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.61 ndi dau

Cubdn séch bai tap dai sé tuyén tinh I nay trinh bay hé théng bai tap can
thiét khi cdc em hoc nhip moén vé dai sb tuyén tinh. Dai s6 tuyén tinh
duge trinh bay bt dau tir hé phuong trinh tuyén tinh, ma tran va dinh
thitc. DAy 14 st ndi tiép tu nhién ctia hé phuong trinh tuyén tinh véi 2
ho#ic 3 an, clia ma tran va dinh thitc ¢d 2 x 2 da dugce hoc trong chuong
trinh toan phd thong. Sau d6, cudn sach sé trinh bay céc bai tap vé khong
gian véc to va dnh xa tuyén tinh téng quét, cdc khai niém quan trong ciia
ma trdn nhu gia tri riéng, véc to riéng. Ma tran déng vai tro trung tam
trong céch tiép can tit cu thé dén tritu tuong nay.

Céc bai tap thuc hanh tinh toin véi cic con s6 cu thé & day déu duge lua
chon dé cic em cé thé tinh toan hau nhu khong can st dung dén may tinh
bé tti. Chiing t6i nhin manh dén viéc hiéu tinh toan, con ki ning tinh
toan chi luyén tdp 6 mic do vita phai, nhdm muc dich hiéu Ii thuyét, hiéu
thuit todn. Trong thuc té, khi cidc em gip cdc hé phuong trinh véi nhicu
phuong trinh, nhiéu an, gip cic ma tran cd 16n, céc em cé thé tinh todn
mot cach dé& dang st dung céc hé dai sé may tinh c6 san. Nhu vy, diém
méau chdt & day 1a ching ta hiéu tinh toén, hiéu céch van hanh cta céc
thuat toan.

M&bi khi ¢ thé, ching t6i déu nhan manh khia canh hinh hoc ctia dai sb
tuyén tinh, dic biét 14 cdc phép bién d6i hinh hoc quen thudc trong mit
phing Euclid R? va khong gian Euclid R3.

Cubdn sach gom c6 7 chuong. Chuong 1 trinh bay vé hé phuong trinh tuyén
tinh va ma trdn. Chuong 2 trinh bay vé dinh thitc ctia ma tran. Chuong
3 trinh bay vé khong gian véc to R”. Khong gian véc to tong quat duge
trinh bay & chuong 4. T4p nghiém ctia moét hé phuong trinh tuyén tinh
thuan nhat 1a mot khong gian véc to. Khéi niém sb chiéu va co sé 1a quan
trong nhat trong 1i thuyét khoéng gian véc to. Chuong 5 trinh bay vé bién
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d6i ma tran va phién ban tong quét clia né 1a 4nh xa tuyén tinh. Chuong
6 trinh bay vé véc to riéng, gié tri riéng clia ma tran, va bai toan chéo héa
ma tran. Cudi ciing, chuong 7 trinh bay vé khéng gian véc to duge trang
bi tich v6 hudng, trong dé, ta c6 thé dinh nghia cdc khai niém hinh hoc
nhu khodng céch, goc, vuong géc. Ung dung dudce trinh bay & chuong 7 14
nghiém binh phuong tbi thiéu ctia mot hé phuong trinh tuyén tinh.

Veé cac tac gid: Hé thong 1y thuyét va bai tdp dude chuan bi bsi TS Pham
Vian Tudn. TS D6 Viét Cudng va TS Vo Thi Nhu Quynh soan thdo mot
phan kién thitc chuan bi trong cubn sach. Pinh dang latex ciia cudn sach,
va viéc st dung Lyx dé soan thdo cudn sich nay dugc hd trg bsi TS
V6 Thanh Tung. Céc ban Pam Thu Hién, Tran Quang Huy, Nguyén Thi
Phuong Mai, Nguyén Diic Nga va Tran Thu Trang da hd trg céc tic gid
soan thao latex tit nhitng ban thao viét tay.

Vién nghién citu cao cap ve toan (VIASM) da hé trg kinh phi cho du 4n
sach nay. Ching t6i hi vong cudn sidch bai tidp nay sé gép phan gitip cac
ban sinh vién hoc t6t moén hoc dai sé tuyén tinh.
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Hé phuong trinh tuyén tinh va Ma
tran

Céc phuong trinh tuyén tinh 1,2 hoiic 3 4n da dugc hoc trong chuong trinh
toan hoc bac trung hoc phd thong. Mot vi du don gidn vé hé phuong trinh
tuyén tinh 1
z + 3Jy = 1
2r — y = -5

Bang s6 hinh chit nhat sau ghi lai cic thong tin vé cac hé s6 ciia cic phuong
trinh trong hé phuong trinh tuyén tinh trén

1 3 1
2 -1 5|°

Bang nay dudc goi 1a ma tran hé sb md rong ctia hé phuong trinh tuyén
tinh.

Chuong dau tién nay ciia dai sé tuyén tinh trinh bay 1f thuyét tong quat
vé cac hé phuong trinh tuyén tinh véi sé an va sd phuong trinh hitu han
bat ky, va vé cdc ma tran. Ky thuét giai hé phuong trinh tuyén tinh sé
dudce st dung xuyén sudt moén hoc dai sé tuyén tinh.



2 CHUONG 1. HE PHUONG TRINH VA MA TRAN

1.1 HE PHUONG TRINH TUYEN TINH

Céc phuong trinh tuyén tinh xuét hién tu nhién trong hinh hoc, dé mo ta
cac duong thing vA mit phing trong hé truc toa do.

> Trong mit phang toa d6 vudéng géc xy, phuong trinh clia mot dudng
thing 1a
ar +by=c

trong d6 cac hé s6 a,b khong dong thai bing khong.

> Trong khéng gian ba chiéu véi hé toa d6 vuong géc xyz, phuong
trinh ctia mot mit phing 1

ar+by+cz=d
trong d6 cac hé sb a,b, ¢ khong dong thdi bang khong.
DINH NGHIA 1.1.1 (Phuong trinh tuyén tinh; Phuong trinh thuan

nhat). Mot phuong trinh tuyén tinh d6i v6i n an x1,19,..., 2,
la m6t phuong trinh ¢6 dang

a171 + asxo + -+ apxy, = b

trong d6 ai,as, . ..,a, va bla cic hang sb.
Khi b = 0, phuong trinh tuyén tinh

a1z1 +agxe + -+ apxy =0

duoc goi 1a phwong trinh thuan nhdt.

Khi n = 1,2 hodc 3, ta thudng ky hiéu céc an khong cé chi s6, va viét cac
phuong trinh tuyén tinh 1a

> ajx = b,
> a1z + agy = b,

> ai1x + axy + azz = b.

Vipu 1.1.2. Trong cdc phuong trinh sau, phuong trinh nao 1a tuyén
tinh d6i v6i cdc an z1, zo va x3?



1.1. HE PHUONG TRINH TUYEN TINH 3

(a) r1 — 5$1 — \/§l‘3 = 1,
(b) Ty + 3x2 + x12 = 2

Gr1Al (a) Phuong trinh da cho 1a mot phuong trinh tuyén tinh.

(b) Phuong trinh da cho khong 1a mot phuong trinh tuyén tinh vi né chita
s6 hang z12s. [

BAI TAP

1.1 [hint] X4c dinh cdc phuong trinh tuyén tinh trong cic phuong trinh
sau.
) %l’ —y+3z2=-1
) x1 —2x9 —3x3+ 24 =0
(¢c) x1+ao+--+az, =1
)
)

sinz+y=-2
(f) 3z +2y —zy =0

1.2 [hint] Trong cdc phuong trinh sau, phuong trinh nao 1a tuyén tinh
dbi véi cac an xq, xo VA x3?
(a) 1 = Txe + 3xz3 — 5,
(b) mry — \/5{1}'2 = 7,

1
(c) cos (7) x1 — 4dxyg = In3,

(d) %cosxl + bxz2 = 0.

HE PHUONG TRINH TUYEN TINH

DINH NGHIA 1.1.3 (Hé phuong trinh tuyén tinh). Mot hé phuong
trinh dudc goi 1a hé phuong trinh tuyén tinh néu cic phuong
trinh ctia hé nay déu la cdc phuong trinh tuyén tinh. Dang tdng
quat ctia mot hé phuong trinh tuyén tinh bao gom m phuong trinh
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d6i v6i n an 1,9, ..., Ty, 1A
a1y + ar2 + ... +  apwxr, = b
anyry +  agers + ... +  agpr, = by
am1Ti + amors + ... + GmnTn = bm

Néu khoéng c6 gi gdy hiéu nham, trong hau hét cac trudng hop, ta sé khong
stt dung dau ngoac { khi viét hé phuong trinh tuyén tinh.

Vi pu 1.1.4. Hai vi du don gidn vé hé phuong trinh tuyén tinh 1a

5 + y = 3
2 — y = 4

va,
4y — w39 + 313 = -1
31‘1 + 22 + 91’3 = —4

Mic du khong bat bude, nhung khi viét hé phuong trinh tuyén tinh, ta
thuong viét cdc an theo mot thi tu ¢d dinh va thing cét nhu bén trén.
Céch viét nay rat hitu ich khi ta thuc hién cdc phép bién déi dai sb trén
cac phuong trinh trong hé.

Theo dinh nghia, mét hé phuong trinh tuyén tinh c6 thé cé s6 an va sb
phuong trinh bat ky. Trong céc tmg dung ctia dai s6 tuyén tinh va cic bai
toan thuc té trong kinh té, ky thuat, .. ., ta cé thé gip cdc hé phuong trinh
tuyén tinh cé hang tram, tham chi hang nghin an hodc nhiéu hon nita. Pai
s6 tuyén tinh trinh bay phuong phép téng quét va cé hé théng dé giai cic
hé phuong trinh tuyén tinh.

Trong céc vi du minh hoa phuong phap bén duéi, ta thuong chi st dung
céc hé phuong trinh c6 khé it an va it phuong trinh. Hon nita, cic hé s6
thuong dude lua chon don gidn va can than dé viéc gidi hé phuong trinh
¢6 thé tién hanh ma khong can hoidc can rat han ché méy tinh bo tui.

Dina NGHIA 1.1.5 (Nghiém). Mot nghiém clia mdt hé phuong
trinh tuyén tinh dbi v6i n an x1, 9, ..., T, la modt day n sb6 thuc
51,52, ...,5n sao cho khi ta thé

Ty = 81, T2 =852, ..., Tpn = Sp
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vao hé phuong trinh thi ta duge céc ding thicc ding. Ta thuong ky
hiéu mot nghiém

Ty =81, T2 =82, ..., Tp = Sp

ctia hé phuong trinh tuyén tinh don gidn 1 (s1,s2,...,8,).

Bai toan giai hé phuong trinh tuyén tinh 1 bai todn tim tat ci cidc nghiém
ctia hé phuong trinh tuyén tinh.

Trong mot s6 trudng hop, ta chi muén biét mot hé phuong trinh tuyén
tinh c¢6 nghiém hay khong, hodc cu thé hon 13 ¢ bao nghiém.

HINH HOC CUA HE PHUONG TRINH TUYEN TINH 2 HOXC 3 AN
Xét hé phuong trinh tuyén tinh

annr + apy = b (1)
asnr + axy = ba.

Gia st hai hé s6 ajq, a2 khong dong thai bﬁng khong, hai hé sb as1, ag
khong dong thoi bang khong. Khi d6 mdi phuong trinh ctia hé (1) xdc dinh
mot dudng thing trong mit phing toa do zy. Cac toa do cla giao diém
ctia hai dudng thang nay chinh 13 cdc nghiém ciia hé phuong trinh (1). Tt
vi tri tuong dbi ctia hai dudng thing trong mit phang, ta cé cic trudng
hgp sau day.

> Hai dudng thing song song. Khi dé, hé phuong trinh (1) v nghiém.

> Hai duong thing c&t nhau. Khi d6, h¢ phuong trinh (1) ¢6 nghiém
duy nhat.

> Hai dudng thang tring nhau. Khi dé, hé phuong trinh (1) c6 vo sb
nghiém

Vé s6 lugng nghiém, ta thiy rang hé phuong trinh (1) v6 nghiém, c¢6 ding
1 nghiém, hodc c6 vo sb6 nghiém.

Tiép theo, xét hé phuong trinh tuyén tinh

anr + appy + azz by
anx + axy + axz = b (2)
a1z + asey + aszz = bs.
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\r R Iy/, ’y/’-"
N

HINH 1.1 — Vi trf tuong di ciia hai dudng thing trong mit phing.

HiNg 1.2 — Vi tri tuong dbi ctia ba miit phing trong khéng gian.

Véii = 1,2, 3, gia st ba hé s6 a;1, a;2, a;3 khong ddong thoi bang khong. Khi
d6, mdi phuong trinh cia hé phuong trinh (2) xdc dinh moét mit phing
trong khong gian toa do zyz. Céc toa do ciia giao diém ciia ba mat phang
nay chinh 13 cdc nghiém ctia hé phuong trinh (2). Tt vi trf tuong dbi ctia
ba mit phang trong khong gian, ta thiy rang hé phuong trinh tuyén tinh
(2) c6 thé vo6 nghiém, c6 nghiém duy nhét, c6 mét duong thang nghiém,
hoidc c6 mdt mit phing nghiém.

MOT s6 vi DU VE GIAI HE PHUONG TRINH TUYEN TINH

T chuong trinh todn hoc THPT, ta biét rang hé phuong trinh tuyén tinh
c6 thé duge gidi bang cach khit dan céc an, st dung hoiic phuong phéap
thé, hoac phuong phap cong dai s6. Dudi day, dé théng nhat, ching ta sé
trinh bay cich khit an sit dung phuong phap cong dai sb.

Vi by 1.1.6. Giai hé phuong trinh tuyén tinh

r — y = 1
2x + y = 6. 3)
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3
2x+y=86

2 2 /
1 y=4 4 /

2 4 u/ 2 4 2 0/1 2 3 1
-1 -1
x-y=1/] x-y=1/]

HiNn 1.3 — Cac dudng thing tuong tng véi cic hé phuong trinh (3) va (4)

G1A1. DBé khit an 2 ¢ phuong trinh thit hai ctia hé phuong trinh, ta lay
(—2) lan phuong trinh mot cong vao phuong trinh hai. Ta nhan duge hé
phuong trinh tuong duong

r — y = 1
Jy = 4. (4)

Tt phuong trinh thit hai ctia hé ndy, ta tinh dugc y, roi thé gia tri nay cla
y vao phuong trinh dau tién, ta tim dugc z:

7 4
rT=—, y=—.
37 Y73

Vay, hé phuong trinh da cho ¢ nghiém duy nhét (z,y) = (%, %) O]

Vi pu 1.1.7. Giai hé phuong trinh tuyén tinh

z + y = 4
3z + 3y = 6. (5)

CG1Al. Dé khtt 4n = & phuong trinh thi hai ctia hé phuong trinh trén, ta
lay (—3) lan phuong trinh thtt nhat cong vao phuong trinh thit hai. Ta
nhén dugc hé phuong trinh tuong duong

r + y = 4
0y = -—6. (6)

Hé phuong trinh nay vé nghiém vi phuong trinh thit hai ctia n6é v6 nghiém.
Do do, hé phuong trinh da cho v6 nghiém. [
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3x+3y=6

-2 -1 0 1 2 3 4

HinH 1.4 — Céc dudng thing tuong tmg véi hé phuong trinh (5)

Vi bu 1.1.8. Giai hé phuong trinh tuyén tinh

dr — 2y = 1
16z — 8y = 4. (7)

CHONG MINH. Dé khit an = ¢ phuong trinh thit hai ctia hé phuong trinh
trén, ta liy (—4) lan phuong trinh thit nhat cong vao phuong trinh thit
hai. Ta nhan dugc hé phuong trinh tuong duong

de — 2y = 1
Oy = 0. (8)

Vi phuong trinh thit hai hién nhién ding, nén ta cé thé lude bé né khoi
hé phuong trinh, va nhin dugc phuong trinh duy nhat

4 — 2y = 1.

Ta cho y mot gid tri ¢ bat ky, roi tinh x theo ¢ va nhan dugc nghiém

= + 175 t
r=-+- =t
4 b Yy
Day 1a mot mo ta tham s6 cho tat cd cdc nghiém ctia hé phuong trinh da
cho. V&i mdi gia tri cu thé ciia ¢, ta thu duge mot nghiém ctia hé phuong
trinh da cho. Hé phuong trinh c6 vo s6 nghiém. L]

Khi gidi hé phuong trinh, ta muén x4c dinh tudng minh nghiém néu nghiém
1a duy nhat, va cho mot mo ta tham s6 ctia nghiém, néu hé c¢é vo s6 nghiém.
Luu ¥ rang mé té tham sb 1a khong duy nhat. Vi du, trong vi du trén, ta
c6 thé cho x gid tri s bat ky, rdi tinh y theo s, va nhan dudc md ta tham
s6 clia nghiém

1
T =s, y:—§+25.
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05

i 05 0/ 0l i 15
—05
16x -8y =4
_1‘

HiNn 1.5 — Cac dudng thing tuong tmg véi hé phuong trinh (7)

Ta con cé thé tao ra cdc mo6 ta tham sb6 khac nita clia nghiém ctia hé
phuong trinh da cho. Khéng dé dang dé biét dugc hai mé ta tham sb 1a
tuong duong véi nhau, ttc 14 ching 1a cdc cach tham s6 héa khac nhau
tap nghiém ctia cing mot hé phuong trinh tuyén tinh.

Vi pu 1.1.9. Giai hé phuong trinh tuyén tinh

x — y + 2z = )
2vr — 2y + 4z = 10 9)
3z — 3y + 6z = 15.

\. J

GiA1. Tuong tu nhu cac vi du trén, ta sit dung = 6 phuong trinh dau tién
dé khit = & céc phuong trinh con lai. Vi hai phuong trinh thit hai va thit ba
ctia hé phuong trinh ti 1& v6i phuong trinh dau tién, nén hé phuong trinh
mdéi nhan dugce la

T — Yy + 2z = 5
0z = O (10)
0z = 0.

Vi hai phuong trinh thit hai v thit ba 14 hién nhién, ta ta c6 thé luge bod
ching khoi hé phuong trinh, va nhan dudc phuong trinh duy nhat

r—y+2z=>5.

Cho y =t va z = s véi t, s bat ky, r6i tinh 2 theo ¢, s, ta duge mo ta tham
s6 clia nghiém ctia hé phuong trinh da cho

r=1t—25+5, y=t, z =s.
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MA TRAN HE SO MG RONG VA PHEP TOAN SO CAP TREN HANG

DINt NGHIA 1.1.10 (Ma tran hé s6 mé rong). Ma trdn hé s6 mé
rong ctia hé phuong trinh tuyén tinh

a11x1 + a12x2 + -+ A1nTn = bl
ag1x1 + axpry + - 4+ awmz, = b
Am1T1 + Gm2T2 + 0+ Gmn®n = by

duge dinh nghia 13 bang s6 hinh chit nhat gom m hang va n+ 1 cot

all alg ... A1n bl
as1 Gy ... a3 by
Amli Om2 .- Gmn bm

Trong ma tran hé sé6 md rong, phan tit & vi trf (i,5) v6i j < n 1a he
s6 ciia an x; ctia phuong trinh thit i trong hé¢ phuong trinh tuyén
tinh da cho. Cot cudi cling clia ma tran hé sé6 mé rong ra diy hé s6
tu do cla cac phuong trinh trong hé.

Vi Dby 1.1.11. X4c dinh ma trdn hé sé6 md rong ctia hé phuong trinh
tuyén tinh
6ry — x2 + x3 = 4
5.%‘2 — I3 = 1.

GIAL. Ma trén hé s6 md rong ctia hé phuong trinh da cho 1a

6 —1 1 4
5 -1 1 |°
L]

Khi ta da c¢b dinh thit tu cia cdc an ctia hé phuong trinh tuyén tinh, ma
tran hé s6 m& rong ctia mot hé phuong trinh tuyén tinh hoan toan xic
dinh hé phuong trinh tuyén tinh nay. Céc an x1, s, ..., 2, cb vai trdo nhu
nhau trong hé phuong trinh tuyén tinh. Khi chiing ta xap xép lai cac an,
céc cOt clia ma tran hé sb ma rong cing dude xap xép lai mot cach tuong
ing.
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Khi ta doi chd hai phuong trinh trong hé phuong trinh tuyén tinh, hai
hang tuong ting ciia ma tran hé sé md rong sé doi chd cho nhau. Viée doi
ché nay khong lam thay doi tdp nghiém ctia hé phuong trinh, nhung né
lam bién d6i ma tran hé s6 md rong.

Viéc dong nhat mdi hé phuong trinh tuyén tinh v6i ma tran hé sé mé rong
ciia n6 duge thé hién r6 khi cic st dung may tinh bé tii dé giai hé phuong
trinh tuyén tinh. May tinh b tti hiéu hé phuong trinh tuyén tinh thong
qua ma tran hé s6 mé rong ctia né, ma khong hé quan tAm dén cach thic
ki hiéu cho céc an. Céch ki hiéu cdc an nay khong déng vai tro quan trong,
chi ¢6 thit tu cta ching 1a ¢6 ¥ nghia.

K¥ thuat dudc stt dung dé giai cic hé phuong trinh néi chung 1a thuc hién
céc phép bién déi tuong duong trén hé phuong trinh, ttc 1a cdc phép bién
d6i khong lam thay doéi tap nghiém, ma cau tric ctia cic hé phuong trinh
ngay cang don gidn hon. Déi v6i hé phuong trinh tuyén tinh, ta thudng
khit an & céc phuong trinh, dé cdc phuong trinh trong hé ngay cang chita
it an hon. Dé khit an, ta cé thé sit dung phuong phap thé, hoic phuong
phap cong dai s6. Nhu da néi bén trén, ta sé sit dung phuong phap cong
dai sb.

Céc phép toan co ban dé tién hanh cong dai s6 trén cdc phuong trinh ctia
hé phuong trinh tuyén tinh 1

1. Nhan mot phuong trinh v6i mot vo huéng khac khong.

2. Da6i chd hai phuong trinh.

3. Cong mdt boi cia mdt phuong trinh vao mét phuong trinh khac.
Néu ta dong nhat hé phuong trinh tuyén tinh v6i ma tran hé sé mé rong
cuéd né thi cic phép bién ddi trén cdc phuong trinh ctia hé phuong trinh

tuyén tinh tré thanh céc phép bién doi trén cdc hang ciia ma tran hé sé
maé rong.

DINH NGHIA 1.1.12 (Phép bién doi so cip trén hang). Cdc phép
bién doi so cap trén hang cia ma tran

1. Nhan mot hang véi moét vo huéng khac khong.
2. D&i chd hai hang.
3. Cong mdt boi cia mot hang vao mot hang khac.

Ta thudng ki hiéu cac phép bién ddi so cAp trén dudi dang ky hiéu
nhu sau.

1. aH; — H;, ttc 1a nhan hang thi ¢ v6i vo hudéng a, dieu kién:
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a # 0.
2. H; +» Hj, tic 1a d6i chd hang thtt i va hang thit j, diéu kién:
i #J.
3. aH; + H; — Hj, ttic 1a cong a lan hang thtt i va hang thi j,
dieu kién: i # j.
Trong nhiéu truong hop, dé thuin tién, ta thuong t6 hop hai phép
bién d6i so cap thit nhat va tht ba thanh phép bién doi

> aH; +bH; — Hj, titc 13 cong a 1lan hang thit i v6i b lan hang
thit j dé duge hang j mdi, dieu kién: 7 # j va b # 0.

Vi du sau day minh hoa céch stt dung cic phép bién déi so cap trén hang
clia ma tran hé s6 md rong ciia hé phuong trinh tuyén tinh.

Vi by 1.1.13. Gidi hé phuong trinh tuyén tinh

r + Yy + 2z =
2 4+ 4y — 3z =
3r 4+ 6y — 5z =

S = ©

bing cach thuc hién cdc phép bién ddi so cAp trén hang clia ma tran
hé s6 mé rong.

CI1A1L. Trong vi du nay, va sé viét dong thdi ma tran hé sé mé rong & bén
trai va hé phuong trinh tuyén tinh tuong tmg & bén phai.

Hé phuong trinh tuyén tinh da cho va ma trdn hé s6 mé rong ciia né la

11 29 r + y + 22 =9
2 4 -3 1 2 + 4y — 3z = 1
3 6 =5 0 3r + 6y — 5z = 0

Ta st dung an z & phuong trinh dau tién dé khit an z & cadc phuong trinh
thit hai va thit ba. Cu thé, cong (—2) lan hang thit nhat vao hang thit hai,
va cong (—3) lan hang thit nhat vao hang thit ba.

11 2 9 T + y 4+ 22 = 9
02 -7 —-17 2y — Tz = —17
0 3 —11 —27 3y — 1lz = -27
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Tiép theo, sit dung an y & phuong trinh thit hai dé khit an y & phuong
trinh thi ba. Cu thé, cong 3 lan hang hai v6i (—2) lan hang thit ba dé
dugce

11 2 9 r + y + 2z = 9
0 2 -7 -17 2y — Tz = -—17
00 1 3 z = 3

T phuong trinh thit ba, ta tim dudc z. Thé z vao phuong trinh thit hai
dé tim y, r6i thé y va z vao phuong trinh dau tién dé tim z, ta nhan dugc

Qua trinh thé gia tri ngugc tit dudi 1én trén nay c¢é thé dude thé hién thong
qua viéc tiép tuc bién d6i trén ma tran hé s6 md rong nhu sau. Ta st dung
an z & phuong trinh tht ba dé khit 4n z & céc phuong trinh thit nhat va
thtt hai. Cu thé, cong 7 lan hang thit 3 vao hang thit hai v cong (—2) lan
hang tht ba vao hang dau tién.

110 3 T+ oy = 3
020 4 2y = 4
001 3 z = 3

Tiép theo, ta st dung an y & phuong trinh thit hai dé khit &n y & phuong
trinh dau tién. Cu thé, cong —% lan hang thit hai vao hang dau tién.

1001 z = 1
020 4 2y = 4
001 3 : = 3

Cubi cting, nhan hang thit hai véi %, ta dugc

T =1

O = O
= o O
<
Il

1 1
0 2
0 3

Véy hé phuong trinh da cho c6 nghiém duy nhét
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BAI TAP

1.3 [hint] X4c dinh ma tran hé s6 md rong clia cdc hé phuong trinh tuyén

tinh sau.
3z — 2y = 1
(a) Tx + b5y = 3
r — 4y = 2,
2x + 2z = 1
(b) 3z — y + 4z = 0
6 + y — =z = T,
() r — I + x4 = 1
2:6'2 — I3 = b.

1.4 [hint] Tim hé phuong trinh tuyén tinh ctia cdc an x1, z2, 3, ... ¢4 ma
tran hé s6 mé rong nhu sau.

(3 01 4
) |7 2 3 -1/,

0 -1 3 2

001 2 3 4
® 15920 236

BAI TAP TONG HOP

1.5 [hint] Chting minh rang d6 thi ham sb
y = a+ bz + cx?

di qua 3 diém (z1,y1), (2, y2), (3,y3) khi va chi khi cic hé s6 a, b, c
14 mot nghiém ctia hé phuong trinh tuyén tinh tuong tmg véi ma
tran hé s md rong

1 2 2 ;m

1 oz 23 o

1 ox3 a3 ys

1.6 [hint] Chting minh rang d6 thi ham sb

y = ag+ a1z + agx® + ... + apaz"
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di qua m diém (z1,y1), (22,%2), ., (T, Ym) khi v chi khi céc hé sb
ag, ai, as, ..., Gy, 14 mot nghiém ctia hé phuong trinh tuyén tinh tuong

tng v6i ma trdn hé so6 md rong

1 23 ... 2 owm
1 oz 22 ... 28

2 n
1 zp =z, ... 2, Um
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1.2 PHUONG PHAP KHU (GGAUSS

Muc nay trinh bay phuong phap khit Gauss va khit Gauss-Jordan dé giai
tat ca cac hé phuong trinh tuyén tinh mot cich cé hé thong.

DANG BAC THANG

Trong vi du cudi muc trude, ching ta da giai hé phuong trinh tuyén tinh
bang cach bién déi ma tran hé s mé rong ctia né vé dang

1
0
0

O = O
—_= o O

1
2
3

va nhan duge nghiém = = 1,y = 2,z = 3. Day 13 mdt vi du vé ma trén
bac thang rut gon.

DINH NGHIA 1.2.1 (Phan tit dan dau). Néu mot hang clia ma tran
c6 it nhat moét phan ti khac khong thi phan t& dan daw cia hang
nay 1a phan tit khic khong dau tién, tinh tit trai sang phai. Vi tri
cia phan t&t dan dau goi 1a vi tré dan dau.

Theo dinh nghia ndy, mot hang gom toan phan t& khong sé khéng cé phan
t& dan dau. Trong trudng hop ngudgc lai, phan tit dan dau ctia hang 1a duy
nhat.

DINH NGHIA 1.2.2 (Ma tran bac thang; Ma tran bac thang rat gon
). Mot ma tran dude goi 1a ma trdn bdc thang néu né cé cic tinh
chat sau.

1. Céc phan tit dan dau ctia méi hang déu bang 1.

2. Céc hang gom toan phan ti khéng nam bén dudi cic hang gom
it nhat mot phan t& khic khong.

3. Déi véi cac hang gom it nhat mot phan ti& khic khong, phan
ttt dAn dau ctia hang bén dudi luén nidm bén phai phan ti dan
dau ctia hang bén trén.

Mot ma tran bac thang duge goi 1a ma tran bdc thang rit gon

néu mdi cdt chita phan tit dan dau cé phan tit dan dau nay 1a phan
t khéc khong duy nhat.
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Gié sit cdc phan tit dan dau clia mot ma tran A deu bang 1 va céc vi tri
dan dau ctia né la

(ilajl)a (i27j2)7 (i37j3)7

Khi d6, ma tran A c¢6 dang bac thang khi va chi khi

1. Day iy, 19,13, ... 1 day lién tiép cac s nguyén duong, va i; = 1.

2. Day j1, jo, 3, ... 1a mot day tang chat, tic 1a j; < jo < j3 < ...

Trong mdt ma tran béc thang,  mdi hang, cic phan tit bén phai phan ti
dan dau c6 thé nhan gia tri bat ky.

~ '

Vi pu 1.2.3. Cdc ma trin sau la cdc ma tran bac thang rit gon.

100 4 100 01 =201
00 01 3 0 0
010 7,01 0], , .
001 -1 1o o1 00 000 0 0
00 000

Cac ma tran sau la ma tran bac thang nhung khéng phai ma tran
bac thang rut gon.

1 4 -3 7 1 1 0 0 1 2 6 0
0 1 6 2,10 10(,]0O01 —-120
0 0 1 5 0 0O 0 0O 01
Vi pu 1.2.4. Ma trdn bac thang
0 1 % *x =
0 0 0 1 =«
00 0 0O

la mot ma tran bac thang rit gon khi va chi khi phan ti & vi tri
(1,4) bang khong. Ma tran nay la

o O O

1
0
0

O O *
o = O
S ¥ ¥
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Vi pu 1.2.5. Céc ma tran sau la cdc ma tran bac thang, trong do
céc phan tit dugce ki hiéu * nhan gia tri bat ki.

1 * x % 1 * x %
0 1 % =% 0 1 % =%
001 *x]|2100 1 x|’
0 0 0 1 00 0 O
1 0 1 % * * % % % *x =
OT:: 0 0 01 % % % % % %
, 10 0 0 0 1 % % % x x
0 0 0O
000 0 0 00O 0O 0 1 % % *x =
000 0O0OO0OO 0O 1 =«

Cac ma tran bic thang trén 1a bac thang rit gon néu va chi néu
chiing cho dang sau

1 0 0 0 1 0 0 =

01 00 0 1 0 =

0010”001

00 01 0 0 0O
10 = » 01 « 0 0 0 % *x 0 =%
0 1 % = 0001 00 x x 0 =
, 10 0 0 0 1 0 %« % 0 =%

0 0 0O

000 0 000 0O0T1 x x 0 =
0O 00O 0O O0OO0O0OTO 01 x

Vipu 1.2.6. Gia st ma tran hé sé6 mé rong ciia mot hé phuong trinh
tuyén tinh dbi v6i 4 4n 1, 22, 23, x4 dua duge vé ma tran bac thang
rit gon sau stt dung phép bién ddi so cap trén hang

1000 3
0100 -1
0010 O
0001 5

Hay giai hé phuong trinh tuyén tinh nay.

C1A1. Hé phuong trinh tuyén tinh tuong Gng véi ma tran bac thang rit
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gon da cho la
T == 3

T2
3

1l
|
O =

Ty = 5.

Hé phuong trinh da cho tuong duong véi hé phuong trinh tuyén tinh nay.
Do d6, hé da cho cé nghiém duy nhat

1 =3, x9=—1, z3 =0, x4 = 5.

Vi DU 1.2.7. Xét hé phuong trinh tuyén tinh

Ozy + x9 — 4dxs3 + 2x4 = 5
ry = —1

Ma trén hé so md rong ctia hé nay la

01 -4 2 5
00 01 —-1]°

Ma tran nay c6 dang bac thang. Céc cot chita céc vi tri dan dau 1a
cot 2 va cot 4. Cac an tuong g, an T2 va an x4, 13 an rang budc.
Hai an con lai, an z1 v an x3, 1a céc an tu do, ching c¢6 thé nhan
céc gia tri bat ky.
Cho 1 =t, 3 = s v6i t,s € R bat ky. Khi d6

x4 =—1, xo =45+ 1.
Vay cac nghiém cta hé phuong trinh da cho la

r1=1t, xt9o =45+ 7, x3=35, x4 = —1.

v6i t, s € Rbat k.

Vi DU 1.2.8. Giai hé phuong trinh tuyén tinh déi véi ba an z,y, 2
biét rang hé s mé rong clia né dua dude vé ma tran bac thang rit
gon sau stt dung cac phép bién ddi so cap trén hang.
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1.0 0 0
(&) [0 1 2 0
1000 1
10 3 -1
) |01 —4 2
00 0 0
(1 -5 1 4
() |0 0 00
(0 000

CHONG MINH. (a) Phuong trinh tuong tng véi hang cudi cling 1a
Oz + 0y + 0z = 1.

Vi phuong trinh nay v6 nghiém nén hé phuong trinh tuyén tinh da cho vo6
nghiém.

(b) Phuong trinh tuong ting véi hang cudi ciing 1a
Ox + 0y + 0z = 0.

Phuong trinh nay hién nhién dang, do dé, ta c¢é thé loai bé né khéi hé
phuong trinh tuyén tinh tuong tmg véi ma tran hé sé6 mé rong

x + 3z = -1
y — 4z = 2.

Bién z c6 thé nhan gia tri t bat ky, thé gid tri clia z vio phuong trinh thit
hai ta tinh dugc y theo ¢, roi thé gid tri clia y va z vao phuong trinh dau
tién, ta tinh dugc x theo t:
r=-1-3t, y=2+4+4t, z=1t.
Pay 1a mo ta tham sb clia tat ci cidc nghiém ctia hé phuong trinh tuyén
tinh da cho. Vi mdi gid tri cu thé clia tham sb ta ¢6 mot nghiém. Vi du,
cho t = 0, ta nhan dugc nghiém
r=—-1,y=2 z=0.

Cho t = 1,ta nhan dugc nghiém

r=-4, y=6, z=1.
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(c) Tt dang bac thang ctia ma tran hé sé mé rong, ta thdy rang hé phuong
trinh tuyén tinh da cho tuong duong véi

r—5y+z=4.
Hai an y v z c6 thé nhan gié tri bat ky, lan lugt 1a ¢ va s. Thé gié tri clia
y va z vao phuong trinh dau tién, ta tinh dugc x theo t, s:
r=4+4+5t—s, y=t, z=-s.

Pay 1a mo6 ta tham s6 cho cac nghiém ctia hé phuong trinh tuyén tinh da
cho. O

BAI TAP

1.7 [hint] Trong cdc ma trdn sau, xac dinh cdc ma tran bac thang rut
gon, cac ma tran bac thang nhung khong bac thang rut gon.

120 3 4 2 3
m=lp 053 a0 o falo0ol
00001 10

1.8 [hint] Tim cdc ma tran béac thang.

0 1 *x % =x
(a) A=10 0 0 1 = |,
_00000_
[0 1 % % x|
(b B=|0 0 0 1 x|,
_000 1 0_
[0 1 % % % |
(c)C=100 0 0
_000 1 * |

1.9  [hint] Tim diéu kién cho cic s6 thiuc a,b va ¢ dé ma tran

1
A=1]0
0

S o
o O O

la mot ma trdn bac thang rat gon.
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1.10 [hint] X4c dinh tat cd cidc ma trdn bac thang va ma trdn bac thang
riat gon ¢ 2 x 3.

1.11 [hint] X4c dinh cdc ma tran bac thang va bac thang rit gon ¢d 3 x 3.

PHUONG PHAP KHU

Ta c6 thé viét ra mot cach dé dang tit cd cic nghiém ctia mot hé phuong
trinh tuyén tinh néu ta biét dugc dang béc thang rit gon clia ma tran hé
s6 m& rong clia heé.

Vi du sau mo ta thudt toan tudng minh sit dung cac phép bién déi so cap
trén hang dua ma tran vé dang bac thang rit gon. Xét ma tran

o0 -20 7 12
2 4 -10 6 12 28
24 =56 -5 -1

Buéc 1. Tu trai sang phai, xdc dinh cdt dau tién chita it nhat mot phan
t& khéc khong. Trong vi du trén, cot khic khong dau tién chinh 1a cot
mot.

0

2

2

Buéc 2. Trong cdt khac khong dau tién nay, néu phan ti ¢ hang mot
bang 0 thi ta c6 thé ddi chd hang mot v6i mot hang thich hop ciia ma tran
dé phan tit § hang mot trong cot niy clia ma tran méi khéac 0.

2 4 —-10 6 12 28
00 —-20 7 12 (MH%)
24 -5 6 -5 —1

Budc 3. Néu phan tit din dau ciia hang mot khong phai 1a 1, hay chuan
héa hang nay bang cich nhan hang mét né véi mot sé thich hop.

12 53 6 14
00 -20 7 12 (3Hy — )
2 4 -5 6 -5 —1

Buéc 4. Cong mot boi thich hgp ciia hang mdt vao cac hang bén dudi
clia ma tran dé khit cdc phan ti ciia ma tran bén dudi s6 1 dan dau nay.
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12 -53 6 14
00 —20 7 12 (4m+mﬁm)
00 5 0 —17 —29

Buédc 5. Lip lai cdc bude trén vi ma tran con ciia ma tran ban dau gom
cac hang tir hang thit hai. Roi lap lai cdc bude trén v6i ma tran con cia
ma tran ban dau gom cac hang tir hang thit ba,... cho dén khi nao ta thu
duge mét ma tran bac thang.

12 53 6 14
7 1
00 10 - -6 (~3Hs> — Hy)
00 50 —17 —29
(1 2 -5 3 6 14]
7
— 0 0 Lo _? —6 (—5H2+H3—)H3)
00 00 5 1
(1 2 =5 3 6 14 ]
7
-~ 10 0 0 —5 6 @%a%)
00 00 1 2]

Tt dang bac thang nay ciia ma tran hé sé md rong, ta c6 thé biét duge sb
lugng nghiém ctia hé phuwong trinh da cho: hé v6 nghiém, c6 nghiém duy
nhat, hay hé c6 vo s6 nghiém.
Budc 6. V6i mdi cot chita phan t&t dan dau, cong mot boi thich hop cia
mdi hang chita phan t& din dau vao cdc hang & trén n6é dé khit phan ti
bén dudi cic phan t& dan dau.

1 2 -5 30 2 TH, + Hy - H,
00 1001 (%H%Jf%H)
00 001 2 3T L
1 20307

S loo1001 @m+mﬁm)
00001 2

Ma trédn nhan dugc la mot ma tran bac thang rut gon.

Thuét toan ta vita minh hoa bén trén dé dua mot ma tran vé dang béc
thang rit gon dugc goi la phuong phdp khit Gauss-Jordan. Néu ta
dung lai & ma tran bac thang, thuit toan dudc goi la phuong phdp khi
Gauss.
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Vi bu 1.2.9. Giai hé phuong trinh tuyén tinh

— 23 4+ Ty = 12
221 4+ 4z9 — 1023 + 624 + 1225 = 28
2¢1 + 4x0 — bxy + 6x4 — bxry = -1

bang phuong phap khit Gauss-Jordan.

CHUNG MINH. Ma tran hé s mé rong ciia hé phuong trinh tuyén tinh da
cho 1a

00 -20 7 12
2 4 -10 6 12 28
24 -5 6 -5 -1

Trong vi du trén, ta da thuc hién phuong phap khit Gauss-Jordan dé dua
ma tran nay ve dang béc thang rit gon va nhin dudc ma tran

120307
001001
000012

Hé phuong trinh tuyén tinh tuong tng la

r1 + 29 + 3x4 =7
I3 =
Trs =

N =

Céc an tu do 1a 29 v x4. Cho céc an tu do nay lan lugt céc tham sb ¢ va
s bat ky, roi giai cdc an phu thudc theo an tu do, ta nhan duge nghiém
téng quat ctia hé phuong trinh tuyén tinh da cho

r1=T7—2t, xo=1t, x3=1, x4 = s, r5 = 2.
L]
Khi thuc hién phuong phédp khit Gauss-Jordan hodc khit Gauss, néu ta
tién hanh chuan héa hé sé ctia mdi hang, dé dua hé sé dan dau vé 1 thi ¢

thé sé lam phat sinh phan s6 mot cach khong thuc su can thiét. Pé tranh
viéc nay, hay dé budc chuan héa hé s6 dan dau & bude cudi ciing.
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25

3%2
6$2

619

2x3
5$3
5$3

+ 2%5
+ 4dxs

+
+

21y
10$4
8x4

+ +* 4$5

3$6
15$6
18x¢

Vi DU 1.2.10. Gidi hé phuong trinh tuyén tinh sau bang phuong
phap khit Gauss-Jordan.

Y Ut = O

—~

11)

CHUNG MINH.
rong cua no.

1 3 -2
2 6 —5
00 5
2 6 0
1 3 -2

L o0
00 5
(00 4
1 3 -2

L oo 1
00 5
00 4
(1 3 -2

L oo 1
00 0
00 0
(1 3 -2

Lo 1
00 0
00 0
(1 3 -2

L oo 1
00 0
(00 0
1 3 0 4
001 2

“ 10000
0000

—_

OO N O OO NO OO NO

Qo

o O O N

O OO N OO NNO O OoON

S O O N

O O ON O =N

o w o o

O Ul = O O Oy — O

—_ = [Era—
o Ut W O 0o Ut Ww O

—
co Ot W O
oy otk O

|
(

O WO OO WWoOOoHo wOo

L 1 O OO0, F~FONO O

O = OO

(—Ha — Hy)

H; + Hy
%fﬁ;—%fﬂg

(2fﬂ3%—f¥1-—>l¥1)

—2H, + Hy — Hy
—2H,+ Hy — Hy

5Hy + H3 — Hj
4Hs + Hy — Hy

)

(—fﬁ-%fﬁ-—)fﬁ)

Dé giai hé phuong trinh, ta khit Gauss ma tran hé sé ma
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1304200
0012000 )

7 looooo0 1} (5Hs — ta)
0000000

Céc an tu do 1a 29,4 va 5. Cho cdc an tu do céc gia tri tham s6 bat ki
lan lugt bang r, s, va t, roi tinh cdc 4n phu thudc qua an tu do, ta nhan
duge mo ta tham sb ciia nghiém ctia hé phuong trinh da cho

r1=—-3r—4s—2t, xo =1, x3 = —28, T4 =S, T5 =1, x6:§.

