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Continuous dependence of stationary distributions on
parameters for stochastic predator-prey models

N.D. Toan*  N.T. Dieu,,  N.H. Dul, L. B. Dung !

Abstract

This work studies the continuous dependence of the stationary distributions on the
parameters for a stochastic predator-prey model with Beddington-DeAngelis functional
response. We show that if the model is extinct (resp. permanent) for a parameter, it is
still extinct (resp. permanent) in a neighbourhood of this parameter. In case of extinc-
tion, the Lyapunov exponent of predator quantity is negative and the prey quantity
converges almost sure to the saturated situation where the predator is absent at an
exponential rate. Under the condition permanence, the unique stationary distribution
converges weakly to the degenerate measure concentrated at the unique limit cycle or
at the globally asymptotical equilibrium when the diffusion term tends to 0.

Keywords. Extinction; permanence; stationary distribution; limit cycle.

Subject Classification. 34C23; 60H10; 92D25.

1 Introduction

In ecology, a functional response is the intake rate of a consumer as a function of food density.
It is associated with the numerical response, which is the reproduction rate of a consumer
as a function of food density. Holling initiated the study of functional response in [8], where
author introduced several types of such responses. The so-called Holling type II functional
response is characterized by a decelerating intake rate following from the assumption that
the consumer is limited by its capacity to process food. Similar to Holling-type functional
response with an extra term describing mutual interference by predators, Beddington [2] and

DeAngelis et al. [3] introduced the nowadays well-known Beddington-DeAngelis functional
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response; see also [19] and references therein. Such a model represents most of the qualitative
features of the ratio-dependent models but avoids the “low densities problem.”

As the building blocks of the bio - and ecosystems, the basic premise of the predator-prey
models is that species compete, evolve, and disperse for the purpose of seeking resources to
sustain their struggle and existence. Let a = (r, K, m, a, b, ¢, 3,7) be the vector of parameters
whose components are appropriate positive constants. Then a deterministic predator-prey

model with Beddington-DeAngelis functional response of the form

d(t) = (m:a(t)(l NG .10} 110 ) dt

K a+ bya(t) + cxo(t)
dya(t) = ya () (—7 .

pmzq (t)
a—+ by (t) + cxo(t)

dt,

where x,(t) is the sizes of prey and y,(t) is the size of predator at time t.

It is well-know that that the quadrants of the plan R? = {(z,y) : > 0,y > 0} and
its interior R7® = {(x,y) : # > 0,y > 0} are invariant with respect to (1.1). Denote by
P(t) = (za(t), ya(t)) the unique solution of (1.1) with initial value ¢ = (z,y) € R2. Let

-
x may Bmaxy

— 12y "™ _pmry o\

f(9,a) (mj( K) a+ by +cx’ 7y+a+by+cm>

Consider the Lyapunov function V (¢, a) = Sz + y. It is seen that

. x B(r+)*K
V(6.0) = Valg,a)f(6.0) = fra(1 — )~y < LEDE g 0)
From this inequality, it is easy to prove that the set
K
R(a) = {(x,y) ER: :x+ By < %}

is also attractive set with respect to (1.1).

For any vector parameter a = (r,m, 3,7, a,b,c) € RZF, construct the threshold value

BmK

)\oc:_/y

When A, > 0, the system (1.1) has three nonnegative equilibriums (0, 0), (K,0) and (x¥, y).
The long term behavior of the model (1.1) has been classified (see [15, 20] for example) by

using the threshold value A\, as follows.

Lemma 1.1 (see [20]). Let A\, be a threshold value that is defined by (1.2). Then,
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1. If Ao <0 then the boundary equilibrium point (K, 0) is globally asymptotically stable.

2. If Ay > 0 and b > min {%7 w(:nz;ﬁ_?c;;:iin} then the positive equilibrium point ¢}, =

(X, y%) of the system (1.1) is globally asymptotically stable.

3. If A\, > 0 and b < min {%, 7,6(:11;5—2c'_yl):—211721r62} then the positive equilibrium point ¢F, =

(xf,y%) is unstable, and there is an exactly stable limit cycle T,.

Further, by the clarity of the positive equilibrium point formula and [7, Theorem 1.2, pp.

356], we have the following lemma.

Lemma 1.2. Let o = (r,m, 3,7, a,b,c) be the parameters of (1.1) such that A\, > 0. Then,

(i) On the set b > min {é’ w(zzﬂi;)ciﬁrﬁz }, the mapping o — (x%, y%) is continuous.

(ii)) On b < min{%, W(;Z;Li;)ciﬁrﬁ} the mapping o — Ty is continuous in Hausdorff

distance.

