1/2
e (AR Al o] + AR ull /2| Auf 2 o] ) 18]

IN

—1 4 —1 2 _
e (ARYta2 ol + A P2 7 4a= 2 0 o)) 1]
(»

IN

N1+/;l MG+ Ay 1/2 1/404_3/2]\/[0]\41) 1]l
2
< c? (ANlﬁ 22 4 AL 1/22’1/4073/2M0M1) + %||5||2. (3.20)

The last term is bounded uniformly in time for sufficiently large times by our
assumption on Gevrey bounds for v (see (1.5)) and then (2.8))) as following estimate

2

2
1 Z(Ih,N,Q(QN'Ui)y 0) < Z [11h,2(Q@Nvi) | L2 10i]] L2(02)

=1 =1
1/2
< ey Z 1Qnvill L2 (00) 10 | 2.0

< el Qv + *(||51||L2 @ 162]/7 2 ©@)

Sap Y e+ ||51||L2 @ + 11020172 ()
VN<|k|
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L]

C? ipolil  p
<eap Y 3¢ 4roT +Z(H51”2L2(Q)+H52||2L2(Q))'

VN<|k|
(3.21)
Now, substituting (3.10)), (3.19), (3.20) and (3.21) into (3.9) to deduce that
1d v CM2OQ€CQW o
5%@2 + §||5||2 < peoh?||8]* + <1a3yg)\1 5 (H51||2L2(Q) + H52||2L2(Q))
2
¢ (\a2ME + A P2 a2 Mo, )
C? iroltl
top Y e T (3.22)
VN<|K|
Chose N large enough satisfying condition (|1.7)), we have
5 =
c? ()\R,i/foszg + AX,1/122*1/4a*3/2M0M1> < %
From condition (1.8]) on x and (1.9) on A, then from ([3.22)) we have
1d v c? k&
7762 7(52< 7‘—47r0'T -
P Tl e 3 FmeT T 45
VN<|k|
From condition (1.8]) on u then
CQ —471'0m CMIQCQ 62 C, \S/N—47ram
ClﬂZﬁe L:mZﬁeﬂ T
YN<|K| YN<|k|
_ 61\4126’9(/’2 Z eCQ é/ﬁ—2mf%‘e— WU‘—E'
o3V )\ L3
VYN<k|
cMPCoC? Z Co VN —2m0 41
T 3,2, 13210 SN '
advi) L3e L YN<|k|
Here we have used the fact that
: 1
Z eCQ W—Zﬂ'o%e—%ro’li—‘ < QWU@ Z eCQ\B/N—ZTrUIE—‘.
YN<|k| e YNk
Taking o satisfying (1.6) we have
Z eCn W*Qﬂ'd% <1.
VN<|k|
Hence L d
v
—— 02+ =62 <é 2
o137 + X157 < ¢ (3.23)

provided N is large enough satisfying (|1.7)), i.e.,
N (L 3 L (cMECaC?
= \ 270 B2 \ L3 )
Using (2.2)), we obtain
d v
—16]% + S A|0)* < 22
167 + P loP < 2

Hence, by using Gronwall inequality and the fact that & = %, we deduce that
4&

Y (1 _ 2—y>\1t/2) < |v0|26—u>\1t/2 + % (324)
VAl

|5(t)|2 < |1}0|26_U>\1t/2 +
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Note that
3
[o(t) = v () < DO + [Quo(B)? < oof2e™ 2+ =, (3.25)
provided N is taken large enough so that

€
|Qnol* < 1
Thus,
lv(t) —zn(B)] <e,
for t sufficiently large.

Remark 3.1. In Theorem [I.I] we work with the periodic boundary conditions
since to proving this result we have to use the Gevrey property of solution and
a spectral inequality in the case of periodic boundary conditions. We note that
here we also have the spectral inequality for the no-slip boundary conditions (see
[15, Theorem 3.1]). However, in order to overcome the difficulty concerning with
Qnv (see (3.21)), we need to assume that oy = (v, dn) is decay sufficiently fast as
N — 00. More precisely, we need Oy ~ e=CVYN for some positive constant C. But
we do not know when this holds for the case of no-slip boundary conditions. This
is true for the case of periodic boundary conditions.

Remark 3.2. The results in Theorem also hold for the local interpolant oper-
ators of type 2 satisfying (see [12])

1Z00(0) = ez < & (hllellin @y + B el ) » o € B (). (3.26)

Indeed, we have the same proof, with a note that by using (3.26) then (3.4) is
replaced by the following estimate

- MZ (Zn.na(zh), 2N)

=1

2
Z Tna(zi) — Xa2, Zi) MZHZNHLz(Q
2

2
< NZ ||Ih,Q(Z5v) - Z?v”L?(Q)HZ}vHL?(Q) - NZ ||Z§VH%2(Q)
=1 =1
2
1

2
i i I i

ZC?) (h2||ZNH12L11(QO) + h4||ZNH%rz(QO)) D) Z ”ZN”%Z(Q)

- i1

212 2 2
pegh”(1+h /\N+1 I2 1% i 2
9 52 |ZNHL2(Q)' (3.27)

IN
=

IN

And (3.10)) is similarly as (3.27)) replaced by
—MZIhNQ —MZ xXed; — Zna(0 MZ||5 1720

< pegh(1+h* Ay 1) [18]* ~ Z 16:]172 -
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3.2. Proof of Corollary (1.2, From in the proof of Theorem we have

lon ()] < |zn(t) — Pyv| + |Pnv| < \U0|e —|—€—|— [v].

