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CHUONG 1

Thuat toan Euclid va dang thitc Bezout

Dinh nghia 1.1 (Tinh chia hét). Cho a,b 14 hai s6 nguyén. Ta néi rang
a chia hét cho b néu ton tai mot sd6 nguyen ¢ € Z sao cho a = be.

Meénh dé 1.2 (Phép chia Euclid). Cho a la mot s6 nguyén, b la mot so
nguyén duong. Khi dé ton tai duy nhat hai s6 nguyén q,r € Z sao cho

a=qb+r

v
0<r<b.

Dinh 1y 1.3 (Dinh Iy Bezout). Cho a va b la hai s6 nguyén. Khi dé ton
tai hai s6 nguyén m,n € Z sao cho:

UCLN(a, b) = am + bn.

Chiing minh. Dat d = UCLN(a, b). Khi d6 v6i moi m,n € Z ta ludn co, d
la ude ctia am + bn.

Xét D := {e=am +bn € Z |m,n € Z}. Theo khing dinh trén ta luon
c6 d 1a u6c cua e v6i moi e € D.

Dat D, = {e € D|e > 0}. Véi a,b cho truée ta luon c6 thé chon dugc
m,n € Z sao cho am + bn > 0, nén D, la mot tap con khéac rong cua
tap cac s6 nguyeén duong. Vi thé né ton tai phan tt nhé nhat. Goi
dy = amy +bny 1a phan t1t nhé nhat d6. Khi d6 d|dy (do dy ciing 1a mot
phan t1t ctia D). Ta sé& chiing minh rang d; |d. Diéu nay tuong duong véi
viéc chiing minh rang

dy ’aa dy ‘b
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Gia st phan chiing a khong chia hét cho d, khi d6 ap dung phép chia
Euclid cho a va d ta duge a = gd4 +r v6i 0 < r < d4. Tu do ta cod
r=a—qdy =(1—qgmy)a+ (—qny)b e D.

Ta vita chi ra rang r 1a mot phan tt nhé hon d va ciing thuoec Dy (mau
thudn véi gia thiét dy 1a s nhé nhat). Vay dy phai la ude cia a. Chiing
minh tuong tu ta cing ¢6 d. cling phai la w6c cua b.

Vay d =dy = amy + bny. O

Hé qua 1.4. Cho a va b la hai s6 nguyén. Khi dé a va b nguyén to cung
nhau khi va chi khi ton tai hai s6 nguyén m va n théa man

am +bn = 1.

Dinh nghia 1.5 (Dong du). Cho n € N4 1a mot s6 nguyén duong. Ta
noi
a=b modn

khi va chi khi a — b chia hét cho n.

Ap dung phép chia Euclid cho ciip céc s6 nguyen (ai,n) v (a,n) ta
dugc:

ap=qgn+ry 0<ri<n

as =qan+re 0 < rg <n.

Diéu nay dan dén a; = as mod n < r; = r9 mod n. Ta quan tam dén tap
hop cac 16p dong du ciia n Z/nZ.

e Tap Z/nZ c6 dung n phan tu.
Vidu 1.6. Vdin =5, ta c6 Z/57 — {[0], 1], (2], 3], [4]}.

e Trén tap Z/nZ ta c6 thé cong cac 16p dong du, nhan cac 16p dong
du. Cu thé:

a1 = ag mod n a1+ by =as + by modn
=

b1 = by mod n a1b1 = agby mod n.

Dinh ly 1.7 (Gauss). Tap hop Z/nZ cung vdi phép toan cong va nhan
d tren lap thanh mot vanh giao hodn ( cé tinh chat giong nhu Z,Q, R, ...)
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Dinh nghia 1.8. Cho R la mot vanh giao hoan (c6 don vi). Mot phan
ti a € R dugc goi 1a nghich ddo duge néu ton tai mot phan tit b € R sao
cho ab =1 (tréng d6 1 1a phan tit don vi clia phép toan nhan). Ta ki hiéu
R* 1a tap hgp cac phan tit nghich ddo duge (v6i phép nhan) clia cia R.

Vidu 1.9. e Vdi R=R, ta c6 moi phan ti a # 0 cia R déu cé phan
tw nghich dao. Do do R* =R —{0}.

o Vi R=Q, ta c6 moi phan tit a # 0 cia Q déu cé phan ti nghich
dao. Do do Q" = Q — {0}.

o Vbi R=17. Gid st a € Z la mot phan ti nghich ddo dugc, khi dé ta
c6 ton tai b € Z sao cho ab = 1. Diéu nay dan dén a € {£1}. Vay
7 — {+1}.

Mot cau hoi hoan toan tuy nhién la vay thi (Z/nZ)* =7
Meénh dé 1.10. Cho m la mot s6 nguyén, [m] € Z/nZ la lép dong du
mod n cia m . Khi dé [m] € (Z/nZ)" khi va chi khi UCLN(m,n) = 1.
Chitng minh. Ap dung dinh 1y Bezout (xem hé qua 1.4) ta c6
UCLN(m,n) =1 <= 3a,b€Z : am+bn=1
<= am=1modn
<= [a] [m] = [1] (trong Z/nZ).

Hon nita, dinh 1y Bezout con cho phép ta tim phan tit nghich dao ctia
m mod n néu UCLN(m,n) = 1. U

Hé qua 1.11. Cho n la mot s6 nguyén duong. Khi dé ta cé
(Z/nZ)* = {[m] I6p cdc dong du mod n ciia m € Z, UCLN(m,n) = 1}.

Hon niia so ligng phan ti cia tap hop nay la p(n) (vdi o(n) la ham
Euler dém so cdc s6 nguyén duong nhé hon n va nguyén to cung nhau
vdin).

Truong hgp dac biet khi n = p v6i p 1a mot s6 nguyén td ta c6 m
khong chia hét cho n kéo theo UCLN(m,n) = 1, nén [m] sé thuoc vao

(Z/nZ)*. Do d6 (Z/pZ)* = (Z/pZ) — {[0]}.Luc nay Z/pZ khong chi 1a mot
vanh giao hodn ma né con la mot trucng.
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Vidu 1.12. e Z/pZ la mdt truong.
e R Q la mot truong.
e 7 khong phai la mot truong, vi 2 khong nghich ddo duogc trong Z.

e 7/6Z khong phai la mot truong vi [2] khong nghich dao dugc trong
767 (do UCLN(2,6) =2 #1).
Ménh dé 1.13. Ta c6 Z/nZ li mot truong khi va chi khi n la mot so
nguyén to.

Dinh 1y 1.14 (Dinh Iy Wilson). Cho p la mot s6 nguyén to 1é khi dé ta
co:
(p—1)!=-1 mod p.

(p—1!= H a.

a€(Z/pZ)"

Ching minh. Ta c6

V6i moi a € (Z/pZ)* luon ton tai duy nhat b € (Z/pz)* sao cho ab = 1.
Ta chia cac 16p dong du kha nghich mod p {[1],[2],... [p — 1]} thanh ting
cap (a,b) théa man tinh chat ab = 1, khi d6 chi con lai 2 phan tit 1é cap
14 1 v -1. Hai phan ti nay 14 nghiém ctia phuong trinh 2 = 1 trong
Z/pZ. Do do

p-D'=1{]]ab] (-1)=-1
(a,b)
O
Bo6 dé 1.15. Cho a,b la 2 phan ti ciia (Z/pZ)*. Khi dé ab ciing la mot
phan tii clia (Z/pZ)*.

Chatng minh. Day 1a he qua tryc tiép ctia viec UCLN(a, p) = UCLN(b, p) =
1 thi UCLN(ab,p) = 1. ]

Meénh dé 1.16. Tap hop (Z/pZ)* cung vdi phép todn nhan lap thanh
mot nhom giao hodn.

Dinh ly 1.17 (Dinh 1y Fermat nhd). Cho p la mot s6 nguyén to. Khi
dé vdi moi 56 nguyén a khong chia hét cho p ta luon cé

a?~1 =1 (mod p)



9

Dinh 1y Fermat nhé 1a hé qua tryc tiép cia ménh dé sau (véi G =
(Z/pZ)* c6 p— 1 phan t1)

Meénh dé 1.18. Cho G la mot nhém hitu han c¢é n phan ti. Khi dé vdi
moi g € G ta luon c6 g" =1 (¢ day 1 la phan tii trung hoa cia G).

Chatng minh. Lay ¢ 1a mot phan ti bat ki trong G. Xét day cac phan
ti 1,9,¢% ¢>,..., déu chia cac phan ti clia G. Do G chi c6 hitu han
phan t1 nén trong diy trén sé ton tai it nhat hai phan tit bang nhau.
Khong mat tinh tong quat ta gia si ¢' = ¢/ v6i i > j. St dung luat
gidn uéc ta c6 ¢'~/ = 1. Ta vita chiing minh rang ton tai mot s6 nguyéen
duong n sao cho ¢g" = 1. Goi m la s6 nhdé nhat trong cidc sd6 nguyén

duong d6. Khi d6 G sé chia ra dugce thanh cac chu trinh c6 m phan ti
1 b

ba
ba

Do dé |G| = m x s6 chu trinh. Vi thé ¢l¢ =1, O
Mot vai ing dung cua dinh Iy Fermat nho

Bai tap 1.1. Cho p 1a mot s6 nguyén t6 1é. Chiing minh rang ton tai
voO 506 506 nguyén duong n sao cho 2" — n chia hét cho p.

Chi dan 1. Thuyc hién phép chia Euclid n cho p — 1 ta dugc
n=((p-1)q+r
v6i 0 < r < p—1. Ap dung dinh 1y Fermat nhé ta thu duoc
o — olp—latr = 9 15q p.
Lay r = 0 dang thic trén cho ta 2" = 1 mod p. Gia st ring n la sd

nguyén duong théa man de bai, khi d6 2® — n chia hét cho p kéo theo
n=1 mod p.
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Vay ta chi can chitng minh réng c6 vo s6 s6 nguyén duong théa man
hé phuong trinh dong du tuyén tinh

n=1 modp
n=0 mod p.

Bai toan nay hoan toan cé thé gidi duge nhs vao dinh 1y phan du Trung
Hoa.

Néu chung ta viét cac so6 hitu ty dudi dang thap phan ching ta sé
thay rang hodic ching c6 dang hitu han hosic ¢c6 dang vo han nhung cé
nhitng khéi cac chit s6 duge lip di lip lai vo han lan. Do dai ctia khoi
(nhé nhat) cac chit s6 duge goi 1a chu ky clia 6 hitu ty do.

Vidu 1.19. S6 1 = 0,[142857) = 0, 142857142857.... ¢6 chu ky la 6.

Vay tai sao mot sé hitu ti khi biéu dién dusi dang thap phan vo6 han
lai c6 chu ky? Ta hoan toan cé thé giai thich duge diéu nay bing viec
stt dung dinh 1y Fermat nho (cho cac s6 hitu ti dang t6i gian c6 mau s
13 mot s6 nguyéen t6) va dinh 1y Euler tong quat hon cho mot s6 hitu ti
bat ki.

Dinh 1y 1.20 (Dinh Iy Euler). Cho n la mot s6 nguyén duong. Khi dé
vdi moi m théa man tinh chat UCLN(m,n) = 1, ta luon cé

m?™ =1 mod n.

Chatng minh. Day 1a hé qua truyc tiép ctia ménh dé 1.18 véi G = (Z/nZ)*
c6 ¢(n) phan tu. O

V6i vi du phia trén, % c6 chu ky 1a 6 béi vi 6 1a s6 nguyén duong nho
nhat théa man tinh chat 10 =1 mod 7 (theo dinh 1y Fermat nhé ta c6
10 =1 mod 7). Tong quat hon, chu ky ctia s6 1/p (v6i p 1a s6 nguyen t6
khac 2 va 5) 1a p — 1. Chu ky ctia s6 1/n (v6i n 1a s6 nguyén duong 16n
hon 1 va nguyén t6 cting nhau véi 10) 1a o(n).

Nguge lai gia sit # 14 mot s6 thuc c6 chu ky 1a n thi (10" — 1)z luon
14 mot s6 thap phan httu han, do d6 ton tai m sao cho 10™(10" — 1)z 1a
mot s6 nguyen. Dieu d6 dan dén x phai 1a mot s6 hitu ty.



Bai tap vé Thuat toan Euclid va dang thic Bezout

Ménh dé 1.21 (Thuat toan Euclid). Cho cdc s6 nguyén a va b > 0, thyc
hién nhiéu lan phép chia Buclid ta thu duge day cdc phuong trinh sau :

a=bq +ry, 0<ry<b
b=riqs + ro, 0<rg<nr
Tn—3 = "m—2qn—1 + Tn—1, 0<rp_1<mpn—2

Th—2 = T'n—14n.

Udc chung I6n nhat UCLN(a,b) cia a va b la r,—1, phan du khdc khong
cuoi cung trong day cdc phép chia trén. Hon thé nida bang viéc khi
Tn_g,...,7T2,71 tU cdc phuong trinh trén cho phép ta tim dudc cdc s6
nguyén z,y théa man dang thitc Bezout ax + by = UCLN(a,b).

Cau héi: V6i a va b cho truée thi thuat toan Euclid can phai thuc
hién bao nhiéu budc (duge hiéu la bao nhiéu phép chia) dé c6 thé tinh
duge UCLN(a, b).

Bai tap 1.2. V6i méi cip s6 nguyén duong a > b > 0 ta ky hieu s(a,b) 1a
s6 budc ma thuat toan Euclid can ding dé tim duge UCLN(a,b) (vi du
trong phat bi¢u ctia ménh dé trén ta c6 s(a,b) = n). V6i mdi s6 nguyéen
a > 2, ta dinh nghia do cao h(a) clia a 14 s6 nguyén duong 16n nhat trong
tap hop cac s6 s(a,b) khi b chay trén tap cac s6 nguyén duong nhé hon a.
Chitng minh rang h(a) = 1 khi va chi khi a = 2. Tinh h(a) v6i 2 < a < 8.

Bai tap 1.3. Cho day Fibonacci duge dinh nghia nhu sau: F} = F, =1
va Fjy 9 = Fy, + Fj,41 v6i moi n > 1. Chiing minh rang h(F,2) = n.

Bai tap 1.4 (Lamé, 1845). Gia stt a > b > 0 1a hai s6 nguyen duong
théa man s(a,b) = n va a la s6 nhdé nhat théa méan tinh chat d6 (nghia
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14, néu ta c6 ' > b > 0 théa man s(a/,b') = n khi d6 o’ > a). Chiing
minh ring a = F,12 VA b= F,1.

Bai tap 1.5. Chiing minh rang h(F,12) = n va Fj, 1o 13 s6 nguyén duong
nhé nhat cé do cao do.
Bai tap 1.6. Dit ¢ = 42 Chiing minh riing s(a,b) ~ logy(av/5) — 2.

Dinh 1y 1.22. Cho a,b,c la cic s6 nguyén, a va b khdc khong. Xét
phuong trinh Diophante tuyén tinh

axr + by = c.
1. Phuong trinh trén cé nghiém nguyén khi va chi khi d = UCLN(a, b)
la nghiém cia c.
2. Néu (xg,y0) la mot nghiem ddc biét ciia phuong trinh thi moi nghiém
khac cua phuong trinh co dang

= +bt = at
rT=x =1,y =1yo — =t,
0 d Yy=1 d

vdi t la mot s6 nguyén nao do.
Bai tap 1.7. Giai phuong trinh nghiém nguyén
3r + 4y + 5z = 6.
V6i moi bo n s6 nguyen duong a1, as. .., a, thoa man (ay,...,a,) =1
ta dinh nghia g(a1, ..., a,) 1a s6 nguyén duong N 16n nhat sao cho phuong

trinh
a1ry + agre + -+ apry = N
khong c6 nghiém nguyén khong am. Bai toan xac dinh g(ay, ..., a,) dudc

biét dén véi cai tén Frobenius coin problem.

Bai tap 1.8 (Sylvester, 1884). Cho a,b la hai s6 nguyén duong, nguyén
to cting nhau. Khi dé
g(a,b) =ab—a —b.

Bai tap 1.9. Cho a,b 1a cac s6 nguyén duong. Chiing minh réng s6
nghiém khong am (x,y, z) cia phuong trinh ax + by + z = ab la

%[(a +1)(b+ 1) + UCLN(a, b) + 1].
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Bai tap 1.10 (24th IMO). Cho a,b,c 1a ba s6 nguyén duong doi mot
nguyén t6 cing nhau. Chiing minh rang

g(ab,be, ca) = 2abc — ab — be — ca.
Gia st rdng phuong trinh
a1Tr] + ...amTym =N,

v6i a; > 0 v6i moi i chay tit 1 dén m, c6 nghiem khong am va dat A, 1a
s6 cac nghiém khong am (1, ..., x,,) cla phuong trinh.

Bai tap 1.11. 1. Ham sinh cta day (A,)n>1 &

1
f(l’) = N |ZE‘ <1,
Hz‘n;(l — z%)
nghia 1a A, bang vé6i hé s6 ciia z” trong khai trién ra chudi lity thita
cua f.
2. Déng thiic sau day la ding:
1

An = —11(0).
Bai tap 1.12. Tim s6 n nguyén duong sao cho phuong trinh sau
T+2y+z=n
c6 ding 100 nghiém khong am (x,y, 2).

Bai tap 1.13. Cho a,b 13 hai s6 nguyén duong phan biét sao cho ab(a+b)
chia hét cho a? + ab+ b>. Chitng minh réng |a — b| > Vab.

Bai tap 1.14. Ching minh rang day 1,11,111,... chita mot day con vo
han ma céc phan ti clia n6 doi mot nguyen t6 cting nhau.



Bai tap vé Pong du, dinh 1y Fermat nho, dac sé6 Euler

Ménh dé 1.23 (Dinh Iy Euler). Cho n la mot s6 nguyén duong. Goi
©(n) la dic so Euler ciia n, nghia la s6 cdc s6 nhé hon n va nguyén to
cting nhav véi n. Khi dé ta cé6 néu UCLN(a,n) =1 thi

a?™ =1 mod n.

Bai tap 1.15. 1. Cho p 1a mot s6 nguyén t6. Ching minh rang

@(pn) — pn . pn—l

v6i moi s6 nguyen duong n.
2. Chting minh rang ¢ : Z, — Z, 13 mot han nhan tinh, nghia 1a véi
moi s6 nguyén duong m va n nguyén to cling nhau ta luon co:
p(mn) = o(m)e(n).
Tt d6 tim ra cong thiic tong quét cho ¢(n).

Bai tap 1.16. Ching minh rang ¢(n) c6 dang liy thita clia 2 khi va chi
khi n c6 dang 2¥pipa ... py v6i k va £ 1a mot s6 tu nhién nao d6 va céac p;
1a ¢6 s6 nguyén t6 Fermat (hay p; 1a céc s6 nguyén t6 c6 dang 22" + 1).

(Bai tap trén lien quan dén bai toan co dién la chi véi thude thang
va compass thi ching ta c¢6 thé dung dude nhiing n giac déu nao. Gauss
da ching minh ring néu n-gidc déu dung dudc bang thudc thang va
compass thi p(n) phai c6 dang la Iy thira ctia 2. Mot hé qua tiic thi ta
thay dudgc 1a ta khong thé dung duge 7 gide déu vi ¢(7) = 6 khong phai
14 mot lay thia cia 2).

Bai tap 1.17 (Gauss). Cho n la mot s6 nguyen duong bat ki. Chiing

minh ring
> () =n.
d\n
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Bai tap 1.18 (Cong thic nguge Mobius (Mébius inversion formula)).
Véi moi s6 nguyén duong n, ham Mobius cta n: p: Z, — N duge dinh
nghia nhu sau:

1 néun =1
p(n) =<0 néu n c6 ude chinh phuong lén hon 1

(—1)* néu n la tich ctia k s6 nguyén t6 phan biét.

Chting minh rang

oln) =Y u(d)=.

d\n

(Hai bai toan trén lien quan dén tinh chat clia cAc ham s6 hoc nhan
tinh. Viéc dinh nghia mot tich xoin (Dirichlet convulution) gitta hai
ham nhan tinh f*g(n) = >-,, f(d)g(§) cing cho ta mot ham s6 nhan
tinh. Diéu nay cho phép ta c6 mot cau tric vanh trén tap hop cac ham
s6 hoc nhan tinh. Vanh nay dugc goi 1a vanh Dirichlet.)

Cho n v a la hai s6 nguyén duong cho truéc théa man tinh chat
UCLN(a,n) = 1. Goi S 1a tap hop cac s6 nguyén duong thda man tinh
chat a® =1 mod n. Theo dinh Iy ctia Euler trén ta thay tap nay c6 mot
phan tit 14 ¢(n), tic 1a n6 khac rdng, do d6 tap nay c6 phan t1t nho nhat.
Goi phan tit nhé nhat day 1a cap ctia phan tit @ modulo n va dudce ky
hiéu 1a ord,(a).

Bai tap 1.19. Chitng minh ring s6 nguyén duong x théa man «* = 1
mod n khi va chi khi = chia hét cho ord,(a).

Bai tap 1.20. 1. Cho p la s6 nguyén t6 1, ¢ va r 1a cac s6 nguyén t6
théa man tinh chat ¢" + 1 chia hét cho p. Ching minh rang ho#c
p — 1 chia hét cho 2r hoac ¢> — 1 chia hét cho p.

2. Tim tat ci cac bo sap thi tir 3 s6 nguyen to (p,¢,r) théa man
P\¢" + 1, g\r? + 1, r\p? + 1.

Bai tap 1.21. Tim tat cd bo 3 s6 nguyéen 16n hon 1 doi mot nguyen t6
cung nhau (a, b, c) thoéa man

D\2% + 1, c\2° + 1, a\2¢ + 1.
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Bai tap 1.22. Cho a > 1 va n la cac s6 nguyén duong cho truée. Ching
minh rang néu p 14 wéc nguyén t6 ctia a®” +1 thi p—1 chia hét cho 27+

Bai tap 1.23. Cho p la s6 nguyen t6, va xét day {a;x}3°, dudce dinh
nghia nhu sau ap =0, a; =1 va

af12 = 2ap1 — pag

v6i k > 0. Gia st rang trong day xuat hién s6 —1. Hay tim tat ca cac gia
tri cta p.

Bai tap 1.24. Cho p l1a s6 nguyén tb ¢6 dang 3k+2 1a wéc clia a®+ab+b?
Vvéi a, b 1a hai s6 nguyén nao d6. Chiing minh ring a va b chia hét cho p.

Bai tap 1.25 (Bulgaria 1995). Tim tat ci céc cip s6 nguyén t6 p,q sao
cho pq la ude cha (5P — 2P)(59 — 29).

Bai tap 1.26. Cho n la s6 nguyén duong 16n hon 1. Chiing minh ring
n khoéng la u6e ctia 3" + 1.

Bai tap 1.27. Xét day {a;} dugc dinh nghia nhu sau
ap =2"+3"+6" -1

cho moi s6 nguyén duong n. Tim tat ca cic so6 nguyén duong ma nguyen
td cting nhau vé6i tat ca cac phan tit ciia day.



CHUONG 2

Phuong trinh va hé phuong trinh dong du

Dinh ly 2.1 (Dinh li phan du Trung Hoa). Cho p,q € Z. la hai so
nguyén duong nguyén to cung nhau. Khi dé vdi moi a,b € Z luon ton tai
duy nhat mot 6p dong du x modulo pg théa man tinh chat

x =amod p

x = bmod q.

Cdch chitng minh thit nhat. Ta c6 Z/pZ,7/qZ,7]pqZ 1A cic vanh giao
hoan.

Xét anh xa

v Z)pgl. — ZL)pZ x Z]qZ
r — (x modp,xz mod q).

Gia st ta ¢6 ¥(x1) = ¥(x2). Tt dinh nghia ctia ¢ ta ¢6 x1 — xo phai
chia hét cho p va ¢. Mat khac ta lai ¢c6 p va ¢ nguyén té ciing nhau, nén
dan dén z; — xo phai chia hét cho pg. N6i mot cach khéc, ta c¢6 z1 = z9
mod pg. Vay ¢ 1a mot don anh. Hon ntta do s6 lugng phan tit ctia Z/pgZ
va cla Z/pZ x Z/qZ la bang nhau va ciing bang pg, nén + phai 14 mot
song anh. ]

Cach ching minh thid hai. Cach nay cho phép xay dung nghiém
cua hé
r=a modp

r=0 mod gq.
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Ap dung dinh 1y Bezout (xem hé qua 1.4) ta c6 do p va ¢ nguyen t6
cting nhau nén ton tai hai s nguyén m va n théa man déng thic

pm +qgn = 1.

(Ta c6 thé diing thuat toan Euclid dé c¢6 thé tim dudc cac gia tri ciia m
va n.)

Lay = = ang + bmp, khi d6 ta c6 x chinh 1a nghiém ctia hé phuong
trinh. O

Hé qua 2.2. Dé gidi phuong trinh dong du mod pq, ching ta chi can
gidi phuong trinh dong du mod p va mod q, sau dé dung dnh za nguoc
ctia ¢ dé “ghép” nghiém.

