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Abstract

We investigate the numerical approximation of integrals over R? equipped with the stan-
dard Gaussian measure -y for integrands belonging to the Gaussian-weighted Sobolev spaces
Wy (R?, ~) of mixed smoothness a € N for 1 < p < co. We prove the asymptotic order of
the convergence of optimal quadratures based on n integration nodes and propose a novel
method for constructing asymptotically optimal quadratures. As for related problems, we
establish by a similar technique the asymptotic order of the linear, Kolmogorov and sam-
pling n-widths in the Gaussian-weighted space L,(R%,~) of the unit ball of Wy (R4, ~) for
1<g<p<ooand g=p=2.
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1 Introduction

We investigate numerical approximation of integrals
I(f) = | fl®)y(dx)= [ f(z)g(zx)dx (1.1)
Rd Rd

for functions f belonging to the Gaussian-weighted Sobolev spaces W (R4, ~) of mixed smooth-
ness @ € N for 1 < p < oo (see Section 2 for the definition), where y(dx) = g(x)dx is the
d-dimensional standard Gaussian measure on R? with the density

g(x) := 2m)" " exp (~|2[*/2), x € R%



To approximate this integral we use a (linear) quadrature defined by

n

In(f) = > Xif (a:) (1.2)

i=1

with the convention Io(f) = 0, where {®1,...,2,} C R? are given integration nodes and
(A,...,Ay) the integration weights. For convenience, we assume that some of the integra-
tion nodes may coincide. Let W;‘;(Rd,v) be the unit ball of W;}(Rd,'y). The optimality of

quadratures for W7 (R, ~) is measured by the quantity

Ity (W3 (R?, 7)) :=inf  sup  |I(f) = In(f)] (1.3)
n fEWS(RY,y)

We are interested in the asymptotic order of this quantity when n — oo, as well as in
constructing asymptotically optimal quadratures. We do not investigate the dependence on the
dimension and the problem of tractability. The problem of multivariate numerical integration
(1.1)—(1.2) has been studied in [12, 13, 7] for functions in certain Hermite spaces, in particular,
the space Hg, in [7] which coincides with W (R, ) in terms of norm equivalence. So far the
best result on this problem is

d(2a+3) 1

n~“(log n)% < Intn(Wg‘(Rd,’y)) <n *(logn)” 1 "2,

which has been proven in [7]. Moreover, the upper bound is achieved by a translated and scaled
quasi-Monte Carlo (QMC) quadrature based on Dick’s higher order digital nets. We note the
related work [14] which studied weighted integration via a change of variables for functions on
R? from non-weighted spaces of mixed smoothness.

The aim of this paper is to prove the asymptotic order of Int,, (Wg(Rd, 'y)) Let us briefly
describe the main results.

For o € N and 1 < p < oo, we construct an asymptotically optimal quadrature I,, of the
form (1.2) which gives the asymptotic order of the convergence

| F@n(de) — 1 (f)| = Tnt, (WS (R, 7)) = n~%(logn) 7 . (1.4)

sup
fEWE(RY,y)

In constructing I}, we propose a novel method assembling an asymptotically optimal quadrature
for the related Sobolev spaces on the unit d-cube to the integer-shifted d-cubes which cover R,

The asymptotically optimal quadrature I, is based on very sparse integration nodes contained
in a d-ball of radius +/log n.

As for related problems with a similar approach, we establish the asymptotic orders of linear
n-widths A, Kolmogorov n-widths d,,, and sampling n-widths g, of the set Wg(Rd,’y) in the
Gaussian-weighted space L,(R?,v) (see Section 3 for definitions). For « € Nand 1 < ¢ < p < 00

we prove that
An = dy =< n”%(logn)@ Do, (1.5)

and with the additional condition ¢ = 2,

on = n"%(log n)@=He, (1.6)



For o € N and ¢ = p = 2, we prove that

(d—1)a

Mo =dp =n"2(logn) z , (1.7)
and with the additional condition o > 2,
on = n"2(logn) e (1.8)

The asymptotic orders (1.5)—(1.8) show very different approximation results between the cases
g < pand g =p = 2. We conjecture that the asymptotic orders (1.7) and (1.8) still hold true
for p,q with the restrictions p = ¢ # 2 and 1 < p < co. The case 1 < p < ¢ < oo of these
n-widths is excluded from the consideration caused by the natural reason that in this case we
do not have a continuous embedding of W' (R?,7) into Ly(R%,v). For example, the function

f(x) = Hle (1+2?) "exp (|>/(2p)) belongs to W (R?,~) if m > 1/2 + o. However, this
function does not belong to L,(R%,~) when g > p.

The paper is organized as follows. In Section 2, we prove the asymptotic order of
Int, (W;(Rd,v)) and construct asymptotically optimal quadratures. Section 3 is devoted to
the proof of the asymptotic order of linear n-widths A, and Kolmogorov n-widths d,, for the
cases ¢ < p and ¢ = p = 2 and the construction of asymptotically optimal linear approximations.
In this section we also give asymptotic order of sampling n-widths for the cases ¢ = 2 < p and
g = p = 2. In Section 4, we illustrate our integration nodes in comparison with those used in [7]
and give a numerical test for the results obtained in Section 2.

Notation. We write R; := {x € R: 2 > 1}. For a Banach space F, denote by the bold symbol
E the unit ball in E. The letter d is always reserved for the underlying dimension of R%, N%, etc.
Vectors in R? are denoted by boldface letters. For & € R?, x; denotes the ith coordinate, i.e.,
x = (1,...,2q). If 1 < p < oo, we write |z, := (Z?Zl |x¢|p)1/p with the usual modification
when p = co. When p = 2 we simply write |x|. For the quantities A,, and B,, depending on n in
an index set J we write A, < B, if there exists some constant C' > 0 independent of n such that
A, <CB, foralln e J, and A, < B, if A, < B,, and B, < A,. General positive constants
or positive constants depending on parameters a, d, ... are denoted by C or C, 4,.., respectively.
Values of constants C' and C, 4 in general, are not specified except in the cases when they are
precisely given, and may be different in various places. Denote by |G| the cardinality of the
finite set G.

2 Numerical integration

In this section, based on a quadrature on the d-cube I¢ := [ — %, %]d for numerical integration
of functions from classical Sobolev spaces of mixed smoothness on I¢, by assembling we con-
struct a quadrature on R? for numerical integration of functions from y-weighted Sobolev spaces
W;‘(]Rd,q/) which preserves the convergence rate. As a consequence, we prove the asymptotic

order of Int,, (W;‘ (R, 7).

