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1 Introduction

Approximations are met in any mathematical problem. One of the major reasons is that although math-
ematical models greatly simplify real-world problems, they are often very difficult to deal with so require
approximation methods for consideration. Local approximations have been intensively studied with va-
riety applications in many problem classes, see e.g., the books [6,27,29]. Variational or quasi-variational
inequalities and traffic network problems are among the most important optimization-related models
(variational inequalities are also involved in research of partial differential equations). The former encom-
passes many significant particular cases and the latter reflects interesting real-world situations. The reader
is referred to the book [22] by two of the pioneers in variational inequality studies, the coherent and com-
prehensive books [12,13], and papers [4,5,9,14,19,20,26] among a huge number of contributions. Traffic
network problems constitute one of the most important special cases of quasi-variational inequalities. The
history of traffic network problems may be sketched as follows. The classical network problem is of seeking
to determine the users’ paths of minimal cost from origins to destinations in a congested transportation
network. It appeared in 1920 in the work of Pigou and was developed by Knight in 1924. In 1952, Wardrop
[35] introduced a notion of equilibrium flows for transportation network problems, which has been the
basis for predicting traffic equilibria of urban transportation and various kinds of “transportation” in en-
gineering, economics, management, etc. Smith [32] converted these problems to variational inequalities in
1979 and started a substantial number of contributions to applications of variational inequalities to traffic
networks; see, e.g., [7,9,19-21,26,34] among others. The works [15,37] extended the notion of Wardrop
equilibrium depending on the pattern equilibrium flow to the vector case. The papers [9,26] proposed to
consider the costs as multifunctions of the flows to make the traffic model more elastic and suitable for di-
verse practical situations. Developing this idea, the contributions [19,20] extended the Wardrop definition
of equilibrium to models with multivalued costs. In [24,25], traffic networks with arc constraints (instead
of path constraints) were studied. We can observe that the aforementioned works on quasi-variational
inequalities and traffic networks mainly consider global issues and global solutions. However, to the best
of our knowledge, there have not been contributions to global approximations of these problems. On the
other hand, variational convegence is a powerful tool for global approximations, especially for global sotu-
tions. Variational convegence is not a particular type of convergence, but a common name for the types of

convergence of a sequence of functions or bifunctions (i.e., bivariate/component functions) which preserve
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variational properties of these functions or bifunctions. Here, variational properties means those related to
extremality /optimality such as being an infimum or supremum, a minimizer of maximizer, a minsup-value
or maxinf-value, a minsup-point or maxinf-point, a saddle point, etc. Epi-convergence of functions was
introduced in [36]. For bifunctions, epi/hypo-convergence was proposed in [2] and lopsided convergence
appeared first in [3]. These three concepts are the basic types of variational convergence. Approxima-
tions in terms of variational convergence have been investigated for many classes of optimization-related
problems such as quasi-equilibrium problems, generalized Nash equilibria, multiobjective minimization
problems, Walras equilibria, consistency of approximate statistical estimators, problems of optimization
under stochastic ambiguity, see [10,11,17,18,30,31]. The above observations ensure the importance of a

study of such approximations of quasi-variational inequalities and traffic network problems in this paper.

Besides the novelty in the topic, our paper also contains a number of other significant newnesses.
Namely, additionally to the basic types being epi/hypo- and lopsided convergence, we propose inside
and weak types for both of them to have more tools for approximation research. Since the present work
focuses on approximations of chosen problems, we limit the explanation to simply saying that these
new concepts are indeed effective tools in establishing new approximation results under assumptions
lighter than the known basic types of variational convergence, see Propositions 4.1 - 4.3, Theorem 4.1,
and Corollaries 5.1 - 5.3. We also introduce new concepts of approximate solutions to quasi-variational
inequalities and of sateratedness of arcs and paths as well as equilibrium notions for traffic problems.
We would like to specifically mention that by the end of Sect. 4, we study for the first time so-called
second-level approximations of optimization problems in our research context (Propositions 4.4 and 4.5).

So, our results are new and no comparisons with the known ones are needed.

The layout of the paper is simple. In Sect. 2, the used standard notation is briefly presented and
then the variational convergence concepts are provided including some new notions. They are the main
tools for approximation investigations. Section 3 is devoted to the formulation of the quasi-variational
inequality and its weak variant together with definitions of approximate solutions and their properties.
Approximations of the above two quasi-variational inequalities are studied in Sect. 4. In Sect. 5, the
definitions of the considered traffic networks and their properties are presented followed by their approxi-
mations in terms of types of variational convergence. The final short Sect. 6 contains concluding remarks
about what are the achievements of the paper and what are the perspectives for further developments of

the obtained results.
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2 Preliminaries

Throughout the paper, N,R,R;, R™, R, and (R™)* denote the set of the natural numbers, the set of
the real numbers, the nonnegative numbers, an m-dimensional space, the m-positive orthant, and the
dual space of R™, respectively (resp). Set R := RU {4+o0}. For M C R™, cIM and convM are its closure

and convex hull. If M is convex and = € M, the normal cone of M at x is
N(M,z) = {p € (R™)*|(p,y — z) < 0,¥y € M}.
For a sequence r* € R, its upper and lower limits are
limsupkHJroork = limpﬁ+oosupk>prk, liminkaJroork = limpﬁ+minfk>prk, resp.
Let X be a metric space, A C X, and h : A — R. The epigraph and hypograph of h are
epih = {(z,7) € X xR | h(z) <7}, hypoh:={(z,r) € X xR | h(x) > r}.

For function ¢ : A — R, define (p : X — RU {400} by
p(z) if € A,
Co(z) =

400 otherwise

and regard points (2, 400) as belonging to epi(y when € A. Then, define epigp := epiCyp. The hypograph
of ¢ can be defined similarly.

Now recall some notions of set-valued analysis. For a metric space X and M* C X, the outer/upper
limit (inner/lower limit, resp) of the sequence MP* is

Limsup;,_, o M" == {z € X | 32" € M" 2% — 2}
(Liminfj,_, oo M* := {x € X | 2% € M* 2% — 2}, resp).

Obviously, an inner limit of a set sequence is a subset of its outer limit and even outer limits may be empty.
MPF are said to Painlevé-Kuratowski converge to M, denoted by M* P M or M = Limy_, 4 oo M*, iff

Limsup,,_, , oo M* = Liminf;_, . M* = M.

For brevity, later on we usually use the abbreviations lsy, lig, Lsg, Lix, and Limy for limsupg—s oo,
liminfg s 4 0o, Limsupg— 400, Liminfy 4 oo, Limg_, 4o, resp. For metric spaces X, Y and a set-valued map

G : X 3Y, its domain and graph are defined as

domG = {w € X | G(x) # 0}, gphG := {(z,y) € X x ¥ | y € G(x)},resp.
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Finally, let us speak about variational convergence of functions and bifunctions. Let X be a metric
space. For k € N, let A*, A C X be nonempty, ¢* : A¥ — R, and ¢ : A — R. The following two definitions

are taken from [11].

Definition 2.1 (types of epi-convergence) ¢* are said to epi-converge to ¢, denoted by ©* % ¢ or ¢ =

e-limy ", iff

(a) for all subsequences 2%/ € A¥ — x, 1ij@% (z%7) > p(z) if 2 € A and ki (2%7) — +oo if x ¢ A;

(b) for all x € A, there exist points ¥ € A¥ — z such that Isgp*(2*) < ¢(x).

Omitting the case that ¢ A with the infinity condition, one has inside epi-convergence which is

denoted by ¥ = @ or ¢ = i-e-limy*.

Recall the well-known geometric reformulation of the concept of epi-convergence: condition (a) of ¢ =

e-lim* means that Lsy(epi¢*)C epip and its condition (b) is equivalent to epip C Li(epigF).

Definition 2.2 (types of hypo-convergence) ¢ are said to hypo-converge (inside hypo-converge, resp)
to ¢, denoted by by ¢* LN @ or ¢ = h-lim,p" (QF = @ or ¢ = i-h-limy ¥, resp), iff —¢* epi-converge

(i-epi-converge) to —p.

Now let A, A* B, B* ¢ R™, D* : A* = B* D: A= B, W* : gphD* - R, and ¥ : gphD — R.

Assume, without loss of generality, that D* and D are defined on the entire A* and A, resp, and surjective.

Definition 2.3 (types of epi/hypo-convergence) Bifunctions ¥* are said to inside epi/hypo converge

(i-e/h-converge) to ¥ (wrt gphD* and gphD), denoted by ¥* Yy or W = i-e-lim Wk, iff

(a) for any subsequence %1 € A¥i — z € A and y € D(x), there exists a subsequence y*i € DFi(zki) — y
such that 1i;@*i (2%, yki) > 0 (z,y);
(b) for any subsequence y*/ € B¥ — y € B and x € D~!(y), there exists a subsequence z*/ €

(Dki)=Y(y*i) — z such that 1s; ki (2%, yki) < @ (z,y).

