DIFFERENCE ANALOGUE OF THE SECOND MAIN THEOREM FOR
HOLOMORPHIC CURVES AND ARBITRARY FAMILIES OF
HYPERSURFACES IN PROJECTIVE VARIETIES

TINGBIN CAO, NGUYEN VAN THIN, AND SI DUC QUANG

ABSTRACT. Our goal in this paper is to establish some difference analogue of second main
theorems for holomorphic curves into projective varieties intersecting arbitrary families of
c-periodical hypersurfaces (fixed or moving) with truncated counting functions in various
cases. Our results generalize and improve the previous results in this topic.

1. INTRODUCTION

The values distribution theory for meromorphic functions on the complex plane was
initiated by R. Nevanlinna [14] in 1926. Later on, in 1933, H. Cartan [2] established the
second main theorem (SMT) in this theory for linearly non-degenerate holomorphic curves
from C into PV (C) intersecting hyperplanes in general position. In 1983, by introducing
the notion of Nochka’s weight for the family of hyperplanes, E. Nochka [15] generalized
the result of Cartan to the case of hyperplanes in subgeneral position. In some recent
years, this theory has been developed to the case of hypersurfaces (fixed or moving) in
general or subgeneral position by many mathematicians, such as M. Ru [22, 23], T. T.
H. An-H. T. Phuong [1], G. Dethloff-T. V. Tan [7], Q. Yan-G. Yu [25], L. B. Xie-T.B.
Cao [24], S. D. Quang-D. P. An [16], S. D. Quang [17, 18] and many others therein. Very
recently, by introducing the notion of distributive constant of families of hypersurfaces, the
present third author [19] further researched the case of holomorphic curves into projective
varieties with arbitrary families of hypersurfaces and proved the following second main
theorem.

Theorem A (see [19, Theorem 1.1]) Let V' C PN(C) be a smooth complex projective
subvariety of dimension n > 1. Let {Q1,...,Q,} be a family of hypersurfaces of PN (C)
with the distributive constant A with respect to V', deg Q; = d; (1 < i < ¢q), and d be the
least common multiple of di, ... ,d,. Let f be an algebraically non-degenerate holomorphic
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map from C into V. Then, for every e > 0,

| (=A@ +1) =9 T5(r) Zdi r £1Qu) + o(Ty (7))

where My = [d”2+” deg(V)" e A™(2n 4+ 4)"(n + 1)"(q!)"e™].
Here, the notation “|| P” means the assertion P holds for all r € [1,400) outside a set

of finite measure, the notation [x] stands for the largest integer not exceeding the real
number z.

On the other side, motivated by the development of the value distribution of complex
difference polynomials and solutions of complex difference equations (refer to see [3]),
the difference analogues of second main theorems (DSMT) were established. In 2006,
R.G. Halburd and R.J. Korhonen [10] obtained the c-difference analogue of the second
main theorem (¢-DSMT) for meromorphic functions in the complex plane. Later, P. M.
Wong-H.F. Law-P. P. W. Wong [26] and R. G. Halburd-R. J. Korhonen and Tohge [11]
have independently obtained the c-DSMT for holomorphic curves into complex projective
spaces intersecting hyperplanes in general position. In 2017, the present first author and
J. Nie [4] proved an ¢-DSMT for the case of c-periodical slowly moving hypersurfaces
located in subgeneral position of PV (C) with the truncation level N. Recently, P. C. Hu
and the present second author [12] have considered the case of holomorphic curves with
hypersurfaces in subgeneral position with respect to a projective varieties with an explicit
truncation level for the counting function. Our goal in this paper is to establish some
difference analogues of the SMT for such curves with arbitrary families of hypersurfaces
(fixed or e-periodical slowly moving), which are analogues to Theorem A, generalize and
extend the above mentioned results for the case of hypersurfaces. In order to state the
results, we recall the following.

Throughout this paper, we denote by M the set of all meromorphic functions on C,
by P. the subfield of M consisting of all e-periodical meromorphic functions, by P2 the
subfield of P. consisting of all functions in P, with the hyperorders strictly less than A\, and
by IC’\ the subfield of P2 consisting of all functions in P2 which are small with respect
to f. Obv10usly, we have the relationship M D> P, D P} D IC)‘ . Here a meromorphic
function ¢ is said to be small (with respect to f) if || T,,(r) = O(Tf( T)).

Firstly, motivated by the recent works of the present third author on Nevanlinna theory
for entire curves [19] and on Diophantine approximation [20], we prove the following c-
DSMT for algebraically nondegenerate holomorphic curves from C into projective varieties
with an explicit truncation level for counting functions.

Theorem 1.1. Let V. C PY(C) be an irreducible algebraic subvariety of dimension
n(n < N). Let f: C — V be a holomorphic map with hyperorder ¢(f) < 1. Let
Q ={Q1,...,Q,} be a set q hypersurfaces with the distributive constant Agy with respect
toV and d = lem(deg Qy, . ..,deg Q,). Assume that f is algebraically non-degenerate over
PL. Then for any e > 0,

c
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where Ly = [d"+"(deg V)" 1e" A (20 + 5)"((n + 1)Ag e + 1)"].

Here, the distributive constant Ag y of the family Q with respect to V', the characteristic

function T;(r) and the truncated counting function N (M (O f)] (r) are defined in Section 2.

Let d be a positive integer. We denote by (V') the ideal of homogeneous polynomials
in Clxo, ..., z,| defining V' and by Clz, ..., z,|qs the C-vector space of all homogeneous
polynomials in Clzy, ..., z,] of degree d (including the zero polynomial) and let I(V'); =
I(V)NClxg, ..., x4 Define
Clzo, - -+, Tpla

I(V)a
Then Hy (d) is called the Hilbert function of V. For the second aim, we will establish an
¢-DSMT with better truncation level as follows.

1(V) = and Hy(d) := dim I,(V).