2.1 Assembling quadratures

We first introduce y-weighted Sobolev spaces of mixed smoothness. Let 1 < p < oo and 2 be
a Lebesgue measurable set on RY. We define the y-weighted space L,(£2,7) to be the set of all



functions f on () such that the norm

Wmmmw=<4vmWﬂwﬁvﬁ=(vawmmm)w<<w.

For a € N, we define the ~-weighted space W;(Q,y) to be the normed space of all functions
f € Ly(£,v) such that the weak (generalized) partial derivative D" f of order r belongs to
Ly(€,7) for all » € N¢ satisfying |r|s, < a. The norm of a function f in this space is defined by

1/p
\ww@wz(ijwvm@ﬁ . (2.1

700 <ex

The space W(Q2) is defined as the classical Sobolev space by replacing Ly(£2,7) with L,(£2)
in (2.1), where as usual, L,(€2) denotes the Lebesgue space of functions on © equipped with
the usual p-integral norm. For technical convenience we use the conventions Int,, := Int|, and
I, = Iw for n € R;.

For numerical approximation of integrals I*(f) := Jo f(z)dax over the set Q, we need natural
modifications IS}(f) for functions f on Q, and Int$}(F) for a set F' of functions on €2, of the
definitions (1.2) and (1.3). For simplicity we will drop € from these notations if there is no
misunderstanding.

Let « € N, 1 <p<ooanda>0,b>0. Assume that for the quadrature

In(f) ==Y _Aif(xi), {m1,....@m} C 17, (2.2)
=1
holds the convergence rate
[ f(@)ia = 10| < Cm- o m g, 1 € W, (23)

Then based on I,,,, we will construct a quadrature on R? which approximates the integral I (f)
with the same convergence rate for f € Wi (R4, 7).

Our strategy is as follows. The integral I(f) can be represented as the sum of component
integrals over the integer-shifted d-cubes Hz by

MFZLMWWW, (2.4)

kcZd " 'k

where for k € Z¢, ]Iﬁ := k +1¢ and for a function f on R? f; denotes the restriction of f to
]Ii. For a given n € Ry, we take “shifted” quadratures I, of the form (2.2) for approximating
the component integrals in the sum in (2.4). The integration nodes in I, , k € 7%, are taken so
that they become sparser as |k| gets larger and

Z [ng] <n.

keczd

In the next step, we “assemble” these shifted integration nodes to form a quadrature I, for
approximating I(f). Let us describe this construction in detail.



It is clear that if f € W (R, v), then fi(- + k) € W(I%), and

1/p
1k (- =+ E)llweqa) = ( ID7 fi(- + R Hd)>
[7]oo <cx
1/p
- ( S I ) (25)
7|00 <cx
of? 1/p
- ( em)? [ ez|D"fk<w>|pg<w>dsc> -
[7|oco <ax Hﬁ
sign 2
When x € Hd we have e‘ 2 < D , where sign k := (signky, ...,signky) and signz := 1
if x >0, and sign x := —1 otherwise for x e R. Therefore,
d |kt (signk)/2|?
Ife(-+E)lwoqay < 2m)2e 2 |[fllweo - (2.6)

We have

1/p
ugk<-+k>uw(ﬂd>=< > ||D’°g||§p@z)) .

700 <ax

A direct computation shows that for » € N¢ we have D"g(x) = P.(x)g(z) where P.(x) is
a polynomial of order |r|; of x. Moreover, we have —|z|> < 1 — |k — (signk)/2|? for z €
[—3. 3]+ k, k € Z. Therefore for = € I{ we get
|22 |k —(sign k) /2| |k
D7 g(@)] = | (2m) 2 Py(m)e="F | < Cem B < ce BUEREE - BE
for some 7" and 7 such that 1 < 7/ < 7 < p < co. This implies that
‘2

195 (- + F)llweqa) < Ce™ i (2.7)

with C' independent of k € Z¢. Since W;"(]Id) is a multiplication algebra (see [15, Theorem
3.16]), from (2.6) and (2.7) we have that

fr(-+ K)gr(- + k) € W19, (2.8)
and
(- + k)gr (- + k’)HW;(Hd) <O fe(-+ E)llwe ) - llgr (- + k)HW;*(]Id)
i ign ) /21% |11 (2.9)
< Ce 2r ”fHWO‘(]Rd,*y)
For 1 < 7 < p < 00, we choose § > 0 so that
—(sign 2 sign 2 2
max{e_w (sign k) /2] (1_%),€Ik+( %pk)/zx _l;} < Cro—0lkf? (2.10)
for k € Z¢, and therefore,
_ 2
1fi( + R)gr(- + R lwoae) < Ce ¥ flwomaqy, — keZ’ (2.11)



We define for n € Ry,

&n = V0 2a(logn), (2.12)

and for k € Z,

AL T A
nkz{gne R (213

0 if |k| > &,
d
where g := 27¢ (1 — e_%> . We have
Z ng < n. (2.14)

Indeed,

,L|k‘2 d \_ﬁnJ S+d—1 _ 0 42
S = 3 one <oty (e

[k|<&n |k|<&n s=0

o0
d—1
<oty (P50 )edo<n,

s=0
where in the last estimate we used the well-known formula
) <‘7 J]; > =(1—a)" keNy, z€(0,1). (2.15)
0

j:
We define

[k ]
I(f) ==Y L (fu- +K)ge(-+k) = D > Xfulz; +k)ge(z; + k), (2.16)

k| <&n |k|<&n j=1

or equivalently,
(k]

L(f)= > > Mejf(@ry) (2.17)

|k‘<£n Jj=1

as a quadrature for the approximate integration of y-weighted functions f on R?, where Tpj =
x;+k and A\ j := A\jgr(x; + k) (here for simplicity, with an abuse of notation the dependence
of integration nodes and weights on the quadratures I, is omitted). The integration nodes of
the quadrature I,, are

{xh;: k| <&, j=1,...,|ngl} CRY (2.18)

and the integration weights

(Ak,] : |k’ <&, Jj=1..., LnkJ)

Due to (2.14), the number of integration nodes is not greater than n. From the definition
we can see that the integration nodes are contained in the ball of radius & := \/&/2 + &,
ie, {mr; 1 k| < &, j=1,..., ]} C B(&) = {@eR?: || <&} The density of the
integration nodes is exponentially decreasing in |k| to zero from the origin of R? to the boundary

of the ball B(&}), and the set of integration nodes is very sparse because of the choice of ng as
in (2.13).