HE PHUONG TRINH TUYEN TINH THUAN NHAT

Nhic lai rang mét hé phuong trinh tuyén tinh duge goi 1a thuan nhét néu
céc hé sb tu do ciia né bang 0. Dang tong quat ctia mot hé phuong trinh

tuyén tinh thuan nhat bao gom m phuong trinh dbi véi n an x1, xa, ..., Tn
la

ajlry + appr2 + - 4+ apry = 0

ary + axr2 + - + agr2 = 0

Am1T1 + Am2T2 + 0+ AT, = 0

Hé phuong trinh tuyén tinh thuan nhat luén c6 nghiém hién nhién
T = O, Tro = 0, veey Ty = 0.
Nghiém nay dudc goi 1a nghiém tam thuwdng. Vi mot hé phuong trinh

tuyén tinh thuan nhat, ta mudn biét né c6 nghiém khong tam thuong hay
khong. Cau hdi nay sé xuat hién nhiéu lan & trong cac chuong sau.

s D

Vi pu 1.2.11. S&t dung phuong phap khit Gauss-Jordan dé giai hé
phuong trinh tuyén tinh thuan nhat.

r1 + 3xs — 2x3 + 2zj5 = 0
2v1 4+ 6x9 — bxry — 2x4 + 45 — 35 = 0
or3 + 10x4 + 15x¢ 0

21 + 6x9 + 8ry + 4xs5 4+ 18z = 0

—~
—_
[\

g
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CHONG MINH. Dé gidi hé phuong trinh tuyén tinh thuan nhéat nay, ta sé
khtt Gauss-Jordan ma trdn hé s6 md rong ctia né. Vi ma tran hé s cia
phuong trinh nay trung véi ma tran hé sb6 ctia hé phuong trinh tuyén tinh
(11) nén tt dang bac thang rit gon clia ma trdn hé s6 md rong clia hé
(11), ta thu duge dang bac thang rit gon clia ma tran hé s6 md rong clia
hé (12) 1a

o O O
O O O Ww
O O = O
S O N
S O O N
O = O O
o O o O

Giéng nhu trong vi du trén, cdc an tu do 1a xo, £4 va 5. Cho cic an tu do
céc gia tri tham sd bat ki 1an lugt bang r, s, va t, roi tinh céc an phu thuoc
qua an tu do, ta nhan dudc mé ta tham sb ctia nghiém ctia hé phuong
trinh da cho

r1=-3r—4s—2t, xo =1, T3 = —28, x4 =8, r5 =1, x5 = 0.

MENH Pk 1.2.12. Cho mot hé phuong trinh tuyén tinh thuan nhat
d6i v6i n an. Gia sit ma tran hé s6 md rong clia né c6 r vi tri then
chét. Khi d6, hé ¢6 n — r an tu do va r an phu thudc.

MENH PE 1.2.13. Mot hé phuong trinh tuyén tinh thuin nhét cé sb
an nhiéu hon sé phuong trinh luén c¢é vo sé nghiém.

Dé gidi hé phuong trinh tuyén tinh va tra 19i cédc cdu héi vé sb luong
nghiém, trong phan 16n trudng hop, ta chi can bién déi ma tran hé sb cta
hé phuong trinh tuyén tinh vé dang béc thang, khong can dang bac thang
it gon.

Vi DU 1.2.14. Giai hé phuong trinh tuyén tinh (11) st dung phuong
phép khit Gauss.

CHONG MINH. Ta khit Gauss ma tran hé s6 mé rong ctia hé phuong trinh
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tuyén tinh (11) va nhan dudce dang bic thang

13 -2 02 00
00 12031
00 O0O0O031
00 0O0O0O0O0

Luu ¥ rang dang bac thang nay da xuat hién trong khit Gauss-Jordan &
vi du 1.2.10. Tt dang béac thang nay, ta thiy cac an tu do 1& z9, 24 VA 5.
Cho céc an tu do céc gia tri tham s6 bat ki 1an lugt bang r, s, va t, r6i tinh
céc an phu thudc qua an tu do, tinh ngugc tit dudi lén trén

Te = 5,

W =

r3 =1—2x3 — 3x5 = —2s,
r1 = —3x9 + 223 — 2x5 = —3r — 4s — 2t.

Véy nghiém téng quéat ctia hé phuong trinh tuyén tinh da cho la

r1=-3r—4s—2t, xo =1, x3 = —28, T4 =S, T5 =1, x6:§.

Vi pu 1.2.15. Gia st ma tran bén dudi 1& dang bac thang ciia ma
tran hé s mé rong ciia mot hé phuong trinh tuyén tinh. Hé nay c6
bao nhiéu nghiém?

-3
1

N |
[\

(a)

[an}

—
o
N—

O OO H OO+ OO O
()

O N J O, N O F=N
(@)

O O = Ul O WO = O = Ul
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GI1AI. (a) Hang cubi cling clia ma tran bac thang twong ting v6i phuong
trinh tuyén tinh
Ox1 + Ozo + Ox3 + Ox4 = 1.

Vi phuong trinh nay v6 nghiém nén hé phuong trinh tuyén tinh da cho vo
nghiém.

(b) Hé phuong trinh da cho c6 nghiém. Hon nita, an z4 14 mot an tu do,
c6 thé nhan gia tri bat ky. Cac an phu thudc tinh duge duy nhat théng
qua an tu do nay. Do d6, hé phuong trinh c6 v6 s6 nghiém.

(c) Hé phuong trinh tuyén tinh da cho c6 nghiém duy nhét. O

Vi bu 1.2.16. Cho ma tran

26 -5 -2 =3 -1
A=|(13 -2 0 0 O
26 0 8 18 5

(a) Khit Gauss ma trdn A vé ma tran bic thang

(b) Khtt Gauss-Jordan ma trdn A vé ma tran bac thang rit gon

GIAL (a) Khit Gauss ma tran A, ta dugc

2 6 -5 -2 -3 -1
13 -2 0 0 0
26 0 8 18 5
13 2 0 0 0]
-~ |26 -5 -2 -3 -1 (H1<—>H2)
26 0 8 18 5
13 20 00 S, Hy s I,
—~ oo 12 31 (_2H+H_>H>
00 48 18 5 s 3
13 -2 00 0
-~ oo 1231 (—4H2+H3—>H3)
00 00 6 1

Nhu da quy u6c bén trén, ta sé xem ma tran cudi ciing thu dude 1a mot
ma tran bac thang. Trong trudng hdp muén cac phan tit dan dau phai la
1, ta chi can thuc hién thém phép bién ddi hang so cap %Hg — Hsj.
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(b) Dé khit Gauss-Jordan ma tran A vé dang bac thang rit gon, ta tiép
tuc thue hién cdc phép bién ddi hang so cip trén ma tran bac thang bén
trén

(13 =2 0 0 0]
00 1231
00 006 1
13 =2 00 0]

- loo 2401 (Jﬂw%%%)
00 006 1
13040 1]

~ o0 2401 (m+m%Hﬁ
0000G6 1
13040} 1y, H,

- (001201 tr o
(0000 1 3 6713 7T

Ta nhan dugce dang bac thang rat gon ciia ma tran A. O

Nhén xét rang ma tran A trong dau bai cta vi du trén c6 tat ca cdc phan
tit déu 1a sd nguyén. Do d6, trong céc phép bién d6i trung gian, ta tranh
tbi da viéc tao ra cdc phan sb. Thuc ra, ta c6 thé bién d6i dé phan sb, néu
c6, thi chi xuat hién ¢ ma tran cudi ciing, titc 1a ma tran béc thang rit
gon clia ma tran A. Phan s6 xuat hién khi d6 1a khong thé tranh khoi vi
ma tran bac thang rit gon ctia ma trdn A la duy nhat. Trong khi dé, céc
ma tran trung gian ctia phép khit Gauss-Jordan thi lai khong duy nhat.

Thudt todn ma may tinh thuc hién khong nhat thiét thé nay, vi may tinh
c6 thé tinh todn trén cdc phan sé hiéu qua. Tuy nhién, trong céc bai tap
tinh toan trong cudn sach bai tip nay, hau nhu tat cid déu don gian, va cé
thé thuc hanh tinh toin ma khong can st dung mdy tinh, va khong nén
st dung may tinh, vi thé, lic d6 viéc bién ddi ma han ché lam xuét hién
cac sd khong nguyén 1a viée can thiét.

Vipu 1.2.17. St dung két qua trong vi du trén dé gidi céc hé phuong
trinh tuyén tinh sau

2x1 4+ 6x9 — bxy — 24 — 35 = -1
(a) 1 + 3x2 — 2z3
2r1 + 629 + 8x4 + 18z = b

I
o
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21‘1 - 5332 - 3.’E3 = -1
(b) xr1T — 23}2 = 0
214 + 18z3 = )
2r1 4+ 6x9 — bxry — 234 = -1
(c) =z + 3z — 23 = 0
21 + 6x9 + 8xy = 5}

Giai. (a) Ma trdn hé s6 md rong clia hé phuong trinh da cho 1a

26 -5 -2 =3 -1
13 -2 0 0 O
26 0 8 18 5

Theo vi du trén, dang bac thang rit gon clia ma tran nay la
13040 1
00120 3
00001 g

Do d6, cac an tu do 14 zo vA 4. Cho 29 = t, 4 = s v6i t, s € R bat ky, ta
thu dugce

I5:l

6
r3 = —2.%44—% = —284—%
r1 = —3x9—4dxy+1 = —-3t—4s—+1.
Véy nghiém téng quéat ctia hé phuong trinh da cho la
1 1
1 =3t —4s+1, xz2 =1, x3:—23—|—§, Ty =S8, Ts = 5’

v6i t, s € R bat ky.
(b) Ma tran hé s6 md rong ciia hé phuong trinh da cho 1a
2 -5 -3 -1

1 -2 0 0
2 0 18 5

Ma tran nay 14 mot phan ciia ma tran hé sé md rong trong ¥ (a), gom cic
cot 1, 3, 5 va 6. Tt két qua trong y (a), ta thdy dang bac thang rit gon
cla ma tran nay la

O~ O
= O O

1
0
0

O N[t
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Do dé, hé da cho cé nghiém duy nhat

1
.ZU1:1, .%'2:5, m3:6'
Dé c6 duge nghiém nay, ta cling c6 thé sit dung dang bac thang thay vi
dang bac thang rit gon ciia ma tran hé sé6 mé rong. Ma tran dang bac
thang nay cé dugc tur tinh toan trong vi du trén

1 =2 00
0 13 1
0 06 1
Do d6 )
r3 = 6
v = -8zz+1 = -3.(3)+1 =}
v o= 2w = 2.(3) -1

Véy hé phuong trinh da cho c6 nghiém duy nhét

1 1
m1:17x2:§7x3:6'

(c) Ma tran hé s mé rong ciia hé phuong trinh da cho 1a

2 6 -5 -2 -1
13 -2 0 O
26 0 8 5

Tuwong tu ¥ (b), tit két qua ctia vi du trén, ta thu duge dang bac thang
cla ma tran nay la

|
I\
oo

0
0
1

o O W

1
0
0

O =

Hang cudi clia ma tran trén tmg véi phuong trinh
0x1 + 0x2 + 0x3 + Oxyq = 1.

Phuong trinh nay vo nghiém. Do dé, hé phuong trinh da cho vo nghiém. [

Dé giai mot hé phuong trinh tuyén tinh, ta bién d6i ma tran hé s6 mé rong
clia phuong trinh nay vé dang bac thang, hodc tét hon 13 dang bac thang
rat gon. Tt mdt trong hai dang nay, ta biét duge ngay phuong trinh cé
nghiém hay v6 nghiém.
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Néu mudn biét nghiém téng quat ctia hé phuong trinh da cho, ta can phai
xéc dinh céc an tu do, cho an tu do cac gia tri tham sé bat ky, roi tinh toan
cdc an con lai (An rang budc) thong qua an tu do. Liic két luan nghiém
ctia hé phuong trinh, can ghi day céc an theo dang tht tu quy dinh lic

ban dau.

BAI TAP

1.12 [hint] Cho ma tran

A:

-3

1
0

1

2
3

-7

4

-5

1 -3
6 —4
5 -9

12

=7

(a) Khit Gauss ma trdn A vé dang bac thang theo huéng dan sau

A

— .Al (

— AQ

— A3 (

((Ho o H )

3H, + H3 — Hj
—H+Hy — Hy

3Hy + H3 — Hj
2H, + Hy — Hy

(b) Khit Gauss-Jordan ma trdn A vé dang bac thang rit gon theo

huéng dan sau

Az
Ay

L Ll
&

( %Eﬁ-—}f& )

fﬁ*ﬁ3fﬁ‘4§fﬁ

<H1+3H3—>H1>

E }{1%—2fﬂg—+}{1)

—E&-—)f& )

1.13 [hint] Gidi cdc hé phuong trinh tuyén tinh sau

1 + 229

3$2

(a) -—3%1 — 7$2
1 + 4z

_|_
_.I_

+

x3
6%3
5$3
5%3

_l’_

34
dxy
12%4
914

-1
-9

6
-7
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r1 + 219 — 3rg = —1
3l’2 — 4133 = -9
(b) —3x1 — Tz + 1223 = 6
T, + 4ry — 93 = —7
Ty + 29 4+ x3 = -3
() 3xra + 6xz3 = —4
*31‘1 7332 — 5.’L'3 == 12
r1 + 4x2 4+ Sx3 = -9

1.14 [hint] Gidi cdc hé phuong trinh tuyén tinh sau

rT — 4IL‘2 — r3 = -5

(a) 2r1 4+ 2x9 + 3x3 = 0
4dres + 3x3 = 5}

2¢7 + 6z — 2x3 = —A4

(b) —x1 + 922 — 2x3 = 10
—x1 — 3x2 + 213 = 2

r1 + 229 4+ 33 = -1

(c) — 4x9 — 223 = —4
—I - 21‘3 == 3

BAI TAP TONG HOP

1.15 [hint] Tim dang bac thang va dang bac thang rit gon clia cdc ma
tran sau day.

_ 0 0 1
(a) 1 0 2
-1 4 -2

1 —4 0 2
| -1 240
-1 311
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1.16 [hint] Tim dang bac thang va dang bac thang rit gon cia cdc ma
tran sau.

2 -4 -3 -3 -1
) |1 1 -1 2 2
3 -5 =5 —4 0

Mb) | =3 -1 2 -4 —4

e | -1 0 2 1 2
-1 -2 1 -1 -1

1.17 [hint] Bién luan theo tham s6 a s6 lugng nghiém ctia hé phuong trinh
tuyén tinh

z + 2y — 3z = 4
2 — 3y + 8z = =2
dr + y + (a®-14)z = a + 2

1.18 [hint] Bién luan theo tham s6 a s6 lugng nghiém ctia hé phuong trinh
tuyén tinh

r — 4y + 2z = -1
3z + 4z = 3
20 4+ 4y — (a®>—6)z = a+2

1.19 [hint] St dung phép bién déi hang so cAp dua ma tran

0 -2 1
2 1 3
3 4 5

ve dang bac thang rit gon sao cho tat ca cdc ma tran trung gian chi
gdm toan sd nguyén.
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1.20 [hint] Giai hé phuong trinh

202 + y — 22 = 3
2 — oy 4+ 223 = 2
@2+ oy + 2 =6
1.21 [hint] Giai hé phuong trinh
3sina — cosf + 2tany = 3
sihaw — 3cosff + OGtany = 9
—2sina + 2cosf + 4tany = 2

véi a, B, € [0, 2m].

1.22 [hint] Tim di¢u kién cho cdc tham s6 a,b,c dé hé phuong trinh cé
nghiém
3z + y — 2z = a
2x - 3z
r + y + 2z =

1.23 [hint] Tim diéu kién cho cdc tham sb a,b,c dé hé phuong trinh cé

nghiém
—2xr1 — X2 + x3 = a
3t1 + 3 + x3 = b
Txy 4+ 3xzy — x3 =

1.24 (a) Chting minh rang néu ad — bc # 0 thi dang bac thang it gon

, . a b .. . .11 0
cuamatranlc d]lamatranddnv;lo 1].

(b) Stt dung két qua trong phan (a), chting minh rang néu ad —be #
0 thi hé phuong trinh tuyén tinh

axr + by = k
cx + dy = 1

c6 nghiém duy nhat véi moi k, [.

1.25 [hint] Tim phuong trinh parabol trong hinh vé sau
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(-2.2)

(0-4)

-3 -2 -1

1.26 [hint] Tim dudng cong bac ba ¢ do thi trong hinh vé

5

<'1=7r\

\J 2
(1,-1)

-3 L2 )
2,-0)
i

1.27 [hint] Tim dudng cong bac ba c¢é do thi trong hinh vé

12

9 "

(2.9)

N

-1

/(a 1)
2 3 4
)

2,9)

(1,5)

it / 2 o
2

1.28 [hint] Tim phuong trinh dudng tron di qua ba diém (4, —3), (—2,7)

va (—4,5).
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1.29 |hint] Tim phuong trinh dudng tron trong hinh vé sau.

1.31 [hint] Tim cdc hing sb thuc a, b, ¢, d dé ta c6 déng thitc

323 + 422 — 62 a b cr+d

(22 422 +2) (22 = 1) x—1+x—|—1+:1:2+2:1:—|—2

1.32 [hint] St dung két qud trong bai tip trén, tinh tich phan

I/ 323 + 422 — 62
) (@2 420 +2) (22 1)

biét rang [ m21+1dx = arctan(z) + ¢, véi ¢ 14 mot hang sb.

1.33 [hint] Tim céc da thitc f(x) véi bac khong qué 2 biét rang dd thi clia
né6 di qua hai diém (—1,-3),(3,1) va f'(2) = —1.

1.34 [hint] Tim cic da thiic f(x) c6 bac khong qua 3 biét rang do thi ctia
n6 di qua ba diém (—1,—6), (1,-2),(3,10) va f'(2) = 5.
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1.35 [hint] Tim mot da thiic bac khong qua 2 biét rang do6 thi cia né di
qua ba diém (—1,p), (1,q), (2,r) trong d6 p, ¢ va r 1 céc hang sb bt
ky. Phai ching mot da thttc nhu thé 1a ton tai v6i moi p, g, r?

1.36 [hint] Tim cic da thtic f(x) c6 bac khong qua 2 biét rang do thi ctia

n6 di qua hai diém (1, —4),(3,12) va [° f(z)da = 5.

1.37 [hint] Tim mot hé phuong trinh tuyén tinh ctia 3 an z,y, 2z biét ring
céc nghiém cua noé la

r=24+3t, y=-3+t z=4—2t.
1.38 [hint] Tim mot hé phuong trinh tuyén tinh ctia ba an z,y, z biét

ring tap nghiém cfia né 1a dudng thing di qua hai diém (6,4,2) va
(1,1,1).
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1.3 MA TRAN VA PHEP TOAN MA TRAN

Ma tran xuat hién trong nhiéu tinh hudng khac nhau trong toin hoc va
ting dung cht khéng chi 14 ma tran hé sé md rong clia mot hé phuong
trinh tuyén tinh.

Muc nay trinh bay dinh nghia ctia ma tran va cic phép toin s6 hoc cd ban
trén ma tran.

DINH NGHIA 1.3.1 (Ma tran). Mot ma trdn la mot bang hinh ch
nhat ciia cac con s6. Céc sé xuat hién trong ma tran dudc goi 1 céc
phdn & clia ma tran.

Ta n6i mot ma tran cé ¢d, hoac kich thwdc, m x n néu né c6 m
hang va n cot.

Vi U 1.3.2. Mot s6 vi du vé ma tran 1a

1 2 e7lr—2 1
3 01(,12 1 0 =3, |0 = 11, , | 4.
s )]

Céc ma tran nay c6 cd lan lugt 14 3 x 2,1 x 4,3 x3,2x 1va 1 x 1.

Ma tran chi c6 mot hang dudc goi la mot vée to hang. Ma tran chi co

mot cot dude goi 1a mot vée to edt. Ta thuong dong nhat ma tran | a
cd 1 x 1 véi sb a.

Phan ti & vi tri hang i, cot 7, hay con goi 1a vi tri (i,7), clia ma tran A
thuong duge ky hiéu 1a a;; hodc a; ; néu c6 thé gay hiéu nham.

Nhu véy, dang téng quat clia mot ma tran vuong A ¢d 2 x 4 13
ail a2 a3 Qi
A= az a2 a3 axn

aszr a32 33 G34

Téng quét hon, dang téng quat clia mot ma tran ¢d m x n 1a

aml aGm2 ... Omn
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Mot céch ngin gon, ta ki hiéu ma tran nay la

A= [aij]mxn hOéC A= [aij] .

Céac véc t6 hang va véc to cot
[al a ... am},

sé dugc st dung thuong xuyén sau nay.

DiNg NGHIA 1.3.3 (Ma tran vudng). Ma tran c¢6 sb hang bang s6
cot duge goi 1a ma trdn vudéng. Mot ma tran vudng ¢S n 1la mot
ma tran c¢é n X n.

V6i moi ma tran vuéng A = [aj;] céc phan tit

nxn’

aii, a2, ..., Qnn

dugc goi la dudng chéo chinh, hoac don gian la duong chéo, ctia
ma tran, con cic phan ti

A1n, A2,n—1,- -+, Anl

dugc goi la dudng chéo phu cua ma tran.

PHEP TOAN TREN MA TRAN

Phép toan clia ma tran dugc dinh nghia dya trén cac phép toan quen thudc
trén cac phan tit ctia no.

DINH NGHIA 1.3.4 (Ma tran bang nhau). Hai ma trin 4 = [a;;] va
B = [b;j] dugc goi 1a bang nhau néu ching cé cing cd, va cac phan
tlt tuong @ng bang nhau, ttc 13 néu

aij = by

v6i moi ¢, j.
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Vi bu 1.3.5. Xét ba ma tran
2 1 2 1 2 10
=5 e ] e 5 0]
Ta thay hai ma tran A va B ¢ cing ¢d 2 x 2, va ma trdn B c6 ¢&
2x 3. Do do
A#C, B#C.
Nhin vao céc phan tit tuong ting ctia hai ma tran A va B, ta thdy

rang
A=B & z=5.

DINH NGHIA 1.3.6 (Cong va trit ma tran). Cho hai ma trdn

A= [aij], B = [bm] .
Néu A va B c6 cing ¢3 thi téng A+ B va hiéu A — B cing 1A céc
ma tran cé cing ¢d véi A, B, nhan duge bang cich cong va trit céc
phan ti tuong ting ctia A va B:

A—i—B:[aij—l—bij], A—B:[aij—bij].

Néu A va B c6 ¢ khac nhau thi ta khong dinh nghia téng A + B
va hiéu A — B.

Vi by 1.3.7. Xét cac ma tran

-4 3 5
A= | — ,B=| 22 0 ,02[13]

= = N

1
0
-2

N NN O

Tinh A+ B,A— B,A+C,B - C.

GIAL Vi cd clia céc ma tran A, B, C lan lugt 14 3 x 3,3 x 3 v 2 x 2 nén
ta c6 thé thuc hién phép tinh A+ B va A — B nhung khong thé thuc hién
cac phép tinh A+ C va B—C. Ta c6

—2 4 5 6 —2 -5
A+B=| 1 2 2|, A-B=| -3 -2 2
70 3 1 -4 11
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Tiep theo, ta dinh nghia phép todn nhén trén ma tran. C6 hai kieu nhan,
mot 1a nhan ctia sO v6i ma tran, va hai la nhan cla hai ma tran.

DINH NGHIA 1.3.8 (Tich ciia s6 va ma tran). Cho A = [a;;] 1a mot
ma tran va ¢ 1a mdt c6 hubng. Tich clia ¢ v6i A, ki hiéu cA, 1a ma
tran c6 cling ¢d v6i A, nhan duge bang cdch nhan ¢ v6i mdi phan
tl ciia ma trén A:

cA = [caij] .

Phép nhan ctia sé va ma tran luén thuc hién duge. Luu ¥ rang khi viét
tich clia s6 ¢ v6i ma tran A, ta luon viét s6 trude, ma tran sau.

Vi by 1.3.9. Ta ¢

DiNn" NGHIA 1.3.10 (Tich ctia hai ma tran). Cho hai ma tran

A = [aij]mxn’ B = [bij]rxs :

Néu n = r thi tich AB clia ma trdn A v6i ma tran B, 1 ma tran
c3 m x s, v6i phan t& & vi trf hang i cot j 13 tong cia cac tich céc
phan tit ¢ hang i ctia ma trdn A véi cdt j clia ma tran B:

aitbij + aigbgj + - - + @inbn;.

A: a;1 A2 ... Qip ,B:

b
Néu n # r thi tich AB khong dugce dinh nghia.

Theo dinh nghia, dé nhan ma tran A v4i ma tran B ta lay lan luct timg
hang ctia ma trén A nhan véi lan lugt ting cot clia ma tran B. Quy téc
tinh toan nay goi la quy tic hang-cot.
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Vi cach dinh nghia ctia tich AB khong ddi xtng (st dung hang ctia A va
¢dt clia B) nén ta c6 thé nghi ngd sut baing nhau cta tich AB va tich BA.
Ta s& xem xét van dé nay bén dudi.

Vi pu 1.3.11. Cho hai ma tran
4 1 4 3
a=ly b a]m=]o e
2 7T 5 2

Tinh phan t& & vi tri (2, 3) ctia tich AB.

CIAL. Vi ¢ ctia hai ma trdn A va B lan lugt 1a 2 x 3 va 3 x 4 nén ta cé
thé thuc hién phép nhan A véi B. Tich AB 13 mot ma tran c& 2 x 4.

Dé tinh phan tit & vi trf (2,3) clia tich AB, ta can ldy lan lugt cdc phan
t & hang 2 cia ma trdn A nhan véi cdc phan t & cot 3 clia ma tran B
10i cong cac tich nhan duge. Hang 2 cia A va cdt 3 clia B lan ludt 1a

4
[2 6 0] |3
5
Do d6, phan ti & vi trf (2, 3) ctia tich AB 13

(2) (4) +(6) (3) + (0) (5) = 26.

Vipu 1.3.12. Cho bama trdn A, B va C ¢ ¢ lan lugt 14 3x 4,4 x 7
va 7 x 3. Tim céc ciap ma trdn (M, N) trong s6 ba ma tran nay sao
cho ta c¢6 thé thuc hién phép nhan MN.

GIAI. Tw théng tin vé ¢d clia cdc ma tran A, B, C, ta thiy rang cic cip
ma tran (M, N) trong sb cic ma tran nay cé thé thuc hién phép toan nhan
MN la

(A,B), (B,C), (CA).

Hon ntta, ma tran AB ¢6 ¢ 3 x 7, ma tran BC c6 ¢d 4 x 3 va ma tran C' A
cHd el 7 x 4. ]
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PHAN HOACH MA TRAN

Mot phép phan hoach ciia mdét ma tréan la mdt cich phan chia ma tran
thanh céc ma tran ¢ nhé hon st dung cdc dudng thing nim ngang hoic
thdng dimg. Phan hoach thudng xuyén dude sit dung nhat 14 phan hoach
ma tran thanh cic véc tg hang, hoac thanh céc véc to cot.

Vi bu 1.3.13. Cho ma tran

ail ai2 a3 a4
A= | az1 age as axy
azr az2 az3 asq

Phan hoach ma tran A thanh cic véc to cot, ta nhan duge 4 cot lan
lugt la

ann a2 a3 a4
Ci=|an |,Co=|axn |, C3=|ax3 |, Ci=| axu
asy asp ass as4

Phén hoach ma trdn A thanh céc véc to hang, ta nhan dugc 3 hang
lan lugt 1a

Hy = [ air a2 a1z ai4 j|7 Hy = { 21 a2 G23 G24 ]7

H3 = { azy Gz asz as4 } .

Mot phép nhan hoach khéc ciia ma tran A la

A A
A p—
[ A9 Ag ]

a1 a2z az3

ailp a2 a3 aiq
AllZ[ ],Am:[ ],

A21={a31 asz a33}7z422=[a34}~

Cho hai ma tran A va B sao cho ta c6 thé thuc hién phép nhan AB. Khi
dé

> Dé c6 véc to cot thit j clia ma tran tich AB, ta lay ma tran A nhan
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véi véc to ¢Ot thit j clia ma trdn B:

AB:A@lcln.anpq MAH.A@}

> Dé cé véc to cot thit i clia ma tran tich AB, ta liy hang tht i cla
ma tran A nhan véi ma tran B:

Hy HB

Hy HyB
AB=| . | B= )

H,, H,B

Vi bu 1.3.14. Cho hai ma tran

4 1
=y b o] |0
2 7

Tt W b~
N = W

1. Tinh véc to ¢t thit 3 clia ma tran AB.
2. Tinh véc to hang thit 2 cia ma tran AB.

GIAL (a) Véc to cot thit 3 cta tich AB la

12 4 g [ 30
26 0] | |26]

Véc to hang thit 2 cia ma tran tich AB la

4 1 4 3
[260} 0 -1 3 1 :[8—4% my
2 7 5 2

O

Dé thuc hién phép nhan AB, ta st dung quy tic hang-cot dé nhan lan
lugt timg hang cliia ma tran A véi ting cot ciia ma tran B. Mot cdch nhén
khéc c¢6 thé thuc hién goi 1a quy tic cot-hang nhu sau.

H,
Hy
AB:[Cl Cy ... C, : =Ci1H+CyHy +---+ C,H,.

H,
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Luu y rang cac tich C;H; 14 cdc ma tran cing ¢5 véi nhau.

Vi pu 1.3.15. St dung quy téc cot-hang dé tinh tich

1 3 2 0 4
w=ly S50

GI1AI. Ta cé

w = B3

40 8 3 -5 -1
-7 157
- 7T -5 7|

MA TRAN CHUYEN VI

Khi lam viéc v6i ma trdn, ching ta phin biét hang va cot cia mot ma
tran.

DINH NGHIA 1.3.16 (Chuyén vi). Cho A 1 mét ma tran ¢d m x n.
Ma trgn chuyén vi cia A, ky hiéu AT, 13 ma tran nhan dugc ti
A sau khi viét lai cdc véc to hang ctia ma tran A thanh céc véc to

cOt
;1
;2
[ail a2 ... Qin ~ .
hang thit ¢ ctia A
ang 7 Cua ain

Trén ting phan ti, ta cé

(AT) = (A)ji'

)
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Vi by 1.3.17. Tim chuyén vi ciia ma tran

CHUNG MINH. Ta cé

VET CUA MA TRAN
DINH NGHIA 1.3.18 (Vét). Vét clia mot ma tran vuong A = [a;], ..
1 tong clia tat ci cdc phan ti trén duong chéo ctia né
tr(A) = a11 + a2 + - + anp.-

Ta khong dinh nghia vét clia mot ma tran khong vudng.

V6i moi ma tran vuéng A, ta ¢

tr (AT) =tr(4).

Vi bu 1.3.19. Cho cic ma tran

-1 3 7 17
a=liie]me] soe]oo| 2
1 31 01

a. Tinh phan t& & vi trf (1,2) ciia AB.
b. Tinh hang th hai cta AB.

. Tinh c6t thit nhat ctia BC.

. Tinh 24 — C7T.

a8 o

GIAL.  a. Phan t& & vi tri (1,2) ctia AB 1a

1.342.0+4+3.3=12.
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b. Hang thit hai cia AB la

-1 3 7
[456} 6 0 2 :[32 30 44}.
1 3 1
c. Cot thir nhat cta BC 1a
-1 3 7 1 -7
6 0 2 -2 | = 6
1 3 1 0 -5
d. Ta cé
1 2 3 L7 !
2A—CT:2[456]— -2 3
01
(2 4 6] 1 —20] [16 6
8 10 12 7 3 1 1 7 11
]
BAI TAP
1.39 [hint] Cho céc ma tran
1 0 6 2
-1 3 7 0 3 -7 0 1
A_[2146]’B_ —4 2 1 — ’
1 5 — 2
1 7 6
2 4 -5
¢= 7 0 1
-6 2 3

(a) Tich AB c6 ton tai hay khong? Néu c6, tinh hang thit hai ctia
no.

(b) Tich ABC c6 ton tai hay khong? Néu cé, tinh phan ti & vi tri
(2,2) cta no.

(c) Tinh cot thit ba ctia CTB.

(d) Tinh A+ 3C7T.
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1.40 [hint] Cho cédc ma tran vuong A = [a;;], B = [bj], C = [ci;] €6 3 x 3,
trong dé
o i 1 néu |i—j|>1,
ai=i+7j, bj; =71 ¢i= )

’ P {1 néu  |i—j| <1.
(a) Viét tuong minh cdc ma tran A, B va C.
(b) Tinh hang thit hai ctia A2
(c) Tinh phan ti & vi tri (2,3) cta A+ BTC.

1.41 [hint] Cho hai ma trdn A va B. Chting minh ring cic khing dinh
sau

(a) Néu hai tich AB va BA ciing ton tai thi AB va BA 1a cic ma
tran vuong.
(b) Néu A c6 ¢6 m x n va tich A(BA) ton tai thi B c6 ¢d n x m.

HE PHUONG TRINH TUYEN TINH, PHUONG TRINH MA TRAN, PHUONG
TRINH VECTO

S dung phép toan ma tran, ta cé thé viét lai mdi hé phuong trinh tuyén
tinh thanh mot phuong trinh ma tran. Ta thay dugc moi lién hé gita hé
phuong trinh tuyén tinh v ma tran, khong chi 13 ma tran hé sé6 md rong
clia hé phuong trinh tuyén tinh.

DiNg NGHIA 1.3.20 (T6 hop tuyén tinh). Mot t6 hgp tuyén tinh
clia cdc ma tran cling ¢d A1, Ao, ..., A, 14 mot tong

c1Air +cAs+ -+ A

trong d6 c1,ca, ..., ¢ 14 cac vo huéng, goi 1a céc hé sé clia t6 hop
tuyén tinh.

Vi Dy 1.3.21. Viét tich ctia ma trén A = [a;] . v6i véc t6 cot
z = [z;],,,; nhut 1a mot t6 hop tuyén tinh clia céc véc to cot clia ma

tran A.

GI1A1. Ta st dung quy téc cot-hang dé thuc hién phép nhan Az:
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I
x2

Az = [01 Cy ... C’n]

L,
= Ci[z1])+Coxa] + -+ Cy [z]
= 11C1 +x2C5+ -+ 2,C,

ail ai2 A1n

a1 a2 a2n
= x1| . |tT2| . |t FTn

am1 Am2 Amn,

On

Nhu véy, tich Az 13 t6 hop clia hé véc to cot clia ma tran A véi day hé s
tuong tng chinh 1a cdc phan ti clia véc to cot .

[

Vi DU 1.3.22. Cho hé phuong trinh tuyén tinh

ajnry + aprs + ... + apr, = b
as1r1 + a22T2 + ... + QpTp = b
Am1T1 + amaTas + ... + GmnTn = bm.

Ta ¢6 thé viét lai phuong trinh nay duéi dang déng thitc véc to

1121 + a19x2 + ... + a1p%y, b1
a21T1 + a22x2 + ...+ apTy by
Am1T1 + amaZs + ... + GmnXn by,

roi chuyén thanh phuong trinh véc to

an a2 a1n b1

as1 a22 aonp by
o | L | Ha| |t L | =

am1 am?2 Amn b

Phuong trinh véc to nay c6 thé bién doi thanh phuong trinh ma
tran

ail a2 ... QA1n I b1

a1 as ... a9on, €T b2

Amli Gm2 .. Gmn Tn, by,
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Céc hé phuong trinh tuyén tinh déu cé thé viét lai mot cach ngan gon nhu
la phuong trinh ma trén
Az =b.

Ma tran A dudc goi 1a ma trdn hé sé ctia hé phuong trinh tuyén tinh.
Ma trén hé s6 mé rong 1
A b].

Vi bu 1.3.23. Cho hé phuong trinh tuyén tinh

r1 — 22 + Txz = 1
3r1 + 4x9 — x3 = 2.

a. Viét hé phuong trinh tuyén tinh trén thanh mot phuong trinh
ma tran Az = b.

b. Viét phuong trinh ma trdn Az = b thanh mot phuong trinh
vécta.

GIAI.  a. Hé phuong trinh da cho tuong duong véi phuong trinh ma tran
1 -2 7] [
3 4 —1 ||| 72|
| x3

b. Phuong trinh ma tran trén tuong duong véi phuong trinh vécto

IO ]

BAI TAP

1.42 [hint] Cho phuong trinh vécto

1 -2 0 7
x| T | + 22 4 | +x23| 1 | =] —4
1 3 2 1

(a) Viét phuong trinh vécto trén thanh mot phuong trinh ma tran
Ax =b.

(b) Viét phuong trinh ma tran Az = b thanh mot hé phuong trinh
tuyén tinh.
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CAc TINH CHAT PAI SO CUA MA TRAN

Céac phép toan cong, trir va nhan trén ma tran dugc dinh nghia tiu cac
phép todn cong, trit v nhan trén cac s6, do dé, ching cé nhiéu tinh chat
tuong tu nhu cic con sé. Tuy nhién, cling c6 mot s6 tinh chat khong giéng.

DINH LY 1.3.24 (Tinh chat dai s6 ctia phép todn ma tran). Cho cdc
ma trgn A, B,C va cdc v hudng a,b. Khi dé

Céc tinh chat nay dudce chiitng minh truc tiép sit dung dinh nghia ctia cac
phép todn ma tran da dinh nghia bén trén.

CHONG MINH (A). St dung tinh chit giao hodn ctia phép cong céc con s,
ta co

(A+ B);; = aij + bij = bij + aij = (B + A);;.
Suy ra A+ B= B+ A. O

PHEP NHAN MA TRAN KHONG GIAO HOAN

Vi pu 1.3.25. Cho hai ma tran vuéng

SRR
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Tinh AB v BA. Hai ma tran tich niy c6 bang nhau hay khong?

G1A1. Ta cé
AB:[_I _21,3/1:[3 6].

Do d6 AB # BA. O

V6i hau hét cidc ma tran A va B, ta c6 AB khac BA. Do dé, khi thuc hién
phép todn nhén trén cidc ma tran, phai ddm bdo gitt nguyén th tu cia
cac ma tran.

DINH NGHIA 1.3.26 (Giao hoan). Ta néi ma tran A giao hodn véi
ma tran B néu

AB = BA.

MA TRAN KHONG
S6 0 déng vai tro dic biét ddi v6i phép todn cdng cic con sb:
a+0=a
v6i moi s6 a. Ma tran khong déng vai tro tuong tu doi vi phép todn cong

cac ma tran.

DINH NGHIA 1.3.27 (Ma tran khong). Ma trdn khéng cG m x n la
ma tran ¢ m x n v6i tat cd céc phan ti déu bang khong

00 ... 0

00 ... 0
Omxn: : : :

0 0 ... Omxn

Ta thuong ky hiéu ma tran khong 0,,x, mdt cadch don gian la 0.

MENH pi: 1.3.28 (Tinh chat cia ma tran khong). Cho A 1a mot ma
tran va c¢ la mot vo huéng. Ta co

(a) A+0=A4A=0+A4A
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S6 khong c6 cac tinh chat sau day déi véi phép todn nhan clia cic sb.

> Néu ab=acvaa#0thib=c.

> Néu ab = 0 thi a = 0 hosic b = 0.

Hai vi du sau chi ra ring cic tinh chat nay khong con ding déi véi ma
tran khong.

Vi bu 1.3.29. Cho cic ma tran

a=[ya)m=ls i) e=3 2]

Tim = dé AB = AC.

GI1AIL. Ta cé
0 1 1 1 3 4
=0 4] =18 8]
01 2 5 3 =z
AC_[O 2][3 xl_lG 2:1:]'
Do d6 AB = AC khi va chi khi z = 4. ]

Vi bu 1.3.30. Cho ma tran
01
A= l 01 ]

Tim hai ma tran vuéng khac khéng B ¢6 2 x 2 sao cho AB = 0.
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C1Al Dit B = [ R 1 . Khi d6
21 T22

101 r11 Ti2 | | To1 T2
AB o [ 0 2 ‘| [ o1 T922 ‘| o [ 2$21 21’22 ‘| ’
Do do6

AB:O@{HC21 =0 @B:[x” “"12]
T2 = =

0 O

v6i 711, 12 13 cidc vo hudng bat ky. Nhu viy, hai ma trdn vuoéng B can tim
la
-1 1 73
0O 0”10 0]

MA TRAN BON VI
S6 1 déng vai tro dac biét ddi v6i phép toan nhan céc con so:
al =a

v6i moi s6 a. Ma tran don vi déng vai tro tuong tu doi véi phép todn nhan
cadc ma tran.

DinH NGHIA 1.3.31 (Ma tran don vi). Ma trdgn don vi ¢d n x n,
ki hiéu I, hodc don gidn la I, 14 ma tran vudng ¢6 n X n véi cac
phan ti trén duong chéo chinh 14 1 con cdc phan ti con lai bing 0

1 0 ... 0

0 1 0
In: .

0 0 1

Cacma tran don vicd 1 x 1,2 x 2 va 3 x 3 1a

-5 9]

1
0
0

O = O
_— o O
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Vi pu 1.3.32. Tim ma tran vuong X ¢6 2 x 2 sao cho AX = A véi
moi ma tran vuong A.

G1A1. Gid st

Ta co

AX — 11711 + a12%21  G11T12 + G12T22
a21x11 + a22%21 G21T12 + A22T22

Do d6, dang thitc AX = I tr6 thanh cdc dang thic

a11T11  + a12r21 = 011
a11T12 + a12T22 = Q12
21711 + a2T21 = a21
a21T12 + G22T22 = a22.

Vi a;; 1a cdc vo huéng bat ky nén

11 =1, 212 =0, 291 =0, 290 = 1.

_E

Vay

MENH Pk 1.3.33 (Tinh chat clia ma tran don vi). V6i moi ma tran
A cdm xmn,tacod

1. Al, = A.
2. [,A=A

Ta dinh nghia nghich ddo ctia ma tran tuong tu nhu nghich dio ciia sb.

Dine NGHIA 1.3.34 (Kha nghich). Ta néi ma tran vuéng A la khd
nghich néu ton tai ma tran vuéng B cing c¢d véi A thoa man

AB=BA=1.

Ma trdn vudng B nay dudc goi la mot nghich ddo cia A.
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LUY THUA CUA MA TRAN
Ta dinh nghia liiy thita ctia ma tran vuéng giéng nhu liiy thita clia céc s6.
DINH NGHIA 1.3.35 (Luy thira ctia ma tran). Lay thdae A™ cia mot
ma tran vudéng A dugce dinh nghia nhu sau.
> A =T

> A" = AA--- A néu n 13 mot s6 nguyén duong.

nlan A
> A" = (A7Y) 7" néu n 13 mot sé nguyén Am. Trong trudng hgp
nay, ma tran A can kha nghich.
Lily thita ma tran c6 tinh chat co ban sau gidng nhu liiy thita cac s6
AT AS = AT+8 (Ar)s — A"
v6i moi s6 nguyén duong 7, s.

Tinh lay thtra A™ v6i A 1a mét ma tran vudng cG 16n va n 16n 1la mot bai
toan kho. Ta sé dé cidp dén bai todn nay nhiéu lan trong cudn sich.

Vi bu 1.3.36. Cho ma tran vuong
1 2
A= [ L2 ] |
Tinh A2, A% A0 va A710,
GIAL O

Vi ta c¢6 thé cong, trit va nhan cdc ma tran, nén ta cé thé tinh gia tri cta
mot da thitc tai mot ma tran vudng tuong tu nhu cach tinh gia tri tai mot
$6.
DiNt NGHIA 1.3.37 (Da thitc ma tran). Cho da thic
p(x) =ag+ a1z + agz® + - + apaz™.
Gid tri ctia p (x) tai mot ma trén vudng A la

p(A) =aol + a1 A+ as A%+ -+ a, A™.
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Vi pu 1.3.38. Tinh p(A) véi

o 9 - 1 -2
p(zr) =2 $+3$,A—[_3 RE

GIAL ]

BAI TAP TONG HOP

1.43 [hint] Cho ma trdn A = [ i 1 ] .

(a) Tinh A2 A3 A%,
(b) Du doén cong thitc clia A™ va chting minh du dodn bang phuong
phép quy nap.

1.44 [hint] Cho ma trén A = [ )1\ 2 1

(a) Tinh A2 A3 A%,
(b) Du doén cong thitc clia A™ va chting minh du dodn bang phuong
phap quy nap.