Theorem 1.2. Let V be a complex projective subvariety of PN(C) of dimension n (n <
N). Let {Q;}_, be hypersurfaces of P"(C) in £-subgeneral position with respect to V. Let
d be the least common multiple of deg Q1,...,degQy, i.e., d = lem(degQy,...,deg Q).
Let f be a holomorphic map of C into V which is Pl-algebraically non-degenerate over
L,(V') with hyperorder ¢(f) < 1. Then, we have

H ( %_nnilfHV ) <ZdegQ SO0 + o Ty ().

For the last purpose, we will consider the case of arbitrary families of c-periodical slowly
moving hypersurfaces in PV (C). We will prove the following.

Theorem 1.3. Let f be a Pl-algebraic nondegenemte holomorphic curve of C into P™(C)
with hyperorder ¢(f) < 1. Let @ = {Q;}i_; be a family of c-periodical slowly (with respect
to f) moving hypersurfaces with the dzstrzbutwe constant Ag. Then for any € > 0, we
have

q
1 N Li7C
I (0= Bo(n+1) = OTy(r) £ 3 qom-No i 1) + ol Ty (1)
i=1
where L; = @Lo - [%] and d, Ly are positive numbers defined by:

d:=lem(degQy,...,degQ,), Lo := (L Z n)ngIn)((LIn)—lﬂi)—Q

L+n q
with L:=[n+14+2Ag(n+1)°¢"|d and po := [ Tog(1 + 3(n+61)AQ)

Here, by [x] stands for the smallest integer not less than x.

2. PRELIMINARIES AND LEMMAS

(A) Some notation and definitions. For a divisor v on C and a positive integer M or
M = +o0, as usual we denote by N™(r, 1) the counting function of ¥ with multiplicities
truncated to level M.
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For a meromorphic function ¢ on C, denote by v,, its divisor of zeros and set
Ny(r) = N(r,v,), NLM](T) = N[M}(r, v,) (ro <1 < Ry).
For brevity, we will omit the character M if M = +o00. In this paper we fix a nonzero

constant ¢ € C. Define

o) =0 =% pz+c)=g =3 fz+200=F =3 ... | f(z + Mc) = g™

and set v = mingepen y¢[k],ﬁLM’c] — v, — v We define the following valence
functions (cf. [6, inq. (2.5)] and see also [13, Definition 4.1] for a modification):

M,c _ M,c \7[M,c _ ~[M,c
NL ](7“) = N(r, V}p ]) and NL }(7’) = N(r, 1/%[0 ]).

Let f : C — PY(C) be a holomorphic map with a reduced representation f = (fo, ..., fn).
Set [If]| = (|fol*+ -+ |fN|2)1/2. The characteristic function of f is defined by
2m 40 2m 20
7y(r) = [1oglietre) 5 ~ [ 1o 5
0 0
The hyper-order and order of f are defined respectively by
loglog T log T
¢(f) = limsup 08708 2T f(r), o(f) = limsup 08 LAT) f<r).
r—00 IOg r r—00 log r

The Casorati determinant of f is defined by
C(f) = det (E ""’f_N[w]>o<w<N‘

The definition of the function C'(f) depends on the choice of the reduced representation
of f, but its divisor v¢(s) does not depend on this choice.

[w]

For a positive integer d, we set
To = {(io,...,in) € N g+ +iy = d}.

In this paper, we call each hypersurface in PV (C) a nonzero homogeneous polynomial Q)
in C[xg,...,zy] and denote by Q* its support, i.e.,

Q" ={(wo: - :wn)|Q(wo, - ..,wn) =0}.

We call each moving hypersurface of degree d a homogeneous polynomial P(z) of the form

where 2/ =z --- 2% for I = (i, ...,in) € 7y and a; (I € Ty) are holomorphic functions
on C without common zero. Then P(z) is a hypersurface in PV (C) for every z € C. We
may also consider P as a holomorphic mapping from C into PM(C) where M = (N ;,“ d) —1.
If all the meromorphic functions a; are c-periodic, then we say that P is c-periodical

moving hypersurface.
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Since the number of moving hypersurfaces occurring in this paper is finite, by chang-
ing the homogeneous coordinates of PV(C), we may assume that aj, # 0, where Iy =
(d,0,...,0), for each given moving hypersurface P(z) = > ar(z)x!, and set

Pz)=3" ‘”((z)) 2!,

arp (z
1e7, o

The proximity function of f with respect to P, denoted by my(r, P), is defined by

B 27 . ||f(7“€i0)||d ﬁ B 27 . ”f(eie)Hd ﬁ
my(r, P) —/0 1 8 IP(E(re))] 20 /0 1 8 PR 2

This definition is independent of the choice of the reduced representation of f.

If @ is a slowly moving hypersurface with respect to f, i.e., || To(r) = o(Tf(r)), then the
first main theorem in Nevanlinna theory for holomorphic maps and moving hypersurfaces
is stated as follows:

dT(r) = my(r, Q) + Now)(r) + o(Ty(r)).

Definition 2.1. Let f be a holomorphic curve from C into a subvariety V C PN(C) with a
presentation (fo, ..., fx). The map f is said to be P}-algebraic nondegenerate over I;(V)
for a positive integer d if there is no non-zero homogeneous polynomial Q € Pllxg, ..., zy]
of degree d with V- ¢ Q(z)* for some z € C such that Q(fo,...,fn) = 0. If f is PL-
algebraic nondegenerate over I;(V') for every d > 1 then f is said to be Pl-algebraic
nondegenerate.

Let @ = {Q1,...,Q,} be aset of ¢ moving hypersurfaces, deg Q; = d; > 1, of the forms
Q; = Zzer. ajrz’(j =1,...,q). Denote by Kg the smallest subfield of M containing all
J

functions Zj—j (for aj; # 0), and by Cg the set of all non-negative function h : C — [0, +o0],
which are of the form Wl E-Fuel™ oo k1 € N, w;, v; € Ko\{0},¢;j,b; € Ry. Then, for

for Lol
every moving hypersurface @ in Kg[zo, ..., xx] of degree d, we have |Q(2)(x)| < ¢(2)]x]|¢
for some ¢ € Co.

