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ABSTRACT. The purpose of this article is twofold. The first is to establish the Cartan-
Nochka second main theorem for algebraically nondegenerate meromorphic mappings
from a polydisc in C" into a projective algebraic variety sharing hypersurfaces located
in N-subgeneral position. The second aim is to establish a sharp non-truncated defect
relation for meromorphic mappings from an n-dimensional closed complex submanifold

of C! into a compact complex manifold X sharing divisors in N-subgeneral position.

1. INTRODUCTION

To construct a Nevanlinna theory for meromorphic mappings between complex mani-
folds of arbitrary dimensions is one of the most important problems of the Value Distri-
bution Theory. Much attention has been given to this problem over the last few decades
and several important results have been obtained. For instance, in 1977, W. Stoll [16]
introduced to parabolic complex manifolds, i.e manifolds have exhausted functions on the
ones with the same role as the radius function in C! and constructed a Nevanlinna theory
for meromorphic mappings from a parabolic complex manifold into a complex projective
space (also see [17], [18]). In the same time, P. Griffiths and J. King [6] constructed a
Nevanlinna theory for holomorphic mappings between algebraic varieties by establishing
special exhausted functions on affine algebraic varieties. In 1985, H. Fujimoto [5] con-
structed a Nevanlinna theory for nondegenerate meromorphic mappings from a ball in
C™ into the complex projective space P""(C) sharing hyperplanes in general position in
P™(C). In 2019, Thai-Quang [19] extended the above results of Fujimoto to nondegen-
erate meromorphic mappings from a ball in C" into a complex projective subvariety V'
of P™(C) sharing hypersurfaces of P"(C) in N-subgeneral position with respect to V. In
2020, M. Ru and N. Sibony [15] developed Nevanlinna’s theory for a class of holomorphic

maps when the source is a disc in C.

2000 Mathematics Subject Classification. Primary 32H30; Secondary 32H04, 32H25, 14J70.
Key words and phrases. N-subgeneral position, defect relation, second main theorem.

The research of the authors is supported by the ministry-level project B2022 - SPH - 03.



2 PHAM NGUYEN THU TRANG AND DO DUC THAI AND PHAM NGOC MAI

There is an interesting problem that is to construct explicitly Nevanlinna’s theory for
meromorphic mappings from a Stein complex manifold (or a complete Kéhler manifold)
to a compact complex manifold.

The first main aim of this paper is to deal with the above mentioned problem in a
special case when the Stein manifold is the unit polydisc D™ in C™ and f : D™ — V
is an algebraically nondegenerate meromorphic mapping sharing hypersurfaces in N-
subgeneral position, where V' is a smooth complex projective variety.

Recall the following notion. Let V' C P"(C) be a smooth complex projective variety
of dimension & > 1 and @; (1 < i < ¢) be ¢ hypersurfaces in P*(C). The family of
hypersurfaces {Q; }_; is said to be in N-subgeneral position in V if for any R C {1,--- , ¢}
with the cardinality |R| = N + 1,

(QinV =0
JER
If they are in k-subgeneral position, we also say that they are in general position in V.
First of all, we prove the following theorem for algebraically nondegenerate meromor-

phic mappings from D™ into the complex projective space P*(C).

Theorem 1.1. Let f : D™ — P*(C) be an algebraically nondegenerate meromorphic
mapping and let Q; (1 < i < q,q > (N —n+ 1)(n+ 1)) be hypersurfaces of P*(C) of
degree d;, located in N -subgeneral position. Let d be the least common multiple of dy, ..., d,

i.e., d=Ilcm(dy, ..., dy). Then for every e > 0, the following holds
1
| (g=(N=n+1)(n+1)—)Ty(r) < > EN[MO] (7, vQi()+Olog ™ (T3 (r)))+O(log [L—r|™"),
i=1 "

for r € [ro,1\E, where E C [0,1] with [dr/(1—7) < co and My = d*[(n+ 1) + (N —
n+1)(n+ 131 H" - 1. )

Here, by the notation I(x) we denote the smallest integer number which is not smaller

than the real number x.

Next, we show the following theorem for algebraically nondegenerate meromorphic

mappings from D™ into a smooth complex projective variety V' C P"(C).

Theorem 1.2. Let V. C P*(C) be a smooth complex projective variety of dimension
k>1. Let Q1,...,Q4 (¢ > (N —k+1)(k+ 1)) be hypersurfaces in P"(C) of degree d;,
located in N —subgeneral position in V. Let d be the least common multiple of dy, ..., d,
i.e., d=Ilem(dy,...,dy). Let f: D™ —V be an algebraically nondegenerate meromorphic



mapping. Then, for every e € (0,t),

1
| (@= (N —k+1)(k+1)— &) Ty(r) < Z 7 NVou(h () +0(log™ (Ty(1) +Olog [1=7] ),
where N
q .
k—1 ifk>2.
and
[7(deg V)%ed* Nge '] ifk=1

deg(V )1 ekdR tE(N — k + 1)*(2k + 4)que’k] if k> 2.

Here, by the notation |x] we denote the biggest integer which does not exceed the real

number x.

The second aim is to establish a sharp non-truncated defect relation for meromor-
phic mappings from an n-dimensional closed complex submanifold of C! into a compact
complex manifold X sharing divisors in N-subgeneral position. Namely, we prove the

following.

Theorem 1.3. Let M be an n-dimensional closed complex submanifold of C' and w be
its Kahler form that is induced from the canonical Kihler form of C'. Let L — X be
a holomorphic line bundle over a compact complex manifold X. Fix a positive integer d
and let dy,dy, - -+ ,d, be positive divisors of d. Let E be a C-vector subspace of dimension
m+1 of HY(X, LY. Leto; (1 <j <gq) bein H'(X,L%) such that o) ,--- 04" € E. Set
D; = (o) (1 <j<q). Assume that Dy,--- , D, are in N-subgeneral posz’tzon wzth respect
to E. Let f : M — X be a meromorphic mapping satisfying f(M) ¢ D; for 1 < j <gq
and W N B(E) = @. Assume that, there exists a holomorphic section v of K,;' such

that for some basis {c1,¢a,++ ,¢my1} of E and 1 large enough,
ddlog(ler(/)PP+ - - + [empr (/)P)4 > dd®(vm™).
Then,

> 6.6(Di) < 2N.
=1
2. NEVANLINNA THEORY FOR MEROMORPHIC MAPS FROM A POLYDISC IN C™ INTO
COMPLEX PROJECTIVE SUBVARIETIES IN P"(C)

In this section we present Nevanlinna theory for meromorphic maps from a polydisc in
C™ into the complex projective space P"(C). The general strategy is the same as in the

case of meromorphic maps from balls.
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Firstly we fix some notations. For a positive real number r € (0, 1], define D, := {z €
C:|z| <r}. Let D" :={|z;| =r:1 < j <m}. We will identify 0'D™ with [0, 27]™ via

the isomorphism
T<€itl> o 7eitm) —l= (tla T 7tm)

When r = 1, we write D instead of D;.