2/ h
Bifunctions ¥* are called e/h-convergent to ¥, denoted by ¥* i) ¥ or ¥ = e-limV, iff additionally
the following infinity conditions are fulfilled: for any subsequence 2%/ € A*i — 2 ¢ A, there exists a
subsequence y*i € D¥i (x%3) such that W*s (2%, y*1) — +o0, and for any subsequence y* € B* — y ¢ B,

there exists a subsequence x*i € (DFi)~1(y*7) such that ¥*i (xzFi, y*i) — —oo.
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Bifunctions W* are weak e/h-convergent (w-e/h-convergent) or weak inside e/h-convergent (w-i-e/h-
convergent), resp, iff in the above statements, all the subsequences are replaced by the corresponding

(whole) sequences.

b2

For brevity, instead of writing “Bifunctions W* are ...”, “there exist points y*”, etc, we simply write

k»

“pk are ...” “there exist y*”, etc, since from the indices k, the plural form is clear.

Remark 2.1 (i) In the above definition, the weak convergence concepts are newly proposed, while the
others are taken from [11]. To see that the weak e/h-convergence is really weaker than the e/h-convergence,
consider a simple example with D¥(x) = B* for all # € A* and D(z) = B for all x € A. Let A* be equal
to {0,1} for the odd k’s and to {0} for the even k’s, A = {0}, B¥ = B = {1} for all k, ®*(x,y) = 0 for
all k € N, (z,y) € A¥ x B¥, and &(x,y) = 0 for all (z,y) € A x B. Then, direct verification shows that
@* do not e/h-converge to @ as the infinity condition in (a) of Definition 2.3 is violated. But, we have
all the other three weaker types: inside e/h, weak e/h-, and inside weak e/h-convergence. Sects. 4 and 5
will provide approximation results under these types of convergence, including the types weaker than the

e/h-convergence.

(ii) Each type of e/h-convergence is symmetric in the sense that conditions (a) and (b) are symmetric
(wrt z and y, liminf and limsup, etc). Furthermore, if we insist on min,max, and only change the order of
the two operations, then e/h-convergence is also symmetric in the sense that bifunctions (x,y) — ¥*(z, y)
e/h-converge to (r,y) — W¥(z,y) if and only if bifunctions (x,y) + ¥*(y,z) h/e-converge to (x,y)
U (y,z). So, h/e-convergence may be considered to coincide with e/h-convergence (with condition (b)

coming before (a)). For the weaker types of e/h-convergence, we have the same situation.

(iii) In Sections 4 and 5, we will see that the considerations in this paper employ largely the types
of variational convergence of bifunctions —¥* to —¥ due to our problem formulations. However, to be
consistent with the previous publications in the literature, we keep the terminology as in Definition 2.3.
Note that a type of convergence of —W* to —W¥ corresponds to max,min, and we do not call it the

hypo/epi-convergence of ¥* to ¥.

The second basic type of variational convergence of bifunctions is lopsided convergence (lop-convergence).
Unlike the e/h-convergence, from the definition below, it is clear that the lop-convergence is not sym-
metric. Hence, we must have two concepts given in the following two definitions. Moreover, similar to

e/h-convergence, in fact, we have two groups of the corresponding types of lop-convergence.
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Definition 2.4 (types of mis-lop convergence) We say that ¥* mis-lop converge to ¥ ([31]) iff

a) Vzki € Ak — 2 € A, Yy € D(x), Yk € D¥(aki) — y, 1i;0Fi (s, y*i) > U (x,y), and Vaki € A% —
J
¢ A, ki € DFi(xka), ki (zks yFi) — +oo;
(b) Vo € A, Jaki € Ak — z, Wk € DFi(aki) — y, 1s;WFi (ab,yki) < U(x,y) if y € D(z), and

ki (xki,ykj) — —0 if y ¢ D(x).

. is—1
We use the notation w* "5

¥ or ¥ = mis-lop-lim¥*. If we consider only # € A in (a) and y € D(x)
in (b) (and omit the infinity conditions), ¥* is called inside mis-lop convergent and we have “i-” added

to the notation.

Replacing the subsequences in the above definitions by the corresponding sequences, we have the
concepts of weak mis-lop convergence and weak inside mis-lop convergence, resp. Similar to the w-e/h-

convergence, we use the notation “w-mis-lop convergence”.

Note that condition (a) in Definition 2.4 is the same as (a) in Definition 2.3, but in the former
definition, condition (b) is different from (b) in Definition 2.3, so it is not symmetric to (a). This leads to
various differences in properties and applications of the two types of convergence. These differences also

confirm the usefulness of both the convergence types.

In [31] only mis-lop convergence is discussed and called simply lop-convergence (the above three
weaker variants are not involved). However, in studies related to duality phenomena, we need to clearly

distinguish the following parallelism and its weaker variants.

k

Definition 2.5 (types of mai-lop convergence) ¥” are called mai-lop convergent to ¥ iff

(a) Vyki € Bf -y e B, Vx € D (y), ki e (DR )~ L(yki) — x, lsjwkj (xkﬂ',yki) < U(x,y); Yyhi €
BFi — y ¢ B, 3zki € (DM) =1 (yks), whi (a3, yhi) — —o0;
(b) Yy € B, Iy € BF — y, Vaki € (DF)~H(yh) — u, lijwkj (i, ki) > w(x,y) if x € D1(y), and

ki (xki,ykf) — 400 if x ¢ D71(y).

mai—lo,
k Y P

We denote this convergence by ¥ ¥ or ¥ = mai-lop-lim;¥*. The inside mai-lop can be defined

and denoted similarly, with the infinity conditions being removed.

Also by replacing the subsequences by the corresponding sequences, we have weak lop-convergence

with a similar notation.
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Now, we concentrate on approximation studies for our chosen optimization problems. Note that in
fact, the above concepts can be defined for more general underlying spaces, but we provide them just for

the context of this paper.

Ezample 2.1 (mis-lop convergence holds; w-mai-lop and w-e/h-convergence fail) Let A*¥ = A = (0,e— 1],
B¥ = B = (0,1], D*(z) = D(z) = [In(x+1),1], and ¥*(x,y) = ¥(x,y) = In(y/x). We verify first
condition (a) of the mis-lop convergence. As ¥* form a constant sequence, we work with sequences

instead of subsequences. For all z* € A¥ — z and y € D(x), we take in DF(a*)

Y if0 < zF < x,

y++* suchthat v* = 0t and In(zF +1) <y+~yF <lifz <abF <e—1.
Then, lim¥* (2%, y*¥) = ¥(x,y) by the continuity of ¥* = ¥. For all 2% € A¥ — 0 ¢ A, y* =1 € DF(aF)
satisfy UF(z*, y¥) — +oo.

For condition (b), with any = € A, we take 2* = x to get that, for all y* € DF(2*) — y € D(),

Isp @F (2%, y*) = ¥(x, y). Furthermore, for all z € A = (0, e — 1], taking arbitrary ¥ € A* — z, there is no
y* € Dk(2*) = D(z) tending to a point outside D(z). Hence, (b) is fulfilled and the mis-lop convergence
holds.

We show that condition (a) of the weak mai-lop convergence is not satisfied. The “inside part” of (a)

is checked since for any y* € B*¥ — y and = € D~!(y), we pick in (D¥)~1(y*) the points
z+~* suchthat v* — 0T and z +~7*F < e¥" —1if 0 < y* <y,

x ify <y? <1
to see that lim,¥* (2%, y*) = ¥(z,y) (by the continuity). But, the infinity condition is violated since for any
yk € B¥ — 0 ¢ B, taking 2 = e¥" — 1 € (D¥)~1(y*), one sees that ¥ (z*, y*) > In(y*(e¥" — 1)) — 0,
not —oo as required. So, ¥* do not w-mai-lop converge to ¥. Condition (b) of the i-mai-lop convergence
is satisfied by the continuity and so the i-mai-lop convergence holds.
Moving on to the weak e/h-convergence, let y* € B¥ — 0 ¢ B and 2* be in (D*)~!(y*). Then,
ak < v — 1 and Uk gk yF) > 1n(yk(eyk —1)7!) = 0, not —co as required. So, ¥* do not weakly

e/h-converge to V.

It should be noted that in the rectangular case (i.e., the domain of ¥ is a constant map: D(x) = B for

all x € A), condition (b) of the mis-lop convergence is properly stronger than (b) of the e/h-convergence.
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But, in this nonrectangular case, the mis-lop convergence does not imply the e/h-convergence. So, the need
of using both types of convergence is clearer. Note also that in this paper we consider quasi-inequalities
and traffic networks with elastic demands. So the types variational convergence of bifunctions on general
(nonrectangular) domains are needed since the bifunctions with rectangular domains cannot describe

these quasi-variational problems.

