ASYMPTOTIC BEHAVIOR FOR STRONGLY DAMPED WAVE EQUATIONS
ON R?® WITH MEMORY

XUAN-QUANG BUI, DUONG TOAN NGUYEN, AND TRONG LUONG VU

ABSTRACT. We consider the following strongly damped wave equation on R3 with memory
oo
ugt — alAug — BAu+ du — / K (s)Au(t — s)ds + f(z,u) + g(x,ut) = h,
0

where a quite general memory kernel and the nonlinearity f exhibit a critical growth. Existence, uniqueness
and continuous dependence results are provided as well as the existence of regular global and exponential
attractors of finite fractal dimension.

1. INTRODUCTION

The main goal of this paper is to discuss the long-time behavior of the weak solutions for the following
strongly damped wave equation with memory on R?,

uy — aAuy — AU+ du — / w(s)Ant(s)ds + f(z,u) + g(z,u;) =h(z), z€R3 >0,
0
u(.l?,t) = Uo(aj), T e RS) t S 07 (11)
ug(z,t) =vo(z), z€R3 <0,
lim wu(z,t) =0, vt > 0,
|z] =00

where a and (8 are positive constants, p is a summable positive function, and
n' =n'(x,s) = u(z,t) —u(z,t —s), scR. (1.2)

Now, we define the strictly positive non-increasing function
k(s) =B+ /OO w(r)dr, s €[0,+00)
the above equation reads )
uge — alAuy — K(0)Au + Au — /OOO k' (s)Au(t — s)ds + f(z,u) + g(z,us) = h,

that is, a semilinear wave equation with a strong damping and a convolution term.
In (1.1, with x4 = 0, we obtain the usual strongly damped wave equation

U — alAug — BAu+ f(-,u) + g u) = h. (1.3)

Well-posedness and long time behavior (in terms of attractors) of solutions for equation on bounded
domains have been investigated by many authors (see, e.g., [7, 8, 20, 21, 22] and references therein). Besides,
equation on unbounded domain (on R™) has been also studied in [5, 9] and some references therein.

The problem in the case of bounded domains, without ¢(-,u;) and when the memory kernel p does
not vanish (which reduces to a strongly damped wave equation with memory effects) has been studied in
[2, T3], 16], for a subcritical nonlinearity and the following assumptions imposed on the memory kernel

(' (s) + dp(s) < 0,Ys >0,
for some ¢ > 0. Besides, in [15], under the much weaker condition on the memory kernel,

u(r +5) < Ne~0u(s),
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for some N > 1,0 > 0, every r > 0, and almost every s > 0, Plinio, Pata and Zelik pointed out the existence
of global attractors of optimal regularity for both critical and supercritical nonlinearities.

Recently, Toan [19] also considered equation in the case of time-dependent memory and without
9(-,uz). In this situation, the well-posedness, the existence and the regularity of the time-dependent global
attractor have been proved.

However, to the best of our knowledge, up to now, although there have been several results on attractors
for a strongly damped wave equation with memory, hardly any of the previous studies deal with the equations
on unbounded domains and memory kernel effects. More specifically, we consider this equation in the case
of containing critical nonlinear term which make the model more complex.

The novelty of this paper is that it overcomes the essential difficulties: ”both the Sobolev embedding
on R3 and the critical growth of f causes the lack of compactness, as well as the complexity of the model
caused by the memory term” and establishes the well-posedness, the existence of the global and exponential
attractors for the equation with memory and critical nonlinearity.

To study problem (L.1)), we assume that the nonlinearity f, g, the external force h, and the memory term
satisfy the following conditions:

(H1) The convolution (or memory) kernel « is a nonnegative summable function having the explicit form

w9 = [ ntryar

where p € L'(RY) is a decreasing (hence nonnegative) piecewise absolutely continuous in each
interval [0,T] with T > 0. In particular, p is allowed to exhibit (infinitely many) jumps. Moreover,
we require that

w(s) < Ou(s) (1.4)
for some 6 > 0 and every s > 0. As shown in [I], this is completely equivalent to the requirement
that

ulr + 5) < Ne5p(s), (1.5)
for some N > 1,0 > 0, every r > 0 and almost every s > 0. As a consequence,

K(s) < Ce %,

(H2) The nonlinearity f € C*(R,R), with f(-,0) = 0, satisfy for some C > 0 the growth bound
[fu(z, )| < C(1+u*), and |f;(z,u)| < Clul®, (1.6)
F .
lim inf (x2, w) >0, uniformly as z € R?,
|u|—o00 U
—d1F

1|ir‘n inf uf(z,u) u2d1 (@, u) >0, uniformly as = € R*® and for some dy > 0, (1.7)
u|—oo

where F(z,u) = [ f(x,s)ds is a primitive of f.
(H3) Let g € CY(R,R) with g(-,0) = 0, satisfy for some C' > 0 the growth bounds

|9 (2,m)] < C(1 + m|*), (1.8)
along with the dissipation conditions
llin‘linfg;n(x,m) > = (1.9)
m|—o0

(H4) The external force h is in L(R?).

Remark 1.1. The main difficulties when we study the asymptotic behavior of the problem that are the lack
of compactness caused by the unbounded domain, and both the nonlinearities f and g exhibit critical growth.
1t is noticed that the condition in (H1) of the memory term is weaker than the usual condition in [3] [4]

—as

- with ¢ > 0

in the sense that 1 can be weakly singular at the origin. For instance, we can take p(s) = T
S

and a,b > 0.
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We infer from (H2) that for every v; > 0,i = 1,2, 3 there exists C,,, > 0 such that

(f(z,u),u) — di(F(x,u),1) + v1|jul|* + C,, >0, (1.10)
and
(F(x,u),1) > —wo|ul]* = Cy,. (1.11)
It is obvious that implies that there are A > 0 and C) > 0 such that
(g(z,r) — Ar,r) > M|r||* — Ch. (1.12)

2. NOTATIONS AND PRELIMINARIES

In this section, we recall some notations about function spaces and preliminary results.

We introduce the Hilbert spaces Ho = L?(R?), H; = H*(R3) and Hy = H?(R?). Let (-,-) and | - || denote
the L?(R3)-inner product and L?*(R3)-norm, respectively. Besides, (-,-),, b = 0,1,2 and || - ||, denote the
Hp-inner product and Hp-norm, respectively.

In view of , let Li (R*; Hy) be the Hilbert space of functions ¢: RT — Hj, endowed with the inner
product

real= [ 1) a(s)oalo) ds.
and let ||¢||p,,, denote the corresponding norm. We introduce product Hilbert spaces
Hi=Hy x Hyx L},(R¥;Hy), and Hy=Hyx Hy x L2 (R"; Hy).

We begin with rephrasing (1.1]) as an autonomous dynamical system on a suitable phase space. To this
aim, as in [6], a new variable that reflects the history of equation (1.1)) is introduced, that is to be,

n'(z,8) = u(x,t) —u(x,t —s), s € RT,
Notice that n' satisfies the boundary condition 1(0) := lims_on'(s) = 0 and formally fulfills the equation
(@, 8) = —ny(x, 8) +ue(@, ), (2.1)
with 7°(s) = 10(s)-
Taking for simplicity « = 8 = 1, the first equation of can be transformed into the following system

(2.2)
ng = —ns + ug.

{utt = Auy — Au+ du— [ p(s)Ant(s)ds + f(z,u) + g(z,u) = h(z),
The associated initial-boundary conditions are
u(z,t) =up(z), xR t<0
ug(x,t) = vo(x), zeR3t<0, (2.3)
n'(x,s) =no(z,s), (x,5) €R¥xRT ¢ <0.
Denoting
2(t) = (u(t), us(t), "), 20 = (u0,v0,70)-

To estimate the nonlinear term, we use the decomposition of g as follow
Lemma 2.1. For every fixred A\ > 0, the decomposition
glz,7) = p(x, 1) — Ar + ¢z, 7),

holds for some ¢, . € C*(R) with the following properties:

e ¢ is compactly supported with ¢.(x,0) = 0;
o ¢ vanishes inside [—1,1] and fulfills for some ¢ > 0 and every r € R the bounds

0<¢(z,r) < c|r|4.
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Proof. By (1.9), we can see that ¢’(z,m) > =\, V|r| > k for k > 1 large enough. Choosing then any
smooth function ¥ : R — [0, 1] satisfying

0 if|r| <k

rd(xz,7) >0 and = ]
1 ifjr|>k+1

it is immediate to check that
d(x,r) = a,r)[gla,r) + Ar]  and  @e(z,7) =[1 —Fx,7)|[g(z,7) + Ar]

comply with the requirements. O

Due to Lemma [2:3] the function on H; given by
w) = 2/ / o(z,r)drdx
r3 Jo

0< (I)O(w) < 2<¢($7w)7w>' (24)

fulfill for every w € H; the inequality

Besides, since
¢z, w)[* = [d(z, w)|*|d(z, )| < clw]|d(z,w),
we can get that for all C' > 0 sufficiently large

H(b(xaw)HL% < C<¢(x7w)aw>%7 YVw € Hl' (25)
We conclude the section by recalling a Gronwall-type lemma needed in the sequel.