Vidu 2.3. e DE gidi phuong trinh dong du
2" +1=0 mod 143 =13 x 11.
Ta di gidi hé phuong trinh dong du

27+1=0 mod 13
274+1=0 mod 11.

o Gid stn=p{"...p%m vdip; la cdc s6 nguyén to doi mot khac nhau.
Khi do ta co

f(z)= 0 mod p}"

f(z)= 0 mod pSm.

Viéc gidi phuong trinh dong du mod n quy vé viéc gidi hé phuong
trinh dong du mod p$*,..., mod p&r

Hé qua cua dinh 1y phan du Trung Hoa

1. Tinh chi sb Euler

Dinh nghia 2.4. Cho n 13 mot s6 nguyén duong. Chi s6 Euler ctia
n 1& s6 phan t1t ctia tap hgp gom cac s6 nguyén duong nhé hon n va
nguyen t6 ciing nhau v6i n. Ta ky hiéu chi s6 Euler ctia n 1a ¢(n).
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Tit dinh nghia, ta dé dang thay rang

e(n) = |[{m modn|UCLN(m,n) =1}
(Z/nZ)"]
= |{meZ/nZ|3r: mr=1}.

Ménh dé 2.5. Him ¢ : Zy — Z, n — o(n) la mot ham nhan
tinh, nghia la vdi moi s6 nguyén duong p va ¢ nguyén to cung nhau
ta luon co:

w(pg) = e(P)e(q)-

Ching minh. Xét dang cau vanh (xem ching minh thi nhét cia
dinh 1y phan du Trung Hoa)

v L)pgls — L) pZ x 1] qZ

Ta c6 do p va ¢ nguyén t6 cling nhau nén mr = 1 mod pq khi va chi
khi mr =1 mod p vd mr =1 mod ¢. Diéu nay dan dén

dpe (Z/pZ)*
m e @ipgl) e 4™ 0P € EPE)
m  mod q € (Z/pZ)*.

Do dé ¢ cam sinh ra mot song anh (ding cau nhom)
(Z/pgZ)" ~ (Z/pZ)" x (L/pZL)".

Vi vay s6 luong phan tit ciia hai tap hop 6 vé phai va vé trai phai
bang nhau. N6i mot cach khéc ta c6

w(pg) = e(p)e(q)-
]
Meénh dé trén cho phép ching ta dua viéc tinh chi s6 Euler ¢(n) vé
viec tinh chi s6 Euler cia mot liy thita clia mot s6 nguyen to

e V6i p 14 mot s6 nguyeén t6, Z/pZ 13 mot truong, nén (Z/pZ)* =
Z/pZ — {0}. Do d6 ¢(p) =p — 1.
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e Vanh Z/p?7Z khong phai 14 mot truong vi phan t1 p trong Z/p*Z
khong c6 phan ti nghich ddo. Ta c6

a € (Z/p*Z)* < a#0 mod p.

Trong (Z/p*Z) c6 p phan tt chia hét cho p 1a: 0,p,..., (p — 1)p.
Do do
w(”) = (Z/P*L)"| = p* —p=p(p —1).

e Bing quy nap theo r ta c¢6 thé ching minh ring
(") =2/ L) =P p - 1)

2. Tim hidu phuong trinh ddng du. Ap dung dinh 1y phan du
Trung Hoa, viéc gidi mot phuong trinh dong du f(z) =0 mod n véi
f(z) 1a mot da thiic, duge quy vé viéc gidi cdc phuong trinh dong
du c6 dang f(r) =0 mod p” v6i p 1a mot udc nguyen to clia n.

Vidu 2.6. e Gidi phuong trinh ax = b mod 28 vdi a,b la cdc
tham s6 va x la an so.
Ap dung dinh 1y phan du Trung Hoa ta c¢é phuong trinh dé
tuong duong v hé phuong trinh

ar=b mod?7

ar =b mod 4.

Dau tién ta gidi phuong trinh mod 7.

— Néu a # 0 mod 7, khi dé a € (Z)7Z)*. Do dé ton tai m
sao cho am =1 mod 7. Phuong trinh ax =b mod 7 lic nay
tuong duong vdi x = bm mod 7.

— Néu a = 0 mod 7, lic nay cé hai khd ndang zdy ra. Hodc
b £ 0 mod 7, lic nay phuong trinh vo nghiém; hodc b = 0
mod 7, lic nay = c6 thé lay gid tri tiy .

Giai phuong trinh mod 4

— Néua#0 mod 2, khi dé a khd nghich trong Z/AZ. Hay noi
cach khdc, ton tagi m mod 4 sao cho am = 1. Diéeu nay dan
dén phuong trinh c¢é nghiém x = mb mod 4.

— Néua=2 mod 4, dit a =2ay. Ta c6 a; 0 mod 2.
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x Néu b 1€ khi do phuong trinh khong cé nghiém.

x Néu b la so6 chdn, dat b = 2by. Phuong trinh cia ching
ta tuong duong vdi phuong trinh ajx = by mod 2. Lic
nay ta thu dugc 2 nghiém mod 4.

— Néua=0 mod 4, ta cé:

x Néub#0 mod 4 thi phuong trinh vé nghiém.

« Néub=0 mod 4 thi phuong trinh c¢é 4 nghiém mod 4.
Sau khi gidi hai phuong trinh mod 7 va mod 4 ta dung anh xq
nguoc cia ding cau vanh ¢ dé thu duge nghieém mod 28.

o Glidi phuong trinh > =7 mod 3.

Dé gidi phuong trinh nay dau tién ta gidi phuong trinh mod 3
trude. Gid st x la nghiém cia phuong trinh ban dau khi dé no
sé phdi la nghiém cia phuong trinh (sau khi lay modulo 3)

22=1 mod 3.

Phuong trinh nay cé 2 nghiém z = +1 mod 3.

— Gid st x =1 mod 3. Dat x = 1+ 3y, khi do ta c6 phuong
trinh ban dau tuong dvong vdi

1+6y=7 mod?9

6y =6 mod 9
2y =2 mod 3
y=1 mod 3.

Vay phuong trinh ban dau cé nghiem la ¢ = 1+ 3.1 = 4
mod 9.
— Ta lam tuong tu cho truong hop x = —1 mod 3.

o Glidi phuong trinh > =7 mod 33.
Ta lam giong nhu gidi phuong trinh bén trén. Dau tién gidi
phuong trinh mod 3. Ta thu dugc x = +1 mod 3.
Gid stz = 1 mod 3 ta tiép tuc gidi tim nghiém cia phuong
trinh 22 =7 mod 32. Theo trén ta ¢6 r =1+3 mod 32.
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Dat x =449y khi do ta co

(4+9y) =7 mod 33

16+ 72y + 81y =7 mod 3°
9.8y =—-9 mod 9.3

8y=—-1 mod 3

y=1 mod 3.
Diéu nay dan dén nghiém cia phuong trinh can gidi la

r=1+3+32=13 mod 3°.

(Cach tim nghiém ctia phuong trinh dong du mod p* nhu trong
vi du trén 1a cach tim nghiém bang tiém can tuyén tinh, cach tim
nghiém nay kha gidng viéc tim nghiém thuyc clia mot ham sé bang
phuong phap Newton. Ta sé ban ki hon van dé nay & cdc phan sau.)
Vé co ban, néu ta c6 thé giai duge phuong trinh mod p thi ciing ¢
thé giadi dugc phuong trinh mod p". Do dé ta can phai hiéu cach
lam thé ndo tim dudc nghiém clia mot phuong trinh dong du mod
p trén truong F), := Z/pZ.

(a) Phuong trinh bac nhat: az = b mod p.
e Néu a =0 mod p, khi d6 phuong trinh vo nghiém néu b # 0
mod p v& c¢6 ding p nghiém phan biét néu b =0 mod p.
e Néua #0 mod p, thi a € (Z/pZ)*. Do d6 ton tai m sao cho
am = 1. Lic nay phuong trinh c¢6 nghiém dua nhat z = bm
mod p. (Ta c6 thé ding thuat toan Euclid dé tim m.)
(b) Phuong trinh bac hai: 22 = a mod p.
Dinh ly 2.7. Cho p la mot s6 nguyén to Ié.
o Glid su phuong trinh 2> = a mod p cé nghiém thi khi dé né
c6 2 nghiém phan biét.
e Phuong trinh 2*> = a mod p cé diing 2% nghiem phan biét.
Chiing minh. Tap hop cac phan tit nghich dao duge F; :=

(Z/pZ)* ctia IF, cing v6i phép toan nhan (modulo p) 1ap thanh
mot nhom giao hoan.
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Ta xét anh xa chinh phuong sau:

LT *
L.Fp —>Fp

T .

Day 1a mot dong cau nhéom (néi cach khac anh xa nay tuong
thich v6i phép nhan). Anh cia ¢ 1am mot nhém con ctia nhém
F,

Xét kers := {z € I, 2* = 1}. Tap nay c6 2 phan tit phan biet la
(+1}.

Nhan xét, néu «(z) = «(y), khi d6 do tinh tuong thich véi phép
nhan ta c6 «(z.y~') = u(x).c(y)~t =1, hay z.y~! € ker.. Diéu nay
chiing minh rang néu phuong trinh 22 = @ mod p c6 nghiém z
thi n6 ¢6 ding 2 nghiém la » va —z.

Hon nita ta dé ta cling suy ra rang so6 phan tit clia tap anh ctia
L 1a

p—1
Im = —
()] = 2

Diéu nay dan dén khang dinh thit hai ctia dinh ly. O

Viéc tim hiéu phuong trinh 22 = ¢ mod p c6 nghiém hay khong
c6 nghiém véi a cho trude nao la mot bai toan quan trong. N6
dude quy vé viéc tinh gié tri ctia ky hieu Legendre (%) sé¢ dugc

dé cap trong bai gidng sau.



Bai tap vé Phuong trinh, hé phuong trinh dong du

Cho f(z) = ana™ + ap_12" 1 + -+ + ag 1a mot da thitc he s6 nguyén
(cac a; 1 cac 6 nguyen). Ta néi mot s6 nguyen u 1a nghiém ciia phuong
trinh dong du f(r) = 0 mod m néu f(u) = 0 mod m. Ta c6 néu v = u
mod m thi v cling 14 nghiém dong du ctia phuong trinh trén, do d6 khi
ta néi = u mod m la nghiém ctia phuong trinh f(x) = v mod m, nghia
13 tat cd cac sd6 nguyen dong du v modulo m théa méan phuong trinh
f(z) =0 mod m.

Gia st m = [, p". Ap dung dinh 1y thing du trung hoa cho phép ta
dua viéc giai phuong trinh f(z) =0 mod m va viéc giai hé cac phuong
trinh f; =0 mod pf* va ngudc lai. Mot trong nhiing diéu kién quan trong
dé c6 thé st dung dugde dinh 1y thang du trung hoa 1a UCLN(pf”,p?j) =1
v6i moi ¢ # j. Mot cau hoéi hoan toan tu nhién dat ra 1a néu tinh chat
nguyén to ciing nhau khong con ding nita thi lieu ta vAn cé thé giai
duge nita hay khong. Cu thé 1a litu c6 tim duge mot s6 nguyén z sao
cho z = a; mod n; véi cac a; vi n; cho trude hay khong (cha y & day ta
khong yéu cau cac n; doi mot nguyén t6 cung nhau).

Bai tap 2.1 (M6 rong ctua dinh 1y thing du trung hoa). Cho nq, ..., ng
14 cac s6 nguyen duong, va ay, ..., ay la cic s6 nguyen. Khi dé hé phuong
trinh

r=a; mod ng

r =a; mod ng

c6 nghiém khi va chi khi UCLN(n;, n;) 1a wéc ctia a;—a; v6imoi ¢ # j. Hon
nita, néu diéu kién nay duge théa man thi hé phuong trinh c¢6 nghiem
duy nhat mod lem(ny,...,n;) (6 day lem 1a ky hiéu ctia boi chung nhé
nhat).
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Ta thay riang nho vao viéc st dung dinh 1y thing du trung hoa, viéc
gidi phuong trinh dong du modulo mot s6 nguyén duong khac 0 bat ki
duge dua vé viéc gidi phuong trinh dong du modulo mot liiy thita ciia s6
nguyén tb6 p ndo dé. Trong trudng hgp tong quat ching ta khong cé cach
gidi phuong trinh f(z) = 0 mod p, tuy nhién gid sit rang ta tim dugc
nghiém ciia phuong trinh f(z) = 0 mod p thi ta c6 thé viét duge cong
thitc nghiém cho phuong trinh f(z) =0 mod p® véi e > 1.

Bai tap 2.2 (B6 dé Hensel). Cho f(z) 1a mot da thitc véi hé s6 nguyen,
va m.k 1 2 s6 nguyén duong théa man m < k. Néu r 1a mot s6 nguyen
théa man

f(r)=0 mod p* va f/(r) 20 mod p

khi d6 luon ton tai mot sé6 nguyén s sao cho

f(s)=0 mod pF*™ var=5s mod pF.

k+m

Hon nita s 13 duy nhat modulo p va c6 thé duge tinh diya vao cong

thic sau

s=r—f(r)a

trong do a 1a s6 nguyén théa man tinh chat
a.f'(r)y=1 mod p™.

Viéc xay dung nghiém nhu trén kha gan v6i phuong phap Newton
duge dung trong giai tich dé tim nghiém thuc ctia phuong trinh f(z) =0
(v6i f 1a mot ham kha vi).

Bai tap 2.3 (Phuong phap Newton). Gia st rang day sau duge dinh

f(xn)
F(@ns1)”

nghia va hoi tu zp11 = 7, — Khi d6 = = lim,,_,« o5, 1& nghiém cta

f(z) =0.

Trong phuong phap Newton, sy hoi tu clia diy z, cho thay réng cac
z;, xj ngay cang gan nhau khi i va j 16n, nghia 1a khodng cach gitta ching
cang ngay cang thu gon lai. D6i v6i truong hop modulo p clia ching ta,
can phai dinh nghia lai khai niém gan nhau, viéc nay dua dén mot he
thong s6 méi duge goi 1a cac s6 p-adics.

Bai tap 2.4 (Phuong trinh dong du bac nhat). Néu d = UCLN(a,n),
khi d6 phuong trinh az =b mod n co nghiém khi va chi khi d 1a uéc ctia
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b. Hon nita néu d 1a u6c ciia b va xp 1a nghiém nao do6 ciia phuong trinh
thi nghiém tong quat ctia phuong trinh c¢6 dang
nt

$:SBO+E

véi t € Z.

Bai tap 2.5 (Phuong trinh dong du bac 2). Cho p 1a mot sé nguyén t6
18 v f(x) = ax?4bx+c v6i UCLN(a, p) = 1. Chiing minh réng u 1a nghiém
cua phuong trinh f(z) =0 mod p khi va chi khi 2au+ b = v mod p véi
v 13 nghiém ctia phuong trinh v? = b? — 4ac mod p. Hon nita v6i mdi
nghiém v chi ¢6 duy nhat mot nghiém v mod p théa man 2au +b = v
mod p.

Theo bai tap trén ta thay viéc gidi phuong trinh dong du bac 2 dudc
duwa vé viéc gidi phuong trinh 22 = m mod p véi p 1a s6 nguyén to 18.
Phuong trinh nay hoac c¢6 2 nghiém phéan biét hodc v6 nghiém. Trong
truong hop a va p tong quat ching ta khong cé cong thiic nghiem phu
thuoc vao a va p cho phuong trinh. Dicu ta c6 thé lam do la kiém tra
xem v6i m,p cho trude thi phuong trinh cé nghiém hay khong ma thoi.
Dé lam diéu nay ching ta st dung ki hiéu Legendre.

Dinh 1y 2.8. Cho p la s6 nguyén t6 1é va a va b la cd s6 nguyén nguyén
to cung nhau vdi p. Khi dé

(2)-1(2)- () ()1 () -
(0]

Bai tap 2.6 (Bo dé Gauss). Cho p la
(p—1

nguyén t6 1¢ va UCLN(a, p) =1.

On

Xét phan du ctia cac s6 a,2a, . . ., a khi chia cho p. Goi n 1a sb céc

2
phan du 16n hon p/2, khi d6 (5) — (—1)™.

Bai tap 2.7. Cho p la s6 nguyén t6 1& v UCLN(a,2p) = 1, khi d6
(8) = (-1t woi 0 = S0P [2] wa (2) = ()08 6 day (4] Ia

phan nguyén ciia s6 x.
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Dinh 1y 2.9 (Luat thuan nghich chinh phuong). Cho p va q la 2 so
nguyén to 1é phan biét. Khi dé ta co

PY(9) = cpyte
(5)@—“) '

Bai tap 2.8. Cho p la s6 nguyén to, chitng minh réng phuong trinh
22 — 3y? = p khong c6 nghiém néu p 1 mod 12.

Bai tap 2.9. Cho p,q 1a 2 s6 nguyén td c6 dang 4k + 3. Chitng minh
rang phuong trinh 22 — py? = ¢ khong c6 nghiém nguyén.

Bai tap 2.10. Chiing minh rang phuong trinh 22 — 17y? = 12 khong c6
nghiém nguyeén.



CHUONG 3

Cac luat thuan nghich

3.1 Thang du chinh phuong

Cho p 1a mot s6 nguyén t6 18 va a 1a mot 16p dong du kha nghich
(hay néi cach khac UCLN(a,p) = 1). Mot cau héi hoan toan tuw nhién la
licu c6 ton tai z mod p la nghiém ctia phuong trinh 2 = a mod p hay
Khong?

Trong bai gidng trudce, bang viéc xét dong cau nhom
v F, =)
T
ta thu duge |Im(:)| = 7%1. Hay n6i mot cach khac, c6 ding 25+ 16p thang

du chinh phuong (céc 16p thing du ma phuong trinh trén c6 nghiém) va
2%1 16p thang du khong chinh phuong.

Dinh nghia 3.1 (Ki hi¢u Legendre). Cho p 1a mot s6 nguyén t6 1é, a
la mot s6 nguyén théa man tinh chat UCLN(a,p) = 1. Khi d6 ki hieu
Legendre (%) duge dinh nghia nhu sau:

a 1 néu a la mot thang du chinh phuong
—1 néu a khong 1a mot thang du chinh phuong

Meénh dé 3.2. Cho p la mot s6 nguyén t6 1€ va a la mot s6 nguyén théa
man tinh chat UCLN(a,p) = 1. Khi dé ta cé:

(2> =4¢"T  mod P.
D
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Chiing minh. e Néu a 1a mot thang du chinh phuong, thi khi d6 ton
tai 2 € F sao cho a = 22 mod p. Lay liy thita 2L ca hai vé clia
dang thtc ta co

p=1 p=1
a 2 r2z =1 mod p.

Dang thitc cubi 1a hé qua truc tiép ctia dinh 1y Fermat nhd.

e Néu a khong 14 mot thing du chinh phuong, ta sé di chiing minh
ring a"= # 1 mod p. (Theo dinh ly Fermat nhé ta c¢6 a?~! = 1
mod p, nén didu nay tuong duong véi a"z = —1 mod p.)

p—1

Ta c6 nhan xét rang 'z — 1 14 mot da thic bac ’%1 vGi hé sb trén
truong F,,. Da thitc nay da cé p%l nghiém phan biét 1a cac 16p thang
du chinh phuong trong F;. Do do diéu phai chitng minh 14 hé qua
tryc tiép ctia He qua 3.4 dudi day.

]

Dinh 1y 3.3 (Dinh ly Bezout). Cho P(X) € F,[X]. Khi dé a € F), la
nghiém cia da thic P khi va chi khi ton tai mot da thic Q(X) € F,lX]
sao cho

Chitng minh. Ap dung thuat toan chia Euclid cho da thic P(X)va X —a,

khi d6 ta c6 ton tai duy nhat mot da thic Q(X) € Fp[X] va mot hang s6

c e F, (do bac ctia da thic X —a la 1) sao cho
PX)=(X—-0a).Q(X)+c

e Néu a la nghiém ctia P thay X = a vao phuong trinh trén ta thu
duge ¢ = 0.

e Néu ¢ = 0, khi d6 thay X = a vao phuong trinh trén ta thu dugc
P(a) = 0. Hay néi cach khac a 1a nghiém cta da thic P(X).

[]

Hé qua 3.4. Cho P(X) € F)[X] la mot da thic co bac lan. Khi dé P(X)
c6 khong qud n nghiém (tinh cd boi) trong Fp.
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Chiing minh. Goi A1, ..., Ay 12 tat ci cac nghiem ciia P(X) trong F, khi
d6 ap dung dinh 1y Bezout ta c6

P(X) =[x = MQ(x).

i=1

Bac ctia da thiic bén vé trai 1a n va ciia da thitc bén vé phai 16n hon
hoac bang m. Do d6 n > m. O

Bo dé 3.5 (Bd dé Gauss). Cho p la mot s6 nguyén t6 1€ va a la mot s6
nguyeén théa man tinh chat UCLN(a,p) = 1. Ta dem chia cdc l6p dong du
nghich ddo duge modulo p thanh 2 phan {1,2,..., ;%1} L {p;l, .,p—1},
107 sau dé lay cac phan ti cia phan dau tién nhan thém vdi a. Vi moi
jedl,..., p%l}, st dung phép chia Euclid cho ja va p ta thu dugc

. {%‘Jzﬂr?ﬂj néu rj >
ja=

[Nl ShS

{%J p+s; néus; <
Dit n = |{jlr; > §}|. Khi dé ta co

<%) =(—1)" mod p.

Ching minh. e V6i moi i # j € {1,...,”;1} ta luon c6 r; # rj. That
vay gia st phan ching r; = r; khi do tut dinh nghia cua r; ta co

ri—ri=(—7)a mod p.
J

Diéu nay dan dén i—j =0 mod p (khong thé xay rado 1 < i,j < 2+

va i # j).
o V6imoii#je{l,..., 2%} taluon c6 s; # s;. Didu nay chitng minh
tuong tu nhu trén.

e VGimoii#je {1,...,1%1} ta luon c6 p —r; # s;. That vay giad st
phan ching p — r; = s; khi d6 tit dinh nghia ctia r; va s; ta c6

ri+s;=(i+j)a mod p.

Diéu nay dan dén i +j = 0 mod p (khong thé xay ra do 1 < i,j <
el

2
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Cl/ning ta vita chiing minh rang l/ihi j chay tit 1 dén 2% thi tap hop
cac so c¢6 dang p —r; va s; sé phu het tap hop {1,2, ..., p%l}.
Ta c6 cac dang thic sau:

p—1

2

o op—1
ale.(pT)! = Hja mod p

J=1

() {112)

= (-1)" (H(prj)> (HsJ) mod p

J J
—1
= (=D (p—)' mod p.
2
Mat khac ta lai ¢6 UCLN((25%)!,p) = 1 nén déng thiic cudi dan dén

AT = —1)" mod p.

Két hop diéu nay va Menh dé 3.2 ta thu dugce diéu phai ching minh.
]

Bo6 dé 3.6. Cho p la mot s6 nguyen té 1é, khi dé

< (2 _ Pzgl
o Ta cé (5) —(—1)5

o Vdi s6 nguyén a lé va nguyén té cing nhau vdi p thi (%) = (=1).
2, p—1 .
A — 2| 1a
Odayt=732, {pJ
Chatng minh. Nhéc lai ring véi moi j € {1,..., 251} va a nguyén t6 ciing
nhau véi p, st dung phép chia Euclid cho ja va p ta thu dugc

) {%J p+7"j néu Tj >
Ja =

DR NS

\\%J P+ S néu 55 <

Do d6 ta c¢6 déng thic sau:
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Hon nita theo chitng minh ctia b6 dé Gauss, khi j chay tit 1 dén 2

thi tap hop céc s6 ¢6 dang p —r; v s; sé phu hét tap hop {1,2,..., p%l}.
Vi thé ta co:

p771 n k n k
D i=d =)+ Y si=mw—Y i+ > s (3.2)
j=1 j=1 j=1 j=1

j=1

Trit cd hai vé ctia phuong trinh (3.1) cho phuong trinh (3.2), roi lay
modulo 2 ca hai vé ta dugc:

p—1

(a—1) Zj = Z[%J—n p mod 2. (3.3)
j=1

J=1

e VGi a = 2, ta co BT“J =0 v6i moi j € {1,...,1%1}. Do do6 trong

truong hop nay dang thic (3.3) tuong duong véi

mod 2.

e Vi a 18, ta c6 vé tréi clia dang thic (3.3) chia hét cho 2, nén ta thu
dugc:

p—1

2 .
_ 2 : Ja

j=1

Phan con lai ctia ching minh 1 hé qua truc tiép ctia Bo dé Gauss. [

Dinh 1y 3.7 (Luat thuan nghich chinh phuong). Cho p va q la hai so
nguyén to 1é phan biét. Khi dé ta co:

() - o=

Chitng minh. Goi S 1a tap hop cac s6 nguyén c6 dang kg — fp véi k 1a
1

céc s6 nguyen chay tit 1 dén 251 va ¢ la s6 nguyen chay tit 1 dén %1
o V6imoi k€ {1,270} va £ € {1,..., %} ta luon c6 kg — fp # 0. That
vay, gid stt kg — ¢p = 0, khi d6 do p, ¢ 13 hai s6 nguyén t6 ctiing nhau
nén p phai la wéc ctia k (dicu nay khong thé xay ra do 0 < k < p).
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o Vi hai cap (k,¢) # (K, ¢) thi kg — fp # K'q — ¢'p. That vay, gia sit
phén ching ta c6 kq— fp = k'q — ¢'p. Khi d6 do p, ¢ 1& hai s6 nguyén
td cting nhau nén p phai 1a uéc clia k — k' va ¢ phai 1a u6c ctia £ —¢'.
Mat khac ta lai co (k, £) # (K',¢') nén hodc k— k' # 0 hodac £ — ¢ # 0.
Kh()ng mat tinh tong quét gid s k — &’ # 0, do p 1a uéc cia k — &’
nén p < |k — /| (diéu nay khong thé xdy ra vi 1 <k, &' < 257).