1.45 [hint] Cho ma trédn A = C?SH sin.0 .
—siné cosf

(a) Tinh A2 A3 A%

(b) Du doén cong thitc ciia A™ va chting minh du dodn bang phuong

phap quy nap.

b

1.46 [hint] Cho ma tréan A = C989 sin.0 . Cho v=
—sinf cosf

? ] € R? 1a
mot vécto khac khong.

(a) Chitng minh rang hai vécto v va Av c6 ciing d6 dai.
(b) Gid st 0 < § < 7. Chting minh rang géc giita hai vécto v va Av
la 6.
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V6i méi s6 nguyén duong n,ta dinh nghia cdn bdc n ciia mot ma tran
vuong tuong tu nhu dinh nghia cin bac n clia cdc s6. Cu thé hon, cin bac
n cia mot ma tran vuoéng A 1a cdc ma tran vuéng B thdéa man B" = A.

a b

1.47 [hint] Tim céc 86 a,b sao cho A = l 6 -1

] la mot can bac hai

cua —1.

1.48 [hint] Tim hai can bac hai clia ma tran [ ; ; ] .

. 2
1.49 [hint] Tim tat cd cédc can bac hai ctia ma tran l g (; ] .

1.50 [hint] C6 hay khong mét ma tran vuoéng cd 2 x 2 khong c¢é can bac
hai ?

1.51 [hint] Ton tai hay khong mot ma tran vuong A ¢ 2 x 2 thda man
A#A0va A2 =07

1.52 [hint] Ton tai hay khong mot ma tran vuong A c¢d 2 x 2 sao cho
A#£0A#T va A2 = A?
1.53 [hint] Mot sinh vién da gidi phuong trinh 22 = I trong My nhu sau

x2:I«%x2—I:O«%(ac—I)(:U+I):O<-¥-1)—>a::Ihoécx:—I.

L&i giai trén ding hay sai? Néu né sai, trong ba bién ddi tuong duong
(1), (2) va (3),bién d6i ndo sai? Vi sao?

1.54 [hint] Cho A va B la cdc ma tran vudng ¢ n x n. Chimg minh déng
thte
tr(A + B) = tr(A) + tr(B).

1.55 [hint] Cho A va B 1a cdc ma tran vuong ¢ n x n. Chiing minh rang

tr(AB) = tr(BA).
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1.56 [hint] Cho A va B 1 cAc ma trdn vudng cing cd. Céc khang dinh
sau ddy vé vét clia ma tran 14 ding hay sai? Vi sao? Néu khing dinh
sai, hay bé sung thém gia thiét hodc sita lai két luan dé né tré thanh

ding.
a. (AT)T = A.
b. tr(AB) = tr(A)tr(B).
c. (AB)T = ATBT.
d. tr(AT) = tr(A).
e. tr(kA) = ktr(A),v6i moi vd hudng k.

1.57 [hint] Cho A va B la cdc ma tran dbéi xting ¢d n x n. Chting minh
rang tich AB dbi xiing khi va chi khi A giao hoén véi B.

1.58 [hint] Cho A va B la hai ma tran vudéng cing cd. Chimg minh rang
A% - B? = (A— B)(A+ B) khi va chi khi A va B giao hoén v6i nhau.

1.59 |hint] Cho ma tran vudng

A:

O = >
= > O
> O O

a. Tinh A% A3 A%,
b. Du dodn cong thitc ctia A™,n 1a mot s6 nguyén duong.
c¢. Chiing minh du dodn bang phuong phap quy nap toan hoc.

Néu hai ma tran vuéng A va B giao hodn v6i nhau thi ta c6 cdc ddng thitc
sau, tuong tu nhu cdc ding thitc quen thudc trén céc sd thuc,

(A+B)" = A"+ (A" B+ (5)A" 2B+ + B"

(A—B)" = A" — (?)A”_lB + (g)A”_QB — 4 (=1)"B"

A" —B" = (A-B)(A" ' 4+ A" 2B+ ...+ AB" 2 + B"71).
Vi n 1é thi

A"+ B" = (A+B)(A" ! — A" 2B ... - AB" 2 4+ B"1),

1.60 [hint] Cho ma tran

s

Il
O = >
— > O
> O O
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Ta thay
100 0 00
A=A 0 1 +(1 00
0 01 10
I N

(a) Tinh N2, N3.

(b) Tinh N™, n 1a mot sé nguyén duong.

c) dSu dung phan tic = + N, tin .
St d han tich A = Al + N, tinh A"

1.61 [hint] Dy doan cong thiic ciia A™ véi

A 0 0 --- 0 0]
1 X0 --- 00
O 1 X --- 00
A=1|. . . .| € Mpxp.
0 0 O A0
10 0 O 1 A
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1.4 NGHICH PAO CUA MA TRAN. THUAT TOAN GAUSS-
JORDAN

NGHICH PAO CUA MA TRAN
Ta dinh nghia nghich ddo ctia ma tran tuong tu nhu nghich ddo ciia sb.

DNt NGHIA 1.4.1. Ta néi ma tran vudng A 1a khd nghich néu ton
tai ma tran vuoéng B cung ¢d véi A thoéa man

AB=BA=1.

Ma tran vudng B nay dudc goi la mdt nghich ddo cia A.

T dinh nghia ta thiy rang néu ma tran A kha nghich véi mot nghich ddo
la B thi ma tran B cung kha nghich va mot nghich ddo cta né la A.

~ ™

Vi by 1.4.2. Cho ma trdn vuong
3 5
A= [ 0 ] |
(a) Tim ma trédn vuéng B ¢d 2 x 2 sao cho AB = 1.

(b) Tim ma tran vuéng C ¢6 2 x 2 sao cho CA = I.
(¢) Ma tran A c¢6 kha nghich hay khéng?

(ML@D&B:mem}hw
€r21 T22

AB:[B 5][%1 $12]:[39311+5x21 3212 + dx2

1 2 T2l T2 11 + 2T21  T12 + 23990

Do d6, dang thttic AB = I tuong duong véi hé phuong trinh tuyén tinh

3r11 + bxor = 1
312 + bxos = 0
T11 + 2101 = O
z12 + 2722 = L

Trong bén phuong trinh ctia hé nay:
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> hai phuong trinh thit nhit va tht ba chi lién quan dén x11, 291, gidi
hé hai phuong trinh nay, ta nhan duge r17 = 2,297 = —1,

> hai phuong trinh thit hai va thit tu chi lién quan dén x12, 22, gidi hé
hai phuong trinh nay ta nhan dugc 10 = —5, 120 = 3.

A _ 2 =5
VayB—[_1 3].

(b) Dit C = i” ?2 ] . Giai phuong trinh CA = I twong tu nhu trén,
21 22

2 =5
tadu’(jcC’—[_l 3].

(c) Tit hai két qua trén, ta thay rang
2 =5 2 =5
ERIEHER]

Do dé, ma tran A khé nghich véi nghich ddo duy nhat ciia né 1a [ 2 =

-1 3

L]

MENH Pk 1.4.3. N ghich ddo clia mot ma tran kha nghich 1a duy
nhat.

CHUNG MINH. Goi B va C' la cdc nghich ddo clia ma trdn khé nghich A.
Ta can chitng minh B = C.

Theo dinh nghia ctia ma tran nghich dao, ta co
AB=BA=1, AC=CA=1.

Theo tinh chat két hop ciia phép todn nhan ma tran, ta c6 (BA)C =
B(AC). Mat khéc, ta ¢

(BA)C = IC = C, B(AC) = BI = B.

Suy ra, B = C. Vay nghich ddo ctia mot ma trdn kha nghich la duy
nhat. O
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Nghich d&o ctia ma tran kha nghich A dugce ki hiéu 1a A~'. Nhu vay
AA =A"1A=1T

Céc dang thitc trén ciing cho thiy ring nghich ddo cia ma tran khé nghich
A~! chinh 14 ma tran A:
-1
(a) =4

Khi nao mét ma tran vuoéng kha nghich va cong thitc nghich ddo ctia mot
ma tran kha nghich 13 mot bai toan phitc tap, va sé dude dé cap dén sau.
Theo dinh nghia, ma trdn vuéng A = [a] ¢cd 1 x 1 1a kha nghich khi va chi
khi a # 0, hon nita, néu a # 0 thi nghich ddo ctia ma trén Ala A~ = {ﬂ
Ménh dé sau cho diéu kién can va da dé mot ma tran vuong cd 2 x 2 kha
nghich, va c6ng thiic cia ma trdn nghich ddo trong truéng hgp ma tran
kha nghich.

DINH LY 1.4.4 (Nghich ddo ctia ma trdn vuong ¢ 2 x 2). Ma trdn
vuong c¢d 2 x 2
a b
A=

khd nghich néu va chi néu det(A) = ad — be khdc khong. Trong
truong hop A khd nghich, nghich ddo cta ma trin A la

_ 1 d —b
Al:det(A)[—c a]'

Dinh thitc cia ma tran vudng ¢ 2 x 2 da duge hoc trong chuong trinh
toan hoc trung hoc phé théng. Khi d6, né dude sit dung dé gidi cic hé
phuong trinh tuyén tinh 2 phuong trinh 2 an.

Vi by 1.4.5. Chting minh rang ma tran
6 1

kha nghich, va tim nghich dao cta A.

CHUNG MINH. Dinh thiic clia ma tran A la

det (4) = (6) (2) - (1) (5) = 7.
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Vi det (A) # 0 nén A kha nghich. Nghich ddo cia A 1a

4 10 2 < 2 -
el

o=l
| I

Vi bpu 1.4.6. Tim x sao cho ma tran

-

khong kha nghich.

GIAI. Ma tran A khong kha nghich néu va chi néu dinh thitc ctia né bang
khong. Ta cé
det (A) = (6) (x) — (1) (5) = 6z — 5.

Do dé, A khong kha nghich khi va chi khi z = %. O

Vi by 1.4.7.

(a) Tim nghich ddo ctia ma tran l zl)) i ] .

(b) Tim ma tran A théa man (34 +1)"' = [ ?1) i ] .

GIAL (a)Ma tran c6 dinh thic 1a (1)(4) — (2)(3) = —2 # 0 nén

1 2
3 4
ma tran nay kha nghich. Hon nita, nghich ddo cia né la

2] 1 e 2] |2 ]
34| “ 2| -3 1| | 2 |
2 2

(b) Ta co

_ 1 2
(3A41) 1—l3 4]
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-1 -2 1
= 3A+I:[12] = § 1]
2

3 4

(=2 1
& A=z 3 1
2 T3

1
1 =
@ A= 9
2 2
1
Y _1 o
Véiy ma tran can tim la A = 1 ? . O
2 2

Ta biét rang hé phuong trinh tuyén tinh cé thé viét lai thanh phuong trinh
ma tran. Trong trudng hop ma tran hé sé kha nghich, ta c¢é thé giai phuong
trinh tuyén tinh nhu sau.

MéNH bE 1.4.8. Cho hé phuong trinh tuyén tinh

Az =b.

Néu ma tran hé sé6 A kha nghich thi phuong trinh cé nghiém duy

nhat z = A~ 'b.
CHUNG MINH. Vi z = A™1b, ta ¢

Az = A (A7) = A4 =Tb =),

Do d6, z = A~'b 1a mot nghiém ctia phuong trinh Az = b.

Dé thay rang phuong trinh Az = b khong c¢6 nghiém nao khéc, nhan viao
cé hai vé ctia phuong trinh nay, vé phia bén trai, véi ma tran A~!, ta dugc

A7 Az = A7,

Suy ra . = A~ b, O

Vi by 1.4.9. Giai hé phuong trinh

6r1 + w12 = 3
5r1 + 229 = —4
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l bang cach nghich ddo ma tran hé sb. |

C1A1. Hé phuong trinh tuyén tinh da cho tuong duwong véi phuong trinh
6 1 | |x| |3
5 2 xI9 o —41
A a2 |61 . . 4 . ST
Ma tran hé so 5 9 kha nghich, v6i nghich dao la
dé6, phuong trinh nay c6 nghiém duy nhat
-1
r| |6 1 31 —% 30 | 2
z| |5 2 —4 | - S-4 | -2
Vay hé phuong trinh tuyén tinh da cho c¢6 nghiém duy nhéat (x1, )

10 _ 39
T T )

MENH pE 1.4.10. Néu hai ma trdn vudng ciing ¢G A va B kha nghich
thi tich AB ciing khé nghich va

RIS [ ]

O

(AB)™' = B7tAL.

CG1A1. Dé chitng minh AB kha nghich va (AB)f1 = B7'A7! ta can chira
rang

(AB) (B~'A™!) = I.

Ta c6
(AB) (B™'A™) = A (BB™') A7 A4 = 1.

BAI TAP

1.62 [hint] Tim ma tran A.
-1 5 2
T _ _
@ (247-1) " = [ 3 —1]

o fte) -]
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1.63 [hint] Tim 8 can bac hai ctia ma tran don vi I € Msxs.

1.64 [hint] Cho A 13 mot ma tran vudng théa man 243 — A+41 = 0. Chiing
minh A kha nghich.

1.65 [hint] Cho A la mét ma tran vudng. Gia st f(A) = 0 trong d6 f(z)
1a mot da thic hé s6 thuc véi hé s6 tu do khéc khong. Chitng minh
rang A khé nghich.

1.66 [hint] Ton tai hay khong ma tran A théa man A # I va A3 = I?
1.67 [hint] Gid st AB = AC trong d6 ma tran A kha nghich. Chitng minh

rang B = C.

1.68 [hint] Cho ma trdn A = [ ; i ]

a. Tim cdc ma tran vuong M sao cho AM = 0.
b. Tim hai ma tran B, C khac nhau sao cho AB = AC.

Ma tran vudng A duoe goi 1a ldy ddng néu A% = A.

1.69 |hint] Cho A 1a mét ma tran liy ding. Chting minh céc khiang dinh
sau.

(a) I — Alaliy déng.
(b) 2A — I kha nghich, v6i nghich ddo chinh 24 — 1.

Mot ma tran vudng A duge goi 1a liy linh néu AP = 0 v6i mot sd nguyén
duong p nao doé.

1.70 [hint] Cho A la mot ma tran liiy linh. Chimg minh rang I — A kha
nghich.

MA TRAN SO CAP

Trong muc 1.1, chiing ta da dinh nghia ba phép bién ddi so cAp trén cac
hang clia mdt ma tran:

1. Nhan mét hang véi mot hang sé khéc khong.
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2. Déi chd hai hang.

3. Cong mdt boi clia mot hang vao mét hang khac.

Céc phép bién ddi so cAp trén hang ciia ma tran tuong tng véi cidc phép
bién doi tuong duong trén cdc phuong trinh ctia hé phuong trinh tuyén
tinh. Bién d6i tuong duong cé tinh chat hai chiéu: ta c6 thé tién hanh bién
d6i nguge lai. Do d6, cdc phép bién ddi so cap trén cic hang clia ma trén
ciing ¢ thé bién d6i nguogce lai.

Cu thé hon, néu ma trén B thu dugc tit ma tran A sau khi thuc hién mot
trong céc phép bién ddi so cAp trén hang thi ma tran A sé thu dudc tit B
sau khi ta thuc hién phép bién déi so cap trén hang ngugc lai tuong tmg.

3 H’L
> NeuAﬂBthlB%A.

DNeuA%BthlB ]A

, H; H H H; H H
> Néu A L2 By p ZBH Gy

Téng quat hon, néu B thu dugc tir A sau khi thuc hién mét day céc phép
bién ddi so cap trén hang thi ta cé thé thuc hién diy cic phép bién déi so
cap trén hang ngugc lai dé bién déi B tré vé A.

DiNa NGHIA 1.4.11. Ta néi ma tran A tuwong duong hang véi ma
tran B néu B c6 thé thu duge tit A sau mot day cac phép bién doi
sd cAp trén hang.

Tu phén tich truée dinh nghia: néu A tuong duong hang v6i B thi B cling
tuong duong hang véi A.

DINH NGHIA 1.4.12. Mét ma trén E dude goi 1a ma trdgn so cdp
néu E thu dudce tit mot ma tran don vi sau khi thue hién ding mot
phép bién déi so cap trén hang.

Vi pu 1.4.13. Mot s6 vi du vé ma tran so cap 1a

L0000 g 31 1o o
1 0 000 1

, o1 0],l010
[0—3]0010 00 1l 1o o1

0100
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Cu thé hon:

> Ma tran dau tién thu duge tit ma trdn don vi I sau khi nhan
hang 2 v4i —3.

> Ma tran thit hai thu duge tit ma tran don vi I sau khi doi
chd hang 2 va hang 4.

> Ma tran thi ba thu duge tt ma tran don vi I3 sau khi cong 3
lan hang 3 va hang 1.

> Ma tran tht tu thu duge tit ma tran I3 sau khi nhan hang 1
v6i 1.

Két qua sau gidi thich méi lién hé gitta ma tran so cap, phép bién déi so
cap va phép nhan ma tran.

Divi v 1414, Néu ma tran so cap E thu duge ti mot ma tran
don vi I, sau khi thuc hién mot phép bién doi so cap trén hang thi
tich EA la két qud khi thuc hién cing phép bién doi so cap trén hang
nay trén cic hang cla ma tran A.

> Néu I iy poyps 4 SHizHi gy

P H;,<H,; H;<H,;
> Néuwl 2270 g A 2500, pa.

CHrl»Hj*)Hj CH¢+H]'~>HJ‘
R A —TH T

EA.

> Néu I E thi A

Tich FA la

Ta thiy rang

3H1+H3z—H. 3H1+Hs—H.
Jq SHATESTES poog 2SS B AL
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Vi by 1.4.16. Cho ma tran

3 4 1 8 1 5 3 4 1
A=|2 -7 -1 |,B=|2 -7 -1 |,c=|2 -7 -1,
8 1 5 3 4 1 2 -7 3
8 5 8 1 5
D=|-6 21 3|, F=|8 11
3 41 341

Tim ma tran so cip E théa man

(a) EA=1B
(b) EA=C
(c) EB=D
(d) EF =B

GIAL.  (a) Ta thdy B 1a két qua khi ta d6i chd hang 1 va hang 3 ctia A.
Do d6, dé nhan dugc E, ta déi chd hang 1 va hang 3 ctia ma tran
don vi,

&=
I
=
o~ o

1
0
0

(b) Dé cé B tit A, ta liy (—2) lan hang 1 cong vao hang 3. Do d6, ta lay
(—2) lan hang 1 ciia I cong vao hang 3 ciia né dé nhan duge ma tran

sd cap E
1 00
E = 010
-2 0 1
(1 0 0
(c) E=]0 =3 0
0 01
1.0 0
A E=|01 2]|.
00 1
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MENH PE 1.4.17. Moi ma trén so cap déu kha nghich va nghich dao
clia né cling 13 mot ma tran s cap.

CHUNG MINH. Cho F 1a mot ma tran so cip. Theo dinh nghia, E thu dudc
tit I sau mot phép bién déi so cap trén hang.

Goi E' 1a ma tran thu dugc tit I sau khi thie hién phép bién déi so cap
trén hang ngudc lai. Khi do

EE' =1, FE=1.

Nhu vy, ma trdn so cAp F kha nghich va nghich ddo ctia 1a ma tran so
cap E'. O

Cho A la mét ma trgn vuong cé n. Cdc khing dinh
sau day tuong duong vdi nhau.
(a) Ma trgn A khd nghich.
(b) Phuong trinh Ax =0 chi c¢é nghiém tam thuong x = 0.
(¢) Dang bic thang rit gon cia ma tran A la ma tran don vi I,.

(d) Ma tran A cé thé viét thanh tich ciia cdc ma tran so cap.

Ba kiéu ma tran so cp tmg v6i ba kieu bién doi hang so cap Tj;, D;(a),
L;;(b) trong dé

H,'(—)H]'

aH;—H; bH;+H;—H,
> _—

I Tij, I Di(a), 1 Lij(b),

v6i i # §, a # 0. Cac ma tran so cap déu kha nghich véi nghich ddo 1a mot
ma tran so cap cting kiéu:

73! =Ty, D@ = Di )+ L) = Li(-b).

Ta co

H;<+H aH;—H

AT g A o e )4, 4 PO

Lij(b)A.



74 CHUONG 1. HE PHUONG TRINH VA MA TRAN

Vi DU 1.4.19. Viét ma tran sau thanh tich cidc ma trén so cap

A=

[ N
O Ut
_ W W

G1A1. Khit Gauss-Jordan ma tran A

1 2 3
2 5 3
1 0 11
1 2 3 —2H, + Hy — Hy
I I —H, + H; — H
0 —2 ] 1 3 3
N (1) (1) _3 —2Hy + Hy — Hy
00 9 2Hy + H3 — Hj
1 0 9
— o1 -3 ((3Hs — H; )
0 0 1 |
1
N 0 (1) 8 3H3 + Hy — Ho
00 1 —9H3+H1 —>H1

Do d6
1
L1a(-9)L2a(3)Ds (5 ) Esa(@)Lra(-2) Lo (-1 Loy (-2)A = 1.
Suy ra
A = [Laa(-2 )]_1[L3,1( D] [L12(=2)] 7 [Ls2(2)]

[Ds ()] [£233)) " [Laa(-9)] !
= L,1(2)L31(1)L1,2(2)L3,2(—=2)D3(2) L2,3(—3)L1,3(9)-

Ta nhén dugc phan tich ctia ma trdn A thanh tich cdc ma tran so cap. [
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BAI TAP

1.71 [hint] Tim diéu kién déi véi cdc tham sb a, b, ¢ dé ma tran

1
A=10
a

> = O
o O O

la mdt ma tran so cap.

1.72 [hint] Viét ma tran sau va nghich ddo ctia ching thanh tich cic ma
tran sc cap.

(a)

(b)

—_ -0 N W
—_ == N

—_ O

THUAT TOAN GAUSS-JORDAN

MENH pE 1.4.20. Cho A 1a mot ma tran kha nghich ¢6 n x n. Khi
d6, day bién déi so cp trén hang dua ma tran A vé ma tran don vi
I,, sé dua ma tran don vi I,, vé ma tran nghich ddo A~!.

CHuUNG MINH. Gia st

E E E. E
AL B 2 5 T

14 day cac phép bién d6i so cAp trén hang dua ma tran A vé ma tran don
vi I,,. Khi d6
I, =FEy---EsEyFq A

Suy ra
AV = FE -+ E3sEyEr .

Do do

E E E: Ep .-
I, =5 s 2 s 200 25 471

Ta c6 dugce diéu phai chiing minh. O
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T két qua nay, ta thiy rang dé tim nghich ddo ctia mot ma tran kha
nghich A ¢ n X n, ta sé bién déi so cdp trén cdc hang ctia dong thoi hai
ma tran A va I. Cu thé hon, ta c6 ménh dé sau.

MENH pE 1.4.21. Cho A 1a mdt ma tran kha nghich ¢6 n x n. Khi
do6, dang bac thang riat gon ctia ma tran

Al ]

la ma tran

[ ]a ]

Thuat toan Gauss-Jordan tim nghich ddo ma tran

Cho ma trén vuong A ¢d n x n. Dé tim ma tran nghich ddo A™1,
ta tién hanh nhu sau.

1. Thanh 14p ma tran ¢ n x (2n)
AL ]

2. Sit dung cac phép bién d6i so cap trén hang bién ddéi ma tran
nay ve dang bac thang rit gon.

> Néu ntta bén trai clia ma trdn bac thang rit gon la ma
tran don vi I,,, thi nita bén phai ctia né chinh 14 ma tran
nghich ddo A~'. Trong trudng hop nay, dang béc thang
rat gon 1a

[ LAt ]

> Néu ntta bén trai cia ma tran bac thang rit gon khong
phéi ma tran don vi thi ma tran A khong kha nghich.

Vi pu 1.4.22. Stt dung thuit todn Gauss-Jordan, tim nghich ddo
clia ma tran

1
A= 2
1

[eo RGN \V]
oo W W

CHONG MINH. Dé tim ma tran nghich ddo A™! clia ma tran A, ta khit
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Gauss-Jordan ma tran [ A ‘ I3 ]:

1 2 3|1 0 0
(Al = |25 3010
108|001
1 2 3 1 0 O (—2H1—|—H2—>H2>
S o 1 =3|-210
0 -2 5|-1 0 1 —H+ Hs = Hy
12 3] 100
S o1 =3/-21 0 <2H2+H3—>H3)
00 —1[-5 2 1
12 3] 1 0 o0
S o1 -3/-—2 1 o (—H3—>H3)
00 1| 5 -2 -1
1 2 0| -14 6 3 <3H3—|—H2—>H2>
S o1 o] 13 -5 -3
00 1 5 _9 1 —3Hs + H — H;
10 0|-40 16 9
- o 10| 13 -5 -3 (—2HQ+H1—>H1)
00 1| 5 —2 —1

Do d6, ma tran A kha nghich véi nghich ddo clia ma tran A 1a

—40 16 9
Al = 13 -5 -3
5 —2 —1

Vi DU 1.4.23. Stt dung thuit todn Gauss-Jordan, tim nghich déo
clia ma tran

1 6 4
A= 2 4 -1
-1 2 5

CHONG MINH. Dé tim nghich ddo cia ma tran A, ta khit Gauss-Jordan
ma tran { A ‘ I3 ]



78 CHUONG 1. HE PHUONG TRINH VA MA TRAN

16 4]1 0 0
Al ] = 2 4 1|0 10
-1 2 5/0 0 1

(1 6 4] 1.0 0]

- |0 -8 —9[-2 1 0

0 8 9 0 1

(1 6 4 0 0]

—~ |0 -8 —9|-2 10

0 0 0[-111

Vi ntta bén trai clia ma tran cudi ciing c6 mot hang gom toan khoéng nén
ta khong, nita bén trai ciia dang bac thang rat gon ciia ma tran { A ‘ I3 }
khong thé 13 ma tran don vi I3. Do d6, ma tran A khong kha nghich. [

~ ~

Vi bu 1.4.24. Tim nghich ddo ctia ma tran

A=

NN Ot O

1
2
1

wW W oo

stt dung phuong phap khit Gauss-Jordan.

GiAl. Khit Gauss-Jordan ma tran [A | I]

018|100
A1 = 523|010
21300 1

21 3]0 0 1]

— |5 23010
018|100

2 1 3/0 01

—~ o190 -2 5
018|1 00
20 6] 0 2 -4
- o1 9| 0 -2 5
00 1]-1 -2 5

Dén day, ta thiy rang ma tran A kha nghich. D& biét nghich dio ciia A,
ta tiép tuc thuat toin Gauss-Jordan
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20 6| 0 2 -4
01 9] 0 -2 5
00 1]-1 -2 5
(2 0 0] -6 —10 26

—~ |0 10| 9 16 —40
00 1|-1 -2 5
(1 00| -3 -5 13

~ |0 10| 9 16 —40
00 1]|-1 -2 5

Do d6, ma tran A khé nghich véi nghich dao la

-3 -5 13
Al = 9 16 —40
1 -2 5

BAI TAP

1.73 |hint] St dung thuat toan Gauss-Jordan, tim nghich ddo ctia cdc ma

tran sau.
[ 2 1 4
(a) | -1 —4 3
_—4 -5 2
1 1.0 0
0 0 2 0
(b) 0 0 3 —
2 -3 5

1.74 [hint] St dung thuat todn Gauss-Jordan, tim nghich ddo ctia cdc ma
tran sau.

1
7
10
V2 a2
CREYCIENG
0 0

(a)

| O] O
G| O O

or O O
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1.75 [hint] Cho k, ki, ke, k3 1& cdc s6 thuc khac khong. Tim nghich déo
cua cac ma tran sau

[0 0 Kk
(a)Okg()
ks 0 0
[k 0 0
M |1 k0
0 1 k

1.76 [hint] Tim a dé ma tran

1 3 4
A= 2 a —1
-1 1 5

khong khé nghich.

1.77 [hint] Tim ¢ dé ma tran kha nghich.

[ ¢ ¢ ¢ |
(a) | 1 ¢ ¢
11 ¢

(¢ 1 0]
(b)y |1 ¢ 1
01 ¢

BAI TAP TONG HOP

1.78 [hint] St dung thuat todn Gauss-Jordan, tim nghich déo ctia cdc ma

tran sau.
-1 3 0
(a) | -1 3 -1
| 31 -3
1 —2 1
M | -1 0 3
2 3 -1
1 2 3
() |2 -1 2
0 -2 —2
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[ -1 1 3]
(d) 3 -3 -2
0 1 0

1 -1 —2]
(e) -3 -2 -1
3 -2 3

1.79 [hint] St dung thuat toan Gauss-Jordan, tim nghich déo ctia cdc ma

tran sau.
[ -1 -1 1 -1
-1 0 0 -1
@1 1 o0 o
-1 11 1
(1 1 0 —1]
0 -1 0 0
(b) 1 1 =2 0
1 -1 -1 0

1 1 0 -1
1 -1 -1 0
(c) 2 1 0 -1
-1 0 -1 1
0 -1 0 —1
1 -1 1 1
(d) 0 01 —1
1 11 1

11 00
10 -1 0
© 1 11 9 ¢
01 -1 3

1.80 [hint] Cho k1, ko, k3, k4 1a céc s6 thuc khac khong. Tim nghich déo
cla cadc ma tran

0 Kk
(a‘) [ ka 0 ‘| *
0 0 0 kK
0 0 k O
(b) 0 kg3 0 O
ks 0 0 O
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1.81 [hint] Cho k1, ko, ..., ky 14 céc s6 thuc khac khong. Cho ma tran

0 0 Kk
0 ky 0O

A= o
k, 0 0 O

(a) Du dodn cong thitc clia ma tran nghich ddo A~
(b) Chiing minh dy doén trén.

1.82 [hint] Cho k 1a mot s6 thuc khéc khong. Tim nghich ddo ciia cic ma

tran
k0
@) [1 k]
kK 0 0 O
1 kK 0 O
(b) 01 k O
0 0 1 k

1.83 [hint] Cho k 13 mot s6 thuc khic khong. Cho ma tran

E 0 0 - 0 0]
1 k£ 0 - 0 0
01 k - 0 0
A= :
0 0 0 E 0
0 0 O 1 k]

(a) Du doan cong thitc ctia A~
(b) Chting minh cong thitc du dodn trén.

1.84 [hint] Cho ma tran

A=

== O
— O
O = =

Hay tim A~! bang cach khit Gauss-Jordan ma tran [A | I] theo huéng
dan sau
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[A 1]
— B (H1+H2+H3—>H1)
H, —2Hy — Hy
- C <H1—2H3—>H3>
— D Hl—HQ—H3_>H1)
— [I]A7Y %Hi—>H7;)

1.85 [hint] Tim nghich ddo clia cdc ma tran sau

0 1
@ 7]
0111
1011
® 11101
1110

1.86 [hint] Cho ma tran vudéng c6 n x n

0 1 1 -+ 1 1
1 1 - 11
11 o101

A:

111 -0 1
111 -~ 1 0

(a) Du doan cong thiic clia ma tran A~L.
(b) Chtmg minh dy doan trén.

1.87 [hint] Bai tap nay dua ra mot cach tinh ma tran nghich ddo A~! ctia
ma trdn A € M,,«,, trong bai tip trén. C4ch tiép can nay chi ra truc
tiép nghich ddo clia ma trdn A nhu 13 mot da thiic ciia A, khong st
dung thuit todn Gauss-Jordan. bat J = A+ 1.

(a) Chimg minh J? = nJ.
(b) Chttng minh A% + (2 —-n)A+ (1 —-n)I =0.
(c) Tim A~L.
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ON TAP CHUONG 1

1.88 [hint] Cho ma tran

(a) Khir Gauss ma tran A.
(b) Khit Gauss-Jordan ma tran A.

1.89 [hint] S& dung két qua ctia bai tap trén, gidi cdc hé phuong trinh
tuyén tinh sau

201 — 4dxo 4+ 23 + x4 = 6
(a) —4dxzy + 4dxs + 34 = -1
To — T3 — X4 = 3
2r1 — 4x9 + 2x3 = 1
(b) —4xq + 4dxs =
Tro — r3 = —1
21‘1 — 41’2 = 2
(c) —4dzy = 4
To = —1
201 — 4dxo +  x3 = 6
(d) —4xq 4+ 3x3 = -1
To — x3 = 3

1.90 [hint] Tim cdc nghiém nguyén duong ctia hé phuong trinh
r + y + 2z = 8
—r + 2y + =z =T

1.91 [hint] Giai bién ludn theo cdc tham s6 a va b hé phuong trinh tuyén
tinh c6 ma tran hé sé mé rong 1a

a b 0 2
A=10 2 a b
a 4 a 4

1.92 |hint] Tim cdc ma tran K théa man AKB = C trong do

1 4 01 1 36 13 —13
A=| -2 3 ,B:[2 . 0],0: 6 7 -7
1 -2 ~12 -5 5
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1.93 |hint] Giai cdc phuong trinh ma tran sau

-1 0 1 1 -3
@ | 11 o0|XxX=]2 1
31 -1 0 5

-1 1 2 -5 -1 0
(b)X[OSI]_[6—3 7]
1.94 |hint] Giai phuong trinh ma tran
1 4 31 2 3
X[z 0]‘[—1 2]X_[9 41

1.95 [hint] Cho A va B la cdc ma trdn vudéng ¢ n x n. Gid sit A kha
nghich. Chitng minh rang A+ B kha nghich khi va chi khi I + BA™!
kha nghich.

1.96 [hint] Tim céc hang s6 thuc a, b, ¢, d sao cho

4x3—22x2+26x—18_ a n b +c:1:—|—d
(x—3)2(x2+1) -3 (z—3)2 22+1

1.97 [hint] Tim da thitc g(z) € Ps3 sao cho

9(=1) = =5, g(0) =3, g(2) =1, g(3) = 15.

(3,15)

1.98 [hint] Tim céc s6 thyec a, b, ¢ sao cho ham f(z) = ae® + be 3% + cxre?®
thoa man

F(0) =3, £(0)=—6, " (0) = —9.
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1.99 |hint] Cho cdc ma tran A, B ¢6 n x n. Gid sit B kha nghich. Chiing
minh ring A giao hodn véi B khi va chi khi A giao hodn véi B~

B Y(AB)B™!' = B~Y(BA)B™!

Rit gon 2 vé ta dugc B~'A = AB~!. Vay ta da chimg minh dugc
khéng dinh (=). Khing dinh (<) dudc chimg minh tuong tu.

1.100 [hint] Gid st ma tran vuéng A théa man
A’ —2A% +3A+51=0.

Chimg minh ma tran A kha nghich va biéu thi A~! nhu mot da thitc
cua A.

GO1 Y GIAI BAI TAP CHUONG 1

1.5. Mot diém (zg,yo) thudc dd thi ham s6 y = f(x) khi va chi khi toa do
(0, y0) théa man phuong trinh y = f(x), tic la

f(x0) = yo.

1.11. X4c dinh tdp hop cac vi tri dan dau céc hang ctia cic ma tran bac
thang ¢d 3 x 3. V6i moi tap hop nay, ta ¢6 mot dang ma tran bac thang
va mot dang ma tran bac thang rat gon.

1.20. Thuec hién bién déi mot cach thich hgp dé hé phuong trinh da cho
tré thanh mot hé phuong trinh tuyén tinh.

1.2. Phuong trinh tong quét ctia parabol 14 v = az? + bz + c. Tt gié thiét,
tao ra mot hé phuong trinh tuyén tinh véi cic an 1a a, b va ¢. Goi phuong
trinh ctia parabol 1a y = ax? + bz + c¢. Theo hinh v&, parabol di qua ba
diém (—2,2),(0,4) va (1,—1). Do d6, ta c6 hé phuong trinh tuyén tinh

4a — 2b + ¢ = 2
c 4
a + b 4+ ¢ = -1
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Hé nay c6 nghiém duy nhit @ = —2,b = —3, ¢ = 4. Vay phuong trinh ctia
parabol da cho la y = —22% — 3z + 4.

1.2. Phuong trinh tdng quat ciia dudng tron la
22+’ +ar+by+c=0
Dé xé4c dinh phuong trinh dudng tron, ta can tim ba tham s6 a, b va c. Tt
dit kién ctia dé bai, ta sé thiét lap dudce hé phuong trinh dé giai a, b, c. Goi
phuong trinh dudng tron di qua 3 diém (4, —3),(—2,7) va (—4,5) la
2+’ +ax+by+c=0.

Thay toa d6 ba diém nay vao phuong trinh dudng tron, ta duge hé phuong
trinh tuyén tinh

4a — 3b + ¢ = =25
—2a + T 4+ ¢ = -53
—4a + H5b + ¢ = —-41

Hé nay c6 nghiém duy nhit a = —2, b = —4, ¢ = —29. Vay phuong trinh
dudng tron can tim 1a 22 + y? — 22 — 4y — 29 = 0.

1.31. Viét vé phai thanh mot phan thitc sau d6 so sanh véi vé trai.
1.48. Chi can tim cin bac hai c6 dang dic biét.

1.49. Cac ma tran can bac hai can tim deu la cdc ma tran vudng c6 2 x 2:

| a b ; 9 Ae e N 2 25 0
A—lc d}.TlnhA roi gidi phuong trinh A —l 0 7].

1.50. Xét céc ma tran c¢6 dang diic biét chang han, ma tran chéo. St dung
161 gidi cta bai tap trén.

1.51. Tim A trong sd cdc ma tran c6 hau hét phan ti& bang khong.

1.52. Tim kiém A trong mot 16p ma tran don gian nhat nao dé, vi du ma
tran chéo, ma tran tam giac.
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1.57. A dbi xting khi va chi khi AT = A. Sit dung cac tinh chét clia phép
toan chuyén vi.

1.58. Sit dung tinh chat phan phdi ciia phép nhan dbi v6i phép cong cho
(A—B)(A+ B).

1.64. Chi ra tuong minh moét ma tran B dé AB = 1.

1.65. Lam tuong tu bai tdp trén, chi ra tudng minh mot ma tran B dé
AB =1. Gidst f(z) = ag+ a1z + ... + apzP . Theo gid thiét ag # 0. Gidng
nhu bai tap, tit ding thitc f(A) = 0, ta sé tao ra mot ma tran B sao cho
AB =1.Tacb

f(A)=0

= apt+amA+...+a,AP =0

= @A+ +apyAP = —agl
= A(al+--+apAP7Y) = —qagl
= A(—“”I—---—%Ap—1> ~ I

ag ao

. > . e A—1 ai Gp 1
Do d6, A khéa nghich v6i A~ = ——T — ... — = AP™L,

aq aq

1.66. Tim ma tran A trong cic kiéu ma tran ma ta da biét cich tinh lay
thtta nhu ma tran chéo hodac cic ma tran c6 dang

cosf sind A0
—sinf cosf |7 | 1 A |°
1.67. Nhéan hai vé ctia ding thicc da cho v6i A~! mot cach thich hop.

a b
1.68.M—[C d]'

1.70. Nghich ddo ctia I — A 1a mot tong ctia c6 dang I+ A+ ... + A,
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1.76. Mot ma tran A 1a kha nghich khi va chi khi ma tran bac thang khéng
c6 hang nao gom toan phan ti khong.

1.80. Sit dung phuong phap khit Gauss-Jordan tuong tu nhu déi véi trudng
hop ma tran ciing kiéu ¢ 3 x 3.

1.89. Ma tran hé s md rong clia cadc hé phuong trinh tuyén tinh niy déu
1a ma trén con bao gom mot s6 cot clia ma trdn A trong bai tip trén. Do
vdy, ta c6 dang bac thang ciia cdc ma tran hé s6 mé rong nay tir két qua
trong bai trén.

1.92. Ma tran K c6c62x2, K = [ Ccl 2 ] . Bién d6i tuong duong phuong

trinh ma trédn da cho thanh mot hé phuong trinh tuyén tinh.

1.94. Xac dinh ¢d ctia ma tran X, r6i bién déi phuong trinh ma tran trén
thanh hé phuong trinh tuyén tinh.






Dinh thtc

Trong chuong nay, ching ta sé dinh nghia dinh thiic cia mot ma tran
vudng. Dinh thic 1a mét diac trung quan trong ctia ma tran. Mot ma tran
A kha nghich khi va chi khi dinh thitc cia né khic khong. St dung dinh
thte, ta xdy dung dugc cong thitc nghich ddo clia mét ma tran kha nghich,
va cong thitc nghiém Cramer ctia cic hé phuong trinh tuyén tinh c6 nghiém
duy nhat.

2.1 KHAI TRIEN LAPLACE CUA BINH THUC

Trong chuong 1, ta da cho diéu kién can va da dé mot ma trén vudng cd
2 x 2 kha nghich st dung dinh thitc clia ma trén, va cho cong thic cia ma
tran nghich dao st dung dinh thitc. Ngoai ra, hé phuong trinh tuyén tinh
¢d 2 x 2 trong trudng hop c6 nghiém duy nhét cling giai duge bing céch
stt dung dinh thtc. Trong muc nay, ching ta sé téng quat héa khai niém
dinh thiic, va trong cic muc sau, ta sé cho phién ban téng quit clia cac
két qua da biét trong trudng hop ma tran cd 2 x 2 nay.

Nhic lai cong thitc dinh thitc clia mot ma tran vudng ¢d 2 x 2: dinh thic
clia ma tran

a a
A= |91 12
az1  az2

ail a2
det(A) = = a11a92 — a12a21.
a1 a2
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Ta dinh nghia dinh thitc cia m6t ma tran vuéng ¢é 1 x 1 nhu sau

det [a11] = a11.

St dung dinh thic cia ma trdn vuong ¢d 1 x 1, dinh thiic clia ma tran
vuong ¢d 2 x 2 ¢6 thé viét lai 1a

det [all am] = a1 det [ag] + a1z (— det [az1]) .
as1 a2

Nhu vay, det [ZH 312] 13 mot tong ciia hai s6 hang, mdi s6 hang lién
21 Q22

quan dén mot phan t& & hang 1 clia ma tran v6i mot dinh thitc con cla
ma trdn A nhan dugc sau khi ta x6a bo hang va cot chita phan tit nay.

biéu nay goi ¥ ta cach dinh nghia clia dinh thtc ¢d bat ky mot cach quy

nap.

Dine NGHIA 2.1.1. Cho A 1a mdt ma tran vuong.

> BPinh thidc con M;; ctia A tng véi vi trf (7,7), 1a dinh thic
cia ma trdn con cua A nhin dugc sau khi xéa b6 hang ¢ va
cot J.

> fh(?”:phu dai s6 C;; cta A tmg v6i vi trf (4,7), 1a
_1 ¢ ]MZJ'

Vi by 2.1.2. Cho ma tran

31 —4
A=12 5 6
1 4 8

Tinh dinh thitc con va va phan bt dai s6 tng véi vi tri (2, 3).

CHOUNG MINH. Dinh thitc con tng véi vi tri (2, 3), theo dinh nghia, 1a dinh
thitc clia ma trdn con ciia ma tran A thu dugce sau khi bo di hang 2 va cot
3:

Moz =

3
1 =11.

NN
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Phan b dai s6 ting véi vi tri (2,3) 1a

Caz = (—1)?T3 Moz = —11.

O
Vi pu 2.1.3. Cho
1 -2 -3
A=16 7 4
3 1 1
(a) Tim M13 va, 013.
(b) Tim M21 va, 021.
GIAL  (a) Tacé
6 7
M3 = | 2 1" 15,
va
Ciz = (1) Mz = —15
(b) Ta c6
-2 -3
R
va
Co1 = (1> My —1
O

Dinh thitc clia ma tran vudng ¢d 2 x 2 c¢6 thé viét lai sit dung khéi niém
phan bui dai s6 nhu trong vi du sau.

Vi bu 2.1.4. Cho ma trdn vudng cd 2 x 2

A= |fhl alQ] )

a1 a2
Chting minh rang

det(A) = a11C11 + a12Ch2.
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CHUNG MINH. Ta thay
Ci1 = (1) det [az] = aa, C1a = (—1)"*2det [an] = —az.

Do d6
a11C11 + a12C12 = aj1a22 + a1z (—ag1) = det(A).