Let f = (f1, -, fur1) be a meromorphic map from the polydisc D™ into P"(C), where

n+1

f; is holomorphic function on D™ for 1 < j <n 41 and pian

> 2. Define

{f; = 0} is of codimension

g ‘= INaxi<j<m lOg |Zj|

which is the pluricomplex Green function on D™ with pole at the origin, see [10],[2].
Recall that d® = i(0 — 0)/(47), hence dd® = i99/(2~). Let

w = dd®log(|wi [* + - - + [wnp1]?)

be the Fubini-Study form of P*(C), where [w; : - - : w,11] are the homogeneous coordi-
nates on P*(C).
Fix a constant 7o € (0,1). The characteristic function of f is defined by

logr
Ty (r) ::/ ds/ ffw A (dd°g®)™
1 {g<s}

0gro

Let @ be a hypersurface of degree d in P"(C). Set Ty := {(i1, .., ins1) € N |3} + 4y +
-+« + 1,411 = d} and denote by || - || the canonical Hermitian metric on the hypersurface
line bundle of P*(C). If Q(z) = >/, arz’, where the constants ay are not all zeros, then
we set Q(f) = Y or, arf! with 1= fit.frt for I = (i1, ..., ins1) € Ta.

For 1 < k < oo, the truncated counting function of f to level k with respect to Q) is
defined by

logr

N}k] (r,Q) = /1

og o

s [ win{(Q)k} A (ddog?)
{g<s}
and the proximity function is

1 1
= log ———— dt.
my(r Q) = Gy / Q0"

For simplicity, we omit the superscript ¥/ when k& = co. Applying the Lelong-Jensen

formula to g (see [2]), we have

(1) Ty(r) = Ny(r,Q) +my(r, Q) —my(ro, Q)



Ty(r) = g [, ol IFdt+0(). Ny(r.Q) = g [ tellQo s+ 0()

where || f[|* = [fi[*+ - + [ fara|”
Recall that log™ 2 := max{logz,0} for z € R*. For an n-tuple a = (a1, as, - -, ay) of
non-negative integers, put |af:= 3 _7 | a;. In what follows, the notation < means < up

to a multiplicative constant independent of r.

Proposition 2.1. Let g be a meromorphic function on D™. Let o € (Z1)™ and p,p’ posi-
tive real numbers. Assume that pla|< p’ < 1. Then, there ezist a constant C' independent

of r and a subset E C [0,1] satisfying [, % < oo such that for all r € [ro,1)\E we have

1—r
Da / /
(3) / |—g{p dt < C|1—r|P'T,(r)?
omm 9
and
(4) m%wg(r,oo) < C’(logJr Ty(r)+log |1 — r|_1).

Proof. We have

g

Do De
mesa(rioe) < [ g2 2 4 e <1og [ |7 e+ o)
o'Dm g opm 9

by concavity of log function. Using the last inequality, we observe that (4) is deduced
directly from (3) by choosing p = 1/(3|a|), p’ = 3p/2. Hence it remains to prove (3). We
will prove it by induction on |a/.

Let 1" € (rg,1). Consider the case where |a| = 1. Without loss of generality, we can
suppose @ = (1,0,---,0). Fix 2’ := (29, -+ , 2,) such that g, := g(-, 2’) is a meromorphic
function on D. Note that the last condition holds for almost everywhere 2’ € /D™~ L. Let
0 < p1 < p} < 1 be real numbers. Either using [5, Th. 3.1] in dimension one or using
directly Riesz’s representation formula for g,/, one obtains

D / /
(5) 2Lt < = o BT (),
on, 9 ~ 9e!

for every r € [ro,r’). Integrating (5) on 2’ € 9D ! gives

©) |

D 1 / , 51
[ oPpasen-n [ wieysen-and [ nef
opm g seopp—t 77 2 oD
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Write g = ¢1/g2, where g1, go are holomorphic on D™ and have no common divisor. Put
lgll? :== |g1]* + |92/ By (2), we have

1
To,() = 5= [ TozllglFde+0(0).

Integrating the last equality on 2’ € &'D"! yields

1
@ [ T =g [ teslglder o) < [ toglgld= 1,0
zeaDp! T Jopxan7

Al
oD,

because log ||g||* is psh. Combining (7) and (6) gives
D / /
(8) / (22 Prar < 1 — T ).
oo 9
Choose 1" = r + (1 —r)/(eTg,,(r")). Using (8) and [8, Le. 2.4], we obtain (3) for a =
(1,0,--- ,0).
Now we suppose that (3) holds for o/ € (ZT)™ in place of «, where |o/| < |a|. As
already observed, (4) also holds for o/ in place of a. By (1) and (2), we get
(9) Tpe-14(r) < Tpa-14/4(r) + Ty(r) + O(1)
< Mpa-tg/g(r,00) + Npa-14/4(1,00) + Ty(r) + O(1)
< O(Ty(r) 4+ log" T,(r) +log |1 —r|™")
by the induction hypothesis and the fact that Npa-14/4(7, 00) < Ngy(r, 00) < Ty(r)+O(1).
Let {ou}1<k<|a) be an increasing sequence of m-tuples satisfying
a1 =0, |og|l=|ag-1|+1,

for all k > 2. Let pla| < p” < p'. By applying (3) to (D**-1, oy, — ay_1,p|a|), there is a
subset £ C [ro,1) with [, dr/(1 —r) < co such that for r € [ro,1)\E and 1 < k < |a,

we have

D% g pla " " " . B
(10) /a']D) |—Dak—1g‘p| | 5 |1 — r|p TDakf1g(r)2p 5 |1 _ Tlp Tg(r)Qp + C|1 _ 7“|p '

On the other hand, observe that

|ex] |l
D% p / D%g \p 1 / D g plaf
= dt = i< - "
/8"]1);," | g | o'mm ]!:[2 ’Dakflg} o |O[‘ ; DM ‘Dak*1g|

which is

|al

S ="y Tpmor () + 1 =" S L= Ty(r)”
k=1
by (10) and (9). The proof is finished. d

In order to prove Theorem 1.1, we need a following lemma which is infered from the
Lemma 3.1 in [13].



Lemma 2.2. Let V' be a smooth projective subvariety of P*(C) of dimension k. Let
Q1, ..., Qny1 be hypersurfaces in P (C) of the same degree d > 1 located in N -subgeneral

position. Then there exist k hypersurfaces Ps, ..., P.y1 of the forms

N—k+t

P, = Z Cthj, Ctj € C, t=2,....k+1,

Jj=2

such that N\*1 P, = 0, where Py = Q.

Let f : D™ — P*(C) be an linearly nondegenerate meromorphic mapping. Let M be
the field of meromorphic functions on D™. For z € D™, let M, be the field of germs
of meromorphic functions at z. For i € N, denote by F! the subspace of M_-vector
space M**! generated by D f for any m-tuple a with |a| <. Set l; = dimF? which is
dependent of z.

Repeating the arguments in Proposition 4.5 in [5], we have the following lemma.

Lemma 2.3. Let f : D™ — P*(C) be an linearly nondegenerate meromorphic mapping.
Then there exist oy, ..., a1 € N™ such that the following conditions hold:
. k(k+1 :
(i) lan] + o+ lagsa| < % jul <k (1<i<k+1).
(ii) The germs of D' f, ..., D f at any point z € D™ is a basic of F' for 0 < i < k.
In particular, that D' f, ..., D%+ f is a basic of M**1.  Moreover, we have that the

generalized Wronskian of f

ap (f) =det(Df; : 1 <i,j <k+1)#0.

.....