(p 1)( 1)

Vay S la tap hop c¢o
khac 0.

Goi S1, S» tuong tng 1a cac tap con chita cac phan tit 16n hon 0, nhd
hon 0 cta S. Khi do6 ta co

1S1] + |Sa| = S| = (p;” (q;”. (3.4)

Gid sit kg — ¢p 1a mot phan tit thuoe Sy khi d6 ta 6 ¢ < L%J Véi
1<k B ! ta luon c6

kq
P 2p

N

nén {%J < %L Do d6 véi méi k€ {1,..., %51} ta co {%J cach chon ¢
sao cho kg — ¢p € S1. Vay S; c¢6 s6 phan tit 1a

p—1

s1-3 |%). (35)

k=1

Lam tuong tu ta c6 s6 phan ti clia tap So 1a

q—1

1S5 = Z VEPJ | (3.6)

(=1

Két hop (3.4), (3.5) va (3.6), ta dugc

Vqu p D=1 (3.7)

E;

/=1

2

wM

— ()= L v (1) = ()DL,

p

Ap dung BS 8 3.6, ta c6 <§

N—
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(5)(2) - DA 2SI 8] _ (pyees

3.2 Luat thuan nghich tong quat

Mot cau héi tuong tu véi truong hop bac 2, dé 1a cho p 1a mot s
nguyeén to, a 1a mot 16p dong du modulo p thi phuong trinh

23=a mod p

khi nao thi ¢6 nghiém?
Tuong tir nhu trén, ta xét dong cau nhém

. * *
5.Fp —>Fp

r o as.

Lic nay cau hoi trén tuong duong véi cau hoéi a khi ndo thi nam trong
anh ctia dong cau e.

Theo dinh Iy vé dong cau nhém ta c6 Fj/ ker(e) ~ Im(e). Do d6 trudce
tien ta di tim hiéu hat nhan ctia dong cau

ker(e) = {z € IF})| z? =1}

(Diéu nay tuong duong véi viec nghién citu phuong trinh dong du 23 = 1
mod p).

Bé6 dé 3.8. S6 phan ti cia hat nhan clia dong céu = la

1 néu 8 khong phdi la wdc cia p — 1
| ker(e)| = )
3 meéeu & la udc ciap—1.

Meénh dé nay cé thé phat bicu duéi dang so cap nhu sau: phuong
trinh 22 = 1 mod p ¢6 nghiém duy nhat néu p = 3 hodc p 1a s6 nguyén
td ¢6 dang 3k 4+ 2 va ¢6 3 nghiém phan biét néu p c6 dang 3k + 1.
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Chitng minh. e Gia st p— 1 khong chia hét cho 3, khi d6 UCLN(3,p —
1) = 1. Ap dung thuat toan Euclid, ta luon tim dugc sb nguyén
m € Z sao cho 3m =1 mod (p—1). Gia st z la nghiém ctua phuong
trinh 22 =1 mod p. Lay lily thita bac m ca hai vé ta thu dudgc

3™ =1 mod p. (3.8)

Mit khac do x 1a nghiém ctia phuong trinh 23 = 1 mod p nén
UCLN(z,p) = 1. Ap dung dinh 1§ Fermat nhé va 3m =1 mod (p—1)
ta co

2" 1 =1 mod p. (3.9)
Tu (3.8) va (3.9), ta thu dugc 2 =1 mod p.

e Gia st 3 1a ude ciia p — 1. Ta sé ching minh rang | ker(s)| = 3.
Theo Hé qua 3.4, ta c¢6 phuong trinh 2z® = 1 khong thé c6 qua 3
nghiém trong F,. Ta sé& ching minh rang ton tai z Z 1 mod p la
nghiém ctia phuong trinh 23 = 1. Khi d6 {1, z, 2%} chinh 14 3 nghiém
ctia phuong trinh 22 — 1 = 0.

Do p — 1 chia hét cho 3, nén ta c6 thé diit p— 1 = 3m. Theo dinh Iy
Fermat nho, véi moi y € F} ta ludn c6

L=yt =y’ =(y

Lay z = y™ ta sé dugc nghiém ctia phuong trinh 22 = 1. Do d6 bai

toan sé dugc ching minh khi ta cé thé tim duge y € [F} sao cho

y™ # 1 mod p. Diéu nay dung do theo Heé qua 3.4 thi phuong trinh

y™ —1 =0 c6 khong qua m — 1 (m—lz’%l—l < p — 2) nghiém

khac 1.

]

Hé qua 3.9. e Néu 3 la wdc ctia p—1, thi phuong trinh 3 = a mod p
luon cé ding 1 nghiém vdi moi a € F,.

o Néu 3 khong la udc cia p — 1 thi phuong trinh 2> = a mod p hodc

v0 nghiém hodc coé dung 3 nghiém phan biét.

Chiing minh. e Khi p—1 khong chia hét cho 3, theo B6 dé 3.8 & trén,
ta co |ker(e)] = 1. Do d6 ¢ la mot don anh gita hai tap hgp hitu
han c6 cuing s6 lugng phan tit. Vay né phai 1a mot song anh. Hay
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n6i mot cach khéc, véi moi a € ;) ta luon tim duge mot va chi mot
phan tit = € F} sao cho 2° = a.

e Khi p — 1 chia hét cho 3, theo Bo dé 3.8 & trén, ta c6 |ker(e)| = 3.
Goi z1, 72,23 14 3 phan tit clia ker(e). Gia st z 13 mot nghiém cla
phuong trinh 22 = a. Khi d6 zz; 14 3 nghiém phan biét clia phuong
trinh 23 = a. Ap dung He qua 3.4, ching chinh 1 tit ci cac nghiem
cua phuong trinh dé.

[]

Trong truong hop p — 1 = 3m, néu phuong trinh 23 = ¢ mod p c6

nghiém thi ¢™ =1 mod p (hé qua ctia dinh 1§ Fermat nhé). Ta thu duge
diéu kién can dé phuong trinh 23 = ¢ mod p c6 nghiem.

Gidng véi truong hop bac 2, viéc nghién citu xem phuong trinh bac 3
23 = a mod p c6 nghiém khi ndo dan dén Luat thuan nghich bac 3.
Luat nay dugc xay dung cho truong céc sé Eisenstein Q[j] véi j = exp s
can nguyén thuy bac 3 ctia don vi.

Trong cac chttng minh & phia trén, Hé qua 3.4 mac du kha don gian
nhung déng mot vai tro kha quan trong. Ching ta sé danh phan cudi
cua bai giang nay cho cac ting dung khac ctia Hé qua nay.

3.3 Mot vai iing dung cua Hé qua 3.4

Dinh nghia 3.10. Cho p 13 mot s6 nguyen t6. Theo dinh 1y Fermat
nho, véi moi z € [}, ta c6 #P~' =1 mod p. Mot 16p dong du = € [F} duge
goi 14 can nguyén thiy clia p néu 2% # 1 mod p v6i moi 0 < d < p— 1.

Dinh 1y 3.11. Moi s6 nguyén to déu cé cin nguyén thiy.

Chitng minh. V6i moi = € Fy, theo dinh ly Fermat nho ta c6 Pl =1
mod p. Do d6 S, :={n € Z,|z" =1 mod p} la tap con khéc rong cua tap
cac s6 nguyen duong. Vi thé né ton tai phan ti nho nhat. Goi ord(z) 1a
phan tit nhé nhat d6 ctia S,. (Phan tit nay con duge goi 1a cap clia phan
ti = trong ;). Dat

d = max{ord(z)|z € F}.

T dinh nghia cia d, ta thay ring
d<p—1. (3.10)
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Khiang dinh: “ S6 nguyén duong d chia hét cho ord(z) v6i moi z € 3.
Gia st khang dinh trén 1a diang, khi d6 phuong trinh z¢ = 1 mod p
¢6 it nhat p — 1 nghiém trong F,. Ap dung Hé qua 3.4, ta co:

d>p—1. (3.11)

Két hop (3.10) va (3.11) ta duge d = p — 1. Tt d6 thu duge diéu phai
chiing minh.

Vay viéc con lai clia ching ta la di chitng minh khing dinh & phia
trén. Gia st phan chiing ring ton tai mot phan tit  sao cho ord(z) khong
14 wéc ctia d. Khi d6 sé ton tai s6 nguyén t6 ¢ ma s6 mii 16n nhat cia ¢
trong biéu dién thanh tich cac thita sé nguyeén t6 ctia ord(x) sé phai lén
hon s6 mit doé trong biéu dién thanh tich cac s6 nguyen to cla d. Goi
¢¢, ¢/ tuong tng la s6 mi 16n nhét ctia ¢ trong biéu dién thanh tich cac
thita s6 nguyén to6 ctia ord(z) va ctia d. Khi d6 e > f > 0.

Goi ¢ 1a phan tit ¢6 cap la d. Khi d6 g1 = ¢¢ 1a phan tit ¢6 cép la
ny = d/qf va go = gord(@)/a" 1y phan tt ¢6 cap 1a ny = ¢°. T dinh nghia
clia e va f ta c6 ny khong chia hét cho ¢. Do d6 UCLN(ny,no) = 1.

Trong mot nhém giao hoan, néu g; c6 cap 1a ny va go c6 cap 1a ng voi
UCLN(n1,n2) = 1 thi gig2 s6 ¢6 cap 1a nins. Do d6 phan tu gqfxOfd(m)/qe
c6 cap la

d

—fqe = d¢* > d.
q

Diéu nay mau thuan véi tinh chat 16n nhat cia d.
]
Dinh nghia 3.12. Cho P € F,[X] 1a mot da thic véi he s6 trén F,. Ta
goi Py 1a dang rit gon clia P néu
e da thiic Py 1a mot da thidc c6 bac nhoé hon hodc bang p — 1;
e v6i moi = € [, ta luon c6 Py(z) = P(z).
Theo dinh 1y Fermat nho ta luén c¢6 2 = 2 mod p v6i moi z € F,.

Do d6 bang cach thay X? bing X trong biéu thitc ciia P ta sé thu dugc
dang rit gon .

Bo6 dé 3.13. Cho Py va Qo la hai da thic ¢é bac nhé hon hodc bang p—1
vdi hé so tréen mot truong Fy. Gid st rang Po(r) = Qo(z) vdi moi x € F),
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khi do
Py(X) = Qo(X).

Ching minh. Ta ap dung Hé qua 3.4 cho da thiic H(X) = Py(X) —Qo(X)
c6 bac nhoé hon ho#c bang p — 1 va ¢6 p nghiém phan biét. O

Dinh nghia vé dang rit gon hoan toan cé thé mé rong cho da thiic
nhiéu bién nhu sau
Dinh nghia 3.14. Cho P € F,[X1,..., X,] 1 mot da thiic n bién véi he
sO trén F,. Da thic Py € F,[ X1, ..., X,] dudc goi la dang rat gon ctua P
néu:

o degy, Po < p—1, (bét dang thic nay duge doc la bac ctia da thic
Py theo bién X; bat ki déu nhé hon hoac bang p — 1)

o Po(x1,.. . an) = P1,...wn) Y(21,...,20) € F).

Dinh ly 3.15 (Dinh 1y Chevalley). Cho F(Xy,...,X,) €
Fp[X1, Xo,....Xy] la mot da thic cé6 bac nhé hon n. Khi dé néu
F(x1,...,2,) =0 c6 nghiém thi né c6 it nhat hai nghiém phan biét.

Ching minh. Gid st F(z1,...,2,) = 0 ¢6 ding mot nghiém 1a (aq, ..., ay).
Khi d6 ta xét cac da thic sau

H(X1,..., X)) =1—F(Xy,..., X, )P,

P(X1,... X)) = [ (1 - (X —ai) ™)
=1

V6i moi (z1,...,20) # (a1,...,apn) ta c6 F(z1,...,2,) # 0. Ap dung
dinh 1y Fermat nhoé ta c6 F(x1,...,2,)P~' = 1. Dieu nay dan dén
H(zy,...,z,) = 0. Vay

1 néu(zy,....zn) = (al,...,a
H(w,...,a0) = ) =)
0 trong cac trucng hop con lai.
V6i moi (z1,...,7,) # (a1,...,a,), ludn ton tai i sao cho x; — a; # 0.

Ap dung dinh 1y Fermat nhé ta ¢6 (z; — a;)?~' = 1. Diéu nay dan dén
P(z1,...,2y) = 0.
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1 néu(zy,...,z,) = (ag,...,a,)

0 trong cac truong hgp con lai.

Goi Hy la dang rit gon ctia H. Khi d6 ta co

P(.Cljl, R ,.iBn) = Ho(xl, . ,xn) V(ZL’L R ,$n) € FZ

Diéu nay khong thé x4y ra vi da thiic P c6 bac la n(p — 1), trong
khi d6 da thic Hy lai ¢6 bac nhé hon n(p — 1) (do deg(Hy) < deg(H) =

(p—1)deg(F) <n(p—1)).

Bai tap 3.1 (Dinh ly Warning). Cho F(X1,...,X,) € F,[X1, Xy, ...
1a mot da thiic ¢6 bac nhé hon n. Chitng minh riang s6 céc nghiém ciia

F 1a mot boi s6 cua p.

[]

, Xn)



Bai tap vé Luat thuan nghich

Luat thuan nghich c¢6 thé coi 1a mot dang tong quéat héa cta luat
thuan nghich chinh phuong da dugc dé cap trong cac bai hoc trudc.
Lich sit phat trién ctia luat thuan nghich ciing 1a lich phat trién cta 1y
thuyét so6 dai s6. Trong bai bido “Vorlesung iiber die Theorie der
algebraischen Zahlen’’, Hecke c6 viét mot doan nhu sau:

“Lyj thuyét s6 hién dai ra doi tw khi phat hién ra ludt thudn nghich.
Néu chi nhin cdch dién dat thi né thuoc vé ly thuyét nghién ciu cdc s6
hitu ti, vi phdt biéu ciia né giong nhu mot quan hé don gidn gita cdc s6
hitu ti, tuy nhién noi dung cia né da vuot za linh vic cdc s6 hitu t.]...].
Su phdt trién cia ly thuyét sé dai sé da thuc su chi ra rang noi dung cia
luat thuan nghich chinh phuong chi trd nén dé hiéu néu ching ta zem
Tét né trong boi cinh cde so dai s6 tong qudt va dé chinh la minh ching
cho wviéc ban chat ciia mot van deé chi duge hién o ra khi ta nhin né d
mot tam cao hon.”

Dinh ly 3.16 (Luat thuan nghich chinh phuong). Cho p va q la 2 so
nguyén to lé phan biet. Khi dé ta cé

Hon nta ta co

chiing lan lugt dudc goi la ludt bo sung thit nhat va thi hai.

Bai tap 3.2 (Legendre). Gia st rang a,b,c € Z la cac s6 nguyén thoa
méan cac tinh chat sau:

e chiing doi mot nguyeén t6 ciing nhau;
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e it nhat mot trong 3 tich ab, be, ca 13 khong am;

e cac phuong trinh dong du sau c6 nghiém

2

u?> = —bc mod a, v?

= —ca mod b, w?=—ab mod c.

Chtng minh rang phuong trinh diophantine sau
ar® + by + 22 =0

c6 nghiém nguyén khong tam thuong.

(Ggi ¥ :bai tap tuong duong véi viéc chiing minh rang phuong trinh
az® + by? = cz? v6i ab < 0 hodc ac > 0 c¢6 nghiem khong tam thudng
néu cic phuong trinh dong du z? = bc mod a, z?
mod ¢. ¢6 nghiem. Dé giai bai toan phat bieu lai ta thuc hién céc bude
sau

= ca mod b, z°> = —ab

e Chitng minh réng ta chi can gidi bai toan cho bo ba s6 tu nhién
a, b, c khong c6 uéc chinh phuong.

e Lay p Ia mot uéc nguyen t6 1é clia ¢, chon = = o,y = B 1a mot
nghiém khong tam thuong clia phuong trinh az? + by?> = 0 trong
[, := Z/pZ va ching minh rang az? +by? = a(z +ap~1y)(z — afly)
mod p. D#c biét chiing minh réng, véi moi uéc nguyeén to 1é p ciia
abe, ton tai cdc dang tuyén tinh £, = ra+sy+tz va m, = uxr +oy+wz
sao cho az? + by? — c2? = {ym, mod p.

e Diing quan hé dong du az? + by? — ¢2? = (azx + by + ¢2)? mod 2 dé
chiing minh sy ton tai clia cac dang tuyén tinh fo va meo.

e St dung dinh Iy thang du Trung Hoa dé xay dung cac dang tuyén
tinh ((z,y, 2), m(z,y, 2) sao cho £(z,y,z) = ly(x,y,2z) mod p cho tat
cac udc nguyen t6 p clia abe (tuong tu cho m). T d6 két luan rang
azx® + by? — c2? = U(z,y, 2)m(z,y, 2) mod abc.

e Lay x,y z la cac sd nguyén chay trong tap sau
0<z<Vbe, 0 <y<+ea, 0<z<Vab.

Néu a = b = ¢ = 1 ta c¢6 khang dinh 13 tam thudng (bo cac sb
Pythagore), ngudc lai thi ca 3 s6 Vab, Vb, /ca khong thé dong
thoi 1a s6 nguyén, do d6 c6 nhiéu hon vabvbey/ac = abe bo 3 s6
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(z,y,2). T d6 suy ra ton tai hai bo (z1,y1,21) V& (z2,y2,22) thoa
man tinh chat ¢(z1,y1,21) = (z2,y2,22) mod abc. Dieu d6 kéo theo
0(x0,Y0,20) =0 mod abe v6i g = x9 — 1, Yo = Y2 — Y1 VA 20 = 22 — 2]

e Chiing minh rang az? + by? — c23 1a s6 nguyen chia hét cho abe va
nim trong doan tit —abe dén 2abe. Stt dung dang thiic sau dé két
thic chitng minh:

(22 +ab)(ax® +by* — cz* —abe) = a(xz+by)* + b(yz — ax)® — c(2* + ab)?.)

Bai tap 3.3. Dung khéng dinh clia bai tap 2 them véi gia thiét 1a cho
trude hai s6 nguyén t6 ciing nhau a va b thi c6 vo s6 s6 nguyén t6 p thoa
man tinh chat p = ¢ mod b hdy chitng minh lai luat thuat nghich chinh
phuong.

Bai tap 3.4. Cho p 1a s6 nguyeén t6 1é, va dat a;; 1a s6 lugng phan ti
cua tap hop

Ayj = {k c{1,2,...,p—1}: (g) = (-1), (%) — (—1)]}.

Chting minh rang

e p—2 =g+ ap1 + a0+ a11;

N Rl (ORCT) S
1= () ~TH{() - ()} =20
« 1=3y02 {(_) (%)} = 0 — o1 — 00 + 1.

1:a10:a11:;1néup51 mod 4 va

—3

Tu dé thu duge agy = T
= néu p =3 mod 4.

p+1

4
Qo1 = -, Qo = (10 = Q11

Bai tap 3.5. Dat N(z2+y? = 1) 1a s6 nghiém (z,y) € F, xF, clia phuong
trinh 22 +y? = 1, tuong tu, dat N(2? = a) 14 s6 nghiém ctia phuong trinh
2% = a trong F,,. Chiing minh réng N(z2+y?>=1) =p— (_71) bang cach

tinh tong sau

g oo o () (- (0)

a+b=1 a+b=1
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Bai tap 3.6. Cho p l1a s6 nguyéen t6 1&, chiing minh rang mdi nghiém
(z,y) cia 2% + y?> = 1 trong F, sé cho ta 8 nghiém phan biét (+z, +y)
va, (£y, +r) trit truong hop hodc = 0 ho#ic y = 0 hodc z = y. Dém s6
nghiém ctia phuong trinh trong 3 truong hop vira liét ké do, tir dé ching
minh luat bd sung thit hai ctia luat thuan nghich chinh phuong (goi ¥
dung cong thitc bai trén).
Bai tap 3.7. e Chop =2m+1 va ¢ = 2n+ 1 1& cac sd nguyén to,
dat Sp4 14 tap hop tat cd cac nghiem trong F, clia phuong trinh
2% 4 -+ z2 = 1. Chiing minh réng s6 lugng phan tit ciia S, , bang
Pt (1),
e Xét anh xa ¢ : Sy, — Sp, dinh nghia béi (z1,...,29) —
(22,...,24,21). Chiing minh ring ¢ c6 diém c6 dinh khi va chi khi

(g) — 1. Kiém tra ring (g) — —1 khi va chi khi [Spg| = 0 mod g

bang cach tinh cac qui dao ciia ¢, va sau d6 st dung cong thic vita
tinh dudc ¢ phan trén dua ra mot ching minh méi cho luat thuan
nghich chinh phuong.

Bai tap 3.8. e Cho p la mot s6 nguyen t6 1& va f € Z[z] 1a mot da
thitc ¢6 bac > 1. Chiing minh rang so Ny(f) cac nghiem (z,y) € F;
ctia phuong trinh dong du y? = f(z) mod p c6 thé biéu dién dudi

dang N,(1) =+ 5,(0) vi 5,() = $17) (42).

e Chitng minh ring N,(f) = p + (=1)PD/2 v6i f(z) = 1 — 2%, va

Np(f)=p— (%) voi f(z) = 23 + az?.

e Cho k € Z — {0} va dat f(z) = (v + k)(z + k?). Chiing

minh rang S,(f) = (%) T,(f), trong d6 T,(f) = 1 +
Zip:_ll)/z { (HTx) + (1%"’)} (1“;%2) khong phu thudc vao k. Chiing

minh rang 7 mod 4 chi phu thuoc vao p mod 8.

Bai tap 3.9 (Euler). Cho a € Z 1a mot s6 nguyén khong c¢6 wée chinh
phuong. Cho ¢ va d 1a hai s6 nguyén duong théa man tinh chat ¢ = d
mod 4a. Chiing minh rang phuong trinh 2? —ay? = s2? ¢6 nghiém nguyén
vGi s = ¢ khi va chi khi né c6 nghiém nguyén véi s = d.

Bai tap 3.10. Cho p la s6 nguyén t6 dang 3k+1. Chitng minh rang p
c6 thé viét dudi dang p = o + 3b% v6i a va b 1 cac s6 nguyén (cach viét
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nay 14 duy nhat sai khac dau ctia a,b). Tit d6 suy ra 4p c6 thé viét duge
dudi dang L? +27M? (cach viét nay 1a duy nhat sai khac dau cia L, M)

Bai tap 3.11. Chitng minh rang néu p 1a sé nguyén t6 dang 3k-+2 thi
phuong trinh dong du 23 = ¢ mod p luon c6 nghiem véi moi ¢ € Z.



CHUONG 4

Cac so p-adics

4.1 B dé Hensel

Cho P € Z[X] 1a mot da thiic v6i he s6 nguyén. Cho zg € Z thda méan
tinh chat P(zo) = 0 mod p. Gid st rang P'(zg) Z 0 mod p. Khi d6 véi
moi n € N luon ton tai duy nhat maot 16p dong du x, mod p” sao cho:

a) T, =xo mod p,
b) P(x,) =0 mod p"*i.
Chatng minh. Ta sé chitng minh bang quy nap theo n.
e V6i n =0, day la gia thiét ctia bo dé.
o V6in =1, tit gid thiét ta c6 zo € Z thoéa man tinh chat

P(zp) =0 mod p

P'(z0) 20 mod p.

Xét 1 = xg + py1, khi d6 st dung khai trien Taylor cho da thiic P
tai lan can ctia diém z = o ta thu dudc:

P// $0 P/// x()
—<2 ) 2y%+—3(' )p3yi’+... .

A -
-~

cac hang tt déu chia hét cho p2

P(z1) = P(x0) + py1 P'(z0) +

Diéu nay dan dén P(z1) =0 mod p? khi va chf khi
P(x0) + py1P'(29) =0 mod p?.
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Ngoai ra do P(z¢) = 0 mod p nén P(xy) = app véi ag 1a mot s
nguyén nao dé. Vi thé ta co:

agp + py1 P'(x0) =0 mod p?.
Déng thic nay tuong duong véi
ap +y1P'(zg) =0 mod p. (4.1)
Hon nita, tir gid thiét P'(x9) Z 0 mod p, ta biét dugc P'(zo) 14 phan
tit nghich ddo dugc ctia Z/pZ. Do d6 ton tai duy nhat mot phan

tit b € Z/pZ sao cho bP(zp) = 1 mod p. Nhan ci hai vé dang thiic
(4.1) v6i b, ta thu dugc

aob+y1 =0 mod p.

Hay
y1 = —bag mod p.