O

St dung khai niém phan phu dai sb, ta dinh nghia dinh thitc cia mot ma
tran vuong mot cich quy nap.

DiNt NGHIA 2.1.5. Dgnh thic ctia mot ma tran vuong A = [agj], .,
¢G n x n, ki hiéu det(A) hoac |A|, dugc dinh nghia thong qua cic
dinh thic ¢6 (n — 1) x (n — 1) boi cong thic

det (A) = a1:C11 + a12C12 + - - - + a1, Cip.

Dinh nghia nay 1a cach tinh dinh thitc ctia mot ma tran vudng bang cach
khai trién phan phu dai sé, hoic khai trién Laplace, theo hang dau
tién. Vi ma tran vudng c¢d 2 x 2, vi du sau chi ra rang ta c6 thé tinh dinh
thitc bang céch khai trién theo mot hang hodc mot ¢ot bat ky clia ma tran
nay.

Vi bu 2.1.6. Cho ma trdn vudng c¢d 2 x 2

A fon o)

a1  G22
Chting minh rang

det(A) a11C11 + a12C12 Khai trién theo hang 1)

(

21021 + a92C99 (Khai trién theo hang 2)
(
(

a11C11 + a91C91 Khai trién theo cOt 1)
= a12C12 + a99C99 Khai trién theo cOt 2).

CuUNG MINH. Ding thic dau tién da duge thiét 1ap trong vi du trén. Céc
diing thitc sau ciing duge chiing minh tuong tu.

Thét viy, cdc phan phu dai sb clia ma tran A 1&

Ci1 = ag, Ci2 = —a21, Co1 = —ajz, C = ai1.
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Do do6
a21C21 + a22C2 = ag (—a12) + agear; = det(A).

Tuong tu, ta cing cb
a11C11 + a21021 = ar1aze + az1 (—a12) = det(A)
va,
a12C12 + 22022 = a12 (—a21) + a22C = det(A).
L]
Dinh 1y quan trong sau day néi rang dé tinh dinh thitc cia mot ma tran

vuong bat ky, ta c6 thé khai trién Laplace theo mot hang hodc mét cot
bat ky clia ma tran.

DNty 2.1.7. Cho A = agj],..,, ld mot ma trgn vudng cd n x n.
Khi d6 véi moi 1 < i,j < n, ta cé thé tinh dinh thic det (A) bang
cdch khai trién theo hang i

det(A) = a;1Ci1 + aiCiz + - - - + ainCin
hodc khai trién theo cét j

det(A) = (Ilelj + (I2jc2j +--+ ananj-

Vi pu 2.1.8. Cho ma tran

3 1 0
A=| -2 -4 3
5 4 =2

Tinh dinh thitc ctia A bang céch khai trién Laplace theo hang 1 va
theo cot 2.

CHONG MINH. Céc phan bu dai s6 @ing véi cac vi trf trén hang 1 ctia ma
trdn A la

-4 3 -2 3
Cn = (=)™ 4 _9 ‘ =—4, Cpp = (-1)'*? 5 _9 ‘ =11
-2 —4
Cis= (- = | -
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Khai trién Laplace theo hang 1, ta dugc

det(A) = a11C11 + a12C12 + a13C13
=3(—-4)+1-114+0-12
= —1.

Luu y rfmg vi a13 = 0 nén ta khoéng can tinh Cis.

Tiép theo, cidc phan bu dai s6 ting v6i cac vi trf trén c¢dt 2 clia ma tran A
la

Clp =11, Cop = (—1)*"2 30 = —6,
5 —2
3 0
— (_1)3+2 _
O3y = (—1) _2 3‘ 9.

Khai trién Laplace theo cdt 2, ta dudc

det(A) = a12C12 + a22C% + a32C32
— 111 4 (—4)(=6) + 4(—9)
= —1.

O

Dé tinh dinh thitc clia ma trén, ta cé thé khai trién Laplace theo mot hang
hosic mot ¢ot bat ky. Trong moi trudng hop, dé tinh mot dinh thitc ¢cd n xn
ta déu phai tinh mot tong ctia n s6 hang trong dé mdi s6 hang 1a tich cla
mot phan tit clia ma tran v6i mot dinh thiic ¢d (n — 1) x (n — 1). Néu mot
phan tit nay ciia ma tran bang 0 thi tit nhién ta khong can phai tinh dinh
thitc ¢ (n — 1) x (n — 1) tuong tmg. Do dé, dé tinh dinh thitc, ta thudng
chon khai trién Laplace theo hang ho#ic cot clia ma tran cé nhiéu phan tit
khong nhat cé thé.

Vi bu 2.1.9. Tinh dinh thitc ctia ma tran

10 0 -1
3 1 2 2
A= 1 0 -2 1
20 0 1




2.1. KHAI TRIEN LAPLACE CUA DINH THUC 97

CHUNG MINH. Cot 2 cia ma tran A c¢6 3 trong 4 phan ti bang khong, do
ta, ta lua chon tinh det(A) bang cach khai trién Laplace theo cot 2:

1 0 -1 1 0 -1
det(A) = (-1)*2 ()| 1 -2 1|=|1 -2 1
2 0 1 2 0 1

Véi dinh thitc ¢& 3 x 3 can tinh, ta thiy rang cot 2 ciia né c6 2 trong 3
phan tit bang khong, do d6, ta tinh dinh thitc nay bang céch khai trién
Laplace theo c¢ot 2, va nhan dugc

det(4) = (~1)*"(-2)

Do d6
det(A) = (—2) 3 = —6.

Vi Dy 2.1.10. Tinh dinh thtc bang phuong phap khai trién Laplace
theo mot hang hosic moét cot thich hop

1 20 1
3 0 4 2
D= 2 -5 0 1
1 21 =2

GIAL. COt 2 ¢6 nhiéu phan ti bang khong nhét trong cdc hang va cot cia
ma tran nén ta khai trién Laplace theo cot 2:

1 2 1 1 21
D=(-1)*34) |2 -5 1 |+=D*"31)[3 0 2
1 2 -2 2 -5 1
N—— N——

M23 M43

Vi dinh thittc M3 khong chita phan tit bang khong, nén ta tinh dinh thitc
bang cach khai trién Laplace theo hang hoiic cot bt k¥, chdng han theo
cot 1:

1

Mz = (=1)"1(1) 1 —o

+(-1)2(2)

5 1
2 -2
2 -5
_1\143

+(=DTA) T

=8—2(=5)+9

=27,
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Ta tinh dinh thitc My3 bang cach khai trién phan bu dai sé theo hang 2
ho#ic cot 2 vi ma tran niy c6 phan tit 0 & vi tri (2,2), chang han theo cot
2:

Mz = (=1)'*2(2)

> 1 |* (D)

1
2

W =

= —2(=1) +5(-1)
=3

Vay dinh thitc can tinh 13

D = —4(27) — (—3) = —105.

BAI TAP

2.1 |hint] Tinh dinh thttc clia ma tran. Néu ma tran kha nghich, tim
nghich dao cua no.

3 5
(a)Az_2 41,

3 1
(b)B=_6 2]7

V2 6
(0)02-4 /3l

2.2 [hint] Tinh dinh thtic clia cdc ma tran sau bang phuong phap khai
trién Laplace.

3 3 —4
) A=]10 1],
12 5
(3 3 0 5
2 2 0 -2
®B=1y 1 3 o
2 10 3 2

DINH THUC CUA MA TRAN TAM GIAC

Dinh thitc ciia cidc ma tran tam gidc trén hodc dudi rat dé tinh, nhu minh
hoa trong vi du sau.
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Vi by 2.1.11. Tinh dinh thitc cia ma tran tam gidc

all 0 0 0

a a 0 0
A — 21 22

az1 azz azz 0

a4l Q42 Q43 Q44

G1A1. Tinh dinh thitc cia A bang cach khai trién Laplace theo cot 4, ta
dugce

anz 0 0 a;; 0 0

4+4
det(A) = (*1) + a4q4 | @21 Q9o 0| =agq| as1 a2 0
az1 asz2 as3 a31 asz2 as3

Tiép tuc khai trién Laplace dinh thitc ¢& 3 x 3 theo cot 3, ta dugc

a 0
det(A) = ag(—1)*3asg| "1 = 433044
a  a

ail 0
a21 a2

A

Vay
det(A) = aszaqa (a11a22) = a11a22033044.

Ta ¢ két qua tong quat sau.

Ding Ly 2,112 Dinh thic cia mot ma tran tam gidc A = [aj], .
la tich cdc phan ti trén dudng chéo cia né

det(A) = a11a12 - anpn-

CHONG MINH. Ta chitmg minh két qua nay bang cach quy nap theo ¢ ciia
ma tran.

Khin =1, ta c6
det [CLH] = daii.

Suy ra, cdng thic ding véi n = 1.

Gia sit cong thitc ding v6i n — 1 v6i n > 2. Khai trién Laplace theo cot
n néu A la ma trén tam gidc dudi, va theo hang n néu A 1a ma tran tam
gidc trén, ta dudgc

det(A) = (=1)"* ", det ([aij], 1) 1)) = @ det ([a5] 1) 1))
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Vi ma trén con [aij](n—l)x(n—l) ciia A cing la mot ma trdn tam gidc, nén

theo gia thiét quy nap, ta c6
det <[aij](n—1)><(n—1)) = a11G22 """ Gpn—1,n—1-

Do d6
det(A) =a11a22 - Gp—1,n—10nn

tic la cong thic dang v6i n. Theo nguyén 1y quy nap toan hoc, cong thic
can phai chitng minh ding véi moi sé nguyén duong n. O

QUY TAC SARRUS TINH PINH THUC cO 3 X 3

Ta da dinh nghia dinh thitc cia ma tran vudéng cd 3 x 3 mdt cach quy nap,
thong qua dinh thic clia cidc ma tran vudéng cd 2 x 2. Tinh tudng minh
cac dinh thitc ¢ 2 X 2 nay, ta sé nhan dugc cong thiic ciia dinh thic cd 3
theo cac phan tit clia né.

Vi by 2.1.13. Tinh tudng minh dinh thtc cla ma trdn vuong cé
3x3
aiz @iz Qi3
A= |az1 a2 a3
a3y az2 ass

qua cac phan ti ciia no.

G1A1. Khai trién Laplace theo cot dau tién, ta duge

a21 a2
aszy as2

a21 G23
asi

a22 a23

det(A) =ai
az2 ass

— a2 + ais

= a1 (CL226133 - a23a32) — a12 (a21a33 - a23a31)
+ a13 (a21a32 — azasy)

= 11022033 — 011023032 — 12021033 + A1202303]1
+ a13a21a32 — @13022a31

= 11022033 + 012023031 + A13021032

= — 11G23032 — 012021033 — 413022031 -
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Vay
a11  a12 Q13
a1 G2 Q23 | = a11G22033 + 412623031 + 413021032
a3;r as2 ass
— (1123032 — Q12021033 — 413022031 . (1)
]

Theo céng thitc (1) dinh thitc ¢ 3 x 3 14 mot téng ctia 6 sb hang, mdi
s6 hang 13 tich ba phan ti thich hop ctia ma tran. Khé khin khi st dung
truc tiép cong thitc nay dé tinh dinh thtc ¢d 3 x 3 14 né khé nhd. Quy tac
Sarrus 1a mdt cach khéo léo tao ra 6 sé hang ctia dinh thitc ¢d 3 x 3.

HiNH 2.1 — Quy tic Sarrus

Vi by 2.1.14. St dung quy téc Sarrus, tinh dinh thitc cd 3 x 3

1 2 3
-4 5 6
7 -8 9

CHUNG MINH. Ta cé

1 2 3
-4 5 6=
7 -8 9
= [45+ 84 + 96] —[105—48 —72] =240
Véay, dinh thic can tinh bang 240. O

Tuong tu nhu trén, ta cé thé viét tuong minh dinh thic ¢d n X n qua céc
phan ti ctia né. Dinh thitc nay 13 tong clia n! s6 hang v6i mdi sé hang 14
tich ctia n phan ti thich hop ctia dinh thiic.

Dic biét, dinh thitc ¢d 4 x 4 1a tong clia 24 s6 hang. Ta khong cé mot quy
tac don gidn, tuong tu nhu quy tic Sarrus dé tao ra 24 s6 hang nay.
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BAI TAP TONG HOP

khai trién Laplace.

2.3
(a)
(b)
()
(d)
(e)
2.4

[ 3
2

3
-3
1

W WO WwN

5T

khai trién Laplace.

(a)

2
0
-1

0
-2

3
2
0
2

-1
1
0
0

_ o = W = OoON O

[hint] Tinh dinh thtic clia cic ma tran sau day bang phuong phéap

[hint] Tinh dinh thtic clia cic ma tran sau day bang phuong phéap

0
-1
3
-3

0

-3

3

1

— R N R = WO

CHUONG 2. DINH THUC
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2.5

2.6

2.7

2.8

2.9

2.10

2.11

3 -1 =3 0
1 0 0 -3
© 19 3 0o 3
0 -1 —1 —1

[hint] Tinh dinh thiic clia cdc ma tran sau bang phuong phap khai
trién Laplace

k+1 7 k-1
4 k-3
5 k k+1

(hint] Chting minh ring hai ma tran

a bl ., |d e
A= [0 ] v B = [0 f]
giao hoan v4i nhau khi va chi khi

b a—-c

e d_f|="

(hint] Cho A 13 mét ma tran vudéng cd 2 x 2. Chimg minh rang

2det(A) =

tr(A) 1
tr(A%) tr(A) |

[hint] Cho A 1a mét ma tran vudéng ¢d 3 x 3 véi dinh thitc khac khong.
Ma trdn A cé nhiéu nhit bao nhiéu phan ti bang khong?

(hint] Tim tat cd ma tran vuéng A = [a;j];, 5 thoa man det(A) # 0
va 6 phan tit ctia A bang khong, 3 phan tit con lai bang 1. Tim mbi
lién hé gitta dinh thitc ctia méi ma tran A nay véi s6 giao diém clia
ba doan thang ndi céc diém c6 toa do (1,1) va (2,7) véi a;; = 1.

[hint] M6t ma tran vuong ¢d n x n véi dinh thitc khic khéng c6 thé
¢6 nhiéu nhat bao nhiéu phan ti bing khoéng?

[hint] Chitmg minh rang dinh thitc cia mdt ma tran véi cac phan tit
14 cac s6 nguyén ciing la mot sb nguyén.
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2.12 [hint] Chimg minh rang ba diém (z1,v1), (z2,y2) va (z3,y3) thang
hang khi va chi khi

1 oy 1
T2 Y2 1 |=0.
x3 ys 1

2.13 [hint] Chting minh ring phuong trinh dudng thang di qua hai diém
phén biét (al,bl) va (ag,bg) 1a

x y 1
al bl 1|=0.
a9 bg 1
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2.2  DINH THUC VA PHEP BIEN POI SO CAP

Céc phép bién déi so cap theo hang da duge sit dung mot cach hiéu qua
dé giai céc hé phuong trinh tuyén tinh. Nho céc phép bién déi nay, ta lam
don gidn héa ma tran, tao ra nhiéu phan ti bang khong. Viéc c6 nhiéu
phan ti bang khong rat c6 loi khi tinh dinh thitc. Cau héi tu nhién dat ra
14 dinh thic c6 thay ddi hay khéng néu ta thuc hién cdc phép bién déi so
cAp trén hang ctia ma tran? Cau tra 16i 1a dinh thtic c¢6 thay déi. Nhung
may man, ta kiém soat duge sy thay ddi ctia dinh thiic qua mdi phép bién
déi so cap, va do vdy, van cé thé st dung cac bién déi so cAp theo hang dé
tinh dinh thic.

MENH Pk 2.2.1. Néu mot hang hodc mot ¢ot clia ma trdn vuodng A
gom toan phan ti khong thi det(A) = 0.

CHONG MINH. Dé ¢ két qué mong muén, ta khai trién Laplace ma tran
theo hang, hodc theo cot gdm toan phan tit khong.

Gid st A = [ajj],,,- Néu hang thit ¢ clla ma trn A gom todn phan ti
khong, khai trién Laplace theo hang thtt ¢, ta dudc

det(A) = ainCin + ai2Cia + -+ + ainCip = 00 + 0C2 + - - - + 0C;, = 0.

Néu cot thit j ciia ma tran A géom toan phan tit khong, khai trién Laplace
theo ¢ot thit 7, ta dugc

det(A) = alelj + CLQjCQj —+ -+ ananj = 001]' + OCQj + -+ Oan = 0.

O

Khéng dinh ngugc lai ctia két qua trén khong ding. D& dang chi ra ma
tran c6 tat ca phan tit khac khong ma lai c6 dinh thitic bang khong. Vi du

1 2

| 5 =1-2-2-1=0.

Tiép theo, ta xem xét dinh thitc ctia ma tran chuyén vi so v6i dinh thiic
clia ma tran vuéng ban dau.
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Vi by 2.2.2. Cho ma tran vuoéng c¢d 2 x 2

a a
A= |G G2p
azr  az2

Chitng minh rang det (AT) = det(A).

CHUNG MINH. Dinh thitc clia ma trdn vudéng cd 2 x 2 rat don gian, nén
ta viét ra tudng minh moi thit.

Ta cb
ail a2
det(A) = = a11a22 — 412021
a1  G22
va,
a a a a
AT = "1 2L et (AT> ="M " = G140 — aztans.
a2 a9y a12 a2
Do dé det (AT) = det(A4) nhu mong mudn. O

Vi by 2.2.3. Cho ma trdn vudng ¢d 3 x 3

all a2 a3
A= |a21 a2z a3
a3l asz2 as3

Tinh dinh thitc det(A) bang cich khai trién Laplace theo hang 1
va tinh dinh thitc det (AT) bing cach khai trién theo cot 1. Tit do,
suy ra

det (AT) = det(A).

CG1A1. Khai trién Laplace theo hang 1 ctia ma tran A, ta dudc

a1 Qa2
az; as2

ag2  a23 as1 a23
+ai2 | — +ai3
az2 as3 as1 ass

C11(4) C12(4) C13(A)

det(A) = a1l
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Ma tran chuyén vi A7 1a

ail a1 asi

T
A" = |ai2 ax a3
aiz az3 dass

Khai trién Laplace theo cot 1 ctia ma tran AT, ta dugc

T azo 32 aip asi a1 a31
det (A ) =ay +aiz | — +ai3 .
a23 3 a23 Aas3 a2 A32
N——
C11(AT) Ca1(AT) C31(AT)

Tit vi du trén, ta thay rang

i1 (A) = Ciy (A7), Cua (A) = Con (A7), Cig (4) = Cyy (4T).

Vay det (AT) = det(A). 0

Luu ¥ rang trong 16i giai ctia vi du trén, ta da tinh dinh thtc ctia ma tran
A ban dau bang cach khai trién Laplace theo hang 1, hang 1 ctia A chinh
14 ¢t 1 ctia ma tran chuyén vi A7, va ta tinh dinh thiic ctia ma tran A7
bang cach khai trién theo cot 1 ciia ma tran nay.

Téng quat cich lam nay, ta ching minh duge két qué téng quét sau.

Véi moi ma tran vuong A, ta cd det (AT) = det(A).

Cho A la mét ma tran vudng c¢d n X n.

1. Khi nhin mot hang cia ma tran vdi hang s6 k, dinh thic cia
ma tran cung duoc nhin vdi k.

2. Khi doi ché hai hang ciia ma tran, dinh thic cia ma tran doi
ddu.

3. Khi cong mot boi cia mot hang vao mot hang khdc, dinh thic
ctia ma tran khong doi.

Vi dinh thitc ctia ma tran khéng thay doi khi ta thuc hién chuyén vi ma
tran, va cdc hang cia ma tran chuyén vi chinh 1a cdc cot cia ma tran ban
dau, nén ta c6 két qua tuong tu nhu trén déi véi cadc phép bién doi so cap
trén cac cOt cliia ma tran.



108 CHUONG 2. DINH THUC

Cho A la mét ma tran vudng cd n X n.

1. Khi nhdn mot cot cia ma trin vdi hang sé k, dinh thic cia ma
tran cung dugc nhan vdi k.

2. Khi doi cho hai cot ciia ma trdn, dinh thic cia ma trgn doi
dau.

3. Khi cong maot boi cia mot cot vao mot cot khdc, dinh thic cia
ma tran khong doi.

\

Khi ta st dung phép bién déi hang

aHerHj*)Hj
e

A B

dinh thtc ctia hai ma trdn A va B lién hé v6i nhau nhu thé nao?

Luu ¥ rang néi chung phép bién déi hang bén trén khong phai 1 mot phép
bién ddi so cap trén hang. Tuy nhién, ta c6 thé viét né thanh hop thanh
ctia hai phép bién d6i so cap trén hang, cu thé 1a

ij%Hj aHi—i—H]-—)Hj
*

A B.

Theo dinh 1y trén, phép bién déi tht nhat lam dinh thtc nhan véi b, con
phép bién d6i thit hai khong thay ddi dinh thic clia ma tran. Do vay

det(B) = bdet(A).

Ta c6 két qua tuong tu dbi v6i bién ddi so cAp trén cot: Néu

aCi+ij %Cj
e

A B

thi det(B) = bdet(A). Vi ma tran so cip thu dugdc tit ma tran don vi sau
ding mét phép bién déi so cAp trén hang, nén ta c6 hé qua sau day cho
dinh thitc clia cdc ma tran so cap.

MENH PE 2.2.7. Cho F 1a mot ma tran so cap.

1. Néu ma trdn E nhén dugc tit ma tran don vi I,, khi nhan mot
hang ctia I, v6i s6 khic khong k thi det(E) = k.

2. Néu ma tran F nhan dudc tit ma tran don vi I,, khi ddi chd hai
hang thi det(F) = —1.

3. Néu ma tran F nhan dugc tit ma tran don vi I,, khi cong mot
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bdi cia mot hang vao mdt hang khac thi det(E) = 1.

Vi U 2.2.8. Gia st ma tran A c¢é hai hang hodc hai cot ti 1& véi
nhau. Chitng minh rang det(A) = 0.

CHONG MINH. Gid st ma tran A c6 hai hang H; va H; ti 1¢ v6i nhau.
Khong mat tong quét, gia st H; = cH ;. Thyc hién phép bién ddi so cap
trén hang ctia ma trdn A

7CHJ'+H¢~>HZ‘
R R S

A B.

Phép bién d6i nay khong lam thay doi dinh thitc, titc 1a det(A) = det(B).
Mait khéc, ma tran B c6 hang thit i gom toan phan tit khong, suy ra,
det(B) = 0. Vay det(A) = 0. O

Phan con lai ctia muc nay trinh bay mot s6 vi du st dung céc phép bién
d6i so cap theo hang dé tinh dinh thitc ctia ma tran.

Ta biét rang phuong phap khit Gauss sit dung cic phép bién déi so cap
theo hang dé dua moét ma tran vé dang bac thang. Céc ma tran vudéng cé
dang bac thang lai la cadc ma tran tam gidc trén, va dinh thitc cia ma tran
tam gidc trén chinh 1a tich cdc phan ti trén dudng chéo. Do d6, st dung
khit Gauss, ta c6 thé tinh dinh thic ctia ma tran. Luu ¥ ring dinh thic
clia mot ma tran va dinh thitc ctia mot dang bac thang ctia né c6 thé khic
nhau, nhung ta biét dugc moi lién hé ciia hai dinh thitc nay nhd day cac
phép bién d6i so cAp dua ma tran vé dang bac thang.

Tinh dinh thitc thitc sit dung bién ddi so cap

St dung cdc phép bién ddi so cAp trén hang, dwa ma tran can tinh
dinh thitc vé dang bac thang.

Trong qué trinh bién déi nay, hay kiém soat su thay déi ctia dinh
thtec.

Dinh thitc ctia ma tran bic thang bang tich cdc phan t trén dudng
chéo.

Vi pu 2.2.9. St dung phuong phap khit Gauss, tinh dinh thtc cta
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ma tran

G1AL. Stt dung cac phép bién ddi so cap trén hang, ta dua ma tran A vé
dang bac thang:

0 3 5
det(A) = |3 —6 9
2 6 1
3 -6 9
- —|0 35 (Hy & H,)
2 6 1
1 -2 3
= -3/0 35 (dua thita s6 chung 3 & hang
2 6 1 1 ra ngoai dinh thic)
1 -2 3
- -3/0 3 5 (—2H1 1+ H; = Hg)
0 10 -5
1 -2 3
= 3. Llo 3 5 (10H, — 3Hs — Hy)
0 0 65
= 1-3-65=195 (dinh thic cia ma tran tamg
gidc bang tich cic phan tit
trén dudng chéo)
Vay dinh thiic ciia ma tran A 1a 195. O

Ta c6 thé st dung cac phép bién ddi so cAp trén cot ciia ma tran dé tinh
dinh thitc. Ta cling c6 thé st dung dong thoi cd bién déi trén hang va bién
d6i so cap trén cot dé tinh dinh thitc. Phdi hop cac phép bién déi mot cach
thich hgp sé& lam tinh todn gon gang hon. (Tat nhién, két qua cubi cling 13
nhu nhau.)
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Vi bu 2.2.10. Tinh dinh thitc ctia ma tran
10 0 3
2 70 6
A= 06 3 O
73 1 =5
GIAL. Ta ¢6
1 0 0 3
2 70 6
det(A) = 063 0
7T 3 1 =5
1 00 0
2 70 0
= 0 6 3 0 (=3C1 + Cy — Cy)
7T 3 1 —26
= 1-7-3(—26) = —546 (dinh thttc clia ma tran tamg
gidc bang tich cdc phan tit
trén dudng chéo)
Vay dinh thitc ctia ma tran A 1la —546. O

Phéi hop ca phuong phap bién ddi so cap trén hang, trén cot ciia ma tran
v6i khai trién Laplace theo mot hang hoic mét cot thich hop sé lam viéc
tinh dinh thic cha ma tran tré nén thuan lgi hon.

Tinh dinh thitc thitc sit dung bién ddi so cap va khai trién Laplace

S dung céc phép bién ddi so cap trén hang dé khit cic phan tit
trén mot cot ndo do, sao cho cot nay con khéng qua 1 phan tit khéc
khong. Sau dé, khai trién Laplace theo cot nay.

Tuong tu, stt dung cdc phép bién déi so cip trén cot dé khitr céc
phan tit trén mdt hang nao dé, sao cho hang nay con khong qua 1
phan tit khac khong. Sau d6, khai trién Laplace theo hang nay.
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Vi by 2.2.11. Tinh dinh thitc ctia ma tran

3 5 -2 6
1 2 -1 1
A= 24 1 5
37 3

(1AL Sit dung cdc phép bién ddi so cap theo hang, ta sé khit 3 trong sb 4
phan ti ctia cot 1, roi khai trién Laplace theo cot nay. Nhin vao cot 1, ta
thay rang nén giit lai phan tit 1 & vi trf (2,1). Ta c6

3 5 =2 6
1 2 -1 1
det(4) = 9 4 1 5

3 7 5 3

(1) _; _1 i’ —3H, + Hy — H,
= —2Hy + H3 — Hy

0 0 33 —3H,+ Hy — H

0 1 80 2T

-1 1 3
= (=1)*'.1| 0 3 3| (khaitrién Laplace theo hang
1 80| 2
-1 1 3
= - 0 3 3 (H1 + H3 — H3)
09 3
_ 141 3 3 oz X
= (=1)" 7 (-1) 9 3 (khai trien Laplace theo hang
1)
= 3-3-3-9=-18.
Vay dinh thic ctia ma tran da cho bang —18. O
Vi DU 2.2.12. Tinh dinh thitc
2 3 4 -3

-5 -4 -9 2
b= 4 7 8 =5
3 5 5 3
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G1A1. Pinh thtic D ¢6 4 x 4,khéng c¢6 phan ti ndo bang khong, do dé, viéc
khai trién Laplace ngay theo mot hang va mot cot 1a khong nén. Céc phan
tlt clia cot mot lan lugt 1a 2, —5, 4, —3. Ta s& gitt lai phan tit 2 va stt dung
né dé khit cac phan ti con lai clia cot nay.

2 3 4 -3 23 4 -3
H_| -5 -4 -9 2 _(1)(1> 07 2 -1
4 7 8 -5 \2J\2J]o1 0o 1
3 5 5 3 01 -2 15

Céc phép bién ddi da st dung: 1y 5 lan hang 1 cong vao 2 lan hang 2,
dinh thitc da nhan lén véi 2;14y —2 lan hang 1 cong vao hang 3,dinh thiic
khong thay ddi; 1ay —3 lan hang 1 cong vao 2 lan hang 3,dinh thiic nhan
lén véi 2.

Tiép theo, khai trién phan bu dai sb theo c¢ot 1, ta duge

. 702 —11
D:Z(—1)1+1(2) 1 0 1
1 -2 15

My

Nhu vy, nhd viée st dung céc phép bién ddi hang so cip don gian nhu
trén, thay vi phai tinh 4 dinh thitc ¢ 3 x 3,ta chi phai tinh ding mdt dinh
thic ¢6 3 x 3.

Céac phan t& & hang 2 ctia My lan luot 1a 1,0, 1. Ta sé giit lai phan tit 1
dau tién va dung né dé khit di phan ti 1 con lai.

T2 -11 7 2 —18
My=|1 0 1 =1 0 0
1 -2 15 1 -2 14

Dinh thttc My, khong thay doi vi ta da cong —1 lan cot 1 vao cot 3. Khai
trién phan bu dai s6 theo hang 2 ciia dinh thiic nay, ta dudc

My = (0| 3 T
= —(-8)
= 8.

Vay dinh thitc can tinh 1a D = 1(8) = 4. O
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BAI TAP

2.14 [hint] Tinh dinh thic cia cidc ma tran sau.

3 -6 9

a) | =2 7 -2
-2 9 8
1 3 1 5 3
2 -7 0 -4 2

o o0 2 1 1
0 0 0 1 1
(0 0 1 0 1

2.15 [hint] Tinh dinh thic ctia cdc ma tran sau.

1 0 —1
(a) | -2 1 4
5 2 —2
1 3 —2 1
5 6 -9 3
(b) -1 -6 2 =2
2 6 8 1

2.16 [hint] Tinh dinh thic cta cdc ma tran sau.

-1 =1 1 0]
1 0 -2 -5 -3
3 2 0 -2
1 0 0 —4
[ 2 -1 -2 0]
1 3 -5 -3
2. -3 -1 0 1
3 0 -1 -3
1 0 -1 0
1 3 -2 -1
3’36 0 —2
01 -2 -3
[ -1 -1 2 0
1 -1 2
4. 3 6 0 3
3 1 3 -3
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2 0 -2 1
0 -1 -3 1
-1 =3 1 -1
2 0 -2 =2

2.17 [hint] Biét rang

a b c
d e f|=7,
g h i
tinh cdc dinh thitc sau day
d e f
(@) | g h i
a b ¢
4a 4b  4c
(b) | —d —e —f
-39 —-3h -3
a+g b+h c+i
(c) g h i
d e f
3a 3b 3c
(d) d e f
g—4a h—4e i—A4f

BAI TAP TONG HOP

Ma trdn Vandermonde 13 ma trdn ma cdc phan tit trong mdi hang (hosc
trong mdi cot) 14 mot cAp s6 nhan bat dau bang 1. Pinh thiic ctia ma tran
Vandermonde dugc goi 1la dinh thic Vandermonde

1 1 1 .- 1
I T2 xr3 - In
2 2 2 2
V, = 7 L2 T3 Tn
:L,71’L—1 l,g—l xg—l xz—l
Ta cb
1 1
Vo = =Ty — T
xr1 T2
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2.18 [hint] Tinh dinh thitc Vandermonde ¢6 3 x 3

1 1 1
Va=| 21 22 x3
2 .2 2

Ty I3 I3
bang cach tién hanh cic budc sau day.
Budc 1: Thuc hién phép bién déi so cip —z1He + H3 — Hs 16i
—x1H1 + Hy — Hs.
Budc 2: Khai trién phan bu dai sb theo cot dau tién.
Buée 3: Dua nhan tt chung & cidc c6t ciia ma tran ¢G 2 x 2 ra bén
ngoai dinh thc.

Buéc 4: So sdnh dinh thitc con lai v6i dinh thitc Vandermonde ¢&
2 x 2.

2.19 [hint] Chimg minh rang

1 1 1 1
X X i X

Vi=|"% 73 75 U5 | = (o) (w3—w1) (wa—a1) (w3 —22) (x4 —22) (24—13)
Ty Ty T3 Ty

I

2.20 [hint] Cho n > 2 1a mot s6 nguyeén.

(a) Hay du dodn cong thitc ctia dinh thitc Vandermonde ¢6 n x n
tong quat.
(b) Chtmg minh du doén trén.

2.21 [hint] Ma tran A = [a;j]nxn dude goi 1& ma tran tam gidc dudi doi
v6i duong chéo phu néu a;; = 0 v6i moi i + j < n. Chimg minh céc
cong thitc dinh thitc ciia ma tran tam gidc dudi déi véi dudng chéo

phu sau.
0 a2
Dy = = —a12021
a1 G2
0 0 ais
D3 = 0 age a23 | = —aizazeas;

a31 asz ass3

0 0 0 aia
0 0 a23 a4

Dy = = (41032023014.
0 a3z azz ass

a41 Q42 Q43 Q44
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2.22 [hint] Tinh dinh thtic ctia ma trdn tam gidc dudi doi véi dudng chéo
phu.

2.23 [hint] Khéng tinh tudng minh cic dinh thiic, chimg minh cic dang

thitc sau.
a1 + bit ag + bot az + b3t a1 as as
(a) at + bl ast + b2 ast + b3 = (1 — t2) bl bg b3 s
C1 C2 C3 c1 C2 C3
ar+b1 a1 —b1 o ap az as
(b) as+by as—by co | =—-2| by by b3
a3 +bz az—bs c3 c1 c2 3

2.24 [hint] Tinh cac dinh thic sau

a b b b
a b ‘gbz ba b b
ba’b‘g b b oa b

“T1b b b a

2.25 [hint]

(a) Du dodn cong thitc tong quat ctia cdc dinh thitc c6 dang trong
bai tap trén.
(b) Chiing minh dy doén.
2.26 [hint] Cho A la m6t ma tran vuéng ¢ n X n va B la ma tran nhan

duge khi viét cdc hang ctia A theo thtt tu ngugc lai. Tim méi lién hé
gita dinh thitc cia hai ma tran A va B.

2.27 [hint] Khong tinh tudng minh, chiing minh rang cic dinh thitc sau
bang khong.

1 8 1 4
2 2.6 1
@13 194 5
4 -6 5 —3
4 1 1 1 1
1 -4 1 1 1
M| 1 1 -4 1 1
1 1 1 -4 1
1 1 1 1 -4
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) A B
2.28 |hint] DPinh thiic clia cic ma tran tam gidc khoi M = l ]

0 C

B C
tinh qua dinh thittc ctia cac khdi trén dudng chéo bdi cong thiic
det(M) = det(A)det(C). St dung két qua nay, tinh dinh thic cta
cac ma tran sau

A
hoac M = [ 0 ] trong d6 A va C la cac ma tran vudéng dugc

120 6

12300
1 82 2 —45

01200
-1 32 -3 12

/oo 100
000 3 00

27 11 2
000 4 10 06 01
000 -3 7 2

2.29 [hint] Trong céc khang dinh sau, khang dinh nao ding, khang dinh
nao sai? Vi sao?

(a) Dinh thiic ciia ma tran vudéng cd 4 x 4 khong thay déi khi ddi
chd hai cot dau tién ctia va ddi chd hai cot cudi cling.

(b) Néu A 1a mot ma tran vudng ¢d 3 x 3 va B 1a ma tran thu duge
khi nhdn hang mot ctia A v6i 5 va nhan hang ba ciia A véi %
thi det(B) = 2det(A).

(c) Néu A 1a mot ma tran vudng ¢ 3 x 3 va B 1a ma tran thu
duge khi cong 5 1an ctia hang mét vao hang 2 va vao hang 3,
thi det(B) = 25det(A).

(d) Néu A 13 mot ma tran vuong cd 6 x 6 c6 tong ciia hang thi
nhat véi hang tht ba bang hang tht sdu thi det(A) = 0.

(e) Néu tat ci cac phan phu dai sb cia ma tran vuéng A bang
khong thi det(A) = 0.

(f) Dinh thitc cia ma tran tam gidc dudi 1a tong céc phan ti trén
duong chéo chinh ctia né.

(g) V6i moi ma tran vuong A,ta c6 det(A?) = (det(A))>2.
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2.3 UNG DUNG CUA PINH THUC

Muc nay trinh bay mét s6 tinh chat co ban clia ma tran. Sau dé, chiing ta
sé stt dung céc két qua nay dé dan ra cong thiic nghich ddo ciia mot ma
tran kha nghich va cong thiic nghiém ctia mét sb hé phuong trinh tuyén
tinh.

TiNH CHAT CO BAN CUA PINH THUC

Cho A vaA B 1a cdc ma trén ¢d n x n va k 1a mot vo huéng. Ching ta bt
dau bang viéc xem xét mbi quan hé cé thé gifta det(A), det(B) va céc dinh
thtc

det(kA), det(A+ B), det(AB).
Cong thitc sau day thé hién méi lién hé giita dinh thitc va phép toan nhan

S0 v6i ma tran.

det(kA) = k™ det(A).

Vi du
kai1 kaiz kais ail aiz ais
kasy kasy kass| =k |as1 azn as
kaz1 kazz kass asy azz ass

Néi chung, dinh thittc khong tuong thich v6i phép toan cong va trit ma
tran. Sau day 1a mét vi du don gian.

Vi bu 2.3.1. Cho cic ma tran

SEES |

So sanh det (A + B) va det (A) + det (B).

GI1AI. Ta cé

det(A) = 1, det(B) = 8, det(A + B) = det E 2} — 23,

Suy ra
det(A + B) # det(A) + det(B).
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Vi DU 2.3.2. Chitng minh rang

ail a2 air a2 an a2
det + det = det .
[am Cm] [bm b22] [am +ba1 az + b22]

GI1AIL. Ta cé
a1 a a1 a
det |11 2] 4 get [V T2 = (a11a22 — a12a21) + (a11baz — a12b21)
a1 99 ba1  baa

= aji(ag + baa) — arz(az + ba1)
a a2

= det
a1 +ba1 a4 bao

MENH Pk 2.3.3. Cho A, B va C la cdc ma tran vuoéng ¢6 n X n sao
cho

> Hang thtt 7 ctia C 1a tong hang thit r cia A va hang thit r cla
B.

> Céc hang i # r clia ba ma tran A, B va C giéng nhau.

Khi do
det (C') = det (A) + det (B).

Ta c6 két qua tuong tu khi thay hang béi cot.

G1A1. Ta tinh dinh thic clia cdc ma tran A, B va C bang cdch khai trién
Laplace theo hang thit . Vi cdc hang i # r clla ba ma tran A, B va C
giéng nhau nén véi moi j = 1,2,...,n, phan phu dai s6 cia cd ba ma trén
A, B va C tng véi vi tri (r, 7) bang nhau, va ky hiéu 1a C;;. Ta c6

det (C) = 101+ 202+ + Gy

= (arl + brl) Cr1 + (ar2 + br2) Cro+ -+ (arn + brn) Crn

= (arlcrl + ar20r2 + -+ arnCrn) + (brlcrl + br20r2 + -+ brncrn
det (A) + det (B).

Két qua tuong tu cho cot dugc chitng minh giéng hét nhu trén, hodc sit
dung méi lien hé gitta dinh thiic ctia ma tran va dinh thiic clia ma tran
chuyén vi. O
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DINH THUC CUA TiCH CAC MA TRAN

Dinh thitc tuong thich v6i phép toin nhan ma tran. Cu thé hon, dinh thic
clia tich clia hai ma tran bang tich cdc dinh thic clia cdc ma tran nay:

det(AB) = det(A) det(B).

Vi by 2.3.4. Cho céc ma tran vudng c6 2 x 2
3 1 -1 3
N

So sanh det (AB) va det (A) det (B).

GIAIL. Ta cé

det(A) = 1, det(B) = —23, det(AB) — det [ ; ﬂ ] — 93

Suy ra
det(AB) = det(A) det(B).

Vi by 2.3.5. Cho A va B 1a cdc ma tran c¢d 2 x 2
A_ | e an B bi1 b1
a1 as |’ bar baa |

Chitng minh rang det (AB) = det (A) det (B).

GIAL Vi céc ma tran A, B v AB déu c¢6 ¢d 2 x 2 nén viéc tinh cac dinh
thitc det (A),det (B) va det (AB) rat don gidn. Ta c6

det (A) det (B) = (a11a22 — 012a21) (b11b22 — b12b21)
= a11a22b11b22 — a11a22b12b21 — a12a21011022 + a12a21b12b21

va
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det (AB) = det a11bi1 + ai2ba1  ai11biz + ai2b22
az1bi1 + agbar  az1biz + agabos
= (a11b11 + a12b21) (a21b12 + a22b22)
— (a11b12 + a12b22) (a21b11 + azebai)
= anbiiaz1biz + a11b11a22b22 + a12be1a21b12 + a12b21a22b22
— (a11b12a21b11 + a11b12a22b21 + a12b22a21b11 + a12b22a22b21)

= a11a22b11b22 — a11a22b12b21 — @12a21b11b22 + a12a21b12b21.

Do do
det (AB) = det (A) det (B) .

O

Lemma 1. Cho E, B ld cic ma trgn vudng cd n X n trong dé E la mot
ma tran so cap. Khi dé

det (EB) = det (E) det (B).

DING LY 2.3.6. Mét ma tran vuéng A la khd nghich néu va chi néu
det (A) # 0.

Vi DU 2.3.7. Chting minh rang ma tran

1 2 3
A=11 0 1
2 4 6
khong kha nghich.
GIAL. Ta c¢6
11 1 3
det (A) = -2 5 6'—4 11 =-2(4)—-4(-2)=0.
Vi det (A) = 0 nén A khéng khé nghich. O]

Ding v 2.3.8. Cho A va B la cdc ma tran vuéng cd n x n. Khi dé

det (AB) = det (A) det (B) .
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Ding v 2.3.9. Cho A la mot ma tran vuong khd nghich. Khi dé

1
~ det (A)

det (A7)

CHONG MINH. Vi A=A =T nén

det (A A) = det (1)

Miit khéc
det (A1 A) = det (A7") det (4), det (I) = 1.
Do d6
det (A71) = detl( e

Vi pu 2.3.10. Tim k dé ma tran A kha nghich:

A=

W I

2
2
1

Sy N o

GIAL. Ma tran A khé nghich khi va chi khi dinh thtc ctia n6 khéc khong.
Ta co

4 2 8 -2 0 -4
det(A) =|k 2 2| =| k-6 0 —10
316 31 6
_ 3+2 -2 —4
—<—1>+<1>‘k_6 _10|
= —(4k — 4)
= —4(k—1).

Do d6, det(A) # 0 < k # 0. Vay ma tran da cho khé nghich khi va chi khi
k1. O
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BAI TAP

2.30 [hint] Bang cach tinh dinh thtic, cho biét ma tran sau c6 kha nghich

hay khong.
(2 5 5
(a) | 2 4 3
i 1 1 0
[2 0 3
by |0 3 2
i 2 -6 -1

(a)

(b)

-2 30
(a) | -1 4 a
5 51
[ 2 6 -2
®) | -5 -9 4
_—3 —a 1
[ 4 -3 2a+1

(¢) | =1 1
a 2

-1 a+2

a —2

2
6
[ -2 1 a
(d) | —3a -2 1
0
2
(e) | 2a+3 -2 3
9
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NGHICH PAO MA TRAN SU DUNG MA TRAN LIEN HOP

Nhac lai rang néu ma trdn vuoéng cd 2 x 2

A:[all a12]

a1 a2

kha nghich thi nghich ddo cta né la

AL = 1 az2 —ai2
det (A) | —az1  ann |’

Trong tiéu muc nay, ta sé tong quat héa cong thitc nay cho mot ma tran
vuong bat cd bat ky.

binm NGHIA 2.3.11. Cho A la mét ma tran vudng cd n x n. Goi Cjj
14 phan phu dai s6 clia ma tran A tmg v6i vi tri (4, 5). Khi d6, ma

tran
Cii Ci2 -+ Cip
Cop Cop -+ Coy
Cnl Cn2 e Cnn

dudc goi 1a ma trdgn cdc phan bu dgi sé clia ma tran A. Chuyén
vi clia ma tran cadc phan b dai s6 nay dudc goi 1a ma trgn lién
hgp ctia A, ky hiéu la adj (A).