Let £ C R% be a compact set. Denote R(K) = UaexR (). It is clear that R(K) is a
compact set. Since f has continuous partial derivatives V,f and V, f, these derivatives are
uniformly bounded on R(K) x K. As a consequence, there exists a positive constants L,

such that
[ f (1, 1) = f(a, a2)|| < Li([l@r — d2| + lon — azl]), 1,02 € R(K);on,00 € K. (1.3) |Lip

Let T > 0. From the inequality (1.3), for any ¢ € R(K); ay,as € K, we have

sup [|®7, (¢) — ®F, (1) = sup /0 [£(@3,(s), 1) = f(®F,(5), a2)] ds

0<t<T 0<t<T

< [ 1702 (9. 00) = £(@, (), 00 ds

T
< LiT|a; — asl| + Ll/ sup [|®, (s) — 7, (s)]] dt.
0 t

0<s<

Applying the Gronwall inequality we obtain

sup || @2 (1) — % (¢)|| < LiT ||y — cale™ ™, V¢ € R(K), a1, 2 € K. (1.4) |e2.8

0<t<T

We now deal with the evolution of prey-predator model (1.1) in random environment, that

is some parameters are perturbed by noises (see: [6, 10, 11, 14, 17, 18]). Currently, one of the
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important ways to model the influence of the environmental fluctuations in biological systems
is to assume that the white noises affect the growth rates. Thus, in random environment, the
parameters r,y become r + 0131 and v — vy — 0232, where By and B, are two independent
Brownian motions. Therefore, the equation (1.1) subjected to the environmental white noise

can be rewritten

dreq(t) = (m‘a,g(t)(l — %;é(t)) - +Tbn;aa(§&t))iacax(t) (t)) dt + 0124, (t)dBy (1), )
a,o a,o 1.5
o) = aat) (=7 + -y 02O ok o)),

where o = (01, 09). Zou et al. in [20] has considered the existence of stationary distribution
and the stochastic bifurcation for (1.5). They have proved that there is a critical point
b*(o1; 02) which depends on o7 and oy such that system (1.5) undergoes a stochastic Hopf
bifurcation at b*(oy; 02). That is the shape of stationary distribution for system (1.5) changes
from crater-like to peak-like. However, the conditions imposed on parameters are rather
strict and some results in this paper need to be carefully discussed. In [6], Du et al. has
constructed a threshold between the distinction and permanence (also the threshold of the
existence of stationary distribution) to the system (1.5).

The main aim of this paper is to consider the robust of permanence and the continuous
dependence of stationary distribution of the equation (1.5) on the data in case it exists.
Precisely, we prove that if the model is extinct (resp. permanent) for a parameter, it is still
extinct (resp. permanent) in a neighbourhood of this parameter. In case of extinction, the
Lyapunov exponent of predator quantity is negative and the prey quantity converges almost
sure to the saturated situation where the predator is absent. Further, if A\,, > 0 and o — oy
and o — 0, the stationary distribution i, of the equation (1.5) will converge weakly to the
degenerate distribution concentrated on (7, ,%%,) or on the limit cycle I'y, of the system
(1.1).

The paper is organized as follows. Next section deals with the main results. In section
3, we give an example to illustrate that when (a,0) — (v, 0), the stationary distribution

[a,o Weakly converges to the degenerate distribution concentrated on (z7,, v, )-

2 Main result

Let (92, F,P) be a complete probability space and let Bi(t) and Bs(t) be two mutually

independent Brownian motions. It is well known that both R? and R%° (the interior of R?)

4
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are invariant to (1.5), i.e., for any initial value ¢ = (2(0),y(0)) € R2 (resp. in R%®), there
exists a unique global solution to (1.5) that remains in R? (resp. € R%°) almost surely (see:
20]). Denote by ®% ,(t) = (Za,s(t),Ya,s(t)) the unique solution of (1.5) with initial value
¢ €R2. For d >0 and 6 > 0, let

Us(a) = {a/ = (r',m/, B/, 7, ¥V, ) eRL: |lo — o <6},
Vs(do) = {¢ € RY : [|¢ — ¢oll < 6}

the ball with the radius § > 0 and center . Denote
Ri(ao) = | R(o).
a€Us(ao)
For any R > 0, denote
Br={¢=(z,y) eRY : |9 <R}.

Let C*(R?,R,) be the family of all non-negative functions V(¢) on R? which are twice
continuously differentiable in ¢. For V € C?(R?* R, ), define the differential operator LV

associated to the equation (1.5) is given by

LV(6) = Va(0) f(9,0) + gtrace [27 (6.0) Vs (0)s(6,0)] (21)

where Vj(¢) and Vi, (¢) are the gradient and Hessian of V(+), ¢ is the diffusion coefficient of

9(¢,0) = (U(l)x Ugy) '

By virtue of the symmetry of Brownian motions, in the following we are interested only

o1 > 0,00 > 0.