The second property implies, in particular, that D f,--- D%+ f is a basis of M**!
because the last space has dimension k + 1 over M and D f, ...  D*+1 { are linearly

independent over M. Moreover, we also have that the generalized Wronskian of f
(11) War o ana (f) i=det(DY f; : 1 <4, <k +1) #0.

By [5, Pro. 4.10], we have

(12) (%—Q'M)OO < % min{(f;)o, k}

S fren sy
Remark 2.4. By [5], such ay, - ,agy also exist for every meromorphic map f =
(fi,"++, fre1) from a connected open subset M of C™ to P* where fi,---, fry1 are

holomorphic functions on M with ﬂf*ll{ f; =0} is of codimension > 2 in M.

The following result will be important for us later.
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Lemma 2.5. Let aq,--- , a1 be as above. Let U be a connected domain of C™ and
® : U — D™ a biholomorphism. Denote by of,--- a4, be the set of m-tuples satis-
fying Properties (i), (ii) for f o ® in place of f. Then there exists a nowhere vanishing
holomorphic function v on U such that

(13) Wall’... 10‘24.1 (f 9] (I)) = wWah... k1 (f) o®.

Proof. The inequality (12) is deduced from [5, Pro. 4.10]. Now we prove (13). Observe
that
D(fo®)= ) gsDfod,
B:B<a

for some holomorphic functions gg on U. Applying the last equality to o = o¢; for 1 < 5 <
k + 1 and using the fact that {D% f}1<;j<x1 generates M*H! we see that D% (f o ®) is
a linear combination of {D% f o ®};< ;<41 with coefficients in M. This yields that there
exists a meromorphic function ¢ on U such that (13) holds. It remains to show that 1
is holomorphic and nowhere vanishing on U. By applying the above arguments to ®*,

we can find a meromorphic function ¢ on D™ for which

Wa1,"' k41 (f) = WWO/I,--. X (f o (I)) od 1

Thus we obtain

Way o SOkt 1 (f) od = (1// ° (I))Wo/l,--- Qg (f © (I)> = (W © @)¢Wa1,~" SOkt 1 (f) o®d
which implies that
(W o) =1

on the complement of the divisor of Wy, ... o, (f) 0 ® in U. Since W, ... o, (f) is not
identically zero and ® is biholomorphic, that complement is an open dense subset of U.
This yields that (¢ o @)y = 1 on U. In other words, v is nowhere vanishing. The proof
is finished. U

Proof of Theorem 1.1

Fix a homogeneous coordinates (wp : -+ - : wy) of P"(C) and take a reduced representa-
tion (fo : -+ : fn) of f. It suffices to prove that the theorem holds in the case where all
of d;s are equal to d. Indeed, if the theorem holds in that case, then for ¢ and M, as in

the statement of the theorem, we have

+O0(log* Ty(r))+O(log |1—r| ).

q
1
(a=(N =) 1)=073() < 30 GNP v )



Assume that z € D™ is a zero of @Q;(f) with multiplicity u. Then z is a zero of Qf/ d"( f)

with multiplicity u%. Therefore

d
N, vgur ) < 7 N vgu):

This implies that

)+ Olog" T (r))

q
1
[ (g= (N =n+1)0n+1) = Tp(r) < Y =N vma,
=1

+O(log |1 —7|™).

Hence, we may assume that @1, ...,Q, (¢ > (N —n+1)(n + 1)) have the same degree of
d.

Denote by Z the set of all permutations of {1,...,¢}. Then ng := #Z = ¢! and we may
assume that Z = {0y, ..., 0., }, where 0; = (0(1),...,0:(q)) € N? and 01 < 03 < ... < gy,
in the lexicographic order.

Since {Q;}L, are hypersurfaces located in N-subgeneral position and by Lemma 2.2,
for each o, € Z, there exist n hypersurfaces, we may assume that P, ..., P;,+1 which

have the forms
N—n+t . '
(14) P = Z Qo). l,€C €2, n+1
j=2
such that ﬂ?’;rll P, =0, where P,; = (Qo,(1)- Fix an element oy, € Z. Denote by SUZ.O the
set of all points z € D™\ UL, Q:(f)~'({0}) such that

Qo) () (2)] < Qo2 (f)(2)] < o < Qo) (F)(2)]-

For z € S, , by (14), there exists a positive constant C' > 1 which is chosen common for
all o; € Z, such that

|Pii(f)(2)] £ Cmaxi<jcn—ntt| Qo) (f)(2)], 1<t <n+1.

Moreover, by the compactness of P"(C), there is a constant B (chosen commonly for all
;) such that

d
VIwo? + -+ 4 |wn |2
maxjy:tﬂQUi(j)(wo, ey )|

where w = (wp : -+ : wy,). Then, we have

(15) 1) < Bmax{|Qa, 1) (f)(2)], -, [Qoixv41) (/) (2)[} ¥ 2 € C.

B = max,epn(c)
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Put A=d[(n+ 1)+ (N —n+1)(n+1)3I(¢1)]. Denote V, the space of homogeneous
polynomials in C[Xy, ..., X,,| of degree A\ and the zero polynomial. By arranging the
lexicographic order, the n-tuples (j) = (j1,..., Jn) of non-negative integers satisfies that
1D =>ri ik <53=(n+1)+(N—n+1)(n+1)3I(e"). Define the spaces

= Y Pi-PoVaae

(e)=(5)

It

Set M) := dimp where (j°) follows (j) in the ordering. Then
(3> )

My =d", and d||(j)]| < A — nd.

Put M := dimV,. Then

()\ +1)---(A+n)
n! ’

Therefore

M-1< ( At ) —1< A =1 =d"[(n+ 1)+ (N—n+1D)n+1)3 ()" —1= M,

n

For () = (ji,...,J;) € N* with [|(j°)]| < 4, we may choose a basis of I("j,) such that

every element wé s Of its has a form
(16) Wija = Pli..Plihy, where (5°) = (ji, ... jn), i € Vacayg)

After that, we give M(ij) supplementary elements which have form as (16) in / (ij), where
') tollows in the ordering, such that they are a basis of I?,,. We continue this process
1) foll 7) in the ordering h that they basi fIEJ)W his p

until [ (ij) = V) and we obtain a basis of V), which includes M elements as follows.
IM = PZJjPZ]’Zhl, where (]) = (jl; ,jn) hl < V,\ d|l()I» 1 S l S M.
Then we have

Wi()(2)]

IN

1P () ()P P (F) )P () (2)]
CLPA(N P Bin (| £ ()10
(

PaDEN  (1PalDEN -
- ( 1F ()1 ) ( ()] ) MOl

where (' is a positive constant independent from [, 4, f and z. Therefore

M ) P, z
MEW('<ZM(“%ng+*”mW£%U

+ MXlog [ f(2)[| + Mlog Cy,

| /\
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If we put
§= S M 15k

€)
c= mmc
7,8
then from above inequality, we get
T (1PN ) f ! K
logﬂlwl Al<tog | [T{ e ) |+ MM ogll 7]+ Mo O

Jj=1

It implies that

1f ()1 . )
- [[= 1P () (= 2)|% gHWZ )|+ MXlog || f(2)]| + Mlog C
||f(Z)||MA

=1lo Mlog (.
1) ST

Take a basis {¢1,...,on} of Vi, ¥i(f) = Li(o(f)) (1 < s < M), where L. are linear
forms.

