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Abstract This paper deals with the problem of stability and H.. filtering for a class of
singular differential equations (SDEs) with time-variable delay. The time-variable delay is
assumed to be continuous uniformly bounded and appears in both the observation mea-
surement and the disturbance input. Based on singular value decomposition method and
newly proposed lemmas on stability characterization of SDEs, we propose delay-dependent
sufficient conditions for the existence of H., filters such that the error singular equation is
admissible with H., norm bound. The conditions are established in terms of linear matrix in-
equalities (LMIs), which can be solved efficiently by LMI toolbox algorithm. The developed
conditions are illustrated by a numerical example with simulations.
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1 Introduction

The problem of estimation such as Kalman filter, H. filtering has been widely studied and
found many practical applications during the past decades. The Kalman filter addresses the
minimization of filtering error covariance [1, 7], while the H.. filtering deals with the design
of a filter making the error system asymptotically stable with a prescribed norm of the trans-
fer function from the disturbance to the error output [16, 23, 24]. The H., filtering problem
has been paid much attention from researchers due to its theoretical and practical interests
in control engineering. The problem has made substantive achievements by using various
mathematical methods such as polynomial equation and interpolation approach, Lyapunov
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function and LMI methods [19, 20, 21, 26, 27, 30]. On the other hand, singular equations
(or descriptor equations, implicit equations, differential-algebraic equations) are widespread
concerned and great progress has been made in both theory and application [4, 28]. More-
over, time delays are the main causes of instability and poor performance of systems, and
are frequently encountered in many control systems [6, 17]. Since the singular time-delay
models describe a larger class of equations than usual state-space ones, great effort has been
made to study stability and control of singular equations with delays (see [10, 11, 27] and
the references therein). It should be pointed out that the H., filtering problem for singular
equations has been developed for a wide range of SDEs such as for time-invariant delay
equations, time-variable delay equations, fuzzy SDEs with delays, stochastic SDEs with de-
lays and impulse SDEs with delays [2, 29]. By the use of Lyapunov function method and
LMI framework, H., filtering problem was considered in [9, 15, 22, 24] for linear singu-
lar equations with constant delays, and in [3, 12, 14, 29, 31] for linear singular equations
with time-variable delays. It is worth noting that the time-variable delay considered in the
aforementioned papers is differentiable and its derivative is bounded, which reduce practical
applications. Therefore, date and to the best of our knowledge, for SDEs with time-variable
delay the problem of stability and H., filtering has not been fully investigated yet.

This paper is interested in the stability and H.. filtering of SDEs with time-variable de-
lay in such a novel manner that the delay function is non-differentiable, but continuous and
bounded. Based on newly proposed stability characterization for SDEs with time-variable
delay combined with augmented parameter-dependent Lyapunov—Krasovskii functionals,
new sufficient conditions for the admissibility of the error singular equations are first es-
tablished. Then, the suitable H.. filters will be designed through solving tractable LMIs.
Comparing with the existing results, the main contributions of this paper lie in the follow-
ing:

(1) The SDE:s is subjected to non-differentiable delay, which appears in both the observation
and the disturbance input.

(ii) The technical improvement (Proposition 2) is proposed to show the asymptotical stability
for the SDEs. This allows us to exponentially estimate solutions of the delay differential and
delay algebraic equations with a unified performance specification.

(iii) New delay-dependent sufficient conditions for designing H.. filters are established in
terms of LMIs, which can be solved efficiently by LMI toolbox algorithm [5].