(1.5) given by

Lemma 2.1. Let K € RZF’O be a compact set and & > 0. Then for any 0 < p < 25 we have

g

H.
E(V (@2, (1) < e ™V(0) + 2. Ya e K, o] <7, 120, (22)
1
(1+p) p* :
where Hy = T(% - T>’ Hy = sup sup {LV(¢) + HiV ()} and . = inf{~ :

a€ll,|o|<7 peR3
(r,m, B,7,a,b,¢c) € K} and V(¢) = (Bz +y)'*?.

As a consequence,
sup {E[[8, ()7 a € K, ||o] <7, t = 0} < . (2.3)

)
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Proof. The differential operator LV (¢) associated to the equation (1.5) is given by

£v(6) = (14 p) (B +y (Bre (1 2) — ) + PP (0 g gyt (2020 4 2y

g 2 r T
< @) (=7 + 20 04 ) 4 pr(a (e (2
2

< (149) (=% + ) (B + )7 + fr(1+ p)(Ba + e (T - )
< Hy — HiV(¢).

where
1 +p< B pEQ)

H, =
! 9 2

and

Hy= sup sup {LV(¢)+ HV ()} < 0.

a€k,|o|<T peRT

Thus,

Page 6 of 21

LV(9) < Hy — HyV(9). 2.4)

By a standard argument as in [4, Lemma 2.3|, from (2.4) it follows that

H2<€H1t — 1)

E(e™V (23, (1) < V(6) + ——7

Thus,

H,y

E(V(®5,(1) < e ™V (g) + o

i.e., we get (2.2).
By using the inequality ||¢[|'? < max{1, ’y;(Hp)}V(@ and (2.2), we have

sup {E[|®% ()" :a e K, |lof| <7, t >0} < oo.

Lemma is proved.

When the predator is absent, the evolution of prey follows the stochastic logistic equation

on the boundary,

dpas(t) = 1aslt) (1 - %};(t)) dt + 01000 (1)dBy (t). (2.5)

Denote ¢, (t) is a solution of the equation (2.5). By comparison theorem, it is seen that

Tao(t) < 0as(t) VE > 0 as., provided that z,,(0) = ¥a(0) > 0 and y, ,(0) > 0.

6
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Lemma 2.2. Let (To0(t), Yoo (t)) be a solution of the equation(1.5) and va..(t) be a solution
of Equation (2.5). Then,

(i) If r < %% then the system 1is exponentially ruined in the sense that the Lyapunov

exponents of Yoo (*); Tae(:) and yo.(-) are negative.

(ii) In case r — % > 0, the equation (2.5) has a unique stationary distribution Ve, with

the density

Pao(z) =Czt e 1% 2 >0.

Further v, , weakly converges to dx(-) as oy — 0. Where §k(-) is the Dirac measure

with mass at K.

Proof. 1t is easy to verify that with the initial condition ¢, ,(0) = x¢, the equation (2.5) has

a unique solution

xoexp{(r — Cré)t + 0B (t)}

(pa,cr(t> = (26)

K + g [} exp{(r — %%)s +0Bi(s)}ds

(see [16] for example).

Therefore, by the law of iterated logarithm we see that if r — %% < 0 then

2
lim 2acl) o oi

t—o00 t 2

Using this estimate and the comparison theorem gets

nx
lim sup < 0.

t—o00

A

=

=)

|

<
I

On other hand, it implied form the second equation in the system (1.5) that

1 t 1 2 1t B
Mt 2D - S e e e
0

t t 2t )y at+byas(s)+cron(s)
By using strong law of large numbers and (2.7), we have

In Yo . (t 5
limsupny—’() =—y— %2 < 0.
t—o0 t 2

The item (i) is proved.

7
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We now prove the item (ii). Consider the Fokker-Planck equation with respect to (2.5),

ooz, t) 0 [rx (1 — %) Pao (T, t)] 0% 0% [2°Pa.o ()]
ot T ox + 2 oxr? ’ (2.8)

2
It is easy to see that for r — %1 > 0 the equation (2.8) has a unique positive integrable

solution

2
075_2 2K
Pao(z) =Cxi e 715 x>0,

which is a stationary density of (2.5). Where C' is the normalizing constant and defined

T

2
by C = ﬁ (ﬁ’k) T and ['(+) is Gamma function. It means that the the equation
2 1
71

(2.5) has a stationary distribution whose density is a Gamma distribution T'(2% — 1, 3%).
1 1

By direct calculation we have

. . KO’%
lim B, (1) = Jim [K Ao } K.

and

K%} (2
lim Var(¢a.(t)) = lim [ 71 <—2 - 1)] = 0.

o010 o1—0 | 4r? \ o7
These equalities imply that the process ¢, (t) converges to K in Ly as 03 — 0. The item
(i) of Lemma is proved. O

2
o
By the item (i) of Lemma 2.2, from now on, we are interested only on the case r > 71

For any a € RZ’O and o > 0 we define a threshold

2 0
Ny = —y— 2 4 / mpT  (@)d. (2.9)
0
It is noted that when o = 0 we have A\, o = A, to be defined by (1.2).
Lemma 2.3. The mapping (o, 0) = Ao @S continuous on the domain

2
D .= {Q:(T7K7m7a7b707677):aeRi’ r> %’01 ZO}

2r 2r

Proof. The integrality of the function z°% e % x,x > 0 depends on two singular points

0 and oo. For ag = (0, Ko, mo, ag, bo, co, S, %) € D and oy with og; > 0, we can find a

sufficiently small n > 0 such that the function

2;0;7] _ _ 227‘@}{*1 z
x0T e 7070 forO0<x<1
h(l’) = 2rotn o _ _2rq—n

o2 —-n o2 K+'r]m
%01 e 01 for 1 < x.