This implies that zx is bounded in L°°(0,T; H) uniformly in 4 and N. Moreover,
from one can see that zy is bounded in L?(0,7; V) uniformly in x and N.
Thus, for any 0 < € < 1 we can construct a solution zy_ for parameters N¢, pt. and
he to with the usual energy class bounds holding independent of N, and e,
provided we have knowledge of v at all points in 2. As ¢ — 0, we have N, . — 00
while he — 0. By the Banach-Alaoglu theorem, there exists z so that zy. — z in
the weak-star topology on L™ (0,T'; H) for every T' > 0 as well as the weak topology
on L?(0,T;V).

Let U be a fixed measurable set and let A > 0 be a given time scale. For any ¢,
we have

t+A t+A t+A
/ / (v — z)dzds = / / (v — zn_)dzds +/ / (zn. — z)dxds.
¢ U ¢ U ¢ U

Using ({3.25) in the proof of Theorem we have

A 1/2
/ / (v — 2y, )dzds < |U[Y/? < sup v — zn. |2(s)>
t U sEt,t+A]

3 1/2

vA1s

§|U|1/2< sup  |uol?e” 2 +4€> .
sE[t,t+A]

Additionally, because of *-weak convergence in L>®°L?, we have

t+A

(zn. — 2)(z, s)dxds| — 0.

Thus, we can choose € so that ¢ < e~! and the above quantity is smaller than e~.

So that, we obtain the advertised exponentially decaying bound.
Now we prove the second item in Corollary By the Lebesgue differentiation
theorem, for almost ¢ we have

t+At
Aligloxt/ /v—z a:sdmdsf/(vfz)(xt)d

where the time-scale At is depended on ¢t. Denote S the set of times for which this
holds. Then |S¢| = 0 where |.| denotes Lebesgue measure on the line. Fix ¢ > 0.
Then for At sufficiently small we have

t+At
/(v—z)xtdm<—/ /v—z x,8)dxds + e
t+At t+AL
_At/ /v—zN arsdxds—i——/ / 2. — 2)(x, 8)dzds + e ".

The first two terms can be made exponentially small that have been already ex-
plained. Because this holds for all ¢ € S, we obtain

xs (%) /U(v — z)(x,t)dx — 0,

at an exponential rate. Redefining v to equal u on S¢ completes the proof.
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3.3. Proof of Theorem We prove in two steps as follows.

Step 1. Existence and uniqueness of z. The existence of z is based on the

Galerkin approximation method. We give some a priori estimates for z.
Multiplying 1, 2 and 3 by z1, 29 and z3 respectively, then inte-

grating over {2y we obtain

2

— |2l +vllzl® = (f,2) + Z(Ih,n(vi),%)—MZ(Ih,Q(Zi),Zi% (3.28)

i=1

1d
2.dt

Using the Cauchy inequality and the Poincaré inequality ([2.1]), we obtain

1 v

< —|f2+ ==l 3.29
(2 < o 2+ S (3.29)
Using the Cauchy inequality and the Poincaré inequality (2.1)) and (3.26)), we obtain

2 2 2 5

n3 (e, ) < 03 Una)le + 17
i=1
Clj.L

| /\

Yoz
. (||v1||L2(QO) + o2y ) + 51121

cap® o 2
< — . .
ol + 1 (3.30)

Using the Cauchy inequality, (1.2) and the Poincaré inequality (2.2]), we obtain

2

1Y (Ina(z), 2) ——uz Ina(zi), i)

i=1

2
= —ILLZ Ih 9] Zz Qzuzz /’LZ ||Zl||%2(Q)
i=1
2 2

<Y Mnalz) = zill @zl — 1Y llzil 22
=1 i=1

ucoh
Z”Zz”Hl(QO Z”ZlHL?(Q

Since h is sufficiently small satisfying (1.12)), then “coh < 7, we have

2 2
v p
—uy (nalz),z) < 7=l =5 > lzillze)- (3.31)
i=1 i=1
Substituting estimates (3.29)), (3.30) and (3.31) into (3.28), we deduce that
1d 1 c1p? I 2
2 V2 e 2y & 2 _ M 2o 39
I (R e L DOICI AT

Using the Poincaré inequality (2.2)) and dropping the last term, we have

d VA1 201,u

12+ 5l < \fl2 o] (3.33)
At

From (3.33), using the Gronwall inequality, we conclude that z € L*(0,00; H).