Definition 2.2 (see [21, Definition 3.4]). Let V be a subvariety of PN(C). Let Q =
{Q1,...,Qq} be a family of moving hypersurfaces in PN(C) such that V- ¢ Q;(2)* for
generic points z and for all ) = 1,...,q. The distributive constant of Q with respect to V
15 defined by

A i
‘= max — ,
eV rcql,...gy dimV — dim ﬂj€F Q;(z)*NV

for generic points z € C.

Remark 2.3. If Qy,...,Q, (¢ > m+1) are in weakly [—subgeneral position with respect
to V then Agy <1 —dimV +1 (see [21, Remark 3.7]). If V = P¥(C), then we write Ag
for Agy and call it the distributive constant of the family Q.

For a = (ag, ...,ay) € Z¥*! we write x* for the monomial z{° - - - 23" and set
N

a; - C= E a;c;

=0
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for ¢ = (cg,...,cn) € CVNTL Let V be a projective subvariety of PV(C) of dimension n
and of degree §. By the usual theory of Hilbert polynomials,

n

Hy(u) =6 - % + O™,

The u-th Hilbert weight Sy (u,c) of V with respect to the tuple ¢ = (cg, ..., cy) € RVF!
is defined by

Hy (u)
Sy (u,c) := max Z a;-c|,
i=1

where the maximum is taken over all sets of monomials x?!, ..., x*#v® whose residue
classes modulo I(V') form a basis of Clzg, ..., zn]u/L.(V).

(B) Some auziliary results.

Lemma 2.4 (General Nochka’s weight [16, Lemma 1]). Let V' be a complex projective
subvariety of PN(C) of dimension n (n < N). Let Q1,...,Q, be q (g > 2m —n + 1)
hypersurfaces in PN (C) in m-subgeneral position with respect to V' of the common degree
d. Then there are positive rational constants w; (1 <i < q) satisfying the following:

i)0<w; <1, Vie{l,...,q}.
ii) Setting @ = max cqwj, one gets

q
ij:@(q—2m+n—1)+n+1.

j=1
k+1 . n

_— <o < —.
i) 2m —n+1 _w_m

w) For RC {l,...,q} withiR=m+1, then ), pw; <n+ 1.
v) Let E; > 1 (1 < i < q) be arbitrarily given numbers. For R C {1,...,q} with
tR =m + 1, there is a subset R° C R such that §R° = rank{Q;};cre = n + 1 and

I1E7 <] &

i€R i€Re
Lemma 2.5 (see [21, Lemma 3.8]). Let V be as in Lemma 3.3. Let Q1,...,Q; bel
hypersurfaces in PN (C) of the same degree d > 1, such that ﬂfl:l QiNV =2 and

S
d1m(ﬂQj> NV=n—u, Vi, 1 <s<t,1<u<n,
i=1

where to,t1,...,t, integers with 1 = tg < t; < --- < t,, = . Then there exist n + 1
hypersurfaces Py, ..., P,y1 in PY(C) of the forms

Ly
Pu:ZCuijy Cyj eC, u=0,...,n,

J=1

such that (2, PY) NV = @.
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Lemma 2.6 (see [19, Lemma 3.9]). Let to,ty,...,t, be n+ 1 integers such that 1 =ty <

s — 1t

t1 < - <tp, and let A = max 0
1<s<n S

with ag > ay > -+ > a,_1 > 1, we have

_ — tn—tn—
abt g g < (agay - an_)®

. Then for every n real numbers ag,ay, ..., 0,1

n—1
Theorem 2.7 (see [8, Theorem 4.1]). Let V. C PY(C) be an algebraic subvariety of
dimension n and degree 6. Let u > ¢ be an integer and let ¢ = (cg,...,cN) € ]Rga“l. Then
1 1 (2n+1)6
Y >_ - _enr e, )
iy () V9 2 iy © u (&??,“NC)

Here, ey (c) is the Chow weight of V' with respect to ¢ (see [8, 9] for detail definition).

Theorem 2.8 (see [20, Lemma 3.2]). Let Y be a projective subvariety of PE(C) of dimen-
sionn > 1 and degree dy. Let m (m > n) be an integer and let ¢ = (cy, ..., cr) be a tuple
of non-negative reals. Let H = {Hy, ..., Hr} be a set of hyperplanes in PE(C) defined by
H; ={y; =0} (0<i<R). Let {ig,...,im} be a subset of {0,..., R} such that:

(1) ¢,, = min{c;,, ..., ¢, },

(3) and Y ¢ H;; for all j =0,...,m
Let Ay y be the distributive constant of the family H = {H;, }7-, with respect to Y. Then
dy

A (Cig o+ i)
H,Y

ey(c) >
Note that [20, Lemma 3.2] is stated for the case of number field, but its proof automat-
ically works for the case of C.

Lemma 2.9 (see [12, Lemma 7]). Let f : C — PN(C) be a P}-linearly non-degenerate
holomorphic map with <(f) < 1. Let Hy,...,H, be q arbitrary hyperplanes in PN (C).
Then we have

2
T d9
/ maxlog H ’ H H e 2— < (N 4+ 1)Ty(r) — Nepy(r) + o(Ty (1)),
where £ = (fo, f1,---, fn) is a reduced representation of f, the mazimal max;cy is taken

over all subsets J C {1,...,q} such that {H;|j € J} is linearly independent.

3. PROOF OF MAIN RESULTS

Proof of Theorem 1.1. Without loss of generality, we may assume that ||Q;|| = 1 for

d
all 7 = 1,...,q. Also, replacing ); by Q% if necessary, we may assume further that
Q1, ..., Q4 have the same degree d.