Vi by 2.3.12. Cho ma tran vuong kha nghich ¢d 2 x 2

a a
A= 11 12 )
a1 a2

Chting minh rang

G1A1. Céc phan phu dai sé clia ma tran A 1a

Ci1 = ag, Ci2 = —aaa,
Co1 = —a2, Cao = a1.
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Suy ra, ma tran lién hgp ctia A la

ad‘](A):[ Q22 —az1 ]T:l a22 —CL12‘|.

—a19 ail —ai ail
Do do,
_ 1 azy  —ai 1 .
A 1 — = A .
det (A) [ —az1  an det (A) 1(4)
]
Vi by 2.3.13. Cho ma trdn vuong
3 2 -1
A=1|1 6 3
2 —4 0
1. Tinh adj (A).
2. So sanh adj (A) A v6i det (A) 1.
3. Tinh A~ L.
GI1AIL. (a) Céc phan phu dai s6 clia ma tran A 13
Cii=+ _i g =12, Cir2 =— ; g =6, Ciz =+ ; _i = —16,
Co1 = — 7421 _(1) =4, Cog = + :; _(1) =2, Coz = — g 7421 =16,
Cs =+ 2 ’:1)) =12 Csy = — ? ’;) =-10 Cs3 = + i’ é = 16.
Suy ra, ma tran lién hgp ctia A 1a
12 6 —16]" 12 4 12
adj(A)=] 4 2 —10| = 6 2 —10
12 —-10 16 —16 16 16
(b) Ta co
(3 2 —1] 12 4 12
Aadj (A) =11 6 3 6 2 -10
i —4 0 | —16 16 16
(64 0 0]
=| 0 64 0| =4det(A)I
| 0 0 64 |
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(c) Vi Aadj (A) = det (A) I nén

. 124
1 .
ot ()" = —12 16 12

Dinig 1y 2.3.14. Cho A la mot ma tran vuong cé n X n. Khi dé
Aadj (A) = det (A) I.

T dé suy ra, néu A khd nghich thi

hop:

1 31
A=| -1 4 7
2 50
GIAL Ta c6
4 7 -1 7
(1 141 _ _ (_1\1+2 _
Cip=(-1) 50 ‘ 35,C12 = (—1) 9 0 ’ 14,
-1 4
o/ 1\1+43 _
Ci3=(-1) 9 5‘ 13.
Dinh thic cia A la
det(A) =1C11 +3C12 + 1C13
=-35+3.14+(—-13) = —6.

Vi det(A) # 0 nén A kha nghich. Ta tinh cic phan bu dai sb con lai cta
A:

3 1 1 1
021 = (_1)2+1 5 0 = 57022 = (_1)2+2 2 0 = _27
Coz = (—1)**? ; g ‘ =1,C3 = (—1)°*! 2 ; =17,
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11 1 3
_(_1)3+2 _ _ (_1)\3+3 _
Cp = (-1)*7| | o |=-8Ch=(-1)* | 4‘_7.
Vay, nghich dao ctia ma tran A la
. 35 14 -13]"
AL = adj(4) =L 5 —2 1
det(A) 6 17 _8 .
35 —5 —17
=5 -14 2 8.
13 -1 =7

L]

S6 lugng phép tinh ma ta phai thuc hién dé tinh nghich ddo ctia mot ma
tran vudng cd tuong déi nho 1a 3 x 3 ciing da kha nhicu. V&i mot ma tran
vuong ¢ 4 x 4,dé tinh nghich dao st dung phuong phap ma tran lién hop,
ngoai tinh dinh thiic cia A, tic la mot dinh thic ¢G 4, ta con phai tinh
16 dinh thitc c& 3. Khoi lugng tinh todn 1 rat 16n. N6i chung, v6i ma tran
vudng cd 16n (cd 16n hon hogc bang 4), tim nghich ddo ctia ma tran sit
dung thuit toan khit Gauss-Jordan la hiéu qui hon vé mat tinh todn so
v6i phuong phap st dung ma tran lién hgp.

BAI TAP
2.33 |hint] Cho ma tran

A=

NN

5
4
1

O W Ot

(a) Tim nghich déo ctia A st dung thuat todn Gauss - Jordan.
(b) Tim nghich ddo ctia A st dung ma tran lién hgp.

(c) Nhén xét vé hai cach lam trén.

2.34 [hint] Tim nghich ddo clia cdc ma tran sau st dung ma tran lién hop.

0 3 -2

() | =2 2 3
2 -1 1

-1 01
®) | -1 -2 1
-3 0 2
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1 2 2
(¢c) | -1 =2 0
| 3 3 -3 ]
1 2 —2]
@ | -2 -3 3
| -3 -2 -3 |
3 1 1
(e | -1 2 -1
| 03 -2

2.35 [hint] Cho ma trdn vuong

véi a € R 1a mot tham s6. Tim a dé A kha nghich. Véi céc gia tri
nay cud a, tim nghich ddo A~! sit dung ma tran lién hop.

DiNH Lf CRAMER

Vi Dy 2.3.16. Xét hé phuong trinh tuyén tinh

a;lry + apr2 = b 9
a = b (2)

2171 + a2 = 02
Gi4 sit ma tran hé s6 kha nghich. Chting minh rang hé phuong trinh
c6 nghiém duy nhat

b1 ais a1 by
by a2 az b
Ty = , L2 =
ail a2 ail a2
as1  a92 az; a2

CHONG MINH. Hé phuong trinh tuyén tinh (2) tuong duong véi phuong

trinh ma tran
ail a2 1 | | b
az1 Qo2 T2 bo
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Vi ma trdn hé s6 A = [ a2 ] kha nghich nén phuong trinh trén

a21 Q22

tuong duong véi

_1 -
Ty | _ | e an2 b1
T2 a1 G2 by |

St dung cong thitc nghich ddo ctia ma tran vudng cd 2 x 2, ta dudgc

det (A) | —a21b1 + a11be
Do d6
b1 a2
a29b1 — ajabs by a2
xl = =
det (A) aj] @12
as1 a2
va,
ai; by
—ag1b1 + a11bs as by
Tro = =
det (A) a1 aiy
az21 G22

x| _ 1 az —aiz | [ b
x2 det (A) | —a21  ann | | b2

1 [ agobi — ajaby |

Néu hé phuong trinh tuyén tinh

Axr =b
c6 ma tran hé s6 A khd nghich thi hé cé nghiém duy nhat
oy det(A;) o det(Az) I det(A,)
DT det(A) ) TP det(A) T T det(A)

trong dé Aj la ma tran nhdn dugc tu A sau khi thay thé cot thit j
ctia A bdi cot hé so tu do
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l vdt moi g =1,2... n. J

CHUNG MINH. Vi A kha nghich nén phuong trinh Ax = b tuong duong
v6i

z=A"1b
St dung céng thitc clia ma tran nghich ddo, ta duge
Cn Co -+ Cpi] [
L (A 1 Cia Co -+ Cpal |b2
IR Al TV I A
Suy ra
biCii + bCor + -+ + b,Cmy
1 biCra + byCoy + -+ 4+ byCuo
T det(d) | : :
b1Cip + bCop + -+ + b,Chp
Vay
o 01C1y A baCoj £ 4 Gl
T det(A)
Theo gia thiét, ta c6
a11 a2 - G15-1 b1 aij+1 - Gip
as1 G2 -+ A25-1 by agjy1 - Qop
Aj = _ '
apl Ap2 -+ OGpj-1 bn Apj+1 "+ Gnn

Ma tran A; va ma trdn A c6 tat ca cdc cdt k # j gibng nhau nén can phan
phu dai s6 ctia A; va clia A ting v6i cdc vi tri (4,7) 1& nhu nhau, véi moi
i =1,2,...,n. Tinh dinh thic cia A; bang céch khai trién Laplace theo
cot 7, ta dudc

det(Aj) = blclj + bgCQj + ...+ annj-

A

Vay
B det (AJ )

YT det(A)
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Vi DU 2.3.18. Giai hé phuong trinh tuyén tinh

r1 + + 2x3 = 6
—3x7 4+ 4z + 623 = 30
—Ir1 — 2I2 + 3$3 = 8

stt dung cong thitc Cramer.

1
G1AL Dinh thitc ctia ma tran hé s6 A = | —3
1 —

N =~ O

w o N
.
o

-1 3 |_(_2)' -3 6 |=4(5)+2(12):44.

Vi det (A) # 0 nén ma tran hé s6 A kha nghich, va hé c¢6 nghiém duy nhat

. det (Al) - det (AQ) . det (A3)
T et (A) T det (4) 0 T det (A)
Ta cb
[ 6 0 2]
A1 = 30 4 6 det (Al) = —40
8 —2 3
1 6 2]
Ay=1] -3 30 6 det (A3) = 72
-1 8 3
1 0 6
As=1| -3 4 30 det (43) = 152
-1 -2 8

Véy nghiém duy nhat ctia hé phuong trinh da cho 13

—40 -10 72 18 152 38

v R TIE v I TR Rl VR T
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Vi by 2.3.19. Giai hé phuong trinh sau stt dung cong thitc Cramer

1 +2xo +3z3 =10
r1 —2x9 +x3 =4
—3x1 +x2 +xr3 =2.

GIAL. Ma tran hé s6 ctia hé phuong trinh da cho 1a

1 2 3
A= 1 -2 1
-3 11

Dinh thic ctia A 1a det(A) = —26. Vi det(A) # 0 nén theo dinh 1y Cramer,
hé phuong trinh da cho c6 nghiém duy nhat

det(Az-) 3
i = ’ :17273
YT Qet(A4) '
trong do
10 2 3 1 10 3 1 2 10
A = 4 =2 1 ],Ay= 1 4 1]|,A3= 1 -2 4
2 11 -3 21 -3 1 2
Ta cé

det(Al) = —1O,det(A2) =4, det(Ag) = &86.
Vay nghiém duy nhét ctia hé phuong trinh da cho 1a

~10 5 4 ~86 43

T r2 = 7$3:_726—E~

{L‘l = —_— —_—
—26 13 —26

BAI TAP

2.36 [hint] Gidi cdc hé phuong trinh tuyén tinh sau st dung céng thiic
Cramer.

(a) 3T +x9 =5

7171 —21’2 =3
z =3y =z
(b) 2z +2y -3z
dr -y +2z =-1

I
| o
o
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2.37 [hint] Cho hé phuong trinh tuyén tinh
3r  —y 4z =4
—x 47y -2z =2
2 +6y —z =5
(a) Giéi hé phuong trinh sit dung cong thitc Cramer.
(b) Giai hé phuong trinh st dung phuong phép khit Gauss.

(c) Trong hai cdch gidi hé phuong trinh trén, cdch nao can ft tinh
toan hon?

BAI TAP TONG HOP

2.38 [hint] Cho A la mdt ma tran vuong ¢d n x n. Tinh cdc dinh thic sau.

2.39 [hint] Chitng minh rang ma tran vuoéng A kha nghich khi va chi khi
ma tran tich AT A ciing kha nghich.

2.40 [hint] Cho hé phuong trinh tuyén tinh Az = b gdm n phuong trinh va
n an. Gia stt cic phan tit ctia A va b déu 14 s6 nguyén va det(A) = 1.Chtmg
minh rang nghiém z ctia hé phuong trinh trén ciing gom toan s
nguyeén.

Cho ma trdn vuéng A ¢d 2 x 2

a=[5 a]

Heé vécto cot A la v; = (a,b),v2 = (¢,d). Hai vec to nay sinh ra mot hinh
binh hanh trong R?. Dién tich ctia hinh binh hanh nay bang gia tri tuyét
déi ctia dinh thitc ctia ma tran A. Day 1a muc tiéu ctia 2 bai tdp bén dudi.
Ky hiéu Area(A) dién tich ctia hinh binh hanh nay.
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Cho ma tran vudng A c¢d 3 x 3. Ky hiéu Vol(A) thé tich hinh hop sinh
ra tir cadc véctod cOt ciia A. Trong cac bai tdp bén dudi, ta sé chimg minh
Vol(A) = | det(A)|.

BAI TAP
1 2

2.41 [hint] Cho ma trdn A = l 31 ] .

—%01%—02—)02 B _%CQ+CI—>01

A C

(a) Xéac dinh cdc ma trdn B va C.

(b) Vé hinh trén ciing mit phang R? céc vécto cot ciia cic ma tran
A, B, C va hinh binh hanh tuong ting.

(c) Nhan xét vé det(A),det(B) va det(C).

(d) Nhan xét vé Area(A), Area(B) va Area(C).

(e) So sanh Area(C') va det(C). Tt d6 suy ra, Area(A) = det(A).

2.42 [hint] Cho ma tran vuéng A = ¢ 1 Gia st det(A) # 0. Chimg

b d
minh ring dién tich hinh binh hanh sinh ra tit cic vécto cot cta A
bang gia tri tuyét déi ciia dinh thiic ctia A, tic 1a

Area(A) = | det(A)|.

2.43 [hint] Chimg minh rang dién tich tam gidc OM; M, véi O(0,0),
Mi(z1,91), Ma(x2,12) la
det T1 T2
v1oy2 ||

2.44 [hint] Cho tam gidc v6i ba dinh 1& My (x1,y1), Ma(z2, y2) va M3(x3,y3).

1
2

(a) Tinh dién tich tam gidc M;MsMs tu dién tich cédc tam gidc
OM, My, OMyMs, OM, Ms.
(b) Chimg minh rang dién tich tam gidc M;MyMs3 1a

et R — det 1 %3 + det T2 23 .
yr Y2 Yyr Y3 Y2 Y3
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(c) Chimg minh rang dién tich tam gidc M;MyMj3 1a

1 1 1

1
B det | 1 x2 z3
Y1 Y2 Y3

2.45 [hint] Cho tam gidc v6i ba dinh 1a My (l‘l, 1'2), M (1'2, yg) va M3(x3, y3).

(a) Chitng minh rang dién tich tam gidgc My MoMs 1a

o — 1 T3 — X1
et .
[ Y2—Y1 Ys—uy1 ]l

(b) Chimg minh rang dién tich tam gidc M;MyMj3 1a

1
2

1 1 1
1
3 det | 1 x92 z3
Y1 Y2 Y3
ON TAP CHUONG 2
2.46 [hint] Tinh dinh thic
1 2 3 4
4 3 2 1
21 -1 3
11 27

2.47 [hint] Tinh cac dinh thtc sau day

(1 2 3
(a) | 4 5 6
|7 89
[ 31 01
10 -1 1
(b) -2 3 1 4
0 2 -2 2

2.48 [hint] Cho A € M,,», 1 mot ma tran phan déi xtng.

(a) Gia st n 1é. Chting minh rang A khong kha nghich.
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(b) Néu b gid thiét n 1é, két ludn A khong kha nghich con ding
nita khong?

2.49 [hint] Tim nghich d4o ctia cic ma tran sau bang phuong phap khit
Gauss-Jordan va phuong phap ma tran lién hgp

[ 4 2
(a) 3 3

[ 1 5 2
) | 02 -1

-3 1 1

2.50 [hint] St dung cong thitc Cramer, tinh z'va 3 theo = va y
x = x cosh + 1y sin
y = 2 sinf + y/ cos 6.
2.51 [hint] Giai bién ludn hé phuong trinh sau theo cic tham sé a va 8

r + y + azx = 0
r + y + pBz =0
az + Py + =z =0

2.52 [hint] Cho ma tran A = [a;j]5, 4V6i a;; = 0 hoac 1. Tim gia tri 16n
nhat ctia det(A).

2.53 [hint] Cho A = [ay;]
det(A).

nxn VOi a;; =0 hodc 1. Tim gid tri 16n nhat ctia

2.54 [hint] Gia st téng cdc phan tit trong mdi hang clia ma tran A bang
khéng. Chting minh rang det(A) = 0.

2.55 [hint] Cho A 1 mo6t ma tran kha nghich. Chting minh rang adj(A)
cting kha nghich va

1
det(A)

[adj(A)] ™" = A=adj(A™h).

2.56 [hint] Cho A la mdt ma tran vuéng cd n x n. Chting minh rang
det [adj(A)] = [det(A)]"*.
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2.57 [hint] Biét rang cic sd
21375, 38798, 34162, 40223, 79154

déu chia hét cho 19. Khong tinh tudng minh, chimg minh rang dinh

thic
21 3 75
38 7 9 8
341 6 2
4 0 2 2 3
7 9 1 5 4

chia hét cho 19.

2.58 [hint] Sdng tao hai bai todn ¢6 ndi dung tuong tu nhu bai tap trén.

GO1 ¥ GIAI BAI TAP CHUONG 2

b

a

] . Tinh tudng minh det(A), tr(A), tr(A?) theo a,b,c,d.

2.8. Pinh thitc ciia ma tran bang khéng néu ma tran cé mot hang gom
toan khong hodc c¢6 mot cot gom toan khong.

2.9. Dinh thtc cua ma tran bing khéng néu ma trdn cé mot hang gom
toan khong hosc c6 mot cot gom toan khong.

2.11. Quy nap theo ¢ ctia ma trén va st dung céng thiic khai trién Laplace
cta dinh thtec.

2.12. Ba diém A, B, va C thing hang khi va chi khi hai vec to E cung
phuong v6i nhau.

2.13. Dé c¢6 phuong trinh dudng thing, ta can tim diéu kién can va du
cho z va y dé ba diém (z,), (a1, b1) v (az, by) thing hang.
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2.17. Pinh thitc can tinh thu dugc tit dinh thtc cho trong dé bai sau mot
s6 phép bién ddi so cAp theo hang va cot.

2.21. Vi ma trdn c6 rat nhiéu phan ti bing khéng nén ta sé sit dung
nhitng phép khai trién Laplace mot céch thich hop.

Ngoai ra, hay tim cach tinh moét cach quy nap, tinh D3 qua Ds,tinh Dy
qua Ds,. ..

2.23. St dung cac phép bién ddi so cap theo hang hoic theo cot dé dua
dinh thitc bén vé trai thanh dinh thitc bén vé phai.

(a) Quan sat dinh thttc hai vé, ta thiy nén khit cic a;t & phan tit hang 2
va khit cdc b;t & cac phan tit 6 hang 1 ctia dinh thitc vé bén trai. Ta

co
a1 + bit as + bot as + bst a1+ b1t as +bat  as+ bst
at + bl ast + b2 ast + b3 (:) b1 — bth bg — bgtz bg — b3t2
C1 C2 Cc3 C1 C2 C3
@) a1+ bit ag + bot az + b3t
21— by by by
a1 C2 c3
ap az ag
D12 b by by
1 €2 C3

Ta c¢6 dang thitc (1) vi thuc hién phép bién ddi —tH; + Hy — Hy,
dang thtic (2) vi cdc phan tit & hang 2 déu c6 nhan tit (1 — t?),dang
thitc (3) vi thuc hién phép bién déi —tHy + Hy — Hy.
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(b) Quan sat dinh thtic & hai vé ta thdy nén khit cdc b; & cic phan tit
ctia cOt 1 va khit céc a; & cac phan tit ctia ¢dt 2 ciia dinh thitc bén vé
trai. Ta cé

a1 +by a1—b1 (1) 200 a1 —b1
ap+by ag—by co | =] 2a2 az—by c2
ag+bsg ag—bs c3 2a3 a3z —bs c3

ar ar—br ¢
=2 as ao — bQ C9
a3 az—bz c3

al b1 C1
(:) -2 as bg Cc2
az by c3
ay a2 as
D ol by by by
1 C2 C3

Ta c¢6 ding thiic (1) vi thuc hién phép bién déi Cy + Cy — Oy, ding
thtic (2) vi thuc hién phép bién déi C; — Cy — Co,dang thitc (3) vi
thue hién chuyén vi.

2.28. Can chia dinh thttc da cho thanh cac khéi dé né tré thanh dinh thiec
clia moOt ma tran tam gidc theo khoi.

2.39. Moi ma tran vuong la kh& nghich khi va chi khi dinh thic cia nd
khéac khoéng.

2.40. St dung dinh ly Cramer.

2.47. St dung céc phép bién ddi so cAp trén cdc hang hodc cot clia ma
tran dé tao ra cot hodc hang c6 hau hét phan tit bang khong. Sau d6, khai
trién Laplace theo cot hodic theo hang nay.

2.48. Theo dinh nghia, ma tran A 1a phan ddi xing khi va chi khi AT =
—A. Tinh dinh thitic hai vé.
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2.51. . Khit Gauss ma tran hé s6 md rong ctia hé phuong trinh tuyén tinh,
sau dé bién ludn tuy thuoc vao cac hé sd dau ciia cdc hang clia ma trén
bac thang.

2.55. V6i mot ma tran vudng A bat ky, ta c6 A [adj(A)] = det(A)I.
2.56. Stt dung cong thitc Aladj(A)] = det(A)I.

2.57. Quan sat cac sd chia hét cho 19 cho trong dé bai va céc phan ti
trong mdi hang ctia dinh thitc. Mat khac, theo phan tich cau tao sb

21375 =2-10*+1-10> +3-10> + 7- 10 + 5.






Khong Gian Vécto Hinh Hoc R"

3.1 KHONG GIAN VECTO R"

VEC TO TRONG R? vA R?

Mot vée to hinh hoc duge hidu 14 mét doan thing c¢é hudng. Cac véc to
hinh hoc trong m#t phing R? va trong khéng gian R3 da duge hoc tit ton
hoc bac THPT. Véc to hinh hoc c¢6 nguon gbc tit vat 1y, ki thudt, khi ma
chiing ta muén néi dén nhitng dai lugng khéng nhitng c6 do 16n ma con cé
cé hudng.

Céac phép toan trén véc to duge dinh nghia mot cach hinh hoc. Phép cong
véc to duge thuc hién nhd quy tic tam gidc hodc quy tic hinh binh hanh.

V+W
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s

Céc véc to ¢6 thé duge sb héa bang cach trang bi mot hé truc toa do Oxy
trong mat ph&ng R? hodc mot hé truc toa dd6 Oxyz trong R3. Néu diém
Py ¢ toa do 1a (z1,y1, 21), diém P c6 toa dd (za, s, z2) thi véc to E—P—;
1a mot véc to ba thanh phan

—
PPy = (x3 —x1,y2 — y1,22 — 21) -

2 Pl(x‘"&an 22-)
L
& PiF, = (xz'xu 417 0 2,- i‘)
x (A dor 24)

Toa dd héa véc to trong khong gian R3

Mot céch tong quéat, mot véc to trong R3 14 mot bo ba sb thuce sip thi tu
(z,y, 2), mdt véc to trong R? 13 mot cip hai sé thuc sap thit tu (z,y). Ta
dé dang thuc hién phép todn trén véc to 6 dang toa do

(w1,y1,21) + (22,2, 22) = (x1 + 22, Y1 + Y2, 21 + 22)
k(x,y,2z) = (kx,ky, kz) .
VEC TO TRONG R”"
Khéng dé dé tong quat hoéa khai niém véc to hinh hoc, nhung lai dé dang

tong quat hoéa véc to & dang toa d6. Ta cho phép sb thanh phan ciia véc
to 1a bat ky, thay vi 1a 2 hodc 3.
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DNt NGHIA 3.1.1. Cho n 13 mdt sb nguyén duong. Mot véc to n
thanh phan 1a mot bd sip thi tu cta n sb thuc

v=(ay,aa,...,ay).

Tép hop tat ca céc véc to n thanh phan 1a khéng gian véc to R™.

Céc phép todn trén cic véc to trong R™ duge dinh nghia bang cidch mé
rong tu nhién céch tinh trong R? va R3.

DN NeHIA 3.1.2. Hai véc to v = (a1,a2,...,a,) va w =
(b1, ba,...,b,) trong R™ dugc goi la bang nhau va ki hiéu 1a v = w
néu

al :bl, a2:b2, ...,an:bn.
DiNu NGHIA 3.1.3. Cho v = (a1, a2,...,a,) va w = (b1, ba,...,by)

trong R™ va k € R.

> Véc to khong la véc té 0 = (0,0,...,0).

> Tong ctia v véi w 1a v+ w = (ay + by, as + ba, ..., an + by).
> Tich ctia s6 k v6i véc to v 1a kv = (kay, kaa, . . ., kay).

> Véc to déi cia v 1a —v = (—ay, —az, ..., —ay).

> Hiéu cia v véi wla v —w = (a1 —by,a2 — ba,...,an — by).

Vi pu 3.1.4. Cho céc vécto u = (1,2,3,4), v =(—1,5,2,1) va w =
(6,—2,1,3) trong khong gian vécto R*. Tinh

(a) v4+w
(b) 2(v — 3w)
(¢) 2(u—v)— (3v+w)

GIAL  (a) Ta cé

vtw = (_15572) 1) + (6a _27173)
(=14 6,5+ (—2),2+1,1+3)
= (5,3,3,4).
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(b) Ta cé
v—3w =(-1,5,2,1)—3(6,-2,1,3)
= (-2,5,2,1) — (18,-6,3,9)
= (~19,11, -1, -8)
Suy ra
20— 3w) =2(—19,11,—1,-8)
= (—38,22, -2, —16).
(¢) Ta céd

2u—v)—Bv+w) =2u—2v—3v—w
=2u—5—w

Do d6, véctd can tinh la
2( 727 3a 4) - 5(_1’ 57 27 1) - (67 _2a L 3)

1
(2,4,6,8) — (—5,25,10,5) — (6, —2,1,3)
(1,-19,—5,0).

Sau day 1A céc tinh chit co ban nhit ctia phép toan véc to.

Cho u,v,w la cdc véc to trong R™ va k, m la cdc so

thue. Khi do

(a) u+v=v+u

(b)) (u+v)+w=u+ (v+w)

(c) u+0=u=0+u

(d) w4 (—u) =0

(e) k(u+v)=ku+kv

(f) (k+m)u = ku+mu

(9) k(mu) = (km)u

(h) lu = u.

Céc tinh chat nay da dugc sit dung mot cich thuong xuyén trong R? va R3.
Ta ¢6 thé du doan rang ching van ding trong R™ téng quét. Tuy nhién,
dé chéc chin, can phai thuc hién ching minh.

Ménh dé sau c6 thé duge chitng minh dua vao dinh nghia, hodc dua vao
céc tinh chat co ban duge mé ta trong dinh 1y trén.
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MENH PE 3.1.6. Cho v la mot véc ta trong R™ va k € R. Khi do

(a) Ov=20

(b) kK0 =0

(c) (-1)v = —v.
BAI TAP

3.1 |hint] Cho céc vécto u = (—1,3,7,2), v = (2,1,-4,3) va w =
(-5, -3,1,2) trong khong gian vécts R Tim vécto x € R* thoa
man

2u — 3v +w = 3(x + v).

3.2 [hint] Tim a va b dé hai véctd sau cing phuong véi nhau
u=(-2,1,0,a,4), v=(6,0,0,5—12).
3.3 |hint] Cho céc vécto u = (—1,1,0,1,2) va v = (2,0,1,3,—2). Tim
cac s6 thuc a va b trong biéu thi tuyén tinh
(7,—1,3,8,—8) = au + bv.
3.4 [hint] Trong khong gian vécto R*, vécto (2, —2,1,3) c¢6 phai la mot
t6 hop tuyén tinh ctia cac vécto
U1 = (_2’07171)7 Vg = (17071a0)a U3 = (1a0a2a2)
hay khong?
3.5 |hint] X4c dinh khing dinh ding téng cdc phét biéu, trong dé u,v va
w 1& cdc vécto c6 cuing sd thanh phan.

(a) Céc vécto (u+v) +w va u + (v + w) bang nhau.

(b) Céc vécta (a,b) va (a,b,0) bang nhau.

(c) Néu k 1a mot vo hudng va v 1a mot vécto thi hai vécto v va kv
cung phuong v4i nhau khi va chi khi & > 0.

3.6  |hint] Xdc dinh khang dinh ding trong cdc phét biéu sau, trong d6
u, v v w 1a cdc vécto c6 cung s6 thanh phan.
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(a) Trong céc khong gian vécto R? va R3, céc vécto cling phuong
va cung do dai la bang nhau.

(b) Néu v+ v =u+w thi v =w.

(c) Céc t6 hop tuyén tinh au + bv vi cu + dv bing nhau khi va chi
khia =cva b=d.

3.2 TicH vO HUGNG EucLID

Céac khai niém do dai ctia véc tg, gbc gitta hai véc to va tich vo huéng cta
hai véc to c6 thé dé dang dudc tong quéat héa tit R? va R? dén R” véi n
bat ky. Vi d6 dai va géc c6 thé dinh nghia qua tich v6 huéng, nén ta bit
dau va nhan manh vao tich vo huéng.

Cong thitc tinh v6 huéng clia hai véc to trong R? va R3 lan lugt 1a

(a1,a2) - (b1, b2) = a1by + agby
(a1, a2,a3) - (b1, b2, b3) = a1by + agba + aszbs.

DINH NGHIA 3.2.1. Tich vé huwéng FEuclid cia hai véc t6 u =
(a1,a2,...,a,) va v = (b1, ba,...,b,) trong R" la

u-v=a1by +agby + - + ayby,.

Tich v6 huéng Euclid trong R™ ¢6 cic tinh chat co ban giéng nhu tich vo
huéng quen thudc trong R? va R3.

Cho u,v,w la cdc véc to trong R, va k € R. Khi do

(a) u-v=v-u

(b) u-(v+w)=u-v+u-w

(c) k(u-v)=(ku) v

(d) v-v>0wav-v=0 khi khi va chiv = 0.

CHOUNG MINH. Dat u = (a1, a2,...,a,),v = (b1,ba,...,by) vaw = (c1, ¢, ...

(a) S dung tinh chit giao hodn ctia phép nhan céc s6, ta cé

u-v = aiby +agbs + -+ ayby,
= bia; +baaz+ -+ bpay

,Cn)-
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(b) Ta c6
v+ w = (bl+61,b2+62,...,bn+cn).
St dung tinh chat phan phdi giita hai phép todn cong va nhan, ta cb
u-(v+w) = a(bi+eci)+ag(ba+c2)+ -+ an(by+cn)
= (amby +aicr) + (agbs + azc) + -+ - + (anby + ancy)

= (a1by +agby + -+ + anby) + (a1c1 + azea + -+ - + ancy)
= u-v+u-w.

(c) Ta co
E(u-v) = k(aiby + agby + -+ apby)
= kaiby + kasbo + - - - + ka,b,
= (ku) v
(d) Ta co

v-v:b%+b%+---+bi.
Suy ra v-v > 0 v6i moi v. Hon nita, v - v = 0 khi va chi khi b; = 0 véi moi

1=1,2,...,n, tic la v =0. O

St dung két qua trén, khong can st dung dinh nghia ctia tich v6 huéng
Euclid, ta chting minh duge khang dinh sau.

MENH PE 3.2.3. Cho u,v,w la cdc véc to trong R™ va k € R. Khi
dé

Vi bu 3.2.4. Cho u,v 1a cdc véc to trong R™ véi
v-u=1u-v=2 v-v=3.

Tinh (u — 2v) - (2u + 4v).
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DiNH NGHIA 3.2.5. Pé dai FEuclid cha mdt vée to v =
(a1,a2,...,a,) trong R™ 1a

ol = Vv =1/ad +a}+ -+ a2

Vi DU 3.2.6. Tinh d6 dai ctia véc to v = (2, —1,3, —5) trong R%.

GIAL. Ta c6
v-v=(2)% + (=1)% + (3)* 4 (—=5)* = 39.
Suy ra, d6 dai clia véc to v 1a |v] = v - v = /39. O

Céc tinh chat co ban ciia do dai sau day dugc suy ra tit tinh chat clia tinh
v6 huéng Euclid.

DNt Ly 3.2.7. Cho v la mét vée to trong R™ va v € R. Khi dé

(a) |v| > 0.
(b) |v| =0 khi va chi khi v = 0.
(c) [kv| = [k[]v]

DINg LY 3.2.8 (Bat dang thite Cauchy-Schwarz). Cho cde vée to
u=(ay,ag,...,ap) va v = (b1,ba,...,by) trong R™. Khi do

u- v < ful o]

0 dang toa do, ta co

|albl+agbz+---+anbn|§\/a%+a§+---+a%\/b%+b§+---+b%

GoO1 Y GIAI BAI TAP CHUONG 3




Khong Gian Vécto Tong Quat

4.1 KHONG GIAN VECTO TONG QUAT

Trong muc nay, ching ta dinh nghia khéi niém khong gian véc to tong
quat, v& trinh bay mét s6 vi du co ban vé khong gian véc to. Nhic lai rang
trong chuong trinh toan hoc THPT, véc to dugc hiéu mét cach hinh hoc 14
mot doan thing c6 huéng. Sau khi toa d6 héa mit phing va khong gian,
véc to trd thanh mot cip sd thue, hoic mot bo sap thit tu clia 3 s6 thuc.
Ta c6 thé md réng céc véc to 2 hoic 3 thanh phan nay thanh cic véc to n
thanh phan. C4c véc t6 n thanh phan ndy c6 céc tinh chit co ban gidng
hét nhu véc to 2 hodc 3 thanh phan. Stt dung céc tinh chidt co ban nay
nhu 1a cdc tién dé, ta nhan duge khai niém khong gian véc to tong quét.

CAC TIEN PE KHONG GIAN VEC TO

DNt NGHIA 4.1.1. Cho V 1a mot tap hop khong rong bat ky, trang
bi hai phép todn goi la phép cong va phép nhan véi v6 huéng. Phép
cong 1a mot quy tic tao ra mot phan ti u + v v6i moi u,v € V;
phép nhan véi vo6 huéng 13 mot quy téc tao ra mot phan ti av véi
moiae RvaveV.

Téap hop V trang bi hai phép toan nay duge goi la mot khong gian
véc to va cdc phan tit ctia V dugce goi 1 céc vée to néu véi moi
u,v,w trong V va véi moi vo hudng k, m, cic tién dé sau day dudc
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théa man.

1. (V1) Néu u va v 1a céc phan ti ctia V thi u + v cling 13 mot
phan ti ctia V.

2. (V2)u+v=v+u.

3. (V3) u+ (v+w)=(u+v)+w.

4. (V4) Ton tai mot phan tit 0, goi 1a véc to khéng, trong V, goi
la véc to khong, sao cho 0 +u=u=u+ 0.

5. (V5) V6i moi phan tit u € V, ton tai mot phan tt —u € V, goi
13 véc to dbi ciia u, sao cho u + (—u) = 0 = (—u) + u.

6. (V6) Vi moi vo huéng k va moi phan tit u € V, tich ku ciing
thuoc V.

7. (V7) k(u+v) =ku+ kv

(V8) (k+m)u = ku+ mu

9. (V9) k (mu) = (km)u

10. (V10) lu = u.

Theo dinh nghia, méi phan ti trong mot khéng gian véc to duge goi 1a
mot véc to. Nhu vay, cac ddi tugng ma trén dé ta cé thé thuc hién céc
phép toan cong, va nhén véi vo hubng, sao cho cic phép toan nay cé cac
tién dé bén trén déu goi 1a véc to.

Phép toan triu clia cic véc ta duge dinh nghia st dung phép toan cong va
véc ta doi:

u—v=u+(—v).

Trong dinh nghia trén, mdi vé huéng duge hiéu 14 moét sé thue, va ta cb
khéi niém khong gian véc tag thuec.

Bang cich cho phép mdi vo huéng 13 mot sé phtic, ta sé c6 khai niém
khong gian véc to phitc. Tuong tu, néu lay vo huéng 1a cic s6 hitu ti, ta sé
c6 khéi niém khong gian véc to hitu ti. Mot cach tong quat, ta cé thé dinh
nghia khong gian véc to ma vo huéng 1 céc phan tit thuoc mot trudng sb
bat ky. 0 day, mot trudng s6 14 mot tap sd ma trén d6 ta ¢ thé thuce hién
bén phép toan sb hoc cong, trir, nhan, chia gidng nhu véi cac sb thuc, sb
phiic, s6 hitu ti.

Trong gido trinh nay, ta chii yéu xét cac khong gian véc to thue. Khong
gian véc to phiic chi duge dé cAp mot cach so luge & mot sb6 muc.
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Céac bu6ce chiing minh mét tap hop trang bi hai phép toan la mot

khong gian véc to

1. Bu6c 1. X4c dinh tdp V ma ta mudn ching minh né 13 mot
khong gian véc to.

2. Buée 2. Xac dinh phép todn cong va phép todn nhan véi vo
huéng trén V.

3. Budc 3. Kiém tra hai tién d& (V1) va (V6). Tién dé (V1) duge
goi 1a déng vdi phép cong, tien dé (V6) duge goi 1a déng
v0t phép nhdn vdi vé6 hudng.

4. Budc 4. Kiém tra 8 tién dé con lai.

Luu ¥ rang can phai kiém tra day da ca 10 tién dé. Chi can mét tién dé
khong théa man, thi tdp hop V trang bi hai phép toan cong va nhan véi vo
huéng khong phéi 1a mdt khong gian véc to. Trong trucng hop nay, trong
phan chting minh, ta chi can chi r6 tién dé khong théa man.

Viéc kiém tra ca 10 tién dé thuong kha dai, mac du khong kho.

Vi du co bdn va quan trong nhét vé cdc khong gian véc to, 1a cdc khong
gian véc to R™ sau day. Cac khong gian véc to R? va R? da dugce hoc chi
tiét trong chuong trinh toan hoc THPT. C4c khéng gian véc to R™ 1a su
téng quat hoéa truc tiép cia R? va R? khi ma ching ta khong gi6i han s6
thanh phan trong mot véc to 1a 2 hosc 3.

Vi DU 4.1.2. V6i mbi s6 nguyén duong n, tdp hop
R" = {(a1,aq9,...,a,) : cdc a; thudc R v6i moi i =1,2,...,n}

la mot khong gian véc to v6i hai phép toan cdong va nhan véi vo
huéng cho bai

(al,ag,...,an)—i—(bl,bg,...,bn) Z(a1+b1,a2+b2,...,an+bn)
k(ay,az,...,an) = (kai, kag, ..., kay).

Trong khéng gian véc to R, mdi véc to 1a mot bo sap thit tu clia n
s6 thuc.

GIAL Vi tong ctia hai s6 thuc va tich ciia hai s6 thuc lai 1a s6 thue, nén
tong u + v va tich ku thuéc R™ v6i moi u,v € R” va k € R. Nhu viy, hai
tién dé (V1) va (V6) thda man.
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Ta kiém tra 8 tién dé con lai nhu sau. Cho k,m € R va
u = (a1,a27"'aan)’ v = (b17b2a"'7bn)7 w = (015627"'7Cn)

trong R™ bay ky.
> Chting minh tién dé (V2): u+v = v+ u. Ta c6

(al,ag,.. ) (bl,bg,.. ,bn)

(a1+b1,a2+b2,.. ,an + by)
= (b1+a1,b2+a2,.. bn, —i—an)

(bl,bg,..., )+(a1,a2,...,an)
= v+tu.

U+ v

Ta da st dung tinh chit giao hodn ctia phép cong trong ding thitc thit ba.
> Chitng minh tién dé (V3): u+ (v+w) = (v +u) + w. Ta ¢6

al,ag,...,an)+((bl,b2,...,bn)—i—(cl,cQ,...,cn))
a,ag, . .. )%(bl+Cl,b2+02,...,bn+cn)
a1+(bl+cl) ag+ (b2 +c2),...,an + (b +cn))

ut+ (v+w) = (
o
((a1 +b1) +c1,(ag +b2) +co, ..y (an +bn) + ¢n)
(a
(
(

1+b1,a2+bg,...,an+bn) (61,62,...,Cn)
((11,(12,. . n) (b17b2>' . 7bn)) + (61)027"' 7Cn)
u+v)+

Ta da st dung tinh chit két hop clia phép todn cong sb thuc trong dang
thitc thi tu.

> Chitng minh tién dé (V4): ton tai véc to khong 0. Dat 0 = (0,0,...,0).
Ta c6

u+0 = (a1,a2,...,a,)+(0,0,...,0)
= (a1 +0,a240,...,a,+0)
= (a1,a9,...,a,)
=

O+u = u—+0
= u

Do d6, véc to khong 1a 0 = (0,0,...,0).
> Chitng minh tién dé (V5): ton tai véc to déi. Dat

—u=—(a1,az,...,a,) = (—ay1,—ag,...,—ay).
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Ta c6
u+ (—u) = (a1,a2,...,a,) + (—a1,—ag,...,—ay)
= (a1 +(-a1), a2+ (—az),...,an + (—an))
= (0,0,...,0)
(cw+u = ut(-u)
= 0.
Do d6, véc to déi ctia véc to u = (ay,az, .. .,an) 1a —u = (—ay, —asz, ..., —ay).

> Chting minh tién dé (V7): k (u + v) = ku + kv. Ta c6

k(u+v) =

> Chting minh tién dé

(k+m)u =

k((a1,a2,...,an) + (b1,be,...,by))
k(ay + b1 a2 +ba,... 0, + by)
(k(al—i—bl),k(ag+bg),...,k(an+bn))
(kay + kby, kag + kba, ... kay + kby,)
(kal, kao, ..., lmn) + (k‘bl, kba, .. .,k‘bn)
k(al,ag,...,an) +k(bl,b2,...,bn)
ku + kv

(V8): k (u+v) = ku+ kv. Ta cb

(k} +7TL) (al,ag,. . .,an)

((k+m)ay, (k+m)agz,...,(k+m)ay)
(kay + may, kag + mag, ..., ka, + may,)
(kay, kasg, ..., kay,) + (may, mag, ..., may)
k(ay,ag,...,an) +m (b1, ba, ..., by)
ku + mu

> Chimg minh tién dée (V8): k (mu) = (km)u. Ta cb

= k(m(ai,az,...,a,))

k (may, mag,...,may)
k(may),k(maz),...,k(may))
(km)ay, (km)ag,...,(km)ay)
km) (a1,a2,...,a,)

k

> Chttng minh tién dé (V10): 1u = u. Ta cb
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lu = 1(a1,az2,...,ay)
= (lai,lag,...,lay)
= (a1,a9,...,a,)
= .

Vi ca 10 tién dé khong gian véc to déu théa man, nén R™ véi hai phép
toan cong va nhan v6i v6 huéng nhu trén 1a mot khong gian véc to. O

Trong vi du trén, chtng minh 13 khong khé, nhung dai va phai lam can
than, sit dung chinh xac dinh nghia.

Ta mong mudn c6 cich lam nao dé tong quat va hiéu qui hon dé chimg
minh mot tap hop trang bi hai phép toan cong va nhan véi vo huéng lap
thanh mot khong gian véc to, thay vi phai lip di lip lai viéc kiém tra day
dii c& 10 tién dé khong gian véc to.

Vi DU 4.1.3. Cho R* 13 tdp hdp cdc diy vo han cac sb thuc
(ar,a2,...,an,...).

Trén tdp hop nay, tran bi hai phép toan cong va nhan véi vo hubng
nhu sau

(al,aQ,...,an,...)+(b1,b2,...,bn,...):(a1+b1,a2+b2,...,an+b
k(ai,az,...,an,...) = (kai, kag,... kay,...).

Khi @6, R* 1a mdt khong gian véc to. Trong khong gian véc to R,
mdi véc to 1a mot day sb thue.