Lemma 2.2 (see [7]). Given k> 1 and C >0, let A, : [0,00) — [0,00) be a family of absolutely continuous
functions satisfying for every e > 0 small, the inequalities

1 d
%Ao <A <kAo  and %Ag +eA. < CPA2 + C.

Then there are constants 6 > 0, R > 0 and an increasing function Q > 0 such that

AO < Q(Ao(O))e_ét + R.

The plan of the paper is as follows: In Section 3, we discuss the well-posedness of the Cauchy problem
(1.1). In Section 4, we establish the existence of a global attractor and its regularity. Finally, in Section 5,
we study the exponential attractor.

3. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS
We first define the solution for (2.2)) with initial-boundary condition (2.3) as follows.

Definition 3.1. A triplet form z = (u,us,n?) is called a weak solution of problem ([2.2)) for T > 0 with the
ingtial datum z(0) = 2o € H1 if z € C([0,T];H1) and

T T T
/ / uttgodxdt—&—/ Vuthoda:dt—i—/ Vqupdxdt—i—/ / (s)V)dsdt
0o Jrs o Jrs 0o Jrs
T T
+)\/ / utpdmdt—i—/ f(x,u)godxdt—l—/ / g(ac,ut)godxdt:/ / hodzdt,
R3 R3 R3
/ / s)(Vni, VEL(s) dsdr—i—/ / s)(Vnt, Ve (s))dsdr —/ / s)(Vug, VE'(s))dsdr,

for every test functions ¢ € Hy and ' € L2(R*, Hy), and a.e. t € [0,T].

The following result on the existence and uniqueness of weak solutions to the model (1.1)-(1.2) (also (2.2)))
was proved by a Faedo-Garlerkin.
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Theorem 3.1. Assume that hypotheses (H1)-(H4) hold. Then for any zo = (ug,v0,m0) € H1, problem
2.2)-[2.3) has a unique weak solution z = (u,us,n') on the interval [0,T] satisfying

2z € C([0,T); Hq).
Moreover, the weak solution depends continuously on the initial data on H;.
Proof. i) Existence.

Because of the separability of Hq, one can choose a sequence {gaj © , that forms a smooth orthonormal
basis in both Hy and H; spaces. For instance, one can take a complete set of normalized eigenfunctions
for —A in Hy, such that —Ag; = v;p;, where v; is the eigenvalue corresponding to ¢;. Next, we want to
choose an orthonormal basis {(;}52, of L7(R*, Hy) which also belong to D(R™, Hy), where D(I, X) is the
space of infinitely differentiable X-valued functions with compact support in I C R. For this purpose, we
select vectors of the form lrp; (k,j =1,...,00), where {I;}52, is an orthonormal basis in both L2 (R™) and
D(R™) spaces.

For each integer n > 1, we denote by P, and @,, the projections on the subspaces

span(i,...,pn) C Hy and  span((i,...,C) C LZ(RJF, Hy), respectively.
Consider the approximate solution 2, (t) = (uy,(t), dun (t),n(s)) in the form

Z an] SOJ ) atun Z an] P and nn Z bn] CJ

j=1

where anx(t), by;(t) are determined by the system of second order ordinary differential equations

<Za <ka%> + <Z(Vk + )\)aék(t)wka%'> + <Z Vkank(t)@ka@j>

k=1 k=1
k=1 1 k=1 k=1
(3.1)
with the initial data
(unaatu'rwnn ’t 0 (P UO,P UO;Qn”O) (32)

Since det({¢;,¢k)) # 0 and the nonlinear functions f and g are continuous, by the Peano existence theorem,
there exists at least one local solution to (3.1)-(3.2) in the interval [0;7;,). Thus this allows constructing the
approximate solution z,(¢). Multiplying the equation (3.1)); by the function a;,;(¢), summing from j =1 to
n, we have

o (100l + Va4 M |* + (F (2, u0), 1))

DN | =
&‘Q‘

+ (| VOsun | +/ w(s)(Vnt (s), VOsuy)ds + (g(x, Osun ), Osun) = (h, Oy, ). (3.3)
0
Using and then integrating by parts, we have
[ V9.0 uds = [ o)V (5), Vot ))ds + [l (T (s), VO ()
0 0 0

53 ([ o) - [Tk

Besides, from conditions (H3), (1.12) and the Cauchy inequality, we can see that

o0

—/ 1 ($)IVm,(s)|Pds = 0, (g(x, Dpun), Opun) = 2X|0un||* — Ch,
0

1
and  2(h, dyu,) < XHh||2 + N9 |2
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On the other hand, by multiplying the second equation of (2.2)) by 7! in Li(R‘*, Hy), we get

d o0 o0 o0
= [ )]s - 2/ 1 (s)lImh | ds = 2/ 1(s)(nt, (5), Orun)ds
0 0 0

k(0) [
< 5 [ ol s + Aol (34)

Therefore, summation of (3.3) and (3.4) and combining all the above estimates, we get
1d (
2.dt

k(0) [
V0 24 Aoy s < = [ (o) s + P +-

10eun]* + VeI + Mlual* + Innllf , + (F (2, un), 1))

Thus,
1d
2dt
where y(t) = [|Opun | + [[Vun [ + Mun > + 95113, + (F(2,un), 1), and ||z, 13, < C1y(t).
Applying Gronwall lemma, we deduce that

y(t) < e“Ty(0) + Ce“T (|[Alf* + 1),

y(t) + IV Oun|® + A Opun | *ds < Cy(t) + C(|Alf* + 1),

where y(0) < Ca(||z0ll,, + [[uoll})-
This inequality implies that
{un} is bounded in L*(0,T; Hy),
{nt} is bounded in  L>(0,T; Li(RJr, Hy)).
Integrating from 0 to ¢, we obtain
{Opu,} is bounded in  L*(0,T; H,), (3.6)
Now, multiplying the equation (3.1)) by the function a;:j (t), summing from j =1 to n, we get
d oo
2|0 ||? + %Q(t) = 2(f! (2, Un)Ostn, Ogtin) + 2| VOstun||? + 2M||Osun||? + 2/ u(s)(Vont, Voyuy,)ds
0
(3.7)

where
Q(t) = ”vatun”2 + <Vuna vatun> + )‘<una 8tun>

+ 2/000 w(s) (Yol Voyu,)ds + (f(x,un), Opun) + (G(z, 0puy), 1) — (h(x), Opuy,).

Using (3.5)), (L.6]), we obtain

(fu (@, un)Oetin, Opun) + 2| Ve |* < 20 £ (2, un)ll o2 | OeunlZo + 21V Oeun|®

CL + Junl ) Osunll? < CllDsunl?, (3.8)
and
2/ w(s)(Vni(s), Voyu,)d 2/ w(8)(Vosnt, — VO, VOuy)ds
0 0
sz/ () | Vs (8)][11V Dyt s + 26(0) [Vt |
0
gz/ ()| Vs (5)]Pds + ClIV By
0
sz 1 (3) V1L (5) s + COpun |2, (3.9)
Combining (3.7)), (3.8) and (3.9)), then integrating over (0,7, we get

T

T
/H%%MWW+MﬂSQ®+/\@%Wﬁm
0 0
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where Q(0) < C([|zoll3, )-
This inequality implies that
{O1un} is bounded in  L?(0,T; Hy). (3.10)

Combining (3.5)), (3.6) and (3.10)), we deduce that there exists a subsequence of {u,}, {d:u,} and {n}} (still
denoted by {u,}, {0u,} and {n}}) such that

up, —u  weakly-star in  L°°(0,T; Hy),

Oyup, — Oyu weakly in L2(O,T; H,y),

Oyl — Oyu  weakly in - L2(0,T; Hy),

nh, —n'  weakly-star in  L>(0,T; Li(R'F7 H(Q))),

(3.11)

and
Au, — Au  weakly in  L?*(0,T; H '(R?)),
Adyu, — Adyu  weakly in  L*(0,T; H ' (R?)), (3.12)
Ant — An'  weakly in LQ(O,T;Lit (RT, H71(R?))),
Using (H1), we have
1@ w5 < € (lunll + lunllfe) < € (14 flunll?)

and
g, B [5457s < € (10unll + |19runl s ) < € (14 |0runll})

Using (3.5)), (3.6) once again, we have
{f(x,un)} is bounded in L%°(0,T; L% (R?)),
and {g(x, d;u,)} is bounded in LS/5(0,T; L5 (R?)).