It suffices for us to consider the case where Agy < % Note that Agy > 1, and
n

hence ¢ > n + 1. If there exists i € {1,..., ¢} such that ﬂ?zl Q; NV # & then
i
—1
q > q

A > .
LV = n n+1
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This is a contradiction. Therefore, 03:1 Q;NV =@ foraliec{l,2,...,q}
J#i

Let Z = {(1,...,(\} be the set of all bijections from {0,...,¢—1} into {1,..., ¢}, where
A = ¢!. For each Q, since ﬂq 0 QC 7N V = @, there exists the smallest index [; such that

Niw Qi NV =2
Let f = (fo,..., fn) be a reduced representation of f. By [21, Lemma 3.2], there is a
positive constant A, chosen common for all (;, such that

I < A mas 1Qu (EG)) (V6 € 2).
Denote by S(7) the set of all z such that Q;(f(z)) #0 forall j=1,...,¢ and
Qa0 (F(2))] < 1Qc)(f(2))] < --- < |Qci<q—1>(f(2))|~
Therefore, for z € S(7), we have

d

f(z . f(z f(z
o) H‘H < gt H‘Q” CH’QH (|Z

where C' = Y | A4 l_lnj e

Consider the mapping ® from V into P?~!(C), which maps a point x = (x¢ : - -+ : xy) €
V into the point ®(z) € P471(C) given by

D(z) = (Qu(x) 1 -+ Qg(x)),
where x = (20, ...,2y). Set B(x) = (Q1(x), ..., Qq(x)).
Let Y = ®(V). Since Vﬂﬂ?zl Q; = &, @ is a finite morphism on V" and Y is a complex

projective subvariety of P?~!(C) with dimY = n and of degree

0:=degl < d".degV.
For every a = (ay,...,a,) € ZLy and 'y = (y1,...,¥,) We set

Y=ty

Let u be a positive integer. Define
(3.2) Y, = L(Y), n, = Hy(u) — 1.

We fix a basis {vg,...,v,,} of Y, and consider the holomorphic map F : C — P"(C)
which has a reduced representation

F = (vg(®of),... 0, (Pof)): C— CmH,
Hence F' is P!-linearly nondegenerate, since f is Pl-algebraically nondegenerate.
Now, we fix a point z ¢ J]_,(Q;(f))~"(0). Suppose that » € S(ig). We define
c.=(C1zs...,¢4.) €RY,

where

I£=)]1

(3:3) G =08 1O )

fory=1,...,q.
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We see that ¢;., > 0 for all j. By the definition of the Hilbert weight, there are
az; - - - an, . € 2L, with

a; , = (az’,l,za Ce 7a’i,q,z) with Q4 5.2 € {O, c. ,u},

such that the residue classes modulo I(Y), of y20= ... y?= form a basis of I,(Y) and
(3.4) Sy(u,c.) =) a.-c..

We see that y?= € Y,, (modulo I(Y),). Then we may write
yaLZ = Li,z(U07 SR 7vnu)7

where L; ., (0 < i < n,) are linearly independent linear forms with coefficients in C. We
have

logH\le ]—logH H |Q;(£(2))]"

=0 1<j<q

= —Sy(m,c,) + Au(n, + 1) log ||f(2)] + O(u(n, + 1)).

This implies that

o [T L2 o) = 1) o )
+ (ny + 1) 1og |F(2)|| + O(u(n, + 1)).

Here we note that L, . depends on 4, 2 and u, but the number of these linear forms is
finite. We denote by L the set of all L; , occurring in the above inequalities. Then,

L
Sy (u,c,) <maxlog H %

— (nu + 1) log [[F(2)[| + O(u(ny + 1)),

+ Au(n, + 1) log [|f(2)]|
(3.5)

where the maximum is taken over all subsets J C £ with 7 = n, + 1 and {L;L € J}
is linearly independent. From Theorem 2.7 we have

1 1 (2n+1)6
R — > - 7
o 1>Sy(u, c,) > ey (c,) max ¢;,.

(36) (n+1)0 u 1<j<q

It is clear that
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Combining (3.5), (3.6) and the above remark, we get

1 1 OIn
w0 ) =i (f}lxlgﬂj Ly (et Dl ||F<z>||>
T dlog )]+ 2 e, + 0()

U 1<j<q

1 [EC)[ - L]
Sm <?ggloggm — (nu +1)log HF(Z)H>

2n—|—1 f(z2) d
+ dlog ||f(2)|| + > o yc|2| e )| Bl +0(1).
1<5<q J

We have V N ﬂ;ﬁo Q¢ () = 0. Then by Theorem 2.8 and (3.1), we have

5 IR S (O]

(3 8) €Y<Cz) > Agy . (CQO(O),Z 4+ CCio(lio),z) = AQ,V 1 gjl:[o ’Qgio(j)(f(fz))’

| 5 @

vl Yy
Then, from (3.7) and (3.8) we have
1 T e
Agv(ntD) | gH L0, ()]
1 IF)Il- L]

(3.9) < m (f}lgzdoggm — (n, +1)log HF<2)H>

(2n +1)d I1£(=)11
+dlog||f(2)|| + ———— log ————— + 0O(1),
I+ === 2 8 oy
where the term O(1) does not depend on z.

By applying Lemma 2.9 to the P!-linear nondegenerate holomorphic map F and the
system of linear forms L, we get:

(3.10) H / max log (|£f|’)| (te“")) % < (ny + 1)Tr(r) — Newry(r) + o(Ty(r)),

where the maximum is taken over all subsets J of £, such that §J = n,+1and {L|L € J}
is linearly independent.

Integrating both sides of (3.9), in the view of (3.10), we obtain

H A;V <quf ZNQ 7" ) S d(n + 1)Tf(7’) — %Ngxp)(?")