Consider the meromorphic mapping ¢ with a reduced representation

¢ =(01(f) - om(f))-
Since f is algebraically nondegenerate over D™ it implies that ¢ = (¢1(f) : -+ : da(f))

is linearly nondegenerate over D™. Then, from Lemma 2.3, there exist ay, ..., ay € N™
such that

W<¢) = qu ----- GM(¢1<f)7 >¢M<f)) = det (Dak¢j 1 S k?] S M) ié 0.

~~~~~ anm (W(f)) = Wa17~.~,aM (wi(f)v e 1%\/[(f))
=det (D™ : 1 < k,j < M) = CoW(¢) # 0,

where C5 is a nonzero constant.



12 PHAM NGUYEN THU TRANG AND DO DUC THAI AND PHAM NGOC MAI

From (15), for z € S,, we have

o[ | I < 1og (o Jh ok 1f(z (>||)d( >|)
J—- L) )
15" Qo (DT [P (1))

<1log [ BrV10m If(z >H<N+;>j )
(18) [P (@D [P (£)(2)]

< IOg B~ N— lcmDN n ||f< )H[ N+1)d+N=n)nd]
B 172 Py i (f) ()| (V=)
Hf( )H (N—n+1)(n+1)d

I 1P (D
O] el

H;;l | Pio,i (f)(2) | (N—nt1)

where the term O(1) does not depend on z and D is chosen common for all o; € Z, such
that

o(1)

< log

< log +0(1),

Pig(f)(2)] < DIf(2)IY, ¥ 2 € So.
Therefore, by using (17) and (18) we have

Lf ()1 (9) (2)| N+
1 1@Q;(N) (=)

— log (H L [ >udc W(@(ZW_W))

Lf () |y ”dCIW( )(2)|
[Tj=1 [P (f) ()N De
Lf ()N DT W () (2) | VY
Hj:l ’Pzw(f)( )l(N nH)

Lf () | N OV (g0 (2) N+
TS, [ (F) ()] =n+D

where ¢ = (i°(f), ..., %5 (f)) and the term O(1) depends only on A and {Q; i It
implies that

log

(19) < log +O(1)

< log

+ O(1)

) fote N EAN () (N () (2) (Y
LI NEE =8 T () (- )\(N T

0(1)
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for all z in S,, which are not zero of any functions Q;(f), P, ;(f) (1 <i < g). Therefore,

we have

LS AW () (N B ) ()
! lo
" NOIOR <l it S e

0(1).

Integrating both sides of the above inequality over 0" and using the Lemma 2.4, we

obtain
H (qdc = (N = n+ 1)MN) T¢(r)+(N —n+ 1)N(r, vw(s —CZNTI/Q
< O(log™ (Ty(r))) + O(log |1 —r[™h).

This implies that

N —n+1)MA Nenti
I (o0 - = 130y <30 N0 - SN Gowv)

(20) +0(log™ (T¢(r))) + O(log 1 — ™),

On the other hand, since the number of nonnegative integer n-tuples (ji, ..., j,) with

Sn s < 5 is equal to the number of nonnegative integer (n + 1)-tuples (j1, ..., jnt1)

with Z:+11 js = , which is (A/ :M) and the sum below is independent of j, we get
= > M= E: M3 Js
lGII<A/d D<A/ d—n
= > A= > D
lG)II<A/d—n G I<A/d—n s=1
dr A d" Ad d"AX(A\/d—1)---(\/d—n)
@) = D _:_<n+1)d<n>: R .
IDII<A/d—n
We note that for each positive number x € (0, —(njl)g], we always have
(1—|—$)”:i " xk<1+i—nk r<1l4(n+1)x.
k N El(n 4+ 1)2=2" —
k=0 k=1
1)d 1)d 1
Applying this inequality for 0 < (n+1) = (n+1) <

A—(m+tDd (N—n+)mn+13(e)d = (nt1)?

(n+1)d \" (n+1)d
(1+m) < 1+(n+1)m.

we get
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So from (21), we obtain
(N—=n+1)MX A+1)---(A+n)
- Sd(N_n+1)(n+1)()\—d)~-()\—nd)

At
A—(n+1)d+jd

gd(N—n+1)(n+1)ﬁ

j=1

<dN-n+1)(n+1)

=dN—n+1)(n+1)

<dN—-n+1)(n+1)

(n+1)d >
(N—n+1)(n+1)3I(e1)d

<dN—n+1)(n+1)

(
(

<dN—-n+1)(n+1) (1+ (n+ 1)<n+—1)d)d)
(
(1 TN g 1)271 m 1)1(6—1))
N

=d(N—-—n+1)(n+1)

Therefore, we get

N — 1) MA d 1
qd—( n+l) > qd—d(N—n+1)(n+1)———— =d[¢—(N—n+1)(n+1)— ——].
I(e71) Gy
Thus, from (20) we obtain
1 < N-n+1
I dlg = (N = Do+ 1) = 7 5 (1) €30 N ) = =N 1)
j=1
(22) +O(log™ (T4(r))) + O(log |1 — 7|71).
Claim.
1 N-—-n+1 d _
(23) D N(rvg ) = ————N(rmwe) < ) N g,).
j=1 j=1

Indeed, fix z € D™, since {Q;}.; is in N—subgeneral position, there are at most N
indices j € {1,...,q} such that v, (z) > 0. Without loss of generality, we may assume
that

voi()(2) 2 -+ > vgu(n(2) > 0=1vgy,,(n(2) = = v, (2),
We note that oy = (1,2, ...,q) and

ve () (2) = vqun)(2)

VQanij(f)(Z) (2 <J< n)

v

VPLj(f)(Z)
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For ¢! = Pljfl P]" h € {¢p! M| we have

VH)(2) = P 2)- P () (2)-R(f) (2).

Hence

q

N-—-n+1
Z}mm@%ﬂ—jj—www@)

j=1

N
N-—-n+1
<> vg,in(2) - ———— 1w (2)
N N-—-n+1
= Z vQn(2) — —————vwui)(?)
—n+1
<ZVQ Zmax{uw (f)( ) M+1,0}
N-—-n+1 "L
< Z vo,)(2) = = > My > jemax{vp, () = M + 1,0}
=1 () k=1
N N-n+1g
- Z Vo, (2) — — Z cmax{vp, (p)(z) — M + 1,0}
j=1 j=1
N n
< wgn(z) = (N =n+1) Y max{vp, (z) — M + 1,0}
j=1 j=1

N
< Z VQ,(f) Z max{vg,n(z) — M + 1,0}

< Z min{vg, () (2 —1}) = Z I/[M 1

Integrating both sides of the above inequality, we get the conclusion of the claim.

Now, combining (22) and (23), we obtain

(0= =0 D+ 1) - ) 1700 < > éNW-”m vayn) +Ollog" (Ty(1)

<Zd (r,vg,(1)) + Olog™* (T (1))
+O(log |1 —r|7h).

This completes the proof of the theorem. [ |
Remark. By a little modification of the above proof, we get the following.
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Theorem 1.1°. Let f : D™ — P*(C) be an algebraically nondegenerate meromorphic
mapping and let Q; (1 < i < q,q > (N —=n+1)(n+ 1)) be hypersurfaces of P*(C) of
degree d;, located in N -subgeneral position. Let d be the least common multiple of dy, ..., d,
i.e., d=lcm(dy, ..., dy). Then for every e € (0,1), the following holds

I (o= V= 1) = ) T0) €30 N )
+O1og" (1)) + Ollog 1 ~ /).

forr € [ro, 1\E, where E C [0,1] with [dr/(1 —r) < oo and
E

My=d"((n+1)+(N—n+1)(n+1)>%e")" - 1.

Here, by the notation |[x] we denote the biggest integer which does not exceed the real

number x.

3. PROOF OF THEOREM 1.2

In order to prove Theorem 1.2, we need some estimate on the Chow weight of J. Evertse
and R. Ferretti [4] and S. D. Quang [14].

First of all, we recall the notion of Chow weights and Hilbert weights from [4].

Let X C P*(C) be a projective variety of dimension k and degree A. To X we associate,

up to a constant scalar, a unique polynomial
Fx(ug, ..., ux) = Fx(uoo, - - - Uons - - -5 Uko, - - -, Ukn)