Vay ton tai duy nhat mot 16p dong du y; modulo p sao cho
P(zo+py1) =0 mod p.
Ta vita chitng minh ring bo dé cling ding cho trusng hop n = 1.

Gia st khang dinh ding v6i n > 1, tiic 1a ton tai duy nhat mot 16p
dong du z,, mod p" sao cho:

P(z,) =0 mod p"™?

Tp =x9 mod p.

Dang thiic x,, = 2o mod p kéo theo P'(z,) = P'(xg) #0 mod p. Hay
no6i cach khac ta c6 P'(x,) 1a mot phan tit nghich ddo dugc cia
A

Tuong tu nhu trén ta xét z,41 = &, +p" yni1, roi khai trién Taylor
da thiic P tai lan can cta diém z,, ta dudc:

P (z
(2 n)pQ(n—l-l)y?ZH_l 4.,

[ J/

-~
=0 mod pnt2

P($n+1) = P(.ﬁEn) +pn+1yn+lpl(xn) +
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Diéu nay dan dén P(z,.1) =0 mod p"2 khi va chi khi

P(zn) + p"Mypi1 P(2,) =0 mod p"t2.

n+1

Ngoai ra do P(x,) =0 mod p"*! nén P(x,) = a,p"*! v6i a, 13 mot

s6 nguyén nao do. Vi thé ta co:

n+1 + pn—H n+2‘

anp yn+1P/(xn) =0 modp

Dang thiic nay tuong duong véi

an + Yns1 P () =0 mod p. (4.2)

Hon nita, ta lai c6 P'(z,) 1a mot phan ti nghich ddo dude cia Z/pZ.
Do dé dang thitc (4.2) tuong duong véi
Qp,

= d p.
yn+1 Pl(xn) mo p

O]

Viéc xay dung x,,41 tlU z, nhu trong chiing minh trén goi ta nhé dén
phuong phap Newton. Phuong phap nay dudgc ding dé tim nghiem
thyc gan dung ctia phuong trinh P(x) = 0 v6i P 1a mot ham s6 thue.
Phuong phap Newton duge phat biéu nhu sau (dé don gidn ta bd qua
cac didu kien ki thuat ctia ham P dé cac budc sau c6 thé lam duge):

1. Gia st zg 1a mot s6 thue di gan véi nghiém ciia phuong trinh thoa
man tinh chat P’(zg) # 0. Xét 1 = 29 + yo. Khai trién Taylor ham
P(z) tai tiém can cia diém z ta thu dugc

P// 0 P/// 0
(e g, P

N J/

bd qua khi y tién t6i 0

P(z1) = P(x0) + P'(x0)yo +

2. Ta giai phuong trinh: P(x¢) + P'(z9)yo = 0 dugc

_ P(20))
P'(x0)

Yo =

Tit d6 thu duge mot gia tri xap xi méi tét hon zg; do 1a

P(xo)
P'(xg)

Tr1 =0 —
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3. Thay vai tro ctia xo bang z; trong cac budc thyc hién trén, ta xay
dung duge mot gia tri xap xi méi zo = x1 — %.

4. Ctt tiép tuc xay dung nhu vay, ta sé thu dugc mot day cac xap xi

T1,29,...,%n,.... VO ham cac diéu kien khéi dau du tot, ta gid su
rang day =z, sé hoi tu vé mot gia tri thuc . Khi d6 ta co
P(x)

Don gian hai vé ta thu dugc P(z) = 0. Hay n6i mot cach khac z 1a
nghiém ctia phuong trinh ta can tim.

Ta nhan thay rang dé c6 thé st dung duge phuong phap Newton thi
|P(x0)] nhé va | P'(xp)| 16n. Vay thi néu dit bo dé Hensel trong ciing béi
canh ctia phuong phap Newton, ltc nay sé can c¢6 mot cach néi ve “do
16n” méi (theo nghia p-adic) ma do 16n nhé tuong tng véi P(xg) = 0
mod p va do 16n to tuong ing v6i P'(zp) Z0 mod p.

4.2 Chuan p-adic

Dinh nghia 4.1. Cho p 1a mot s6 nguyén t6 va € Q* 1a mot s6 hitu
ti khéc 0 bat ki. Khi d6 z = 2 v6i m,n la hai sd nguyen khéc khong
va nguyén to cung nhau. Gia st m = p"'m’ v n = p™n’ v6i ri,m2 € N
va UCLN(p,m/) = UCLN(p,n’) = 1. (Cha ¥ réng do m,n nguyén t6 cling
nhau, nén trong r; va 7 phai c6 it nhat mot s6 bang 0). Ta dinh nghia:

m
= | — — _(TI_TQ)
mp ) " ‘p p .

Trong truong hop = = 0, ta dinh nghia |0}, = 0.

T dinh nghia ta thay ring mot sé hitu ti c6 chuan p-adic cang nho
thi 1y thita clia p ma né chia hét cang 16n.
Vidu4.2. 1, =1, plp=p~" [P*lp=p7% ... P*lp=p7"

St dung dinh nghia chuan p-adic, cac diéu kién ctia bo dé Hensel c6
the phat bicu lai nhu sau:

P(z0) =0 mod p < |P(wo)|, <p
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N

va
P(x9) #0 mod p & |P(zo)|, = 1.

Meénh dé 4.3. Trén tap hop cic s6 nguyén Z dugc trang bi mot chuan
p-adic | e |y, ta luon co:

. |m"|p = |m|p'|”|p-
d |m+”’p < max(|m|p, |”|p)

Chitng minh. e Ta viét m = p"'m’ va n = p™n’ v6i UCLN(p,m’) =
UCLN(p,n’) = 1. Khi d6 mn = p"*™2m/n/, v6i UCLN(p,m/n/) = 1.
Diéu d6 dan dén

—(ri1+mr2) —r1

[mnlp = p =p "'p7 " = mlp[nlp.

¢ Do vai tro ctia m,n la nhu nhau nén khong mat tinh tong quat ta
c6 the gia st r1 < ro. Khi d6 ta ¢ p™ 1a u6c chung ctia m va n. Do
do6 p™ cling 1a u6e ctia m + n. Diéu nay dan dén

i

m +nlp < p max{p~", p~ "} = max{|mlp, [n[p}.

O]

St dung chuan p-adic dé nhin lai bo dé Hensel. Ta da xay
dung dugc day cac s6 zg,r1,... théa man tinh chat P(z;) =0 mod p'*!
VA 41 = 2; mod p't! véi moi i € N.

Bing quy nap ta c6 thé ching minh ring véi moi m,n > N ta ludén

CcO

Tm = T, mod pN+1).

Diéu nay kéo theo
(N+1)

|~Tm - xn‘p < j2 .

Vay day zo, x1,...,Tn, ... 1a mot day Cauchy déi véi chuan p-adic. Rat
tiéc rang trong trudng hop tong quat mot day Cauchy céc s6 nguyeén sé
khong hoi tu dén mot s6 nguyén. Do dé dé day trén hoi tu ta can day
di héa 7 theo chuan p-adic (néi cach khac, 1a lam day Z dé sao cho moi
day Cauchy trong lam day nay deu hoi tu). Goi Z, la day da hoéa cia
7 theo chuan p-adic. Khi d6 cac phan tit clia né 1a céc 16p tuong duong
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clia tap hop cac day Cauchy (tuong ting véi chuan p-adic) trén Z va véi
quan hé tuong duong la:

“Hai day Cauchy (ai,as,...,an,...) va (by,be,... by, ...) dudgc goi la
tuong duong véi nhau khi va chi khi day (aq,b1,a2,b2, ..., an,by,...) van
con la mot day Cauchy.”

Cac phan tit clia Z, c¢6 thé duge mo ta nhu sau:

“Mot s6 nguyen p-adic a € Z, chinh 1a mot day Cauchy a = (ag, ay, .. .)
v6i a; € Z/p'17Z théa man tinh chat a;.1 = a; mod p’. Hon nita,

|a|p :p_i

v6i i 1a chi s6 tir nhien nhé nhat théa man tinh chat a; #0.”
Ltc nay bo dé Hensel c6 thé phat biéu lai nhu sau:

Ménh dé 4.4 (B6 dé Hensel). Cho P(X) € Z[X] la mot da thitc vdi he
s6 nguyén. Gid st v la mot so nguyén théa man tinh chat

P(zp) =0 mod p
P'(z9) #0 mod p

Khi dé ton tai duy nhat mot s6 nguyén p-adic x € Z, sao cho v = xg
mod p va la nghiém cua phuong trinh P(z) = 0.

Hé qua 4.5. St dung ky hiéu cia ménh dé phia trén, khi dé phuong
trinh P(x) = 0 c¢6 nhieu nhat mot nghiém nguyén x € Z théa man tinh
chat © = g mod p.

Nhan xét: Cac s6 p-adic cho chting ta mot cai nhin gidi tich trong
viéc giai cdc phuong trinh dong du.

Bai tap 4.1. Phat biéu va ching minh bé dé Hensel suy bién.

Ta dé ¥ rang R chinh la truong day di ctia Q theo chuan gia tri tuyét
ddi thong thuong. V6i topo thong thudng (cdm sinh tit chuan gia tri
tuyét doi), tren R ta c6 két qua quan trong sau:

Dinh ly 4.6 (Dinh 1y Bolzano - Weierstrass). Tap [0,1] la mot tap com-
pact trén R vdi topo thong thuong. (Hay noéi mot cach khac moi day
L0, %1, ... Tn,... €O VO han phan i trong [0,1] déu cé thé trich ra duge
mot day con hoi tu trong [0,1]).
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Chiing minh. Chia tap Sp := [0,1] thanh 2 tap con [0,5] va [§,1]. Do
day {z;} c6 vo han phan ti nén mot trong hai tap con nay sé c6 it nhat
mot tap chita vo han phan tit ctia day {z;}. Ta goi Sy 1& tap c6 tinh chat
nay va lay z;, 1a phan ti bat ki ctia day {z;} nam trong S;. Khoang cach
gitta hai dau mat cta tap S la 3

Ta lai chia tap S; thanh hai phan bang nhau, mot trong hai phan
nay phai chiia vo han phan tit ctia day {z;}. Goi Sy 1a phan chita vo han
phan tit ctia day {z;} va lay 2, 13 mot phan ti bat ki clia diy nam trong
S>. Khoang cach gitta hai diém dau mut ctia Sy 1a 1.

Tiép tuc lam nhu vay ta thu duge day cac tap con long nhau Sy O
S;1D---D28; D... sao cho mdi S; déu chita vo han phan tit clia day
{z;} va khodng cach gitta hai dau muat ctia S; la . Trén méi S; ta lay
mot phan ti bat ki z;, clia day da cho. Khi d6 véi moi e > 0 ta luon tim
duge N € N sao cho 55 < e véi moi j > N. Mat khéc ta lai ¢6 x;, € Sy
v6l moi 7 = N nén

|=73ij —a:ik\ < 2_N <e
v6i moi j,k > N.

Ta vita ching minh réng day {z;,} 1a mot day Cauchy trong R, nén

noé ciing la mot day hoi tu. ]

V6i Z,, 1a mot day di ciia Z theo chuan p-adic ta cling ¢6 mot két qua
tuong tuy.

Dinh 1y 4.7. Tap Z, la mot tap compact vdi topo cam sinh tu chudn
p-adic. (Hay néi mot cach khdc moi day xo,x1,...,2n, ... c6 v0 han phan
tw trong Z, déu cé thé trich ra dugc maot day con hoi tu trong Z,.)

Ohl/b'ng manh. Tu gié thiét x; € Zp ta c6 x; = (a,-jo,am,...) v6i aij; €
Z.)pTZ va théa man tinh chat aij+1 = a;; mod p/tL.

Do day {z;} c6 vo han phan tit nén trong p 16p dong du modulo p sé
6 it nhat mot 16p dong du by € Z/pZ 1a gia tri clia a; o vo han lan. Hay
no6i cach khac ton tai by € Z/pZ sao cho c6 vo han sb ctia day z; c6 khéi
déu la b()‘

Do chi ¢6 p 16p dong du b mod Z/p*Z thoéa man tinh chat b = by
mod p, nén ton tai it nhat mot 16p dong du b; mod Z/p?Z thoéa man
tinh chat b; = by mod p & gid tri clia a;; clia phan tt z; ¢6 khdi dau la
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bo vo han lan. Hay néi mot cach khéac sé c6 vo han phan ti clia z; 6
khai déu la (bo, bl)

Ctt tiép tuc nhu vay ta nhan duge phan tit z = (bg, b1, ..., bn,...) € Z,
la diém hoi tu ctia mot day con cta day {z;}. ]

Meénh dé 4.8. Cho P € Z[X] la mot da thitc vdi hé s6 nguyeén. Gid si
rang
P(z)=0 mod p"

luon c6 nghiém vdi moi s6 nguyén duong n. Khi dé ton tai x € Z, sao
cho P(z) = 0.

Chitng minh. Tu gid thiét ta c6 v6i moi s6 nguyén duong n ludn ton tai
an, mod p" théa man tinh chat

P(ap) =0 mod p".
Xét day cac phan tit z; € Z, duge dinh nghia nhu sau:
x; = (a; modp,..., aq modpifl,ai,ai,...).

Do Z, 1a mot tap compact nén tit diy trén ta luon c6 theé trich ra duge
mot day con {z;,} thoa méan tinh chat z;, — = € Z, khi j tién t6i +oc.
Diéu nay dan dén
i [P )l = [P
Mt khac ta lai ¢6 0 < |P(zi,)], < p~% < p~/ v6i moi j € N, nén theo
nguyén 1y kep ta co
lim |P(z;,)]p = 0.
]-}OO
Két hop hai dang thitc trén ta nhan duge |P(z)|, = 0. Diéu nay chi
xay ra khi P(x) = 0.
O

Mot trong nhitng phuong phap giai phuong trinh nghiém
hitu ty (nguyén ly Hasse dia phuong-toan cuc)

e Gia st phuong trinh P(z) = 0 ¢6 nghiém hitu ty thi né phai cé
nghiém thyc (nghiém hitu ty cing chinh 1a nghiém thuc) va nghiém
p-adic (viéc ton tai nghieém p-adic chinh 14 hé qua tryc tiép cia
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Meénh dé 4.8). Do d6 néu chiing minh duge rang hodc phuong trinh
khong c6 nghiem thiec, hodac khong c6 nghiem p-adic v6i mot s6 p
nguyen t6 nao do6 thi phuong trinh ciing khong c6 nghiém hitu ty.

e RAt tiéc rang dicéu kién c6 nghiem thyc va nghiem p-adic chi 1a diéu
kién can chi khong phai 1a diéu kien dia. Cé nhiing phuong trinh
c6 ca nghiem thiic va nghiém p-adic v6i moi s6 nguyén to p nhung
n6 hoan toan khong c6 nghiém hitu ty.



Bai tap ve Cac S6 p-adic

Cho k 1a mot truong va R, = {z € R: 2 > 0} 1a tap hop cac sb thuc
khong am.

Dinh nghia 4.9. Mot gia tri tuyét déi (doi khi ciing dugc goi la
chuan) trén & 1a mot ham s6
|| k>R,
théa man cac tinh chat sau:
1. || = 0 khi va chi khi = 0,
2. |zy| = |z||y| v6i moi z,y € k,
3. |z +y| < |z| + |y| v6i moi z,y € k.
Ching ta sé goi mot gia tri tuyet déi tren k la khong Acsimét
néu n6 théoa man thém dieu kién sau:
4. |z +y| < max{|z|, |y|} v6i moi z,y € k;
va 13 Acsimét néu nguoc lai.

Bai tap 4.2. Cho k 14 mot truong c6 hitu han phan tt. Chiing minh
rang chi c6 duy nhat mot gia tri tuyét doi trén k va né 1a gia tri tuyeét
d6i tam thuong (nghia 1 |z| = 1 v6i moi = # 0).

Dinh nghia 4.10. C6 dinh p 13 mot s6 nguyén té ndo d6. Véi moi
z € Q— {0} ta luon c¢6 thé bicu dién duy nhét dudi dang = = p(z)%
trong do vy(r) 1a mot sd nguyén nao dé phu thudc vao z; a va b 1a hai
sO6 nguyén nguyén to ciing nhau va nguyén t6é ciing nhau vé6i p. Ta dinh
nghia gia tri tuyét ddi p-adic ctia z € Q nhu sau

p @ néux £0,

|zfp = .
neu z = 0.



4.2 Chuan p-adic 55

Bai tap 4.3. Ching minh rang ham | |, la mot gia tri tuyet ddi khong
Acsimét tren Q.

Bai tap 4.4. Ching minh rang mot gia tri tuyét déi | | tréen Q 1a khong
Acsimét khi va chi khi |n| < 1 v6i moi n € Z.

Bai tap 4.5. Cho | | mot gia tri tuyet déi tren Q. Chitng minh réng
néu tap gia tri tuyet doéi ctia cac s6 nguyén bi chan bdi C' < oo thi | |
14 khong Acsimét hon thé va C = 1.

Dinh nghia 4.11. Cho & 14 mot truong va | | 1a mot gia tri tuyet doi
trén k. Ta dinh nghia khoang cach d(z,y) gitta hai phan tit z,y € k béi

d(z,y) = |z —yl.

Dinh nghia 4.12. Cho & la mot truong va | | 1a mot gia tri tuyet doi
tren k. Cho a € k va r € R.. Hinh cau md tam « ban kinh r 14 tap hop

B(a,r) ={x € k:d(z,a) <r}.
Hinh cau déng tam a ban kinh r 1a tap hop
Bla,r) :={r € k:d(z,a) <r}.

Mot tap con A C k dude goi 1d mé néu véi moi x € A luon ton tai
r > 0 sao cho B(z,r) C A. Tap con A dudc goi 1a déng néu k — A 1a mot
tap ma.
Bai tap 4.6. Cho k 1a mot truong va | | 13 mot gia tri tuyet doéi khong

Acsimét trén k. Ching minh ring

e Néu b € B(a,r) thi B(a,r) = B(b,r); néi mot cach khac moi diém
trong hinh cau md déu 1a tam ctia hinh cau mé dé.

e Néu b € B(a,r) thi B(a,r) = B(b,r); néi mot cach khac moi diem
trong hinh cau déng déu 1a tam ctia hinh cau déng do.

e Tap hop B(a,r) la mot tap vira dong vita ma.
e Néu r # 0, thi tap hop B(a,r) 1a mot tap vita déng vita md.

e Hai hinh cau md bat ki hofic roi nhau hodic chita nhau (ttc 1a mot
hinh cau sé duge chita hoan toan trong hinh cau khéc).
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e Hai hinh cau mé bat ki hodic roi nhau hosc chita nhau.

Dinh nghia 4.13. Cho k 13 mot truong va | | 1a mot gia tri tuyet doi
trén k. Mot tap hop S C k dudc goi 1a lién théng néu khong ton tai hai
tap mé Uy, Uy C k théa man céc tinh chat sau:

e U1 NUy :Q),
e S=(SNU)U(SNUy),
e C3 hai tap SNU; va SN Uy déu khac rdng.

Bai tap 4.7. Cho A va B la hai tap con lién thong ctia k. Ching minh
rang néu AN B # () thi AU B ciing 1a mot tap lien thong.

Bai tap 4.8. V6i moi z € k, ta dinh nghia thanh phan lién théng
cua z 1a hop clia tat ca cic tap con lien thong chita x ciia k. (Theo bai
trén, ta c6 thé hiéu thanh phan lién thong ctia « chinh la tap lién thong
16n nhat chita x cta k). Chitng minh rang néu gia tri tuyét doi trén k
khong Acsimét thi thanh phan lien thong ctia bat ki diém = € k nao ciing
chi chita duy nhat mot phan t va phan t do 1a «.

Dinh nghia 4.14. Hai gia tri tuyet d6i | |1 va | |2 trén k dugce goi 1a
tuong duong vdéi nhau néu moi tap md tuong tng véi gia tri tuyet doi
nay ciing 1a tap md tuong ting véi gia tri tuyet doi kia.

Bai tap 4.9. Cho hai gia tri tuyét déi| |; va| |2 trén k. Chiing minh
rang cac khang dinh sau la tuong duong:

e | |1va| |[2tuong duong v6i nhau;
e VG6i moi x € k, ta co |x[; < 1 khi va chi khi |z]s < 1;
e ton tai mot s6 thuc duong o théa man tinh chat v6i moi z € k ta
co
|1 = |x]3.
Bai tap 4.10 (Dinh ly ctia Ostrowski). Chiing minh réng moi gia tri
tuyet doi khong tam thuong trén Q thi tuong duong véi hodc 1a gia tri

tuyet doi thong thuong trén Q ho#c 1a gia tri tuyet doéi p-adic véi p 1a
mot sd nguyen té nao do.
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Bai tap 4.11 (Cong thiic tich). Cho x € Q — {0}. Chting minh réng

H |zfp =1

e )

trong d6 p < oo nghia la tich dudc 1ay trén toan bo cac s6 nguyeén té ciia
@, bao gom ci oo (6 day | | la gid tri tuyet doi thong thuong).

Dinh nghia 4.15. Cho k 14 mot truong va | | 1a mot gia tri tuyet doi
tren k.

e Mot day cac phan tit z,, € k duge goi 1a mét day Cauchy néu véi
moi £ > 0, ton tai M > 0 sao cho |z, — x| < € v6i moi n,m > M.

e Trudng k dudc goi la day du tuong tng véi gia tri tuyet déi | |
néu moi day Cauchy ctia k déu hoi tu trong k.

e Mot tap con S C k duge goi la trit mat trong k néu véi moi z € k
va e >0 ta co
B(z,e)NS #0.
Bai tap 4.12. Ching minh riang R 1a mot truong day du, Q 1a tap con
trit mat ciia R (tuong tng véi gia tri tuyet déi thong thuong).
Bai tap 4.13. Ching minh rang Q khong phai 1a mot truong day da
v6i bat ki gia tri tuyéet déi khong tam thuong nao.

Bai tap 4.14. Cho p 1a mot s6 nguyén t6. Ta ki hieu C,(Q) 1a tap hop
tat cd cac day Cauchy (tuong ting véi gia tri tuyet déi p-adic) cia Q.
Trén Cp(Q) ta trang bi hai phép todn nhu sau:

(zn) + (yn) = (Tn + yn),

(-Tn)(yn) = (-Tnyn)

Chiing minh rang véi 2 phép toan trén C,(Q) la mot vanh giao hoan c¢6
don vi.

Bai tap 4.15. Hay tim 2 day Cauchy (tuong tng véi gia tri tuyet doi
p-adic nao d6) khac day 0 ma tich ciia ching la day gom duy nhat phan
ti 0.
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Bai tap 4.16. Ta ky kieu N 1a tap hop con cia C,(Q) gom cac day
Cauchy tién dén 0.

N = {(xy) : lim |z,|, = 0}.
n—oo

Ta xét tap hop Q, trong d6 cac phan tit ctia n6 la cac tap hop c6 dang

(xn) + N
Trén Q, ta xay dung hai phép toan sau

((@n) +N) + ((yn) + N) = (20 +yn) + N,
((n) + N).((yn) + N) = (zn.yn) + N

Chitng minh rang Q, 14 mot trudng.

Bai tap 4.17. Cho (r,) € C,(Q) — M. Chiing minh réng ton tai N > 0
sao cho |zy|p = |zm|p V61 moi n,m > N.

Theo bai tap trén ta c6 néu (z,,) € C,(Q) thi day |z,[, hoi tu trén R.
Ta ¢6 thé viét lim,,—,oo |Z0p-

Bai tap 4.18. Ching minh rang néu (y,) € (z,,) + N thi limy,—e0 [Ynlp =
limy, o0 [2n]p. T d6 ta co thé dinh nghia dugc gia tri p-adic cho cac phan
tt A = (z,,) + N € Q, nhu sau

Alp = nlirrgo |Znp-
Bai tap 4.19. Chiing minh rang gia tri p-adic duge dinh nghia nhu &
bai trén 1a mot gia tri tuyet doi trén Q,.

Bai tap 4.20. Vi méi 2 € Q, ta dong nhat né véi phan ti (z) + N cla
Q, (6 day (z) 1a day gom toan cac phan tii ¢6 gia tri 1a z). Ching minh
rang Q trit mat trong Q, (tuong ting véi gia tri tuyet doi bai trén).

Bai tap 4.21. Ching minh ring Q, la truong day du tuong ting véi gia
tri tuyet doi & bai trén.

Dinh nghia 4.16. Vanh céac s6 nguyén p-adic 1

Ly ={x € Qp:|x]p <1}
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Bai tap 4.22. Ching minh rang véi moi z € Z,, luon ton tai mot day
Cauchy (ay,) hoi tu t6i x ¢6 tinh chat sau:

e a, € Z thoaman 0 < o, < p" — 1,
e V6i moi n ta cé oy, >~ a,—1 mod p™ L.
Hon nita day théa man tinh chat trén 14 duy nhat.

Bai tap 4.23. Chiing minh ring moi phan tit « € Z, déu c6 the viét
duéi dang

SE:b0+b1p+bgp2+~'-—|—bnpn+...
v6i 0 < b; < p— 1 va cach viét trén 14 duy nhat.
Bai tap 4.24. Chiing minh rang moi day z,, véi z,, € Z, déu c6 thé trich
ra dudc mot day con hoi tu. Hay néi mot cach khac Z, la compact day.
Bai tap 4.25. Cho p la s6 nguyeén t6 16. Chiing minh rang v/2 € Z, khi
va chi khi p ¢6 dang 8k + 1.