Vi DU 4.1.4. Cho {0} 14 mot tap hop c¢6 ding mot phan tit. Ta dinh
nghia hai phép todn cong va nhan véi vd hubng trén {0} bbi cong
thtc

0+0=0, k0=0
v6i moi k € R. Khi d6 {0} tr6 thanh moét khéng gian véc to, goi la

khong gian véc to khéng. Day 1a khong gian véc to cé it phan ti
nhét c6 thé.
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Vi DU 4.1.5. Tap hop Msys clia cdc ma tran vudng c¢d 2 X 2 véi hé
s6 thuc 1a mot khong gian véc to véi hai phép todn cong ma tran
va nhan sb6 véi ma tran quen thuoc

ail a2 bi1 bia|
+ —
a1 a2 ba1  bao

k [au a121 _ [kan kam]

a1 +b11 aip + b2
a1 + b1 ago + bao

ag a2 kag  kagz
Véc to khong trong Moo chinh 1a ma tran khong
T
Véc to do6i cho béi cong thiic
B lan alzl _ [—an —G12] )
as1 a92 —a1 —a22

Trong khong gian véc t6 Maya, mdi véc to 1a mdt ma tran vuodng cd
2 x 2.

Vi DU 4.1.6. Tap hop M,,x, cic ma trdn c¢d m x n véi hé sb thuc
la mot khong gian véc to vol hai phép todn cong ma tran va nhan
sb v6i ma tran quen thuoc.

a1 a2 ... aip bi1 b2 ... by a1 +bi1 a2 4 b2
as1 a2 ... a2, bor by ... bop, a1 +ba1  ago § bao
+ fry
Gml Am2 ... amn b1 bm2 ... bmn_ | Om1 + b1 am2 + bm2
all a2 co. Q1p kan kam . kaln
as1 a9 ... Qop kasr  kass ... kaop,
k =
Aml Qm2 - G (kam1  kamz ...| kamn

Trong khong gian véc to My, x,, moi véc to 14 mot ma tran c¢d m X n.
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Vi DU 4.1.7. Ki hiéu F (—o0,00) 1a t4p hgp cdc ham sé nhan gi
tri thuc xdc dinh trén (—oo,00). Ta dinh nghia phép todn cong
hai ham s6 va phép todn nhan sb v6i mot ham s6 nhu sau. Cho
fygeF (—o0,00) va k € R. Hai ham f 4 g va kf cho béi

(f +9) (@) = f(x) + g(x), (kf)(z)=Ekf(2)

véi moi x.

Trang bi hai phép todn nay, tdp hop F (—oo,00) trd thanh mot
khong gian véc to.

Trong khéng gian véc to F (—oo, 00), mdi véc to 14 mot ham sb.

Vi DU 4.1.8. Trén tap hop R?, dinh nghia hai phép todn cong va
nhan véi vo huéng nhu sau

(a1,a2) + (b1,b2) = (a1 + bi,a2 + b2), k(ar,az) = (kai,0).

Nhu vay, phép toan cong van dudc thuc hién trén cic thanh phan
tuong ng nhu thong thudng, nhung phép todn nhan thi hoi bat
thuong, vo huéng k chi dude nhan vao thanh phan thit nhat, con
thanh phan tht hai ctia tich lai luén 1a s6 khong.

1. Cho u = (2,4),v = (-3,5) va k= 7. Tinh u + v va ku.
2. Chimg minh rang R? trang bi hai phép toan nhu trén khong
phéi [ mét khong gian véc to.

GIAIL. (a) Theo ding dinh nghia, ta c¢6
u+v=1(2,4)4+(-3,5)=(2+(-3),4+5)=(-1,9)

va

ku=7(-3,5) = (7(=3),0) = (—21,0).

(b) Ta sé chi ra rang tién dé (V10) khong théa man. That vy, voi u =
(a1,a2), ta c6
lu =1 (a1, a2) = (1la1,0) = (a1,0) .

Do d6 1u # u v6i moi véc to u ¢b az # 0. Vi du 1(2,3) = (2,0) # (2, 3).

Ta c6 thé kiém ching rang tdp hop R? trang bi hai phép todn cong va
nhan véi vo huéng nhu trén théa man ca 9 tién dé khong gian véc to con
lai. O
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Vi Dy 4.1.9. Trén tdp hop Rt ciia cdc s6 thuc duong, dinh nghia
hai phép toan cdng va nhan véi vé6 huéng nhu sau

udv=uv, kou=u1u

Ta khong st dung cach ky hiéu v+ v va ku thong thuong vi ching
sé gay hiéu nham véi hai phép toan céng va nhan thong trudng.
Trang bi hai phép todn nay, R* tré thanh mdt khong gian véc to
v6i:

> véc to khong 13 s6 1,
> véc to dbi cta u 1a %

Trong khong gian véc to RY nay, mdi s6 thuc 1a mot khong gian véc
to.

G1A1. Cho u,v,w € RT va k,m € R.

Khi d@é
u®v=uv R, kou=u"eRT.

Suy ra, hai tién dé (V1) va (V6) théa man. Tiép theo, ta kiém tra 8 tién
dé con lai.

> Chting minh tién dé (V2): u® v = v @ u. Ta cb

UuPv=uv=vu=vPu.

> Chitng minh tién dé (V3): u® (v w) = (udv) B w. Ta cb

u@® (vdw)=ud (vw) =u(vw) = (w)w = (udv)w = (udv) G w.

> Chting minh tién dé (V4): ton tai véc to khong. Ta sé& chitng minh s6
thuc 1 chinh 1a véc to khong. Ta ¢

udl=ul=u, 1du=1u=u.

> Chting minh tién dé (V5): ton tai véc to déi. Véc to dbi clia u 1a % That
vay

1 1
uPb—=u-—=1, —bu=—-u=1.
U U U U

Vi 1 la véc to khong, nén % 1a véc to dbi clia u.
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> Chitng minh tién dé (V7): k® (u®v) =kOud k ®v. Ta cb

kO udv)=ko (w) =) =df* =vfFavP =koua ko

> Chting minh tién dé (V8): (k+m)Cu=k®u®m ©u. Ta cb

k

k+m)ou=u""" =" =vFoum =koudmou.

> Chting minh tién dé (V9): k® (m © u) = (km) © u. Ta ¢

kO mou) =ko W) =) =u" = (km) © u.

> Chting minh tién dé (V10): 1-u = u. Ta ¢6

1®u:u1:u.

Vi ca 10 tién dé khong gian vé to déu théa man, nén tidp hop R cac s6
thuc duong trang bi hai phép todn nhu trén la mot khong gian véc to. [

Vi du nay cho thiy rang véc to khong clia khong gian véc to c6 thé khong
lién quan gi dén s6 khong. Véc to khong va véc ta dbi phu thude vao cach
dinh nghia phép toan cong clia khong gian véc to.

MOT sO TINH CHAT CUA VEC TO

TAt c& cic khing dinh lién quan dén véc t6 ma khong phai 14 tién dé thi
déu can phai chitng minh. Chttng minh can dua vao cic tién dé, va cac lap
luan logic.

MENH pE 4.1.10. Cho V 1a mdt khong gian vée to, u, v, w € V. Khi
dé
(a) Néu u +v =u+w thi v = w.

(b) Néu u+v =w thi u=w —v.

CHONG MINH. (a) Céng —u vao hai vé clia ding thitc u 4 v = u 4 w, ta
dugce
—u+ (u+v) = —u+ (u+w).
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St céc tién dé véc to, ta dudc

—u+ (u+v)=((—u)+u)+v=0+v=u,
—u+ (u+w)=((—u)+u)+w=0+w=w.

Suy ra v = w.

(b) Céng —v vao hai vé ciia dang thiic u + v = w, ta dudc
(u+v)+ (—v) =w+ (—v).
Stt dung céc tién dé véc to, ta dude
(ut+v)+(—v)=u+(v+(—v) =u+0=u.

Mit khéc, theo dinh nghia phép trit véc to w — v = w + (—v). Suy ra
U=w — V. L]

MiNH B 4.1.11. Cho V 1a mét khéng gian véc to, u € V va k 1a
mot vo huéng. Khi do:

(a) Ou=0

(b) k0 =0

(c) Néu ku = 0 thi k = 0 hoiic u = 0.
(d) (-Du=—u

CHUNG MINH. (a) Ta c6
Ou+0u=(0+0)u = Ou.

Déng thiic Ou 4+ 0u = Ou kéo theo Ou = 0.

(b) Ta c6
kO + k0 = k (0 + 0) = k0.

Déng thitc k0 + k0 = kO kéo theo k0 = 0.
(c) Gia st ku =0 va k # 0. Ta sé chiing minh v = 0. Ta ¢é

1 1 1
U U (k k)u k(ku) kO 0

(d) Pang thitc (—1)u = —u c6 nghia 1a (—1)u 1a véc to dbi ciia véc ta u.
Ta c6
u+(—lu=1lu+(-u=(1+(-1))u=0u=0.

Do d6 (—1)u 1a véc to déi clia u. O
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BAI TAP

4.1

4.2

4.3

4.4

(hint] Trén tap hop V = R? = {(a,b) : a,b € R}, dinh nghia hai phép
toan
(a1,01) + (a2, b2) = (a1 + az, b1 + b2), k(a,b) = (ka,0).
(a) Tinh w+v va ku v6i v = (1,2), v = (—1,4) va k = 5.
(b) Trang bi hai phép toan trén, V c6 la mot khong gian vécto
khong? Vi sao?
[hint] Trén tap hgp V = R? = {(a,b) : a,b € R}, dinh nghia hai phép
toan
(a1,b1) + (ag,b2) = (a1 +ag + 1,b1 + b2 + 1), k(a,b) = (ka, kb).
(a) Tinh uw+v va ku v6i v = (1,2), v = (—3,4) va k = 2.
(b) Trang bi hai phép toan trén, V c6 la mot khong gian vécto
khoéng? Vi sao?
[hint] Trén tap hgp V = R?, dinh nghia hai phép todn
(a1,b1)+(az,b2) = (a1 + a2+ 1,b1 + b2 + 1), k(a,b) = (ka+k—1, kb+k—1).

Ta chimg minh dugc rang V ciing v6i hai phép toan nay 1a mot khong
gian vécto.

(a) Chitng minh rang phan tit (0,0) khong phai vécto khong clia
khong gian vécto V.

(b) Tim vécto khong ctia khong gian V.

(¢) Mot sinh vién khang dinh rang vécto dbi ctia vécto (a, b) trong
Via(—a—1,-b—1)vi
(a,b)+(—a—1,-b-1)=(a+ (—a—1)+1,b+ (-=b—1)+1) = (0,0).

Khéng dinh nay c¢6 ding hay khong? Néu khong, tim vécto dbi
cia vécto (a,b) trong V.
[hint] Trén tap hop V cdc cap s6 thuc (a,b) v6i b > 0, dinh nghia hai
phép toan
(a1,b1) + (az,b2) = (a1 + az,bib2) , k(a,b) = (ka,b").

Chting minh rang V 1a mét khong gian vécto véi vécto khong 1a
(0,1).
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BAI TAP TONG HOP

4.5  |hint] Cho V' la mot khong gian vécto.
(a) Tinh duy nhat clia vécto khong ctia V' duge chitng minh nhu
sau. Gid st 0 va 0 1a hai vécto khong cua V. Khi dé

0%0+020.

Giai thich cdc dang thic (1) va (2).
(b) Phuong trinh z 4+ u = v trong V' dugc gidi nhu sau.

x—l—u:v&)x:v—l—(—u)(g)x:v—u.

Giai thich cdc bién ddi tuong duong (3) va (4).

(c) Phép cong vécto thdéa man ludt gidn ube, tic la u+w = v+ w
kéo theo v = v. Diéu nay dugc chitng minh nhu sau

(5)

utw=v+w = utw+(—w) = v4+w+(—w)
2} = v

Giai thich bién déi suy ra (5) va (6).

4.6  |hint] Cho V' la mot khong gian vécts. Cho v € V va k € R.
(a) Mot chiing minh ciia ding thitc Ov = 0 duge thuce hién nhu sau
©)

00 2 (0+0)v 2 0w + 00
(:3>)0v:0

Giai thich cdc ding thitc (1), (2) va phép suy ra (3).
(b) Chimg minh rang k0 = 0 trong d6 0 1a vécto khong ctia V.
(c) Gid sit k # 0 va kv = 0. Chimg minh rang v = 0.

Cho V va W la cac khong gian vécto. Trén tap hagp
VxW={(v,w)|veV,we W}
dinh nghia cac phép toan
(v, w1) + (v2,ws) = (v1 + vo, w1 + w3), k(v,w) = (kv, kw).

Ta thdy rang cic phép toan cong va nhan nay dude thuc hién trén ting
thanh phan ctia m6i phan tit cia V' x W. Trang bi hai phép todn nay,
V x W tré thanh mét khong gian vécts. Khong gian vécts V' x W dugc
goi 1a tich truc tiép cia V va W.
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4.7  |hint] Cho V va W la cdc khong gian vécto va V' x W 1a tich truc
tiép ctia V va W. Chiing minh céc khing dinh sau.

(a) vécto khong cia V x W 1a (Oy, Oy) trong d6 Oy la vécto khong
cia V va Op la vécto khong ctia W.

(b) vécto dbi clia mot véctad (v, w) trong V x W 1a (—v, —w).

4.8 [hint] Cho V va W la cic khéng gian vécto. Chitg minh rang tich
phan phdi ctia phép nhan véi phép cong vécto dude thuc hién nhu
sau

—
S
N

k [(v1,w1) + (v, w2)]

k (v + v, w1 + w3)
(k(v1 + v2), k(w1 + wa))
(kvy + kv, kwy + kws)
(kvi, kwy) + (kvg, kws)
k (vi,w1) + k (ve, w2)

—
o
=

—
2}
~

—~
Sy
=

—~
o
~

Hay giai thich cdc dang thiic (a), (b), ..., (e).

Tich truc tiép 1a mot ki thudt quan trong dé xdy dung cdc khéng gian
vécto mdi. Vi du, tich truc tiép ctia R? véi Py 13 R? x Py. Mdi vécto ciia
R? x P, 13 mot cap (v,p) véi v € R? 1a mot cap s6 thuc va p € Py 13 mot
da thic c6 bac khong qua 2. Cu thé hon, mdi vécto ctia R? x Py déu cé
dang

((a, b),c+ dx + er)

trong d6 a, b, c,d, e 1a céc sb thuc bat ki.
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4.2 KHONG GIAN VECTO CON

Trong ly thuyét cic khong gian véc to, véi moéi khong gian véce to, ta quan
tam dén mot s6 tap con dic biét, goi 1a khong gian con.

DiNa NGHIA 4.2.1. Cho V' 1a m6t khéng gian véc to. Mot tdp con
W ctia V duge goi 1a mot khéng gian con néu W 1a mot khong
gian véc td véi hai phép todn cong va nhan véi vo huéng xéc dinh
trén V.

Vi by 4.2.2. Cho V' la mot khong gian véc to.

> Tap con {0} ctia V bao gom ding véc to khong 1a mot khong
gian con ctia V. Day 1a khong gian con nhé nhat ctia V. Ta
goi {0} 1& khong gian con khéng cta V.

> Khong gian con 16n nhat ctia V chinh 1a V.

Theo dtng dinh nghia nay, dé chtimg minh mot tdp con 1a mot khong gian
con, ta phai chting minh né la mot khong gian véc to, va do d6, phai kiém
tra 10 tién dé. Tuy nhién, hau hét cic tién dé dé tu dong théa man, vi
ching da thoa man trén khong gian véc td ban dau. Ménh dé sau cho biét
céc tién dé ma ta phai thuc sy kiém tra.

MENH PE 4.2.3 (Tiéu chuan khong gian con). Cho V 1a mét khong
gian véc td va W 1la mot tap con cia V. Khi d6, W 1a mot khong
gian con néu va chi néu né thoéa man cic diéu kién sau:

1. W chtta véc to khong cia V, tic la 0 € W.

2. W déng d6i v6i phép todn cong, tic 1a u + v € W véi moi
u,v € W.

3. W déng dbi v6i phép nhan véi vo hudng, tic 1a ku € W véi
moiu e W vakelR.

Nhéc lai réng theo dinh nghia moi khong gian con ctia mot khong gian
véc to ciing 14 mot khong gian véc to. Hau hét cadc khong gian véc to ma
ching ta gap sé la khong gian con ctia mét khong gian véc td quen thude.



166 CHUONG 4. KHONG GIAN VECTO TONG QUAT

Vi DU 4.2.4. Trong cac khong gian véc to R? va R3, mot duong
thang 14 mot khong gian con néu va chi néu dudng thing nay di
qua gbc toa do.

T cac vi du trén, ta thiy rang. Céc tap con sau la céc khong gian con
2
cua R

> {0}

> R?

> cdc duong thing di qua gbe toa do.

Céc tap con sau 1 céc khong gian con ctia R3.

> {0}

> R3

> cic duong thing di qua gbc toa do

> cdc mat phzemg di qua gbc toa do.

Sau nay, ta sé chiing minh dugc rang cdc truong hop bén trén 13 tat ca
céc khong gian con ctia R? va R3.

Vi DU 4.2.5. Trong khong gian véc to R?, géc phan tu thit nhat, ttc
la tap con

W:{(al,a2)€R2:a1ZOvaagzo}

khong phai 1a mot khong gian con.

C1A1. Tap W nay khong déng kin déi véi phép todn nhan véi vo huéng. [

Vi DU 4.2.6. Xac dinh cdc khong gian vécto con trong cdc tap con
sau day ctia khong gian vécto R3.

(a) Tap Vi cac vécto cé dang (0,0,0).

(b) Tap Va céc vécto c6 dang (1,2, ¢).

(c) Tap V3 céc vécto c¢6 dang (a, b, c) trong dé a + 2b = 3e.
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(d) Tap Vi céc vécto c6 dang (a,b,c) trong d6 b=a + ¢+ 1.

GIAL  (a) vécto khong ctia R? thudc Vi vi né 1a (0,b,0) véi b = 0. Cho
u,v € V1,k € R. Khi d6 u = (0,b1,0), v = (0,b2,0). Ta cb

u+1}:(0’b1+b270), kUZ(O,kblao)

Suy ra u + v va ku thudc Vi. Vay Vi 1a mot khong gian con ctia R3.
(b) vécto khong ctia R? 14 (0,0,0), khéng c¢6 dang (1,2,¢),c € R. Do dé,
tap con V5 ctia R? khong 13 mot khong gian con.
(c) vécto khong ciia R3 thudc Vz vi né 1a (a,b,c) véia = b = c = 0
va a+2b =0 = 3c. Cho u = (a1,b1,c1), v = (az, bz, c2) thudc Vava
k € R. Khi d6 a1 + 2b; = 3¢1 va as + 2by = 3¢y. Ta cé

u+v= (a1 +az, by +bg,c1 + ¢2), ku = (kay, kb1, key).

(a1 + a2) + 2(b1 + b2) = (a1 + 2b1) + (a2 + 2b2) = 1 + ¢

kay + Q(kbl) = k(a1 + 2[)1) =k

nén u+ v va ku déu thude V3. Vay V3 1a mot khong gian con ctia R3.

(d) vécto khong ctia R? khong thuoe V viné 1a (a,b,c) véia =b=c =0
vaa+c+1=1%#b. Do d6, tip con Vjctia R? khong 1a mot khong
gian con.

O

~ a'

Vi DU 4.2.7. Trong khong gian véc t6 M, xn:

(a) Tap con bao gom céac ma tran déi xiing 14 mot khéng gian con.
(b) T4p con bao gom cdc ma tran tam giac trén 1a mot khong gian
con.

GIAL (a) Ma tran khéng 0,,x,, 1a mot ma tran déi xtmg. Cho A = [@i5) 0 em
va B = [bij], .., 1& cdc ma tran ddi xtng, cho k € R. Ta can chiing minh
A+ B va kA 1a cic ma tran doéi xtmg.

Ta cb
(A + B)ij = ajj + bij =aj; + bji = (A + B)ji
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va

(k:A)l] = kaij = kaji = (kA)jZ .

Suy ra, cic ma tran A+ B va kA dbi xtmg. VAy, tap cdc ma tran dbi xiing
c6 n x n la moét khong gian con cia My, «,.

(b) Ma tran khong 0y,x, 1& mot ma tran tam gidc trén. Cho A = [ay],, .,
va B = [b;j], ., 1a cdc ma trén tam gidc trén, cho k € R. Ta can chimg
minh A 4+ B va kA la cdc ma trdn tam gidc trén.

Véi moi @ > j, ta cé
(A—I—B)ij:aij—Fbij:O—l—O:O

va

(kA)ZJ = kaij =k0=0.

Suy ra, cic ma tran A + B va kA la cdc ma tran tam gidc trén. Vay, tap
céc ma tran tam gidc trén c¢d n x n la mot khong gian con ctia Myx,. [

Vi DU 4.2.8. Trong khong gian véc td M,,x,, tAp con bao gom cic
ma tran kha nghich khéng phéi 1a mdt khong gian con.

GIAL. Véc to khong clia khong gian véc t0 M, «, 1a ma tran khong. Ma
tran khong la mot ma tran khong kha nghich. Do dé, tap con cia M, «,
bao gom cac ma tran kha nghich khéng phai 1a mét khong gian con.

Ta cing c¢6 thé chi ra rang tdp con cic ma tran khong khi nghich nay
khong déng d6i véi phép toan cong va khong dong ddi véi phép todn nhan
v6i vo hudng. [

Vi pu 4.2.9. Trong khong gian véc to F (—oo,00), tdp con
C (—00,00) bao gom cac ham lién tuc 13 mdt khong gian con.

Vi by 4.2.10. Trong khong gian véc to F (—o0, 00), tAp con Py, bao
gom cac da thitc 1a mot khong gian con.
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PHEP TOAN TREN CAC KHONG GIAN CON

MENH B 4.2.11. Cho V 14 mot khong gian véc to. Cho Vi va V5 1a
cac khong gian con cua V. Khi d6, giao V4 N Vs cing la mot khong
gian con ctaa V.

CHONG MINH. Dé chting minh V; NV, 1a mot khong gian con cia V, ta
sé chimg minh tap con nay cua V chita véc to khong va déng véi cac phép
toan. Trude tién, nhic lai rang, mot véc to v € V thude vao giao Vi N Vs
khi v& chi khi véc to v thuoc dong thai V; va Va.

(a) Chitng minh 0 € V1 NV5. Vi Vj va V5 1a cde khong gian con ctia V' nén
0eViva0eVa. Dod60 e Vins.

(b) Chting minh V; NV, déng ddi véi phép todn cong véc to. Cho hai véc
ta u, v thuoc Vi N Va. Khi dé, u, v thuoc dong thai Vi va Va.

> Vi u,v déu thuoc V; va V4la mot khoéng gian con ctia V nén u + v
thude V1.

> Tuong tu, vi u,v déu thudc Vo va V5la mot khong gian con cta V
nén u + v thudc Vs.

Do d6, tong u + v thuoce dong thoi Vi va V. Suy ra u+v € Vi N Va.

(c) Chting minh Vi NV, déng dbi véi phép todn nhan véi vo huéng. Cho
hai véc to u thudc V3 NV, va k € R. Khi dé, v thudc dong thsi V; va Va.

> Vi u thudéc Vi va Vila mét khong gian con cia V nén ku thudc Vi.

> Tuong tu, vi u thudc Vo va Vala mét khong gian con cia V nén ku
thude Vs.

Do dé, tich ku thuoc dong thoi Vi va Va.Suy ra ku € Vi N Va.
Vay, V1 N Vs la mot khong gian con cla V. [

Trong ménh dé trén, ta c6 thé lay giao ctia mot ho bat ky cac khong gian
con, thay vi chi lay giao ctia hai khéng gian con.

MENH PE 4.2.12. Cho V 14 mdt khong gian véc to. Cho V; véii € I
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la cac khong gian con ciia V. Khi do, giao ﬂ Vi cting la mot khong
iel
gian con cua V.

CHONG MINH. Dé chitng minh ﬂ Vi 1a mot khong gian con ctia V', ta sé
i€l

chiing minh tap con nay ctia V chita véc to khong va dong véi cac phép

toan. Trudc tién, nhic lai rang, mot véc té v € V thude vao giao ﬂ V; khi

i€l
va chi khi véc t6 v thudc dong thoi V; v6i moi i € .
(a) Chitng minh 0 € ﬂ Vi. Vi V; v6i i € I 1a cdc khong gian con cia V
i€l

nén 0 € V; v6i moi i. Do d6 0 € [ Vi.
i€l

(b) Chitng minh ﬂ V; déng d6i véi phép toan cong véc to. Cho hai véc to

el
u, v thudc ﬂ V;. Khi d6, u, v thuoc dong thoi V; v6i moi i € 1.
el

> V6i mdi i, vi u, v déu thude V; va V;1a mot khong gian con clia V nén
u + v thudce V.

Suy rau+wv € ﬂVZ
iel
(¢) Chiimg minh ﬂ V; déng dbi véi phép toan nhan véi vo huéng. Cho hai
iel
vée to u thuge [ Vi va k € R. Khi dé, u thudc dong thoi V; véi moi i € I.
iel

> V6i moi 4, vi u thudc V; va V;1a mot khong gian con clia V' nén ku
thudc V.

Suy ra ku € ﬂ V.
i€l
Vay, (] Vi 1a mot khong gian con ctia V. O
i€l

MENH pE 4.2.13. T4p nghiém ctia mot hé phuong trinh tuyén tinh
thuan nhat
Ax =0
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bao gdbm m phuong trinh déi véi n an, 13 mot khong gian con ciia
R™.

BAI TAP

4.9  |hint] X4c dinh cdc khong gian vécto con trong céc tdp con sau ctua
khong gian vécto My, xp,.

(a) Tap hop cdc ma tran chéo.
(b) Tép hop cdc ma tran c6 dinh thic bing khong.
(c) Tap hop cdc ma tran c6 vét bang khong.

4.10 [hint] X4c dinh cédc khong gian vécto con trong cic tdp con sau cua
khong gian véctc My, «p,.

(a) Tap hop céc ma tran déi xiing.
(b) Tap hgp cac ma tran khé nghich.

(c) Tap hop cédc ma tran giao hodn v6i mot ma tran A cho trude.

4.11 [hint] Xac dinh cdc khong gian vécto con trong céc tap con sau cua
khéng gian véctd Ps.

(a) Céac da thtic ag + ayx + azx? trong d6 ag + a1 + as = 0.

(b) Céc da thitc ag + a1z trong d6 ag va a; 1a cac sb hitu ti.

Téap hdp cac tap con clia modt tap cho trude déng dbi véi cac phép toan
giao va hgp ciia cic tip hop. Cu thé hon, néu A va B 1a céc tdp con cia
mot tdp S thi AN B v AU B hién nhién ciing 14 céc tap con ciia S. Ta
xem xét bai toan tuong tu cho khong gian con ciia mot khong gian vécto
cho truée.

4.12 [hint] Cho V 1a mo6t khong giagn vécto. Cho Vi va V5 la cac khong
gian con ctiia V. Ching minh rang
VinVo={veV:vel,vel}
la mot khong gian con ctia V.
Bai tap tiép theo 1a su tong quat héa tu nhién ciia bai tap trén khi ta thay

giao ctia hai khéng gian con béi giao ctia mot ho tuy ¥ cdc khéng gian con.
Chitng minh ctia hai két qua nay giéng hét nhau.
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4.13 [hint] Cho V la mét khong gian vécts. Cho V;,i € I 1a cdc khong
gian con ctia V. Chting minh rang

ﬂ‘/i:{’UGVZUE‘/iVéiiniEI}
i€l

cing 1la mot khong gian con cua V.

4.14 [hint] Cho vi du vé hai khéng gian con V; va Va clia R? sao cho VUV,
khong 1a mot khoéng gian con ctia R2.

Theo bai tép trén, hgp clia hai khong gian con cé thé khong 1a mot khong
gian con. Ta mudén tim phép todn thay thé moét cach thich hop.

4.15 [hint] Cho V 1a mot khéng gian vécto. Cho Vi va Vs la cac khéng
gian con ctia V. Tong ctia V; va Va 1a

Vi + Vo ={v eV :ton tai vy € Vi,v3 € Vo sao cho v = vy + va}

Chting minh rang Vi + V5 1a mot khéong gian con ctia V.

4.16 [hint] Cho V' la mot khéng gian vécto va Vi, Va, U 14 cdc khong gian
con ctia V. Bén duéi 1a mot chiing minh ciia khing dinh:

Vi Cc U va Vo C U khi va chi khi Vi + Vo C U.

Hay giéi thich cdc bude lap luan (a), (b),...,(g).

Chitng minh diéu kién can. Gid st V; C U va Vo C U. Lay
veWV+ VW bat ki.

(a) Ton tai v € Vi, va € Va3 sao cho v = vy + vs.
(b) vi eUvavyel.

(¢c) v=v1+uveU.

(d) i+Va CU.

Chirng minh diéu kién du. Gid st Vi + Vo C U. Lay vy € Vi,
vy € Vo bat ki.

(a) veVi+VovavyeVp+ Vs
(b) ’U1€UV3’U2€U.
(c) icUvaVoCU.
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Tit hai bai tap trén ta thiy rang tong Vi + V5 ctia hai khong gian con V;
va Vo cta V ciing la mét khong gian con ctia V. Hon ntta, Vi + V5 con la
khong gian con nhd nhat ctia V' chita dong thoi cd Vi va Va. Tuong tu nhu
thé, V1 NV, 1a mot khong gian con clia V va né 1a khong gian con 16n nhat
chtta dong thdi cad Vi va Va.

Mat khac, tuong tu nhu phép giao tuy y cac khong gian con, ta cling dinh
nghia dugc phép tong tiy ¥ cic khong gian con nhu sau. Cho Vj,i € I 14
mot ho cac khdng gian con ctia mot khong gian vécta V. Pinh nghia

ZVi = {v € V : ton tai cac v;€ V;, hau hét v; = 0,v = Zvl}
icl el
Diéu kién hau hét v; = 0 c6 nghia 1a tadp {i € I : v; # 0} 13 hitu han. Khi
dé, téng S v; xac dinh vi né chi ¢6 hitu han sé hang khac khong.
el

Véi cach lam gidng nhu di véi hai bai tap trén, ta chting minh dugc rang
téng Y. V; 1a mot khong gian con ciia V. Hon nita, 3. V; 1a khong gian con

el i€l
nhé nhat ctia V chita dong thdi cdc khong gian con V;.

4.17 [hint] Cho V' 1a mot khong gian vécto va Vi, Va 1a cdc khong gian con
ctia V. Chiing minh rang hiéu

Vi—Vo={veV: ton tai v; € V4,v9 € V3 sao cho v = v; — 12}

la mot khong gian con cta V.

BAI TAP TONG HOP

Nhéc lai rang F(—o00, o) 1a khong gian vécto cdc ham R — R. Mot ham
f € F(—o00,00) dugc goi 1A ham chan (tuong ting, ham 1é) néu f(—z) =
f(x) v6i moi x (tuwong tng, (f(—z) = —f(x) v6i moi x).

4.18 [hint] Chiing minh céc khing dinh sau.
(a) V6i cdc s6 nguyén duong n, ham 2™ 14 mot ham chan (tuong
tmg, ham 1&) khi va chi khi n 13 mot s6 chan (tuong ting, sb 18).
(b) Tap hop cdc ham chan 1a mot khong gian con ctia F(—oo, 00).
(¢c) Tap hgp cdc ham 1é 14 mot khong gian con clia F'(—oo, 00).

4.19 [hint] Goi Vi (tuong tmg, V_) la khong gian con ctia F'(—o00, 00) bao
gom cac ham chan (tuong tmg, ham 1&).
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(a) Chimg minh V, NV_ = {0}.
(b) Cho f € F(—o00,00).Gia stt fy € Vi va f_ € V_ théa man
f = f+ = f—. Chting minh rang

1

fa(@) = 5 [f (@) + f(=2)], f-(z) =

(¢) Chtmg minh V4 + V_ = F(—o00, 00).

4.20 [hint] Xét khong gian vécto M, x, cla cic ma tran vudng cG n X n.
Chiing minh cta cac khang dinh sau
(a) Tap con ciia My, gom cic ma tran ddi xing 1a mot khong
gian con.
(b) Tap con clia M, gdom cic ma tran phan déi xtng 1a mot
khong gian con.

4.21 [hint] Goi Vy (tuong V,) 1a khéng gian con clia M, x, gom cic ma
tran déi xtmg (tuong ting, phan dbi xing).

(a) Chtng minh V; NV, = {0}.
(b) Cho A € M,,xy,. Gi& st cdc ma tran A; € Vi va A, € V, thoa
man A = A, + A,. Chting minh rang
1 T 1 T
i%_§p+A]J%_§M—A}
(¢) Ching minh Vs + V, = M, xn.

4.22 [hint] Xét khong gian vécto R>ctia cac diy sb thuc. Chimg minh
rang tap hop cac day s6 (2,,)°; € R™® théa man cong thitc truy hdi
tuyén tinh

Tp = axp_1 + bxy_o, v6i Mmoin >3

v6i a,b € R ¢b dinh, 14 mot khong gian véctd con ciia R,

4.23 |hint] Xét khoéng gian vécte C*°(—o0, 00) ciia cdc ham kha vi vo6 han
f:R — R. Chiing minh rang tap con ctia C>°(—o00, c0) gdm céc ham
f thoéa man phuong trinh

I =af +bf

v6i a,b € R,1a mét khéng gian véctd con.
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4.3 HE SINH

TO HOP TUYEN TINH

DINH NGHIA 4.3.1. Trong khong gian véc to V, véc to w duge goi
14 mot t6 hgp tuyén tinh cia hé véc to vi, v, ..., v, néu phuong
trinh véc to

T1U1 + X2V + - + TpUp = W

¢6 nghiém. Mai nghiém (kq, ks, . .., k) clia phuong trinh véc to nay
cho ta mot cich biéu thi tuyén tinh véc t6 w qua hé véc to
V1,02, ...,Up:

w = k1v1 + kovg + - - + kpvp.

Céc v huéng k; ducc goi 1a cic hé sé ciia biéu thi tuyén tinh.

Vi bu 4.3.2. Trong khong gian véc to R3, cho céc véc to
u=(1,2,-1), v=(6,4,2).

1. Chimg minh ring véc to w = (9,2,7) 1a mét t6 hgp tuyén tinh
cua hé véc to u,v.

2. Chitng minh rang véc to w’ = (4, —1,8) khong phai 14 mot to
hop tuyén tinh ctia hé véc to u, v.

CHONG MINH. (a) Véc to w 1a mot t6 hgp tuyén tinh ciia hé véc to u,v
khi va chi khi phuong trinh véc to

T1U + Tov = W
¢6 nghiém. Ta cé
riu+xov =w < w1(1,2,—1)+22(6,4,2) =(9,2,7)
(x1 + 622,221 + 4xo, —21 + 222) = (9,2,7)
Phuong trinh véc to nay tuong duong véi hé phuong trinh tuyén tinh
Ty + 6x2 = 9

2r1 4+ 4x9 = 2
—x1 + 2x9 = T
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Khit Gauss ma tran hé s mé rong ctia hé phuong trinh tuyén tinh:

=N =
N = O
~N N ©
O = O
O N O

1
=10
0

Suy ra, phuong trinh véc to da cho c¢é nghiém. VAy w 14 mot t6 hop tuyén
tinh cta hé véc to u,v.

Hon nita, ta thay rang phuong trinh véc t6 z1u 4+ z9v = w ¢ nghiém duy
nhat z; = —3, x5 = 2. Nghiém nay cho ta biéu thi tuyén tinh

w = —3u + 2v.

(b) Véc to w’ khong phai 1a mét t6 hgp tuyén tinh ctia hé véc to u, v khi
va chi khi phuong trinh véc to

iU+ v = w'
v6 nghiém nghiém. Ta c6
riutzv=w < wx1(1,2,-1)+22(6,4,2) = (4,—1,8)

(xl + 622,221 + 429, —21 + 2.732) = (4, -1, 8)

Phuong trinh véc to nay tuong duong véi hé phuong trinh tuyén tinh

r1 + 6x9 = 4
201 4+ 4z = -1
—x1 + 229 = 8

Khit Gauss ma tran hé s md rong ctia hé phuong trinh tuyén tinh:

16 4 169
4 1| =-->]0 89
-1 2 8 00 3

Suy ra, phuong trinh véc to da cho vo nghiém. VAy w’ khong phai 14 mot
t6 hop tuyén tinh cta hé véc to u, v. O

Vi du nay cho thiy rang bai todn xét xem mot véc to cé phai la mot biéu
thi tuyén tinh ctia mdt hé véc to cho trude hay khong duge quy veé bai todn
quen thudc vé sy ton tai nghiém ctia mot hé phuong trinh tuyén tinh.
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Vi DU 4.3.3. Trong khong gian vécto Ps cho cac da thiic
p1 = 1422 — 22 py =6+ 4o + 22°.

Tim a dé da thicc p = 9 + az + 72? 1a mot t6 hop tuyén tinh cia
piva pa.

GIAIL. Pa thttc p 13 mét t6 hop tuyén tinh ctia piva ps khi va chi khi
phuong trinh vécto

T1p1 + X2p2 = p (1)
¢6 nghiém. Ta cé
(1) & 21 (1+ 2z — 22) + 22 (6 + 42 + 22?) = 944z +72?
& (m1 4+ 622) + (221 +4ao) v + (—21 + 220) 22 = 9+ 4w + Ta?
T + 633‘2 =9
= 2c1 + 4z = a
—x1 + 2x9 = T
(2)

Do d6 p 1a mot t6 hop tuyén tinh ciia piva pokhi va chi khi hé phuong
trinh tuyén tinh (2) c6 nghiém. Khit Gauss ma tran hé sé6 md rong ctia hé

(2)
1 6 9 1 6 9 1 6 9
24 a|—|0 -8 a—18| — |0 —8 a—18
-1 2 7 0 8 16 0 0 a-—2
Hé (2) c¢6 nghiém khi va chi khi a — 2 = 0, ttic 1a @ = 2. Vay gia tri can
tim cua a la 2. O
BAI TAP

4.24 [hint] vécto nao sau day 1a mot t6 hgp tuyén tinh ciia
u=(0,-1,1), v=(1,3,-1)

a. (2,2,2) c. (0,0,0)
b. (0,4,5) d. (1,2,3)

4.25 [hint] Biéu thi mdi vécto sau nhu mot t6 hop tuyén tinh clia

SRS TR RN RN
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<31 i

4.26 [hint] Biéu thi mdi vécto sau day nhu 14 mot t6 hop tuyén tinh cia

p1=2+x+42% py=—1+x— 322, p3 =3+ 2z + 5z’

a. 6+ 11z + 622
b. 0
c. 7T+ 8z + 922

HE SINH

MENH Pk 4.3.4. Cho v, v, ..., vy 1a mdt hé véc to trong mot khong
gian véc to V.

1. Tap hop W tat cd cdc t6 hop tuyén tinh ctia hé véc to

V1, V9, ..., U, la mOt khéng gian con cta V.

2. Khong gian con W 1a khong gian con nhd nhat ctia V' (d6i véi
quan hé bao ham) ma chtta tat ci cic véc to vy, va, ..., vy
DiNH NGHIA 4.3.5. Cho V 1a mét khong gian véc to va vy, v, ..., v,
1a mot hé véc to trong V. Khéng gian con ciia V' bao gom tat ci cic
t6 hop tuyén tinh ctia hé véc to vy, va, . . ., v, dude goi 1a bao tuyén

tinh cta hé véc to vy, ve, ..., vy, va ky hiéu 1a L (vi,ve,...,0.).
Ta cung né6i L (vi,vs,...,v,) la khong gian con cta V' sinh ra tit
hé véc to vy, ve, ..., Uy

DINH NGHIA 4.3.6. Cho V' la mot khéng gian véc to. Mot hé véc
to vy, va, ..., v, dudc goi 1d mot hé sinh ciia V néu bao tuyén tinh
cuia hé véc to nay chinh la V:

L (vi,v2,...,0,) = V.
T dinh nghia, ta thiy rang hé véc to vi,vs,...,v, 1a mot hé sinh cla
khong gian véc to V' khi va chi khi phuong trinh véc to

T1V1 + XU + -+ TpUp =V

¢6 nghiém v6i moi véc to v € V.
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Mot hé véc to cho truée c6 phai la mot hé sinh hay khong

Dé biét mét hé véc to vy, ve,. .., v, trong mot khong gian véc to V
c6 phai 1a mot hé sinh hay khong, ta tién hanh nhu sau.

1. Cho v € V 13 mot véc ta bat ky. Xét phuong trinh véc to
T1v1 + ToV2 + -+ TpUp =V

roi bién déi tuong duong né thanh moét hé phuong trinh tuyén
tinh.

2. Sit dung cac ky thuat giai hé phuong trinh tuyén tinh, dé xét
xem hé phuong trinh tuyén tinh trén cé nghiém hay khong. 0
bude ndy, ta thudng khit Gauss ma trdn hé sé6 mé rong ctia hé
phuong trinh tuyén tinh.

> Néu phuong trinh véc to c6 nghiém véi moi vée to v € V
thi ta két luan hé véc to vy, vs, ..., v, 1a mot hé sinh cia
V.

> Néu phuong trinh véc to vo nghiém véi mot véc to v € V
nao dé thi ta két ludn hé véc to vy, vs, ..., v, khong phai
la mét hé sinh cta V.

Vi by 4.3.7. Céc véc to don vi chinh tac
e1 = (1,0,0), es = (0,1,0), e3 = (0,0,1)

1a mot hé sinh ctia R3.

CHONG MINH. Cho v = (a,b,c) 1a mdt véc to bat ky trong R3. Phuong
trinh véc to

riey + xoeg + x3e3 =0

c6 nghiém =1 = a, x9 = b, x3 = c. N6i cach khéc, ta ¢ biéu thi tuyén tinh
v = (a,b,c) = aey + bea + ces.

Do dé, hé véc to eq, ea, e3 1a mot hé sinh clia R3. [

Téng quét hon, ta c6 vi du sau.
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Vi DU 4.3.8. V6i moi s6 nguyén duong n, cic véc t6 don vi chinh
tac

er = (1,0,0,...,0), ez = (0,1,0,...,0), e, = (0,0,0,...,1)

la mo6t hé sinh cia R™.

GIAL. Cho v = (a1, as,...,a,) 1d mot véc ta bat ky trong R™. Ta cb
v =aje1 + agzeg + - + apey.

Suy ra, moi véc to ciia R™ déu c6 thé biéu thi tuyén tinh qua hé véc to
€1,€2,...,¢e,. Nhu vy, hé véc to ey, es,...,e, la moét hé sinh cha R™. [J

Vi DU 4.3.9. Céc da thitc 1, 2,22, ..., 2" 1a mot hé sinh ctia khong
gian véc to P,.

CHoNG MINH. Cho p € P, 1a mot véc to bat ky. Theo dinh nghia ctia P,
p 14 mét da thitc bac nhé hon hodc biang n, tic la p c6 dang

p=ag+ax +agx® + -+ apa”.
Déng thiic nay chinh 14 mot bidu thi tuyén tinh ciia p qua hé véc to

1,z,22,..., 2, voi cic hé s lan lugt 14 ag, a1, as, ..., a,. VAy, hé da thitc
1,x,22%,..., 2, 13 mot hé sinh cia P,. O

Vi pu 4.3.10. Hé véc to
v =(1,1,2), va =(1,0,1), v3 =(2,1,3)

c6 phai 1a mot hé sinh ctia khong gian véc to R3 hay khong?

GIAL. Cho v = (a, b, c) 1a mot véc to bat ky trong R3. Hé véc to vy, va, v3
14 mét hé sinh ctia R? khi va chi khi phuong trinh véc to

T1V1 + T2V + X3V3 =V

luéng c6 nghiém.



4.3. HE SINH 181

Phuong trinh véc to nay tuong duong véi hé phuong trinh tuyén tinh

r1 + T2 + 23 = a
r1 + + T3
207 + x2 + 3x3 =

(1)

Khit Gauss ma tran hé sé6 mé rong ciia hé phuong trinh tuyén tinh nay

1 1 2 a 1 1 2 a
101 b — — 1011 a—>b
2 1 3 ¢ 0 00 a+b—c

Tt day, ta thdy rang phuong trinh véc to da cho v nghiém néu a+b—c # 0,
vidua=1,b=1,c=0.

Vay hé véc ta vy, va, v3 da cho khong phai 1& mot hé sinh ciia R3. O

Trong 13i giai trén, khi xét hé phuong trinh tuyén tinh (1), vi hé nay c6 sd
phuong trinh bang sé an, nén ta cé thé sit dung dinh thic.