in k& + 1 blocks of variables u; = (w, ..., %), = 0,...,k, which is called the Chow
form of X, with the following properties: Fx is irreducible in Clugg, ..., ug,|, Fx is
homogeneous of degree A in each block u;,i = 0,...,k, and Fx(up,...,u;) = 0 if and
only if X N Hy, N Hy, # 0, where Hy,,i =0, ..., k, are the hyperplanes given by

UioTo + -+ + UipTy = 0.

Let Fx be the Chow form associated to X. Let ¢ = (cy,...,c,) be a tuple of real

numbers. Let ¢ be an auxiliary variable. We consider the decomposition

Fx (t%ugg, . - -, t ugp; -« t%Ugy -+ 5t Upy,)
(24)
= teOGo(uO, R ,un) + -+ teTGT(UO, R ,un).
with Gy, ..., G, € Clug, - -, Uon; - - - ;Ukos - - -, Upn) and eg > €3 > -+ > e,. The Chow

weight of X with respect to ¢ is defined by

(25) ex(c) := ep.
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For each subset J = {jo, ..., Jx} of {0, ...,n} with jo < j; < --- < ji, we define the bracket
(26) [J] = [J](uo, ..., u,) = det(u;;,),i,t =0,...,k,

where w; = (u4,. .., u) denotes the blocks of n + 1 variables. Let Ji,...,Js with

B = (ZE) be all subsets of {0, ...,n} of cardinality k + 1.

Then the Chow form F'x of X can be written as a homogeneous polynomial of degree

A in [Ji],...,[Js]. We may see that for ¢ = (co,...,c,) € R™™ and for any J among
Tiy o Js,
[J](tCOUOo, e ,tCnUOn, . ,tcouko, R ,tC"u;m)
27
( ) :tZCj[JKU()o,...,uOn,...,uko,...,ukn).
jed

For a = (ag,...,a,) € Z"', we write x* for the monomial x{°---z%. Let [ =
Iy be the prime ideal in C[zo,...,x,] defining X. Denote C[zo,...,x,], the vector
space of homogeneous polynomials in C|xy, ..., z,] of degree m (including 0). Put I,, :=

Clzo, ..., xn]m NI and define the Hilbert function Hy of X by, for m = 1,2, ...,
(28) Hx(m) := dim(Clzo, ..., Tp)m/In).

By the usual theory of Hilbert polynomials,

(29) Hy(m) = A- ”;—,n +O(m™ ).

The m-th Hilbert weight Sx(m, ¢) of X with respect to the tuple ¢ = (cy, ..., c,) € R*™!
is defined by

(30) Sx(m,c) := max Z a;,-c|,

i=1
where the maximum is taken over all sets of monomials x?!, ..., x*#x(m whose residue
classes modulo I form a basis of Cxg, ..., Zu]m/In.

The following theorem is due to J. Evertse and R. Ferretti [4] for the case of number

field, but it automatically holds for the case of complex field.
Theorem 3.1 (Theorem 4.1 [4]). Let X C P*(C) be an algebraic variety of dimension k
and degree A. Let m > A be an integer and let ¢ = (co, ..., c,) € RL. Then

1 1 (2n+1)A

() XM €) 2 R ex () T T ma

The following below estimate of Chow weight is due to S. D. Quang [14].
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Theorem 3.2 (Theorem 4.1 [14]). Let Y be a projective subvariety of PR(C) of dimension
n > 1 and degree D. Let m (m > n) be an integer and let ¢ = (cg,...,cr) be a tuple of
nonnegative reals. Let {ig,...,i,m} be a subset of {0,..., R} such that

Yﬂ{ym:(),,yzm:[)}:@

andY ¢ {y;; =0} for all j=0,...,m. Then

D

M1 et )

ey(c) >

Proof of Theorem 1.2
Firstly, we will prove the theorem for the case where all hypersurfaces @; (1 <i < g) are
of the same degree d and ||Q;|| = 1. Consider a reduced representation f = (fo, ..., fa) :
C™ — C™' of f. For a point z € C\ UL, Q:(f)"1({0}), there exits a permutation
(i1,...,14) of {1,..., ¢} such that
Qi (N £ 1Qoux (N < -+ < Qi (N(2)].

Since @1,...,Q, are in N—subgeneral position in V', by the compactness of V, there

exists a positive constant A, which is chosen common for all z, such that

IF(2)[]* < Amaxi<jon+1|Q, (F)(2)]-

Therefore, we have

Qi) ey (he)l
We consider the mapping ® from V into P¢~!(C), which maps a point # € V into the
point ®(x) € P7~1(C) given by
B(r) = (Que) -2 Q).

Let Y = (V). Since VN j_, @; = 0, ® is a finite morphism on V and Y is a complex
projective subvariety of P¢~1(C) with dimY = k and A := degY < d*.degV. For every
a = (ay,...,ay) € Z5 and y = (y1,...,¥q), put y* = Yt ys? . yg’. Let u be a

el Aq_N_Jﬁl 7@l

positive integer. Set

and define the space
Yu = C[ylv o ayp]u/(IY)qm
which is a vector space of dimension n, + 1. Fix a basis {vo, ..., v,,} of ¥, and consider

the meromorphic mapping F' with a reduced representation

F= (vo(@of),...,vnu(Cbof)) :C™ — C™H
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Since f is algebraically nondegenerate, it implies that F' is linearly nondegenerate,

Now, fix an index i € {1,....,n0} and a point z € S(¢). Define
C, = (61727 s 7Cq7z) S an

where

d
¢j. = lo gM forj=1,...,q.

Qi ()(2)]

We see that ¢;, > 0 for all j. By the definition of the Hilbert weight, there are

Ay 2y ey Ay (u Nl“ with

a;, = (ai,l,za R >ai,q,z)7 Qij» € {1,.... L.},

such that the residue classes modulo (Iy ), of y24=, ..., y*#v @)= form a basis of Clyy, ..., Y4]u/(Iy )u

and
Hy (u)

v(u,c.) E A, C;.

We see that y*-= € Y, (modulo (Iy),,). Then we may write

yai,z — Li,z<U07 .. ,UHy(u)>7

where L; , (1 <i < Hy(u)) are independent linear forms. We have

Hy (u)

log H |L;..(F(2))| = log H H 1Q;(f

=1 1<5<q

= —Sy(m,c.) + duHy (u) log || f(2)]| + O(uHy (u)).

‘Z%J}Z

This implies that

Hy (u)

@] - Ll —Sy(u. c.) — duHy (u) log || F(z
g 11 1B (u, ) (u) log [[f(2)]|

+ Hy (u) log ||F(2)]| + O(uHy (u)).

Here we note that L, , depends on 7 and z, but the number of these linear forms is finite.

Denote by L the set of all L; ., occuring in the above inequalities. Then we have

||F ()H || Z]] v
Sy (u,c,) <maxzcrlo —— 4+ duHy(u)lo z
a1 (u,c.) < gL|€j| LEG) + (u) log || f(2)]|

— Hy (u)log ||F(2)]| + O(uHy (u)),
where the maximum is taken over all subsets J C £ with §7 = Hy (u) and {L; L € J}