3 Set-Valued Quasi-Variational Inequalities

3.1 Primal Problems

Given two nonempty-set-valued maps 7 : R™ = (R™)* with compact values and K : R™ = R™, the

so-called weak set-valued quasi-variational inequality is

(wQVI) find Z € K(z) such that Vy € K(z), 3t, € T (@), (ty,y —z) > 0.

Clearly, T € K(Z) means that z € fixk, the fixed-point set of K. We also denote this quasi-variational
inequality by (wQVI(7,K)) to make the data clear, and its solution set by Sol(wQVI). This style of

notation is always adopted later for various problems.

To consider approximations of (wQVI(T, K)), we use the following bifunction ¢ : R™ x R™

P(z,y) := maxer () (t,y — ),

which is equivalent to
¢(-T7 y) ‘= IMaXtecconvT (z) <t7 Yy— S(}> (1)

Hence, when considering (wQVI(T,K)) via @, we can always assume that T is convex-valued (but, in
the general problem setting, 7 may be nonconvex-valued). Moreover, &(z,-) is convex for any x € R™.
Recall that for a convex function h : R™ — R, its subdifferential at x is defined by Oh(z) = {t € (R™)* |
h(y) —h(z) > (t,y —z) Yy € R™}. If © € domh := {z € R™ | h(z) € R}, then Oh(x) is nonempty, closed,

and convex (see [28], Theorem 23.4).

Lemma 3.1 (the subdifferential of @ in terms of 7) Let T : R™ = (R™)* be nonempty-compact-convez-

valued and @ defined by (3.1). Then, 0P(x,-)(x) = T (x) for all x € R™.
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Proof Since ¢(z,x) = 0, by the definition of @, &(x,y) — é(z,z) = D(z,y) > (t,y — x) for all t € T (x)
and y € R™. Hence, 7 (z) C 09(x,-)(z). For the reverse inclusion, suppose to ¢ T (x). The separation

theorem gives § € (R™)* such that max;c7(q)(t, %) < (to,). Setting § = yo — x yields
@(.’L’, yO) - ¢(xﬂ l’) < <t07y0 - (L‘>7

and so tg ¢ 0P(x,-)(x). It follows that 0P(z,)(x) C T (x). Consequently 0P(x,-)(x) = T (z). O

We denote the fixed-point set of K by A := fixKC and its image by B := K(A), and always assume
that A # () (there have been a huge number of results about such a nonemptiness in the literature,
see, e.g., [1,23]). We only focus on approximation studies and so we also always assume that the quasi-
variational inequalities under consideration have solutions. Furthermore, clearly we can restrict K as a map
K : A= B, and so K is surjective. Then, (wQVI(T,K)) is equivalent to the following quasi-equilibrium

problems

(QEP(®,K)) find z € A such that for all y € K(z), ¢(Z,y) > 0.

We also consider the following so-called strong set-valued quasi-variational inequality, which is usually

considered in the literature,
(sQVI) find z € K(Z) such that 3t € T(z), Vy € K(Z), (t,y — T) > 0.

Proposition 3.1 (relationship between (sQVI) and (wQVI)) Sol(sQVI) C Sol(wQVI) always holds.
Moreover, under the condition that (T is compact-convez-valued and) K is closed-convez-valued, Sol(wQVI) C

Sol(sQVI), i.e., the two problems are equivalent.

Proof By definition, if Z € Sol(wQVI), then supyex(zminge7(z)(t,y — ) > 0. By the closed-convex-
valuedness of K, due to Sion’s minimax theorem ([33], Corollary 3.3), that inequality is equivalent to
Mine7(z)SUPyex(z)(t: Y — T) > 0. Therefore, there exists ¢ € T(z) such that (t,y — %) > 0, i.e., T €

Sol(sQVT). O

The following example shows that the inclusion in Proposition 3.1 may be proper.

Ezample 3.1 ((sQVI) is properly stronger than (wQVI)) Let m = 2, K(x) = {yz | v > 0}, and T (z) =
{(-1,-1),(1,1)} for all z € R2 Then, fixK = R2. We first consider Sol(sQVI). Let * = (z1,72) €
fixkC = R2. For the case 21 > x2,t = (—1, —1) is not appropriate since infye {1401 (1—7) (21 +22) = —o0.

The situation with ¢ = (1,1) is similar since the corresponding infimum is less than 0. Hence, = with
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x1 > 2 do not belong to Sol(sQVI). Now it suffices to show that such points z belong to Sol(wQVT). We
have to check two cases for y € {yx | v > 0}. If v € [0, 1], one takes ¢t = (—1,—1) to see that the above
infimum is nonnegative. If v > 1, one takes ¢ = (1,1) to have that this infimum is positive. Hence, x with

x1 > 2 do belong to Sol(wQVTI).

Ezample 3.2 ((sQVI) is properly stronger than (wQVI) even with convex-valued T) Assume that m = 2,

T(x) = {(x1,22) €ER? |0 <21 < 1,29 € [21,1]N[0.1,1]}, and

{(0,0),(-1,0.5),(1,-1)} ifz € R%,
K(z) =

R? \ R2 otherwise.
Then, fixk = {(0,0)} U (R? \ R2). We first consider z = (0,0) € fixK for (sQVI). Clearly, there does
not exist ¢ € 7(0,0) such that inf,cx(o,0)(t,y — (0,0)) > 0, so x = (0,0) ¢ Sol(sQVI). However, this
point is a solution of (wQVI) since for each y € K(0,0), there obviously exists ¢ € 7(0,0) such that

(t,y — (0,0)) > 0. Therefore, Sol(sQVT) is properly smaller than Sol(wQVT).

Ezample 3.3 (Proposition 3.1 provides a sufficient condition, not a necessary one) Assume that m = 1,
T(xz) ={-1,1} for all z € R, and
{0} if x €[0,1),

K(z) = {1} ifze][l,+o00),

{-1} if z € (—00,0].

Then, fix/C = {—1} U {0} U {1}. To have Sol(wQVI) = Sol(sQVTI)), we show that Sol(sQVI) = fixK. For
x = —1, we take ¢t = —1 to obtain inf,cx_1)[—(=1 - (=1))] = 0, and so = —1 is a strong solution. For
x =0, we take £ = 1 to obtain the same infimum value and so x = 0 is a strong solution. For x = 1, since
K(1) = {1}, the corresponding minimum is equal to 0 for any t € {—1,1}. Therefore, Sol(sQVI) = fixk

and is evidently equal to Sol(wQVT).

In many cases, exact solutions of a problem do not exist or are difficult to compute. Hence, approximate

solutions play a crucial role.

Definition 3.1 (approximate solutions) Let ¢ > 0.

(i) A point 7 € fixK is called an e-solution of (QEP(®,K)), denoted by Z € e-Sol(QEP (2, K)), iff

Yy € K(Z), #(Z,y) > —e. Later on, we adopt this writing style for any e-solution set.
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(i) A point Z € fixK is called an e-solution of (WQVI(T,K)) iff Vy € K(z), 3t, € T(Z), (t,,y—T) > —¢.
(i) A point Z € fixK such that 3t € T(z), Vy € K(z), (t,y — T) > —¢ is said to be an e-solution of

(sQVTI).

Proposition 3.2 (relationships between approximate solutions)
(i) If z € e-Sol(QEP(P,K)), then for all e1 > e, T € £1-Sol(wQVI(T,K)). Conversely, if T € e-
Sol(wQVI(T, K)), then & € e-Sol(QEP(®, K)).
(ii) = € e-Sol(QEP(®,K)) if and only if —e < infycx@(T,y) < 0. This implies that T is in e-
argming (7, ) := {7 € K(z) | #(z,7) < inf e P(T,y) + €}
(iii) Assume that K is closed-convez-valued. Then, T € £-Sol(QEP(®, K)) if and only if & € £-Sol(sQVI(T, K))

if and only if T € £-Sol(wQVI(T, K)).

Proof (i) By definition, Z € e-Sol(QEP) means that max;c7(z)(t,y — =) > —¢ for all y € (). For any

£1 > ¢, set g9 := &1 — e. Then, we have that Vy € K(z), 3t, € T(z),

(ty,y — T) > maxyer(z)(t,y — T) —e2 > —e — g = —€1.

Hence, T € €1-Sol(wQVI).
Conversely, T € e-Sol(wQVI) implies that Yy € K(Z), max;c7(z) (t,y — ) > —¢, i.e., T € e-Sol(QEP).

(ii) € e-Sol(QEP) means that Z € K(z) and infyex(z)P(7,y) > —¢. Since &(7,T) = 0, the assertion

follows. Then, the required inclusion is evident.