2n+1 +1
+(n ?u(n

(3.11)

me r, Q) +0(Tf< ))-
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We now estimate the quantity Nep)(r). Fix a point z € C. We set ¢; = l/g?‘(]f)(z) for
1=1,...,q, and

c=(cy,...,cq) €ZL,
Then, for : =0,...,n,, there are

a; = (%;,1, e 7ai,q)7 Qi s € {1,...,u}
such that y20, ... y® is a basic of I,(Y) and

Sy.(u,c) = g a; -

Similarly as above, we write y* = L;(vo,... ,vnu), where Ly, ..., L,, are independent
linear forms with coefficients in C. By the property of the Casorati determinant, we see

that ul
C(F) = cdet(Lo(®(f)) ),..., L, (D(f))

where ¢ is a non zero constant. This yields that

[w]

)ogwgnu’

vown(2) 2 2 B v (=)
=0
We easily see that

q

Vg (2) = Z Ve Z @iV [n“’c]

j=1
Thus, we have
(3.12) vy (2) 2 Zal- -¢c = Sy(u,c).

=0
Take an index i such that yg;;c(]o)(f)(z) > Vg;(’)c(]l)(f)(z) > e 2> ng(’)c(]q_l)(f)(z). Hence,
ugz(’)c(]j)(f)(z) =0 for all j > [;,. Then by Lemma 2.8 we have

Agyey(c) > 5(%0(0) T gy zo) 52 Vglu(fc

On the other hand, by Theorem 2.7 we have that

1 1 (2n+1)6
w1y o) 2 Ggyer(e) - T maxa

1 2n + 1 [n,d]
(AQJ/(TL +1) ) Z Q¢ (F)

Combining this inequality and (3.12), we have

v

v

(n+1) 4

(n+1) 1 (2n+ )(n+1)0 [nc
>— > J— U
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Integrating both sides of this inequality, we obtain

(n+1) 1 (2n 4 1)( SN d(y
—~ N, > — E N Y
u(ny, + 1) cn(r) 2 Aoy (f)

J=1

(3.13)

Combining inequalities (3.11) and (3.13) and the first main theorem, we get

2 (-

1 (2n+1)(n+1)d
Aoy u )

o
No,ip(r)

< d(n+ D)Ty(r) - (

L @nt D +1)d > _(dTy(r) = Noy)(r)) + o(Ty(r).

i=1

u

1 @nD(n+D)s
AQ,V u

| (o= 20 m <ZN )+ o(Ty(r).

We choose u = [Agy(2n+1)(n+ 1)d"deg V((n + 1)Agy + €)e ']. Then we have
u > AQ’V(Q’R + 1)(n + 1)5((n + 1)AQ,V€71 + 1)

By setting mg = , the above inequality implies that

and hence
n—+1
myo

n, < Hy(u) — 1 §d"degV(u+n> —1.
n

< (n + 1)AQ’V + €,

Note that, we may suppose that € < ¢ — Agy(n + 1). Hence, if n =1 then
n, +1<d" degV(1l+u)
<d"degV(Agy(2n+1)(n+ 1)d"degV((n+ 1)Agye '+ 1) +2)
< " (deg V)" AL L (20 +5)"((n 4+ 1) Ag e + 1)
Otherwise, if n > 2, we have
n, +1<d"degVe" (1 + g)n
n
(1 N Agv(2n+1)(n+1)d"degV((n+ 1)Agye t +1) + 1)”

n

< d"degVe"

< d" T (deg V)" e AL (20 + 5)"((n 4+ 1) Ag e + 1)
Therefore, we always have

Ny < [dn2+"(deg V)”He"Ag’V(Qn +5)"((n+DAgye ' +1)"| —1=Ly— 1.
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Then, we get
| (¢ — Aoy (n+1) — Ty(r <Zd NI () + o Ty (r)).

The proof of the theorem is completed. 0

Proof of Theorem 1.2. Take f = (fo,..., fy) be a reduced representation of f. Similarly

as the proof of Theorem 1.1, we may assume that all @; (i = 1,...,q) have the same
degree d and ||Q;|| = 1.

Take an C-basis {[A;]}/4, of I4(V'), where A; € C[xy, ..., zxn]|q. Consider a holomorphic
map F : C — PN(C) with a reduced representation F = (Ay(f),..., A, (f)). Since f
is Pl-nondegenerate over I;(V), F' is P!-linearly nondegenerate. Then C'(F) # 0. Let
{wi}_, be as in Lemma 2.4 for the family {Q;}}_,. For each i € {1,...,q}, there is a
linear form L, with coefficients in C such that [Q;] = L;([Ao],. .., [An,]). This implies

Let z be a fixed point such that @Q;(f(z)) # 0. There is a permutation (iy,...,%,) of
{1,...,q} such that

Qi (£(2))] < Qi (F(2))] < -+ < 1@, (£(2))].

Set B = {i1,...,4141}. Since ();cpQ; NV = (), there exists a positive constant ¢ > 1
(chosen not depending on z) such that ||f(2)| < cmaxjer |Qs; (f(2))| = c|Qs., (f(2))|. We
choose R° C R such that R° € R and R° satisfies Lemma 2.4 v) with respect to numbers

f d q
{M} . Then, we get

1Qi(£(2))] i=1
A>T wi) d wj d
w1||f(z)|| ;q < CqH( 1£(2) ]| ) < H EE)E ||
Q7 (e(2) Qi (]~ L Qs (f(2)) LL 1o G
IF)]
= A H ,
LLT,m0))
where A is a positive constant (chosen not depending on z) This implies that
I£(2) ]| #%i=1 0 H
log — o < max log + O(1),
Q7' (£(2)) - - - Qq" (£(2) Z 2))l
where the maximum is taken over all subsets J C {Li,...,L,} such that the family

{L|L € J} is linearly independent.

Integrating both sides of the above inequality and applying Lemma 2.8 for the map F
and the system of linear forms £, we get

(3.14) Z wi) Ty (r) Z wiNg, () (1) < (g + 1)Tr(r) — N (r) + o(T5(r)).