8
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is integrable on R, . Further, for all a to be closed to oy and o to be closed to gy, we have

Dao(z) < h(z) V x € Ry. Paying attention that the function ;’fﬁ; is bounded, we can use
the Lebesgue dominated convergent theorem to get lim,_ag.0-00 Aayoo = Aa,o0-
The case 0y = 0 follows from the item (ii) of Lemma 2.2.

Lemma is proved. [

Theorem 2.4. If \,, < 0 then yo,(t) has the Lyapunov exponent A, » and o »(t) — Pa,o ()

converges almost surely to 0 ast — oo at an exponential rate.

Proof. Since the function h(u) = Ai is increasing in u > 0, it follows from (2.7) and
u
comparison theorem that
Iny, . (t Iny,.,(0 2 1/t ML o (S Bs(t
Yoo (1) _ y,()_,y_@+_/ Bmaa,(s) is 4+ 2B2(0)
t t 2t )y at+byas(s)+cran(s) t
< Iy, (0) P U_% 1 ! Bmpa,q(s) ds + 09 Ba(t)
t 2t )y atcpas(s) t

Letting ¢ — oo and applying the law of large number to the process ¢, , obtain

In Yo (¢ -
Waoll) 02 [T BmE e = A, (2.10)

)

lim su
Hoop - 2 0o a-+cx

We now prove that the process 2, (t) — a0 (t) converges almost surely to 0 by estimating

the rate of convergence ¢, ,(t) — 4, (t) when t — co. Using the [t6’s formula we get

t 2
Inz,,(t) =Inzy + / (r (1 — xa,g(s)) Mo (3) - ﬂ) ds + o1 B1(t),
0

K Ca+ bYao(s) + cxaos(s) 2
(2.11)

" I Qoo () = In @0 (0) + /Ot (r (1 - %(S» - Ué) ds + 1B (8). (212

From (2.11), (2.12) and lities —— 0 <™ gy s 0 and 2e0(t) < 0uo(t), >
rom (2.11), (2.12) an 1nequa11esa+by+ca7_ Y Y,y and z,,(t) < Par(t),t >

0, we have
In Yy o(t) — Nz, (t _ 1 [
0 < limsup B Pa,g(t) = I Zao(t) §hmsup—/ (L(:vag(s) —goag(s))—i-myag(s)) ds
t—o0 t t—o0 0 K ’ ' a”’

1 t
< @limsupg/ Yao(s)ds =0. (2.13)
0

a t—o00

From (2.6), it is easy to see that

1 t
lim 2Pee®) _ (2.14)
t—00

9
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Combining (2.14) and (2.13) we obtain

Inx,,(t
i M %ao(t)
t—o00 t

=0, a.s. (2.15)

Hence, from (2.10)

Yoo (t) —Inz, (1)

lim sup < Ao < 0. (2.16)
t—o00 t
Otherwise,
1 ol —r 7 MY (t) o1
d(—) - (1— by < )dt— T aBy(t), (217
oo (t) Tao(t) K Zao(t)(a+ bao(t) + ctas(t)) oo (t) 1(8), (217)
and )
1 oy —r T o1
d( ) - ( ! +—>dt— — LB (t). 2.18
Pao () Pao(t) K Pao(t) 1) ( )
1 1
Put z(t) = - . We see that z(t) > 0 for all t > 0 and
xa,a(t) @a,a(t)
dz(t) = ((Uf —r)z(t) + Mo (!) ) dt — o12(t)d By (t).
Zao(£) (@ + UYao(t) + cTa s (t))
In view of the variation of constants formula [13, Theorem 3.1, pp.96], it yields that
2(t) = a0 (t) / t\IJ_l(s) Mo (5) ds (2.19)
- 0 Lo (8)(@ + bYa,0 (8) + €Ta,0(5)) ’ ‘
where
0,2
U(t) = o(F) o), (2.20)
It is easy to see that ,
. InV(t) oy
tlgglo =5 T (2.21)

Let 0 < A\ < max{%, —Aa,0} be arbitrary and let us choose € > 0 such that 0 < A3 <

max{r — %%, —Aa,o - From (2.21), there are two positive random variables 7y, 1, such that

o2 ot
meF T < W(r) < el T V> 0as, (222)