is linearly independent. From Theorem 3.1, we have
1 1 (2k+1)A

WSY(% c.) > (c;) — ————maxi<;j<,Cj.

(32) et DAY "
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It is clear that

1F ()| ||
Max <j<qCjz < og ———=—— + O(1),
1§j§v+1 Qi ()(= )!

where the term O(1) does not depend on z. Combining (31), (32) and the above remark,

we get

1 1 IEE)-11L] ~
(k + 1)A@Y(Cz) Stu(u) (maxjcg log H W — Hy (u)log HF(Z)H>

LeJg
+atog 7))+ D i ey + 001 /0)
(33) | I1E( || HLH i
< ( e [T A Hy<u>log|rF<z>H>
i <2k:+1>A eI
T dlog ||f(z))] + ZE DA O(1/m).
u 13%1:\/“ |ng( )(Z>|

Since @y, ..., Qiy,, are in N-subgeneral with respect to X, By Lemma 3.2, we have

(34) ey(c,) >

Then, from (33) and (34) we have
- Hd

v

=1

L S e 165 7 BN
stu(u)< chlng;Ij 1O Hy<>1g||F<>||>

m(61,z + ot evg)

(35)

ko uta) i
= tu (Z g Hy(u) ﬁJHJ< ( )) HLEJL(ﬁ(Z>)’ 1 g|W(F)|>

JcL

. 2k + 1)(k + 1)A F(2)])?
-+ Dog (2| + ZEEEDS 5 10 I o)
u 2 B0
where W(F ) is the generalized Wronskian of the meromorphic mapping F, the term
O(1) does not depend on z, and {H 57 }fzyl(")fw is a family of linear forms chosen so that
{HJ}HY(U U{L € J} is independent.

Integrating both sides of the above inequality, we obtain

1 d k+1
| = ;mm Qi) < —mNW@ (r) + d(k + )Ty (r)

L @k 1)+ DA >

u

(36)

my(r, Q;) + Olog™ (Ty(r))) + O(log [1 — r| ™).

1<j<q
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We now estimate the quantity NW( ) (r). Consider a point z € C™ which is outside the
indeterminacy locus of f. Without loss of generality, we may assume that 1/221( f)(z) >
Voo(5)(2) = o = 10 (py(2)- Then we see that v) ;(z) = 0 for all i > N + 1, since
{@Q1,...,Q,} is in N-subgeneral position in V. Set ¢; = max{0, I/%j(z) — Hy(u)} and

c=(c1,...,¢q) €ZL.
Then there are
a; = (ai,la s 7a‘i,q)7 Q5 S {1, ey lu}

such that y?!, ..., y®#v® ig a basis of Y, and

Hy (u)
Sy(m,c) = Z a,c.
i=1

Similarly as above, we can write y* = L;(v1, ..., Vg, (u)), Where Ly, ..., Ly, () are inde-
pendent linear forms in variables y; (1 < ¢ < ¢). By the property of the generalized

Wronskian, we see that

W(F) = W(Ly(F), -, Ly ) (F)),

where ¢ is a nonzero constant. This yields that

Hy (u)

0 _ .0 0

Y5 (2 = APty i) 2 D 020,25, (2) =
i=1

We also easily see that
0 _ 0
Ve () = D @iy, (2);
1<j<q

and hence
Hy (u)

max{0, Vgi(ﬁ)(z) — Ny} > Z a;;c; = a; - C.
i=1
Thus, we have

Hy (u

)
(37) VI(/)V(F.)(Z) > Z a; - ¢ = Sy(u,c).
i=1

Since ()1, ..., @n41 are in N-subgeneral position, then by Lemma 3.2, we have

A N+1 A N+1
er(0) 2 Ty Do = o 2o a0, 0() —mud:
=1 j=1
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On the other hand, by Theorem 3.1, we have

uHy (u
Sy<u, C) Z ﬁ@y(C) — (Qk + 1)AHy(u)maX1§j§ch
wHy (u) N+1
>
2Nk Dk D ZmaX{O () T}
—@k+UAﬂyw)§:y%m@y
1<5<q
Combining this inequality and (37), we get
(N—-k+1)(k+1) L0
duHy (u) W(F ZmaX{O, YQi(h) (2) = nu}
(N—k:+1)(2k+ D(k+1)A 0
o du Z VQJ(f) (Z)
1<j<q

1< .
28 Z(Ugi(f)(z) N mln{ygi(f)(z>’ u})
=1

N —k+1)(2k + 1)(k+1)A .
| )&m )(k+1) S (9

1<yj<q

Integrating both sides of this inequality, we obtain

= _dlzjl_fyl()g){ : 1) - d Z (Naus N[mz] )( )

(38)

(N—k+D@k+ )(k -+ 1)A

1<5<q
Combining inequalities (36) and (38), we get
(39)

| = (5 = 16+ D)) < 3 g )+ D D Dy

ud

+ O(log™ (T4(r))) + O(log |1 — r|71).
Choose the smallest integer u such that
> (N —k+1)(2k + 1)(k + 1)gAe!
Then (N —k+1)2k+1)(k+ 1)gAe ' <u< (N —k+1)(2k+1)(k+ 1)gAe ' +1

Form (39), we have

(10) | ta= V= k4 D0+ 1) = ITy(r) < 30 LN 0.



23

We note that degY = A < d*deg(V). Then the number n, is estimated as follows

k+wu " % u\k
= —1< < —
ny = Hy (u) 1_A( . )_d deg(V)e <1+k)

If k=1, then 6NgAe ! <u <6NgAe !+ 1. Hence u+ 1 < 6NgAe ! +2.

k N
This implies that (1 + %) —1+u<2+6NgAc" < TNgAe L if e € <o, 7") .
Hence n, < ddeg(V)e (TNgAe ') < 7deg(V)?ed* Nge~'. Thus, we have

n, < [Tdeg(V)?ed’Nge "] = M

when £ = 1 1 (N —k+1)(2k + 1)(k + 1)gAe !
IkaQ,then1+%§1+_+( —k+ DR+ 1k +1)gAe

k k
We now show that

_ -1
1+%+ (N k+1)(2k—l:1)(k+1)qu < (N — bt )2k + H)ghe"

In fact, the above inequality is equivalent to

% < (N —k+1)gAe? ((% +4) — (2 + 1}1% i 1>)
@k—_]:l < (N —k+1)gAe™! (%) .

Therefore, we need to show that
k+1<(N—-k+1)qgAe'(k—1).
Since g > (N —k+1)(k+1),N—-k+1>1,A>1,0<e<k—1,it implies that
(N —k+1)gAe (k—1)> (N —k+1)*k+DAe H(k—1)>k+ 1.
Hence, we get

k k
n, = Hy(u) —1< A( —;u) < d" deg(V)e" <1 + %)

< d"deg(V)e* (N — k+1)(2k + 4)qA6_1)k
< deg(V)FeFd" R (N — k4 1)%(2k + 4)F ke .

It implies that
o < [deg(V)F 1R N — b+ 1) (2K + 4)"g ] = My

when k > 2.
Then, the theorem is proved. |
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4. PLURI-SUBHARMONIC FUNCTIONS ON COMPLEX MANIFOLDS

This subsection is devoted to prove a version of [9, Theorem A] in the case where M is
Stein and u is a (not necessary continuous) plurisubharmonic function. Throughout this
subsection M will denote an m-dimensional closed complex submanifold of C* and the

Kahler metric of M is induced from the canonical one of C".

Definition 4.1. Let N be a complex manifold and f be a locally integrable real function
in N. We say that f is plurisubharmonic function (or psh function, for brevity) if dd°f > 0

in the sense of currents.

Lemma 4.2. (see |9, Lemma, p.552]) Let Ny be a Kdhler manifold and Ny be a complex
manifold. Let g be a holomorphic map of Ny to Ny. Then for each C?-psh function f in

Ns, f og is subharmonic in Ny.
Lemma 4.3. The volume of M is infinite.

Proof. Take a point a € M. Let Bys(a, R) be the ball centered at a of M and of radius R.
Put u = |z — a|. Then u is a psh function on C" and hence, it is a subharmonic function