Claim. 3¢, wiNog,((r) — Nor)(r) < S0, wiNgae(r).
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Indeed, let z be a fixed point. We suppose that V[nd(C%( ) > y[nd(g(z) > > Vgld(g(z)
Then, we have ngd(fcg( )=0forall j >1+1 Put R={l,...,l+ 1}. Choose R' C R

such that #R' = rank{Q;};cp1 = ng + 1 and R' satisfies Lemma 3.3 v) with respect to

[ngcl
numbers {eVQi“) (Z)}jzl. Then we have

[ng,] [ng,c]
Zwi’/czf(ﬂ ()< v Yo, (7).

1ER i€ERL
This yields that
. [nd c] [nd c
Vo) (Z) o Vdeg(f(f')[w];OSand,ieR1> = / > Z Wi Q (f
i€ER i€ER
Hence
q
ZinQi(f)( _VC(F) ZWZVQz(f _VC(F)(Z)
i=1 i€ER
= D wilgin(2) + Y _wivgin (2) — vow(2)
1ER i€ER
< S
i€ER

Integrating both sides of this inequality, we get

q
> wiNy()(r) = Negr(r) < szNc[Zﬁff)
=1

This proves the claim.
Combining the claim and (3.14), we obtain

| Z = Noiih () +o(T5(r)
<ZN M) + o(Ty (1)),
: - n+1 . e

Since v > ——  the above inequality implies that

2l—n+1

(2l —n+ 1)HV [H
| afo- By ZNQZ&) ) +olTy().

Hence, the theorem is proved. O
Proof of Theorem 1.3. As usual argument, we assume that ¢)q,...,Q, are of the same

degree d. Let Z = {(3,...,(\} be the set of all bijections from {1, ..., ¢} into itself, where

A = ¢!. Take a point 2z such that all coefficients of Q; (1 <i < gq) are holomorphic at zy
and

4T

Agy = max
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Similar as the proof of Theorem 1.1, we have ()_, Q;(2)* = @ and Ni_. Q;(2) =@
i i

generically, for alli € {1,2,...,q}. Let [; be the smallest index such that ﬂé?:l Q¢ () (20)*N

V =g forevery j =1,...,q. Let S be the set of all pole and zero of all nonzero coefficients

of Qj (1 < j < ¢q). Then § is a discrete subset of C. Also, we may choose a function

a € Cg such that for each given moving hypersurface Q € P}[xo, ..., z,] occurring in this

proof, we have

Q2)(x) < a(z)||x]%=?

for all x = (xg,...,x,) € C"™ 2 € C.
For each (, € Z, since ﬂ?;g Qc,()(20)* = @, there exist integers t,0 =1 < t,; < ... <
l'u A *
ton = Ly such that (., Qc¢,(;)(20)" = @ and

dim ﬂ ch(j)(zo)* =n—uWVtyu1 <5 <tyyl<u<ln.
j=1

tvu _‘tv
Then, Ag f > ’T’O for all 1 < u < n. Denote by P’ P! .., the hypersurfaces

v, Ly,
obtained in Lemma 2.5 with respect to the hypersurfaces Q¢,1)(20), - - - » Qco (1) (20). Now,
for each P ; constructed by P} ; = 3 4y 55Qcy()(20) (s € C) we define

ty,j

Poj(2) = 0jsQc0)(2)-

s=1

Hence {P,;}2 "t C Kolwo, ..., xn] with P,;(z) = P/,. Then ﬂ"HP (20)" = @, and

hence {P,;(» ) ;Lill is in weakly general position. We may choose a positive constant

B > 1, commonly for all {, € Z, such that

|Pj(x)| < B max |QC(J( x|,

1<5<t,,

forall 1 <j <n+1 and for all x = (20, ...,7ry) € CVN*L. Enlarging the set S by adding
to S all points z € C such that ﬂ"“ P, ( ) # @ for some index v. Then S is still a
discrete subset of C.

Fix an element ¢, € Z. Denote by S(v) the set of all points

ey {U “onu | Py ><f<z>>1<{0}>}

0<j<n
G ET

such that |Q¢,1)(2)(£(2))] < |Qc,@)(2)(F(2))] < -+ < |Qq, 0 (2)(E(2))].
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Therefore, for generic points z € S(v), By Lemma 2.6 we have

O AE T c@)lEE)]
H!Qi(z)(f(Z))l =) 11 Qe i) (2) (£(2))]

i=1 j=1

Ayt (@R )T
=Tl Hl<|cz<vtj<><f<z>>r>

At e@lEE )\
= TP H(@@ <><f<z>>r)
- )¢\
U(m ()

j=1

(3.15)

where C' € Cg, chosen commonly for all {, € 7.

Now, for each non negative integer L, we denote by V7, the vector space (over g) con-
sisting of all homogeneous polynomials of degree L in o[z, ..., x,] and the zero poly-
nomial. Denote by (P, 1,..., P,,) the ideal in Kg[xy, ..., z,]| generated by P, 1, ..., P,p.

Lemma 3.16 (see [7, Proposition 3.3]). Let {P;}{_, (¢ > n+1) be a set of homogeneous

polynomials of common degree d > 1 in Kglxo, ..., x,] in weakly general position. Then

for any nonnegative integer N and for any J := {j1,...,jn} C{1,...,q}, the dimension

of the vector space (P_VW is equal to the number of n-tuples (s1,...,s,) € N{ such
J1o n

that sy + -+ + 8, < L and 0 < sq,...,8, < d— 1. In particular, for all L > n(d —1), we
have
. Vi
dim =d".
(Pjy,....,P;,)NVg

Choose a positive integer L (large enough) divisible by d and for each (i) = (i1,...,i,) €
N§ with o(i) = >0 is < £, we set

We = Z Pl Pt Vi o)

It is clear that W o = Vi and W5 D W if (i) < (j) in the lexicographic ordering.

.....

Hence, Wé) is a filtration of V7.