Bai tap 4.26. Cho k 1a mot s6 nguyén duong. Chitng minh ring vk € Zo
khi va chi khi & c¢6 dang 4%(8b + 1).
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Xap xi s6 thuc bang s6 hitu ti

5.1 Xap xi s6 thuc bing sé hitu ti

Cho a € R 1a mot sb thuc, ta biét rang c6 thé tim cac sb hitu ti b gan
q
o mot cach tuy ¥, néi mot cach khéc c6 thé lam nhé tuy ¥ dai luong

p
oa— —|.

q

Mot van de xay ra la khi ta co gang lam cho s0 hitu ti 2 tién gan dén
o thi chiing ta cling c¢6 thé phai lam cho tit va mau sb p, ¢ ngay cang
16n. Mot cau hoi duge dit ra 1a khi ta xap xi a bdi cac s6 hitu ti c6 mau
s6 khong qua 16n thi xap xi d6 sé tot dén mitc do nao?

(Do khi biéu dién mot s6 hitu ti dudi dang g ta luon c6 thé dé cho
mau s6 ¢ 1a mot s6 nguyén duong, nén trong cac phan tiép theo néu ta
khong giai thich gi thém thi mau s6 ctia mot s6 hitu ti sé luon 14 mot sd
nguyén duong.)

Xét truong hop o = 2 € Q 1a mot s6 hitu ti. Mot dieu hién nhien
14 a ¢6 thé duge xap xi mot cach chinh xac béi chinh né. Vay néu mubn
xap xi n6 bang céc sb hitu ti khac thi sao?

Vé6i moi s6 hitu t B# T (taco thé yéu cau rang ¢ la mot s6 nguyén
duong) ta luon co

1

mq —np
ng

nq

=

n q
Bat dang thitc cudi cting nhan dude do |mg—np| 13 mot s6 nguyén duong.
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Ta nhan thay ring cach duy nhéat dé co thé cho 2 tlen gan dén a 1a cho
q tién dén oo.

Téng két lai, trong truong hop « la s6 hitu ti thi n6 sé duge xap xi
hoan ho bdi chinh né, nhung diing s6 hitu ti khac dé xap xi thi lai khong
dugce tot.

Xét truong hop o la sd vo ti. Ta c6 két qui sau:

Ménh dé 5.1 (Dirichlet). Gid st a la mot s6 vo ti. Khi dé ton tai vo

s6 s6 hitu ti P sao cho
q

1

< .
q2

(5.1)

o —

3

Chatng minh. C6 dinh mot sd nguyén duong n. Ta xét n 4+ 1 sd dang
ia — [ia] v6i i € {0,1,...,n}: cAc s6 nay thuoc [0;1). Mat khac [0;1) ¢
thé phan hoach thanh n ban khodng nhu sau

0= pd) o[l oo [25).

Do d6, theo nguyén 1y Dirichlet, ton tai hai < < | < n sao cho
k +

<k<n

s0 0
k
ia—[ia] va ja—[ja] cung thudoc mot ban khoang lg
nao dé. Ta c6
6 =)o lia] + o] < -

Chon p = [ia] — [ja] vA ¢ = j — i thi p, ¢ 1a cac s6 nguyen, trong d6 ¢ > 0
va thoa man

Bay gid ta ching minh ¢6 vo han s6 £ nhu vay. Theo trén, vdi méi sb
q
nguyén duong n, ton tai cac sd6 nguyen p,, ¢, trong dé ¢, < n sao cho
1 1
aote| Lo
an ndn dn

V61 moi nl € N ta luén c6 thé chon duge N > n di 16n sao cho
|gnae — pu| > ~ (do o 1a 86 vo ti nén ta luon c¢6 g,a — p, # 0). Khi do6 hai
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phan s6 PN 3 P 13 khéc nhau. That vay, gia sit phan ching ta c6

qN dn
P _ |, PN 1
dn qN = N2
2 . £ £ 2 - P 1
Nhan c& hai vé bat dang thitc véi ¢, > 0 ta dude |p,a — gn| < q_n2 <%
(mau thuén véi diéu kién chon N). n

Trong cac phan tiép theo chiing ta sé trinh bay cach tiép can bai toan
xap xi bang cac s6 hitu ti mot cach c6 hé théng hon.

5.2 Day sb Farey

V6i mobi s6 thic « ta cho tuong tng v6i mot tia c6 goc 1a (0,0) va he
s6 goc la a (tia nay duge goi la tia «). SO hitu ti % tuong tng véi tia %;
tia nay di qua diém c6 toa do (n,m). Mot tia tuong tng véi s6 hitu ti ta
goi la tia hiru ti.

Lic nay bai toan xap xi s6 thuc a bdi cac s6 hitu ti duge dua ve viec
xac dinh cac tia hitu ti gan véi tia ca. Khi a 1a mot s6 thuce duong thi
tia a luon dugc chita trong hinh vudng n x n ndm trong géc phan tu
thtt nhat va c6 dinh 1a gbc toa do; hai canh nam trén hai truc toa do
(v6i o < 0 thi tia a luon ndm trong hinh vuoéng n x n déi xting véi hinh
vuong nay qua truc tung). Dé biét duge tia hitu ti ndo gan véi tia o ta
can biét cac tia hitu ti di qua diém nim trong hodc trén cac hinh vuong
vita duge nhac dén. Ta thu duge day s6 Farey sau:

Bac

;0 1 1
1 1 0

5 0 1 1 21
1 2 1 1 0
o 1 1 2 1 3 2 3 1

S 1332371 2110

Ta nhan thay day Farey c6 quy luat sau:
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o Néu & dong thit N + 1 xut hien £ khong c6 trong dong thit N va
q

néu

Zﬁ<g<pi+1
qi q qi+1

trong do Pi gy Pitl
4i qi+1
va q = q; + ¢it1.

14 hai s6 lién tiép & dong thit N, thi p = p; 4+ pit1

e V6i mdi s6 nguyén duong N, day Farey bac N, ki hieu Fy, 1a tap
tat ci cac phan sb t6i gidn ¢6 dang = trong d6 0 < p < ¢ < N duge
q

sap xép tang dan. Chang han

01121
A-{i3231)

o Néu 2% vy Pitl
qi qi+1 ,
dién tich tam giac tao bdi 3 diem (0,0), (g, pi) va (¢i+1, pi+1) bang

1

5"

12 hai phan s6 lién tiép clia mot day Farey bac N thi

Trong hinh vuéng N x N, gid st rang tia o nam gitta tia P va tia
qi

Pl G6i Pi - Pl s hai 56 lien tiép trong Fy; didu nay tuong dudng véi
di+1 4i di+1

Bica< B

i qi+1

Lic nay tia o di qua mién trong ctia hinh binh hanh tao béi 4 diém

N 2 s . Di T Di+1
(0,0), (¢ i), (Gi+1,Pit1) VA (i +Git1, pi+pi+1) (de ¥ rang tia m cling
1 1+
nim gitta 2 tia 2 va tia jlﬂ) Do d6 hoiic a nim gita 2 va Pitt Pit1
Qi+ Gi+1 qi N qi T Gi+1
hogc nim gitta L7 va PHLGiA sit o niim gitta 2 v 2P Ky
qi + Qiv1 qi+1 qi ¢ t qi+1
do
a_&<pz+pz+1_&: < '
gi ¢+ dgi+1 G| q(¢+dg+1) N

Di + Di+1

Bat dang thic cubi nhan dude do
qi + Qit+1

€JTN - qi+qi+1>N.
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Dinh 1y 5.2 (Hurwitz). Vdi moi so6 vo ti a, ton tai vo han so hiu ti ]3,

L

vdi (p,q) =1 sao cho
1

V52

a_fz‘<
q

(5.2)

Chiing minh. Gia st % va 2 12 hai phan s6 lién tiép trong diy Farey bac
N va % <a< 2 Ifhi do %, ZI;,% 1a cic phan s6 lieén tiép trong Fyii.
Khong mat tinh tong quat, gia st rang

a__atc
b b+d

Ta gia st phan ching rang dinh Iy Hurwitz 1a sai, khi d6 ta c6 v6i N
du 16n

( a 1
- >
a ;2 62\/5
c 1
Z_a >
a—+c 1
-0 = —.
b +d (b+d)2V/5

Cong hai bat ding thiic dau tién cho ta
c a 1 1 1
C_8s = (42,
i b7 (b2 * d2>

Do %,2 12 hai phan so lién tiép nén bc — ad = 1. Vay

b2 — bdv5 + d* < 0.

Diéu nay suy ra

— b
¢ < p <o
1 — —1
trong d6 ¢ = +2\/§ va ¢ = \/52 la hai nghiém ctia phuong trinh

X2 - 5X+1=0.Vil+¢=¢neén khi cong cac vé bat ding thiic trén
vOl 1 ta thu dugce
b+d

o< — (5.3)
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Mat khéc, cong bat ding thitc thi hai va thit ba roi lap luan tuong tu

cho ta bt d
b< <o

Diéu nay mau thuan véi (5.3).

Nhan xét. Hang s6 /5 trong (5.1) 1a tot nhat theo nghia: Ton tai s6 vo
ti o sao cho v6i moi s6 duong A > +/5 thi chi ¢6 hitu han phan sé hitu ti

P thod man
q
1

Ag®

p
a__

q

<

Dé xay dung s6 vo ti a ta xét day cac tia dude dinh nghia nhu sau:

e Tiat_; di qua diém v_; = (1,0).
e Tia to di qua diém vg = (0,1).
e Tia ti1o di qua diem vj1o = v; + vip1 V6i moi i > —1.

(Cht y: viec xay dung cac diém tiép theo l1a tong clia hai diém duge dinh
nghia truéc do6, xuat phat tit viec xay dyng hinh binh hanh c6 4 dinh 1a
(0,0), vi, vis1 VA v; + v;11 nhu trong cach xap xi mot sé thyc bang day
Farey.)

Goi (z,y;) 1a toa do clia cac diém v;, khi d6 biang quy nap ta c6 thé
thay rang v6i moi ¢ > 0, x; va y; tuong ting 1 phan ti thi ¢ va thit i + 1
cua day Fibonacci cho béi fo =0, fi =1 va fr12 = fat1 + fa-

Cong thiic tong quat cho phan tit thit n ctia day Fibonacci 1a (c6 thé
chiing minh bang phuong phap quy nap theo n):

fo = w——J(;E)n véi moi n > 0. (5.4)
Do d6

fnd = for1 = (-1)""18" = (_;i
Diéu nay dan dén
¢”1fn'

‘¢_fn+1

’fl
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Vé phai ctia ding thiic tién dén 0 khi n tién ra vo cling, nén cac tia t,
sé tién gan dén tia ¢ khi n tién ra vo cung.

Ta sé lay a = ¢. Gia st A 13 mot s6 thue duong sao cho c¢6 vo han s6
hitu ti g thdéa man

< —. (5.5)

Ag?

-
q

Do ¢ vd —¢ 1a 2 nghiém phan biét ctia phuong trinh 2> — 2 —1 =10
nén véi moi ]53 ta co

b4
q q

1
| = ?Ip2 —pg—q’| (5.6)
Vé tréi ctia (5.6) khac 0 do cd ¢ va ¢ déu la cic s6 vo ti, nén vé phai
clia n6 ciing phai 13 mot s6 khac 0. Vi thé |p? — pg — ¢?| > 1 va ta co

p

[ 1
-+ 0| = —. 5.7
243> 57)

Gia sit ta c6 day vo han cac s6 hitu ti %, v6i ¢; > 0 thoéa man diéu
kién (5.5), hay
1

- (5.8)

‘¢__ S A¢

Khi d6 ¢;¢ — Aiqi < pi < qid+ A_qiv va dieu nay kéo theo rang véi ¢; cho
trude ta chi ¢6 hitu han cac s6 p; dé cho s6 hitu ti % thoa man dieu kién
(5.5). Do d6 ¢; sé phai tién t6i oo khi i tién t6i oco.

Két hop (5.6), (5.7) va bat dang thiic tam giac ta thu dugc

<z (%)

2\

%3 - |2

va vi thé
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5.3 Lién phan sb

Trong phan nay ching ta tiép can véi mot cach khac dé c¢6 thé xap
xi mot s6 thuce bing cac s6 hitu ti. Y tudng clia phuong phap nay xuit
phat tt thuat toan Euclid.

Cho hai s6 nguyén a,b v6i b > 0, ta thyc hién thuat toan Euclid nhu
sau: ta lay a dem chia cho b dudce thuong 1a ag, du 1a rg v6i 0 < rg < b.
Néu 9 > 0 ta thuc hien phép chia c6 du b cho rg, dude du r1. Cit thé,
néu budée thit i ta nhan dude s6 du ;1 ma khac 0 thi ta thyc hién phép
chia c6 du r; cho riy; dé dudc du riyo. Thuat toan sé dimg lai khi phan
du ctia phép chia bang 0. Trong truong hop a va b 1a hai s6 nguyén to
cuing nhau, thuat toan chi Euclid cho ching ta diy cac dang thic sau:

a = apgb + o
b=airg+m
ro = agri + 19

1 = asro +1r3

Tk—3 = Ap—1Tk—2 + 1

Tk—2 = Qf.
Ta co
a T 1 1
a1+a a1+ 1
a1+ 1
“ETT
ay,

Mot biéu dién c6 dang nhu trén duge goi la mot bieu dién lien phan
2 . Q 2 .y a b N rj—2 L x.
so cua —. Ta dée y rang ag = {—J, ar = |—| vaa; = v6i moi
b b ro ri-1
i =2,3,... k.
Cho « 1a mot s6 thuc bat ki.
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e Néu o la mot s6 hitu ti, ta luon tim duge hai s6 nguyén a, b nguyén

t6 cting nhau va b > 0 sao cho a = 7. Thuat todn Euclid ¢ trén cho
phép ta tim dugc dang lien phan s6 cia a.

Néu o 1a mot s6 vo ti, ta khong thé dung phép chia Euclid  day, tuy
nhién viéc xac dinh cac gia tri ag, a;, . . ., a; nhu 14 phan nguyeén cia
mot s6 thie van c6 thé lam duge. Cu thé nhu sau: Ta lay ag = |a],

. , 1 P N ~ FS ~ ? . A
khi d6 @ = ap+ —. v6i oy > 1 la mot so vo ti. Ta lai lay a1 = |aq |
]

2 1 Lz _ _ .
va viet ay = a1 + —. Cu tiep tuc nhu vay ta xay dung duge mot
%)

day céc s6 nguyén aj va cac s6 vo ti a; bang cong thic truy hoi
nhu sau:

ar = [og]
1

ap —ag

Oyl =

(Do ay, 14 86 vo ti va ay 1a s6 nguyen nén oy, — ay # 0; diéu nay cho
phép dinh nghia phia trén ctia ching ta 1a c¢6 nghia.) Dat

1
rn = (ag,...,an) = ap + i

ay +

aj +

1
as +

1
BT

Qn

Do ag 1a cac s6 nguyén va a; > 1 véi moi ¢ > 1 nén day r, hoi tu
dén o (xem Bai tap 5.4). Ta thu dugc biéu dién lien phan s6 (vo
han) ctia 6 vo ti «

a = (ap,ay,...) =ag+ i . (5.10)
al +

al +
as +

1
1
as + —

Cac s6 r, dugc goi 1a xap xi thi n cla a.



5.3 Lién phan so6

69

Vidu 5.3. Ta c¢6

1+ —

Gid st —

tinh chat sau:

1. V6i moi n > 0 ta ludn cé |ag, — pp| > |agn+1 —

1
23"

ootnl o L

dn

2. V6i moi n >0 ta co

p
a__
q

3. Néu p thod man
q

(Tn).

4. Trong 3 phan sb lién tiép =

2q

pn Pn+1
Qn dn+1  Gn+2

phan sb P ma
q

p'l

V5q?2

Lién I}:)han s6 cho phép ngudi ta tim duge "xap xi t6t nhat" cia a.
1a phan s6 t6i gidn clia xap xi thit n clia a khi d6 ta cé cac

1 . N X 2 2 ~
< 5 thi b phai la phan t1 cua day
q

2 ~ s - 2 ~
, Pnt2 1uén cé it nhét mot

Hon nita sé6 v/5 khong thé lam tét hon dugc. Diéu nay cho

ching ta mot chitng minh khac cta dinh ly Hurwitz.

Nhan xét 5.4. Xap xi mot sé6 thuc bang day Farey va bang s

dung lién phan sé khdc giong nhau. Khi st dung lién phan so, dé

tim mot tia hitu ti mdi tién gan dén tia o, thay vi ching ta zdy dung cdc
hinh binh hanh vdi dinh thudc vao cdc tia da biét, thi ta st dung cdc a;.
Cach xay dung nay cho phép ta tién gan tia a nhanh hon cich cia dung

hinh binh hanh. Cu thé nhu sau (vdi a la mot s6 thuc dwong):

o Vin giong nhu khi lam viéc véi day Farey, ta khdi dau vdi 2 tia goc

tai (0,0) twong ing di qua diém vy = (0,1) va di qua diém v, =

(1,0).
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o Su khdc biet bat dau ti bude nay. Doi vdi day Farey ta sé lay tia di
qua diém us = vy + v1 la dinh con lai ctia hinh binh hanh cé 4 dinh
la (0,0), vg, vi. Doi vdi lien phan so, ta sé€ lay ag = o], sau dé zét
tia di qua diém ve = vy + agur.

e Tiép theo tuy thudc vao viéc tia o nam gida 2 tia nao dé zay dung
tiép.

Ngoai viec st dung lién phan sé dé xap xi mot so thuc bat ki bing
cac so hitu ti, né con c6 nhiéu tng dung khac chédng han nhu tim nghiem
ctia mot phuong trinh Pell 22 — dy? = 1 véi d 1a mot s6 nguyen duong 16n
hon 1 va khong ¢6 w6e chinh phuong khac 1. Gia st (z,y) la mot nghiém
cua phuong trinh Pell, khi d6 § c6 thé xem nhu la mot xap xi clia s6 vo
ti Vd. Vay dé tim 2 ta sé di tim phan sb lien tuc cia Vd.

Dé két thic bai gidng, ching ta sé nhic dén mot dinh 1y quan trong
cho thay lien phan s6 1a mot cong cu tot dé nghién ctu céc sd vo ti bac
hai. (Mot s6 vo ti o duge goi 1a vo ti bac 2 néu né 1a nghieém ctia mot
phuong trinh bac 2 véi hée s6 hitu ti).

Dinh nghia 5.5. Ta n6i mot lién phan s6 (ag, a1, ...) 14 tuan hoan néu
ton tai mot s6 nguyén duong r > 0 sao cho a4, = a, véi moi n du 16n
nao do.

Dinh 1y 5.6 (Euler-Lagrange). Khai trién lién phan so ciia mot s6 vo
ti o la tuan hoan khi va chi khi o la s6 vo ti bac hai.



Bai tap veé Lién phan so

Cho zg,x1,..., 2k, ... 1& cac s6 thuc v6i z; > 0 v6i moi i > 1. Ta xay
dung day céc s6 thuc {r;} va {h;, k;} bang quy nap nhu sau:

1
ro = (xo) := x0, rn = (20, T1,...,Tn) = <x0,x1,...,xn_1 +x_ Vn > 1,
n

ho=0,h1=1,hij=x;hj1+hi—o Vi 2=>0

ko=1,k_1=0,k =xiki1+ki_o Vi=0.

e Céac (xg,x1,...,2,) dudc dinh nghia nhu trén, duge goi la mot lién
phan s6 c6 do dai n dung dé biéu thi sé thuc r,. Ching dugc goi
chung la céc lién phan sé h@u han.

e Mot lien phan s6 dude goi la don gidn néu cac s6 z; xay dung nén
n6 déu la cac s6 nguyen.

Bai tap 5.1. Cho (ag,a1,...,a,) va (by,b1,...,by) 12 hai lién phan s6
hitu han va don gidn véi a, va by, 1a cac s6 16n hon 1. Chitng minh rang
néu

<a07a17' < 7an> = <b()7b17' . abm>
thi n =m va a; = b; v6i moi i chay tit 0 dén n.
Bai tap 5.2. Ching minh ring moi lién phan s6 hitu han déu la biéu
thi ctia mot s6 hitu ti. Nguoc lai moi s6 hitu ti déu c6 thé dugce biéu thi

bdi mot lien phan s6 hitu han. Hon nita méi mot s6 hitu ti c6 ding 2
cach biéu thi bang lien phan sb.

Bai tap 5.3. Chiing minh rang:
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. _1)i—1 e ..
o hiki1— hi_1k; = (—1)1_1 Va Ty — i1 = (ké);l v6l mol ¢ > 1.

L] hiki_Q — hi_gk‘i = (—1)i$¢ va Ty —Tj—9 = (];]163_? v6i in 1 } 1.

Bai tap 5.4. Gi su rang cac s6 z; 1a cac sd nguyén va z; > 0 véi moi
12> 1.

e Chitng minh ring h;/k; 14 mot phan sb toi gian.

e Chiing minh rang diy r, hoi tu. Hon nita ta c6 rop < lim;_ee 7 <
rok+1 VOl moi k € N.

Bai tap trén cho phép ta cé dinh nghia sau: “Mot day vo han cac so
nguyén xg, r1, ..., trong dé x; > 0 v6i moi i > 1, xac dinh mot lién phan
s6 don gian c6 do dai vé han (zg, z1,...). Gia tri ciia lien phan s6 d6
duge dinh nghia bdi limy, o (20, . .., Zn).”

Bai tap 5.5. Chitng minh réng gia tri ctia mot lien phan s6 don gian
c6 do dai vo han 1a mot s6 vo ti. Hon nita hai lien phan s6 don gidn c6
do dai vo han khac nhau thi c6 gia tri khac nhau. (Ta néi (zg,z1,...) #
(0,91, ...) néu ton tai i sao cho z; # y;.)

Bai tap 5.6. Chting minh ring moi s6 vo ti dugce biéu thi duy nhat béi
mot lien phan s6 don gidn c¢6 do dai vo han.

Bai tap 5.7. Cho ¢ 1a mot s6 vo ti duge bicu thi béi lien phan sé don
gidn c6 do dai vo han (zg,z1,...). Cho a/b 1a mot s6 hitu ti c6 mau sd
14 mot s6 nguyén duong. Chiing minh rang néu |£b — a| < |k, — hy| VO
moi s6 nguyén duong n nao do thi b > kyyq.

Bai tap 5.8. Stt dung ki hiéu ctia bai truéc. Chiing minh rang néu sé
hitu ti a/b v6i b > 1 thda man tinh chat

- 1
202

a

-3

thi ton tai mot s6 nguyén n sao cho a/b = hy,/ky.

Bai tap 5.9. St dung ki hiéu ctia bai truée. Chitng ming rang véi moi
_1
2k2 4

hn+1
kn+1

n >0 ta ludn co |§—Z—Z|<ﬁhoa(j ‘f—
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Bai tap 5.10 (Dinh ly ctia Hurwitz). Cho ¢ 1a mot s6 vo ti, chiing minh
rang ton tai vo han s6 hitu ti h/k thoa man tinh chat

— =< ——.
k V/5k2

Hon nita v/5 14 s6 t6t nhat (theo nghia néu ta thay /5 béi mot sb ¢ 16n
hon, thi khang dinh trén khong con ding nita).

h
i<

Mot lien phan s6 don gidn (zg,x1,...) c¢6 do dai vo han dudc goi 1a
c¢6 chu ky néu ton tai mot s6 nguyén duong n sao cho x, = x,,, voi
moi r du 16n. Mot lien phan s6 don gidn c6 do dai vo han dude goi 1a cé
chu ky thuan néu ton tai s6 nguyén duong n sao cho a; = aj4, v6i moi
12 0.

Bai tap 5.11. Chiing minh ring mot s6 vo ti duge biéu thi béi mot lien
phan s6 don gidn c6 do dai vo han va c6 chu ky khi va chi khi n6 ¢6 dang
a \/E P2 N s S ~ N ~ 2. ~ ~
jLT trong do6 a,b,c la cac so nguyén, ¢ # 0 va b > 0 khong phai 1a mot
sO chinh phuong.

Bai tap 5.12. Ching minh ring s6 vo ti & = ¢2Y% duge bidu thi bdi
mot lien phan s6 don gidn c¢6 do dai vo han va c¢6 chu ky thuan khi va
Chikhi§>1Va—1<§’<0trongdé§’:%g.

Bai tap 5.13. Cho d 13 mot s6 nguyén duong khong phai 1a s6 chinh
phuong. Chitng minh rang bicu thi lién phan sé don gian ctia v/d c6 dang

Vd = (ag,ay, as, - -, ar, 2ag)

V6i ag 1a phan nguyén ctia vd. O day dau gach ngang trén dau cac sb
ai,as, ... co6 nghia rang khoi cac sd6 d6 dugdce lap lai vo han lan.