Theorem 2.1 Let « € N, 1 < p < o0 and a > 0, b > 0. Assume that for any m € Ry, there
is a quadrature I, of the form (2.2) satisfying (2.3). Then for the quadrature I, defined as in
(2.17) we have

f@)y(dz) — Ln(f)| < n~*(logn)°|| fllwemeqy. | € Wy (R 7). (2.19)

R4

Proof. Let f € (Rd,'y) and m € Ry. For the quadrature I,, for functions on I in the
assumption, from (2 3) and (2.11) we have

/I[d fe(T + k) g (T + k)dx — L (fi(- + K)gr(- + k’))‘ < m™(log m)’e 0kl 1 llwe ®a,)-

(2.20)
From (2.4) and (2.16) it follows that
) 1| £ 3 | [ S@ntene byt Ko+ 5)
Rd
k| <&n
’/ fr(z) g (z)dz|.
Ik\>£
For each term in the first sum by (2.20) we derive the estimates
[ @ianta)de - 1 (Al + R+ 1)
k
=| [ ule -+ R+ ) — Ly (Al + R+ )
<L ny, “(log ng,)e —olkl” HfHWZ?(Rd,'y)
SILI2
< (ne™ A1) (log m)e 54| s
—a LIGE)
— n(logn)eE | Fllwg ey
Hence,
_a b _ k%8
/ Fo(@) g (@)d@ — L, (ful- + k)gi(- + k)| < 32 0= (logn)?e™" 5| Fllwp e )
k| <&n |k|<€n

< n “(log n)beHW;“(Rd,'y)'

For each term in the second sum we get by Holder’s inequality and (2.10),

/ fel)on()da] < ( / o) Pa(a >dw>1( /Hzgm)dw)l_;

|k—(si nk)/Q\
_ lk—(sign k), 7(1_%)||f||Wpa(Rd,7)

Le

—3|k|?
<e Il HfHW;‘(Rd,'y)v



which implies

_ 2
/ fe@gr(@)dz| < 3 eI Flpa ey

|k|>¢n |k|>£
_25(S +d—
< Z (i [T
=[&n] N (2.21)
< 2d —£25(1—¢) Z —s2es (ST d—1 HfH
S e e d—1 W;‘(Rd,'y)
s=[¢n]
—£25(1— > _sed s+d—1
Sl Mo (5T e
with € € (0,1/2). Using (2.15) we get
] / fi(@)gi(@)da| < 2008 < og )l gy (2.22)
k|>&n
Summing up, we have proven (2.19). O

Some important quadratures such as the Frolov quadrature and the QMC quadrature based
on Fibonacci lattice rules (d = 2) are constructively designed for functions on R? with support
contained in the unit d-cube or for 1-periodic functions. To employ them for constructing a
quadrature for functions on R? we need to modify those constructions.

Assume that there is a quadrature I, of the form (2.2) with the integration nodes
{@1,..., 20} C (-3, 2) and weights (A1,..., A,) such that the convergence rate

| F@)d@ — Lu(F)| < Om~*(ogm)’l| fllwg o), f € Wy(IY) (2.23)

holds, where WI? (I9) denotes the space of functions in Wpa(Rd) with support contained in I%.
Then based on the quadrature I,,,, we propose two constructions of quadratures which approxi-
mate the integral [pq f(z)y(dz) with the same convergence rate for f € W (R4, 7).

The first method is a preliminary change of variables to transform the quadrature I, into a
quadrature for functions in W;‘(]Id) which gives the same convergence rate, and then apply the
construction as in (2.17). Let us describe it. Let k¥ € N and 9, be the function defined by

Cr [y (3 — €Dk de, tel-1.,
.t (2.24)
) < _% )

Yi(t) =

N—= D=

where C), = (f_IﬁQ(% £2)k 5) . Observe that 1), is a one-to-one mapping on [—%, %] and 1,

has compact support on [—3, 3]. If f € W;‘(]Id), a change of variable yields that

y f(x)dx = /]Id (T, f) (x)de,

where

(T f) (@) =g (x1) . g (xa) f (Yk(1), - Yr(za)), @ €17



Observe that the function Ty, f has support contained in ¢, 1f Ty, f belongs to WI? (I%), then

a quadrature with the integration nodes {&1,...,&,} C I? and weights (A1, ..., Am) for the
function f can be defined as

I (f) o= In(Ty ) = Y Nif (&),
j=1

where &; = (Yr(2;1), ..., Yk(zjq4)) and N\j = \j (251) .. .-} (;.q). Hence, our task is finding
a condition on k so that the mapping
f —> kaf

is a bounded operator from W (I9) to WI? (I?). A first result was proved by Bykovskii [2] where
he showed that Ty, is bounded in Wi'(I¢) if k& > 2a + 1. This result has been extended by
Temlyakov, see [22, Theorem IV.4.1], to Wpo‘(ﬂd) under the condition k > L;‘Tplj + 1. A recent
improvement k£ > a + 1 was obtained in [16].

The second method is to decompose functions in W;‘(Rd, 7) into a sum of functions on R?

having support contained in integer translations of the d-cube 1% := [— g, g] for a fixed 6 > 1.

Then the quadrature for W;‘(Rd, «) is the sum of integer-translated dilations of I,,. Details of
this construction are presented below.

First observe that

d _ d
R = | 1§,
kezd

where ]Ig k= Hg + k. It is well-known that one can constructively define a partition of unity
{¢k} geza such that

(i) vk € CC(RY) and 0 < pi(z) <1, z€RY ke Z4
(ii) supp @k are contained in the interior of ]Ig,kv ke 7
(i) Spens op(@) =1, @€ RY

i d
() loklwgs,) < Cador B EZ,

(see, e.g., [18, Chapter VI, 1.3]). By the items (i) and (iii) the integral [pq f()y(dz) can be
represented as

[ f@ne) = 3 /H Fou(@) g0 () o0 (@)dz, (2.25)

keczd "o

where fy 1 and gg j, denote the restrictions of f and g on ]Ich, respectively. The quadrature (2.2)
induces the quadrature

I@,m(f) = Z )\G,if(wQ,i)a (226)
=1

for functions f on ]Ig, where xg; := 0x; and A\g; := 0\;.