Thus
f(z,un) = x1  weakly in  L%°(0,T; L%/ (R%)),

g(x, Buy) — xo  weakly in  L°(0,T; LY/°(R?)).

In addition, for each m > 1, we denote B,, = {z € RY : |z| < m}. Let ¢ € C([0,+00)) be a function
such that 0 < ¢ < 1,¢[jp,1) = 1 and ¢(s) = 0 for all s > 2. For each n and m we define

j? |z

Unm(z,t) = & (m2 > Un(2,1),  Opvnm(@,t) = o (m2 ) Dytun (1, 1).

From (3.5) and (B.6), for all m > 1, the sequences {vy m }n>1 and {9;vp,m }n>1 are bounded L? (0, T; H} (Bam)).
Since Bay, is a bounded set, then H}(Bay,) <+ L*(Bay,) compactly. Then, by Theorem 13.3 and Remark
13.1 in [I7] we can deduce that

{040y, m} and {vy, .} are precompact in L*(0,T; L?(Bam)),

(3.13)

and thus
{Oun|p,.} and {un|p,,} are precompact in L* (0,T; L*(B,)) .

By a diagonal procedure, using (3.11]), we deduce that there exists a subsequence of {u,} (still denoted by
{un}) such that

(un, Opupn) = (u,uy) a.e. in By, x (0,T) as n — 4o00,Ym > 1,
Then, since f(-,-) is continuous,
flz,un) = f(z,u) and g(z, Opun) — g(x,uy) a.e. in By, x (0,7T),

and since {f(z,u,)} and {g(x,Osu,)} is bounded in L%/°(0,T; L%°(B,,)), by [1Z, Chapter 1, Lemma 3.1],
we get
f(vun) - f(vu) and g('vatun) - g('vut) in L6/5(07T; LG/S(BM))

From (3.13) ,
F(un) = x1lB,, x(0,7) and g(+, O¢un) = Xx2|B,. x0,7) I L5/%(0,T; L5/°(B,,)).
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Therefore,
x1 = flz,u) x2=g(z,u) ae in B, x(0,7),Vm > 1,
and thus, taking into account that (J°_, B,, = R®, we obtain
x1 = f(z,u) x2=g(z,u,) ae inR>x(0,T). (3.14)
Now combining (3.11)), (3.12), (3.13)) and (3.15)), we see that z, = (un, Osun,nt)) satisfies

ugr — Aug — Au+ Au — / w(s)An'(s)ds + f(x,u) + g(z,u) = h,
0

in H~1(R?) + L2 (R*, H'(R?) for a.e. t € [0,T]. By standard arguments, we can check that z satisfies the
initial condition z(0) = 2o, and this implies that z is a weak solution of problem .

i1) Uniqueness and continuous dependence. We assume that z1 and zo are two solutions subject to initial
data 21(0) and 25(0), respectively. Denote (w,7') = (u1 — ug,n} —n4), we have

o0
wy — Awy — Aw + \w — / w(s)AR'(s)ds + f(z,uy) — f(z,u) + gz, Ouy) — g(w, Ouz) = 0. (3.15)
0
Taking the inner product of (3.15) in Hy with w;, then using assumptions(2.1) and (1.9)), we see that

d * _
%(\I'wt||2+kllwllz+IIVw||2+/O w(s)IVi' (s)[|*ds)

+ 2|V |? +/ # () Vi (s)[%ds < 2X[[we||* +2C (1 + url|ze + [luzlze) llwl s [lwel| o
0
Therefore,
d o _
@(Hwtll2 +A[w]]? + [[Vw|® + /0 () Vir' (s)ds)
< 2(1 4 A)[Jwe]* + Cllw], (3.16)
where 2C (1+ [[ur 4 + lluzllte) [l ollwel o < Cllwl+ llw |2+ [ Vw2, and — [2° /() |97 (3)]2ds > 0.
On the other hand, as in (3.4)), multiplying the second equation of (2.2]) by 77* in Li(R‘*, L?(R?)), we get
d oo B oo - %(0 oo B
S| wlps—2 [ welaas < 52 [Tl Pas+ Aol (3a7)
0 0 0
Summation of (3.16)) and (3.17), we get
d _ _
2 (el + Mllwl® + [ Vwl® + [17°(9)1[7,.) < Clllwell* + Mllwl® + [Vl® + [17°(s)II7,,.)-

By the Gronwall inequality, we obtain
l[we |+ Allwl|* + | Vawl* + (17 (5)1 . < e (Jwe(0)]* + Mw(0)|* + [[Vw(O) > + [7°()[1F,.)-  (3.18)

=
This proves the uniqueness (when z1(0) = 22(0)) and the continuous dependence on the initial data of the
weak solution. This completes the proof. O

4. THE GLOBAL ATTRACTOR AND ITS REGULARITY

Theorem allows us to define a continuous semigroup S(t) : H1 — H; associated to problem (2.2)) by
the formula

S(t)zo = 2(t),
where z(.) is the unique global weak solution of ([2.2]) with the initial datum zg € H;. The aim of this section
is to prove the existence of a global attractor for S(¢) on H;, namely, to prove the following theorem.

Theorem 4.1. Assume that (H1)-(H4) hold. Then the semigroup {S(t)}i>0 possesses a compact global
attractor in H.

To prove this theorem, by the classical abstract results on the existence of global attractors (see e.g. [I8],
Theorem 1.1], we need to show that the semigroup S(¢) has a bounded absorbing set By in Hy and S(t) is
asymptotically compact in H;.
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4.1. Existence of an absobing set.

Lemma 4.2. The following inequality holds:

GO+, =2 [ o e u(o)ds
where W(t) = [° r(s)|In'(s) — u(t)||3ds > 0. Moreover,
U(t) < Co (I3, + llu®)IIF) -

Proof. By direct calculations and using the equations 9;n' — u; = —9sn' and &'(s) = —pu(s), we have the

equalities
G¥0 =5 ([ nol o)~ uoas)

_ /O " ()(0m'(3) — Byu(t), n'(s) — u(t)) ds
=-2 /OOO #(5)(0sn" (s), n'(s) — u(t))1ds
= =2 [ RO (). (s +2 [ r(s) 011 (5), w01
== [ R s 2 [ w(s) Tt (s) s
- / W () n'2ds — 2 / W (5) (' (s), u(t))nds
=l B+ [ ) (). uohnds
0
On the other hand, from , we learn that

U(t) < Co ([In*[IF . + lu(®)IF) -

The proof is complete.
O

Lemma 4.3. Let the hypotheses (H1)-(H4) hold. Then there exists a bounded absorbing set in Hy for the
semigroup S(t).

2113, < QUlzolln,)e™ " + Ry, (4.1)
for every zo € H1. Moreover,
T oo
s [ (nut(rn% + (0l u) ) — [ u’(S)IlnTII?d8> r<CHOT 1), YT>1>0.  (42)
zeB Jt 0

Proof. For a € [0,1) to be fixed later, multiplying the first equation of (2.2) by u;(t) + au(t) in L*(R?), we
obtain
1d

€ (Ilutu2 + A1 = a)l[ull® + (1 + )| Vul® + /OOO ()| Vnt2ds + (F(x,u), 1) + 2alu,, u>>

+aX||ull? + al| Vul* = (A + a)lluel® + [|Vue|* + (S, we), ue) ~ /0 w (s)IV' (s)]2ds + a(f (2, ), )

=~ afotuuw —a [ () (), Vu)ds + g+ aw),
0
(4.3)
where g(z,ut) = ¢(w,ur) — Aug + de(z,ur), ¢ =h— de(-,ur) and
| st vugas = 35 ([T urenitas) < [ s

Using (|1.10)), we have and
ol (2, ), 0) > dyalF (@, u), 1) — vallul® - Cy,.
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Besides, using Lemma |2.1] and Young inequality, we get
2(q, ue + au) < 2([|R[| + [|@c(-, we)|]) (allull 4 [[uel])
< w1 (allull® + [lue]|?) + Co,
where ¢ € L (R™; H).
Multiplying the second equation of (2.2) by jn' in L2 (R*, L*(R?)), we get
d . [~ [ [
G [ ol s =27 [l Pds =25 [ u)(s)uds
0 0 0
(oo}
<l 47 [ (o)l s (4.4
0
Putting
Eja(t) = [lu|*+A(1 *a)||u||2+(1+a)|\VuH2+/0 p(S) Gt 12+ 1V 12)ds + 2a(ug, w) + (F (@, u), 1) + Cy,
From (1.11)) and the estimation
a
2a(ug, u) < Aaflul* + T,

there exist positive constants dp small enough such that

Eja(t) = 0o (Ilutll2 + i + /O p(s) (lln*I1* + 190" [1?) d8> :

and
Eio(t) <2E;,(t) < 4E;o(t). (4.5)
Summation of (4.3)) and (4.4) and plugging all the above inequalities into (4.3)), it follows that

d
o Pia +2a(A — vi)l[ull® + 2a| Vul* + (A = vi)Jue|* + 2] Vel |* + 2d1a(F (u), 1)