CHUONG O

Phuong trinh Pell

6.1 Phuong trinh Pell

Ta xét phuong trinh
o? —dy* = 1. (6.1)

Chu y rang néu (x1,y1) va (x2,y2) 1a nghiem ctia (6.1) thi
1= (21 — dyi)(«3 — dy3) = (122 + dyry2)* — d(z1y2 + 2231)”.

Do do6 véi x3 = x122+dy1y2 va y3 = x1y2 +x2y1 thi (x3,y3) ciing la nghiém
ciia (6.1). Diéu nay cho phép ta dinh nghia mot phép toan hai ngoi trén
tap cac nghiém ctia phuong trinh (6.1) nhu sau:

(x1,y1) X (22,y2) = (122 + dy1y2, T1Y2 + T2y1).

Dé kiém tra thay x c6 tinh chat két hop, (1,0) la phan ti don vi
va phan tt nghich ddo ctia nghiém (z,%) 1a nghiém (z, —y). Do d6 tap
nghiém ctia phuong trinh Pell (6.1) ¢6 cau tric ciia mot nhém giao hoan.

Ké tit bay gio ta gid st d > 0 khong phai la mot sé chinh phuong
(diéu nay dan dén v/d 1a mot s6 vo ti bac 2). Gid st (z,y) v6i ,y > 0 1a
mot nghiém cia (6.1). Khi do6

T 1 1
T \/a' IS S
y y(z +yVd) 2y
Theo tinh chét ctia lien phan s6, & phai nim trong day cac xap xi r, = L2
Y an

ctia vd. Do dé6 dé tim nghiém ctia (6.1), ta chi can xét cac xap xi P quwge
an
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xay dung tit khai trién lien phan s6 ctia v/d. Theo dinh 1y ctia Lagrange,
ta biét rang khai trién lien phan sé ctia v/d 13 tuan hoan. Goi ¢ 1a chu
ky ctia khai trién, khi do:

e néu ¢ chin thi (p,_1,q—1) 13 nghiém ciia phuong trinh;
e néu ¢ 1é thi (par_1, gor—1) 12 nghiém ctia phuong trinh.

Tt nghiém vita tim dude, cling véi cau tric nhém giao hoan ciia tap
nghiém, ta hoan toan cé thé tim dudc tat ca cac nghiém con lai clia
phuong trinh.

6.2 Phuong trinh 22 + dy?> =n

Trong phan nay ching ta sé trinh bay thuat toin Cornacchia dung

dé tim nghiém nguyén ctia phuong trinh
? +dyt =n (6.2)

trong dé d,n 1a cic s6 tu nhién. Gia st (z,y) 1a nghiém ctia phuong trinh
khi d6 dua vao danh giad bat ding thic ta c6 22 < n va y? < n. Do dé
véi n cho truée phuong trinh chi c6 hitu han nghiém (z,y) va cac nghiém
nay théa man tinh chat z,y < /7.

Thuat toan sau cho phép ta di tim nghiém nguyén thiy (cac nghiém
(z,y) théa man tinh chat UCLN(z,y) = 1) clia phuong trinh trén:

e Budc 1: Giai phuong trinh dong du

22=—-d modn.

e Budc 2: Gia sit v < % la nghiém ctia phuong trinh dong du tren.
St dung thuat toan Euclid dé tim

9 =n mod r
r3 =ry mod ry
rive =1r; mod rj41 Vi = 1.

Cu thé hon 7y chinh 14 phan du ctia phép chia Euclid ctia n cho
r1, r3 chinh 1& phan du ctia phép chia Euclid ctia r; cho 79, véi moi
i > 1 thi r;19 chinh 1a phan du ctia phép chua Euclid ctia r; cho
ri+1. Ching ta sé dung lai khi tim duge r2 <n <72 .
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2
e Budc 3: Néu — drk = 5% v6i s 1a mot s6 nguyen duong, khi doé

(z,y) = (1%, ) 1a nghiém ctia phuong trinh 22 + dy? = n.

Nhudc diém ctia thuat toan nay la ta khong biét duge phuong trinh
¢6 nghiém hay khong.

D61 véi viec gidi mot phuong trinh Diophang bac 2 hai bién (z,y)
f(z,y) = 0 véi f la mot da thiic bac 2 c6 hé s6 nguyen (hay tham chi
nhiéu bién hén). Bing viéc st dung céc bién doi tuyén tinh ta c6 thé quy
vé viéc giai cdc phuong trinh Pell tong quat az? + by? = n (khi a.b < 0
phuong trinh nay cu xui rat giéng véi phuong trinh 22 — dy?> = n; khi
ab > 0 thi n6 lai cu xt kha gidng véi phuong trinh 22 + dy? = n). Do d6
viéc st dung mot cach linh hoat lién phan s6 hodc thuat toan Cornacchia
sé gilp ta c6 thé gidi duge nhitng bai gidi phuong trinh Diophang bac 2.
Tém lai dé gidi phuong trinh nghiém nguyén bac 2 ta sé thong qua hai
buéde sau:

e Giai phuong trinh dong du.
e Thuat toan Euclid / Phan s6 lien tuc.
Duéi day 1a mot vi du cho cach tiép can nay.

Dinh 1y 6.1 (Fermat). Cho p la s6 nguyén to 1é. Khi dé p la tong cia
hai s6 chinh phuong p = 2% +y> khi va chi khi p =1 (mod 4).

Chitng minh. e Budc dong du:

Gia st p = 22 + y? v6i =,y 1a hai s6 tu nhién ndo dé. Do p 1a s6
nguyén t6 nén UCLN(z,y) = 1 va z,y € F} = (Z/pZ)*. Vi thé la luon
c6 thé chon dudc a sao cho = = ya (mod p). Binh phuong ca hai vé
clia dong nhat thiic, 16i chia ca hai vé ctia n6 cho y? (c6 thé lam
duge dieu nay vi y € F) ta thu duge

a?>=—1 (mod p).
Diéu nay dan dén —1 14 mot s6 chinh phuong modulo p.
Ta lai co <_71) = (—1)%, nén —1 1a mot s6 chinh phuong modulo
p khi va chi khi 271 1a mot s6 chin. N6i mot cach khac thi

p=1 (mod4).
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e Budc Euclid: Xay dung nghiém nguyeén tit nghiem dong du.
Ta sé st dung thuat toan Euclid trong vanh cac s6 nguyén cia
Gauss:
Zii| = {m+in | m,n € Z}.
Vanh Z[i] 1a mot vanh giao hoan vé6i cac phép toan nhu sau:

(m+in) + (m' +in") = m+m' +i(n +n')

(m +in)(m' +in') .= mm' — nn’ +i(m'n +mn').
Trén vanh Z[i] ta c6 mot chudn chuan N; 1a mot anh xa tit Z[i] vao
7, dugce dinh nghia bdi cong thiic sau:

N(m +in) == m? 4+ n?.

Ta co

N ((m+in)(m' +in')) = (mm' —nn)? + (mn’ +m'n)?

= N(m+in)N(m' +in’).

Hay néi mot cach khéc, chuan ctia mot tich thi bang tich clia cac
chuan. Do d6 mot phan ti& m + in kha nghich trong vanh Z[i] thi
chuan ctia n6 sé phai kha nghich trong vanh Z. Mt khac trén Z
chi ¢6 2 phan tit kha nghich 1a {1}, nén néu m + in € Z[{]* thi
m? 4+ n? = 1. Bang tinh toan ta thu dudc

Zi)* = {1,-1,i,—i}.

Bai toan tim x,y € Z sao cho 22 +y? = p v6i p =1 (mod 4), lic nay
tré thanh tim s6 nguyén Gauss z + iy sao cho N(x + iy) = p.

Do p = 1 (mod 4) nén —1 1 s6 chinh phuong modulo p. Goi a la
nghiém ctia phuong trinh 22 + 1 = 0 trong F7. Ta co
pla®+1=N(a+i)=N(a—1).

Hon ntta (a 4 i) — (e — i) = 2i gan nhu nghich dio dugc trong vanh
Z[i] nén p*{ N(a+i) va p>t N(a —1i) . Do d6 néu ta c6 thé sit dung
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khai niém veé udc chung 16n nhat trén vanh Z[:], thi ta chi viec l1ay
x + iy = UCLN(a + 4, p) va ltc nay chic chin ta sé c6 N(x +iy) = p.
Viéc con lai clia ching ta la ching minh rang trén vanh cac so6
nguyén Gauss ta van c6 khai niem u6c chung 16n nhat. Diéu nay la
hé qua tric tiép clia ménh dé 6.2 dudi day néi rang trén vanh cac
sO nguyén Gauss ton tai mot phép chia Euclid.

[]

Meénh dé 6.2. Cho a va § la hai phan ti clia Z[i] vdi B # 0, khi dé ton
tai hai s6 nguyén Gauss v va p sao cho

a=py+p  N(p) < 5N() < N(B).

Chitng minh. Chuan trén Z[i] lién quan mat thiét véi khai niem gia tri
tuyet doi (hay con goi 1a module) clia mot s6 phiic: N(a + ib) = |a + ib|?.

Ta dong nhat tap cac sd nguyen Gauss véi ludi cac diem nguyeén trén
mit phang phiic. Moi s6 phitc déu sé nim trong (tinh c trén canh) mot
hinh vuong 1x1 véi 4 dinh nam trong Z[i]. Do dé ta luon c6 the tim dugc
mot phan t1t thuoce Z[i] (1a mot trong 4 dinh ctia hinh vudng vita nhéc
dén) sao cho khoang cach giita n6 va sé phiic duge chon khong vugt qua
1/4/2. Bay gio ta xét s6 phitc a/B. Goi v 13 dinh clia hinh vuong 1x1
chtta o/ va gan «/f nhat, Khi dé ta co

/B — | < 1/V2.

Nhan ca hai vé v6i |3] rdi binh phuong ci hai vé bat dang thitc nhan
dugce, ta co
N(a = pBv) < N(B).

Bay gio ta lay p = o — 3. ]

Nhan xét 6.3. 1. Khong giong nhu trén vanh cic so nguyén 7,
thuong va phan du trong phép chia Euclid trén vanh cdc so6 nguyén
Gauss khong duy nhat. Vi du, vdi a = 37+ 2i va = 11 + 2i, ta dé
dang kiém tra dugc:

a=38+A—4i), a=@-0)B+(2+Ti).

Tuy nhién né khong dnh hudng gi dén viéc chiing minh sy ton tai
cia khdi niéem udc chung lon nhat. Ta van st dung ching minh
tuong tu nhu trong vanh cac s6 nguyén.
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2. Vi d la mot so tu nhién khong chinh phuong, ta ciing cé vanh
Z[\/E] ={z +y\/3} la mot vanh giao hoan duogc trang bi mot chudn
N(z +yVd) = 2> — dyr. Khi dé Z[Vd]* = {x +Vdy | * — dy* = +1}.
Phuong trinh Pell cho phép ching ta tim cdc phan ti nghich ddo
dugc ciia vanh Z[\/d].

Hé qua 6.4. Phuong trinh 2 4+ y* = d c6 nghiém nguyén khi va chi khi
ordy(d) la mot s6 chdan vdi moi s6 nguyén t6 16 p = —1 (mod 4). Trong
dé ordy(d) la s6 mi n l6n nhat théa man tinh chat p™\d.



Bai tap ve Phuong trinh Pell

Xét phuong trinh Diophang sau day

z? — dy? = n. (6.3)

e Néu d 1a mot s6 chinh phuong, viéc giai phuong trinh dé tim nghiem
nguyen c6 thé thuc hien kha dé dang khi st dung hing déng thiic
a? —b? = (a — b)(a + b) va biét cach giai hé phuong trinh tuyén tinh
hai an hai phuong trinh.

e Ta quan tam dén viéc gidi phuong trinh trén cho truong hop d
khong 13 s6 chinh phuong. Ta c¢6 néu (z,y) 1a nghiém ctia phuong
trinh reftq thi (£, 4y) cling 14 nghiém ctia phuong trinh, vi thé
ta cling chi can tim cac nghiém khong am ctia phuong trinh 6.3 ma
thoi.

Bai tap 6.1. Cho d 1a mot s6 nguyén duong, khong c6 ude chinh phuong.
Chtng minh ring phan sé lien tuc biéu dién v/d tuan hoan, va c6 dang
sau

(ag, a1, ..., an—1,2aop)

Bai tap 6.2. Cho d 1a mot s6 nguyén duong khong c6 udc chinh phuong
va ¢6 phan s6 lién tuc ciia v/d duge biéu thi nhu bai trén. Goi py va g
14 hai s6 nguyén duong nguyén t6 ciing nhau théa man tinh chat

Pk
— = (ag,ay,...,ax).
q

(Pn—1,qn-1)  néun chin
(r1,91) = ) ?
(p2n—1,q2n—1) neéu n lé.
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Chtng minh rang (x1,%1) 1a nghiém ctia phuong trinh 22 — dy? = 1. Hon
nita n6 con 1a nghiém nhé nhat theo nghia néu (z,y) 1& mot nghiem
khong am ctia phuong trinh thoa man y > 0 thi y > ;.
Bai tap 6.3. Cho d 1a mot s6 nguyén duong khong c6 wde chinh phuong.
Chtng minh réng moi nghiém nguyén duong ctia phuong trinh 22 —dy? =
1 duge cho béi (z,,yn) v6i n = 1,2,... trong d6 z,,y, 1a cac s6 nguyén
duong dude dinh nghia béi z,, + Vdy, = (x1 + Vdy)" Véi (z1,y1) nhu &
trong bai tap trén.
Bai tap 6.4. Cho d nhu trong bai tap 6.2 va st dung cac ki hiéu cua
bai tap d6. Chitng minh rang
e Néu n chin thi phuong trinh 2? —dy? = —1 khong c6 nghiém nguyeén
duong.
e Néu n 1& thi (ug,v0) = (pn_1,¢n—1) 12 nghiém nhé nhat ctia phuong
trinh 22 — dy? = —1. Cac nghiém khac ctia phuong trinh c6 dang
Un = UpTp + dVUYn,  Vn = V0Tn + UYn,

trong d6 (z,,y,) 1a cac nghiém ciia phuong trinh 22 — dy? = 1 nhu

trong bai trén.
Bai tap 6.5. Cho p 1a mot s6 nguyén t6. Chiing minh rang phuong trinh
2? — py? = —1 ¢6 nghiém nguyén duong khi va chi khi p = 2 hodc p = 1
mod 4.
Bai tap 6.6. Cho p la mot sd nguyén t6 chia cho 4 du 3, chiing minh
rang lien phan s6 ctia /p ¢6 chu ki chén.
Bai tap 6.7. Cho m > 2 khong phai 1& mot s6 chinh phuong. Chiing
minh rang ton tai vo han bo gom m-+1 s6 nguyén duong lién tiép sao
cho méi s6 déu c6 thé viét thanh tong ctia m s6 chinh phuong (0 ciing
tinh 1& mot s6 chinh phuong, cac s6 chinh phuong khong nhat thiét phai
phan biét).
Bai tap 6.8. Cho N 1a mot s6 nguyén khac 0. Chitng minh ring néu
phuong trinh #? — dy? = N ¢6 nghiém nguyeén thi né c6 vo sé6 nghiém.
Bai tap 6.9. Giai phuong trinh nghiém nguyén duong sau:

r+y+z—2/ryz = 1.
Bai tap 6.10. Chiing minh ring c6 v6 s6 s6 nguyén duong n sao cho s6
nguyén nhé nhat 16n hon hodc bang v/2n 13 mot s6 chinh phuong.



CHUONG 7

Phuong trinh nghiém nguyén

Trong bai giang nay ching ta sé trinh bay viéc giai cac phuong trinh
nghiém nguyén dya trén phuong phap giam voé han cta Fermat.

Cho P 1a mot tinh chat lién quan dén cic s6 nguyén khong am va dat
(P(n))n>1 1a day cdc ménh de,

P(n): “s6 n théa man tinh chat P.”

Fermat dua ra mot phuong phap dugce biét dén véi tén phuong phdp
gidm vo han tat hiéu qui trong viéc chitng minh ménh dé P(n) sai véi
moi n du lén.

Cho k la mot s6 nguyén khong am. Gid si rang :

o khi ma P(m) ding vdi mot s6 nguyén m > k, thi sé phdi c6 mot so
nguyén j nhé hon, m > j > k théa man tinh chat P(j) ding.

Khi do P(n) sai vdi moi n > k.

Hay n6i mot cach khac, néu c6 mot s6 n théa man P(n) ding, ta co thé
xay dung dude mot day vo han cac s6 nguyén khong am n > ny > ng > ...
ma tat ci cac phan tit clia day nay déu 16n hon k, nhung diéu nay la
khong thé x4y ra; mot day giam vo han nhu vay khong ton tai.

Trong bai giang nay ta sé dé cap dén hai cach dé sinh ra day giam vo
han duge nhac dén & trén do 1a:

1. Luy thua.

2. Phuong phép nhay Vieta.
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7.1 Luy thua

Phuong phép st dung lity thita dé xay dung day giam bit nguon ti
mot hé qua truc tiép ctia tinh duy nhat ctia phan tich mot s6 tu nhién
thanh tich cac sd nguyén t6 (sai khac thit tu sip xép cac s6 nguyen t6).

Meénh dé 7.1. Cho z,y,z € N la cdc s6 tu nhién, théa man tinh chat
UCLN(z,y) = 1 va zy = 2". Khi dé ton tai hai s6 nguyén u,v € Z sao
cho x =u", y=v".

Phuong phap st dung lay thira thuong duge dung khi giai cac phuong
trinh dang Fermat.

Bai tap 7.1. Tim cac nghiém nguyén duong cta phuong trinh
Pythagore:

Loi gidi phdc thao. Ta co:
x2—|—y2:z2:>22—x2:y2:>(z—x)(z+x):y2

Ta c6 thé gid st rang x,y, z doi mot nguyén t6 cting nhau. (Vi néu p 1a
u6c chung 16n nhat ciia z,y thi tit phuong trinh ta cting thu dude p phai
14 wéc clia z. Bang viéc lay .y, 2 dem chia cho p, ta thu duge duge mot
nghiém mdi (x,y, z) cia phuong trinh ma lic nay z,y, 2 déi mot nguyén
t6 cting nhau.)

Do z,y, z d6i mot nguyén t6 cling nhau nén ta dé dang kiém tra dugc
rang u6c chung 1én nhat clia z — x v z 4+ 2 chi ¢6 the 1a 1 hosc 2.

Xét truong hop UCLN(z — z,z + z) = 1. Ap dung menh dé 7.1 cho
phuong trinh (2 — z)(z + ) = »?. Khi d6 ton tai hai s6 u,v € Z+ sao cho
(gid st y > 0):

9 2 2
Z2—T=1U .%':T

zdx=1> = Sy=ww
Yy = uv Z:T

Ta thu dugc dang nghiém tong quéat cho phuong trinh nghiém nguyén

2,2 _ 2
ety =z

Loi giai nay chua day da vi chua xét hét cac truong hop chén, 1&. Cac

truong hop con lai déu c6 thé gidi tuong tu nhu tren. O]
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Dinh 1y 7.2 (Euler). Phuong trinh 2®+y® = 23 khong cé nghiém nguyén
nam trong tap cdc s6 khac 0.

Phdc thdo chitng minh. Ching ta c6 thé tim dugc ching minh chi tiét
cua dinh 1y nay trén “Wikipedia: Proof of Fermat’s theorem for specific
exponents”. Y tudng ctia ching minh d6 1a néu (z,y,z) 13 mot nghiem
nguyéen duong ctia phuong trinh thi ta luon c6 thé xay dung dude mot
nghiém nguyén duong méi nhé hon bang cach sit dung lity thita. T d6
ap dung phuong phap gidm vo han dé thu duge diéu phai ching minh.

Bang lap luan giong bai tap phia trén, néu phuong trinh c¢6 nghiém
(x # 0,y # 0,z # 0) thi n6 ciing sé c6 nghiém (z,y,z) thoa man tinh
chat z,y, z d6i mot nguyen t6 cing nhau. Ta dé kiém tra ring trong 3 s6
x,y, z phai c6 ding mot s6 chén va hai s6 con lai phai 1a s6 1. Khong mat
tinh tong quat ta c6 thé gia sit 2 1a s6 chan. (Cha ¥ viéc phuong trinh
23 +y3 = 23 ¢6 nghiem tuong duong véi phuong trinh x3 + 33 + 23 = 0 ¢6
nghiém va ta c¢6 tuong tng 1-1 gitta nghiém ctia hai phuong trinh. Khi
nhin vao phuong trinh 23 4 43 + 23 = 0 ta thay dugc vai tro cua z,y, 2 1
nhu nhau.) Lic nay x,y 1a hai s6 1é. Dat x4y = 2u va x —y = 2v, phuong
trinh dugce viét lai nhu sau:

(u+v)+ (u—v)? =23
2u(u? + 3v?) =23

Do UCLN(z,y) = 1 nén UCLN(2u, u? + 3v?) chi c6 thé 1a 1 hosc 3.
Gia stt UCLN(2u, u? 4 3v?) = 1, 4p dung ménh dé 7.1 ta dugc

u® + 3v% = 53
(Trong trudng hgp con lai ta ciing tim duge mot bo ba s6 w, v, s sao cho
3w? + 0?2 = s3))
Budc khé nhat trong viec xay dung dude mot nghiém mdi clia phuong
trinh d6 la ching minh khang dinh sau:

“Gia st u2 + 3v2 = s, khi d6 ta luon tim dugc hai s6 e, t € Z sao cho:
s = e? + 3t2)

Ta nhan thay rang m? + 3n? = (m + /=3n)(m — v/=3n) ¢6 dang nhu
mot chuan clia mot s6 m + v/—3n. Diéu nay gdi ¥ ta xét mé rong trudng
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bac 2 cua Q 1a
K :=QvV-3] :=={m+nv-3|m,n e Q}.

Phép nhan cia trucng nay duge cho béi cong thic

(m+vV=3n)(m' +v=3n") = (mm' — 3nn') +v/ =3 (mn’ + nm’).

—— —
€Q €Q
Vanh cic s6 nguyén clia truong nay 1a vanh cic s6 nguyén Eisenstein
Ly = {m+nj|m,necZ}.

Trong d6 j = %j?’ 14 can nguyén thiy bac 3 ctia don vi.

Hinh 7.1: Hinh c4c s6 nguyen Eisenstein trén mit phang phiic

Gidng nhu vanh cac sé nguyeén Gauss, chuan trén vanh cac sé nguyéen
Eisenstein chinh 1a binh phuong ciia gia tri tuyét déi trén trudng so6 phiic
N(z+yj) = |v+jb|?> = 22 — vy +52. Ta dong nhat cac s6 nguyen Eisenstein
v6i s6 phiic tuong ttng. Hinh 7.1 chinh 13 hinh anh ctia cac s6 Eisenstein
trén mit phang phiec.

D@é nhan thay, moi s6 phtic bat ki luon sé nam trong (hoac trén canh)
clia mot tam gidc déu canh 1 ¢6 3 dinh 1a cic s6 nguyén Eisenstein. Do
do6 v6i moi z € C ta ludn tim dudge a € Zg sao cho

|z —a| < 1.

V6i hai s6 nguyén Eisenstein a,b € Zy théa man b # 0, khi d6 ta luon
tim dudc ¢ € Zg sao cho

a
- — 1.
’b q)<
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Lay r = a — bg, khi d6 ta ¢6 |r| < |n| (diéu nay tuong duong véi N(r) <
N(n)). Chung ta vita chiing minh rang cho truéc a,b € Zg thdéa man
b+ 0, ludn ton tai ¢,r € Zg sao cho

a=qb+r

véi N(r) < N(b). Hay noi cach khéac trén vanh cac s6 nguyen Eisenstein
ton tai phép chia Euclid. M#c du phan thuong va phan du ctia phép chia
khong duy nhat nhung ching ta vAn c6 duge thuat toan Euclid dé tim
u6c chung 16n nhat clia hai s6 Eseinstein va thu duge tinh phan tich duy
nhat thanh tich cic thita s6 Eisenstein nguyén t6 (mot s6 Eisenstein duge
goi 1a nguyéen t6 néu né khong thé viét thanh tich ctia hai sé Eisentein
khac don vi) clia cac s6 nguyén Eisenstein modulo mot phan tit don vi
(hay con goi 1a phan tit nghich déo dugce)

o= 1{1,4,5% —4, —5% —1}.

Tinh phan tich duy nhat dan dén, néu a, b, c € Zg théa man ab = 3 va
UCLN(a,b) = 1 thi ta luon tim dugc hai s6 p, q € L va hai sO o, f € L,
sao cho

a = p3a,b = q3ﬂ.