Denote by Wpo‘ (I) the subspace of functions in W;‘(Rd) with support contained in I. From
(2.23) the error bound

[ f(@)ia = T < o) g
6
holds for every f € Wpo‘(]lg). Let f € W(R?,~). It is clear that fo (- +k) € W2 (I4) and similar

to (2.5) and (2.6) we get

|k+(6sign k:)/2\2

[for(+R)llwoqs <e 2 I fllwg®an, | €Wy (RYY), kel
Similarly to (2.8) and (2.9), by additionally using the items (ii) and (iv) we have that
for( +E)go (- + k)pr(- + k) € We(Ig),

and

|k+(0sign k) /2|2 |k|2

[ fo.r(- + K)go.k (- + F)or (- + E)lweqs <e 2 T llwe®aqy
where 7 is a fixed number satisfying the inequalities 1 < 7 < p < co. We choose § > 0 so that

_|k—(951gnk)/2\2(1_l) |k+(6sign k) /2(2  |k|?
max 4 € 2 plle

2p 27 } < 06_5|k|2, k e Zd'

For n € Ry, let &, and ng be given as in (2.12) and (2.13), respectively. Noting (2.25) and
(2.26), we define

Ion(f) := Z Ipny (fo (- +K)gor(- + k)or(- + k),

k| <€n
or equivalently,
[ |
Ion(f) = > > Mogjf(@ok,) (2:27)
|k|<&n =1

as a linear quadrature for the approximate integration of y-weighted functions f on R? where
Tok,j = Lo j+k and Aok j := N jgr(Tok,j)Pr(To k). The integration nodes of the quadrature
Iy, are
{Top;: |kl <&,j=1,...,|n&]} CRY, (2.28)
and the weights
Nokj: |kl <&nyd=1,...,[nk))

Due to (2.14), the number of integration nodes is not greater than n. Moreover, from the
definition we can see that the integration nodes are contained in the ball of radius &, :=

O\d/2 4 &, ie.,
(@0 Bl < G = 1o i} € B(&) = {@ € R @ < &, )

Notice that the set of integration nodes (2.28) possesses similar sparsity properties as the set
(2.18).

In a way similar to the proof of Theorem 2.1 we derive

10



Theorem 2.2 Leta e N, 1 <p<oocanda >0,b>0,0 >1. Assume that for any m € Ry,
there is a quadrature I,,, of the form (2.2) with {x1,...,xy} C (—%, %)d satisfying (2.23). Then
for the quadrature Iy, defined as in (2.27) we have

» fl@)y(dz) — Ipn(f)] < n (ogn)’||fllwemaqy | € Wy (R 7). (2.29)

As noticed in Introduction, we do not study the dimension dependence for error estimates
of integration. Hence the hidden constant in the bound (2.29) may depend on the dimension d
and may increase exponentially in d. Therefore, for very large d, the resulting algorithm may
not be practical.

2.2 Asymptotic order of optimal numerical integration

In this subsection, we prove the asymptotic order of optimal numerical integration as formulated

in (1.4) based on Theorem 2.2 and known results on numerical integration for functions from
We(19).
P

Theorem 2.3 Let « € N and 1 < p < oco. Then one can construct an asymptotically optimal
family of quadratures of the form (2.27) (Ig)neRl such that

d—1

f(x)y(dx) — I;{(f)‘ = Int, (Wg(Rd,'y)) =n"%logn) 2 . (2.30)

sup

fFEWS(Riy) | JRE

Proof. Let Iy, be the Frolov quadrature for functions in W;‘ (I%) (see, e.g., [4, Chapter 8] for

the definition) in the form (2.2) with {x1,..., @} C (—%, %)d. It was proven in [10] for p = 2,
and in [17] for 1 < p < oo that

—a -1 .
[ 1N = B0 < Cotoum) S Ul FEWEA. (230
For a fixed 6 > 1, we define I,] := Iy, as the quadrature described in Theorem 2.2 for a = « and
b= %L based on I, = I . By Theorem 2.2 and (2.31) we prove the upper bound in (2.30).
Since for f € Wﬁ(ﬂd)

_d
1l gy < 27) 731 gy

we get

Int, (WS(R%, 7)) > Int, (W), (I).
Hence the lower bound in (2.30) follows from the lower bound Intn(Wg(]Id)) > n~%(log n)%
proven in [20]. 0

Besides Frolov quadratures, there are many quadratures for efficient numerical integration
for functions on I¢ to list. We refer the reader to [4, Chapter 8] for bibliography and historical
comments as well as related results, in particular, the asymptotic order

d—1

Int,, (W3 (Hd)) =m “(logm) 2z

11



for 1 < p < co. We recall only some of them, especially those which give asymptotic order of
optimal integration.

A quasi-Monte Carlo (QMC) quadrature based on a set of integration nodes {x1, ..., &} C
I is of the form

In(F) = =" f(a).
=1

In [5, 6] for a prime number ¢ the author introduced higher order digital nets over the finite field
Fq,:={0,1,...,q — 1} equipped with the arithmetic operations modulo ¢. Such digital nets can
achieve the convergence rate m~%(logm)? with m = ¢* for functions from Wg*(I¢), see [8]. In
the recent paper [11], the authors have shown that the asymptotic order of Int,, (W%(]Id)) can
be achieved by Dick’s digital nets {z7,...,x;.} of order (2« + 1). Namely, they proved that

da—1
< Cm~*(logm) = |fllwgqs, f€ Wsd?), m=q". (2.32)

[ fera - 3" s
=1

In the case d = 2 the QMC quadrature I, = I ;, based on Fibonacci lattice rules (d = 2) is
also asymptotically optimal for numerical integration of periodic functions in W3 (I2), that is,

[ f@hte ~ fan(0) < Coogm)H i flupey FEWEE. (239

where W(I?) denotes the subspace of W2(I?) of all functions which can be extended to the
whole RQP as l-periodic functions in each variable. The estimate (2.33) was proven in [1] for
p =2 and in [21] for 1 < p < co. The QMC quadrature I, = I, based on Fibonacci lattice
rules (d = 2) is defined by

ot = 30 (GE) -5 {5} -3)

where by = by = 1, by, := byy—1 + b—2 are the Fibonacci numbers and {z} denotes the fractional
part of the number zx.

Therefore, from Theorems 2.1-2.3 and (2.32), (2.33) it follows that the QMC quadratures
based on Dick’s digital nets of order (2«ae + 1) and Fibonacci lattice rules (d = 2) can be used
for assembling asymptotically optimal quadratures I,; and I, of the forms (2.17) and (2.27) for

Int,, (W;‘ (Rd, 'y)), in the particular cases p =2, d > 2, and 1 < p < 00, d = 2, respectively.
The sparse Smolyak grid SG(¢) in I¢ is defined as the set of points:

SG(§) := {wk:,s =2"kse 7. lkl1 <& |si] < okl i =1,... ,d}, £ eR;y.