(iii) € e-Sol(QEP(®, K)) means that inf,cxzmaxiers)(t,y — ) > —¢. In view of Sion’s minimax
theorem, that is equivalent to max,cy(z)infycx(z)(t,y — ) > —e, i.e., there exists £ € T (z) such that

infycjc(z)(t,y — Z) > —e. This means that € e-Sol(sQVI(T, K)). O

Observe that in Proposition 1(iii) of [8], Sion’s minimax theorem was applied for a similar result in

the special case of variational inequalities (not “quasi-variational”, i.e., with K(z) = K for all z € R™).

3.2 Dual Problems

The dual problem (DwQVI(T,K)) of (wQVI(T,K)) is defined in a natural way:

(DwQVI(T,K)) find § € K(fixK) such that Vo € K~ (),3t € T (), (,5 — x) <O0.
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This problem can be reformulated as

(DwQVI(T,K)) find § € K(fixK) such that Vo € K~ (y), minger ) (¢, 7 — z) < 0.

This reformulation means that (DwQVI(T,K)) is just (DQEP(®,K)) for

@(:177 y) = mintGT(y) <t7 Yy — (E>7

which is the dual of (QEP(®,K)), not of (QEP(®,K)) as in the Stampacchia-Minty duality scheme
for quasi-equilibrium problem (QEP(®, K)). It should be noted that if 7 = ¢, a single-valued map, then
(DwQVI(t, K)) collapses to the classical Minty quasi-variational inequality. The mentioned mismath when
expressing our dual couple in terms of quasi-equilibrium problems (intermediate problems) is due to the
set-valuedness of the quasi-variational inequalities. This note also holds for the dual strong problems

defined as follows.

The dual problem (DsQVI) of (sQVI) is

(DsQVT) find 5 € K(fixK) such that 3t € T(3),Ve € K~ (9), {,5 — z) < 0.

Proposition 3.3 (relationships between convex problems (DsQVI) and (DwQVTI)) It always holds that
Sol(DsQVI) C Sol(DwQVTI). Moreover, under the condition that (T is compact-convez-valued and) K1

is closed-convez-valued, one has that jj € fixK=! and § € Sol(DwQVI) imply that jj € Sol(DsQVI).

Proof By the definitions of the solutions, clearly Sol(DsQVI) C Sol(DwQVTI). Now impose the value condi-
tion and that § € fixK~!. By definition, § € Sol(DwQVI) means that for allz € K~1(g), SupK—l(@)é(', 7) <

0. As j € fixK~! and &(y, i) = 0, this means that § € argmin,cq(g)(—@(-, 7)) By Lemma 3.1, this implies

that 0 € T(y) + N(K~1(¥),9), i.e., § € Sol(DsQVI). O

Definition 3.2 (approximate dual solutions) Let € > 0.

(i) Apoint § € B = K(fixK) is called an e-solution of (DQEP(®, K)), denoted by i € e-Sol(DQEP (&, K)),
iff Vo € K=1(3), ®(x,7) <e.
(ii) A point § € B is called an e-solution of (DwQVI(T,K)) iff Vo € K~1(3), It € T(y), ({7 —z) <e.

(iii) A point § € K(fixK) such that 3t € T (), Vo € K=1(y), {f,§ — ) < € is said to be an e-solution

of (DsQVI).

Proposition 3.4 (relationships between approximate dual solutions)
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(i) g € e—Sol(DQEP(Q%,IC)) implies that § € e1-Sol(DwQVI(T,K)) for all ey > e. Conversely, if
7 € e-Sol(DWQVI(T, K)), then § € e-Sol(DQEP (&, K))
(i) Assume thatij € K=1(3). Then, §j € e-Sol(DQEP(®, K)) if and only if 0 < supme,cfl(g)dg(x,gj) <e.
The latter implies that § belongs to E—argmax,cfl(g)@(y 7).
(iii) Assume that K~ is closed-convez-valued and §j € K='(3). Then, j € e-Sol(DQEP (&, K)) if and

only if § € e-Sol(DsQVT).

Proof The proofs of (i) and (ii) are similar/symmetric to those of Proposition 3.2.
(iii) Impose the additional assumptions. § € E—Sol(DQEP(@, K)) means that supgex-1 (g minger(y) (t, y—
r) < e. By Sion’s minimax theorem, this is equivalent to min,es(g)supgex—1(z (6,7 — ) <€, ie., § € e-

Sol(DsQVT). O

Definition 3.3 (second-kind approximate solutions) Assume that 6 : R™ — R satisfies 8(x) > 0 for
x#0and e > 0.

(i) A point T € fixK is called an e6-solution of (QEP) iff (&, y) > —eb(z — y) for all y € D(T).

(i) A point z € fixK is called an e6-solution of (wQVI) iff Vy € K(z), 3t, € T(z), (ty,y — ) >

—eb(Z — y).

Proposition 3.5 (relationship between second-kind approximate solutions) If T € 10-Sol(QEP(2, K)),
then for all e > €1, T € £0-Sol(WQVI(T,K)). Conversely, if & € £0-Sol(wQVI(T,K)), then = € £6-

Sol(QEP(®, K)).

Proof The proposition can be verified analogously to Proposition 3.2(i). O

With a reference to Definition 3.3 and Propositions 3.4 and 3.5, we easily have the statement about

the corresponding relationship between second-kind dual approximate solutions.

4 Approximations of Set-Valued Quasi-Variational Inequalities

In this section we consider the variants of set-valued quasi-variational inequalities presented in Sect. 3.
Assume that we have sequences of problems approximating our problems defined by 7% : R™ = (R™)*
with compact values, KF : R™ = R™, and ®* : gphK* — R defined by &*(z,y) := max, 7 (g (t,y — ).

(When considering quasi-variational inequalities and without connections with subdifferentials, view @
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and @F as bifunctions on gphK and gphKC¥, resp, not on R™ x R™.) Similar to K, we regard K* as a
set-valued map from the whole A* := fixKC* and onto B* := ¥ (fixK*). So, (QEP(®*, KF)) is the problem
of finding € A* such that for all y € K*(z), ®*(z,y) > 0. The other approximating problems under our

consideration are stated in the same way.

We propose the following notion. For F*¥ : A¥ ¢ X =Y and F : A C X = Y, we say that gphF
is said to be strongly included in Lij(gphF), denoted by gphF C Liy gphF*, if for (z,y) € gphF and
subsequence {k;};, each type of the convergence xki € AP — gz and y* € F%(2%) — y implies the

other one.

Proposition 4.1 (convergence of approximate solutions of (WQVI¥)) Let e¥.e >0, e¥ — ¢, and &1 > ¢.
(i) If =% i-e/h- or i-mis-lop converge to —®, then AN Lsi(e®-Sol(wQVI¥)) C £1-Sol(wQVT). If —d*
e/h- or mis-lop converge to —®, then Lsy(e¥-Sol(wQVI¥)) C £1-Sol(wQVI).
(i) If gphK C Lix(gphKF*) and the i-e- or e-convergence of —®* to —® (as unifunctions on R™ x R™)
replaces the convergence of —®F assumed in (i), then the conclusion of (i) is still valid.

(iii) If —®* w-e/h- or w-mis-lop converge to —® and x* € £¥-Sol(wQVI¥) — z, then x € £1-Sol(wQVT).

Proof (i) Because of similarity, we only consider in detail the case when —@* e/—ib —&. Let T € Lsg(ek-
Sol(wQVI¥)) C Lsy(e*-Sol(QEP*)) (by Proposition 3.2(i)), i.e., there exists a sequence {z*/}; in eki-
Sol(QEP*i) converging to z. If # € A, then for all y € K(Z), condition (a) of the e/h-convergence
yvields y*i € KCki(2ki) — y such that li;(—@Fi (zki y*i)) > —B(z,y), ie., Is;0% (2%, y*i) < (z,y). As
DFi (xFi yFi) > —ePi for all y*s € KFi(2*9), it holds &(Z,y) > —e. Suppose that T ¢ A. Again condition
(a) gives y*i € KCFi (2%7) such that @Fi (243, y*i) — —o0, contradicting the inequality ¢Fi (z%s, yki) > —eks
for all y*i € KCFi (x*i). Hence, Z € e-Sol(QEP) and so Z € £1-Sol(wQVI) also by Proposition 3.2(i). Thus,
Lsy,(e*-Sol(wQVIF) C e1-Sol(wQVI). The assertion for the mis-lop convergence is automatic since the
above reasoning only utilizes the common condition (a) of the e/h- and mis-lop convergence.