Further, follows from (2.16), there exists a positive random variable 73 satisfies

ya,J(t)
T o (1)

Combining (2.19), (2.22) and (2.23), gets

< 7736()‘“*"+E)t, Vit>0a.s. (2.23)

2 t 2

By C1mmnons (%1 _ _21

Ha(t) < TP O3 ’%)t/ R )
am 0

10
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Thus,
O S llm eXtZ(t) S Clznn2n3 11m (e()\a,o+)\+38)t _ e()\+(72%7‘+€)t) — O
t—00 an (7" _ 0_21 + )\a,o + 25) t—00
As a result
< N 1 1
Nt o A . _
tlggloe 2(t) = tlggoe (afa,a(t) s%,a(t)> 0. (2.24)
In g, - (t . X ) .

Since limy_, o, %() =0, limy o e*%@ip(t) = 0. Using (2.24) obtains

tim % (90 (t) = 2o () = im ¥ g (B () (— 1

oo &7 \Pao Lo T e & Pae T Tao(t)  Paos(t)

t X 1 L
— 1im € Qg o (t) T 0 (1) ( a (t)) -

t—o0 LTa,o <t> Pa,o

It means, =, ,(t) — @a.0(t) converges almost surely to 0 as ¢ — oo at an exponential rate.

We now turn to the estimate of Lyapunov exponent of y,,. From (2.7) we get

! o0 t 1 @,0 0 3 1 ! a,o B (t
ny,():ny,()_7_2+_/ BMaq(s) ds+02 5(1)
t t 2t )y at+byas(s)+cran(s) t
_ In ya,a(o) oy U_% 1 ! 5m90a,a(5) ds + 0232(t)

t 2t Jy a4 cpas(s) t

! xa,a(s) (pa,a(s)
+ ;/0 pm (a + WY o (S) + CTa o (S) Ca+ cgocw(s)> ds.

Since limy o0 (Ta,0(t) — Pae(t)) = 0 and limy_,o Yoo (t) = 0, it is easy to see that

im L [ g ( Tao(5) - %70(8)(5)) ds = 0.

t—oo b Jo a4 Yo o(S) + CTan(s) a+ cpae
Thus,
Inya,(t Inya.,(0 2 1 /[ oo By(t
fim 2eo® g (Mee(0) on L[ Bmao(s) o o2 Ba(t))
tmoo t—00 t 2 tJy a+cpas(s) t ’
The proof is complete. O

The following lemma is similar to one in [5].

Lemma 2.5. For T,c > 0 and oy € R7°, there exists a number k and & such that for all

a € Us(ap) and 0 < ||o|| < &,

P{||®% ,(t) — % (t)|| > <, for somet € [0,T]} < exp {—ﬁ} , ¢ € Rs(ap). (2.25)

11
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Proof. Let 0 <6 < From (1.4) we have

, YaeUs(a),d € Rs(a). (2.26)

Let R > 0 be large enough such that Rs(ag) C Bgr and let hg(-) be a twice differentiable

s _
2L TelT "

sup | (t) — @5, ()| <
0<t<T

I

function such that

_f1 el <R
hr(¢) = {0 it | o] >R+1’ 0= el
Put @
.0 = 1o (6. = (100
and

() = hlaate.n) = he) (4 0.

02y

It is seen that fi,(¢, @) is a Lipschitz function, i.e., there exist M > 0 such that

[ fn(¢1, @) = ful(@o, )| < Mo = 61|, Vo € Us(aw), b1, ¢ € RY. (2.27)

If we choose M > 2R? we also have
lgn(@)gn (D) < Mllo|®, V¢ € RE. (2.28)
Let 5£U(t) be the solution starting at ¢ € Rs(ap) of the equation
dB(t) = fr(B(t), a)dt + g,(B(1))dB(t), (2.29)
where B(t) = (Bi(t), B2(t))". Define the stopping time
5 =inf{t > 0: (|4 (t)| > R}. (2.30)

It is easy to see that 5ﬁg(t) = ®? _(t) up to time 7. Since the state space Rs(ag) of
(1.1) is contained in B, the solution ®¢(-) of (1.1) is also the solution of the equation

dD(t) = f(D(t), a)dt, t >0
with initial value ¢ € Rs(cy). For all t € [0, 7], using Itd’s formula we have
~ Lo, T ~
P? (1) — P2 (1)||* =2 i34 — o O _(s),a) — frn(®2(s),a))d
182,(t) - @20 / (32,(5) = @4(5)) (/ul@h0(),0) = ful@4(s). ) ) ds
+ [ B (o)mace (582, (6)e] (@2, (5)
0

v2 [ (8,60 - 00) @2 (6)aB0). (23

12
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By the exponential martingale inequality, for 7, ¢ > 0, there exists a number k = k(7<)

such that P(Q2) > 1 — exp{—ﬁ}, where

t€[0,T]