For a given m € Ry, let &, be the maximal number satisfying |SG(&n,)| < m. Then we can
constructively define a quadrature I,,, = Ig ,,, based on the integration nodes in SG(&,,) so that

[ f@hte — Fo ()| < Cm~Qogm) VD . fE WS, (230

To understand this quadrature let us recall a detailed construction from [3, page 760]. In-
deed, from the well-known embedding of W;(]Id) into the Besov space of mixed smoothness
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By nax(p.2) (I%) (see, e.g., [4, Lemma 3.4.1(iv)]), and the result on B-spline sampling recovery of

functions from the last space it follows that one can constructively define a sampling recovery
algorithm of the form

Rm(f) = Z f(wk:,s)¢k,s

kaSGSG(Em)

with certain B-splines ¢, s, such that
1f = Ron( )l £y uay < Cm*(logm) VT2 |y gay, f € WeH(I9).

Then the quadrature Ig,, can be defined as

IS,m(f) = Z )\k:,sf(wk:,s); )\k:,s = /]Id ¢k,s(x)dx7

kaSGSG(fm)

and (2.34) is implied by the obvious inequality | [is f(z)dex — Ism(f)| < |If — Rin ()l 1y ey-
Therefore, from Theorem 2.1 and (2.34) we can see that the Smolyak quadrature Ig,, can be
used for assembling a quadrature Ig ,, of the form (2.17) with “double” sparse integration nodes
which gives the convergence rate

] S @0(de) — T ()| <0~ (logm) DO, f e WHRY, ).

3 Approximation

In this section we study the linear approximation and sampling recovery in L, (RZ,~) of functions
from W;‘(Rd, ), and the asymptotic optimality in terms of Kolmogorov n-widths and the linear
n-widths and sampling n-widths for 1 < ¢ <p < oo and p =¢q = 2.

Let n € N and let X be a Banach space and F' a central symmetric compact set in X. Then
the Kolmogorov n-width of F' is defined by

d.(F,X) := inf inf ||f —
n(F, X) %;;g%&ﬂf gllx,

where the left-most infimum is taken over all subspaces L,, of dimension < n in X. The linear
n-width of the set F' is defined by

AP X) = infsup [ = Au() .
n fEF

where the infimum is taken over all linear operators A, in X with rank A,, < n. Notice that if
X is a Hilbert space, then A\, (F, X) = d,,(F, X).

Let © be a domain in R?. Let n € N and let X be a Banach space of functions on € and
F' a compact set in X. Given {x;}}' ; C €, to approximately recover f € F' from the sampled
values {f(x;)};_, we use a (linear) sampling algorithm defined by

R(f) =) f(zi)pi, (3.1)
i=1

13



where {p;}!"_; is a collection of n functions in X. For convenience, we assume that some points
from {x;}?_; C Q and some functions from {¢;}; ; may coincide. For n € N we define the
sampling n-width of the set F' in X as

Qn(F7X) = inf Sup”f_Rn(f)HXv
> feF

where R, (f) is given by (3.1). Obviously, we have the inequalities

dn(F, X) < A(F, X) < 0n(F, X). (3.2)

There are other popular n-widths in approximation theory like the entropy n-widths,
Gel’fand n-widths and Bernstein n-widths, etc. In particular, for optimality of numerical algo-
rithms, the Gel’fand n-widths are very important, since optimal algorithms could be non-linear
(for detail, see, e.g., [4, Section 6 and Section 9.6]). However, these n-widths are not in the
scope of consideration of the present paper.

For technical convenience we use the conventions A, = A,|, Ry = Ry, dp(F,X) =
dn|(F, X), A (F, X) := A (F, X) and on(F, X) 1= g, (F, X) for n € Ry.

For given « and p, ¢, we make use of the abbreviations:
M= Aa(WH (R ), Le(RY, %)), dn = da(WH(R?,7), Lg(R?, 7)),

on = on (WS (R, y), Le(RY, 7).

We prove the asymptotic orders of A,, d, and p,, as well as constructively define asymptotically
optimal linear approximation methods which are very different for the cases 1 < ¢ < p < 0o and

q=p=2.

3.1 Thecasel <g<p<

Let « € N, 1 <g<p<ooanda>0,b>0. Denote by L,(I¢) and W;‘(]Id) the subspaces
of Ly(I%) and W;‘(]Id), respectively, of all functions f which can be extended to the whole R?
as 1-periodic functions in each variable (denoted again by f). Let A,, be a linear operator in
L,(I%) of rank < m. Assume it holds that

17 = An(F)g o) < Cm~* Qg m)? | fll g ey, 1 € Wi (I, (33)

Then based on A,,, we will construct a linear operator A, in Lq(]Rd,’y) which approximates
f e W}?(Rd,*y) with the same convergence rate. Our strategy is similar to the problem of
numerical integration considered in Subsection 2.1.

Fix a number @ with § > 1. Denote by L,(If) and W;(]Ig) the subspaces of Ly(I4) and
W;‘(Hg), respectively, of all functions f which can be extended to the whole R% as #-periodic

functions in each variable (denotgd again by f). A linear operator A,, induces the linear operator
Agm in Ly(19), defined for f € Ly(Ig) by Apm(f) = Am(f(-/0)).

From (3.3) it follows that

1 = Aol g, 09y < O Cogm)?ll flls aay: £ € Wit (1),

14



Since g < p, we can choose a fixed § > 0 such that

[kt (6sign k) /2|2 |k—(6sign k)/2|>

e 20 < Ce | kezd (3.4)

For n € Ry, let &, and ng be given as in (2.12) and (2.13). Recall that we write Hg,k =k +14
for k € Z%, and fo.k the restriction of f on Hg,k for a function f on R%. Let {ok}geza be the
partition of unity satisfying items (i)—(iv), introduced in Subsection 2.1. Similarly to (2.8) and
(2.9), by additionally using the items (ii) and (iv) we have that if f € W(R¢,v), then

for (- +R)pr(- + k) € Wy (I5),
and it holds that

|k—+(Bsign k) /2|

[ fox(-+R)op( +E)llyaqa <e 2l fllwg ey (3.5)
We define the linear operator Agm in Ly(R%,7) of rank < n by
(43,0) @) = 3= (Aomfon) (@~ k), (3.6)
k| <&n

where fpx(x) = for(x + k)pr(x + k). Indeed, by (2.14),

rank A) < Z rank Ag ,, < Z ng < n.
k| <&n k| <én

Theorem 3.1 Leta e N, 1 < g<p< oo anda > 0,b>0,0 > 1. Assume that for any
m € Ry, there is a linear operator A, in iq(ﬂd) of rank < m such that the convergence rate
(3.3) holds. Then for any n € Ry, based on this linear operator one can construct the linear
operator Ag,n in Ly(R%, %) of rank < n as in (3.6) so that