(ii) As argued in (i), Z € Lsy(e*-Sol(wQVT*)) implies that there exist {z*i}; in e¥i-Sol(QEP*/) tending
to Z. Suppose that Z ¢ A. Then, for all y* € KFi(2%) — y, (Z,y) ¢ gphK. Hence, condition (a) of the
epi-convergence ensures that @%i (z%/,y*1) — —o0, which contradicts the fact that &% (zki yki) > —gks
for all y* € KFi(2%). So, Z € A. The proposition mentioned in (i) shows that it suffices to verify

that @(Z,y) > —e for each y € K(Z). Since (Z,y) € gphk, by the assumed strong inclusion of gphk

in Liy(gphkF), there exist y* € K*i(z*i) — y. Then, condition (a) of the epi-convergence implies that
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Is; % (xki y*i) < &(z,y). As @Fi (i yki) > —ebi, &(z,y) > —e. The assertion for the remaining case
—®F "= —@ is clear.

(iii) ke s’“—Sol(wQVI}“) implies that 2* € sk—Sol(QEPk) by Proposition 3.2(i), i.e., ok (ack, yk) > gk
for all y* € KF(2F). If z € A, then for all y € K(x), condition (a) of the w-e/h-convergence yields
y* € KF(zF) — y such that 1s;,®* (2% y*) < &(x,y). The rest of the argument is similar to that in (i)
with sequences replacing subsequences. The case of w-mis-lop convergence is automatic as only a common

condition of the two types of convergence is used. O

Proposition 4.2 (convergence of approximate solutions of (DwQVIF)) Let e¥,e > 0, e* — ¢, and e, > ¢.
() If —=9* i-e/h- or i-mai-lop converge to —®, then B N Ls;(e*-Sol(DwQVI¥))C &;-Sol(DwQVT). If
—&% e/h- or mai-lop converge to —®, then Lsy(e*-Sol(DWQVIF))C &1-Sol(DwQVT).
(ii) If gphK C Lix(gphK*) and the types of convergence of —dF to —d in (i) is replaced by the inside
hypo- or hypo-convergence, then one also has the conclusion in (i).
(iii) If — ¢k w-e/h- or w-mai-lop converge to —¢ and y* € eF-Sol(DwQVIF) — vy, then y € ;-

Sol(DwQVT).

Proof (i) We only discuss the case —®* /¥ _$. In view of Proposition 3.4(i), ¥ € Lsy(e*-Sol(DWQVIF))
implies that g € Lsk(ek—Sol(DQEPk(é, K))), i.e., there exist y* € ¥-Sol(DQEP*7) — 3. If § € B, then
condition (b) of the e/h-convergence gives that, for all x € KX~1(5), there exist 2%/ € (KF)~1(yki) — z
such that lijsf)kf (2%, y%1) > B(x, 7). Since dFi(zFi y*) < &b for all zbi e (KF)L(yks), d(x,5) < e.
Suppose § ¢ B. Then, for all x € K~!(5), the above condition (b) yields z* € (K*7)~1(y*s) such that
&Fi (ki y¥1) — 400, which is a contradiction as i (%, y¥i) < &% for all % € (K*)~1(y*). Hence,
Y€ &t—Sol(DQEP(Q%7 K)), so g € €1-Sol(DwQVI) by Proposition 3.4(i).

(ii) The proof is similar to (ii) of the preceding proposition with condition (a) of the epi-convergence

replaced by condition (a) of the hypo-convergence.
(iii) The proof is similar to (i) (cf. (iii) in the proof of the preceding proposition). O
Theorem 4.1 (convergence of couples of approximate solutions of (wQVI¥)-(DwQVI¥)). Assume that

6k,620, gk — e, and ey > €.

(i) If —@* e/h- or mis-lop converge to —® and Pk e/h- or mai-lop converge to —&, then

Lsi[(e*-Sol(wQVTF)) x (e¥-Sol(DwQVTI*))]C (£1-Sol(wQVT)) x (¢1-Sol(DwQVT)).
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(i) If gphK C LipgphK*, —®F epi-converge to —®, and — ¢k hypo-converge to 743, then the same
conclusion as in (1) holds.
(iii) If —®* w-e/h- or w-mis-lop converge to —®, —F w-e/h- or w-mai-lop converge to —¢, zF € k-

Sol(wQVI*) — x, and y* € £*-Sol(DwQVIF) — y, then (z,y) € (1-Sol(wQVI)) x (£1-Sol(DwQVT) ).

Proof (i) Since the Limsup of a product of sets is equal to the product of the Limsups of these sets,
applying Propositions 4.1(i) and 4.2(i) leads to the conclusion.

(ii) This assertion follows from Propositions 4.1(ii) and 4.2(ii).

(iii) This assertion follows from Propositions 4.1(iii) and 4.2(iii). O

For second-kind approximate solutions, we have the following corresponding results.

Proposition 4.3 (convergence of second-kind approximate solutions of (wQVI¥)) Let ¥, e >0, e¥ — ¢,
€1 > ¢, and 0 be as defined in Definition 3.3.
(i) If =% i-e/h- or i-mis-lop converge to —®, then A N Lsy(e80-Sol(wQVI¥)) C £10-Sol(wQVT). If
—@k ¢/h- or mis-lop converge to —®, then Lsy(e¥0-Sol(wQVI¥)) C £,0-Sol(wQVI).
(ii) If gphK C Lip(gphK*) and the i-e- or e-convergence of —®* to —® in (i) replaces the types of
convergence of —®* in (i), then the conclusion in (i) is still valid.
(iii) If —®% w-e/h- or w-mis-lop converge to —® and z* € £*0-Sol(WQVI¥) — =z, then = € &10-

Sol(wQVTI).

The proof is similar to that of Proposition 4.1. Furthermore, we also have the convergence of second-
kind approximate solutions of (DwQVI¥) similar to Proposition 4.2.

Now move on to discuss approximations for strong set-valued quasi-variational inequalities. Clearly,
we are only interested in the case with nonconvex-valued /C, since the approximate solution set of a
strong inequality with I closed-convex-valued coincides with that of the corresponding weak inequality
as we saw above. (Hence, Propositions 4.1, 4.2, and Theorem 4.1 are also about approximations of strong
set-valued quasi-variational inequalities when K is closed-convex-valued.) For such a nonconvex case,
an inconvenience is that bifunctions (like ¢ in (3.1)) cannot be used and so variational convergence of
bifunctions is still inapplicable. However, we can go deeper into concepts of approximations as follows.
Solving our strong problem (sQVI) consists of finding two elements: a solution Z € fixkC together with a
point ¢ € T(z). Hence, one can be interested in the following “second-level” approximations of (sQVI)

associated with a sequence {z*}, of its e¥-solutions and an e-solution #, where ¥, > 0 and ¥ — ¢.
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Assume that z* € £-Sol(sQVI), i.e., we have a problem of finding t* solving max;e 7 (,+)inf,ex(zr)
(t,y—aF) > —cF and that T € e-Sol(sQVI), i.e., we have a problem of finding # solving max;e7(z)infyex ()
(t,y — T) > —e. Setting A* = T(aF), B*¥ := K(z¥), and F¥(t,y) = (t,y — 2F) for t € (R™)*
and y € R™, we have a set-valued strong equilibrium problem (not “quasi-!) (SEP(F*, A* B¥)) (the
following definition of strong equilibrium problems was given in [11]) of finding t* € A* to solve
max;¢ arinfyc e (t,y — 2¥) > —* (hence t* is necessarily a maxinf-point of F* on AF x B). Similarly,
with A :=T7(z), B := K(z), and F(t,y) := (t,y—), we have that ¢ is a maxinf-point of F on Ax B and it
solves problem (sEP(F, A, B)): maxycr(z)infycic(z) (t,y — ) > —e. Now we have new bifunctions F* and
F, so we can employ variational convergence to investigate global approximations of (sEP(F*, A% B¥))
and (sEP(F, A, B)), which can be viewed as second-level approximations for (sQVI). It should be empha-
sized that in the following study of second-level approximations of strong quasi-variational inequalities,
we do not impose neither compactness nor convexity assumptions. We only need approximate solutions
of our approximating problems exist. We recall some facts needed in this investigation, for a metric space

X, A A,B* BC X, F*: A* x B* 5 R, and F: Ax B — R.
A function n : A — R defined by n(t) := inf,cpF(t,y) for t € A is called the inf-projection of F.

The following notion of tightness modifies the corresponding one in [11] for our current research

context.

Definition 4.1 (ancillary tightness for convergence of —F*) Assume that X is a metric space, A¥, A, B¥, B C
X, Fk: Ak x B¥ 5 R and F: Ax B — R. Iff —~F* e/h-converge (mis-lop converge or mai-lop converge,
resp) to —F and for all t € A, there exist points t* € A¥ — ¢ such that lix(n*(t*)) > n(t), then we say

that —F* e/h-converge (mis-lop converge or mai-lop converge, resp) t-ancillary tightly to —F.

Proposition 4.4 (second-level approximations of (sQVI)) Assume that e¥,¢ > 0, ¥ — ¢, 2F € £k-
Sol(sQVI), and & € e-Sol(sQVI). If —F* e/h- or mis-lop or mai-lop converge t-ancillary tightly to —F,

then Lsy(e*-Sol(sEP(F*, Ak B¥))) C e-Sol(sEP(F, A, B)).