The organization of this paper is as follows. In Section 2, stability characterization with
some auxiliary technical lemmas for SDEs with time-variable delay is formulated. The main
result on the H.. filter design is presented in Section 3. An illustrative example is given in
this section to demonstrate the effectiveness of the theoretical results

Notations. 77 denotes the set of non-negative integers, R” denotes the n—dimensional
linear vector space. R"*™ denotes the space of n x m matrices. Amax (A) and Amin(A) denote
the set of maximal and minimal eigenvalues of A, respectively. ||x;|| denotes the norm of

function x(-) on [t — 7,] defined by ||x;|| = sup ||x(t +s)]|; [Mij]xxr denotes the square
se[—1,0]
matrix with (k x k) —dimensions. The symmetric term in a matrix is denoted by .
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2 Asymptotic stability

In this section, we provide asymptotic stability conditions for the following SDEs with de-
lays
Ex(t) = Ax(t) + Agx(t — B(1)), t>0, W
X(I)ZW(I)v te [713’0}’
where x(t) € R",E € R"" is a singular matrix, rank E = r <n; A, A; € R"*" the function
y(r) is continuous; the continuous delay function f(¢) satisfies 0 < B(r) <, ¢>0.

Definition 1 ([4]) Equation (1) is said to be admissible if it is regular, impulse-free and
asymptotically stable.

Due to the singularity of matrix E, there are invertible matrices F,K such that £ = FEK =
(g 8) and the equation (1) under the state transformation u(¢) = K~ 'x(¢) = [u; (), u2(t)],
is deduced to the equation

Eu(t) = Au(t) +Aqu(t — (1)), )

where
~ A1 A A D11 Dy2
A=FAK = Ag=FAK =
(A21 A d d D3y Dy

Equation (2) is written as differential-algebraic equations:

lft](l‘) :A”u](t)+A12u2(t) +D11M1(l‘7B(I))+D12u2(l‘fﬁ(l‘)) 3)
0 = Ag1ui (1) +Axua (1) + Dajui (t — B(t)) + Daoua(t — B(1))
Lemma 1 ([13]) Assume that f € C([—s,),R") satisfies f(t) < n||fi|| +M,t > 0, where
M>0,0<n <1.Then

M
f() STIHfOH"’ma 1>0,

where fi(-) = f(t+) on [=s5,0], Ifil := sup [If(E)]-

Eelt—s,t]

The following proposition on the regularity and impulse-absence of (1) extends a result
of [25] for the system with constant delay. The proof of this proposition is similar to the
proof of Theorem 1 in [25], which is omitted herein.

Proposition 1 Assume that there are matrices P,Q,R where P is non-singular, Q > 0 is
symmetric, satisfying ETPT = PE > 0 and

(AUPT +PA+Q+RE+ (RE)T PAd>
<0,
: -0
then system (1) is regular, impulse-free and ||A5,' Do || < 1.
The following result is an extension of [8] to the time-variable delay case.

Proposition 2 Suppose that equation (2) is regular, impulse-free and | Ay, Do || < 1. Equa-
tion (2) is asymptotically stable if there exist scalars o > 0,0 > 0,03 > 0, a function
Y (.): C([-s,0],R") — R satisfying

(i) ou[|ur (1)|* < ¥ () < ow|lx 1%, >0,
(i) ¥ (x;) < —og||x(t)||>, t>0.
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Proof. Using (i)-(ii) we have
o [|ur (1) > < ¥ (x) < ¥ (x0) < aalxo |,

which gives
31 >0: Jur (1)l < Brllxoll, Vr € [=s,00). @)

From (3) it follows that
uz(t) = —A55 [Aaruy (t) + Dayus (t — B())] — Ay Dogua (t — B(t))

and hence
ua (0) ]| < 1A% [ [[TA21u1 (£) + Doy (£ — B (1))

+|A Do [lua (e = B())]I-
Using estimation (4) we can find a number 3, > 0 satisfying
1A%, 1| [A21u1 (¢) + Doyur (£ = B@))]I| < Balxoll, 1 = 0,
hence
luz ()] < Ballxol| + 1 fJua(t = B ()],
where ) = ||A) D || < 1. Setting f(t) = ||ua(t)||, we have
@) <nlliON+ Ballxoll, 2 >0,