1 o0
4y @teuu) —2 [ ) G+ 19017 ds+ 20 [ u(s)(Va'(5), Vuds
0 0
<~ 2a(g(e,u) ) + bl 5 [ pl)la s+ K,
0

where K = % + Co + 2d1aC,, and (p(z,ur), us) > 2 ||ug||? — 2Cy.
Now we define the functional
Ajo(t) = Ejo(t) + aV,(t).
Using , and Young inequality, we have
Ejo(t) < Ajo(t) < 2A;a(t) < 40;0(t),
and

1 )
72a<¢(zvut)a u> < QCLHQZ)(I, ut)||L6/5||u||L6 < C’a(d)(x, ut)a ut>5/6Hu”1 < Z<¢(Ia ut)aut> + OaGA?'

From Lemma [£.2] we can choose v > 0 which is small enough, we obtain

d 1 1 o .
e+ 20+ gl + oG = [ ) G+ [97) s

o0

< Ca*%, — 27 [ (' (s)u)ds+ Il +7 [ (o)l |Pds + C.
0 0

Thus,
4y Ao Rz T e (il £)2 1
200t gl = [ 4 G+ 190 1P) s )0

< Ca®A%, + jk (|luel]? + allull?) + j(a + 1) / u(s)In'|?ds + C
0

< Ca®A3, + jkAjo + C, (4.6)
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where —2aj [1% (" (s), u)ds < jak||ull® + ja [ u(s)|n"|*ds.
From (4.6)), let j = 0 and then applying Lemma then there are constants v > 0, R > 0, and an increasing
function @ > 0 such that

Ago(t) < Q(Ago(0))e ™ + R
< C (|l2oll3, + 2dz2lluo)|Ze) e + R
< po- (4.7)
Besides, considering for j # 0, then using and Lemma one again, we obtain
A1o(t) < Q(A10(0))e " + Ry
< (l20ll3, + 2dzlluollfs) e + R
Hence there exists p; > 0 such that

12113, < o1, (4.8)
for all zo € B and for all ¢ > T, where B is an arbitrary bounded subset of ;. Finally, integrating (4.06)
on (t, T') and using (4.8)), the proof is completed. a

To prove the asymptotic compactness in the next section, we must use some of the following lemmas:
Lemma 4.4. [7, Lemma 6.2] If By is an invariant absorbing set, then
B; =S5(1)By C By
remains invariant and absorbing, and any (bounded) function A : B; — R satisfies

sup sup A(S(t)zp) = sup sup A(S(t+ 1)z9) < sup A(S(1)zp).
t>0 zo€B; t>0 zo€Bo zo€Bo

Lemma 4.5. There exists an invariant absorbing set By and a constant C = C(By) > 0 such that, for all
initial data in By,

1
sup (@) <€ and [ Jua@)? <.
t>0 0

Proof. Now, we consider the initial data zgp € By. Taking the inner product in Hy of (2.2) and wuy, and
adding to both sides the term 2(u,u:), to get

d oo
i (Ll 4 9P 4 200 (00) 4 20,0 0) + 270, T 42 [ )95, Vs ) + 2
0

= 2(fi(z, wue, ue) + 2| Vue||* + 2 /OO 1(8)(V(s), Vue)ds + 2(u, ur) + 2(q, ure), (4.9)
0

where ¢ = h + Aug + ¢ (-, ur) and Pg(uy) is defined as in ((2.4))..
Using (4.8)), (L.6)) and Lemma we obtain
(fila, whug, ug) + 2/ Vul[* < 2| £ (2, w)l| porelluell7e + 2] Ve ||
<O [lullP)lluelf < Clludll?,

2(u, ur) + 2(q, uee) < 2llufl el + 2llgll||uee]l < [ueell* + C,

and
2 [ u()(Ti(s), Vuds =2 [ u(s)(Vals) = Vur, Vus)ds
0 0
<2 / () IV () Vel ds + 26(0) | Ve |
< / () [Vt ()] 2ds + O Va2
0

. / W ()Y () |2ds + C 2. (4.10)
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Now we define the functional

A= A(S(t)z0) = |luel]® + | Vue|® 4+ 2®0 (u) + 2(f (@, w), us) + 2(Vu, Vug) + 2/ w(s)(Vn'(s), Vug)ds + K,
0

fulfils for K = K(By, C,,) > 0 large enough the uniform controls

luellf < 24 < C(1+[uellf +2(p(ue), ur))-
In particular, we deduce from (4.2]) that

1
/ A(S(t)20) dt+/ / (8)IVn'(s)||dsdt < C.
0

Combining (4.9)-(4.10), we obtain
d o0
A e < —/ W ($)IVn' () *ds + Cllulf + K.
0

Thus,

SN+ ual? < OA - / $)[[Vn'(s)2ds + K. (4.11)

Therefore, multiplying at every fixed time ¢ € [0, 1] both terms of (4.11]), we get

dt

and subsequent integration on [0, 1] gives

d oo
Gl <en= [T Pds + K,
0

Zo <C/A Zodt+C<C

Hence, we can choose
B = S(l)BO C By
and applying lemma we have

sup sup A(S(t)z0) < sup A(S(1)z) < C,
t>0 zo€B1 zo€Bo

establishing the desired bound

sup sup |lus(t)]1 < C.
t>0 zp€B;

On the other hand, for initial data zy € By, the inequality (4.11) improves to

d o0
A+ el < = [ @1vnt s Pas +

Integrating the above inequality over [0, 1], we provide the remaining integral control. |

Lemma 4.6. There exists an invariant absorbing set By satisfying

t+1
sup sup (IIUt(t)I?Jr IIUttII2+/ Utt(r)Ifdr> <00
t

t>0 20€Bo

Proof. Taking initial data zg € B, with B; is the invariant absorbing set of the previous lemma.
Differentiating (2.2)) with respect to time and then multiplying both terms by 2us:, we get

d
T (lueell” + Vel + Mluel?) + 20 Vuel|® + 2(¢' (2, wr) s, uer)

= - 2/ w(8)(Vni(s), Vug)ds — 2(f] (2, u)ue, ue) + 2( Mgy — @L(0, wg ) g, wge)-
0

Since ¢ (x,u) > 0,
2(' (, ug)uge, uge) > 0.
Using Lemma [£.5] and ([4.1]), we can see that

=2(fi (@, wur, use) < [|fo (@, w)ll sz luel| o llueel o < JueelF +C
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Besides,
2(Mug — G, up gy, uge) < CHUtt”2 +C,

and

<2 [ W), Vs = <2 [ ()T~ Dk(s), Vs
[ Tl as

d
< %(—QH(O)HVWHQ) +2
d oo
< =26(0) [ Veu|* —/0 W IV ()% ds + (| Vuge 1.
Summarizing, we arrive at

dt

where A = [Jug® + (1 + 26(0)) [ Vure [ + Alfue 2.
Using Lemma[4.5] we get

Ny (Ve + [luse ) < CA */ () V' (s)|ds + C (4.12)
0

/ A Zo dt <C.
Therefore, multiplying by ¢ and integrating on [0, 1], we obtain
A(S(1)z) < C.

Putting
B=5(1)B; C By,

we deduce from lemma [£.4] that

sup sup([[us (1)1 + [Juee?) = sup sup A(S(t)z0) < C.
t>0 z€B >0 zeB

Now, choosing initial data zg € B, we can rewrite (4.12]) as follow

d
th+ a2 < C/ )l () [Pds + C.