Proof (i) Let t € Lsg(e"-Sol(SEP(F*, Ak, B¥))). Then, there exist tki € eki-Sol(sEP(F*i, A% BFi))— ¢
as j — +o00. Assume the t-ancillary tight e/h-convergence of —F* to —F. If t € A, then for all y € B, by
condition (a) of the assumed e/h-convergence, there exist y* € B* — y such that li;(—F"i (tki, yki)) >

—F(t,y). As t* is an e¥i-solution of (SEP(F¥i, Ak Bki)) FFi(thi o*i)) > —eki. So, F(t,y) > —¢, i.e.,
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t € e-Sol(EP(F, A, B)). Suppose t ¢ A. Then, the above condition (a) says that there exist y* € B

such that —FFi (% yki) — 400, contradicting the fact that %7 is an e¥i-solution as aforementioned.

It suffices now to show that ¢ is a maxinf-point of F' on A x B. The first step is to ensure that
Lsk (hypon®)C hypon. Assume that (¢, a) € Lsg(hypon®), i.e., there exist t*i € domn*s and a*s < nki (ths)
such that (t*/,a%7) — (t,a). If t € A, then by condition (a) of the assumed e/h-convergence, there exist
y*i € B¥i such that —F%i (tFi y*i) — 4o00. Since a¥s < pki(thi) < Fki(tki yki) it holds that a¥i — —oo,
which is a contradiction as a*s — . So, t € A. If t ¢ domy, then one has y € B with F(t,y) < a— 1. By

the above (a), there are y*i € B* — y such that li;(—F"i (tk y*)) > —F(t,y). Hence,
o = limja® < ls;nPi (th7) <ls;(F% (t%, %)) < F(t,y) < a — 1,

which is impossible. Consequently, ¢t must be in domy. For any positive €, take y. € B such that F(¢,y.) <

n(t) + €. Again by condition (a) of the e/h-convergence, one has y* € B¥ — y. € B such that
Is;n™ (t7) <1s;F* (t% y*7) < F(t,ye) < n(t) +e.

Therefore,

o = lima® <ls;n% (t%) < n(t) + ¢
and so (t,«) € hypon as ¢ is arbitrary.

The second step is to verify that hypon C Lix(hypon®). By the assumed ancillary tightness, for all
t € A, there exist points t* € AF — t such that lig(n*(tF)) > n(t), ie., Ispg(—n*(#*)) < —n(t). This is
equivalent to condition (b) of the epi-convergence of —n* to —n, whose geometric formulation is epi(—n) C
Liy (epi(—n*)). The last inclusion is equivalent to hypon C Lizhypon*.

The conclusion for the t-ancillary case of these types of convergence is clearly also verified because
both the mis-lop and mai-lop convergence are stronger than the e/h-convergence of bifunctions defined on
rectangles (i.e., the domains of the form A x B). (Although these types of convergence are incomparable

for (general) bifunctions defined on domains of the form gphD as in Definitions 2.3-2.5.) O

Now consider dual strong problem (DsQVI). Assume that y* € £F-Sol(DsQVI), i.e., we have the
problem of finding t* solving problem minteT(yk)Supze’C—l(yk)<t,yk — ) < £k and 7 € -Sol(DsQVI),
i.e., we have the problem of finding ¢ solving minec7()Supyex-1(5)(t, ¥ — =) < €. Setting CF = T(y"),
DF == K~1(y*), G* == (t,y* —z), C .= T(y), D := K~1(y), G := (t,§ — x), the above two problems

become dual strong set-valued equilibrium problems (DsEP(G*, C*, D*)) and (DsEP(G,C, D)), resp.
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Global approximations of them in terms of variational convergence of G¥ and G can be viewed as second-

level global approximations of (DsQVI). For these problems, we need the following notions.

A function £ : C' — R defined by £(t) := sup,cpG(t, x) for t € A is called the sup-projection of G.

Definition 4.2 (ancillary tightness for convergence of G¥) Assume that X is a metric space, C*, C, D¥, D C
X,GF:CF x DF - R, and G: C x D — R. If GF e/h-converge (mis-lop converge or mai-lop converge,
resp) to G and for all ¢ € C, there exist points t* € C* — ¢ such that 1s; (€% (%)) < £(t), then we say that

G* e/h-converge (mis-lop converge or mai-lop converge, resp) t-ancillary tightly to G.

Proposition 4.5 (second-level approximations of (DsQVI)) Assume that ¥, > 0, €& — ¢, y* € F-
Sol(DsQVTI), and § € -Sol(DsQVI). If G* e/h- or mis-lop or mai-lop converge t-ancillary tightly to G,

then Lsy(e*-Sol(DsEP(G*, C*, D*))) C e-Sol(DsEP(G, C, D)).

The proof is similar to that of Proposition 4.4 and omitted.

5 Approximations of Traffic Networks with Set-Valued Costs and Elastic Demands

Depending on Equilibrium Flows
5.1 Traffic Networks with Set-Valued Costs and Elastic Demands Depending on Equilibrium Flows

Assume for traffic network A that N is the set of nodes, L is that of directed arcs (also called links),
W is the set of origin-destination pairs (O/D pairs) of nodes. Assume further that O/D pair w € W
is connected by set P, of paths, P = Uyew Py, and m = |P| (the number of paths in the network).
Let F := (Fy,...,Fy) = (Fp)p=1,..,m denote a vector flow (also briefly called flow). Let the capacity
restriction on arc £ € L be ¢, > 0. So, any arc flow v, on ¢ needs to satisfy 0 < vy < ¢y for £ € L.

Expressing in terms of vector flow F', v, takes the form

1if arc £is contained in path p,

v = Z Z O¢pFp, where 0, =

weW pe Py 0 otherwise.
Then, the set of the vector flows satisfying the arc capacity constraints is

{FERT| > > 6k, <ciforallleL}.
weW pEP,

If the (fixed) demand of O/D pair w is d,,, then the set of feasible vector flows is

K={FeR}?|Y > 6pF,<ciforalllcLand » F,=d, forallwc W}
weW peP,, PEP,



Approximations of Quasi-Variational Inequalities and Traffic Networks 21

Assume that the cost of vector flow F is t(F') := (t1(F),...,t,(F)), i.e, we have the cost map ¢ : R —

(R™)*. When a given F' is clear, we also write simply ¢ := (¢1,...,tm)-

Definition 5.1 (types of approximate saturated arcs and approximate saturated paths) Let F' € K.

(i) For an £ € L and a pair k,j € {1,...,m}, assume that 0 < tjftk <ecp. Iffvp>cp— tj%tk, then £ is
said to be a (k, j)-e-saturated arc of F; iff 0 < vy < ¢p — tj%tk, then ¢ is a (k, j)-e-nonsaturated arc
of F.
When ¢ = 0, (k, j)-O-nonsaturatedness is called simply (k, j)-nonsaturatedness and iff vy = ¢y,
then ¢ is called a (k, j)-saturated arc.
(ii) For e > 0, iff there exists a (k, j)-e-saturated arc £ in the vector flow F' such that ¢ belongs to path
p, then p is called a (k, j)-e-saturated path of F, otherwise it is a (k, j)-e-nonsaturated path of F.
(iii) Assume that 6 : R™ — R satisfies §(F') > 0 for all vector flows F' # 0. Iff, for a pair k, j € {1,...,m},
cO(Fp—

tj_thj), then arc £ is termed (k, j)-€6-saturated; iff 0 < vy < ¢y —

€0(Fr—Fy)

it holds Vp > Cp — ti—tp

then ¢ is a (k, j)-e0-nonsaturated arc.
(iv) For 6, assume the same as in (iii). Iff there exists a (k, j)-ef-saturated arc in path p, then p is said
to be a (k, j)-€0-saturated path.

Iff e = 0 in the above three statements, we remove “c” and “c” in the names.

Definition 5.2 (Wardrop approximate equilibrium flows for (TP(¢, K))) Consider the above traffic net-
work with fixed demands. Let € > 0.
(i) Vector flow H € K is called an e-equilibrium flow iff for all w € W and k,j € Py, tx <
t; implies that 0 < H; < tj%tk or path k is a (k, j)-e-saturated path of vector flow H.
(ii) Assume that 6 : R™ — R satisfies (F') > 0 for all vector flows F # 0. Vector flow H € K is called

an ef-equilibrium flow iff for all w € W and k,j € Py, t; < t; implies that 0 < H; < ‘&0(5’17;?)

or
path k is a (k, j)-ef-saturated path of vector flow H.
Iff e = 0, we remove “c” and “c6” in the names.

The traffic equilibrium problem (briefly, traffic problem), denoted by (TP(¢, K)), is to find equilibrium

flows or approximate equilibrium flows in the above sense.