on M. Since the Kahler metric on M is induced from the canonical one of C", it implies
that By (a, R) C B(a, R), where B(a, R) is the usual ball centered at a and of radius R
in C". Therefore u < R in Bys(a, R). By [9, Theorem A], we get

lim inf —/ u? dvol = 0.
r—00 R2 B]\/[(G,R)
From this we deduce that f o dvol = oo. O

Proposition 4.4. Let u be a psh function on M and K be a compact subset of M. For
each open subset U of M such that K C U € M, there exists a decreasing sequence of C*-
psh functions ug in U such that uy converge to u,a.e in U. Moreover, if u is non-negative

then uy is non-negative.

Proof. By [7, Chapter VIII, Theorem 8], there exists a holomorphic retraction « of an
open subset V' of C" containing M to M, i.e a is holomorphic and ay; = idy;. Then uoa

is a psh function on V. The conclusion now is deduced immediately from this fact. [

As a direct consequence, we get the following.

Corollary 4.5. Let £ be an increasing convex function in R. Let u be a psh function on
M. Then & ou is a psh function. Specially, if u is non-negative then uP (p > 1) is in the
Sobolev space Ho(M) of degree 0 of M.
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Theorem 4.6. Let u be a non-negative psh function on M and p be a positive number
greater than 1. Take a point a € M. Let By(a, R) (or B(R) for brevity) be the ball
centered at a of M and of radius R. Then one of the following two statements holds:

(i)

1
lim inf — u? dvol = oo.
r—co IR B (a,R)

(ii) w is constant a.e in M.

Proof. Suppose that u is not constant a.e in M and

1
(41) lim inf — uP dvol = A < 0.
T—00 R BM(a7R)

Then, there exists a sequence {r;} such that

1
— uf dvol = A.
"5 JBul(ary)
By Proposition 4.4, there is a decreasing sequence uy of C'*°-nonnegative functions such
that uy is psh in B(rgi2) and wu converge to u,a.e in B(riy1). By the monotone con-
vergence theorem, there exists a subsequence of wu, without loss of generality we may
assume that this subsequence is uy, satisfying

1 » 1

— ujclvolg—2 uP dvol + 1.

5 JB(r)) "5 JBu(ary)
For each j > 1, let ¢, be a Lipschitz continuous function such that ¢;(x) =1 on B(a,r;)
and ¢;(z) = 0in M \ B(a,rj;1) and grady; < T—E“S a.e on M, where C'is a constant which

does not depend on index j (see [9, Lemma 1]). Put
IJN(6> = /B( )QD?(U?V+€)1)52ngaduNHQdV01,N > g
Tj4+1

and IV = lim.,o I} (¢). By the proof of [9, Theorem 2.1}, IV < 400 (by 41) and there
exists a constant C' = C(p) > 0 such that

(42) N < (IN,)<CUN,—-IY),1<j<N.

The rest of the proof is proceeded as in the one of [9, Theorem 2.4]. For convenience we
sketch it here.

It is easy to see that for some j, [ ]N > 0 for an infinite number of values of N. Since
1 JN <IN for j <k < N, it follows that there exist an index j, and a sequence Ny — +0c
such that for each m > jo, Ny > m, INk > 0. Divide (42) by Iﬁflljv’“,m < j < N, and
summing over j (from m to Ni), we obtain 1/INx > C(N,, —m) for a constant C. Hence,

lim (ud, —i—e)pT%ngaduNdevol: 0.
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Now, let p € C%(M) and ¢ be the smallest integer greater than (p — 2)/2. Then,
/M u?™ Apd vol = kErJPOO u?vtlAgod vol
=—(¢+1) lim u, <graduy,,grady >
k—+o00 k
=0.

In the other words, Au = 0 in the sense of currents. Hence, u¢™! € C* by the regularity

theorem (so that ”grad u¢™” makes sense). Put X = grad u?™!. Then,

/||X||290dvol = / < gradu?™, X > dvol
= —/uq+1div(<,0X)dvol

=— lim u?\;]:ldiv(@X)dvol

k—+o0

= (¢ + 1)]{1113 u'ﬁlzl < grad uy, , X > dvol
— 400
=0.

Therefore, X = 0. That means u is constant, a contradiction. Il

Corollary 4.7. Let u be a psh function on M. Then

/ e" dvol = oo.
M

5. THE PROOF OF THEOREM 1.3 FOR DEFECT RELATION WITH NO TRUNCATION

First of all, we will give a modification of [3, Theorem 2’].

Proposition 5.1. Let M,d,,00 > 0 and q,n € N,q > 2n. Then, there is a number

a = afd1,02, M, q,n) > 0 with the following property: If u,uy,--- ,u, are subharmonic
functions in an open neighborhood of Ay C C with Riesz charges v, vy, - - - , Vg, Tespectively
such that

(v+ Z vi) (D) < M,

then

| sup  w;, —uldedy < «, foralll <ip <--- <i,1 <gq.
Ay 1<k<n+1

Moreover, there exists r € [1 — 01, 1] such that

(gyi —(g- 2”)V)> (A,) > —0,.
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Proof. Suppose the theorem is false. Then there are a number o > 0 and a sequence

(W, ul, - ,ud),j € N with Riesz charge 17, vl

Z +Zug)(z

and for all € [1 — 41, 1] one has

(Z% (¢ — 2n) ))(AT) < —d,.

Hence, by passing to a subsequence if necessary, we can assume

respectively such that

J i
v; — Vi, V' — U,

Let G*\ be the Green potential of the charge A in the disk A;. By the Riesz representation
formula, we have
w — ! =hl +Gx (V] — 1),
where hg is harmonic in A;. By the proof of [3, Theorem 2’|, we get the followings:
(i) Gxvl = Gxuyy Gxvd = Gxvin LYA)).
(ii) hf — h; uniformly on compact subsets, some of h; may be identical —oo. We can
suppose h; # —oo for 1 < i < ¢ and h; = —oco for ¢ > ¢'. Note that ¢ — q < n.
(i) Put w; = hi +Gx*xvy (1 <i <¢)yu=Gx*xvn =n—(¢g—¢). Then u =
SUP) < eyt Uiy, TOr all 1T <y < oo <y < ¢

Hence, by [3, Theorem 2|, we get

q/
Z vi — (¢ —2n")v > 0.
i—1

Consequently,

H—ZVZ (¢ —2n)v

= Z v, — (¢ —2n)v + Z vi+{(¢" —2n) = (¢ —2n)}v.

i=q¢'+1
Obviously, the expression in the braces is nonnegative. Therefore, x > 0. Finally, for
a Radon measure \ in a neighborhood of A;, we have A\(0A,) = 0 for all r outside a