Applying Lemma 1 gives

lua(0)l| =170 < il + E220
(5)
< il ol + 2RO < By g
n
B

where B3 = ||K|| + . From (4) and (5) it follows that

1-n
X < K[ la()]] < [K[I(Br +B3)lxoll, ¥ = O,
hence
O < K[ (Br +B3)llxoll, ¥ =0,
which shows that x(¢) is uniformly bounded. We now show that tlim x(t) = 0. Indeed, for
—3o0

any € > 0, we will show that there exists c¢(g) > 0: [|x(¢)|| < &,¢ > ¢(€). Form the uniform
stability of the solution, choosing § = &(&) > 0, such that |jx, || < 6 = ||x(r)|| < €, Vr >
to > 0. If the number c(€) does not exist, we have ||x;|| > & = §(&),Vt > 0. Hence, we will
prove that u (¢) does not go to zero as r — oo by contradiction. Assume that lh_{g uy (t) = 0.

From the second equation of (3), there is By > 0 such that
Bomax{{|srms|l, lu1,¢n1)s 1}
1-n '

For M; > 0, there is a ng > 0 such that ||u) »|| < M1, Vn > ng. Hence, for n large enough,
we have

||u2,(n+l)s|| <n ||u2,ns|| +

Bo
-1

Hu2,(n+n0)sH < 71"“”2#07“ + M, (1 N4+ 77"71)
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Bo M

<M+ -——
1+1_n1_n

which implies

Bo M

[Xnmg)s | < NK It sngyas | < [IK[1(2M1 + —ni-n

)< 3§,
for M is small enough. In the other words, there is §; > 0 and a sequence {#}, such that
lui ()| > 61 >0, tx >0, trp1 —tx >2d, Vk=1,2,...

From the first equation of (4), there is L > 0 such that ||i1|| < L, V¢ > 0. Hence,

51 51
> _ o .
(O]l > 81/2> 0, Vr € fie — 5ot + 5 7]

&

)
5 4+ i] are not overlapped,

0 .
Choosing L large enough and for 7 > i, the intervals [f; —
and then we have

, o1
Vx, s )V, s ):qi/(xé)f
(w5p)  (oag)
<~ Aal(@IPL < Al ks

138, 1383

< 2 -
> Hyl(é)H LHK71”2 = 4L||K71H2’
where & € (f — %,Ik + %) Moreover,
13683
Vx, s )*V(XO)S*(/C*UWL”Z-
(32)

For k enough larger, we obtain that ¥ (x ) < 0, which leads to a contradiction such

4l
(157
that the number c(€) exists. The proof is completed.

3 H.. filtering design

Consider the following SDEs with time-variable delay in the measurement and the observa-
tion

Ex(t) = Ax(t) + Agx(r — B (1)) + Boo(z), t >0,

1) = Cx(t) + Cax(t — B (1)),

) = Nx(

)

<

( (6)
z(t) = Nx(t) + Ngx(t — B(1)),

x(t lll(t)7 te [71370}7

where x(¢) is the state, y(¢) is the observation, z(¢) is the measurement signal, w(¢) is the
disturbance; B,C,C,4, N, N, are constant matrices of appropriate dimensions.
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Associated with equation (6), consider the following filtering equation

Epi(1) = Ag2(r) +By(r),
2(t) = Cpx(t) + Gyy(t),

where E¢, A, By, Cr, Gy are the filters to be constructed. Defining v(r) = (x(¢), (1)), e(t) =
z(t) — 2(2), the error equation for (7) is

Ev(t) =Av(t) +Av(t — B(t)) +Bo(t),
= Cv(1) +Cav(t = B (1)), ®)
l‘),O], te [_ﬁvo],

where C = [N— ch, —Cf], Cd = [Nd - Gde,O] and

(B0 ; (A O\ : [ A (B
E= <0 Ef) A= (ch Af) Aa = (IB%de> 0. 5= (0)'

Definition 2 The H.. filtering problem for equation (6) is solvable if for y > 0 there exist
the filters (7) such that equation (8) is admissible and the H., performance

[ et Par < v [ o) ©
0 0

holds for all zero initial conditions and no-zero @ € L,[0, +oo).