Cu thé hon: hé phuong trinh (1) c6 nghiém v6i moi vo6 huéng a, b, ¢ khi va
chi khi dinh thitc ctia ma tran hé s6 khac khong. Tinh dinh thic, ta dugc

11
det| 1 0 =-1 -1 =-14+1=0.
2 1

W = N
—_ =

1
1

1
2

2
3

Do d6, hé phuong trinh (1) v6 nghiém véi a,b, ¢ nao d6. Vay hé véc to
v1, v2,v3 da cho khong phai 13 mot hé sinh ciia R3.

Ta c6 thé stt dung cach 1am bang dinh thitc nhu thé nay trong trudng hop
hé phuong trinh can xem xét ¢ sd phuong trinh bang ding sb an.

Vi by 4.3.11. Hé véc to
pr=14z+2%py=—-1—2,p3=2+2z+ 2>

¢6 phéi la hé sinh ctia khong gian véc to Py hay khong?

GIAL. Cho p = a + bx + cx? 13 mot phan tit bat ky ciia Py. Hé véc to
1, P2, p3 1a mot hé sinh ctia Po khi va chi khi phuwong trinh véc to

x1p1 + x2p2 + x3p3 = 0
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luén c¢6 nghiém. Phuong trinh nay tuong duong véi
1 (1+x+az2> +aa(—1—x)+x3 (2+2x+x2) =a+ bx + cx’.

So sanh hé s6 clia céc lity thita ctia x, ta duge hé phuong trinh tuyén tinh

r1T — To + 223 = a
ry — X9 + 2x3 = b
1 + + 3 = c

Vi hé phuong trinh nay cé sé phuong trinh bang s6 an nén ta xét dinh
thitc ctia ma tran hé sé ctia né. Ta cé

1 -1 2 1 -1 1 1
det | 1 —1 2 _1—11_1_11'_0.
101 1 00

Do dé, hé phuong trinh tuyén tinh trén vé nghiém véi a, b, ¢ nao dé. Vay,
hé da thic p1, p2, ps khong phéi 1a mdt hé sinh ctia Ps. O

Vi pu 4.3.12. Hé véc to

q1:$+$27q2:(17—1,‘27q£3:1—|—x’Q4:1—x

¢6 phéi 1a hé sinh ctia khong gian véc to Py hay khong?

GIAL Cho p = a + bz + cz? 13 mot phan ti bat ky cia Py. Hé véc to
q1, 92, 43, g4 1a mot hé sinh ctia Po khi va chi khi phuong trinh véc to

T1q1 + 2q2 + 23¢3 + T4q4 = 0

luén c6 nghiém. Phuong trinh nay tuong duong véi
(1w 2%) 22 (=) )= ’
zi(z+az7)+za (e —a)+a3(1+2)+24 (1 —2) =a+br+ cx”.

So sanh hé s6 clia céc lity thita clia x, ta duge hé phuong trinh tuyén tinh
v6i ma tran hé sb mé rong 1a
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Ta khong thé st dung dinh thitc trong truong hop nay vi ma tran hé sé
khong phai 13 mot ma tran vuong. Khit Gauss ma tran hé sé6 mé rong, ta
dugc ma tran bac thang

1 11 -1 b
0 21 -1 b-—c
0 01 1 a

Suy ra, phuong trinh véc to trén c¢6 nghiém véi moi vé hudng a, b, c. Vay
hé véc to q1,q2, g3, g4 1& mot hé sinh cta Ps. O

Vi bu 4.3.13. Hé ma tran

12 10 12 11
S e R R i e E

c6 phai la mot hé sinh ciia khong gian véc to Maxo hay khong?

GIAL. Cho A € Msyo 1a mot ma tran bat ky, A = i 2 . Hé ma tran
A1, Ao, Az, A4 1a mdt hé sinh cha Moy khi va chi khi phuong trinh véc to
21A1 + 2049 + x3A3 + 14 A4y = A

luén c¢6 nghiém. Phuong trinh nay tuong duong véi
1 2 10 1 2 11
1[0 1]“”2 0 1]“”3[1 0]“34[1 11:[

So sanh céc phan tit clia cac ma tran 1an lugt & cac vi tri (1,1), (1, (
va (2,2), ta nhan dugc hé phuong trinh tuyén tinh v6i ma tran hé sb mé
r@ng la

\./Q.Q“

= o O =

1
1
1
1

— O N R
® O = N
Lo oL

Khit Gauss ma tran nay, ta dugc ma tran bac thang

1 1 a
0 1 2a — b
1 1 c
0 1 —a+c+d

OO O =
S O N =

Tt d6, ta thiy rang phuong trinh véc to trén cé nghiém véi moi v6 hudéng
a, b, C, d. Do dé, hé ma trén Al, AQ, Ag, A4 la m@t hé sinh cua M2><2. L]
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Vi Dpu 4.3.14. Hé ma tran

S SRS RS B

¢6 la mot hé sinh ctia Moy hay khong?

GIAI. Hé ma tran A, B,C,D 1la mo6t hé sinh cia Msyo khi va chi khi
phuong trinh

1A+ 29B + 23C + 24D = [Z 2]

. A b b . R 4
¢6 nghiém véi moi [ ¢ d ] € Msxo. Phuong trinh trén tuong duong véi

hé phuong trinh tuyén tinh

lxy + Oz + 1z + 1y = a
—1lzy + laxg + 1lazg + Ozy = b
Oxr1 + Oz 4+ 1lzg + Oxy = c
lzy 4+ Oxzg + Ox3 + lxy d

Khit Gauss ma tran hé s mé rong ctia hé phuong trinh trén:

1011 a 101 1 a
-1 11006 |01 21 atb
0010 ¢ 0010 c
100 1d 0010 a—d
10 1 1 a

|02 a+b

0010 c
_OOOOa—c—d

Ta thiy rang hé phuong trinh tuyén tinh v6 nghiém néu a — ¢ — d # 0,
chdng han a = 1,¢ = d = 0. VAy hé ma tran da cho khong 13 hé sinh ctia
Mays. O

BAI TAP

4.27 [hint] Hé vécto sau c6 phai mot hé sinh ctia R3.

a. vy = (1,1,1), v = (0,1,1), v3 = (0,0, 3)
b. U1 = (2a _173)7 V2 = (4> 1)2)’ U3 = (87 _178)'
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4.28 |hint] Cho cac da thic
Pl :1—x+2x2, p2:5—x+4x2, p3 =34z, ps= 1— 2+ a2

a. Hé da thic p1, p2, p3, psa c6 1a mot hé sinh cha P hay khong?
b. Hé da thiic p1, p2, p3 c6 la mot hé sinh ctia Py hay khong?

BAI TAP TON HOP

4.29 [hint] Trong khong gian véctd F (—oo,0), L (cos®r,sin?z) chita

vécto nao trong cic vécto

a. cos2x

b. sin2x

4.30 [hint] Trong khong gian vécto F (—oo,o0), L (cos®z,sin®z) chita

vécto nao trong cac vécto
a. 3+ b. 7
a. 3+ 22 ¢ L (cos® z,sin? z).
b. 7 € L (cos? z,sin? z).
4.31 [hint] Trong khong gian Ps, cho
m=1+2 pp=14+z+2% ¢ = (1—1—1:)2, go = 2x

Chiing minh rangL(p1,p2) = L(q1,q2)-

4.32 [hint] Cho W 1a khong gian nghiém ctia phuong trinh thuan nhat

Az = 0 trong dé
1 111
1 010
21 21

Hé vécto sau c6 1a mot hé sinh cia W7

a. u=(1,0,-1,0), v=(0,1,0,—1)

b. u=(1,0,-1,0), v = (1,1,~1, 1)

4.33 [hint] Cho V' la mét khong gian vécto va vy, ve,v3 € V. Chitng minh
rang
5(1}1,1}2,1}3) = [:(1)1 + v9,v1 — V2,V + 1}3).
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4.4 DOC LAP TUYEN TINH VA PHU THUQOC TUYEN
TINH

DINH NGHIA 4.4.1. Mot hé véc to vy, va, . . ., v, trong khong gian véc
to V' dugc goi 1a

> déc ldp tuyén tinh néu phuong trinh véc to
T1v1 + X2v2 + -+ -+ 2,0, =0
chi ¢6 nghiém tam thudéng r; = 29 = ... =z, = 0.

> phu thudc tuyén tinh néu né khong doc 1ap tuyén tinh, titc
14 néu phuong trinh véc to

r1v1 + T2v2 + -+ 2pv =0
c6 nghiém khoéng tam thudng.

Mboi nghiém (kq, ko, ..., k) clia phuong trinh véc t6 x1v1 + 2ov9 +
.o« 4 z,v, = 0 cho ta mot rang budc tuyén tinh

kivi + kova + - + kpv, =0

ctia hé véc t6 vy, vs, ..., v,. Rang budc tuyén tinh nay duge goi 1a
tam thuong néu k1 = kg = --- =k, = 0.

Vi DU 4.4.2. Hé véc t6 don vi chinh téc
e1 = (1,0,0,...,0), e = (0,1,0,...,0), e, = (0,0,0,...,1)

ciia R™ 1a mot hé doc 1ap tuyén tinh.

CIAL. Hé véc to eq,es,...,e, doc lap tuyén tinh khi va chi khi phuong
trinh véc to

xr1e1 + x2e2 + -+ xpe, =0

chi ¢6 nghiém tam thudng. Phuong trinh nay tuong duong véi

(:L‘l,:Ez,...,l‘n) =0.
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Do dé, phuong trinh chi c¢6 nghiém tam thuong 21 =29 = ... =2, = 0
nhu mong mudn. Vay hé véc to don vi chinh tic eq, e, ..., e, 1a mot hé
doc 1ap tuyén tinh. [

Vi pu 4.4.3. Hé véc to
V1 = (1, —2,3) , V2 = (5, 6, —1) , U3 = (3, 2, 1)
ctia R3 14 doc lap tuyén tinh hay phu thudc tuyén tinh? Trong trudng

hop hé véc to nay phu thudc tuyén tinh, tim mot rang budc tuyén
tinh khong tam thudng ctia né.

GIAL. Hé véc to vy, ve,v3 doc lap tuyén tinh khi va chi khi phuong trinh
véc to
T1v1 + x2v2 + x3v3 = 0

chi ¢6 nghiém tam thudng. Phuong trinh nay tuong duong véi
21(1,-2,3) + 22 (5,6, —1) + 23 (3,2,1) = 0.

So sanh cdc thanh phan ciia céc véc t6 nay ta nhin duge mot hé phuong
trinh tuyén tinh v6i ma tran hé s mé rong 1a

1 530
-2 6 2 0 |. (2)
3 110

Khit Gauss ma tran hé s6 mé rong nay, ta dudc ma tran bac thang

1
0
0

S N Ot
S = W
o O O

Tit day ta thiy rang phuong trinh véc to trén ¢ nghiém khong tam thudng.
Nhu viy, hé véc to v, v, v3 phu thudc tuyén tinh.

Dé c¢6 mot rang budce tuyén tinh khoéng tam thudng, tit ma tran bac thang
trén, ta thiy rang cic nghiém ctia phuong trinh véc to trén la

Il = —t, Tro = —t, I3 =2t

v6i t € R bat ky. Cho t = 1, ta duge nghiém (—1, —1,2). Do dé, mot rang
budc tuyén tinh khong tam thuong ciia hé véc to vy, v, v3 1a

—v1 — v + 2v3 = 0.
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Trong 151 giai trén, dé xét xem hé phuong trinh véi ma tran hé sé mé rong
(2) ¢6 nghiém khéng tham thudng hay khong, vi ma tran hé s6 13 mot ma
tran vuong, nén ta cé tinh dinh thitc clia ma tran hé s6. Hé phuong trinh
chi c6 nghiém tam thudng khi va chi khi dinh thitc nay khéc khong. Ta cé

1 5 3 L1 53
det| =2 6 2 =—10168=0.
3 -1 1 10 16 8

0 déng thiic thit hai, ta da thuc hién cic phép bién déi so cAp 2H; + Hy —
Hy va 3Hy — H3 — H3. Khi d6, hé phuong trinh tuyén tinh c6 nghiém
khong tam thuong.

Mot hé vée to cho trude doc lap tuyén tinh hay phu thudc tuyén

tinh
Dé biét mot hé véc to vy, v, ..., v, trong mot khong gian véc to V
1a doc lap tuyén tinh hay phu thudc tuyén tinh, ta tién hanh nhu
sau.

1. Xét phuong trinh véc to
101 + 2202 + - -+ 20, =0

rdi bién ddi tuong duong né thanh mot hé phuong trinh tuyén
tinh. Hé phuong trinh tuyén tinh nay 13 thuan nhat, do dé, né
luén c6 nghiém tam thudng x; = x9 = --- = x, = 0.

2. Sit dung cac ky thuat giai hé phuong trinh tuyén tinh, dé xét
xem hé phuong trinh tuyén tinh trén cé nghiém khéng tam
thuong hay khong. O bude nay, ta thuong khir Gauss ma tran
hé s6 mé rong ctia hé phuong trinh tuyén tinh.

> Néu phuong trinh véc to c6 nghiém khong tam thuong thi
ta két ludn hé véc to vi,ve,...,v, 1a mot hé phu thudc
tuyén tinh.

> Néu phuong trinh véc to chi c6 nghiém tam thudng thi ta
két ludn hé véc to vi,ve,...,v, 1a mot hé doc lap tuyén
tinh.

Vi DU 4.4.4. Hé véc to

v =(1,2,2,-1), va =(4,9,9,—-4), vz = (5,8,9,-5)
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trong R* 13 doc 1ap tuyén tinh hay phu thudc tuyén tinh?

C1A1. Hé véc to vy, vg,v3 doc 1ap tuyén tinh khi va chi khi phuong trinh
véc to
T1v1 + 2209 + x3v3 =0

chi c6 nghiém tam thuong. Phuong trinh nay tuong duong véi
T (1, 2,2, —1) + X2 (4, 9,9, —4) + x3 (5, 8,9, —5) = 0.

So sanh céc thanh phan ctia cic véc to nay, ta nhan dudc mot hé phuong
trinh tuyén tinh thuan nhat véi ma trdn hé sé6 mé rong la

1 4 50
2 9 80
2 9 90
-1 -4 -5 0

Khit Gauss ma tran nay, ta duge ma tran bac thang

14 50
01 -2 0
00 10
00 00O

T dy, ta thiy rang phuong trinh véc to trén chi c6 nghiém tam thuong
21 =29 = 23 = 0. VAy hé véc to vy, v, v3 ddc lap tuyén tinh. O

Vi bu 4.4.5. Hé da thitic
1, z, 2, ..., x

ctia P, doc lap tuyén tinh.

GI1AI1. Xét phuong trinh véc to
z1- 14 zox + 2322 + - + Tpp12” = 0.

Vi hai da thitc bang nhau khi va chi khi céc hé sé tuong tng véi céc liy
thita cia 2 clia hai da thitc bang nhau, nén phuong trinh véc to trén chi
c6 nghiém tam thudng

I :$2:...:l’n+1:0.

Vay hé véc to 1,z,22%,...,2" cla P, 1a doc lap tuyén tinh. ]
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Vi DU 4.4.6. Hé da thitic
pr=1—x, po=5+3x—22% p3=1+3z—2°

ctia Py 14 doc 1ap tuyén tinh.

C1A1. Hé da thtic py, p2, p3 doc lap tuyén tinh khi va chi khi phuong trinh
véc to

x1p1 + x2p2 + x3p3 =0

chi c¢6 nghiém tam thudng. Phuong trinh nay tuong duong véi
1 (1 —x) + 29 (5+3x—2x2) + 3 <1+3x—x2) = 0.

So sanh hé s6 clia cac lily thita clia x, ta nhan dudce hé phuong trinh tuyén
tinh thuan nhat v6i ma tran hé sé6 mé rong 1a

1 5 10
-1 3 30
0 -2 -1 0

Khit Gauss ma tran nay, ta thu dugc ma tran bic thang

S O =
S N Ot
[
o O O

T d6 suy ra phuong trinh véc to trén c6 nghiém khong tam thuong. Vay,
hé véc to p1, pa, p3 phu thuoc tuyén tinh.

Vi ma tran hé s6 ctia hé phuong trinh tuyén tinh bén trén 1a mot ma trén
vuéng nén ta ciing cé thé tinh dinh thitc ctia né dé biét hé phuong trinh
tuyén tinh thuan nhat c6 nghiém khong tam thudng hay khéng. O

Vi by 4.4.7. Hé da thiic

pL=2+x+32% py=6—x+ 522 p3=2— 3z — 2?

trong khong gian vécto Po 1a doc 14p tuyén tinh hay phu thudc
tuyén tinh.
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GIAL. Theo dinh nghia, hé p1,ps, p3 14 doc lap tuyén tinh khi va chi khi
phuong trinh vécto
T1p1 + Z2p2 + x3p3 =0

chi c6 nghiém tam thudng x1; = 29 = 3 = 0.

Phuong trinh véctd trén tuong duong véi hé phuong trinh tuyén tinh

2¢17 + 6z 4+ 2xz3 = 0
lry — 1laxzg — 323 = 0
3rv1 + bx3 — lzg = 0

Khit Gauss ma tran hé sé6 mé rong ctia hé phuong trinh tuyén tinh nay

2 2 0 1 3 10
1 -1 -3 0| — |1 -1 =3 0
3 -1 0 3 5 -10
(1 31 0]

— |0 4 4 0

0 4 40

(1 3 1 0]

— |0 4 4 0

0000

Hé phuong trinh ¢6 nghiém khong tam thuong vi 3la mot an tu do. Vay
hé da thiic p1, p2, p3 phu thudce tuyén tinh. ]

MENH PE 4.4.8. 1. Moi hé véc to chita véc to khong déu phu thude
tuyén tinh.
2. Hé hai véc to vy, vg 1a phu thudc tuyén tinh khi va chi khi vy 1a
mot bdi vo hudng ciia ve hodc vo 1a mot bodi vo hudng cia vy.

CHUNG MINH. (a) Gid st hé véc to vy, v, . .., v, trong mdt khong gian véc
ta V ¢ v; = 0. Xét phuong trinh véc to
101 + T2 + - - + 20, = 0.
Vi v; = 0 nén phuong trinh nay c6 mdt nghiém la
z1=0, ..., ;-1 =0, z; =1, 2,41 =0, ..., 2, =0.

Dbay 1a mot nghiém khéng tam thuong. Do dé, hé véc to vy, v, . .., v, phu
thoc tuyén tinh.
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(b) Hé hai véc to v1, v phu thudc tuyén tinh khi va chi khi phuong trinh
véc to
T1v1 + x2v2 = 0 (3)

c6 nghiém khéng tam thuong.
Gia stt hé v1,ve phu thudc tuyén tinh. Goi 1 = a1, x2 = ag la mot nghiém

khong tam thuong ctia phuong trinh (3). Vi nghiém 14 khéng tam thudng
nén a; # 0 hoac ag # 0.

> Néu a1 # 0 thi ding thic ajv; + agvs = 0 kéo theo v, = —Z—fvg. Do
do, v1 1a mot boi cha wve.

> Néu as # 0 thi ding thic ajv; + agvs = 0 kéo theo vy = _%Ul' Do
do, vo 1a mot boi cha v.

Bay gio, gid st v1 la mot boi vo huéng clia vo hodc vo la mot boi vo hudng
cua 1.

> Néu v 1a mot boi ctia vg thi ton tai vo huéng k sao cho vy = kvs.
Do d6, phuong trinh (3) ¢6 mot nghiém 1a 1 = 1,29 = —k.

> Néu vo 1a mot boi ctia vy thi ton tai vo hudng k sao cho vy = kuvy.
Do d6, phuong trinh (3) c6 mdt nghiém 1& 1 = k,z9 = —1.

Trong c& hai truong hgp, ta thiy rang phuong trinh véc to (3) ludn c6
nghiém khong tam thudng. Do dé, hé véc td vy, ve phu thudc tuyén tinh.
L]

Vi DU 4.4.9. Chiing minh rang hai ham
fi=z, fo=sinx

trong khong gian véc to F (—oo,00) 1a doc 14p tuyén tinh.

\. .

G1A1. Hé ham f1, f> phu thudc tuyén tinh trong khong gian véc to F' (—o0, 00)
khi va chi khi phuong trinh

z1f1+22f2 =0
c6 nghiém khéng tam thudng. Phuong trinh nay tuong duong véi

xr1x + xosinx = 0.
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Day 1a su bang nhau cia hai ham sb, do d6, ching bang nhau véi moi
x € R. V6i mdi gid tri cu thé clia , ta nhan dudec mot phuong trinh tuyén
tinh ctia x1va z2. Cho 2 = § va x = m, ta nhan dugc h¢ phuong trinh
tuyén tinh

%:L‘l + x99 = 0

vl =0

Hé phuong trinh tuyén tinh thuan nhat nay chi c6 nghiém tam thuong
x1 = 29 = 0. Do d6, phuong trinh véc to trén chi c6 nghiém tam thudng.
Véy hé ham fi, fo doc lap tuyén tuyén. O

MENH pE 4.4.10. Trong khong gian véc td R™, moi hé véc to
V1,2, . ..,0,,V0i 7 > n, déu phu thuoc tuyén tinh.

CHUNG MINH. Xét phuong trinh véc to
r1v1 + 2202 + - - - + xpv, = 0.

So sanh céc thanh phan tuong ing clia cdc véc to nay, ta nhan duge mot
hé phuong trinh tuyén tinh thuan nhat bao gom n phuong trinh déi véi r
én T1,X2y ...y Lp.

Vi r > n nén hé phuong trinh tuyén tinh thuan nhat nay c6 s6 an nhiéu
hon s6 phuong trinh, va do d6, né c¢é nghiém khong tam thudng.

Vay, hé véc to vy, vs, ..., v, phu thuoc tuyén tinh. O

BAI TAP

4.34 [hint] Hé vécto sau la doc 1ap tuyén tinh hay phu thudc tuyén tinh
trong IR3.
a. (—3,0,4), (5,—1,2), (1,1,3)
b. (-2,0,1), (6,-1,1), (7,0,-2), (3,2,5)

4.35 [hint] Trong khéng gian vécts Ps, hé vécto sau 1a doc 14p tuyén tinh
hay phu thudc tuyén tinh.

a. p1=3+8x+ 722 - 323, po=1+5x+322 -2, p3=2—a+
222 4+ 627, ps = 2+ x + 322 + 223,

b. p1 =3 3224623, po =2z + 322 + 23, p3 =+ 2% py =
2+ + 222 + 2.
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4.36 |hint] Cdc ma tran

1 2 11 01
1 01712 2|72 1
1a doc 1ap tuyén tinh hay phu thudc tuyén tinh trong Moyo?

4.37 [hint] Tim k dé hé ma tran

10 2 0 1 0
1 k|71 3| |-k -1
doc 1ap tuyén tinh trong khong gian vécto Mayo.
4.38 [hint] Trong khoéng gian vécto F(—oo,00), hé vécto sau la ddc lap

tuyén tinh hay phu thudc tuyén tinh?

a. 1, 3sin?z, 2cos’x

b. =z, sinz, cosx
4.39 |hint] Trong khong gian vécto F'(—o0,00), hé vécto sau la doc lap
tuyén tinh hay phu thudc tuyén tinh?

a. 1, sinz, sin2z b. cos2x, sin®z.

4.40 [hint] Chitng minh rang hé ham
fl(x) = exa fQ(ZU) = xez’ f3(x) = $2€w
doc 1ap tuyén tinh trong khong gian vécto F(—o0, 00).

4.41 [hint] Chitng minh rang hé tat ca cdc hé cé nhi¢u hon 3 vécto trong
khong gian vécto Py déu phu thudce tuyén tinh.

4.42 [hint] Cho V' la mét khong gian vécto va vy, ve,v3 € V. Chitng minh
rang néu hé vy, vo ddc 1ap tuyén tinh va vz ¢ L(vy,v2) thi hé vy, ve, v3
ciing doc lap tuyén tinh.

4.43 [hint] Cho V 1a mot khéng gian vécto, vy, ve,v3 € V. Gid st v3 1a
mot té hop tuyén tinh clia vy va ve. Chiing minh rang L(vy,ve) =
‘C(Ub V2, U3)'
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4.44 [hint] Khang dinh duéi dy 1a ding hay sai? Vi sao?

a. Bao tuyén tinh ctia mot vécto trong R? 14 mot dudng thing.
b. Bao tuyén tinh ciia hai vécto trong R3 1a mot mit phang.

c. Bao tuyén tinh ctia mot tap vécts S ciia khong gian vécto V 1a
khong gian con nhd nhét ctia V' chita tdp hop S.

d. Céc hé sinh ctia R? ¢6 cling s6 phan ti.
e. Cac da thitc x + 1, (z +1)2, (z + 1)3 1A mot hé sinh ctia khéng
gian vécto Ps.

BAI TAP TONG HOP

Biét rang tap con V,, ctia R*® gém céc day s6 thuc (z,)3%, thda man
Ty = aTp_1 + brp_2
v6i a,b € R,1a mot khong gian con.

4.45 [hint] Xét khong gian vécto Vg ctia R*. Cho céc vécto (x,)52q,
(yn)$2; thude V,p. Chitng minh rang

0o 00 1 = Y1,
(xn)n—l_(yn)n—lﬁ{ To = 1.

00
n=1

4.46 [hint] Xét khong gian con Vs _g clia R™ gom céc day s6 thuc (z,)
thoa man
Ty = 5p_1 — 6259 v6i moi n > 3.

a. Tim A; va A2 khdc khong sao cho hai day sb (A\])%; va (A5)%°

n=1
thuoc Vs _¢.
b. Chiing minh rang hai day s6 (A\7)%%; va (\§)22, doc lap tuyén
tinh.

4.47 [hint] Xét khong gian con Vj _4 ctia R® gom céc ddy s6 thue ()5,
thoa man
Ty =4p—1 — 4x,_o v6i moi n > 3.
a. Tim X # 0 sao cho day s6 (A\")2; thudc Vy 4.
b. Chimg minh rang day s6 (nA")°; ciing thudc Vi 4.
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c. Chitng minh rang hai day s6 (A\")%; va (nA™)°2; doc lap tuyén
tinh.

4.48 [hint] Biét rang tap con V ctia C*°(—o00,00) gom cac ham f: R — R
théa man
[ =f+12f

la mét khong gian con.

a. Tim A;va Ay dé ham mi eM® va e?2® thude V.
Aox

b. Chimg minh rang hai ham e*® va e*2* doc 1ap tuyén tinh.

4.49 [hint] Biét rang tap con V ctia C*°(—00,00) gom cac ham f: R — R
thdéa man

" =10f —25f

la mét khong gian con.

a. Tim A € R dé ham mi e thuoc V.

A

b. Chting minh rang ham ze’® ciing thudc V.

A

c. Chiing minh rang hai ham e’ va ze*® doc lap tuyén tinh.
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4.5 ToA PO, CO SO

Trong muc nay, ching ta sé trang bi hé truc toa dé cho mot khong gian
véc to bat ki, téng quat héa khai niém hé truc toa do zy trong mit phing
R? va hé truc toa dd xyz trong khong gian R3.

RS

Hé truc toa do trong mit phing

DINH NGHIA 4.5.1. Mot hé véc to vy, vs,...,v, trong mdt khong
gian véc to V dugc goi 1a mot co s& néu né dong thoi 1a mot hé
sinh va mot hé doc lap tuyén tinh.

Vi by 4.5.2. Hé véc to don vi chinh tic

er1 =(1,0,0,...,0), e =(0,1,0,...,0), e, =(0,0,0,...,1)
1a mot co s clia R™vi né dong thai 1a hé sinh va hé doc lap tuyén
tinh nhu da chiig minh trong cac muc trén. Co sé nay dudc goi la
co s6 chinh tdc cda R™. Dic biét

> Hai véc to e; = (1,0), ez = (0,1) 1a co s6 chinh tac clia R2.

> Ba véc to e; = (1,0,0),e2 = (0,1,0),e3 = (0,0,1) 1a co s6
chinh tic ctia R3.

Vi by 4.5.3. Hé da thic

1a mot co 53 ctia P,, vi né dong thdi 1a hé sinh va hé doc lap tuyén
tinh nhu da chimg minh trong cac muc trén. Co sG nay duge goi la
co sd chinh tac cia P,.
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MENH PE 4.5.4. Mot hé véc to vy, ve, ..., v, trong mot khong gian
véc td V' 1a mot co s khi va chi khi phuong trinh véc to

T1v1 + XV + - -+ XUy, = U

c6 nghiém duy nhét véi moi véc to v € V.

Vi by 4.5.5. Chting minh rang hé véc to
v = (1,2,1), v = (2,9,0), vs = (3,3,4)

14 mot co sé clia R3.

G1AL. Hé véc to vy, v2,v3 13 mdt co s6 clia R? khi va chi phuong trinh véc
to

T10] + ToU9 + T3V3 = v (4)

c6 nghiém duy nhat v6i moi vée to v € R?, v = (a, b, ¢). Phuong trinh nay
tuong duong véi

z1(1,2,1) +22(2,9,0) + 23 (3,3,4) = (a,b,¢).

So sanh céc thanh phan ciia cic véc to, ta nhan duge hé phuong trinh
tuyén tinh v6i ma tran hé sé6 mé rong 1a

1
2
1

S O N
B~ W W
Q o e

Khit Gauss ma tran nay, ta nhan dugc ma tran bac thang

1 2 3 a
05 -3 —2a+b
0 0 1 9a—2b—5¢

Suy ra phuong trinh véc to (4) c6 nghiém duy nhéat véi moi v € R3. Vay
hé véc to v1, v2, v3 1a Mot co sé clia R3. O
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Chttng minh mdt hé véc to la co s6

Dé xét xem mét hé véc t6 vy, va,. .., v, c6 phai 1& mot co sé cia
mdt khong gian véc to V hay khong, chiing ta tién hanh nhu sau.

1. Lay mot véc to v € V bat ky va xét phuong trinh véc to
T1v1 + T2V + -+ TpUy = V.

2. Bién d6i phuong trinh véc to trén thanh mot hé phuong trinh
tuyén tinh.

3. Sit dung cdc phuong phép giai hé phuong trinh tuyén tinh dé
xét xem hé phuong trinh tuyén tinh nay luén cé nghiém duy
nhat véi moi véc to v € V hay khong.

> Néu hé phuong trinh c¢6 nghiém duy nhat véi moi v € V
thi hé véc to vy, v, ..., v, 1a mdt co sG caa V.

> Néu ton tai it nhdt mot véc to v € V sao cho hé phuong
trinh khong c6 nghiém duy nhat thi hé véc to vy, va, ..., v,
khoéng phai 1a mot co sé ctia V.

Vi DU 4.5.6. Chting minh rang hé ma tran

1 0 0 1 0 0 0 0
EH_[O O],Em—[o OlaEzl—ll 0],E22—[0 1]

1a mot co 86 cia Moyo.
Co s6 nay dugce goi la eo sd chinh tac cia Msyo.

GIAI. Hé ma trdn F11, E19, Fo1, E99 1a mot ¢o s6 ctia Moo khi va chi khi
phuong trinh véc to

1 E11 + 29F12 + 23F2 + x4Fy0 = A (5)

. A P b
¢6 nghiém duy nhat v6i moi A € Moy, A = l Z d
to nay tuong duong vii

10 0 1 00 00 a b
xl[o 01“32[00 10]+x4[0 1]:[0 d]‘

So sanh lan lugt cdc phan tit & cac vi tri (1,1),(1,2),(2,1),(2,2), ta nhan

] . Phuong trinh véc

+ x5
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duge mot hé phuong trinh tuyén tinh v6i ma tran hé sé6 md rong 1a

1 000 a
01000
001 0 ¢
00 01d

Day 14 mot ma tran bac thang rat gon. Ma tran nay cho thiy rang phuong
trinh véc to (5) c6 nghiém duy nhat véi moi ma tran A € Mayo. VAy hé
ma tran Fy, E1o, Ea1, Fos 1a mot co sG cia Moyo. L]

Vi DU 4.5.7. Chting minh rang hé vécto

V1 = (17 _473)77-72 = (5,6, 2)7'03 = (4787 1)

1a mét co sé clia khong gian vécto R3.

G1A1.  Hé vécto vy, v9,v3 1a mot co s6 ctia R3khi va chi khi phuong trinh
vécto

T1V1 + Tov9 + T3U3 = U (6)

c6 nghiém duy nhéat v6i moi vécto v = (a,b,¢) € R3. Phuong trinh (6)
tuong duong véi hé phuong trinh tuyén tinh

r1 + dres + 4x3 = a
—4x7 + 6xy 4+ 8xz = b (7)
3./1?1 + 22172 + T3 =

Hé (7) c6 nghiém duy nhat v6i moi a, b, ¢ khi va chi khi ma tran hé s6 clia
noé c¢é dinh thitc khac khong. Ta cé

—_

5 4
6 8 —4 8 —4 6
det | —4 6 8| = 1 -5 +4
s o 1 2 1 ‘ 31 | 3 2
= —10—5(—28) + 4(—26)
= 26
40

Vay hé vécto da cho 1a mét co sé ctia R3. O
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BAI TAP
4.50 [hint] Chitng minh rang hé vécto sau la mot co s§ ctia R%.

v = (1,-2,1,2),v2 = (0,0,1,1),v3 = (0,4,12,8),v4 = (1,2, —1,0)

4.51 [hint] Hé ma tran sau cé la mot co s6 cua Mayo hay khong?

01 -2 2 -1 1 -2 1
1 1|’ 2 3|’ 0 11|’ 1 2
4.52 [hint] Chimg minh rang khéng gian véc to Py 1a mot khong gian véc
to vo han chiéu.

4.53 |hint] Céc khong gian véc to
R*>, F (—o00,00), C (—00,00), C™ (—00,00)

déu 1a cic khong gian véc to vo han chiéu.
ToA PO

DINH NGHIA 4.5.8. Gid st hé véc to B = (v, v2,...,v,) la mot co
sG ctia mdt khong gian véc to V. Chov € V, va

v =Cv1 + 3+ -+ Crp

13 biéu thi tuyén tinh duy nhat ciia v qua co sd B. Khi d6, cac vo
huéng ci,ca, ..., cn, dude goi 1a cac toa do ctia v dbi véi co s6 B;
véc to

[v]g = (c1,¢2,...,¢n) ER"

duge goi 1a véc to toa do ctia v dbi véi co sé B.

Vi by 4.5.9. Xét khong gian véc t¢ R™ véi co s6 chinh tic S =
(e1,€2,...,€y). V6i mdi véc to v = (ay, as,...,a,) € R™, ta c6

v =ajez + azeg + - -+ + apep.
Do d6, véc to toa do ctia v dbi v6i co s& chinh téc chinh 13 v

[v]g = (a1,a2,...,a,) = v.
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Vi DU 4.5.10. Xét khong gian véc to P,,. Tim véc to toa do cia da
thic
p=ag+ a1z +ax® + -+ a,a”

ddi véi cd s chinh tic S = (1,z,22%,...,2").

CG1A1. Biéu thi da thitc p qua co s3 chinh tic ciia Pp:

p=ag+ax +agx® + -+ apa”

=ap-14ay-z+ay -2+ +a, z"
Do d6, véc to toa do ctia p trong co s& chinh téc 13

[pls = (a0, a1,az,...,a,) € R*™.

Vi Dy 4.5.11. Xét khong gian véc to Mayo. Tim véc to toa do cla
ma tran

a a
A= 11 12
a1 Q22

dél vli ¢ s6 chinh téC S = (EH, E12, E21, E22).

G1A1. Biéu thi ma tran A qua co s6 chinh tic clia Mayo

a1 a2

_ a;p 0 0 a2 0 0 0 0
o 00]+[0 0]+[a21 0]+[0 GQQ]

= a1 P11+ aaE12 + a1 B2 + asla.

a a
A = 11 12 ]

Do dé, véc to toa d6 ciia ma tran A ddi véi co sé chinh tic 1

[A]s = (a11,a12, a21, a22) € R%.
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Vi DU 4.5.12. Tim vécto toa dd clia p = 1 —x + 5z € Pava A =

75
nay.

1 3 2 ’ < 2 ’ N . 7
[ ] € Moo trong co s chinh tac clia cac khong gian vécto

GIAL vécto toa d6 ctia p = 1 — 2 + 52 € P3 trong co sé chinh tic
{1, 2,22, 23} 1a vécto (1,—1,0,5) € R* vi

p=11+(-1).z +0.2%+5.2°
Do d6, ta thudng dong nhat mot da thic véi day hé sd ctia né, tic 1a véi
vécto toa do clia da thiic trong cd sé chinh tic.

13
75

1a vécto (1,7,3,5) € R* vi

vécto toa do ciia A = [ € My trong co sG chinh tic { E11, Ea1, E1o, Eos}

10 [0 0 0 1 0 0
A_1[00 +710]+3[00 +501].
——— - —_———

E4 E> E3 Ey

Vi DU 4.5.13. Biét rang hé véc to B = (v1, v, v3) v6i
v =(1,2,1), v2 = (2,9,0), vs = (3,3,4)
1a mdt co sé clia R3.

1. Tim véc to toa do cua véc té v = (5, —1,9) trong co s6 B.

2. Tim véc to w € R? biét rang véc to toa dd clia w trong co sé B
la [w]z = (-1,3,2).

GIAL (a) Véc to toa d6 clia v trong cd sé chinh tac chinh 1a véc to nghiém
cta phuong trinh véc to

L1V + T2V + T3V3 = V.
Phuong trinh nay tuong duong véi

x1 (17 2a 1) + z2 (27 97 0) + x3 (37 354) = (57 _17 9) :
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So sanh cic thanh phan tuong ting ctia cac véc td, ta nhan dude hé phuong
trinh tuyén tinh v6i ma tran hé s mé rong 1a

1 2 3 5
29 3 -1
1 04 9

Khit Gauss ma tran nay, ta dugc ma tran bac thang

1 2 3 )
05 -3 —11
00 1 2

Do dé, phuong trinh c6 nghiém duy nhat 1 = 1,20 = —1, 23 = 2. Vay véc
to toa do cta v trong cd s6 B la

[U]B =(1,-1,2).

(b) Vi c4c thanh phan ctia véc to toa do clia véc to w dbi véi co sé B chinh
14 cac hé s6 trong biéu thi tuyén tinh ctia w trong cd sé B nén

w = (=1)v; + 3vy + 2v3
= —(1,2,1)+3(2,9,0) +2(3,3,4)
—  (11,31,7).
Vay w = (11,31,7). 0

BAI TAP

4.54 [hint] Cho V' 1a mot khong gian vécts n chiéu, B 1a mot cd s6 ctia V.
Cho v1, va, ..., vp 1a mét hé vécto ctia V. Vi moi 4, [v;]z € R™ 14 vécto
toa d6 ctia v; trong cd sé B. Chimg minh rang hé vécto vy, va, ..., vp la
mot hé sinh ctia V khi va chi khi hé¢ vécto toa do [vi]g, [va]g, .-y [Up]
la mot hé sinh cia R™.

4.55 [hint] Cho V' 1a mot khong gian vécts n chiéu, B 1a mot cd s6 ctia V.
Cho v1, va, ..., vp 1a mét hé vécto ctia V. Vi moi 4, [v;] 5 € R™ 14 vécto
toa d6 clia v; trong co s6 B. Chimg minh rang hé vécto v, va, ..., Up
doc 14p tuyén tinh (tuong tng, phu thudc tuyén tinh) khi va chi khi
hé vécto toa do [vi]g, [va]g, .-y [Up] g dOc 14D tuyén tinh (tuong img,
phu thudc tuyén tinh).
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4.56 [hint] Cho V' 1a mot khong gian vécts n chiéu, B 1a mot cd s6 ctia V.
Cho v1, va, ..., vp 1a mét hé vécto ctia V. Vi moi 4, [v;]z € R™ 14 vécto
toa d6 ctia v; trong cd s& B. Chimg minh rang hé vécto vy, va, ..., vp la
mot co sé ctia V' khi va chi khi hé vécto toa do [vi]g, [va]g, ..y [Up]
la mot co s& cua R™.

CO s6 VA MA TRAN KHA NGHICH
Xét heé vécta vy, vg, ..., v, clia khong gian vécto R™.

> Néu p # n thi hé vécto vy, v2, ..., v, khong thé 14 mot co sé ciia R™.

> Gia st p = n. Khi d6 hé vécto vy, ve, ..., v, 1& mot co sG cia R™ khi
va chi khi ma tran

[ V1 Vg ... Up ] € Myxn

kha nghich

Téng quat hon, cho vy, vs, ..., vp la cac vécto ciia mot khong gian vécto V,
dimV = n.

> Néu p # n thi hé vécto vy, v, ..., v, khong thé 1& mot co sé ciia V.

> Gid st p = n. Goi B 1a mot co s6 ctia V. V6i méi i, [v;]5 € R 14 toa
do cla v; trong co s6 B. Khi d6, hé vécto v, va, ..., v, 1la mdt co sG
ctia V' khi va chi khi hé vécto toa do [vi]z, [v2]g, .- [Un]g 1a mot co
sG ctia R™, titc la ma tran

[ [l [ols - [onls | € Musn

kha nghich.

Vi by 4.5.14.
a. Chimg minh rang cic da thic
pr =142z + 2% ps =249z, p3 =3+ 3z + 42°

lap thanh mot co sé cia Ps.
b. Tim toa do ctia p = 5 — x + 922 dbi v6i co s6 S = {p1, p2, p3}-
c. Tim da thic ¢ € P» ¢ vécto toa do trong co s6 S 1a (—1,3,2).




206 CHUONG 4. KHONG GIAN VECTO TONG QUAT

GIAL  a. Goi B = {1,z,2%} 1 cd 8¢ chinh tic ctia Py. Khi d6, h¢ da
thttc p1,p2,p3 1la mdt co sé cia Po khi va chi khi hé vécto toa do
[p1]g, [P2)g » [P3]g 1& mot co s6 clia R3. Diéu nay tuong duong véi viéc

ma tran
1 2 3
[ s [pols [psls | =] 2 9 3
1 0 4
kha nghich. Dinh thtc cia ma tran nay la
1 2 3
det293:1§§+4;§
1 0 4
= —21+4.(5)
= -1

Vi dinh thic khac khong nén ma tran kha nghich. Do dé, hé¢ da thiic
p1, P2, Pp3 1a mot co s& cha Po.

b. Toa d0 cua da thitc p trong ¢ sG S la nghiém cta phuong trinh vécto

x1p1 + T2p2 + x3p3 = p.

Phuong trinh nay tuong duong véi hé phuong trinh tuyén tinh

1 2 3 1 5
2 9 3 ) = -1
1 0 4 I3 9

Giai hé phuong trinh tuyén tinh nay, ta duge z = (1,—1,2). Do dé,
vécto toa do clia p trong co s6 S 1a [plg = (1,—1,2) € R3.
c. Vilglg=(-1,3,2) nén
g = (=1)p1+3p2+2p3

= (=1)(1+ 22+ 2%) + 3(2 + 92) + 2(3 + 3z + 42?)
11 + 31z + 722,

BAI TAP

4.57 [hint]

a. Chitng minh rang cic da thtic
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b.
pr=1—2—32%py = -3+ 4z + 922 p3 = 2 — 2 + 42

lap thanh mot co sG cha Ps.
c. Tim vécto toa do ctia da thic p = 8 — 9z + 622 trong co s6
{p1,p2, 3}

4.58 [hint] Céc da thic
34+ 72,5 +x — 22, — 222, 1 + 162 — 622 + 223

¢6 lap thanh moét co sé ctia P3 hay khong?

4.59 |hint] Céc ma tran

SHAHSIRETIREY

¢6 1ap thanh mét co sG cia Maoxo hay khong?
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4.6 SO CHIEU; MA TRAN CHUYEN €O SO

Co s6 chinh tic ciia khong gian véc to R” gdm n véc to. Ta sé chitng minh
rang tit cd cic cic co sG clia R™ déu c¢6 ding n véc to. Mot cach tong
quét, mot khong gian véc to c6 thé cé nhiéu co s6 khac nhau, nhung sd
lugng véc to trong cic co s& bang nhau. Pay 1a tinh chit dic biét quan
trong cia khong gian véc to.