It is well-known that H is a vector equilibrium flow of (TP(t,K)) if H is a solution of the variational
inequality: find H € K such that for all F € K, (¢(H),F — H) > 0. But, to the best of our knowledge,

there are no contributions to approximate equilibrium flows in the sense of Definition 5.2.
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In this paper, our traffic problem is more general than (TP (¢, K)) (to suit diverse practical situations)
as follows. Assume that the cost 7 (F) of vector flow F' is a compact subset of (R)*, i.e., one has a
compact-set-valued map 7 : R = (R7")*. Assume further that each demand d,, depends on equilibrium
costs, or more directly, on equilibrium pattern flows H, i.e., we have a map d,, : R — R, which
is assumed to be continuous. Moreover, we are interested in the following case with a tolerance of the

demands. Let 8 : R* — R be a continuous function. The feasible path follows are defined as

KH)={FeRT| > > 6,F, <cforalllecL
weW peP,

and Y F, € [dy(H) — B(H),dy(H) + B(H)| for all w € W}.
PEPy

Then, K(H) is clearly a closed, compact, and convex set for each H. Definition 5.1 of approximate
saturateness applies also to our traffic problem with the only replacement of K by K. The Wardrop

approximate equilibrium concepts are extended as follows.

Definition 5.3 (Wardrop concepts for the case of elastic demands and costs depending on equilibrium

flows) Let € > 0.

(i) Iff vector flow H € K(H) such that Vw € W, Vk,j € P, 3t € T(H) such that

€

ty <t; =0<H; < or kisa(k,j) — e — saturated path,

ti —tr
then H is called a weak e-equilibrium flow

(ii) Iff for H € K(H), 3t € T(H) such that Yw € W, Vk,j € P,,

9
tk<tj ﬁOSHJS
t; —tx

or kisa(k,j) —e — saturated path,

then H is called an e-equilibrium flow.
(iii) Assume that 0 : R™ — R satisfies 0(F) > 0 for all vector flows F' # 0. Iff vector flow H € K(H)
satisfies that Yw € W, Vk,j € P,,, 3t € T(H) such that

€0

ty<t; =>0<H; <
it

or kisa(k,j) — e — saturated path,

then H is called a weak €6-equilibrium flow
Iff e = 0 in the above statements, H is said to be a weak equilibrium flow or an equilibrium flow, resp.

The traffic problem of finding equilibrium or approximate equilibrium flows in the sense given in
Definition 5.3 is denoted by (TP(7,K)). We also use the simple notation (TP) for this problem since

hereafter we always deal with this general model.



Approximations of Quasi-Variational Inequalities and Traffic Networks 23

Using a modification of traditional techniques, we demonstrate the following relationship between our

traffic problem with elastic demands and a set-valued quasi-variational inequality.

Theorem 5.1 (approximate solutions of (wQVI(T,K)) or (sQVI(T,K)) are approximate weak equilib-

rium or approximate equilibrium, resp, flows of (TP(7,K)))

(i) Vector flow H is a weak e-equilibrium flow of (TP) if H is an e-solution of the weak set-valued

quasi-variational inequality
(wQVI(T,K)) find H € K(H) such that VF € K(H),3tr € T(H), {tp, F — H) > —¢.

(ii) H is an e-equilibrium flow of (TP) if H is an e-solution of the set-valued quasi-variational inequality
(sQVI).
(iii) Vector flow H is a weak £6-equilibrium flow of (TP) if H is an £6-solution of the weak set-valued

quasi-variational inequality
find H € K(H) such that VF € K(H),3tp € T(H),{tp, F — H) > —c0(H — F).

If e = 0 in the above statements, then they are about a weak equilibrium flow or an equilibrium flow,

resp.

Proof (i) Assume that H € e-Sol(wQVI(T,K)) and that for all w € W and k,j € P,, there exists

t € T(H) such that t; < t; and k is a (k,j)-e-nonsaturated path of flow H. We need to verify that

0<H; < tj%tk Arguing by contradiction, suppose that H; > tj%tk Let

. € .
4= mln{Hj - m,ﬂllﬂ[ek(cg - Hk-)(tj - tk) - E}.

J
Since k is (k, j)-e-nonsaturated, (¢ — Hy)(t; —tg) —e > 0 for all £ € k. Hence, § > 0.

Consider the following vector flow F = (F})i=1,...m

Fi=93H; - 2 i =,
Ste i
Hk+tj_t5k if i = k.

It is not hard to check that

d+¢ d+e
) 0y (Hj —
7 — Lk

0< > Hi+6u(Hy+
i#g,i#k

)<cfv

it
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forall £ € L, i.e., F is a feasible vector flow: F' € IC(H). We have

(t, F — H) =Y t;(F; — H;) = ty(Fx — Hy) + t;(F; — H;) = =6 — e < —e,
i=1
which is a contradiction.

(ii) The proof for e-solutions of the two problems under consideration is almost the same as that of

(i) (with some clear modifications).

(iii) Assume that H € €6-Sol(wQVI(T,K)) and for all w € W and k,j € P,, there exists t € T(H)

with t; < t; and k being a (k, j)-¢f-nonsaturated path of flow H. We need to verify that 0 < H; <

% Suppose to the contrary that H; > % Set
. el Fk- — F .
6 := min{H; — %tk])ﬂnmeek(c‘z — Hy)(tj — ty) — e0(Fy — Fj)},
J

H; ifi#k,i#j,
o S+el0(Fu—F;)  ip -
Fz [{‘7 _ 5t;_lzk s ) lf 1=7,
Hy + S0=E) g = g,

Similar to part (i), we have that F € IC(H) and

(t, F = H)y = t;(F; — H;) = tx(Fy — Hy) + t;(F; — H;) = =0 — e0(Hy, — H;) < —e0(Hy — H;).
i=1
This contradiction with the assumption that H € £6-Sol(wQVI(T,K)) ends the proof. O

5.2 Approximations of Traffic Networks

In this subsection, we will apply the results of Sects. 3 and 4 for approximations of quasi-variational

inequalities to approximations of traffic networks. Hence, the following bifunction on R’ x R’
D(Fy, F») = maxer(r) (L, F2 — F1) (2)

will be in use.

Assume that we have maps T : R = (R7")* with compact values, which approximate 7, and o
gphkCF — R defined by &F(Fy, Fy) = max;c7 () (t, F2 — F1), which approximate . Here, the map Kk

is produced by approximations of d¥ (-) as follows

KFH) :={FeRT[0<v, < Y > 6pF,forallleL
weW peP,,
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and Y F, € [di(H) — B(H),dk(H) + B(H)] for all w € W}.

PEPy

We now investigate the set convergence of the weak approximate equilibrium flows of approximating
problems (TP*(T* KC*)), which are usually briefly written as (TP*), in terms of variational convergence
of dF.

We also denote the set of weak e-equilibrium and e-equilibrium flows, resp, of problem (TP), by

e-weq(TP) and e-eq(TP).

Corollary 5.1 (convergence of approximate weak equilibria) Assume that ¥, >0, ¥ — ¢, and e > ¢.
(i) If —®% i-e/h- or i-mis-lop converge to —®, then fixkC N Lsk(*-Sol(wQVIF) ) C e1-weq(TP). If —&*
e/h- or mis-lop converge to —®, then Lsy(¢*-Sol(wQVI¥)) C g1-weq(TP).
(ii) If —®* S —@ and gphK C Liy(gphkF), then
Lsy (eF-Sol(wQVIF) ) C e1-weq(TP).
If —d* = ¢ replaces the above epi-convergence, then
fix\CNLsy, (e¥-Sol(wQVI¥) ) C 1 -weq(TP).

(iii) If —®* w-e/h- or w-mis-lop converge to —® and H* € ¥-Sol(wQVI*) — H, then H € &1-weq(TP).

Proof (i) Consider the case of i-e/h-convergence. In virtue of Proposition 4.1(i), fixXCNLsy, (£*-Sol(wQVIF)) C
£1-Sol(wQVI). By Theorem 5.1(i), £1-Sol(wQVI)C e;-weq(TP) as what we need to verify. The other cases

of assertion (i) can be proved similarly.
(ii) The verification of this assertion is similar to that of (i), with the use of (ii) in Proposition 4.1
instead of (i).

(iii) The proof is also analogous, using (iii) of Proposition 4.1 instead of (ii). O

Corollary 5.2 (convergence of approximate equilibria) Assume that e¥,& >0, e¥ — ¢.
i) If —®* e/h- or mis-lop converge to —®, then Lsy(e¥-Sol(QVI¥)) C e-eq(TP). If the above types o
(i) g yp
convergence reduce to the inside ones, then fixkC N Lsy(e¥-Sol(QVI¥) ) C e-eq(TP)
(ii) If —®* epi- or i-epi-converge to —® and gphK T LipgphkCF, then one has the same inclusion as in
(i)-

(iii) If —®* w-e/h- or w-mis-lop converge to —® and H* € £*-Sol(QVI*) — H, then H € e-eq(TP).