= { sup [ / (205~ 22(5)) (B2 o ())dB)
1 to, T ~ T~ ~
~SloT? | (3206 = 2209)) " an(@, 6Dl (B2 () (B2, (5) — 025)) ds] <noe R5<a0>} .
From (2.27) and (2.28), it implies that for all w € €,
I92,(6) = B2 <2 | 182,(5) = @L)(BE0 () ) = Su(@2(5). ) s

+ /0 h(%ﬁva(s))trace <gh(gf)ia(s))g}?($£o(s))> ds

1 t t
+ 2/ ds+2/ Kkds
le]12 /o 0

t ~
< 3M/ ||‘D?i,a(5) — ®%(s)||Pds + (M||o||* + 2r)T. (2.32)
0

%4 (s) — D2(s)

\ ’

91(82., ()97 (82.,(5))]

For all ¢t € [0, T], an application of Gronwall-Belmann’s inequality implies that

192,(t) = @2 < /(Mllo|]? + 2x)T exp{3MT}
in the set €. Choosing  is sufficiently small such that (M2 + 2k)T exp{3MT} < % implies

1B2 (1) — BL(1)] < % for all o € Us(ag),0 < |lo|| < & ,w € Q. (2.33)

From (2.33), (2.26) and triangle inequality, we have

|2 (1) — B2 (1) < s Va € Us(a),t € [0,T],w € Q.

It also follows from this inequality that when w € Q we have Tr > T, which implies

P{||®%, (t) — D2 ()] <, forallte[0,T]} >P(Q)>1- exp{ il }

o]

holds for all 0 < ||o|| < k and « € Us(ap). The proof is complete. O

Theorem 2.6. Let ag = (r9, mo, Bo, Y0, @0, bo, o) be a vector of parameters of the system

. . m2 B2 —c2~2 )
(1.1) such that A\, > 0 and by < min {5—‘;, ’Yoﬁo(moﬁg—oco’yg;-?-momﬁg } Then, there exist 6; > 0

and @ > 0 such that for all o € Us, (a) and 0 < ||o|| < T, the Markov process ®F ,(t) =

13
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(Tao(t), Yoo (t)) has a unique stationary distribution .. Further, pa, is concentrated on
]Ri’o and has the density with respect to Lebesgue measure. Besides, for any open set V

containing I',, we have
lim e, (V) =1, (2.34)

(a,0)—(a0,0)

where Uy, is limit cycle of the system (1.1) corresponding to the parameter ay.

moﬁo _‘3070
Bo* v080(moBo—covo)+moroB3

Proof. Since A\, = —70 + (fgin?(ﬁco

Lemma 2.3 to find 6; > 0 and @ such that

> 0 and by < mln{ }, we can use

o2 * mpx
)\aoz_ -2 a,0 d ;
: ol 2+/0 a+cxp,(l’)l’>0
262_67 }
b < min
{6 "yB(mB — cy) +mr?

hold for all a € Us, () and 0 < ||o|| < @. By virtue of [6, Theorem 2.3, p. 192], the Markov
process @ﬁ,a(t) = (Za.s(t), Yoo (t)) has a unique stationary distribution p,, with support
R%*°. Further, by [1, 12], the stationary distribution p,, has the density with respect to
Lebesgue measure on R*° by the non degenerate property of g(¢).

On the other hand, it follows from (2.3) that for any € > 0 there exist R = R(e) such
that p,(Br) > 1 — ¢ for every a € Us, (o) and 0 < ||o|| < @.

By assumption of Theorem 2.6, it is seen from the item (2) of Lemma 1.1 that ¢} is
a source point, i.e., two eigenvalues of the matrix Df (¢}, ,ao) have the positive real parts.

Therefore, the Lyapunov equation

D (&4, 0) P+ PDf(¢, a0) =1

ao7

has a positively definite solution P. Since Df(¢, ) is continuous in ¢, «, there exist a

positive constants 0 < dy < 01, 0 < 93 and ¢ such that

V(. @) = Vy(¢,a) f(¢,a) > clld — 2], (2.35)
trace (' (¢)Pg(¢)) > cllo|?, (2.36)

for all ¢ € Vs, (¢%,), o € Us, (). Where V(p, ) = (¢ — ¢%) " P(¢ — ¢7). Hence,
LV (¢, a) = Vy(¢, @) (¢, @) + trace (g (¢)Pg(9)) = cl|o]? (2.37)
for all ¢ € Vs, (¢;,,), o € Us, ().