countable subset of [0,1]. Thus, we can choose a sequence 1, increasingly tending to 1
such that 7(9A,,) = 0. Hence,

q

> VAL = (g 20 (A,,) = K(A,,)

i=1

as j — 00. From these, we get a contradiction. U
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Corollary 5.2. Let M,0 > 0 and ¢,n € N,q > 2n. Let u,uy, - ,u, be subharmonic
functions in an open neighborhood of Ar C C with Riesz charges v, vy, - - | vy, respectively
such that the following two statements satisfied
(i) v(A,) — 400 asr tends to R,
(il) Foralll <iy < -+ <iny1 < q, we have
:2 AT|1<,S§EE+1 u;, — uldxdy = O(1)

as r tends to R.

Then for each 6 > 0,

(Zw (4 20) )(A»z—a(um»&qmm»)

for r close enough to R.

Proof. Put

u(rz) wi(z) = w;(rz)
V(&) + 20 v(A,) v(Ay) + 3 vi(Ay)

for z in a neighborhood of A; and » < R. By the condition (i) and Proposition 5.1, we

w(z) =

obtain the assertion. O

By the Jensen formula and Corollary 5.2, we have the Eremenko-Sodin second main

theorem.

Corollary 5.3. Let the notations and the hypothesis be as in Corollary 5.2. Then for
each 6 > 0,

2w q 2w
/ (Zui(re”) — (¢ — Qn)u(re”)) dt > —(5/ u(re™)dt + O(1)
for all r close enough to R. Here the term O(1) is a constant as r — R, but depends on
Usy U
In high dimension, we have
Corollary 5.4. Let M,0 >0 and g,n € N,q > 2n. Let w,uq,--- ,u, be psh functions in
an open neighborhood of Ap C C' such that the following two statements are satisfied
fa’m wdty - --dt; — 400 as r tends to R,

(il) Foralll <iy <-+ <ipy <gq,

| sup wg (2) — u(z)|= O(1)

1<k<n+1

as |z| tends to R.
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Then for each 6 > 0,

/ (Zu (¢ — 2n)u )dtl---dtl>—5/ udty -+~ dt; + O(1)
i=1 9 Ar

for r close enough to R.

Proof. Put
2 2 )
/ / e e e dty - - - diy.
And we define w; (1 <4 < g) in the similar manner. The radius r = (ry,--- ,7,) is chosen
close enough to R. It is easy to see that w,w; satisfy conditions in Corollary 5.2. U

Theorem 5.5. Let V' be a plurisubharmonic function on an open neighborhood of a
polydisc A of C". Let ga, be a pluricomplex Green function of A with pole at a =
(ay,--+ ,a,) € A. Then

0
/ / dd°V A (ddSga.,)" " dt
—o0 J{ga,a<t}

Proof. By the Lelong-Jensen formula (see [10, Chapter 6, Section 6.5] and [2, Chapter
III, Section 6]) and the fact that (dd°ga )" = (27)"d4a}, We obtain for r < 0

(V) — / V(dd°ga.)" = / / A4V A (ddCga )"~ dt.
{gQ,a<T} —o0 {gA,a<t}

It is clear that the right-handed side converges to

0
/ / dd°V A (ddCga o)™ dt
—0o0 {QA,a<t}

as r tends to 0. Now suppose that V' is continuous. Since the supports of . C A and p,
weakly converge to qq, we get 1, (V) = pa.(V) as r tends to 0. In general, by taking
a decreasing sequence of continuous plurisubharmonic functions V,, converging to V, we

get the desired equality. Notice that pg (V) is finite and

/AV(dngAﬂ)" = (27r)"5{a}(V) = (2m)"V(a)
is finite or —oo. O

Proof of Theorem 1.3. We now suppose on the contrary. By definition of the non-
integrated defect, there exist 7, > 0 (1 < i < ¢) and nonnegative functions h; such
that

n:F*dd log(|z1)*+ - - + |2m41]?) + ddlog hf > F*H;
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and 1 —n; < 0py,, (H;) < 1. Put n=>% (1 — ;). Therefore,

q
(q — n)dd° log|| F||*+dd°log h* > > " F*H;,

i=1
where 1/ is measurable and bounded. Subtracting (¢—2n)dd®log||F||? from the two sides

of the above inequality, we get

q
dd®log b > (Z F*H; — (¢ — 2n)dd® log||F||2> +(n — 2n)dd® log|| F||?.
i=1

Note that by f(M)N B(E) = @, we have
(43) [log||F||*~max; <j< v+ log| Hi, (F)*|= O(1)

forall 1 <i; <---iyyq <gq.
Claim 1.

/ vow" = +00
AR

Indeed, denote by |v|? the trivialization of v7 on Ag. If [v|? is not integrable over M then
we are done. Otherwise, it is integrable hence since v holomorphic |v|? is plurisubharmonic
function on M. Taking into account of Theorem 4.6 ones get Claim 1.

Claim 2.

lim log||F'(2)||= +o0.
r—R a/Ar

Applying Theorem 5.5 for élog||F || and vow™, and integrating in a over A,, (for some

ro fixed) and the inequality in the hypothesis of Theorem 1.3 we get

d
/ log||F(2)||> & / Vot 4 C,
GNA U Joa,

where R' < R and C' is a constant that does not depend on R’. On the other hand,

Ry Ry,
+o00 = oW = / ridry - - / rndrn/ vow™
AR 0 0 A,

Hence, fa' A, VPW" tends to +oo as 7 closes to R. That yields the claim 2. Now, by
R
applying Corollary 5.4 for u = log||F(z)||,u; = H;(F) and Jensen’s formula, we get the

desired conclusion. O

We recall the following version of the Bloch-Cartan theorem which plays an essential

role in Geometric Function Theory.

Theorem 5.6. (see [11, Corollary 3.10.8, p.137]) If a holomorphic map f : C — P™(C)

misses 2m + 1 or more hyperplanes in general position, then it is a constant map.
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The Bloch-Cartan theorem is generalized to hypersurfaces in general position in P"(C)
by Babets and Eremenko-Sodin

Theorem 5.7. (see [1] and [3]) If a holomorphic map f : C — P™(C) misses 2m + 1 or

more hypersurfaces in general position, then it is a constant map.

From Theorem 1.3, we have the following Bloch-Cartan theorem for meromorphic map-
pings from C! to a smooth algebraic variety V' in P™(C) missing 2N + 1 or more hyper-

surfaces in N-general position.

Corollary 5.8. Let f be a meromorphic mapping of C! to a smooth algebraic variety V
in P™(C). Let Dy,- -, Dans1 be hypersurfaces of P™(C) such that V ¢ D; and D; NV
are in N-subgeneral position in V. Assume that f omits D; (1 < j <2N +1). Then f is

constant.
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