Moreover, from we obtain that z € Lloc(O,oo; V). From these bounds, one
gets the global ex1stence of z. The proof of uniqueness is standard.
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Step 2. Prove the convergence (1.14). Consider 6 = z — v, n = w — u, we have
d =n — a?An. Then § satisfies

2dt|6|2+1/||5||2 (w-V)z = (u-V)v,d) —uz (In.a(5:), 6;). (3.34)

Since (w-V)z — (u-V)v = (w-V)d+ (n- V)v and by the property (2.4), we deduce

from (3.34)) that
2dt|<5|2 + )6 =~ ((n-V)v,6) uz D06 (3.35)

By the Cauchy inequality and using (2.3)) we deduce that
2

2
1Y (Ina(6:),0:) = 1y _(xadi — Ina(8:),6:) — pll6ill72 0
i=1

i=1

1 1
< ZH5 Ino(8)|72(0) — 2”5 17200

coph® Iz
S 2”51'”2_52"52'”%2(9)

i=1 i=1
2

co,uh

< 161> — 191172 - (3.36)

=1

For the nonlinear term ((n - V)v,d), we process as same as when estimates for
((n- V)Pnv,6) in the proof of Theorem (see (3.18)), we infer that

14 _ _ _
(1 9)0,6) < Znanuca A ol (16 e + 10ellFeay) - (3:37)

Combining (3.36) and (| -, using and note that <4 B < 4 we obtain from

(3.35) that

d
IO+ w18 <

cM?
ros (19100 18213200 ) =1 (1811F200) + 15203 200))
(3.38)

By using the inequality (2.10]) then (3.38) becomes
cM? ¢ 2 2 1 2

0 1) —— |6
<o (e (19w + 100) + 5

— 1 (101132 + 19203200y ) -

So we require Qg \  to be thin enough such that
cM?l

d
101+ vl <

1%
< = 3.39
oz?’u)\l)\l(Qo\Q) -2’ ( )
then
d v cM?l
S+ 2102 < - (- i (52 5|2 )
2107+ 5101 < = (1= ety ) (1910 + Bl
From (2.11)) we see that dg(99Q,90) ~ \/ﬁ Therefore, if Qg \ Q is thin
enough satisfying (1.13]), then from (3.39) and using condition ([L.11]) we have
2
Mt > 0.

B OCSV)\l)\l(QO \Q)
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Thus

l/)\l

d
<1017 + —=[o]* < 0.

By the Gronwall inequality we obtain the convergence (|1.14]) at an exponential rate.

Remark 3.3. This theorem is only proved when the local interpolant operator
is of type 1, i.e., the operator Ij, o satisfies . The data assimilation for the
three-dimensional Leray-o model using observables of type 2 is much more
complicate even for the global observables cases (see [25]). Here, due to the local
observables we have to use estimate to treat the local terms. Thus, the data
assimilation for the Leray-a model using local in of type 2 for both fully or reduced
observables are interesting questions to study.

4. APPENDIX

Proof of Theorem[2.1 The proof in the case of periodic boundary conditions is
given in [I7, 211 25]. For the case of no-slip boundary conditions, the proof is
similarly to the case of Navier-Stokes-a equations (see |13} [18]). To convenience for
readers, we sketch the proof for the case of no-slip boundary conditions.

The existence and uniqueness of solutions is proved by the Garlenkin approxi-
mate method. We only give some uniform bounded estimates for the approximate
solution of the following system

% —vAv, + (uy - Vv, + Vp = f,

Up = Up — 2 AUy, (4.1)
V-, =V- v, =0,

U, = v, = 0 on 0.

Multiplying the first equation in ([1.10)) by v,, and integrating in Qp, using boundary
conditions (4.1), and free divergence (4.1), we obtain that

1d
5 7 /0nl” 2 0nl® + (- VYo, vn) = (£ 00). (42)
From (2.2) and the Cauchy inequality, we deduce from (4.2)) that
1d VA
el 4 vl < Iy e
By the Poincaré inequality (2.2]) one obtain that
Lo, 2 4 v < L @3)
dt " " - I/)\l ' ’

From this inequality, by using the Poincaré inequality (2.2)) once again to deduce

onl®) < uale 4 U ey,

This inequality implies estimate ([2.6)).
Multiplying the first equation in (4.1)) by Aw,, integrating in o, using the
boundary conditions (4.1), and free divergence (4.1), we deduce that

ol 4 7180 ? = = (- e, Av) + (. Av)

f v
PP [ R A A
£
14

IN

IA

. . c v
(by Cauchy’s inequality) ;||un||%oo(go)3||vn\|2 + §|Avn|2 +
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2
(by Agmon’s inequality) < E||un|||Aun|||vnH2 + g|Avn|2 + ﬂ
v v
(by @) < Sglonl?lonl? + Lo + 2L
~ va? 2 v
Thus,
d c fl?
Dol 4+ 180,17 < o2l + 25 (1.4

From (4.3) then

[ tentopas < s Lo (45)

vp(8)||?ds < =|vn : .

. v\ v

2 2
Noting that |v,(t)|? < |2f)\|2 for t > to := to(|vg|?) > 0, then from (4.4) and (4.5)),

veA
we use the uniform Gronwall inequality to deduce that

1 2 2c Lf12
R ()17 < Ze v, Yt > to+ 1.
lon @I < (a5 + oz + e ) 15 vz 10+

This inequality implies (2.7)). O
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