Let (i) = (i1,...,0n),({") = (i},...,7,) € N§. Suppose that (i') follows (i) in the
as

lexicographic ordering. Similar as (3.4) in [16], we have

v

WY Ve oo
. i) . L—do(i)
3.17 dim ——= = dim )
( ) % (1;/) (Pv,la s 7Pfu,n) N VL—dO’(i)

Set u =wuy, :=dimV; = (L:”) We assume that

Vi = W(qgl) > W(1;2) 2D W(I;K)
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d’
K is the number of n-tuples (i1, ...,4,) with ; > 0 and 4; +--- 4+ i, < %. Then we have

k- (a1
n

For each k € {1,..., K — 1} we set mj = dim g (N , and set mY% = 1. Then by Lemma
(‘k+1)
3.16, m}, does not depend on {P, 1, ..., P,,} and k, but on o(i;). Hence, we set my, = m}.

We also note that
(3.18) my = d"
for all k with L — do(ix) > nd (it is equivalent to o(iy) < & —n).
From the above filtration, we may choose a basis {¢},--- ,9"} of VL, such that
{mettmp) 11+

is a basis of W ). Foreach k € {1,..., K} and l € {u — (my+ - +mg) +1,...,u—
(mgs1 + -+ +mg)}, we may write

1”} = P;}f s Pi%“hl, where (ilk; . ,?;nk) = (ik), h; € ngda(ik)'

where W |, follows W ) in the ordering and (ix) = (£,0,...,0). It is easy to see that

Then we have

[0 (£(2))] < [Pua(E(2))[™ - - [Po(E(2))] (£ (2))]
< Coa P (E(2) [+ [P (£(2)) || (2) | £~

(
(1PaECDI* (PG ,
- ( oIk ) ( THOIL ) I

where ¢,; € Cg, which does not depend on f and z. Taking the product of the both sides
of the above inequalities over all [ and then taking logarithms, we obtain

tog [ I (£(2))| < ka (ietog PaCNL 105 Pl
=1

(3.19) IE(2)]1 IE(2)]1

+-uLlong()H-+logcf(),

where ¢, = [[,_, ¢o; € Cg, which does not depend on f and z.

For each integer [ (0 < [ < %), we set m(l) = my, where k is an index such that

o(ix) = I. Since my only depends on (i), the above definition of m(l) is well defined.
We see that

L
i
ka%k - Z Z Dise =3 m(l) D i
=0 k|o(ix)=l =0 klo(ix)=l
Note that, by the symmetry (i1,...,in) = (io(1), .- io(m) With o € S(n), 3 456,21 Gk

does not depend on s. We set

K

A= Z myise, which is independent of s and v.
k=1
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Hence, (3.19) gives

P,(f(=
1ogH|¢l |<A<logH‘ eIt )+uLlog||f<z>||+logcv(z>,

ie.,

A (logH %) H oy ; )l + log ¢, (2),

Combining the above inequality with (3.15), we obtain that

(2) Ild Ag f(z) IIL
(3.20) logH 1) f § e ogH e (£ (= + log cg,
where ¢ is a function in Cg. We now write

'(ﬁ;) = Z C;)JZL'J S VL, C;)J € ]CQ,

JeT,
where 77, is the set of all (n+ 1)-tuples J = (i, ... ,4,) with 3" j, = L, 2/ = 2{° - - xin
and I € {1,...,u}. For each [, we fix an index J;’ € J such that ¢, # 0. Define

Cu
Hiy = , JeTL.

Set & = {uy;; I C{l,....,q}, 8] =n,1 <1< M,J € T}. Note that 1 € . Let B = {P.
We see that B < u(fl)((L+") —-1) = (LZ")((LJF”) —1)(9). For each positive integer I, we

n n

denote by L(®(1)) the linear span over C of the set

D) ={m- v € }.

It is easy to see that

dim £(®(1)) < 10(1) < (B - 1).

B-1

We may choose a positive integer p such that

2
B-1 dim £(®(p + 1)) ¢

P < po:= < d —; < YTt

0 llog(l + m)] dim £(®(p)) 3(n+1)Ag

di o 1
lmﬁ( <p+ )) >1+;for allpgp(), we have

Indeed, it = () 3(n+ 1)Ag

€

dim £(2(po +1)) 2 (1+ 3057

)Po.
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Therefore, we have

¢ _ logdim £(@(py+1)) _ log (")

log(1 + < <
8( 3(n+1)Ag) Po Po

Po i1 v Po
B—1 _(B=1)log(l+ 5575x5)

< <
N B-1
= log(1 + ).

B-1 .
1 1 B—-1)1 2
long0+,Z+ <( ) log(po + 2)

€

This is a contradiction.

We fix a positive integer p satisfying the above condition. Put s = dim £(®(p)) and
t =dim L(®(p+1)). Let {b1,...,b:} be an C-basis of L(P(p + 1)) such that {by,...,bs}
be a C-basis of L(P(p)).

For each I € {1,...,u}, we set

%Zflv = Z THtad

JeTr,

For each J € 77, we consider homogeneous polynomials ¢ (g, ..., z,) = z/. Let F be a
holomorphic map of C into P*~1(C) with a reduced representation F = (hb;¢;(f))1<i<t seT, »
where h is a nonzero meromorphic function on C with || 7, (r) = o(Ty(r)). Since f is as-
sumed to be P!-algebraically non-degenerate, F' is P!-linearly non-degenerate. We also
see that there exist nonzero functions c;, ¢y € Co such that

cr Al IE1" < [[F| < cal Al £]".
For each [ € {1,...,u},1 <i<s, we consider the linear form L} in 2’ such that
hoitp (£) = Liy(F).
Since f is Pl-algebraically non-degenerate, one has that {bizzl”(f); 1<i<s,1<l<u}
1<

is linearly independent over C, and so is {LY(F);1 < i < s,1 <[ < u}. This yields that
{LY;1 <i<s,1<I<u} is linearly independent over C.