Quay lai chitng minh khang dinh. Dt o = v+ v/—3v = (u—v) +2vj €
Zy . T gia thiét ta c6 N(a) = ab= s> v6i b = u —/—3v = (u+v) —2vj €
Zy. Mit khéac ta c6 thé chitng minh duge raing UCLN(a,b) = 1, nén do
tinh phan tich duy nhat ctia vanh Zg ton tai p € Zg va a € Z sao cho
a=pda. Ta co s3 = N(a) = N(p)3. Vay N(p) = s. ]

Tuong tu v6i ching minh ctia dinh 1y Euler & trén, dé chiing minh bai
toan Fermat: “Phuong trinh z? + y? = 2¥ khong ¢6 nghiém tam thudng
(ttic 1a khong ¢6 nghiem ndm trong tap cic nguyen khac 0) v6i p > 2 1a
mot s6 nguyen t0”, ta xét truong cyclotomic (truong chia duong tron)
Q[¢p] v6i ¢, 1a can nguyen thiy bac p ctia 1. Ta nhan thiy rang néu c6
thé chiing minh dugc rang: “néu N(z) = rP kéo theo sit ton tai clia mot
phan tii y clia vanh céc nguyeén ctia Q[¢,] thdéa man tinh chat N(y) = r”
thi bai toan Fermat sé dudc giai quyét. Rat dang tiéc 1a vé mat tong
quét diéu nay khong dung. Véi p > 5, vanh céc nguyen cta truong Q[¢,]
khong con la mot vanh Euclid nita.

Trong 1y thuyét s6 dai s, ching ta c6 mot khai niem sb 16p (class
number) cho phép ta biét duge vanh can xét c6 phai 1a vanh Euclid hay
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khong. Goi N, 1a s6 16p ctia vanh cac nguyén ctia trudng Q[¢,]. Khi d6
vanh sé 1a Euclid néu N, = 1 va sé khong 1a Euclid néu N, > 1.

Mot sb6 nguyen t6 p duge goi la chinh quy néu p khong 1a ude ctia N,,.
Kummer da chitng minh rang bai toan Fermat dtng v6i moi s6 nguyéen
t6 chinh quy.

Nhan xét 7.3. Da so cdc s6 nguyén to nhé déu chinh quy, nén gidi
duogc bai todn Fermat cho nhiéu s6 nguyén to.

Bai toan md: Mot cau hoi duge dat ra 1a lieu vo han p nguyén to
chinh quy theo nghia ctia Kummer hay khong?

7.2 Phuong phap nhay Vieta

Bai tap 7.2 (IMO 1988). Cho a,b la hai s6 nguyén duong thdéa man

tinh chat ab+1 | a® +b?. Chitng minh ring ‘fbibf 1a mot s6 chinh phuong.

Loi gidi. Ta nhan thay bo (a,b) = (a,0) v6i a > 0 thoa man tinh chat

. N .2 . 232 2
ab+1=11a uéc clia a? + b? = 2. V6i bo nay hién nhien ta co & = &
14 mot s6 chinh phuong.

ab+1 — 1

Gia st (a,b) 1a hai s6 nguyén duong thda man tinh chat dé bai; ta sé
bién doi cap (a,b) dua vé dang suy bién nhic & trén sao cho giit nguyén

2 2
4 qrs o aitb
gla trl cua .

Dat ﬁ)ﬂ’f — k. Nhan ca hai vé ctia dang thic v6i ab + 1 ta thu dugc

phuong trinh

a? —kab+ (0> —k) =0 (7.1)

Day 14 mot phuong trinh bac 2 véi bién s6 a va tham s6 b, k. V6i b va
k c¢6 dinh, néu phuong trinh trén c6 mot nghiém nguyén a thi né ciing
phai ¢6 mot nghiém nguyén khac.

Gia st a > b > 0 va phuong trinh 2? — kbz + b> — k = 0 ¢6 mot nghiem
r1 = a. Khi d6 nghiém con lai ctia phuong trinh 1a 29 = kb—a = biT’k < b.
Cap mdi (b, z9) cling van thoa man dicu kieén ciia bai toan va

a® + 0>  x3+ b’
ab+1  xb+1°

Cach xay dyng nay van tiép tuc dugc thyc hién khi ma cip (a,b) van
con théa man tinh chat ¢ > b > 0. Tuy nhién diéu nay khong thé thuc
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hién vo han lan dudce, n6é phai dimg lai. Hay dén mot budc nao d6 thi
b =0 (chinh la dang suy bién).
OJ

Bai tap 7.3. Cho z,y € ZT 1a cac s6 nguyén duong théa man tinh chat

zy | 2 + y? + 1. Chitng minh rang xh;—i“ = 3.

Bai tap 7.4 (IMO 2007). Cho a,b € Z* 14 hai s6 nguyén duong. Chiing
minh rang néu 4ab — 1| (4a®> — 1)?, thi a = b.



Bai tap vé Phuong trinh dang Fermat

Bai tap 7.5. Xét phuong trinh Pythagore sau:

AT (7.2)
Mot nghiém (zo, v, 20) dude goi 1a nghiém nguyén thiy néu xq,yo, zo doi
mot nguyen té6 cing nhau. Ching minh rang mot nghiém nguyén thiy

(z,y, z) trong tap hop cac s6 nguyén duong ctia phuong trinh trén véi y
12 s6 chén c6 dang:

x:mz—nQ, Yy = 2mn, z=m?+n?

trong d6 m,n la cac s6 nguyén duong nguyén to6 cling nhau théa méan
tinh chat m > n vA m + n 1a s6 1&. Tu d6 suy ra phuong trinh trén c6
nghiém nguyén dang

z=k(m?—n?), y=2kmn, z=Fk(m?+n?),
(chting ta c6 thé dbi vai tro ctia  va y) trong d6 k,m,n € Z.

Bai tap 7.6. Chiing minh rang phuong trinh sau

oyt = 2
khong c6 nghiém trong tap cac so6 nguyén khac 0. Diéu nay dan dén
phuong trinh

ot oyt =2t (7.3)
khong c6 nghiém trong tap cac sé nguyén khac 0.

Bai tap 7.7. Cho n 13 mot s6 nguyén duong. Ching minh rang phuong
trinh Diophante

2?2 +3=n
c6 nghiém néu moi uéc nguyen t6 clia n c6 dang 3k — 1 phai c6 s6 mil
chén.
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Bai tap 7.8. Chiing minh rang phuong trinh Diophante

22 432 = B

c6 nghiém (g, yo, z0) VOi 29 14 mot s6 1€ va g, yo nguyen t6 cing nhau khi
va chi khi ton tai hai s6 nguyén «, 8 théa man tinh chat a # f mod 2,
UCLN(a,38) = 1, va

zo = a(a® —96%), wyo=23B(a®—pB%), 2 =a’+35%
Bai tap 7.9. Chiing minh rang phuong trinh Diophante
a4y =20 (7.4)
khong c6 nghiém trong tap cac s6 nguyén khac 0.

Cac phuong trinh (7.4),(7.3) la trusng hop dac biét ctia phuong trinh
Fermat:
a4yt = 2", (7.5)

trong dé n 14 mot sé6 nguyen duong 16n hon 2 va z,y, 2 14 cic s6 nguyen
khac 0.

Dinh 1y Fermat 16n (con duge biét véi tén 1a dinh 1y cudi ciing ctia
Fermat- FLT) khang dinh ring phuong trinh (7.5) khong c6 nghiém
trong tap cac s6 nguyén khac 0. Vao khodng nam 1630, bén 1é cudén sach
S6 hoc ctia Diophantus, Fermat da viét rang:

“Toi da tim duge 107 gidi cho bai todn nhung 1€ sdch nay qud nhd dé
o thé viét ra duoge l0i gidi.”

Fermat chi dua ra ching minh chi tiét cho truong hgp n = 4. Truong
hop tong quat da lam dau dau rat nhiéu nha toan hoc va phai mai dén
nam 1994, bai toan mdéi duge giai tron ven béi Andrew Wiles.

Bai tap 7.10. Ching minh ring néu phuong trinh Fermat khong c6
nghiém trong tap cac sé nguyén khac 0 véi n=k nao d6 thi diéu do cling
ding v6i n=Kkl véi [ 1a mot s6 nguyén duong bat ki.

Ap dung bai tap trén, cho phép ta chi can chiing minh bai toan cudi
cuing ctia Fermat cho trudng hgp n=p 14 mot s6 nguyen t6. Gia st phuong
trinh

al +0 =cP
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c6 nghiém trong cac sd nguyen khac 0. Khi d6 ap dung dinh 1y nho cia
Fermat ta c6

a+b=c mod p.
Néu ta chi xét cac bo nghiém nguyén thiy (nghia 1a cac a,b,c doi mot
nguyén t6 ciing nhau) thi ching c6 mot trong 2 dang sau:

(I) p khong la u6c ctia bat ki a, b, ¢ ndo.
(IT) p 1a wéc ctia duy nhat mot trong 3 s6 a, b, c.
Bai tap 7.11. Cho p, ¢ 1a hai s6 nguyén t6 1& phan biét sao cho
e néu 2P +y? + 2 =0 mod ¢ thi x,y hodic 2 =0 mod ¢,
e phuong trinh # = p mod ¢ (bién 1a t) khong c6 nghiém;
khi d6 phuong trinh a? + b = ¢ khong c6 nghiém loai (1).

Bai tap 7.12. Cho p la s6 nguyén t6 18 sao cho 2p+1 ciing 1a sd nguyén
t6. Chitng minh rang phuong trinh z? 4 y? = 2P khong c6 nghiém dang

(I).

Mot trong nhitng phat trién quan trong trong qué trinh tim 15i giai
cho bai toan FLT d6 14 moi quan heé gitta FLT va 1y thuyét vé cac duong
cong elliptic, day 14 mot van dé trung tam ciia nghién citu toan hoc hién
dai.

Cho K la mot truong (vi du nhu K = R,C,Q,...) mot duong cong
elliptic 13 tap hop cic nghiém (z,y) € K? clia phuong trinh

y? = 2% 4+ ax?® + bz + ¢

v6i a,b,c € K thoa man tinh chat a?b® — 4a3c — 463 + 18abc — 27¢* # 0
(D = a®b?® — 4ac — 4b® + 18abc — 27¢* chinh 1a biet thic ctia da thic
23 + ax?® + bz + ¢, biet thitc nay cho phép ching ta kiém tra xem da thiic
c6 nghiém boi hay khong). Taniyama - Shimura - Weil dua ra mot gia
thuyét (sau duge ching minh bdi Andrew Wiles vao nam 1994) rang
nhitng dudng cong elliptic nay c¢6 tinh chat modular (ta khong dé cap
sau vao khai niém nay 6 day).

Frey chi ra rang néu phuong trinh a? + b = P véi p 13 mot s6 nguyén
t6 1& ¢6 nghiem nguyén duong khi d6 duong cong

y? = x(x — aP)(x + bP)
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1a mot duong cong elliptic. Tuy nhién Ribet chitng minh duge rang duong
cong nay thi khong c6 tinh chat modular. vi thé dudng cong nay khong
ton tai, nén FLT phai ding.



CHUONG 8

Giai phuong trinh da thitic mot an - 1y thuyét Galois

Bai gidng nay ching ta sé st dung ly thuyét Galois dé giai thich ¥
nghia clia 161 gidi phuong trinh bac hai, bac ba mot bién. T d6 c6 mot
cach nhin téng quan vé viec giai mot phuong trinh da thitc mot bién.
Dinh nghia 8.1. e Mot phuong trinh da thic bac » mot bién 1a

phuong trinh c6 dang

" —art" 4 4 (=1)"a, = 0,
trong d6 a1, --- ,a, € k 14 cac tham s6 trén mot trudng k (dé tranh
nhitng phién toai khong can thiét ching ta yéu cau thém k& phai
chita can bac ba nguyén thily ctia don vi) va ¢ 14 mot an so.

e Giai phuong trinh la tim mot cong thic tong quat biéu dat an sb ¢

theo cac tham s6 ay,--- ,a,. Cong thic 1a biéu thic cta ai,--- ,ay,
stt dung bon phép toan thong thuong (+, —, x,:) va khai can.
Nhan xét 8.2. Trong dinh nghia trén ta thay cé mot s6 van dé sau:

e Ta dd biét rang phuong trinh da thic bac n c6 thé cé dén n nghiém,
vay thi ta mudn tim cong thic tong qudt dé biéu dat cho nghiém
nao?

o Khdi niém cong thitc viét ¢ trén rat khong on. (Liéu mot cong thiic
nhu vay cé ton tai hay khong?) Day chinh la khdi dau cia Iy thuyét
Galots.

Ta can dat lai bai toan nhu sau:

Gia st 1,79, -+, 2, 1& cdc nghiem ciia phuong trinh (khong nhat

thiét phai phan biét):
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" —apt" o (=), =0
Ap dung dinh 1y Bezout ta c6:
th — altn_l + -+ (—1)”an = (t — xl)(t — xg) e (t — l‘n)

So sanh hé s6 ciia hai da thiic trong hai vé ctia ding thiic trén ta thu
dugc cong thic Vieta (Viete):

.
a1 =x1+x2+ -+,

as = 2122+ -+ Tp—1Tn

L Ap = T1T2..Tp,

e Diat K = k(ay,as,--- ,a,) 1a trudng tat ca cac phan thic hitu ti n
bién ai, ag,-- -, ap.

e Dit L = k(xy, 29, ,1,) 1a truong tat ca phan thic hitu ti n bién
T1,X2,+ ,Tn.

e Dat &, 1a nhém cac hoan vi cia tap hop {1,2,--- ,n}. Nhom nay
con duge goi 1a nhém déi xiing clia n phan tii.

Tt cong thitc Vieta ta thay rang K 13 mot truong con ciia truong L. Véi
moi ¢ € &,, cam sinh cho ta mot tu dang cau truong (anh xa bdo toan
cac phép toan cong va nhan cia truong):

c:L— L

XT; — Lo (i)

Ta c6: moi da thic P(z1,...,2,) € k[z1,...,7,] bat bién doi véi tac
déng cua S, (nghia la P(:L’l, e ,xn) = P(:L’U(l), . ,:L"U(n)) vOl moi o € Gn)
déu c¢6 thé biéu dat nhu mot da thic cla ar,ag,-- -, an (xem thém bai
tap 8.5). Do d6 K khong chi la trusng con clia L ma né con la trusng
con cac phan tit bat bién (dudi tac dong ctia &,) ctia L. Diéu nay kéo
theo L la mot mé rong Galois ciia K va L 1a mot K-khong gian véc to
c6 n! chiéu.

Vi du 8.3. Da thic a? + ay la mot da thiic bat bién (khi zét né la da
thiic ciia cdac bién x1,--- ,xn).
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Ltc nay bai toan giai phuong trinh da thitc mot bién c¢é thé quy vé
viéc nghién cttu mé rong truong L/K.

8.1 Phuong trinh bac hai

Ta sé tim hiéu cong thitc nghiém ciia phuong trinh bac 2 tong quat
22— aix +ag =0

tit goc do md rong truong. Trong truong hgp n = 2, truong L = k(x1, x2)
1a mot khong gian véc to hai chiéu trén truong K = k(a1,az). Nhom G,
c6 hai phan tit 14 phép dong nhat id va phép hoan vi o = (1,2) tac dong
len L theo cong thiic o(z1) = x9 va o(x2) = 1. Ta c6 thé coi o : L — L 1a
tu dong cau K-tuyén tinh ctia khong gian véc to L thoéa man tinh chat
02 = 1. Dua vao anh xa tuyén tinh nay, ta c6 thé phan tich L tong truc
tiép clia hai khong gian con

L=L,&L_,

v6i Ly ={z € L|o(x)=2}=KvaL_ ={reclL]|ox)=—z} (Tong
truc tiép duge hiéu 1a v6i moi phan tit z € L ta luon ¢6 mot va chi mot
cach viét 2 = 2, +2_ sao cho x4 € Ly vA 2_ € L_.) Hon nita, ta dé y
rang néu r € L_ thi 22 € Ly (do o(2?) = o(z)? = (—2)? = 22).

Bay gio 21 viét duge duy nhat thanh téng ctia mot phan t& thuoc L.
va mot phan ti thuoc L_ nhu sau

Tr1+r2 X1 — X2

Il =

2 2
e e
eK eL_
_ar  T1— X2
2 2

Theo nhan xét trén ta co
A= (z1 — 29)? = (21 + 22)? — dx129 = a2 — 4a3

la mot phan ti thuoec K. Diém qua trong ¢ day la A la mot phan ti
thudéc K con cong thitc tuong minh ctia né nhu moét da thic cta aq, as
thuc ra khong qua quan trong.
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Nghieém z; viét duge thanh téng ctia mot phan ti thuoc K va mot
phan tit ¢6 binh phuong thuoc vao K. Nhu vay ta da viét duge z; nhu 1a
mot biéu thiic dai s6 clia cac bién ay,as v6i bén phép toan thong thuong
va can bac hai.

8.2 Phuong trinh bac ba

Trong trucng hop n = 3, trucng L = k(x1,x2) 1la mot khong gian véc
to 6 chiéu trén truong K = k(a1, az) véi 21, x2, 3 13 nghiém clia phuong
trinh bac ba tong quéat:

3 —a1t2 + ast — a3 = 0.

Nhém &3 13 mot nhém c6 6 phan tit. Rat dang tiéc 14 nhém nay khong
giao hodn. Mot phan tit 0 € &3 bién phan tit 1 — 2,0y, 22 = Z4(9),
T3 = Ty(3) 56 duge thé hien béi bang sau

1 2 3
o(1) o2 o(3))

Néu biéu dién mot phép hoan vi ¢ nhu mot do thi cé huéng véi ba dinh
14 21, 79, 73, cAc canh ¢6 huéng ctia d6 thi (cAc miai tén) 1a cac m’—a(lg thi
do thi sé 1a hop rdi clia cac chu trinh. St dung cach thé hien bang chu
trinh ta c6 phan loai cdc phan ti cia nhém &3 nhu sau:

. kd X X 2 . 1 2 3 X . 2 ~ X
e Loai 1: chi gom phan ti don vi (1 ) 3) ; do thi ctia n6 gom 3 chu
trinh ¢6 do dai 1.

N N 1 2 3 1 2 3 1 2 3 N
e Loai 2: gom 3 phan tit : , ; do thi
21 3 3 21 1 3 2

ctia chiing gom mot chu trinh c¢6 do dai 2 va mot chu trinh c6 doi
dai 1.

3 1 3 1 2

c6 mot chu trinh c¢6 do dai 3.

) N . . (1 2 3 1 2 3 S 1 . . ,
e Loai 3: gom 2 phan tu (2 ) , ( ) : do thi cua ching chi
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Dong cau dau sgn : &3 — {£1} ~ Z/2Z gan cho 3 phan t1t loai 2 dau
—1 va 3 phan t1t con lai dau 1. Hat nhan ctia dong cau dau

ker(sgn) := {063 € [sgn(o) = 1}

1a nhém thay phién A3 ~ Z/3Z. Nhém nay c6 3 phan ti 1a:

1 2 3 1 2 3 1 2 3
1 23/ \231/)'\3 12/
Ta c6 day khdp sau:

1— Az — S3 2 {+1} - 1.

Day khép nay cho phép ta chuyén tit viéc nghién citu mé rong trusng
L/K chiu tac dong clia nhém &3 (khong giao hoén) vé nghién citu cac
md rong truong trung gian chi chiu tac dong ctia nhém A3 hoac nhém
{#1} don gidn hon (v quan trong la ching giao hoan). Cu thé ta goi M
la truong con cta L duge dinh nhu sau:

M:={x e L|{(zx)=x, Vo As}.

Theo 1y thuyét Galois, M 1a mot K-khong gian hai chiéu va L 13 mot
M-khong gian véc to 3 chiéu. Hon nita md rong L/M chiu tac dong clia
nhom A3 va mé rong M/K chiu tac dong ctia nhom {pm1l}.

Goi ¢ 1a phan t1t ctia {+1} tac dong khong tam thuong len M/K. V6i
lap luan tuong ty nhu khi lam viéc véi da thitc bac hai, M c6 thé viét
thanh tdng truc tiép ctia hai K-khong gian con 1 chiéu

M=M,&M-_.

Trong d6 My = {zx € M|e(z) =z} = K va M_ = {x € Mle(z) = —x}. Do
M_ 1a mot khong gian véc to 1 chiéu nén cac véc to clia né sé 1a mot
boi s6 clia mot véc to khac 0 bat ki. Viec c6 thé xay dung dude mot véc
to khac 0 ctia M_ sé& gitp ta hiéu nhiéu hon vé mé rong M/K. Gia sit
r € M_ C L, khi db ta c6 o(x) = sgn(o)xr v6i moi ¢ € &3. Cach thong
thuong dé xay dung cac da thitc c6 tinh chat nay, do 1a bat dau tit mot
da thitc bat ki z € L va xét tong dan dau:

Z sgn(o)o(zr) € M_.

€G3
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Lay z = z173, ta duge phan ti

0= Z sgn(o)o(z) = (v1 — z2)(r2 — x3)(x3 —x1) € M_.
ceB3

Binh phuong ctia 6 € M_ 1 phan tit
A= €K
. Phan tit A nay con dudc goi la biét thitc va hién nhién no cé thé viét
duge dudi dang nhu mot da thiic ctia aq, as, as.
V6i mé rong L/M ta cling c6 thé lam tuong ty. Ta ki hieu ¢ =

2 31

duéi tac dong ciia nhéom 23 nén ta cé thé xem téc dong ciia o lén L nhu
mot dong cau M-tuyén tinh thda man tinh chat ¢ = 1. Do d6 ta c6 the
tach L thanh tdng tryc tiép ctia 3 M-khong gian véc to con c6 sb chiéu
biang 1:

1 2 3 N . . , R . < 2 - £
( ) la phan ti sinh ctia nhéom luan phién (3. Vi M bat bien

L:LO@LI@L27

véi L; 1a khong gian cac véc to o € L sao cho o(x) = pla véimoii € {0, 1,2}
VA p = e5 1a cin bac ba nguyéen thiy cta don vi da duge cho tit dau.
Hién nhién ring Lo = M va néu z € L; thi ta ludén c6 z° € Ly. Bing giai
thitc Lagrange ta c6 thé xay dung cac phan ti sinh ctia M-khong gian
véc to Ly va Lo:

& = p*ay + pro+ w3 € Ly, & = a1 + prg + pias € Lo.

Vié& € Ly, & € Lo nénfi”eMVéfg’EM. Ta lai c6 M = K @ K¢, nén
ton tai oy, f1, a9, f2 € K sao cho

& =a1+p10, & =0+ Bad. (8.1)

Dén day viéc giai phuong trinh bac ba coi nhu da hoan thanh. Dé
tim cong thitc cho nghiém z; ching han, ta chi can viét né thanh t6 hop
M-tuyén tinh ctia 1, & va &t

=t e

CINIS R 15
3 3 3

Roi diing cac dang thitc ¢ (8.1) dé viét né vé dang can thitc lien quan
dén cac bién aq, ag, as.
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Diém mau chét ctia giai phuong trinh bac ba nidm & cau tric cla
nhém déi xiing S3

1> A3— G353 — {£1} = 1.

8.3 Phuong trinh bac bén

Giéng nhu trong cac truong hop trén, dé giai phuong trinh bac bén,
ta can nghién citu cau tric cia nhém &4. Nhém nay 1a mot nhém co 24
phan tit v ciing 14 mot nhom khong giao hoan. Ta can phai biéu dién
&4 nhu mot mé rong lién tiép clia cac nhéom giao hoan. Nghia 1a ta can
phéi tim day lién tiép nhitng nhém con chuan tic

1=Go9G19--- 4G =64

sao cho G;/G;—1 1a cac nhom giao hoan.
Xét dong cau dau sgn : &4 — {+1}. Hat nhan ctia déng cau nay la
nhém thay phién 204 c6 12 phan tit. Cac phan tit cia nhém nay gom:

e Loai 1: phép hoan vi dong nhat; do thi ctia n6 gom 4 chu trinh c6
do dai 1.

e Loai 2: Ba phép hoan vi ¢6 do thi 1a hgp ctia hai chu trinh c¢6 do
dai 2. (Do ta chi ¢6 3 cach chia tap {1,2,3,4} thanh 2 tap con ma
mdi tap c6 dung 2 phan tit ).

e Tam phép hoan vi c¢6 do thi 14 hop ctia mot chu trinh do dai 3 va
mot chu trinh do dai 1. (C6 4 cach dé chia tap {1,2,3,4} thanh 2
tap con ma maot tap c6 3 phan ti va tap con lai c6 1 phan tit. Trong
mdi cach chia tap, ta lai ¢6 2 cach dé tao ra chu trinh ¢6 do dai 3.)

Goi V3 1a nhém con ctia 204 gdm cac phép hoan vi thuoc loai 1 va 2 ké
trén. Ta c6 V3 ~ (Z/27)* va A4/ V3 ~ 7/37.
Ta thu dugc day lién tiép cAc nhém con chuan tic (théa man yéu cau

phia trén) nhu sau:
14V3 <92y 96,4.

T do6 ta xay dung dugc cac md rong trung gian

KCK1CK2CL,
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v6i K1 1a truong cac phan t1t cia L bat bién dudi tac dong ctia nhom Ay
va K 1a truong cac phan tit clia L bat bién dudi tac dong ctia nhom V.
Khi d6 mé rong K;/K 1la mé rong bac 2 chiu tac dong ctia nhom Z /27,
Ky/K; la mé rong bac 3 chiu tac dong ctia nhéom Z/3Z va L/K, 1a mé
rong bac 4 chiu tdc dong ctia nhém (Z/27Z)%. (Mot mé rong L/K c6 bac
13 n néu nhu L 1d mot K-khong gian véc to n chic¢u.) Ta c6 thé tiép tuc
lap luan nhu trén dé thay ring da thic bac 4 c6 thé gidi duge bang cin
thiec.