1f = A3 (D)l Lygzt ) < O (logn)’ | Fllwpaey: € Wi (RS 7). (3.7)

Proof. The proof of this theorem is analogous to that of Theorem 2.2 with certain modifications.
We give a short description of it. From the items (ii) and (iii) in Subsection 2.1 it is implied
that
F=>" fortr
kezd
Hence we have

1 = A3 Dllygeny < D |[fowen — (Aomfor) (= K)]

|k|<&n

+ | forprlly qa -
Lq(T§ ) kg{ La(T,67)

(3.8)
From (2.13), (3.3) and (3.5) we derive the estimates

er,kwk - (Ae,nkfe,k) (- — k)’

Lq(ﬂg,kﬁ)
_ |k—(0signk)/2]%

<e % for(- +k)ow(- + k) —Ae,nkfak‘ i
Lq(I§)
_lk—(osignk)/21® b
<e g (log )l £ (- + K)ene -+ K) e gy
|k+(0sign k) /2|2 |k—(Osign k) /2| 1) —a
< e 2p 2q (ne_%|k|2) (log n)beHWg(Rd,w)'
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Using (3.4) we get

~ _é 2 —a
er,k:(Pk - <A67nkf9,k> (-— k)’ . < ezl (logn)b||f||W3(Rdﬂ),
I\"0,k
which implies
> Hfa,kSOk - (AO,nka,k> (- — k)‘ L < > e 51k =a(log n)? £ llwe ra )
k| <€n W,

<1 (10gn)°[| fllwe e q)-

Similar to (2.21) and (2.22), we have for a fixed ¢ € (0,1/2),

k= (@Slgn k)/2|2 o et (0sign k)/2|2

> Ifonerllr, a2 < e | fllweman
k| >E&n |k|>¢n
—8|k|? —6(1—¢)€2
< Z e Okl ”fHW;}(Rd,'y) < el €)§”||f||W;(Rd;y)
|k|>&n

— 2B £l o) < (logn)? | fllw et .
From the last two estimates and (3.8) we obtain (3.7). 0
Lemma 3.2 Leta € Nand 1 < q<p < oo. Then we have
(W (1), Ly (1) < m ™ (log m) (@D,

Moreover, truncations on certain hyperbolic crosses of the Fourier series form an asymptotically
optimal linear operator Ay, in Ly(1%) of rank < m such that

1~ APl ey < 1 Qogm) D Fll oy, f € Wer(I). (3.9)

For details on this lemma see, e.g., in [4, Theorems 4.2.5, 4.3.1 & 4.3.7] and related comments
on the asymptotic optimality of the hyperbolic cross approximation.

We are now in the position to prove the main result in this section.

Theorem 3.3 Let o € N and 1 < g < p < oo. Then for any n € Ry, based on the linear
operator A,, in Lemma 3.2 one can construct the linear operator A;, in Lq(Rd,’y) of rank < n
as in (3.6) so that

sup  |[f — ALz, ®a ) = An <X dn < 07 (logn)@THe, (3.10)
FEWS (RY)

Moreover, with the additional condition q = 2,

on = n~%(log )@, (3.11)

Proof. For a fixed § > 1, we define A}, := Agn as the linear operator described in Theorem 3.1.
The upper bounds in (3.10) follow from (3. 9) and Theorem 3.1 with a = o, b= (d — 1)a.
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If f is a 1-periodic function on R% and f € Wpa (I¢), then

1/p
HfHW,f*(Rdw):<27T Y / D" f( rpe-da:>

7o <ax
1/p
( > Z/D’“ (@ + k)Pe )
7|0 <a kcZd
A o\ /P
< ( Z / |Dr |pd:1: Z 6_\k—(51g;k)/2\ )
|7oo <ax kezd

< HfHWrgx(]Id)a

HfH/iq(ﬂd)_( )# [ @) gla)a )Uq < (2m)%

Hence we get

and

l\:)‘&

d
5 || fl L, (me -

An > dy > dn (W, (I%), Lg(I).
Now Lemma 3.2 implies the lower bounds in (3.10).
We now prove (3.11). Assume g = 2. The lower bound of (3.11) follows from (3.2) and
(3.10). Let us verify the upper one. By (3.10) we have that
d, < n~*(logn)d—He, (3.12)

Notice that the separable normed space W' (R, ) is continuously embedded into Lo(R?, ),
and the evaluation functional f — f(z) is continuous on the space W' (R4, ) for each x € R
This means that W (R% ) satisfies Assumption A in [9]. By [9, Corollary 4] and (3.12) we
prove the upper bound:

on < dp < n”%(logn)dNe,

3.2 Thecaseg=p=2

Our approach to this case, which is completely different from the one in the case 1 < ¢ < p <
00, is similar to the hyperbolic cross trigonometric approximation in the Hilbert space I~/2(]Id)
of periodic functions from the Sobolev space W§'(I?) (see, e.g., [4] for details). Here, in the
approximation, the trigonometric polynomials are replaced by the Hermite polynomials.

For k € Ny, the normalized probabilistic Hermite polynomial Hy of degree k on R is defined

» (—1)k 22\ d* 2
o= B on(3) o ().