Integrating from ¢ to ¢t + 1 and using ) the proof is over.
O

4.2. Asymptotic compactness. One of the main difficulties of the problem is, of course, that the Sobolev
embeddings are no longer compact.
For any r > 0 introduce two smooth positive functions ¢? : R® — R*, i = 0, 1, such that

PP(x) +pr(z) =1 VzeR’,
and
pp(z) =0 if Jz| <7,
o(x) = 0if |2] > r+ 1.
To make the asymptotic regular estimates, we decompose f and define h;, i = 0,1 as follows:
—f(@,m) 4+ h(z) = ez, ue) + g(x,0) = = fo(x,m) 4+ ho — fi(z,m) + ha,

where

and f; € CY(R,R), fo(x,0) = 0 such that

f0($7m) = (f(l‘,Tﬂ) + (Vl + dlug)m +
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with o : R — [0, 1] is a Lipschitz function where o(m) = 0if |m| <1 and o(m) =1 if |m| > 2.
Therefore, for some C' > 0, the nonlinearities f; satisfy

fole,m)m >0, Fo(x,m)= /Om folx,y)dy > 0, (4.13)
and
| fo(z,m)| < Clml|?, (4.14)
|fi(z,m)| < C(1+ |m]). (4.15)
Finally,

hi=0 formeR,|z]>r+1, and]|ho]| =0 asr— oo.
Now, we decompose the solution S(t)zg = z(t) of problem as follows
S(t)zg = S1(t)z0 + S2(t)z0,
where S} (t)zo = z1(t) and S2(t)zo = 22(t), that is, 2 = (u,us,n") = 21 + 22, with
u=vtw, =g+,
21 = (v,v, &), 29 = (w,wy, "),
solve the following problems
Do — A + Aoy — Av + Ao — /Ooo p(s)AE (s)ds + fo(w,v) + bz, ur) — ¢, w;) = ho,
Biet = —D,E" + vy, (4.16)
(v(0),v(0),€°) = 20,

and
Opw — Adyw + Awy — Aw + dw — / p(s)ACt(s)ds
0
+ fo(x,u) - fo(x,v) + ¢(m7wt) = hl + )‘U't - fl(x7u)7 (417)
¢ = —0sC + wy,

(w(O), wt(o)a CO) = (0’ 0, 0)
By the standard Galerkin method, problems — are easily seen to satisfy existence and continuous
dependence results analogous to those of Theorem
We will establish some a priori estimates about the solutions of and . Firstly, we have some

preliminaries lemmas.

Lemma 4.7. The uniform bound |[v||3+[ve||*+ [ p(s)||VE'||Pds < C holds, along with the integral estimate

/OOO o (O)|2dt < C. (4.18)

Proof. Multiplying the first equation of (4.16) by 2v; we get
d o0
& (1O 4 A + 1901 + [~ oV 2ds + 2Fo(e. 00,1

+ 2 ()] + 2[ Vo (B)]* ~ 2/ W (S)IVE NP ds + 2(p(, ur) — bl wi), v0) = 2(ho, ve).
0
From (2.4), (H1) and applying the Young inequality, we get
2(p(z,ur) — d(x,we),ve) = 2(¢ (T, ur + Owy)vg,v) >0, 0<0<1;
—2/ 1 ()| V€' Pds > 0, and 2(ho,ve) < Cllholl* + Allve (t)]|*.
0
Thus, we get

& (1O + X1 + 1900 + [ wIVE s + 2Fa(o.00.1)) + )l < ol
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implying that

||vt(7f)||2+IIU(L‘)Ilf+/Omu(«S)llvftll2clS+/0 loe(r) [ dr
<C <||vt(t)||2 + M@ + Vo) +/0 ()| VE'|*ds + 2(Fo (w, v) > / lve(r)[[idr < C.

Since t > 0 is arbitrary, we are finished. O
Collecting Lemma and we draw an immediate corollary.
Corollary 4.1. There is M = M(p2) > 0 such that, for any time T > 1, the estimate
el < M
occurs for some tr = tr(z9) € [T — 1,T].
Lemma 4.8. The uniform bound |w:||1 < C holds.
Proof. Multiplying the first equation of by 2wy we get

d
@A + 2| we||* < 2(ha + Mg — fr(@, u), wee) + 2||w|?

2 (ot )y — fi(e, v)or, wg) +2 / (V| Ve s,
0

where A = Mw||? + [|[Vwe||? + ®o(wy) + 2M wy, w) + 2(Vwys, Vw) + 2{fo(z,u) — fo(z,v),w;) + K, and
K = K(p1) > 0 large enough in order to have

Jwel[§ <A < OO+ [Jwe9).
Indeed, thanks to Lemmas [£.6] and [£.7]

2|(fo(w,u) = folx, v), wi)| < 2| fo(w,u) = fol,v)l|pess|lwi e < illwtllf +C,

and
lwell? < loell? + luellf < lloell} + C,
the right-hand side is controlled by

20012 ]| + Alluell + [Lf1 (2, w) D l[weel| + 2w

+2(lfo(w, wllare llwellze + 1o (@, v)ll sz o]l o) lwell o + 2/0 () IV I Vwee | ds

< 2fwee]| + Cllwell} + Clloelslwells + €
< 2]weel* + Clluel} + C.

Thus, we obtain

%A < Cllvel3 + C. (4.19)

Integrating (4.19) over [t,T], T > 0, for some positive t > T — 1, and using (4.18)), we get
lwe(T)||? < 2A(T) < C +2A(t) < C(1 + [Jwy|$).

If T <1 we choose t = 0, otherwise we choose t = t7 as in Corollary In either case, the desired bound
follows. U

Combining Lemmas [1.3] [£.6] and [47] we get
[} + ollF + lwllf + luel§ + loell + llwellf + n°(s)I . < C. (4.20)
Firstly, we prove that the solution v becomes small as r — oo and t — co.

Lemma 4.9. Assume that hypotheses of fo,® and hg hold. Then the solutions of equation (4.16|) satisfy the
following estimate: for every w > 0 there exist T,, > 0, r, > ¢ and a constant vo > 0, such that the solution

v to (4.16), corresponding to r = r,, fulfills the inequality
151(t) 20113, < llzoll2,e™ 72" +w, for all t > 0.
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Proof. Multiplying the first equation of (4.16]) by v; + av and adding to both sides the term

oo

d. [~ t2s—'oo’st25:' 5)(£4(s),vs)ds
G | NP =2 [ )1 s =25 [ ue)(e! ).

< o B2 + / " (s s) 2,

we get
%Eja +aA[[u()[|? + 2al[Vo®)[I* + v (O + 2[[ Ve (£)]|?
+ 2a(fo(z,v),v) + 2(¢(z, ur) — d(w,we), ve)
< Cllholl* + jk|lvs(t)]® +J'/OOO ()€ (9)|1Pds — 2ale(x, ur) — P, wy), v).
where

o0
Ejo =llve)|” + A1 + a)[o@®)|* + (1 + a)[Vo@)|* + /0 pu(s)(GlIE S)IIP + V€ ()]*)ds
+ 2(Fo(z,v),1) + 2a{u, u).
Using (4.13)), (4.14)) and (4.20]), we get
1215113, < 2Ejo < 4Eja < 8Ejo < Cllzu;ll3, - (4.21)
From Lemma and , we get

2(¢p(z,ut) — oz, we),ve) >0,
and
2a{¢(z,us) — ¢z, wr), v) < 2al|p(x, ue) — G(x, we)| poss [[v]| Lo
< Calloihllvll < Ca'?|lv|[F + Ca®lv]3.
Now we also define the functional
Aja(t) = Eja(t) + a¥;(t),

where W(t) = [ a(s)(j]}€"(s) — v(B)]|? + [V ("(s) — v(®))]2ds > 0.
Using , Lemma and Young inequality, we have
215013, < Ajo(t) < 2A;0(t) < 4Ajo(t) < Cllz1;7,, -
and the inequality
Ly h et + Iveds =2 [ (¢ Ve, Vuyd
FYOF [ r@GIER +IVE s =2 | n(e)itet o) + (V€ Vopds

1 [ . .
<3 /O () GIIE N + IVE*)ds + 2k(illvl* + [[Vol?).
Therefore, exist positive constant v such that
d
dt
Putting j = 0 in (4.22)) and subsequently substituting the result into (4.22]) with j = 1, we obtain

[o@N1F + loe @I + 1€ ()T 0 < Nlzollae,e™" +w.