The purpose is to find filters E¢,A s, B, Cr, Gy for solving the H. filtering problem of
equation (6).

Let us first introduce the following matrix notations for brief presentation.

P =diag{P,P},S=1Z,0],

My =PA+A"P" + QsE+E"Q;F + 0s,
Ri=B0I—0s+PA+A"PT Ri3s=ATPT —P
Ro=B0>—O:E+E"Qd +PA;+ATP",
Rij=0,j=7,810,Ri4=A"S",Ris = Rys = PB,
Rig=[N—V»C,~V1]",Ry; =0,j=5,6,8,9,

Ry =PBQs—QsE—E'" Q5 +PA;+A P +Qs,
Ry =AJPT —P,Roy = A} ST, Rys = s —P— P,
Ry =PB,R> 10 = [Ng—V2Cy,0]",

Ry =S" Ry =PB,R3; =0, =5,6,7,9,10

Ry =SB+B'S" Ryj=0,j=5,6,..,10,
Rs;=0,j=6,7,..,10,Rs; = 0,j =17,8,.., 10,

R7j :O,j: 8,97107R9‘10 :O,Rii = —%I,l: 5,,10
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Theorem 1 The H. filtering problem for equation (6) is solvable if there exist an invertible
matrix P: PE = ETP" >0, matrices Q;,i = 1,2,...,5 : [Q]sxs > 0, and free-weighting
matrices X,Y,Z,V1,V, such that the following LMIs hold:

My, PA,;
( ! —Qs) <0, (10)
[Rij]10x10 < 0. (11)

The filters are defined by
E;=E A =P 'X, By =P 'Y, Cr =V1, G =Vs.

Proof. We first show that singular equation (8) is regular and impulse-free. Using Proposition
1, it is enough to show that there exist a symmetric matrix O € R?" > 0 and a matrix R € R>"
such that PE = ETPT >0 and

DA AT pT 2 2 T DT DA
(PAJrA P +8+RE+E R }iAQfl) <0 (12)

We can see that the condition (12) is equivalent to LMI (10) by taking R = 03,0 = Os,
hence the equation is regular and impulse-free. Moreover, the following condition can be
obtained

|45 Dol < 1, (13)

where Az’zl ,D»y are the block matrices in the decomposed differential-algebraic equations of

the equation (6) defined by
i (An A\ ; D1 Dip
A= (2n2iz) A
<A21 Azz) 4= (D21 Dzz)
Consider the Lyapunov function ¥ (v;) = Y'3_; #i(v,) : where
H(ve) =v' (1)PEV(r),
Vi (ve) = / / (0)E" QsEv(6)d6ds,
t+s
Y5 (vr) / / (7,0)0s(t,0)dtd6,
6-p(6

where

s'(7,0) =[(0)",v(6—5(6)),(Ev(7))'],0 = [Qil5xs.
1?11 1?12
Py Py

Let P=KTPF! = ( ) , where matrices F, K are invertible such that £ = FEK =

L, 0 ~
<0 0 E
137 we get Py =0,P;; = P} >0, and then PE = (P” ) Therefore, 3o > 0, o > 0 such
that

2T &

=FE P . Due to the regularity of

&

. Using condition PE = ETPT > 0, we get

N———

anllar(0)> < ¥ () < eallvel?, 120, (14)
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where i(t) = K~ 'v(t) = [i1 (t),i2(t)], i1 (t) € R*", i (t) € R*"~2". We have