For every point z which is neither zero nor pole of any hb;¢} (f), we see that

T u M: © M og c3(z
1 gg [0y (£(2))] log lgu |hby? (£(2)))| + log c3(2)

F(2)|| - ||L
~tox T gt + st

1<i<u
1<i<s
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where ¢3, ¢4 are nonzero functions in Cg, not depend on f and v, but on {Q@;}{_,. Com-
bining this inequality and (3.20), we obtain that

f(2) A L
(3.21) logH ) [£¢ f < 8—j mvaxlog 1!1 [FC)I]- TZH +logea(z) | +logeo(2),
1<i<s

for all z outside an discrete subset of C.
Since F is Pl-linearly nondegenerate, C(F) # 0. By Lemma 2.9, we have

2m L do
(3.22) /0 max { log 11 ” ” IH o S 1uTr(r) = Nowr)(r) + o(Ty(r).
1<i<u
1<i<s

Integrating both sides of (3.21) and using (3.22), we obtain that

G T (r ZNQ )< 29T () — B2 (1) + o(Ty(r)).

(3.23) I >

We now estimate the quantity > 7 | No, () — %NC(F)(r). Fix a point z; € C
which is neither zero nor pole of h and of any nonzero coefficients of ;’s. Suppose
that V[tu_l’c](z) > V[tu_l’c](z) > >l lc]( ) and (; is the identity mapping (i.e.,

Q1(f) Q2(f) YQq(f)
(i) =i forali=1,...,q). One has Vg?(f)l C](z) =0 for all j > [;. Then by Lemma 2.6
we have

u—1,c u—1,c u—1,c
ZV“ () <Z N ]ZﬂSZ(tml—tm>V£Sm,j<f§<Zl>

tu 1c tu— lc
O MEIRERS

Similarly as in the proof of Theorem 1.1, we have

. 0 [tu— 1c
v z1) > g min v E 1/
C(F)( 1) 2 0<w<tu—1 LL(F P (f) )
1<i<u 1<i<u
1<i<s
n
tu—1, [tu—1
> 5 plt= 01(21)25 Zkl/u ] (21)
P]k(f) J
o(ik)<L/dj=1 I k|L—do(ig)>0 j=1
— A [tu— 1c]
S VP () 21
where lk = (ilky ce ,ink). Thus

q
Y vain(en) = e () < 3o~ v ) = 3 e

i=1 =1



DIFFERENCE ANALOGUE OF THE SECOND MAIN THEOREM FOR HYPERSURFACES

This implies that

(3.24) | ZNQz(f Ner)( ZN[tuj(fl )+ o(Ty(r)).

21

Now we give some estimates for A, ¢t and s. We use some following estimate from [16]:

L

> n E 1 -
A>d (n ¢ 1) (see [16, page 622, line 1-2])
(3.25)

(1+2)"<14+(n+1)zforalaze (1,

)

(see [16, ineq (3.18)]).

We chose L = [n+ 1+ 2Ag(n+ 1)%¢ ']d. Then L is divisible by d and we have

(n+1)d (n+1)d < 1
L—(n+1)d 2Ag(n+1)3¢1d =~ 2(n+1)2
Therefore, using (3.25) and (3.26) we have

(3.26)

ul _ ("L L (L+1)--(L+n) /(L—nd) (L—(n—1)d)--L
ﬂ_dn+1(il 1-2--n / 1-2---(n+1)
& L+i L n
=+ gL TSl rewyr)

(n—|—1)3d
1 14+ —
s+ D+ o yaget = F +2AQ
Then we have
L I S I (WL
) € € €
< 1 = 14+ —
<n-+ +2AQ+3AQ+6AQ n+ +AQ

Combining (3.23) and (3.27), we get

(3.28) | 0= Bt 1) = T5(r) < 30 G810 + olTyr)

Here we note that:
= [n+1+2Ag(n+1)%1]d,

B )Ag)rg [<LG><<L:;"> -0 -1]

® o= -
0 llog(l + log(l + m)

¢
3(n+1
L+n L+n q

o tu < (M) (B) < (Bt < (Bl g

n B-1 n n

(n + 1) " (n+1)%d
(n+1) (1 Ry 1)d) <(n+1) (1 T Ao+ 1PI(eY)d
+

)
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By these estimates and by (3.28), we obtain

I (q— Ag(n+ 1) — )Ty (r) <Z N“ H(r) + o(Ty(r)).

The theorem is proved. U

Remark 3.29. If all hypersurfaces @Q; (1 < i < q) are fixed then t = s = 1. Choosing
L=[n+1+Ag(n+1)3']d, we have the estimate

(n+1)d < (n+1)d o1
L—(n+1)d~ Ag(n+1)3%c1d = (n+1)%
(n+1)d \" (n+1)%d
ga =+l (1 Ty 1)d> <(n+1) (1 T Aot 1)36—1d)
(n+1)%d ntl4
(n —+ 1)3AQE_ AQ

u= (L +n) <en (1 + %)n < e (" +(nt1d, [Aoln+ 1>3(e‘1)1d>"

n n n

" [Ag(n + 12 ]"d" (1 R (Qn(ﬁ)l)d 1d>

<(n+1)+

—17n gn 1 2 "
<e"[AQ(n+1)Qe 1—| d -(14—54—”(”—_{_1))

2 n
< e"Ag(n +1)% 1" - (1 + —) < "2 [Ag(n + 1)2e1]nd"
n

Therefore, from the proof of Theorem 1.3, we get the following theorem.

Theorem 3.30. Let f be a Pl-algebraic nondegenerate holomorphic curve of C into
P*(C) with hyperorder ¢(f) < 1. Let @ = {Q;}_; be a family of q hypersurfaces with the
distributive constant Ag. Let d = lem(deg @y, ..., degQ,). Then for any e > 0,

| (= Ag(n+1) = )Ty(r) < Z deg o Vol ) +olTy(r),

where L; = deg§]L0 - [dengj] and Ly = "2 [Ag(n + 1)%e1|"d".

We see that in the case of holomorphic curves into PV (C), the truncation level in this
result is better than that in Theorem 1.1.
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