14
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Denoting S = Vs, /2(¢},,) and Z = Vs, (¢%,) we now prove that

im  pta,q(S) = 0. (2:38)

(a,0)—(0,0)

First, we note from (2.35) that there is T* such that if ¢ € B\ S then ®%(t) € Bg \ Z for
all t > T*. Further, for any 7" > 0 we have

oo () = /R  Pag (T, 6, S0 (d0)

= / Pa,o (T, ¢7 S)/Ja,a(dgb) + / Poz,a (T: ¢> S)Ma,a(d¢) + / Pa,o (T7 (b» S)Na,a(d¢)7
Br\S S

)
where P, 5(T, ¢,-) = P(®% ,(T) € -) is the transition probability of the Markov process ® .
It is clear that

/ P (T26, )0 (46) < 1o (B) < . (2.39)

For ¢ € S, let 72, be the exit time of ®¢ () from Z, i.e.,

78, =inf{t >0: 0% () ¢ Z}. (2.40)
By Ito’s formula, we have
Ta,o N\t
6> EV(@2, (0 A1) — V($) =E / LV(@2(s))ds (2.41)
0
> c||o|’E [r2, At] > cllo|*t P(r2, > t), t >0, (2.42)

where 0 = sup{V(¢,a) : ¢ € Z,a € Us,()}. Choosing T, = max {ﬁ, T*} obtains

P(r, > T)) < 3, (2.43)
for all ¢ € S, € Us, (). Thus,
Poo(T5,¢,5) = P(®4(T,) € S)
=P(2°(T,) € S, 73, 2 T,) + P(®*(T,,) € S, 73, < T) (2.44)
< 5 HB@OT,) € 8,78, < T,).

By using strong Markov property of the solution, one gets
P(®*(T,) € S, 7%, < T,)

) Ta,o

_ /Ta U P{oY (T, —t) e SYP{& (t) € dp}| P {72, € dt}.
0 0Z

15
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It remarks that when ¢ € Z we have ®¥(T, —t) & Z for all t > 0. Therefore, by Lemma
2.5 with ¢ = d3/2 we can find @ > £ > 0 and 0 < 04 < &, such that P(®Y, (T, —t) € S) <
exp {— i } for 0 <t<T,, 0<]|o| <kand o€ Us, (). Hence,

llrll®

P{®*(T,) € S,75, <T,} <T,exp {—

K
o @ Cthan) 0<llol <x. (249

Combining (2.44) and (2.45) obtains

/SP(T(N ¢7 S)Ma,a(d¢) S %MQ,U(S) + Ta €exp {_

K
||0||2} , a € Us, (), 0 < ||o|| < k.

On the other hand, when ¢ € By \ S we see that ®¢(T,) & Z. Therefore, using (2.35)

again we get
/ P(T07¢7 S)MQ,U(d¢> < exp {_LQ} , € Z/{54(Oéo>, 0< ”O-H < K.
Br\S ol

Summing up we have

1

oo (S) < ~prao(S) + (T + 1) exp {— R

o]

<3 }+€, a € Us,(ap), 0 < |lo]| < k.

Noting that lim(q,»)—s(ae,0) (15 + 1) exp {— ”HQ} = 0 we can pass the limit to get

llo

limsup fiao(S) + €.

(a,0)—(a0,0)

N | =

limsup fiq0(S5) <

(a,0)—(v0,0)

Since € > 0 is arbitrary,

limsup fia4(S) = 0.

(o,0)—(a0,0)
We now prove (2.34). Let V be an open set containing I',,. It suffices to show that for

any compact set B not intersecting ) nor S we have

lim . (B) =0.

(a,0)—(0,0)
Let 3d = dist (0V, Iy, ) and

Va(Top) = {x : dist (z,Ty,) < d}.

From item (ii) of Lemma 1.2, there exists 0 < d5 < d4 such that I', C Vy(T',,) for all
o € Us, (ap). Tt is clear that
dist (B, Va(Tay)) > 2d.

16
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Let ¢ > 0 and R = R(e) > 0 such that S,B C Bpg and p,,(B%) < e. Since ', is
asymptotically stable, we can find an open neighbourhood U of I, such that U C V4(I'y,)
and if ¢ € U then ®¢ (t) € V4(Ty,) for all ¢ > 0. Further, the simple property of the limit
cycle I',, implies that

lim dist (@2 (t),Ta,) =0 for all ¢ € S.

t—o00

This means that for every ¢ € By '\ S, there exists a T such that ®¢ (¢) € U for all t > T

By the continuity of solutions on the initial condition, there exist d; > 0 such that
@z (t) € U for all z € Vs,(¢) and t > T?. Since Br \ S is compact, there is ¢y, da, ..., O
such that Bg \ S C Unz1Vs,, (0r). Let T'= max{T? T? . T%}. It is seen that

DY (T) € U C Vy(Ty,) for all ¢ € Br\ S.
Similar as above, we have

fa,o(B) = / Poo (T7 ¢, B)fia,o(do) + / Poo (T7 ¢, B)tia,o(dd) + / Poo (T> ¢, B oo (do),
Br\S S B

c
R

< / Poo(T. 6, B) 1o (d0) + frae(S) + oo (BS)
Br\S

< [ P76 Bies(d9) + () 4=
Br\S
(2.46)
Using the Lemma 2.5 again with ¢ = d we can find dg < d5 and k1 such that
K
P{||®% (T) — ®2T)|| > <} < exp {—W} ,a €Usg(aw), 0 € BR\ S, 0 <|o] < k1.