Ajo +27Ajq < 4kjAjo + C|lhol. (4.22)

where the constant w depends on ||ho|| with ||ho|| — 0 as  — oco. This completes the proof.
O

Given R > 0, we shall denote B(R) = {z € R® : |z| < R}. Based on Lemma any solution (w,wy, ¢?)
to (4.17) solves the Dirichlet problem on the bounded domain B(R), in the time interval [0,7,,]. Namely,
for every ¢ € [0,T,],

(w(t), we(t), C"(s))|op(r) = 0,Vs > 0.
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Next, we prove that the solution (w,w,(?) to ([4.17) identically vanishes outside the set B(R) x

As in [1], given p > 0, we introduce the function v, : R* — [0, 1] as

0, lz] < p+1,
() = { sin’ B <p|j_|1 —1>], p+1<|z|<2p+2,
1 |z| > 2p + 2.
Therefore, we can easily obtain the following estimates hold for all z € R:
s
Vi,(z)] < ———
9 s
<
VU3(e)| < (@)
372
A <

17

[0, T,

(4.23)

Lemma 4.10. There exists R > 0, T,, > 0 such that the solution (w,w;,(t) to (4.17) identically vanishes

outside the set B(R) x [0,T,], in the sence that fulfills the inequality
[bpwll + [pwell® + [1,CN1T ) S w,  VE2 T
Proof. Taking the product in Hy of (4.17) and wﬁwt, and adding to both sides the term

oo

d t > ’ t * t
G | a2 [ @i =2 [ ) ). mds

1d o

oo ([ otz x [ wuide s [ (o) s

2dt \ Jgs R3 0

—/ u’(s)||wpct\|2ds+)\/ w§|wt\2d:v—/ withwdx—/ wzthwtdac
R3 R3 R3

0

= [ uts) [ vRwadysds+ [ ot wuds
0 R3 R3

- / " u(s) / ¢t ()92wpdads — / G2 (fol,0) — folz, v)wedz + / 2+ X — fu(ars ) g
0 R3 R3 R3

Applying the Holder, Young inequalities and (4.20)), we obtain

| [ v epmdeds < [ [ 021 o lhorldeds
< [ ut) [ uict e Pasas £k [ oo Pas,

/R3 wgthwdz 75%/ 1/)2|Vw| dx—/ Vz/} wyVwdx
< _- = _°
<37 [ vIvelds + Vol
C
< - 2 —
= th/wv [fda + pr1

/ PR Awydr = — / 2|V, [P dz — / Vo wVwdz
R3 R3 R3

™
- [ vl + s [ vl Vurdda

2

< [ wvePde + g
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/ (s |th|2dm—|—7

Note that hy(z,t) =0 for m € R, |z| > 741, we get [ps 2hiwida = 0.
Applying Lemma and -, we obtain

/ 2 fr (2, uywyde < C / 2 (o] + o) el de
R3 R3

SC’/ ¢§|wt|2dx+0/ 1/1§|w|2dx+aw.
R3 R3

/ wz)\utwtdz:/ wz)\vtwtdx—k/ 1/12)\|wt\2d1:
R3 R3 R3
§C’/ ¢§|wt|2d:c+a/ ¢§\w|2d$
R3 R3

§C’/ 1/1§|wt|2dx+aw,
]RS

/00 u(s)/ withCt(s)dxds
0 R3

= —/0 u(s) /]Rs ngwtvgt(s)dxds—/o w(s) /R3 inthCt(s)dxds

< pil/o “(8)/RS wp|UIt||V§t(S)|dl‘dS—§£ ; M(S)/R3 P2V C(s)Pdads

+/0 wW(s) /Rs P2V C(s)Pdads
2 1d o
< 4([)71—#1)2”11&”2 Jr/ / 1/)2|V<t )|2d1‘d5 - 5@ u(s) /R3 w§|vct(5)‘2dzds

C . d ,
<o [ue [ eEmcopdns - 55 [ u<s>/RS¢;f|v< (5)dads,

where [ 4/(s) [qs ¥2| V(! (5)|?dzds < 0.
Using (1.6)) and (4.20) and Lemmawe get

[, vt = (e 0)wide
< O+ ullt + o)l il

C
< 2 2d 2 2d
_/RSwp\VwA erC'/RSi/}p|Vw| x+7p+1,

and

and
wiqﬁ(x, wy)wedx > 0.
R3

Summarizing, we arrive at

d c
—y(t) < _ 2
dty()_Cy()+ 1 2w,

where y(t) = [ga ¥plwe*dr + [po 5 (Alw]? + [Vwl*)dz + [ p(s)vp (€117 + IVCH?)ds
Applying the Gronwall lemma on [O T,], recall that y(0) = 0 we obtain

C
T,) < TweCT“’ < + aw) .
y(Tw) < 1

We can easily see that

[0+ ol 4 160 @) < CoT)+ [ 1V, PIVlT)Pdas [~ o) [ [90,P196(0)Pdads.
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On the other hand, using (4.23)), we get

o0 C
/ IV, |* | Vw(T,) | Pde + / 11(s) / [V, IV (T () Pdads < ——.
R3 0 R3 p—l—l

Thus, we conclude that

C w
ol + Npwl + G (I < 27 + 5
C
for fix C = C(w), independent of p, and a small enough. Choosing p > r,, large enough such that 1 < %
p
we are done. 3

To state the next lemma, which provides the compact part in the decomposition of the solution, some
definitions are needed. Let B C R? be a smooth bounded domain. Define the linear operator

Aw = —Aw, D(A)= H*B)n H(B).

Moreover, introduce the Hilbert spaces V,, = D(A%/?), endowed with the inner products (-,-) = (A%/2 A%/2)
and norms || - ||q-

By virtue of Lemma any solution w of (4.17)) solves the Dirichlet problem on a fixed bounded domain

wy + Awy + Aw + /000 w(s)AC (s)ds
+ folz,u) — folz,v) + d(x,wt) = hy + Aoy — Aw — fi(z,u), on B(R) x [0,T,], (4.24)
0 ¢ = —0s¢ + wy,
(w,we,¢"onr) = 0, (w(0),w:(0),¢") = (0,0,0).
To prove the compactness of S(t), we replace (1.8]) with the more restrictive assumption following:
|9 (2, m)] < C(L+ m[P~1),1 < p <5, and |g;(z,m)| < Clm|”. (4.25)

Lemma 4.11. There exists a positive constant N, > 0 such that the solution w to (4.24) at time T,,,
corresponding to r = ry,, fulfills the inequality

1w (t), wi(t),¢3, .y < Neo (4.26)
for every zo € Hy and 0 < v < %

Proof. Multiplying the first equation of (4.24]) by A"w;(t), we have

d oo
=7 (el + llZys + 1 1541,,) = 2/0 W (SIS (S5 ads + w744

< = 2(fo(z,u) — fo(z,v), A%w) — 2{(d(x,w;), A”wy) + 2(h1 + Avy + dw — f1(z,u), A¥wy).

On the other hand, using (4.20]) and the embedding H} (B(R)) «— L°(B(R)) and D A'FH) s L5209 (B(R ,
0

we have

2((x, we), A"wy) < CIIMII’;% [ A"

L5
< Cllwe|lfl[we ]|y
<l + .
Using , the condition and v < ”TH as 0 < v <1, we get
2(fo(x,u) — fo(z,v), A%wy)
<C [ fuft A ds
B(R)

<C / (1+|U|4+|v|4)%dw / |w|%da¢
B(R) B(R)

2 3—2(1+v)
3 6
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3—2(1—v)

X / |A”wt|%dm
B(R)

< CA A lullzs + vllze) w] [ A",

6
L3— 2(1+u) L3-2(1-v)

< CQA A [lullf + olDlwlvllwello

< HlwlZr + ClonlhlZn,
and
2(q, A%we) < 2|q[|[| A" w |
§1||th||12,+1—|—07 where ¢ = hy + v + Aw — fi(x, u).
Notice that — [~ 1/ (s)]|¢*(s)||241ds > 0, so we can omit this term in the above inequality. Thus,

d
= UlwellZ + 20wlZpy + 1151 1,) < C (lwells + 2wl + 112 4,) + €

Hence, the conclusion is drawn from the Gronwall lemma.

In addition, for any (g € LZ (R*, Hy), the Cauchy problem (see e.g. [2, [14])

{atct — 0.t +wy, >0,

CO = CO = 07
has a unique solution ¢* € C((0,00); L2 (R, H})), and
Ct(s): w(t)_w(t_s)v 0<s<t,
Go(s — 1) = Co(0) + w(t) —w(0), s>t

Thus, thanks to CO(:B, s) =0, we have
wt—wt—s, 0<S<t,

| w(t), s>t

Let By be the bounded absorbing set obtained in Lemma we now prove the following result.

Lemma 4.12. Setting
Kr = PSy(T)By,

(4.27)

for T > 0 large enough, where {Sa(t)}1>0 is the solution process of (4.24), P : H}(B(R)) x L*(B(R)) x
L2(R*, Hy(B(R))) = L2(R*, Hj(B(R))) is the projection operator. Then there is a positive constant Ny =

Ni(||Bollw,) such that
(i) Kr is bounded in L2, (RT,V, 1) N HL(RY; Hy(B(R)),
(i) supere, €)1 sy < M-

Moreover, K is relatively compact in L7 (R, Hj (B(R))).