For every multi-degree k € Ng, the d-variate Hermite polynomial Hy is defined by

=[] Hy,(z;), =R

17



It is well-known that the Hermite polynomials { Hy} kend constitute an orthonormal basis of the

Hilbert space Lo(R%,7) (see, e.g., [19, Section 5.5]). In particular, every f € Lo(R? 7) can be
represented by the Hermite series

F= 3 faH with f(k) = [ f(@) Hi(@)(da) (3.13)

keNd

converging in the norm of Ly(R%, ), and in addition, there holds Parseval’s identity

2oy = D If(R). (3.14)

keNd

For o € Ny and k € N¢, we define

d
Pa,k ‘= H k +1

Lemma 3.4 Let o € Ng. Then we have that

1B gy = 2 pakl R)P, f € W (R 7). (3.15)
keNgd

Proof. This lemma in an implicit form has been proven in [7, pages 687-688]. Let us prove it
for completeness. From the formula for the rth derivative of the Hermite polynomial Hy,

g — ﬁ Hy_p, ifk>r,
k N .
0, otherwise,

we deduce that for f € W' (R,v) and r < a,

f=>" (k) H—p,
k>r
and hence,
2 2
1 1vg (rayy = Z > kl—m Z > kdfrd Flky,. .. ko)l (3.16)
r1=0k1>r rqg=0kg>rg

From the last equality and the relation ﬁ = pri, k € Np, it is easy to derive (3.15) for the

case d = 1. In the case d > 2, (3.15) can be proven by induction on d with the help of the
equality (3.16). O

We extend the space W§'(R%, v) to any a > 0. Denote by H® the space of all functions
f € La(R9, ~) represented by the Hermite series (3.13) for which the norm

1/2
1 llsga = | D parlf(k) (3.17)

keNd

18



is finite. With this definition, we identify W(R%, ) with H* for o € N.

For functions f € H®, we construct a hyperbolic cross approximation based on truncations
of the Hermite series (3.13). For the hyperbolic cross G(§) := {k eENd:p1g < §} , £ €Ry, the
truncation Se¢(f) of the Hermite series (3.13) on this set is defined by

= > f(k)

keG(€)

Notice that S¢ is a linear projection from Ly(R%,~) onto the linear subspace L(€) spanned by
the Hermite polynomials Hg, k € G(£), and dim L(&) = |G(&)|.

Recall that according to the section on notation in the introduction H® denotes the unit

ball in H“.

Theorem 3.5 Let o > 0. Then we can construct a sequence {&,},- 5 with |G(&,)| < n so that

(d—1a

o 1F = Sew (D)l gy = Aa(HY La(RY, 7)) = du(H, La(R?, 7)) < n™ 2 (logn) 2

(3.18)
Moreover, with the additional condition o > 1,

(d—1)a

on(H®, Lo(R%, 7)) < n~2(logn) 2z . (3.19)

Proof ~ Since Lo(R%v) is a Hilbert space, we have the equality \,(H%, L2(R% 7)) =
dn(H®, Lo(R%,7)) in (3.18). To prove the upper bounds in (3.18) it is sufficient to construct a
sequence {&,}, so that |G(&,)] < n and

(d—1a

s 117 = Sty (1l sy < % logm) 2

(3.20)

From Parseval’s identity (3.14) and Lemma 3.4 we have that for every f € W§(R?, v) and & > 1,

1f = Se(f HL2 Ri ) = Z fk)? <& Z poief (k)? < £ [fllwe@aqy <€ (3.21)

k¢G(€) k¢G(8)

Let {&,},—5 be the sequence of &, defined as the largest number satisfying the condition |G(&,,)|
n. From the relation |G(&,)| < &,(log&,)?71, see, e.g., [22, page 130], we derive that £,;¢ <
n~*(log )¢~V which together with (3.21) yields (3.20).

To show the lower bounds of (3.18) we need Tikhomirov’s theorem [23, Theorem 1] which
states that if X is a Banach space and U,4+1()) the ball of radius A > 0 in a linear n + 1-
dimensional subspace of X, then d,,(U,+1(A), X) = A. Further, if

U€) = {1 € L) : 1flamer <1}

and f € U(£), then by Parseval’s identity (3.14) and the definition of H®, similarly to (3.21), we
deduce that || f||e < €2/2. This means that CE*/2U (&) € H* for some C > 0. Let {€,}°°, be
the sequence of &/, defined as the smallest number satisfying the condition |G(¢],)| > n+1. Then
dim L(€) = |G(£,)| > n+1, and similarly as in the upper estimation, (&,)~% < n=%(logn)@-1e,
By Tikhomirov’s theorem for the smallest quantity d,, in (3.18) we have that

| A

(d—1)a

dn(H, Lo(R?, 7)) = dp(CE2U (€ 41), La(R%, 7)) > (&)™ < n" 2 (logn) 2
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Let us prove (3.19). The lower bound of (3.19) follows from (3.18) and the inequality
on(H®, La(R9, 7)) > Ap(H?, La(RY,7)). We verify the upper one. By (3.18),

(d—1)a

d(H®, Ly(R%, 7)) < n” 2 (logn)™ = . (3.22)

Notice that for a > 1, H® is a separable reproducing kernel Hilbert space with the reproducing
kernel

K(z,y) = Y pojHi(@)Hi(y). (3.23)
keNd

From the orthonormality of the system {Hy} keNd it is easily seen that K (x,y) satisfies the finite
trace assumption

K(xz,x)y(dz) < oo. (3.24)

R4
Hence by [9, Corollary 2] we obtain g,(H®, L2(R%,7)) < d,(H*, Lo(R9,~)). This and (3.22)
prove the upper bound of (3.19). O

In the case when o € N, Theorem 3.5 yields the following result on sampling n-widths of the
Sobolev class W§(R?, ) of mixed smoothness a.

Corollary 3.6 Let a € N. Then we can construct a sequence {&n} oo with |G(&,)] < n so that

(d—1a

sup || f = Seu (F)ll yangy = An = dn=<n"2(logn) 2 . (3.25)
fEWF(RY,y)
Moreover, with the additional condition o > 2,
o (d—1)a
on=<n"2(logn) =z . (3.26)

We stress that the assumption « > 1 for (3.19) is vital since it is a necessary and sufficient
condition for H® to be a separable reproducing kernel Hilbert space with the finite trace condition
(3.24) and therefore, the result [9, Corollary 2] can be applied. We conjecture that the consequent
asymptotic order (3.26) still holds true for o = 1. Here it may require a different technique.

4 Numerical comparison with other quadratures

We illustrate the integration nodes of the quadratures constructed in the present paper, in

comparison with the integration nodes used in [7]. Assume that {1, ..., x,} are the integration
nodes for an optimal quadrature I, for functions in W;(P). Then the integration nodes in [7]

are just a dilation of these nodes to the cube [—C+/logn,Cy/logn]?>. Hence these nodes are
distributed similarly on this cube. Differently, the integration nodes in our construction are
formed from certain integer-shifted dilations of {@x1,...,x,,} and contained in the ball of radius
C+/logn. These nodes are dense when they are near the origin and getting sparser as they are
farther from the origin. The illustration is given in Figure 1.