This inequality implies that

]P){”q)z,a(T) € V} 2 1 —eXP{ }7 o€ u56(a0)7¢ € BR\Sa 0< ”O_H < K1.

K1
lo]?

Since BNV =0,

R1
[calis

Poo(T,¢,B) =P {||®% (T) € B} <exp {— } , a € Us, (), ¢ € BR\S, 0 < |lo|| < 5.

Hence,

R1
o2

fao(B) < exp {— } + fa,0(S) + €.

Thus,

limsup pao(B) < lim (exp {— H:”Z} + tao(S) +e) =e.

(a,0)=(0,0) (a,0)=(v0,0)

17
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Since ¢ is arbitrary,

limsup fiao(B) =0.

(a,0)—(0,0)

The proof is complete. O

Corollary 2.7. Suppose that all of assumptions of the theorem 2.6 hold. If H is continuous

and bounded function defined on R2, then

T*

lim H(2)dpig () = i H(®? (t))dt (2.47)

(a,0)—(0,0) Ri T 0
where ¢ is any point on Iy, and T* is the period of the limit cycle, i.e., @EO (t+T*) = @io (t).

Proof. Let @, 4(-) be the stationary solution of (1.5), whose distribution is jiq,. We see that

~

H(¢)dpoo(¢) = EH (P (1)), forall t > 0.
R
In particular,
AN
H(¢)dua,a(¢) = T H((I)a,a(t))dt
R% T Jo
where T is the period of the cycle. Since the measure i, (-) becomes concentrated on the

cycle Ty, as («, o) approaches to (g, 0) and H is bounded continuous function, we obtain

S
lim H(¢)dpao(9) = 7 [ H(PE,(1))dt,
(O‘:U)ﬁ(a[))()) R?F T* 0
where ¢ is any point on the limit cycle I',,. The proof is completed. O]

Theorem 2.8. Let oy = (19, M0, Bo, Y0, @0, bo, o) be a vector of parameters of the system

inla mEBg—cid
(1.1) such that Ao, > 0 and by > min { Bo* S0BelmaBo—como)tmoraR? | °

Then, there ezxist 6 > 0 and @ > 0 such that for all a € Us(ap) and 0 < o < @, the

process (Taq(t), Yoo (t)) has a stationary distribution pa, concentrated on R%°. Further for

any open set V' containing the positive equilibrium point ¢}, = (v}, y%,) of the system (1.1)

Page 18 of 21

lim :U/a,cr(v) = 1. (248)

(a,0)—(x0,0)

Proof. The proof is quite similar as the one of Theorem 2.4. So, we omit it here. n

18
Applied Probability Trust



Page 19 of 21 Applied Probability Journals

3 Numerical Examples

exl| Example 3.1. Consider (1.1) having the parameter ag with ro = 1, Ky = 5,mg = 9,a9 =
1.75,bp = 1,c0 = 1,7 = 0.6,8p = 0.5. Direct calculation shows that A\, = 2.7582 >
0 and a positive equilibrium (z*, y*) (0.3,0.233) with Df(z*,y*) has two eigenvalues

. . ‘ m2 62— 22 .
0.0016 + 0.66¢. Further, by < mln{ﬁ—g, %ﬁo(moﬁgjcmg)imoroﬁg}. Thus, this system has a

limit cycle T’y simulated in Figure 1, starting from the point (0.67,0.2). Let V be an e—
neighbourhood of T'y with e = 0.01. For ||o|| < 1, we have A\, > 0. This means that (1.5)
has a unique stationary distribution p,,. We estimate the probability p, (V) as o — 0.
To simplify the simulation, we fix all other parameters, excepted the variation of a and list

results in the following table.

o ](05,05) [ (0.1,0.1) ] (0.01,0.01) | (0.001,0.001)
a 1.8 1.75 1.72 171
Neo | 23975 | 272 2.7450 2.7500
liao(V) | 0.1575 | 0.3380 | 0.7001 0.8960

The limit cycle Ty of the system (1.5) when a=1.7, 6=0

(y)(t).
05

0.4}
o3 A

0.2

0.1

0

0 0.2 0.4 0.6 0.8 1 1.2
x(t)

Figure 1: A: Limit cycle 'y of (1.1); B: Sample path of (1.5) when a = 1.78,0 = 0.5; C:

Sample path of (1.5) when a = 1.75,0 = 0.1. f1.1
i ;_(FX;V)(Q)- i .;_(rx..yb(tb-
OD 0.2 0.4 )(:"5) 0.8 1 1.2 00 0.2 0.4 3(16) 0.8 1 1.2
Figure 2: D: Sample path of (1.5) when a = 1.2,0 = 0.01; E: Sample path of (1.5) when
a=1.71,0 = 0.001. 1.2
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