Proof. From (4.27)) we have
R e

s>,
which, combining with Lemma implies (i).
After that, using (4.27]) once again, we can easily deduce that
1E7 ()52 (R

T
I T =) ey < o Mo =)y iy A0 <s < T,
fo ”w ”Hl (B(R., ))d s>T.
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By virtue of (4.26)), we know that (ii) holds. Because V, 1 — H}(B(R.)) compactly, we conclude that Kz
is relatively compact in LZ(R", Hj(B(R,,))) thanks to the following lemma.

Lemma 4.13. [14] Assume that p € C*(RT)N LY (RT) is a nonnegative function and satisfies the condition:
if there exists so € R such that u(so) = 0, then u(s) =0 for all s > sg. Moreover, let Xy, X1, X2 be Banach
spaces, here Xo, Xo are reflexive and satisfy

Xo = X7 = X,
where the embedding Xo — X3 is compact. Let C C Li(R*, X1) satisfy
(i) C is a subset in L. (R*, Xo) N H,(RT, X5);
(i) sup,ec In(s)l%, < h(x,s),¥s € RT, where h € L, (RT).
Then C is relatively compact in Li(R*, X1).
O

Proof of Theorem [4.1l By Lemma the family of semigroup S(¢) has a bounded absorbing By in H;.
Moreover, S(t) is global asymptotically compact in H; due to Lemmas and Therefore, the
family of semigroup S(t) has the global attractor A in H;.

([l

In the next sections, we will prove the existence of exponential attractors of equation (L.1)). This requires
that the solutions of system (1.1)) have higher-order regularity, on this account, we need to show that u(t)
and 1’ are bounded in Hs.

4.3. Higher-order regularity. From Theorem we immediately obtain the following regularity result.
Lemma 4.14. The attractor A is bounded in H, 41, for all % <v< %

To prove A is bounded in Ha, we argue as follows. For zy € A, we split the solution S(t)zp = z(t) into
the sum Sy (t)zo + Sa2(t)zo, where S1(t)zg = v(t) and Sa(t)z0 = w(t), instead of (4.16) and (4.17)) solving,
respectively,

Opv — Adw + Aoy — Av + Ao — / w(s)AEY(s)ds + ¢(w,up) — d(w,wi) = ho,
0

' = —0E" + vy,
(v(0),v(0),£°) = 20,
and
Oppw — Adyw + Mwy — Aw + Aw — /OO w(s)ACH(s)ds + f(z,u) + ¢(x, wi) = hy + Aug,
B¢ = —0,C +wy, ’ (4.28)

(w(0)7 wt(0)7 CO) = (Oa 07 O)
As the particular case of Lemma we know that

[S1(t)z0ll3, < Ce " +w, Vt>0. (4.29)
Besides, as in Lemmas [£.3] [£.6] and [4.7] we also obtain
ull? + 1ol + llwllF + luelld + loel + el + " (IR, + llwel* < C. (4.30)

Lemma 4.15. There exists T,, > 0 and p > 1, such that the solution w to (4.28)) at time T,,, corresponding
to r = ry, fulfills the inequality

bpwll3 + [[Ypwe |3 + Hd)pCtH%,H <w, Vt>T..
Proof. Taking the product in Hy of (4.17)) and —ngwt’ we get
1d s
2dt (/ ¢§|th|2dx+/ ¢§|Aw|2d1‘—|—/ ,LL(S)/ ngCt(S)Fdde)
R3 R3 0 R3

+/ ¢§|Awt|2‘dz+A/ 1/J§|th|2dx7/ ,u/(s)/ P2IAC (s)[Pdads
R3 R3 0 R3
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+/ ngwttitdm—/ zp§¢(x7wt)Awtdx—/ ¢§f(x7u)Awtdx
R3 R3 R3

= -2 / ViwVwde — A [ Vi wVwdz — / V2VwVwdz + / P2 (hy + Aug) Awgdz.  (4.31)
R3 R3 R3

]RS
Applying the Hélder, Young inequalities and (4.30)), we obtain

s
/ Vi/)?,wttitdx S 7/ ¢p|wtt||th|dﬂ7
R3
()
/ ¢2|th|2d$+(p+ )2” tt”

C
< 2 2
_/R31/) [V, dm+7+1

- 2 d < L/ d
)\/R3 Vi wVwidr < pEa Yplwe || Vwy |da

C
< 2 2
7/R31/JP\th| do+ .
9 ™
-\ s prwdeCE S ﬁ/}RS wP|U)||vUJ|d$
C

S77
p+1

—2) [ 2VwVwde < / ¢§|th|2dx+)\2/‘ V2| Vwl’dz,

]Rfi
Note that hy(z,t) =0 for m € R, |z| > r+ 1, we get fRS w hiwidz = 0. Using (4.29) and ( -7 we obtain

—2>\/ Yru Awydr < 2/ V¢§|ut||th\dx+2/ V2| Vg |[Vwy | do
R3

< Il Vundde +2 [ 02190+ w)[Vurda

c
<2/ 02 |th\ dx—i—/ UEIVuViond + =

<3/ P2 [ Vwy|? d:v—f—w—i—erl

Applying (4.30), Lemma and noting that D(ATI) — L2, 1 < v < 1, we deduce that |ul|}3. <
lull3,,, < C-

L V2 f (x, u) Awydx
< [ vVl Vadde + [ 1| Vadde+ [ V3G Vrds
<c/ GR(1 4 Juf? |V(v+w)|\th|dx+C/ 21w+ w)[? Ith|dx+C/ VU1 + [uf®)| Vo, |d
<Cw+ = / w2|Awt| da:+C'/ w | V| dx—!—C’/ w |Vw|*dz + ——
Using (4.25)), ([4.30) and since — [gq V2P, (2, we)|Vw [*de < 0, we have
*/R3 Pro(x, wi)Awde = /R3 o, (2, W) | Vwy|*da +/ Ut (2, W) [Vwy|d + /}R3 V2o (z, wy) Vwde

p+1

<c [ wilupVuds + <5 [ vl Vulda
R3
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C
/ w | Aw| dx—l—C/ w |Vw, |*dx + —— py
Plugging all the above inequalities into , it follows that

9y <><0y<>+c(i1+w)7

where y(t) = [po V2 |Vwe|2de + [po V2| Aw|?dz + [° p(s)p2 || A2 ds.
Applying the Gronwall lemma on [0, T},], recall that y(0) = 0, we obtain
1
T,) < CT e’ [ — ) 4.32

y(T,) < CT e <p+1+w> (4.32)

Combining (4.32) and Lemma we conclude that
[pwell§ + llpwll3 + lepC ()13, < Cuw.

for fix C' = C(R), independent of p. O

Lemma 4.16. Under the assumptions (H1) — (H4) (in (H3), (1.8)) is replaced by (4.25)), the following
estimate holds:

1

152(t) 2013, < Mo, (4.33)

for some My > 0.
Proof. For a € [0,1) to be fixed later, multiplying the first equation of (4.28)) by w;(t) — aw(t) in L?(R3),
and adding to both sides the term
d oo oo oo
G | nctPas =2 [ )ictPas =2 [ u(s)(¢ ). wds
0 0 0

and as in the proof of Lemma [4.11] we get

| (w,w, ¢N|3,, < N, for some N > 0. (4.34)
Besides, multiplying the first equation of (4.28)) by —Aw;(t) — aAw(t) in L*(R?), we obtain
1d o
5 <||th||2 + (1 +a)[[Aw|® + A1 + a)|Vw]|? +/ ()| ACH||?ds + 2a(Vwy, Vw>)
0
+ (A — a)||Vwe||? + |Aws||* 4+ aX|Vwl|]? + a|| Aw||* + a/ u(s)(ACh, Aw)ds (4.35)
0 .
- / W (SIAC(9)[Pds + (f (z,u), —Awy, — alw) + (¢y, (x, we) Vg, Vuy)
0
= —a{dy, (x,w;)Vwe, Vw) — (¢ (z,w:), Vw + aVw) + (hy + Aug, —Awy — aAw).
Applying Lemma [4.2] we have
d o0 oo
G0+ a [ u1Ac ) s =20 [ u(6) (A (o), Awlds
<2 [ p(e) A |Aulds
<t / () |AC|2ds + a? | w2, (4.36)
0

Using Lemma and Sobolev embedding D(A*3" ) « L1, + < v <1, we deduce that [[ul|}% < [|lulj3)
C, % < v < 1. Therefore

a(f(z,u), —Aw — alw) < C(1+ [[ull o) (| Awe ]| + al| Aw]))

v+l —

1
< SlAwP +a?|Aw]P +C.

Exploiting Lemma [2.1] u and ( , (4.34)), we get

—a<¢wt (x»wt)th,Vw < Cal|@ly, (2, we) || a2l V| Lo [ Vel Lo
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< S(1Aw? + a®Aw]?) + C,

1 =

1
~ (@, wr), Ve + aVw) < ¢ (@, willLess + 7 (1Awe* + a?[| Aw]]?)