Filon) =20 (OPES()
AL
=" (" o w2 wpse)

t

Yav) =BoT (VET QsEv(r) — [ 7T (DET QsEv(s)d,
i) < /FM sT(2,0)0s(1,1)d®

=B Wxn()+207 ) (§7) (v0) - Eta - )
+ tiB(t) v ($)ET QsEv(s)ds

<Bn"(0)Xn(1) +2[v(1)" Qs +v(t — B()) " Os[Ev(e) — Ev(t — B(1))]

t
T FT A e
+/F,Bv (t)E' OsEv(t)dT,

where 1(t) = [v(t)v(t — B(¢))] and X = (Q;l gi) . Therefore, we have

N
7o) <n” (PG P ne
+ BT (NETTsEv(t)+2v" (t)PBw(t) + Bn " (1)Xn(1)
+2[0(1) " O3 +v(r = (1) Os] [Evir) — Evie — B())]

Multiplying both sides of equation (3) by —2v " (1)ETP, —2v' ()P, —2v' (¢t — B(t))P, and
—2 " (t)S, respectively, the resulting zero-value terms are added in the derived above in-
equality, then applying the following inequality

0 < —[le(®)[* +2v(t) "CTCv(r) +2v(t — B(r)) " Cj Cav(t = B(1)),
where C = [N —V»C,—V1], C; = [Ny — V»2C,4,0], we obtain that
V() <0 +u" Hap— @)+ v| o)), (15)
where u(t)T = [o(t) T, v(t — B(1) T, (Ev(1))T, o()T] and

M, PA
" = ( *“ *Ui)’%: [Nijlaxa,

My =PA+ATFT +UsE+E7 0] +0s,

Ni=BO1— s+ PA+ATP + %PBETPT + %PBBTPT 1267¢,
Niy=B0, —U3E+E"UJ +PA;+ATPT,

Niz=A"PT —P,Niy=A"S" Nj3=A;PT —P,Npy=A;S"

Ny = /3Q_4 —OsE _ETU; +PAy -I—AJPT +0s5+ ;i/pBBTpT —i-ZC_’;er_'d,

__ _ _ 4 _ _ _ _ _
N44:SB+BTST7N33:ﬁUSfPfPTJr}PBBTPT,NM:ST.
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Taking the inequalities (14), (15) into account and using the Schur complement lemma, we
get #; < 0,i = 1,2, it follows that

>0 F(v)<n #Hm+u < A3 |v(@)|* (16)

Applying Proposition 2 with the derived conditions (13), (14), (16), we obtain that the so-
lution v(¢) is asymptotically stable. Finally, we show the H.. performance condition (9). For
this, note that from the derived inequality (15) and %; < 0,i = 1,2, it follows that

e P =vlo@)IPds <~ [ 7(v)ds
0 0

=¥ (vo) =¥ (vt) <¥(x9) =0.

Letting s — oo, we have
[lets)Pas <y [ lo@)ds.
0 0

which implies the condition (9).
Remark I Note that the conditions (10), (11) are LMIs, since for Ay = P{lX7 By = P{lY,

we have
_ {PlAO] _ [PlAd

B B - [PB
PA=|o | PAa= ch]H,PB_[ }

0
SA=[ZA 0], 8A; = [ZA4 0], SB=ZB.

Remark 2 Theorem 1 provides new delay-dependent H.. filtering conditions for SDEs with
non-differentiable delay. Different from the existing works, a set of improved Lyapunov-
Krasovsii functions ¥;(.),i = 1,2,3 are constructed to avoid the smooth assumption on s(z).
The proposed method gives less conservative stability conditions as it does for singular
equations with time-variable delay studied in [3, 12, 14, 29, 31], where the differentiability
is needed.