Proof Apply Propositions 3.2, 4.1, and Theorems 5.1(ii). O
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Corollary 5.3 (convergence of second-kind approximate weak equilibria) Assume thate*,e >0, ek — ¢,
and €1 > €.
(i) If —®* i-e/h- or i-mis-lop converge to —®, then fixK N Lsg(e*0-Sol(wQVI¥) ) C &10-weq(TP). If
—@% ¢/h- or mis-lop converge to —®, then Lsy(e*0-Sol(wQVI*¥)) C £,6-weq(TP).
(i) If gphK C Lix(gphKF) and the i-e- or e-convergence of —®* to —® replaces the assumed types of
convergence of —®* in (i), then the conclusion in (i) holds as well.
(iii) If —®* w-e/h- or w-mis-lop converge to —® and H* € £¥0-Sol(wQVI*) — H, then H € &,0-

weq(TP).

Proof The argument is similar to that for Corollary 5.1, but now we employ Proposition 4.3 and Theorem

5.1(iii).

6 Concluding Remarks

This paper is the first attempt to study global approximations of quasi-variational inequalities and traffic
networks in terms of variational convergence. Weak and usual strong variants of quasi-variational inequal-
ities and traffic problems with arc capacity constraints, set-valued costs, and elastic demands depending
on the pattern equilibrium flow are the research objects. The inside and weak types of epi/hypo- and
lopsided convergence are introduced and used as tools for approximation studies. New concepts of approx-
imate solutions of quasi-variational inequalities and saturatedness of arcs and paths together with new
notions of equilibrium flows of traffic network problems are also proposed. The obtained approximation

results are novel.

Since this is only the first step of the research topic, we can expect a significant possibility for a
continuation of this paper. For instance, approximations of the above problems but direct in terms of the
problem data, not via the associated bifunction @, and a definition and study of dual traffic problems

following the research in the paper for quasi-variational inequalities are perspectives.

Acknowledgements This work was supported by the Foundation for Science and Technology Develop-
ment (NAFOSTED) under grant 101.01-2021.13. A significant part of the paper was completed during a
research stay of the authors at Vietnam Institute for Advanced Study in Mathematics (VIASM), whose

hospitality and support are warmly appreciated.



Approximations of Quasi-Variational Inequalities and Traffic Networks 27

We are deeply grateful to the two anonymous referees for their valuable and detailed remarks and

suggestions, which have helped us to significantly improve the paper.

References

10.

11.

12.

. Almezel, S., Ansari, Q.H., Khamsi, M.A. (eds.): Topics in Fixed Point Theory, Springer (2014)

. Attouch, H., Wets, R.J-B.: Approximation and convergence in nonlinear optimization. In Mangasarian,

0., Meyer, R., Robinson, S. (eds.) Nonlinear Programming. 4, pp. 367-394. Academic Press, New York
(1981)
Attouch, H., Wets, R.J-B.: Convergence des points min/sup et de points fixes. Comp. Ren. Acad. Sci.

Paris 296, 657-660 (1983)

. Aussel, D., Correa, R., Marechal, M.: Gap functions for quasi-variational inequalities and generalized

Nash equilibrium problems. J. Optim. Theory. Appl. 151, 474-488 (2011)

Bensoussan, A., Lions, J.L.: Controle impulsionel et inequations quasivariationelles d’evolution. C. R.
Acad. Sci. Paris Sér. A 276, 1333-1338 (1973)

Bonnans, J.F., Shapiro, A.: Perturbation Analysis of Optimization Problems. Springer, Berlin (2013)
Daniele, P., Maugeri, A., Oettli, W.: Time-dependent traffic equilibria. J. Optim. Theory Appl. 103,
543-555 (1999)

Daniilidis, A., Hadjisavvas, N.: Coersivity conditions and variational inequalities, Math. Program. 86,
443-428 (1999)

De Luca, M.: Generalized quasi-variational inequalities and traffic equilibrium problem. In: Giannessi,
F., Maugeri, A. (eds.), Variational Inequalities and Networks Equilibrium Problems, Plenum Press,
New York (1995)

Diem, H.T.H., Khanh, P.Q.: Approximations of optimization-related problems in terms of variational
convergence. Vietnam J. Math. 44, 399-417 (2016)

Diem, H.T.H., Khanh, P.Q.: Epi/hypo-convergence of bifunctions on general domains and approxi-
mations of quasi-variational problems. Set-Valued Var. Anal. 28, 519-536 (2020)

Facchinei, F., Pang, J.-S.: Finite-Dimensional Variational Inequalities and Complementarity Problems,

Vol. I. Springer, New York (2003)



28

Huynh Thi Hong Diem, Phan Quoc Khanh

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Facchinei, F., Pang, J.-S.: Finite-Dimensional Variational Inequalities and Complementarity Problems,
Vol. II. Springer, New York (2003)

Fukushima, M.: A class of gap functions for quasi-variational inequality problems. J. Ind. Manag.
Optim. 3, 165-171 (2007)

Goh, C.J., Yang, X.Q.: Vector equilibrium problem and vector optimization. European J. Oper. Res.
116, 615-628 (1999)

Hiriart-Urruty, J.-B.: Lipschitz r-continuity of the approximate subdifferential of a convex function.
Math. Scand. 47, 123-134 (1980)

Jofré, A., Wets, R.J-B.: Variational convergence of bivariate functions: lopsided convergence. Math.
Program. Ser. B, 116, 275-295 (2009)

Jofré, A., Wets, R.J-B.: Variational convergence of bivariate functions: motivating application. SIAM
J. Optim. 24, 1952-1979 (2014)

Khanh, P.Q., Luu, L.M.: On the existence of solution to vector quasi-variational inequalities and
quasi-complementarity with applications to traffic network equilibria. J. Optim. Theory Appl. 123,
533-548 (2004)

Khanh, P.Q., Luu, L.M.: Some existence results for vector quasivariational inequalities involving
multifunctions and applications to traffic equilibrium problems. J. Global Optim. 32, 551-56 (2005)
Khanh, P.Q., Luu, L.M., Son, T.T.M.: Well-posedness of a parametric traffic network problem. Non-
linear Anal. RWA. 14, 1643-1654 (2013)

Kinderlehrer, D., Stampacchia, G.: An Introduction to Variational Inequalities and Their Applications.
STAM (2000)

Kirk, W.A., Sims, B. (eds.): Handbook of Metric Fixed Point Theory, Springer, Berlin (2001)

Lin, Z.: The study of traffic equilibrium problems with capacity constraints of arcs. Nonlinear Anal.
Real World Appl. 11, 2280-2284 (2010)

Lin, Z.: On existence of vector equilibrium flows with capacity constraints of arcs. Nonlinear Anal.
TMA 72, 2076-2079 (2010)

Maugeri, A.: Variational and Quasi-variational inequalities in network flow models. Recent develop-
ments in theory and algorithms. In: Giannessi, F., Maugeri, A. (eds.), Variational Inequalities and

Network Equilibrium Problems, Plenum Press, New York (1995)



Approximations of Quasi-Variational Inequalities and Traffic Networks 29

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Mordukhovich, B.S.: Variational Analysis and Generalized Differentiation II: Applications. Springer,
Berlin (2006)

Rockafellar, R.T.: Convex Analysis, Princeton University Press, Princeton (1970)

Rockafellar, R.T., Wets, R.J-B.: Variational Analysis, Springer. Berlin, 3rd printing edition (2009)
Royset, J.O., Wets, R.J-B.: Variational theory for optimization under stochastic ambiguity. STAM J.
Optim. 27, 1118-1149 (2017)

Royset, J.O., Wets, R.J-B.: Lopsided convergence: an extension and its quantification. Math. Program.
177, 395-423 (2019)

Smith, M.J.: The existence, uniqueness, and stability of traffic equilibria. Transpor. Res. 138, 295-304
(1979)

Sion, M.: On general minimax theorems. Pacific J. Math. 8, 171-176 (1958).

Wang, A.B., Szeto, W.Y.: Reliability-based user equilibrium in a transport network under the effects
of speed limits and supply uncertainty. Appl. Math. Model. 56, 186-201 (2018)

Wardrop, J.: Some theoretical aspects of road traffic research. Proceed. Inst. Civil Engineers 1, 325-378
(1952)

Wijsman, R.A.: Convergence of sequences of convex sets, cones and functions. Bull. Amer. Math. Soc.
70, 186-188 (1964)

Yang, X.Q., Goh, C.J.: On vector variational inequalities: application to vector equilibria. J. Optim.

Theory Appl. 95, 431-443 (1997)