A

1
FUIAw ] + a*|Aw]*) + C,

and
(Pr, (x, W) Vwy, V) > 0.
Finally,
1
(h1 + Aug, —Aw; — aAw) < 1||wt||§ + a?|Jw||3 + C.
Putting A(t) = |[Vw||?> + (1 + a)[|[Aw||? + A1+ a) [ Vw||? + [ u(s) | ACH2ds + 2a(Vwy, Vw) + a¥(t) where
[Vw[? + [|Aw]* + A V|2 +/ p(s) | AC|*ds
0
< a0 <2 (19w + 18wl + NVl + [~ uoacPas).
0

Summation of (4.35)) and (4.36) and then combining all the above inequalities, we arrive at

1
%A(t) + o)+ 1l Aw|? < C. (4.37)

By the Gronwall lemma, and using (4.30) and Lemma we can get (4.29) immediately. This completes
the proof.

|
Now, we have the following lemma
Lemma 4.17. For B is bounded set in Ha, the following estimate holds:
sup sup [|(u(t), ue(t),n" ()|l < C,. (4.38)
t>0 z0€B
Moreover, for every t1,ts > 0, we have
to
/ | Aug (r)||2dr < C. (4.39)
t1

Proof. Let z = (u,us,n') be a solution of with initial data zg € B. Now recasting the proof of Lemma
we end up with an inequality analogous to and (u, ug, n') in place of (w,w;, ?). Since the initial
data belong to B € Ha, Applying the Gronwal lemma, we obtain . Besides, integrating from ¢;
to t3 and using we get . O

We have the following regularity result.

Theorem 4.18 (Regularity of the global attractor). Under the assumptions of (H1) — (H4) (with (1.8)) by
(4.25) ) for the memory term and the nonlinearity, and the assumption of (4.29)), the global attractor A is
bounded in Ho.

Next, we can take a compact set By C Ho, such that B = U;>7, S(t)B; is a compact positive invariant set
in Ho under S(¢).
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5. EXPONENTIAL ATTRACTORS

Despite the existence of an exponentially attracting set, quantitative information on the attraction rate
of the global attractor is usually very hard to find. To overcome this difficulty, it was introduced in [I0] the
concept of exponential attractor.

Definition 5.1. A compact set £ € Hy is called an exponential attractor or inertial set for the semigroup
S(t) if the following conditions hold:
(i) & is positively invariant, i.e., S(t)€ C € for every t > 0;
(ii) &€ has finite fractal dimension in H;.
(iii) & is exponentially attracting for S(t).

Recall that the fractal dimension of a compact set K in a metric space X is defined by

dimyx K = limsup M,
es0 log(1/e)

where N (e, K) is the smallest number of balls of radius e necessary to cover K. The main result of this
section is the following.

Theorem 5.1. The semigroup S(t) acting on Hi possesses an exponential attractor £ contained and bounded
m Hg.

As a byproduct, we have the following.
Corollary 5.1. The global attractor A of S(t) has a finite fractal dimension in H;.

The proof of Theorem is based on an abstract result from Danese et al. (2005), which we report here
below as a lemma, in a version specifically tailored to fit our particular problem. Now, we will make use of
the projections P; and P, of H; onto its components H; x Hy and Li(R*, H,), namely

PI(Z) = Pl(uauhnt) = (U,Ut) and PQ(Z) = P2(“7 Utﬂ?t) = 77t-

Lemma 5.2. Let the following assumptions hold.

(i) There exists R, > 0 such that the ball B, = By, (R,) is exponentially attracting.
(ii) There exists Ry > 0 with the following property: for any given R > 0, there exists a nonnegative
function Y vanishing at infinity such that

15()z0lla, < 9(t) + Ry,

for all zy € B(R).
(iii) For every R > 0 and every 6 > 0 sufficiently large,

20
/9 100 (u(8), Bp(t)) |21, ot < Q(R +6),

for all (u,u) = P1S(t)2.
(iv) For every fited R > 0, the semigroup S(t) : B — B admits a decomposition of the form S(t) =
S1(t) + Sa(t) satisfying for all initial data zo; € B(R)

191 (z01) — S1(202) I3, < ¥(t)|201 — 202|741,
and
[[S2(201) — S2(202) [l < Q()l|z01 — z02|34:,
for both Q and the nonnegative function ¥ vanishing at infinity. Moreover, the function

0" = P2S(t)z01 — PaSa(t)z02
fulfills the Cauchy problem
o' = 050" + wy(t),
7’ =0,
for some w satisfying the estimate

lw(t)[l1 < Q)lz01 — 202l|2, -
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Then S(t) possesses an exponential attractor £ contained in the ball B(Ry).

Proof of Theorem [5.1l The proof amounts to verifying the four points of the above Lemma Indeed,
combining (4.29)), Lemmal4.15|and Lemmal4.16|we get (7) and (i7). Besides, (ii¢) is an immediate consequence

of Lemma [4.6] Accordingly, we are left to show the validity of (iv).
For every initial data zp = (ug,v0,m0) € B, denote S1(t)zo = 2z1(t) the solution at time ¢ to the linear
homogeneous problem

Opv — AGv — Av + v — / p(s)Ag!(s)ds = 0,
0

€' = —0sE" + vy,

(v(0),0:(0), %) = 2,
and let

SQZO = Sl(t)ZO — S(t)ZQ = Zg(t)
Let R > 0 be fixed, and let zp1, 292 € B. We decompose the difference
(@(t), ae(t),n') = S(t)zo1 — S(t)z02 = (0(t), Te(t), €) + (@(t), e (t), C")
where B B
(0(t),0:(t), &) = S1(t)201 — S1(t)zo2, and  (w(t), wy(t),C") = Sa(t)z01 — Sa(t)z02

solve the problems

O — AT — AT + \o — / u(s)AE (s)ds = 0,
0

atft = asft + v,
(v(0),v¢(0), %) = 201 — 202,
and .
Oy — AOD — AW + A\ — / w(s)AC!(s)ds
0

+ f(fl?,’ll;l) - f('r7u2) + g(x, 6tu1) - g(x,@mz) = 07 (51)
0 ¢ = 0,¢ +w,
(’LU(O), wt(0)7 CO) = (Oa Oa 0)
We first note that, on account of (i),
1S®)z0ill#, < C.
On the other hand, as the particular case of Lemma we get
151(t)z01 — S1(t)z02l2, < Ce™"||z01 — 202l -

Now, for a € [0,1) to be fixed later, multiplying the first equation of (5.1 by w;(t) — aw(t) in L?(R3),
and adding to both sides the term

% OOO p(s)1CH % ds — 2/000 W (s)IC12ds = 2/000 p(s)(C'(s), 1) ds,

and as in the proof of Lemma [4.11] we get
||(1D,1Dt,§t)||%_[1 < Ny, for some Ny > 0.

Next, multiplying the first equation of (5.1) by —Aw(t) — aAw(t) in L?(R?), we obtain

1d > _

335 (I + 1+ Al 4 AITal? + [ (o) |AL Pds + 200w, Vo))

0
—a|| V| + | Ao || + aX[|Vol* + af Aw||* + a/ p(s)(AC (5), Aw)ds — / 1 (s)[|AC (s)[|*ds
0 0
= — (f(z,u1) — f(x,u2), —Aw; — aAw) — {g(x, pu1) — g(x, pus), — AWy — aAw).
Due to (1.8) and the Agmon inequality,
lg(z, Orur) — gz, Opuz)|| < Cl|Opur — Dpusl|.
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Thus

—(g(x, Oua) — g(x, puz), —Awy — aAw) < Cl|ty|[|| @y + aw |-

Besides, by (1.6]),

—(f(z,w1) — f(z,u2), —Aw; — aAw) < Clll|1]|w; + aw]2.

A final application of the Holder inequality entails

d ) _
A0 < al(t) + C(lall? + )

where A = [|[Vay[|* + (1 + a)[[Ad|? + N|V@|® + [ p(s)[|AC|Pds + 2a({Viy, Vi),
and || (w, @y, ¢*) |13, < A < 2||(w, we, ¢")If3,-
Arguing as in the proof of (3.18]), we obtain

[l + lael® < Cellzo1 — 2023,

Since A(0) = 0, an application of the Gronwall lemma provides the sought inequality

t
A(t) < C/ eI ((la(r)F + lla(r)|*)dr < Ce®flzo1 — zoaf3, -
0

In particular, we learn that

l(@, @, ¢ 13, < Ce“ 201 — 20213,

which is exactly the last point of (iv) to be verified.

O
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