Example 1 Consider SDEs (1), where (r) = 0.1+0.4|sin(¢)|, y=0.01, B = 0.5 and

10 -5 1 -1 0
e=lool 4= [0 =0 )
11 1 0.1 ~1 0.1
B_{()l}’c_[o.l 1}’Cd_[1 —0.1}’

0.01 0.1 0.1 0.1
N= {0.01 0.01} » Na = [0.1 0.1} '
We see that the delay (¢) is non-differentiable and the method used in papers [3, 12, 14,

29, 31] can not be applicable for this system. The solutions of LMIs (10), (11) are defined
as

0.0031 O 0 0
0 0.0027 O 0
0 0 00755 O ’
0 0 0 0.0227

i
Il
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0.9

X, ()
08 %00 |
¥
0.7 42 -

0.6 fr
05 It

0.4

o
N

50 60 70 80 90 100
Time

Fig. 1 The state x; and £;

0.04 T T T T T T T T T

0.02 |r X,-hat | o

..\.TK X, hat

-0.02 - 1

-0.04 - .

-0.06 - N

-0.08 -

o 1 2 3 4 5 6 7 8 9 10
Time(sec)

Fig. 2 The state x, and £,

X — —0.1165 0 _|—0.1165 —0.0004
N 0 —0.0332|” °  |—0.0004 0.0014 |’

7 =103 [—0.2953 —0.0750} V= { 0.0001 0 } ’

—0.0750 —0.0321 —0.0012 0.0005

0.0501 —0.0087 0.0036 —0.0001
= [—0.0087 —0.0054 —0.0001 —0.0001
Q= 0.0036 —0.0001 0.0671 0.0000 |’

—0.0001 —0.0001 0.0000 0.0467

v, _ [ 0-0023 0.0996
27 1-0.0357 0.0244 |’
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0.015 T T T T T T T

0.01

0.005

-0.005

_0.01 1 1 1 1 1 1 1
o 1 2 3 4 5 6 7
Time(sec)

Fig. 3 The signal z; and the estimated signal Z;

=< 1073

10

12

0

Time(sec)

Fig. 4 The signal z5 and the estimated signal 2

—0.0392 —0.0048 —0.0039 0.0006
= 0.0014 0.0191 —-0.0004 —0.0014

0= —0.0060 0.0005 0.0047 —0.0000
—0.0008 0.0000 0.0001 0.0214
—0.0112 —0.0024 —0.0011 0.0001

0 0.0032 0.0062 —0.0004 0.0002

3 =

—0.0018 —0.0001 0.0410 0.0000
—0.0003 0.0004 0.0001 0.0008

10
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0.0579 —0.0005 0.0038 —0.0015
= |—0.0005 0.0137 —0.0005 —0.0006
Q4= 0.0038 —0.0005 0.0586 —0.0000] "’

—0.0015 —0.0006 —0.0000 0.0088

0.0240 0.0024 —0.0010 —0.0002
= | 0.0024 0.0101 0.0001 0.0004
Os = —0.0010 0.0001 0.0582 0.0000
—0.0002 0.0004 0.0000 0.0011

The H.. filtering problem is solvable due to Theorem 1, and the filters are defined by

10 —0.01291 0 0.0011 0
E-f—[oo}’A-f—[ 0 —0.0037]’18-"_{ 0 0.0002}’

Cr— 0.0001 0 Gr— 0.0023 0.0996
/= 1-0.0012 0.0005| * 7/ T | —0.0357 0.0244 |

Figures 1-4 show the response states x = [x1,x2],% = [£1, %],z = [z1,22] and estimated signal
2= [21,22] of the system with the initial conditions y/(z) = [0.1,—0.1].

4 Conclusions

In this paper, the problem of the stability and H.. filtering for linear singular differential
equations with time-variable delay has been investigated. Firstly, by introducing new aug-
mented Lyapunov-Krasovskii functionals and using singular value theory, sufficient condi-
tions for the admissibility of the filter error equations are firstly established. Then, based on
the derived the stability conditions, the H., filters are designed in terms of tractable LMIs.
Finally, a numerical example with simulations is given to show the validity and effectiveness
of the theoretical results.
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