The following is a numerical test of our result for the cases d = 1 and o = 1,2, 3. We consider
the algorithm for the space Wg*(R). For numerical integration of functions in W'(Il) we use the
Smolyak point set. Observe that these nodes give the optimal convergence rate since d = 1,

see Section 2.2. In this test 0 in (2.10) is chosen as § = %. We apply the method of change
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Figure 1: Distribution of integration nodes in [7] and in this paper.

of variable by 13 to get asymptotically optimal integration nodes and weights for functions in
W(I) where the function 5 is defined as in (2.24). From these nodes and weights we get the
optimal quadrature {x1,...,z,} and {A1,..., A\, } for W§'(R, ) as described in Section 2.1. The
error of this quadrature is given by

1/2

err = ((1 - ;Ai)z + gpa,k(g/\ﬂk(%)Y) :

see, e.g., [7, Section 4].

For the numerical computation this error is replaced by the truncated version

In our test we choose m = 10°. Our result is given in Figure 2 which shows that the worst-case
errors of the assembled quadratures for a € {1,2,3} have convergence rate O(n~%). It has been
observed in [7] that the interlaced Sobol’ sequence also gives the optimal convergence rates for
numerical integration of W¢*(R,~). The numerical result reaffirms the theory in this paper.

Acknowledgments: This research is funded by Vietnam Ministry of Education and Training
under Grant No. B2023-CTT-08. A part of this work was done when the authors were working at
the Vietnam Institute for Advanced Study in Mathematics (VIASM). They would like to thank
the VIASM for providing a fruitful research environment and working condition. The authors
express special thanks to David Krieg and Mario Ullrich for useful discussions, in particular,
for pointing out the recent paper [9] and for suggesting to include the results on sampling n-
widths into the present paper. They express gratitude to the referees for valuable comments
and suggestions which improved the presentation of this paper.

21



log 1 0(worst—case-error)
[<;]
T
/
/
Y
!

—&—alpha=1
—¥—alpha=2
-10 H —¢—alpha=3 -
R ,O(n-1)
- —-om?
)
12 I | | | | | | | | |

4 5 6 7 8 9 10 1 12 13 14 15

log,(n)

Figure 2: Errors of the assembling quadratures.

References

[1]

N. Bakhvalov. Optimal convergence bounds for quadrature processes and integration meth-
ods of Monte Carlo type for classes of functions. Zh. Vychisl. Mat. i Mat. Fiz., 4(4):5-63,
1963.

V. Bykovskii. On the correct order of the error of optimal cubature formulas in spaces with
dominant derivative, and on quadratic deviations of grids. Preprint, Computing Center
Far-Eastern Scientific Center, Akad. Sci. USSR, Viadivostok, 1985.

D. Ding and T. Ullrich. Lower bounds for the integration error for multivariate functions
with mixed smoothness and optimal Fibonacci cubature for functions on the square. Math.
Nachr., 288:743-762, 2015.

D. Dung, V. N. Temlyakov, and T. Ullrich. Hyperbolic Cross Approrimation. Advanced
Courses in Mathematics - CRM Barcelona, Birkhduser/Springer, 2018.

J. Dick. Explicit constructions of quasi-Monte Carlo rules for the numerical integration of
high-dimensional periodic functions. SIAM J. Numer. Anal., 45:2141-2176, 2007.

J. Dick. Walsh spaces containing smooth functions and quasi-Monte Carlo rules of arbitrary
high order . SIAM J. Numer. Anal., 46:1519-1553, 2008.

J. Dick, C. Irrgeher, G. Leobacher, and F. Pillichshammer. On the optimal order of in-
tegration in Hermite spaces with finite smoothness. SIAM J. Numer. Anal., 56:684-707,
2018.

J. Dick and F. Pillichshammer. Digital Nets and Sequences. Discrepancy Theory and
Quasi-Monte Carlo Integration. Cambridge University Press, Cambridge, 2010.

22



[9]

[10]

[11]

[12]

M. Dolbeault, D. Krieg, and M. Ullrich. A sharp upper bound for sampling numbers in Ls.
Appl. Comput. Harmon. Anal., 63:113-134, 2023.

K. K. Frolov. Upper error bounds for quadrature formulas on function classes. Dokl. Akad.
Nauk SSSR, 231:818-821, 1976.

T. Goda, K. Suzuki, and T. Yoshiki. Optimal order quadrature error bounds for infinite-
dimensional higher-order digital sequences. Found. Comput. Math., 18:433-458, 2018.

C. Irrgeher, P. Kritzer, G. Leobacher, and F. Pillichshammer. Integration in Hermite spaces
of analytic functions. J. Complexity, 31:308-404, 2015.

C. Irrgeher and G. Leobacher. High-dimensional integration on the RY, weighted Hermite
spaces, and orthogonal transforms. J. Complexity, 31:174-205, 2015.

P. Kritzer, F. Pillichshammer, L. Plaskota, and G. W. Wasilkowski. On efficient weighted
integration via a change of variables. Numer. Math., 146:545-570, 2020.

V. K. Nguyen and W. Sickel. Pointwise multipliers for Sobolev and Besov spaces of domi-
nating mixed smoothness. J. Math. Anal. Appl., 452:62-90, 2017.

V. K. Nguyen, M. Ullrich, and T. Ullrich. Change of variable in spaces of mixed smoothness
and numerical integration of multivariate functions on the unit cube. Constr. Approx.,
46:69-108, 2017.

M. M. Skriganov. Constructions of uniform distributions in terms of geometry of numbers.
Algebra i Analiz, 6:200-230, 1994.

E. M. Stein. Singular Integrals and Differentiability Properties of Functions. Princeton
Univ. Press, Princeton, NJ, 1970.

G. Szego. Orthogonal Polynomials. Amer. Math. Soc., 1939.

V. N. Temlyakov. On a way of obtaining lower estimates for the errors of quadrature
formulas. Matem. Sb., pages 1403-1413, 1990.

V. N. Temlyakov. Error estimates for Fibonacci quadrature formulas for classes of functions
with a bounded mixed derivative. Trudy Mat. Inst. Steklov, 200:327-335, 1991.

V. N. Temlyakov. Approximation of Periodic Functions. Computational Mathematics and
Analysis Series, Nova Science Publishers, Inc., Commack, NY., 1993.

V. Tikhomirov. Widths of sets in function spaces and the theory of best approximations.
Uspekhi Mat. Nauk, 15:81-120, 1960.

23



	Introduction
	Numerical integration
	Assembling quadratures
	 Asymptotic order of optimal numerical integration

	Approximation
	The case 1q < p < 
	The case q = p = 2

	Numerical comparison with other quadratures