Phuong phap nay khong thuc hién duge v6i phuong trinh bac nam
tré len vi nhém luan phiéen 2, cia &,, v6i n > 5 13 mot nhém don. Dieu
nay dan dén nhom &, khong thé biéu dién duge nhu mé rong lien tiép
cua cac nhém giao hoan.



Bai tap vé Giai phuong trinh bac thiap, nhém Galois

Nhém dbi xing va da thitc déi xing

Cho tap hgp T # (. Khi ay tap hop S(T) cac song anh (céc phép thé)
cua T cung v6i phép toan hop thanh lap thanh mot nhém. Dac biét khi
T ={1,2,...,n} thi nhom S(T') dugc ky hiéu la S,, va dugc goi la nhom
doi xiing trén n phan ti.

V6i mdi a € S, ¢6 thé bidu thi mot cach tu nhién nhu sau

o 1 2 ... n
al) a@2) ... a(n))

Cho 1, 29,...,7; 12 cac phan tit phan biét cia T = {1,2,...,n}. Ta

ky hiéu (x1,z2,...,2;) 1a 4nh xa bién cac phan ti khac z; thanh chinh
no6 va bién z; thanh z;.1 (1ay modulo k). Phép thé nay dugc goi 1a mot
xich c6 do dai k trén tap nén z1,...,z.

Bai tap 8.1. Moi phép thé a € S, déu c6 thé phan tich thanh tich cta
céc xich c6 tap nén la rdi rac.

Bai tap 8.2. Biéu dién cac phép thé sau dudi dang tich nhitng xich roi
rac.
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123 45 6
65324 1)
Cho a € S, 1a mot phép thé, dau ctia né6 duge dinh nghia bdi cong

thic : :
sgn(a) _ H Oé(j) —Oé(l)‘

i
1<i<j<n J

Mot phép thé dude goi 1 chdn néu dau ciia né bang 1, va 1a mot phép
thé 1é néu dau ctia n6 biang -1.

Bai tap 8.3. Chiing minh ring:

e sgn(ao ) = af.

o sgn((z1,z9,...,21)) = (=1)F 1,
Bai tap 8.4. Cho « € S, 1a mot phép thé. Chiing minh rang o luon cé
thé viét thanh tich ciia cac xich ¢6 do dai 2 (khong nhét thiét phai la roi
rac). Hon thé nita dut cach viét thé nao thi s6 lugng cac xich phéi luon
luén ch&n hoac ludn luon 1é.

Cho A 1a mot vanh giao hoan ¢6 don vi (vi du nhu A = Z tap hgp céc
s6 nguyén), mot da thitc bién x 1ay hé s6 trén A 1a mot ham c6 dang

P(z) = apz"™ + an—12" 1+ -+ a1z + ao,

trong d6 n 14 mot s6 ty nhién nao do, cic a; € A. Ki hiéu Afz] 1a tap hop
cac da thic c6 dang nhu vay. Ta hoan toan c6 thé dong nhéat da thic
P(x) v6i bo (ag,ai,...,an,...) véi cac a; € A va chi c¢6 hitu han cac q; 1a
khac 0 (viéc dong nhat nay c6 1gi thé dé 1a cho phép ta dinh nghia tong
va tich ctia 2 da thitc mot cach dé dang hon). Trén A[X] ta c¢6 hai phép
toan cong va nhan da thic nhu sau (chinh 1a 2 phép toan cong va nhan
ma chung ta da biét)

(ao,al,...,an,...)—I—(bo,bl,...,bn,...) = (a0+bo,a1—i—bl,...,an—I—bn,...),
(ag,ar, ... an,...).(bo,b1,...,bn,...) = (Co,C1y- - yCpynt),
trong do6 ¢; = Zogkgi agb;_. V61 hai phép toan nay A[z] ctia ching ta la

mot vanh giao hoan c6 don vi, vanh nay duge goi 1a vanh cac da thic
mot bién lay heé s6 trén A.
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Biang quy nap ta hoan toan c6 thé dinh nghia dudc vanh céc da thiic

n bién Alzy1,29,...,2,) 1dy hé s6 trén A la vanh da thitc mot bién 1ay he
so trén Alxy,...,r,_1], hay néi cach khac:
Alxy,xe, ..., xn] = (Alxy, x2, ..., 2p—1]) |20

Mot da thic Pz, x2,...,xy,) € Alz1,22,. .., 2, dude goi la déi xting
néu nhu ta hoan vi cac bién x1,xs,...,2, thi da thic vAn khong thay
doi, hay néi mot cach khéc

P(xl,xz, o ,a:n) = P(xa(1)>xoz(2)a ces ,xa(n)) Ya € Sy,

Chiing ta c6 cac da thiic n bién d6i xung co bdn sau:

“o = szl - T +x9+ -+,

az = Zz’<j Tixj = mrot+TiT3+ -+ Tp_17n
ar = Zi1<i2<'-~<iT Tiy LTiy - - - Ty,

an = T1T9 ... Ty

Bai tap 8.5 (Dinh ly vé cac da thiic ddi xiing). Chiing minh rang moi
da thitc dbi xiing P(x1, 2, ..., 2,) € Alzy, o, ..., 2, déu c6 thé viét duge
dudi dang (duy nhat) mot da thitc v6i cac bién la cac da thiic co ban &
tren v6i he s6 trén A, hay néi mot cach khac P € Alay, ag, ..., a,]. (Goi

11 ,.12

y: trén cac don thic zi'z3 .. .z!n ta trang bi mot quan hé thi ty nhu sau

i1 o in J1,.J2 Jn
Ty Ty ... Ty >T7Ty ... Ty

Zik>2jk
k k

hodc Y, ix = >, ji thi phai c6 mot chi s6 s ndo d6 thoa man tinh chat
ip = jr VOl moi k < s va ig > js. Khi d6 ta c¢6 thé chon dudc di,ds, ..., d,
sao cho don thiic 16n nhét ctia af'ad? ... ad» ciing 1a don thitc 16n nhat
clia P. Bing cach lay P trit di mot boi s6 ctia af'a? ... ad» ta thu dugc
da thitc méi c6 don thitc 16n nhat nhé hon don thitc 16n nhat cia P, tit

d6 nghi dén viéc quy nap.)
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Pa thitc bat kha quy

Cho A la mot mién phan tich duy nhét (vi du nhu A = Z hoic
A la mot truong nhu Q,R,C hay F, = Z/pZ v6i p 1la mot s6 nguyén
t6,...). Mot da thiic P € Afz] dugce goi 1a bat kha quy néu né khac 0,
khong kha nghich va khong thé phan tich duge thanh tich clia hai da
thitc khong kha nghich c6 hé s6 trong A.

Bai tap 8.6. Chitng minh ring moi da thitc P € Afz] déu c6 thé phan
tich thanh tich clia cac da thiic bat khi quy vd phan tich nay 1a duy
nhat sai khac mot cach siap xép cac da thic bat kha quy. (Cha ¥ ta coi
hai da thic bat kha quy sai khac mot hing s6 kha nghich ctia A 13 nhu
nhau).

Trong phan cudi nay ching ta quan tam dén hai trudng hop hay giap
trong cac ki thi hoc sinh gidi qubc gia dé 14 A = Z. Mot trong nhiing
khé khan khi lam viéc trén vanh Z[z] 14 ta khong thé lic nao ciing lay
cac hé sb chia cho heé s6 dau ctia da thic duge, ma ta chi ¢6 thé lay cac
hé s6 chia cho u6c chung 16n nhat ciia ching. Chinh sy phiic tap nay
dan ching ta dén dinh nghia sau:

Dinh nghia 8.4. Cho f =Y ja;z' # 0 v6i q; € Z. Ta goi lugng clia
f 1a u6c chung 16n nhat ctia cic a; va ky hiéu 1a cont(f). Hay néi cach
khac cont(f) := UCLN(ay,ag, ..., a,). Mot da thic f c¢6 cont(f) =1 dugc
goi 1la mot da thiic nguyén thuy.

Dé dang ta thay f = cont(f)g véi g 1a mot da thiic v6i hé s6 nguyén
c6 lugng 1a 1.

Bai tap 8.7 (Bo dé Gauss). Chiing minh réng cont(fg) = cont(f)cont(g).

Bai tap 8.8. Cho f € Z[z]. Chiing minh rang f bat kha quy trén Z[z]
khi va chi khi n6 bat kha quy tréen Q[z].

Bai tap 8.9 (Tiéu chuan Perron). Gia sit
f@)=a" +an_12" '+ + a1z + ap € Z[a]
v6i bac n > 2, a9 # 0. Chitng minh rang néu

o |a, 1| > 1+ |an_o|+ -+ |a1| + |ag| thi f(x) 1a da thitc bat kha quy
trén Z[x].
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o [an 1| > 1+ |ans| +- -+ |ar| + |ao va F(£1) £ 0 thi f(z) 1a da thite
bat kha quy tren Z[z].

Bai tap 8.10 (IMO 1993). Cho s6 tu nhién n > 1. Chiitng minh rang da
thitc f(z) = 2™ + 52"~ + 3 1a bat kha quy trong Z[z].

Bai tap 8.11. Da thiic f(z) = 252 + 201325 4+ 2250 +32%9 + ... + 612 + 62
bat kha quy trong Z[z].

Bai tap 8.12 (Tiéu chuan Osada). Cho f(z) = 2" +-ay2" '+ - -+a,_12%p
13 da thiic véi cac hé sd nguyén va p 1a s6 nguyén t6. Chitng minh ring

o Néu p>1+|ay|+ -+ |an_1| thi f(z) 1a bat khé qui.

e Néup>1+|ag|+---+|ap_1| vd cidc nghieém ciia don vi khong phai
1a nghiém ctia f(z) thi f(x) 14 bat kha qui.

Bai tap 8.13 (Tiéu chuan Osada mé rong). Cho f(z) = 2™ + ajz™ ' +
oo+ ap_1x £+ pr 12 da thiic v6i cac hé s6 nguyeén, p 1a s6 nguyén to va
re€Z,r#0.Néup>|r|" L+ |arr" 2| + - + |an_or| + |an—1] thi f(z) &
bat kha qui trong Z[z].

Bai tap 8.14. Néu 4|a| + 2|b| + |c| < 1001 thi da thic ¢(z) = 2* + az® +
ba? + cx — 2018 bat kha quy trong Z[z].

Bai tap 8.15. Da thiic p(z) = 2% + 2% +-- -+ 22 + 2+ 11 luon luon 1a bat
kha quy.

Bai tap 8.16. Chiing minh ring moi da thiic v6i hé sé nguyéen luon c6
thé viét dudi dang tong ciia hai da thitc hé sé nguyen bat kha quy trén
7.

Bai tap 8.17 (Tiéu chuan Polya). Cho f(z) 1 da thiic bac n véi cac hé
n+1

s6 nguyen. Dat m = [ } . Gia stt cho n s6 nguyén khac nhau dy, ..., d,

c6 |f(d)] < ;% va cac s6 d; déu khong 1a nghiem cia f(z). Chiing minh
rang f(z) 14 da thiic bat kha qui.

Bai tap 8.18. V6i cac s6 nguyén phan biét aq, as, . . ., a,, ky hieu da thic
f(z) = (z —a1)(x —as)...(z — a,). Chiing minh ring f(z) — 1 14 da thc
bat kha quy trén Z.
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Bai tap 8.19 (Tiéu chuan Eisenstein). Cho f(z) = ana™ + ap_12™ " +
.-+ ap,an # 0, 14 da thitc v6i cac he s6 nguyen va p 1a s6 nguyen t6 sao
cho a, khong chia hét cho p va cac a; v6i i < n chia hét cho p, nhung ag
khong chia hét cho p?. Khi d6 f(z) 1a da thiic bat kha qui trén Z.

Bai tap 8.20 (Tiéu chuan Eisenstein suy rong). Cho f(z) = anz™ +
ap_12" "+ 4 ag, a, # 0, n > 1, 1a da thiic v6i cac hé s6 nguyen va p
14 s6 nguyén to sao cho a, khong chia hét cho p va cac a; chia hét cho p
v6ii = 0,1,...,k v ag khong chia hét cho p?. Néu f(x) biéu dién dugc
thanh tich ctia hai da thiic véi he s6 nguyén, f(x) = g(z)h(x), thi bac cla
mot trong hai da thitc g(x) hoac h(z) khong nhd hon & + 1.

Bai tap 8.21. Cho f(2) = apa™ + ap_12" 1 +--- 4+ ag 1& da thiic v6i cac
hé s6 nguyén va p 1a s6 nguyen t6 sao cho a, khong chia hét cho p nhung
ag, ai . .., ay chia hét cho p, ag khong chia hét cho p?. Khi d6 f(z) c6 nhan
tit bat kha qui bac > k + 1.

Bai tap 8.22. Véi bat ky s6 nguyeén t6 p da thic f(z) = 1+x+-- 427!
14 bat kha quy trén Z.

Bai tap 8.23. Véi bat ky s6 nguyen duong n da thic f(z) = 1+ x +
2

X ajn N S 2 ~
§+”'+F la bat kha quy trén Q.

Cho f(z) = apz™+a,_12" 1 +---+ag 1a da thiic v6i cac he s6 nguyen. p
la mot s6 nguyen to. Ta ky hieu f,(z) = @ya" +@p—12" ' +-- -+ € Fpla].
Trong d6 a; 1a phan du ctia phép chia a; cho p.

Bai tap 8.24 (Tiéu chuan rit gon modulo p). Cho f € Z[z]. Gia stt ring
ton tai s6 nguyén to p sao cho deg(f) = deg(f,) va f, bat kha quy trong
Fp[x] thi f 1a mot da thic bat kha quy.

Bai tap 8.25 (Tieu chuan Berlekamp). Cho f € F,[z] bac n théa méan
tinh chat UCLN(f, f') = 1. Goi V 1a tap hop cac da thiic ¢6 bac nhé hon
n lay hé s6 trén F,,. Ta xét 4nh xa tuyén tinh 7:V — V; g+ ¢? mod f.

0 day ¢ mod f 1a phan du nhan dugc tit phép chia ¢P cho da thic f.
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Xét hé phuong trinh

(
(a1 — 1)z +a1222+ -+ ajpzy, =0

as1r1 + (CL272 — D+ + a2,nTn = 0

\an,lxl An 222 to (an,n 1)1'71 =0
\/6] a; 4 lé CéJC he Sé Cﬁa

7’7] *
1

T(z") = a1i41 + agi1@ + - + an i1 2" .

Chitng minh ring f la da thitc bat kha quy khi v& chi khi nghiém tong
quat ctia hé phuong trinh trén chi c6 mot bién ty do.

Bai tap 8.26. Chiing minh ring f = 2° + 2* + 1 € Fa[z] 1a da thitc bat
kha quy.



CHUONG 9

Phan b6 s6 nguyén to6

Trong bai gidng nay ching ta trinh bay vé sy phan bd cia cic s6
nguyeén to6. Tai lieu tham khao cho bai gidng nay 1a chuong 7: “Dinh 1y
Chebyshev vé phan b6 ctia s6 nguyén t6” trong uén sach “Gidi thieu ve
Iy thuyét s6 gidi tich” cia Chandrasekharan (xem [3]).

Dinh 1y 9.1 (Dinh Iy vé s6 nguyén t6). Cho x la mot s6 thuc duong. Ta
ki hiéu 7(x) la s6 cdc s6 nguyén to nhé hon hodc bang x. Khi dé ta co:

lim T —
oo/ logz )

Nhan xét 9.2. e Dé c¢6 thé ddnh gid tot hon vé su phan bo cia so
nguyén to ta can phdi st dung nhiéu cong cu vé gidi tich hon. Danh
gid tot nhat vé sy phan bo clia s6 nguyén to lien quan dén gid thuyét
ctia Riemann. Day la mot bai todn rat khé va hién nay van chua cé
i gidi.

e Qua cong thic zuat hién trong dinh lij vé phan bo s6 nguyén to d
trén, ta thay rdng so cdc so6 nguyén to cé nhiéu hon ta nghi.

m(x) =~ z/log x;
m(x) > xl/Q, 372/3;
m(z) > x%, Va <1

lim )
z—o0 ¢

=00, Va < 1.

Trong bai giang nay ching ta sé khong trinh bay cach ching minh
ctia dinh 1y vé s6 nguyen t6. Chiing ta chi tim hiéu vé dang yéu ctia no
dugc phat bieu va chitng minh béi Chebyshev.
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Dinh 1y 9.3 (Chebyshev). Luon ton tai hai so thuc duong a, A € R, 0 <
a < A sao cho

<mz)< A

CLlog x log x

ding vdir moi x > 0.

Nhan xét 9.4. Dé ching minh dude dinh Iy vé sé nguyén to, ta can
phdi chiing minh dugc dinh lyj ciia Chebyshev (dugc phdt biéu J trén).
Sau do ta madi s dung cac cong cu hién dai ciua giai tich phic nhu ham

zeta, ... dé chiing minh hm x/l(og =1 (zem théem [7, p. 65-70])

Y tudng ctia Chebyshev 1a ta c6 thé thay ham dém cac s6 nguyen
t0 m(r) = _ <, 1 bang nhing ham dé thao tac hon. Cu thé 1a Chebyshev
da thay ham n(z) bang cdc ham:

Vi du 9.5. Vdi x =10 ta co gid tri cia cic ham phia trén la:

7(10) =4
6(10) = log(2) + log(3) + log(5) + log(7)
¥ (10) = 3log(2) + 21og(3) + log(5) + log(7)

Dinh ly 9.6. Xét cac gidi han trén va dudi sau:

= lim 790 1y = Tm )
oot/ log T x%oox/logl’
ly = h_m@; Ly = m_&)(as)
T—00 r—o00 I
53211_111@; L3=mw($)
=00 r—o0 I
Khi do ta co
b = ly =13,
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Ching minh. Tt dinh nghia ctia cac ham =(x),0(z), ¥ (z) ta co
0(x) < b(x) < 7()log(x).
(Bat déng thitc cudi thu duge la do

Z log(p) <D e, log(z) = (an@ 1) log(x)

<(zmgﬁ%m=wmbmw>

Diéu nay dan dén
) _ e )

im —= < lim < )
T—00 I r—00 T x%oox/ IOgI

Ju—

Dé ching minh bat dang thic nguge lai, ta c6 dinh mot s6 0 < a < 1
va chi xét cac s6 nguyén t6 2@ < p < z. Ta ¢
o) > ) log(p)

Tr<pLT

>log(z®) Y l1=alog(x) » 1=alog)(r(x)—r(z).

T¥<pLT T <pLT
Mat khéc ta lai c¢6 7(z%) < 2% nén
0(z) = am(z)log(z) — az®log(x).
Dem chia c4 hai vé ctia bat dang thiic cho = > 0 ta dugc:
o@)  wa)  log)

> o e .
T x/logx rl-o

Cho « tién t6i 0o, do 0 < 1—a < 1 nén lim, e 284 = 0, vi thé ta c6 bat
ding thiic sau ding véi moi 0 < o < 1:

A IS e CO N
r—o0 T x—)ool‘/ IOgSL’

Lai cho « tién t6i 1, ta thu dugc bat dang thic can chitng minh:
fim 2@ 5 g @)

= .
rT—o0 T x—>oox/ IOgLE

Vay ta vita ching minh duge Ly = Lo = Ls.
Bai tap: Ching minh ¢ = (s = /3.
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Nhan xét 9.7. Su ton tai ciia hai so thuc duong 0 < a < A trong dinh

lj ciia Chebysev tuong duong vdi { v

Chitng minh dinh ly Chebyshev. Ap dung Dinh 1y 9.6 ta ¢6
() m(x) 7 0(x)

0= tim L gy O iy .
rsoo®/logr S @ x—>oox/logx =00 T

Dé danh gia ¢ va L ta st dung meo nhé sau day:
bat N := () = @)t _ (HHZL 20 Ty dé ¢ ring ti s6 clia N khong

nln! =

chia hét cho p vA mau s6 ctia n6 thi lai chia hét cho p véi moi s6 nguyén
to n < p < 2n. Do d6 H p | N. Diéu nay dan dén
n<p<22n

Z log(p) < log(N). (9.1)

n<p<22n

e Ta sé chitng minh rang: @ < 4log(2). Diéu nay kéo theo

= lim —=% < 4log(2).
m—mox/logar xig; = Og()

— (@) _e(;)

Dau tién ta sé dénh gia gid tri cia N = (*'). St dung khai trién
nhi thue Newton ta thu ducc

2n
(2:) <@+p?=>" (i”) <(@n+1) (2:)
=1

1

Diéu nay dan dén:

2n
2 N-= (i:‘) < 2%, (9.2)

2n+1

Két hop (9.1) va (9.2) ta dugc

0(2n) —0(n) = Y log(p) < log(N) < 2nlog2.
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Cho n =2 v6i i€ {0,1,...,m} 10i cong ci hai vé cac bat dang thiic
nhan dugc, ta co:

m

0(2™) - 0(1) < (log(2)) > 2" =2 log2.

r=1

V6i moi s6 thyc z > 1, ta luon tim duge mot s6 nguyén duong m
sao cho 2"~ < x < 2™. Do d6 ta c6

0(z) < A(2™) < 2™ L 1og(2) < 4z log(2).

Chia c4 hai vé ctia bat déng thitc véi z > 0 ta thu duge bat déng
thiic can chitng minh.

e Ta sé chitng minh rang: lim %m) > log 2.
T— 00
Ta sé st dung phat bic¢u dé chitng minh sau: S6 mii 16n n 16n nhat

dé p” 1a u6c clia m! trong dé p 1a mot sé nguyen t6 1a

B

V6i p < 2n s6 mil 16n nhét clia p xuat hien trong cach biéu dién thanh
cac thita s6 nguyéen to6 cla:

+ t1t s6 cia N la:

+ ctia mau sb ctia N la:

v6i M, = Hfg(fm . Miit khéc véi moi y > 0 ta luon c6: |2y] — 2|y € {0,1}

nén
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Lay logarit ca hai vé ta dugc

log(N) < M, > log(p). (9.3)
p<2n
Ta lai c6
B log(2n) B
ven) =D |50 los(p) = 3 Mylog(p). (94)
p<2n p<2n

Két hop (9.2), (9.3) va (9.4) ta ¢6

¥(2n) = log(N) > 2nlog(2) — log(2n + 1).

Thay n = |%] v6i = 1a mot s0 thyc duong bat ki vao bat dang thic
ta co
Y(z) = Y(2n) > (x — 2)log2 — log(z + 1).

Chia c4 hai vé bat dang thic cho z > 0 ta nhan dudc:

-2 1 1
W) o =2) o logrtl)
x x x
-2 1 1 £ a2
Do lim 2 =1va lim log(z +1) = 0 nén bat dang thic trén kéo theo:
T—00 T T—00 T
lim Y% > 10g(2).
x—o00 T



Bai tap vé Phan bo so nguyén to

Bai tap 9.1. Cho n 1a mot s6 nguyen duong. Chitng minh ring €3, > 4.

Bai tap 9.2. Cho p 1a mot s nguyen t0, goi r(p, n) 1a bac p-adic ctia C3,
(nghia 1a s6 nguyén duong 16n nhat sao cho p” 1a wée ctia C% ). Ching
minh rang p"®" < 2n.

Bai tap 9.3. Ching minh réng néu p 1a s6 nguyén t6 16 va 2 < p < n,
thi r(p,n) = 0.

Bai tap 9.4. Cho z 1a mot s6 thyc 16n 3. Ky hieu f(z) 1a tich cac s6
nguyén t6 nhoé hon hosic bang ». Chiing minh réng f(z) < 2273,

Bai tap 9.5 (Dinh dé ctia Bertrand). Chiing minh rang v6i n > 2, luon
ton tai mot s6 nguyén t6 thoa man tinh chat n < p < 2n.

Bai tap 9.6. Chitng minh cac bat déng thic sau:

e Néu n 1a s6 nguyén duong chin khi do ta co6

- (135)’5
el 20/

e Néu n la s6 nguyén duong chin théa man tinh chat n > 152 khi do

13\ 2
n —
32">(2> '

e Néu n 1a s6 nguyén duong 1& va n > 7 thi

n—1
1351 “5

n R
g (20> '

e Néu n > 945 thi



115

Bai tap 9.7. Chiing minh rang:

e Néu n l1a mot s6 nguyeén duong chén khi do6

H . H p<C%.

3 3
F<p<T n<p<T

e Néu n 1a s6 1é thi

H . H p<C’?nT+1.

n+1 3 3n+1
e <p< n<p<Tye

Bai tap 9.8 (Bachraoui, 2006). Chitng minh rdng v6i moi sd nguyén
duong n 16n hon 1, luon ton tai s6 nguyén t6 théa man tinh chat 2n <
p < 3n.

Bai tap 9.9. Chiing minh rang véi moi s6 nguyén duong n 16n hon 1,
luon ton tai s6 nguyeén t6 thoa méan tinh chat n < p < 3%t

Bai tap 9.10 (xem [3]). Tat c& cac s6 k < 100000000 théa man tinh
chat trong doan (kn, (k -+ 1)n) luon c6 mot sd nguyén té véi moi n > 1 1a
1,2,3,5,9, 14.
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