SO LUONG VEC TO TRONG MOT CO SO

DNt v 4.6.1. Tat cd cde co s6 cia mot khong gian véc to hitu han
chiéu c6 so lugng véc to bang nhau.

DNt v 4.6.2. Cho V' la mot khong gian véc to hitu han chiéu va
V1,09, ...,V ld mdt co sb cua V.

1. Moi hé véc to trong V c6 nhieu hon n véc to deu phu thudc
tuyén tinh.

2. Moi hé véc to trong V ¢ it hon n véc to khong phdi la mot hé
sinh cia V.

Chitng minh dinh 1y 4.6.1. Goi vy, va,...,v, la mdt cd sé cia V. Theo
dinh 1y 4.6.2:

> mot hé véc to trong V' ¢6 it hon n phan tit khong thé 13 mot hé sinh,

> mot hé véc to ¢6 nhidu hon n phan tit khong thé 1a mot hé doc lap
tuyén tinh.

Do dé, tat ca céc co cd ctia V déu phai c6 dung n phan tit. O

DINH NGHIA 4.6.3. 86 chiéu clia mot khong gian véc to hitu han
chiéu V, ky hiéu dim V, duge dinh nghia 1a s6 lugng véc to trong
céc co s6 cua V.

Ta quy uéc khong gian véc to khong cé sb chiéu bang khong.

Corollary 2. Cho V la mot khong gian véc to.



4.6. SO CHIEU; MA TRAN CHUYEN CO SO 209

1. Néu 'V c6 mot hé sinh gom n véc to thi dimV < n.
2. Néu'V c6 mot hé déc lap tuyén tinh gom n véc to thi dimV > n.

Vi DU 4.6.4. S6 chiéu ctia mot s6 khong gian véc to quen thude.
> dimR” vi ¢o s6 chinh tic eq, e, . . ., e, cia R™ ¢6 n véc to, voi
e; =(0,...,0,1,0,...,0)
trong dé phan t& 1 & vi tri thi i.

> dimP,, =n + 1 vi co s& chinh tic

cia P, cén+ 1 véce to.

> dim My,xn = mn vi co s& chinh tic Eijv6il <i<m,1<
Jj <n, c6 mn véc to. Ma tran E;; ¢ phan tit khac khong duy
nhat 14 s6 1 & vi trf (4, 7).

Vi DU 4.6.5. Néu hé véc to vq,vs, ..., v, doc lap tuyén tinh thi
dim £ (vi,v2,...,0,) = 1.
GI1A1. Hé véc to vy, va,...,v, 1& mot hé sinh cta L (vy,vg,...,v,). Hon
nita, theo giad thiét, hé véc to nay doc lap tuyén tinh. Do d6, hé véc to
V1,02, ...,0, la mot co sé cua L (vy,vg,...,v,). Do dé
dim £ (v1,v9,...,0.) = 1.

Vi DU 4.6.6. X4c dinh s6 chiéu va mot cd s6 cho cidc khong gian con
clia Moy gom cic ma tran doéi xing.

ai;p a2

GI1AI. Cho ma trdn A =
a G2

] € Moyyo. Ma tran A dbi xting khi va

00
0 1|’

chi khi a19 = a9gq. Do d6

10 01
A=a11[0 01—1-012[1 0 + ag9
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v6i cac a11, aiz, aze 1a cic s thuc xdc dinh duy nhat. Vay khong gian con
céc ma tran dbi xing clia Mayo 1a mdt khong gian vécto 3 chiéu véi mot

¢0 sG 1a hé ma tran
10 0 1 0 0
Oo0|”|10]|”]0 1]

Vi du sau minh hoa cich tim mét co s6 cho khong gian nghiém cia mot
hé phuong trinh tuyén tinh thuan nhat. DAy 1a mot bai todn quan trong.

O

Vi DU 4.6.7. Tim mot co s6 cho khong gian nghiém ctia hé phuong
trinh tuyén tinh thuan nhat

r1 + 3x9 — 2x3 + 2z5 = 0
2r1 4+ 6x9 — bxg — 2x4 + 4dxs — 3xg = O
or3 + 10x4 + 152¢ = O

2x1 + 6x9 + 8ry + 4dxs + 18z = 0.

C1A1. Khtt Gauss ma tran hé sé6 mdé rong ctia hé phuong trinh tuyén tinh
nay, ta dugc ma tran bac thang

SO O =
OO O W
S O =
S O NN O
O O O N
O = W o
o O O O

Céc an tu do 14 z9, x4 vd 5. Cho cic an nay cic tham s6 lan lugt bang
r,s,t bat ky, va tinh cdc an khac qua r, s, ¢, ta nhan duge

x1=-3r—4s—2t, xo =1, r3=—28, x4 =S, r5 =1, x5 = 0.
Véc to nghiém tong quat 1a
xr = (x1,T2,23,%4,T5,26) = (—3r —4s — 2t,r,—2s,s,t,0).

Tach riéng cac tham sb r, s,t trong véc to nghiém bang céch st dung cac
phép toan véc to, ta dugc
x = (—3r,70,0,0,0) 4+ (—4s,0, —2s,s,0,0) + (—2¢,0,0,0,t,0)
=r(-3,1,0,0,0,0) +s(—4,0,-2,1,0,0) +¢(—2,0,0,0,1,0).

v1 v2 U3
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Do d6, véc to nghiém tong quat ctia hé phuong trinh tuyén tinh da cho c6
phén tich

T = rv1 + svgy + tus
véi r, s,t € R bat ky xac dinh duy nhat. VAy hé véc to v1,ve, v3 1a mot co

sé ctia khong gian nghiém ctia hé phuong trinh tuyén tinh thuan nhat da
cho. S6 chiéu ctia khoéng gian nghiém bang 3. O

Co s6 cho khong gian nghiém ctia hé phuong trinh tuyén tinh thuan

nhat

Dé tim sb chiéu va mét co s6 cho khong gian nghiém ctia hé phuong
trinh tuyén tinh thuan nhat

Az =0, (8)
ta tién hanh nhu sau.

1. Khit Gauss ma tran hé sé mé rong [A 0} cta hé phuong trinh
tuyén tinh.

2. Tu dang bac thang, xic dinh cdc an tu do, an phu thudc. Sé
chiéu ciia khong gian nghiém ctia hé (8) 1a s6 lugng an tu do.

3. Cho cac an tu do cac tham sb bat ky, rdi tinh cdc an phu thuoc
qua céc tham sb nay dé duge véc to nghiém téng quat.

4. Téch riéng céc tham sb trong véc to nghiém téng quéat dé nhan
duge mot co s6 cho khong gian nghiém cua (8).

MOT sO BINH LY CO BAN

DNt v 4.6.8. Cho vy, va,...,v, ld mét hé véc to trong mét khong
gian véc to 'V sao cho hé véc to vi,va, ..., v._1 doc ldp tuyén tinh.
Khi dé, hé véc to vi,va,...,v, doc ldp tuyén tinh khi va chi khi
v & L(v1,02,...,0.).

G1Al. Khéng dinh can chting minh tuong duong véi: hé véc to vy, va, . .., v,
phu lgp tuyén tinh khi va chi khi v, € L (v1,va,...,v.). Ta sé chiing minh
két qua tuong duong nay.
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(=). Vihé véc to vy, v, ..., v, phu thudc tuyén tinh nén ton tai mot rang
budc tuyén tinh khong tam thuong

€101 + covg + -+ + v, = 0. (9)

Néu ¢, = 0 thi ta nhin duge rang buoc tuyén tinh khong tam thusng
vy +cva+ -+ v = 0.

Mau thuan véi su doc 14p tuyén tinh ctia hé véc to vy, va, ..., v,_1. Suy ra

¢ # 0. Khi d6, dang thtic (9) kéo theo

_a 2 Cro1
’Ur—_*fUl__*’UQ_“’_—
Cr Cr Cr

U

Do d6, v, € L (v1,v2,...,0,).

(<). Viv, € L(vy,v2,...,0v,) nén v, cé biéu thi tuyén tinh

Up = C1V] + CoU2 + « -+ + Cr_1Up_1.

Suy ra
v+ cua+ -+ o1 + (—1) v, = 0.
Day 1a mot rang buoc tuyén tinh khong tam thudng ciia hé véc to vy, va, . . ., vy.
Do d6, hé véc to v1, va, ..., v, doc lap tuyén tinh. O
Ding v 4.6.9. Cho hé véc to vy, va, ..., v, trong mot khong gian véc
to V. Khi dé
L(vi,v2,...,0p) = L(v1,02,...,0,21) < vp € L(V1,02,...,0p).

Vi Dy 4.6.10. Trong khong gian véc to Pay, chitmg minh rang hé véc
to

plzl—xZ’ p2:2_$2: p3:$3

doc lap tuyén tinh.

GIAIL. Vi hai véc to pp va po khong ti 1é v6i nhau nén hé hai véc to py, po
doc lap tuyén tinh.
Vi p1 va pe 1a céc da thitc bac 2 nén moi da thic trong £ (p1,p2) c¢d bac
khéng qua 2. Suy ra

p3 ¢ L(p1,p2)-
Vay, hé véc ta p1, p2, p3 doc lap tuyén tinh. O
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Cho V 1a mot khong gian véc to chiéu n. Khi d6, mdi hé sinh ctia V c6 it
nhét n véc to. Ta cé thé néi gi ve hé sinh gom ding n véc to? Tuong tu,
mdi hé doc 1ap tuyén tinh trong V cé nhiéu nhat n véc to. Ta cé thé néi
gi vé hé doc lap tuyén tinh gom ding n véc to?

DN v 4.6.11. Cho V la mét khéng gian véc to n chieu. Khi dé

1. Cdc hé sinh gom n véc to cia V déu ld co sd.

2. Cdc hé doc lap tuyén tinh gom n véc to cia V déu la co sé.

Vi DU 4.6.12. 1. Chitng minh rang hé véc to v; = (=3,7),v2 =
(5,5) 1a mot co sé ciia R2.
2. Chiing minh rang hé véc to vy = (2,0, —1),v2 = (4,0,7),v3 =
(—1,1,4) 1a mot co s ctia R3,

CHONG MINH. Vi sb phan ti trong céc hé véc to bang ding sb chiéu cia
khong gian véc to tuong tng nén dé chimg minh ching 14 co s8, ta chi can
chitng minh ching doc 14p tuyén tinh.

(a) Hai véc to v1 = (=3,7),v2 = (5,5) khong ti 1é v6i nhau nén hé véc to
v1,v9 doc lap tuyén tinh.

(b) Hai véc to v; = (2,0, —1),v2 = (4,0,7) khong ti 1é v6i nhau nén hé véc
to vy, vg doc 1ap tuyén tinh. Vi cdc hai véc to v1 va vo c6 thanh phan thit
hai bang khéng nén céc véc to trong L (v, v2) ciing ¢6 thanh phan thit hai
bang khéong. Suy ra

V3 = (*1, 1,4) ¢ E(’Ul,’Ug) .

Do dé, hé véc to vy, ve, v3 doc lap tuyén tinh. O

DNt v 4.6.13. Cho V' la mot khéong gian véc to hitu han chiéu.

1. Moi hé sinh ciia V c6 thé bé bét véc to thich hop (néu can thiét)
dé hé véc to con lai la mét co sd clia V.

2. Moi hé doc lap tuyén tinh trong V déu cé thé bo sung thém cdc
véc ta thich hop (néu can thiét) dé hé véc to nhin dugc la mot
co s0 cia V.
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Cho V la mot khong gian véc to hitu han chiéu va
W la maot khong gian con cia V. Khi do

1. W hitu han chiéu.
2. dimW <dimV.
3. dim W =dimV khi va chi khi W =V

BAI TAP
4.60 [hint] Xac dinh s6 chieu va mot co sé cho cdc khong gian con sau
déy cua M2><2.

a. Khong gian con cac ma tran chéo.

b. Khoéng gian con cic ma tran tam giac trén.
4.61 [hint] Xac dinh s6 chiéu va mot ¢ sé cho cdc khong gian con sau
déy cua M2><2.
a. Khong gian con cdc ma tran phan d6i xtng.
b. Khong gian con cdc ma tran c6 vét bang khong.
4.62 [hint] Xac dinh s6 chiéu va mot ¢ sé cho cidc khong gian con sau
day cta My xn
a. Khong gian con cac ma tran chéo.
b. Khong gian con cic ma trén doéi xtng.
4.63 [hint] Xac dinh s6 chieu va mot co sé cho cdc khong gian con sau
day ciua M«

a. Khong gian con cdc ma tran tam giac trén.
b. Khoéng gian con cac ma tran phan doi xing.

c. Khong gian con cdc ma tran c6 vét bang khong.
4.64 [hint] Biét rang tap hop V' = R? trang bi hai phép todn cong va nhan

(al, bl)+(a27 bg) = (a1+a2—|—1, b1+b2+1), k:(a, b) = (k:a+k:—1, k‘b—i—k—l)

la mét khong gian vécto véi vécto khong 1a 0 = (—1,—1) va vécto
déi ctia véeto (a,b) 1a —(a,b) = (—a — 2, —b —2). Tim mot cd s§ cho
V.
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4.65 [hint] Biét rang tap hop V = {(a,b) € R?: b > 0}trang bi hai phép
toan

(a1,b1) + (ag,bo) = (a1 + ag, biby), k(a,b) = (ka,b")

1 mot khong gian vécto, véi vécto khong 1a 0 = (0,1) va vécto doi
cita vécto (a,b) 1a —(a,b) = (~a, } ). Tim mot co 3 cho V.

Xét khong gian vécto con V,, ctia R® gom céc diy sb (z,)e; thda man
Ty = ATp—1 + bxp_o, v6i moin > 3
trong d6 a,b € R cb dinh.
4.66 [hint] Cho a,b € R théa méan a? + 4b > 0.
a. Tim cdc s6 thuc A1, Ay khéc khong sao cho hai ddy s6 (Af)°2,
va (A5)o2 thude Vop.

b. Chu’ng minh rang (A7)52; va (AF)22, 14p thanh mot cd sd clia
Vab-

4.67 [hint] Cho day s ()5, bdi cong thitc truy hoi
T =—2, 9 =3, Tpn = Tp_1+ 122,92 v6i moi n > 3

Ta tim cong thitc téng quat cho day ()52, nhu sau. Day s6 (z,)00,
la mot vécto ctia khong gian vécto Vi 12

a. Tim cdc s6 thuc Aj, A2 sao cho hai day s6 (A\})°2; va (A3)o2,
lap thanh mot co s ctia Vi 12.
b. Tim vécto toa do cia day sd (zn)re; d6i voi co s trong ¥ (a).

c. Tim cong thic téng quéat clia day sb (n)olq-

4.68 [hint] Cho a,b € R théa man a? + 4b = 0.

a. Tim s thuc A khéc khong sao cho day s6 (A")0; thudc vao V.

b. Chimg minh rang day sb (nA")>2, ciing thuoc vao Vg p.

c. Chitmg minh rang hai day sé (A")°2, va (nA")°%, 14p thanh mot
cG s6 ca V.

4.69 [hint] Tim cong thiic tong quét cho day s6 ()00, voi 21 = 1,29 =
—4 va x, = —3x,_1 + 10x,_9 v6i moi n > 3.

4.70 [hint] Tim cong thitc tong quat cho day s6 (yn)oe, véiyr = —3,y2 = 1
va Yp = 6Yn_1 — Yp_o v6i moi n > 3.
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€1
Cn
|4 IR"
Hina 4.1 — Anh xa toa do
ANH XA TOA PO
DINH NGHIA 4.6.15. Cho B = (v1,v3,...,v,) 1l& mot c¢o sé cia mot

khong gian véc to n-chiéu V. Khi dé, quy tic cho tuong tmng mdi
véc to v € V véi véc to toa do [v]z € R™ dude goi la dnh zg toa
do dbi véi co s6 B

[z vV = R”
1
C2
vo—= ulg= .
Cn

trong do
V= C1U1 + C2U2 + -+ - + CpUn.

Ta thuong stt dung 4nh xa toa d6 dé dong nhat mdi “véc to triru tugng”
v € V v6i “véc to hinh hoc” [v]z € R™ va do d6, chuyén bai toan trén
khong gian véc t6 V vé bai todn tuong ting trong khéng gian véc to R™.

Ta chiing minh mot sé tinh chéat ciia d4nh xa chuyén toa do cho thay su
hop 1y khi dong nhat méi véc to véi vée to toa do clia no.

MENH pi 4.6.16. Cho B = (v1,v2,...,0,) l& MmOt co s6 clia mot
khong gian véc to n-chiéu V. Cho cic véc to u,v € V va vo hudng
a,b € R. Khi d6

l[au 4 bvlg = alulg +bv]z.
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CHUNG MINH. Gid st cac véc td toa dd clia u va v 1a

[ulg = (a1, a2,...,an), [v]g = (bi,b2,...,by).

Theo dinh nghia, ta cé

Suy ra

U= ajv1 + asvs + -+ + apVn, v = bivy + bovo + - - - + byvy,.

au+bv = a(ajvy + agvy + -+ + apvy) + b (bivy + bavy + - - - + bpvy,)

Vay

(aay + bby) v1 + (aag + bba) vo + - - - + (aay + bby,) vy,.

(aaj + bby,aaz + bba, ..., aa, + bby,)
= a(a1)a2)"'7an)+b(b1ab27"')bn)
= alulg+0bvs.

lau + bu]z

MENH pi: 4.6.17. Cho B = (v1,v2,...,0,) 1& mdt co sé cia mot
khong gian véc t6 n-chiéu V.

1.
2.
3.

[v]g = 0 khi va chi khi v = 0.
Néu [u]z = [v]g thl u =v.
Véi moi z € R™ ton tai duy nhat v € V sao cho [v]z = .

MENH pi: 4.6.18. Cho B = (v1,v2,...,0,) 1& mdt co sé ciia mot
khong gian véc to n-chieu V. Cho ui,us,...,u, 1& mot hé véc to
trong V. Khi d6

1.

Hé véc to uq, ua, ..., u, 1a mot hé sinh ctia V' khi va chi khi hé
véc to toa do [ui]g, [u2lg, - - ., [ur]z 1a mot hé sinh cta R™.

. Hé véc to uy,ug, ..., u, 1a doc 1l4p tuyén tinh trong V khi va

chi khi hé véc to toa do [uilg, [uslg,- - -, [ur]g 1& doc 1ap tuyén
tinh trong R™.

. Hé véc to ui,us,...,u, 1la phu thudc tuyén tinh trong V khi

va chi khi hé véc to toa do [ui]g, [u2lz,- -, [ur]z 18 phu thude
tuyén tinh trong R".
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4. Hé véc to ui,ua,...,u, la mdt co s& ctia V khi va chi khi hé
véc t0 toa do [ui]gz, [u2lg, - - -, [ur]g 1a mot co s6 clia R™.

MA TRAN CHUYEN CO 80

DINH  NGHIA 4.6.19. Cho B = (v,ve,...,v,) v& C =
(w1, ws, ..., wy,) la cdc co s6 cia khong gian véc to V. Ma trgn
chuyén co sd tit co 56 B sang co s6 C, ki hiéu Ps_,¢, 1a ma tran
vudng ¢d n x n v6i cot thit j 1a véc to toa do clia véc to w; trong
co s6 B

Psoc=[lwils [wlg - [walg].

Néi cach khac, ¢ot thit j ciia ma tran chuyén co s6 1a véc to nghiém
duy nhat ctia phuong trinh véc to

T1V1 + T2V2 + - -+ TpUp = Wj.

Vi DU 4.6.20. Cho cic cd 56 B = (v1,v9) va C = (wy,ws) clia R? véi
V1 = (1,0), Vo = (2,1), w1 = (0,1), Wy = (1,1).

1. Tim ma tran chuyén co sé Pg_c.
2. Tim ma tran chuyén co sé Pe_,3.

3. Chiing minh rang Pr_,5 = (PB%C)_l.

GIAIL (a) V6i j = 1,2, cot thit j cia ma tran chuyén co s6 Pg_,¢ la nghiém
cta phuong trinh véc to

T101 + T2V = Wwj.

Vi hai cic hé phuong trinh tuyén tinh tuong ting c6 cling ma tran hé so,
nén ta cé thé gidi chiing mot cach dong thoi bang cach khit Gauss-Jordan
ma tran hé s6 mé rong

[U v Wi w }7 1 2 01 - 1 0 -2 -1
L R A ORS B o1 1 1|
Do d6, ma tran chuyén cd sé tit co sé B sang co s6 C 1a

-2 -1
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(b) Tuong tu nhu y (a), dé tim ma tran chuyén co sé tit co sé C sang cd
sé B, ta khit Gauss-Jordan ma tran [ w] Wz V1 Uy } Ta c6

01 1 2 1 0 -1 -1
[wrwe w1 T2 0 1 o
Do d6, ma tran chuyén co sé tit co s6 C sang ¢ s3 B 1a
-1 -1
Pep = l 1 9 ] .
(c) St dung cong thitc nghich ddo clia ma tran vuong cG 2 x 2, ta duge

e <[ 2 4[4 ][ e

O

Thuat todn tim ma tran chuyén co sé gitta cac co sG cua R

Cho B = (v1,v2,...,v,) va C = (wy,ws,...,w,) la cdc co s§ cla
khong gian véc to R™. Dé tim ma tran chuyén cd s6 tit co s B sang
o 56 C, ta tién hanh nhu sau.

1. Taoramatrzfm[B C]:[vl Vg ... Up WP W2 ... Wyl.

2. Khit Gauss-Jordan ma tran {B C], dua n6 ve dang bac thang
rat gon.

3. Ma tran bac thang rit gon c6 dang [I PB—>C]~

MENH pE 4.6.21. Cho B = (v1,v2,...,0,) V& C = (w1, wa,...,wy)
la cac co sG cua khong gian véc té V. Vi moi véc té v € V, ta ¢b

[vlg = Pec [Vle s [v]e = Pess[vlg-

Vi DU 4.6.22. Cho céc co s6 B = {uj,up} va B = {ull,u;} clia R?
vGi
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a. Tim ma tran chuyén co s& Py, tit co s6 B dén co s6 B.

b. Gid stt mot vécto w € R? ¢ vécto toa do trong co s6 B 1a
(3, —5). Tim vécto toa do cua w trong co sé B.

GIAL.  a. Cot thit j ciia ma tran chuyén co sé Py_, iz la nghiém ctia phuong
trinh vécto

J

Phuong trinh vécts nay tuong duong véi hé phuong trinh tuyén tinh

[ e[ 5] =4

Khtt Gauss-Jordan ma tran hé s6 ctia dong thoi hé hai phuong trinh

T1Uul + Tougs = u

nay )
/ / 1 4 10 1
[“1“2“‘1“2}: 1 -1 |2 3
4o
0 5| —-2 =2
L [50] s 13
05 |—-2 =2
(10| 8 B
5
— o]
. [ 8 13
Do dé, ma tran chuyen co s6 Py, ,zr la 53 5 |.
5 5

b. vécto toa do cia vécto w trong co sé B 1a

Mbt cach téng quét, néu B = {uy, ug, ..., un} va B = {u/l, u/z, ,u;l} la hai
o sG ctia R™ thi dé c6 ma tran chuyén co s6 Py, iz tit co 56 B sang co s

B, ta khit Gauss-Jordan ma tran ¢d n x (2n) 14p thanh tit cdc co s6 B va
B/
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Téng quat hon nita, gid st B = {u1,us, ..., un} va B = {u;,uéj...,ul }

n
1a hai co s§ cta khong gian vécto n chiéu V. Ta mudén tim ma tran
chuyén co s§ Py ,p tit B sang B. Ly mot cd s§ S ctia V. Khi d6

Bls = {lmls, (s, mmls} va [B] = {[u]  [wa] ;oo [e] } 10

céc ¢ s6 cia R™. Hon nita phuong trinh

!/

Tiul + T2U2 + ...+ Tpln = U

tuong duong véi

w1 [ut]g + 22 [ualg + . + T [un)g = {u;]s

Do d6 ma tran chuyén co sé Py chinh la ma tran chuyén co sé P[B]S R
S
Ta dat dugc thuat toan

[U/n:|8 } Gauss\—;lordan [ I | PB_>B’ }

BAI TAP

4.71 [hint] Cho céc co 86 B = {u1, up, uz} va B = {ull,u;, ué} ctia R? v6i

1 2 2 1 1
ur= |2 [,ue= |1 |,us=1| -1 |,u = 1], uy= 0|,u3=
1 1 1 -3 -2

a. Tim ma trén chuyén co sG Py tlt co s6 B sang cd sd B.
b. Tim vécto toa do [v]y cla vécto v = (5,1,5) € R? trong co s&

/

B .

c. Stt dung ma tran chuyén co sé Py, tim vécto toa do ciia vécto
v trong co sé B.

4.72 |hint] Cho B = {u1,u2,uz} va C = {v1,v2,v3} la cdc cd s6 clia mot
khong gian vécto V. Gid st

v] = 4uyp — Ug, Vo = —uq + U + uz, vy = uo — 2us

a. Tim ma tran chuyén co s6 Pg_ tit co s3 B sang cd s6 C.
b. Tim ma tran chuyén co s Pe_,p tit cd s6 C sang co s6 B.
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c. Cho w € V la vécto c¢b toa dd trong co s6 B 1a (3,4,1). Tim
véctd toa do clia w trong co sé C.

4.73 |hint] Gid s ma trén

Y
Il
O = =
N O =
=N O

13 ma tran chuyén co sé tit co sé B = {(1,3,1),(0,3,1),(0,2,1)} cta

R3 dén co s6 C. Tim C.
4.74 [hint] Cho céc co s6 B = {p1,p2,p3} va C = {q1,q2,q3} ctia khoéng
gian vécto P, trong dé
p1=—3—322% py=—-3+2z—2% p3=1+6z— 22
g =—6—6x, gp =—2— 6z + 422, g3 = —2 — 3z + 72>

a. Tim ma tran chuyén co s6 Pg_ tit co s3 B sang cd s6 C.
b. Tim vécto toa do ctia da thitc p = —9z + 1522 trong cd s C.

c. St dung ma tran chuyén co sé Pg_,c, tim vécto toa dd cia da
thitc p trong cd sé B.
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4.7 KHONG GIAN HANG, COT. HAT NHAN, HANG CUA
MA TRAN

DINH NGHIA 4.7.1. Cho A 1a mét ma trdn ¢6 m X n.

> Khong gian hang ctia A, ki hiéu Row(A), la khong gian vécto
con ctia R™ sinh ra tir cdc vécto hang cuia A.

> Khong gian cot ctia A, ki hiéu Col(A), 1a khong gian vécto con
cua R™ sinh ra tir cdc vécto cot clhia A.

> Hat nhan ctia A, ki hiéu Nul(A), 1& khéng gian nghiém cta
phuong trinh tuyén tinh Az = 0. Nul(A) 1& mot khong gian
con cua R”.

Vé6i mbi ma tran A, ta mudn xac dinh sb chiéu va mot co sé ciia cdc khong
gian véctd Row(A), Col(A) va Nul(A). Ta cé thé thie hién mot cach dong
thoi nhu sau. Khit Gauss ma tran A dé thu duge ma tran béc thang R.

A Gggss R

> Mot co sé cia Row(A) 1a cdc hang khac khong cia R.
> Nul(A4) = Nul(R).
> Gié st cdc vi trf dan dau ctia ma tran bac thang R nim trén cic cot

J1, 925 -5 Jp- Khi d6, mot co s ctia Col(A) la cac cot j1, jo, ..., Jp clia
A.

Tu d6, ta thay

dim Row(A) = dim Col(A) = n — dim Nul(A)

Vi DU 4.7.2. Tim s6 chiéu va mdt co s§ cho khong gian hang, khong
gian cOt va hat nhén ctia ma tran

1 4 5 2
A= 2 1 3 0
3 -2 1 =2




224 CHUONG 4. KHONG GIAN VECTO TONG QUAT

Gr1Al. Khit Gauss ma tran A:

1 4 5 2 1 4 5 2 1 4 5 2
2 13 O0|—|0 -7 -7 4| —|0 =7 =7 —4
3 -2 1 =2 0 —-14 -14 -8 0o 0 0 O

> Khong gian hang Row(A) 1a mét khong gian vécto 2 chiéu véi mot
¢o 56 1a cac hang khac khong ctia dang bac thang rat gon ctia A, tic
la hé vécto

(1,4,5,2),(0,—7,—7,—4)

> Vi cdc phan tit din dau mdi hang ciia dang bac thang clia A nim
trén céc cot 1 va 2, nén khoéng gian cét Col(A) la mot khong gian
vécta 2 chiéu véi mot co s 1a céc cot 1 va 2 clia A, tic 1a hé vécto

(1,2,3),(4,1,-2)
> Ta cé

r1 + 4x9 + dbxg 4+ 2x4 = 0
Nul(A
xeu()@{ — Tgg — Tzs — 4z4 = O

ry = 2t — s
= —4 —
o x9 t S
ry = S
Ty = Tt

& z=1t(2,-4,0,7) +s(—1,—1,1,0)
Do d6, hat nhan Nul(A) 14 mot khong gian vécto 2 chiéu véi mot co
sG 1a hé vécto
(2,-4,0,7), (-1, —1,1,0)

BAI TAP

4.75 [hint] Tim s chiéu v mot cd s& cho khong gian hang, khong gian
cOt va hat nhin cta ma tran.

1 31
a. A=|5 —4 0
7T 2 2
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N = N =
W O
Tt = W Ot
N N Ot O
0 = i ©

4.76 [hint] Tim s chiéu va mot cd sé cho khoéng gian hang, khong gian
cOt va hat nhan cia ma tran

1 -2 5 0
1 -2 5 1

¢= 1 -3 2 -
-3 8 -9 1

CO sO VA SO CHIEU CUA KHONG GIAN CON SINH BOI HE VECTO
Xét bai todn tim cd sd cho bao tuyén tinh £(vy,v2, ..., vp) clia mot he vécto
V1,02, ...,V trong R".

Céch 1. Viét cdc vécto vy, va, ..., v, thanh cdc vécto hang clia mot ma tran
A ¢ p x n. Khi d6

L(v1,v2,...,vp) = Row(A)
Ta da biét cch tim s6 chicu va mot co s§ cho Row(A).

Céch 2. Viét cdc vécto vy, v, ..., v, thanh cic vécto cdt clia mot ma tran
A ¢6 p xn. Khi d6

L(v1,v2,...,vp) = Col(A)
Ta da biét cdch tim s6 chiéu va mot co sé ciia Col(A).

Khi st dung cdch dau tién, co s thu duge ctia L(vy,va, ..., vp) néi chung
khong phai 1& mot hé con ciia hé vécto ban dau. Khi st dung cach thit hai,
cd 86 thu duge ctia L(v1,v2, ...,vp) 1& mot hé con clia hé vécto ban dau.
Hon nita, khi lam cach thit hai, ta con nhanh chéng tim duge cach biéu thi
tuyén tinh cdc vécto thita ctia hé vy, va, ..., v, qua céc véeto trong cd sd.

Vi DU 4.7.3. Tim mét co s3 cho khong gian con ctia R* sinh béi hé
vécto sau va biéu thi cdc vécto con lai qua co s3 tim dudc

o1 = (1,1, -4, -3), vy = (1,0,1, 1), v3 = (3,1, -2, —5),v4 = (4,0,0, —P).
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GIAI. Hé vécto vy, v, v3,v4 1a hé vécto cdt clia ma tran

1 1 3 4
1 0 1 0
A=1_4 1 22 o
-3 -1 -5 -2

Ta c6 L(v1,v2,v3,v4) = Col(A4). Khit Gauss ma tran A:

1 1 3 4 1 1 3 4
1 0 1 0 0 —1 -2 —4
4 1 -2 o o 5 10 16
-3 -1 -5 -2 0 2 4 10
11 3 4]

I B R

0 0 0 —4

0 0 0 -2

11 3 4]

L, |0 -1 2

0 0 0 —4

0 0 0 0]

Suy ra, mot cd s6 cua Col(A) la céc cot 1,2 va 4 cta né. Do d6, mot co
s6 ctia L(v1,v2,v3,v4) 12 hé vécto vy, v2,v4. Ta c6 thé bicu thi vz qua hé
vécto vy, ve. PE tim biéu thi ndy, ta can gidi phuong trinh vécto

T1V1 + V2 = U3

Ma, trdn hé s6 mé rong ciia hé phuong trinh tuyén tinh tuong tmg véi
phuong trinh vécto trén chinh 1a ma tran con bao gom 3 cot dau tién cia
ma tran A. T dang bac thang clia A, ta nhan dugc dang bac thang cla
ma tran hé s6 mé rong nay:

1 3
0 -1 -2
0 0 O
0 0 0

Do d6, phuong trinh xiv; 4+ xov9 = v3cd nghiém la

5[51:1
a:2:2

Ta nhan duge biéu thi tuyén tinh v = v1 + 20vs. ]
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Xét truong hop tong quat khi vy, va, ..., vp la mot hé vécto trong mot khong
gian vécto V. Khi d6, ta cb dinh mdt co s6 B clia V va toa dd héa cic
vécta ctia V d6i v6i co s6 B nay dé dua bai toan da cho vé bai toan dbi vai
hé vécto trong R™, v6i n = dim V.

BAI TAP

4.77 [hint] Tim mot co s§ cho khong gian con ctia R* sinh béi hé vécto
sau, va biéu thi céc vécto con lai qua co s6 tim duge

U1 = (170’ 1’ 1),’[)2 = (—1,3,9,3),1)3 = (5)_37 _5a 1)71}4 = (_353377 1)

4.78 [hint] Tim mot co s§ cho khong gian con ctia R* sinh bdi hé vécto
sau, va biéu thi céc vécto con lai qua co s6 tim dude

v1 = (_17 17 _57 _2)77)2 = (_2737 1,0),1)3 = (47 _57974))U4 = (O)4>27 _3)71}5

4.79 [hint] Tim mot co s6 cho khong gian con ctia Ps sinh béi hé da thic
sau va biéu thi tuyén tinh cic da thitc con lai theo co s§ nay

p1=1+4x 45224223 py = 2+ 2+ 322, p3 = —1 + 3z + 222 + 227,

4.80 [hint] Tim mdt co s6 cho khong gian con ctia Py sinh béi hé da thic
sau va biéu thi tuyén tinh cdc da thtic con lai theo co s3 nay

p1 = 1-20+522 43z, po = —2+452—T22—62%, p3 = —1+3z—22% 423324

ps =3 — 8z + 9z — 23 + 924

HANG cUA MA TRAN
Cho mot ma tran A ¢ m X n.
> Hang ctia A 13 s6 chiéu ctia khong gian cot ciia A:
rank(A) = dimCol(A)
Vi khong gian hang va khong gian cot ctia A c6 cling s6 chiéu nén

ta cting co
rank(A) = dimRow(A)
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> S6 khuyét ctia ma tran A 1 s6 chiéu ctia hat nhan Nul(A). Ta khong
dua ra ky hiéu cho sé khuyét ctia ma tran.

Neéu ma tradn A cé n cot, ta biet rang

dimNul(A) + dimCol(A) = n
Do d6, s6 khuyét ctia A bang n — rank(A).

Vi DU 4.7.4. Tinh hang va s6 khuyét ctia ma tran trong Vi du 4.7.2

1 4 5 2
A=12 1 3 0
3 -2 1 -2

\

GIAIL. Theo 10i gidi ctia Vi du 4.7.2, dang bac thang clia ma tran A 1a

1 4 5 2
0 -7 -7 —4
0 0 0 O

Suy ra, ma tran A c¢6 2 vi tri then chét. Do dé hang cia ma tran A 13
rank(A) = 2. Vima tran A c6 4 ¢t nén s6 khuyét ctia né 1a 4 —rank(A) =
2. ]

BAI TAP

4.81 [hint] Tim hang va sb khuyét ctia cdc ma tran sau
(1 -2 2 3 —1]
a. | 2 —4 5 8§ —4
3 61 -1 7

1 0 -2 1 0]
A e A
1o 1 30 —4

1 -1 =5 2 3

4.82 [hint] Bién luan theo cic tham sb ¢ hang clia ma tran sau

t 11
1 ¢ 1
11 ¢
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4.83 [hint] Bién luan theo céc tham s6 ¢t hang clia ma tran sau

1 3 -t
t 3 -1
3 6 =2

4.84 [hint] Cho A 1A mot ma trdn ¢d m x n. Tim gid tri 16n nhat va nhé
nhat ctia s6 khuyét clia ma trén A.

4.85 [hint| Tim hai ma trdn vuong cung cd A va B thoéa man rank(A) =
rank(B) va rank(A?) # rank(B?).

4.86 [hint] Cho A la mdt ma tran ¢d m x n véi m # n. Chimg minh rang
hé vécts hang ctia A phu thuoc tuyén tinh trong R™ hosc hé vécto
cOt ctia A phu thuoc tuyén tinh trong R™.

GO1 Y GIAI BAI TAP CHUONG 4

4.2. So sénh véi cdc phép toan ctia khoéng gian vécto R? thong thuong,
ta thay phép toan cong hoi la. Do d6 nén kiém tra trudc céc tién dé lién
quan dén phép cong.

4.3. Luu ¥ rang vécto khong khong nhat thiét phai 1 cip (0,0). Theo dinh
nghia, vécts khong 0 1a vécto cb tinh chat

O+v=vvéivelV

Do dé, néu phép cong vécto khong phai 1a phép todn cong théng thudng
thi vécto khong ciing c6 thé khong phai vécto khong théng thudng.

4.4. Kiém tra chi tiét ting tién dé ctia khong gian vécto. Luu ¥ rang vécto
khong khéng nhat thiét phai 1a cip (0,0). Theo dinh nghia, véctd khong
0 1a vécto c6 tinh chat

O+v=wvv6imoiveV.
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Do d6 néu phép cong vécto khong phai 1a phép toan cong thong thudng thi
vécto khong cling c6 thé khong phai vécto khong thong thuong. Ta thay

(0,1) 4 (a,b) = (0 + a,1b) = (a,b)
v6i moi (a,b) € V. Do d6, cap (0,1) la vécto khong v6i phép todn cong
dinh nghia trong dé bai.
4.5. Can phai st dung cac tién dé ctia khong gian vécto.

4.12. Mot vécto v thude V4 N Vs khi va chi khi v € Vi va v € V.

4.13. Mot vécto v thude (V; khi va chi khi v € V; v6i moi q.
el

4.14. Céc khéng gian con ciia R? bao gdom {0}, R? va cdc dudng thing di
qua gbc toa do.

4.17. So sanh hiéu Vi — Vi va tong Vi + Va.

4.20. Stt dung tinh chat clia chuyén vi. Ma tran A € M,,x,, 13 ddi xiing
(twong ting, phan dbi xtng) néu AT = A (tuong ing AT = —A).

4.22. Lam dang theo dinh nghia cta khéng gian con, tic la chirng minh
tdp con nay cua R* chita vécto khong, déng véi phép cong vécto va dong
v6i phép nhan sb va vécto.
4.29. Mot ham f(z) thudc vao L (cos® z,sin? z) khi va chi khi

f(z) = acos’z + bsin® z

v6i a, b la cac so thuc nao doé.

Luu ¥ rang phuong trinh trén can phai ding v6i moi € R. Véi mdi z € R,
) 2 T
ta ¢c6 mdt phuong trinh tuyen tinh cta a,b. Vi du néu z = 5 thi

Oa+1b—f(g).
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Vi ta ¢6 mot hé phuong trinh gom vo han phuong trinh nén néi chung 1a
h¢ vo nghiém, tic 1a f(x) ¢ £ (cos? z,sin?z). Hay nhé lai cdc dang thiic
lugng gidc quen thudc.

4.31. Ta c6

L(p1,p2) C L(q1,92)
L(q1,92)C L(p1,p2)
p1,p2 € L(q1,62)
q1,q2 € L(p1,p2).

L(p1,p2) = L(q1,52) &

=

4.32. Giai phuong trinh Az = 0 dé thu duge mé ta tham sb ciia mot vécto
nghiém titc 14 mot vécto cia W. Hé vécto u, v la mot hé sinh ciia W khi
va chi khi u,v € W va mdi vécto ctia W déu 1a mot 6 hop tuyén tinh cla
hé vécto u,v.

4.33. Ta cé
£(U1a V2, U3) = ‘C(Ul + V2,V1 — V2, V2 + U3)

£(U17U27U3) C ‘C(Ul + V2,V1 — V2, V2 + U3)
L(v1 + v2,v1 — v2,v2 + v3) C L(v1,v2,V3)

4.38. Hé ham f1(z), fo(x), f3(x) trong F(—o0,00) la doc lap tuyén tinh
khi va chi khi phuong trinh vécto

r1f1(x) + 22 fo(v) + 23 f3(2) = 0

chi c6 nghiém tam thuong x; = 29 = 3 = 0.

Luu y rang phuong trinh trén 13 mét phuong trinh trong F(—oc, 00) nén
né can ding véi moi € R. Vi mdi « € R cu thé, ta c6 mot phuong trinh
tuyén tinh ctia cc an x1, xa, 3. Vi du khi = 5, ta c6 phuong trinh

J1(B)z1 + f2(5)xe + f3(5)x3 = 0.

Vi ta c6 vo han phuong trinh tuyén tinh tuong ing véi vo han gid tri z € R
nén né6i chung hé chi ¢6 nghiém tam thudng. Hay nhé lai cdc ding thic
quen thube.



232 CHUONG 4. KHONG GIAN VECTO TONG QUAT

4.40. Hé ham fi(z), fo(x), f3(x) doc lap tuyén tinh trong khéng gian
vécto F(—o0,00) khi va chi khi phuong trinh vécto

r1fi(z) + 22 fo(z) + 23 f3(2) =0
chi c6 nghiém tam thudng x; = 29 = 23 = 0.

Hay cho z vai gi4 tri cu thé (it nhat 3 gi4 tri khac nhau vi ta c6 3 an) dé
thu duge mot hé phuong trinh tuyén tinh ciia cdc an xq, o, 3 101 giai hé
phuong trinh nay. Néu hé chi c6 nghiém tam thudtng z; = 29 = 23 = 0,
ta da chiing minh dudc bai todn. Néu hé c6 nghiém khong tam thuong, ta
tiép tuc cho x gia tri cu thé dé ting s6 phuong trinh trong hé, roi tiép tuc
gidi hé mdi thu duge.

4.41. Bai tap nay c6 chtmg minh tuong tu nhu két qud trong 1y thuyét
khing dinh ring moi hé ¢6 nhiéu hon n vécto trong khong gian vécto R™
déu phu thudc tuyén tinh.

4.42. Bai nay c6 thé gidi bang phuong phép phan chimg. Khi dé, ta gid sit
két luan ctia bai todn 14 sai, ttic 13 hé vécto vy, ve, v3 khong doc 1ap tuyén
tinh. Sau d6, lap ludn mot cach logic dé di dén mot diéu vo 1.

Tt gia thiét vé tinh khong doc 1ap tuyén tinh cta hé vécto, ta thiy rang
phuong trinh vécto
T1V1 + x2v2 + x3v3 =0

c6 mot khong nghiém tam thuong z1 = ki, 22 = ke, 3 = k3. Hay xét hai
truong hgp k3 = 0 va truong hop ks # 0.

4.50. Chuyén bai toan vé cd s6 thanh bai todn vé phuong trinh vécto. Roi
bién d6i tuong duong phuong trinh vécto thanh hé phuong trinh tuyén
tinh. Cudi cling gidi bai todn cho hé phuong trinh tuyén tinh. Néu can
tinh dinh thtec, st dung dong thdi phuong phap khai trién phan phu dai
s6 va cac bién ddi so cap.

4.57. St dung mot co sé ciia Pa, chang han co sé chinh tdc, dé dua bai
toan vé khong gian vécto R3.



Anh Xa Tuyén Tinh

5.1 ANH XA TUYEN TINH

BIEN POI MA TRAN

DINH NGHIA 5.1.1. Cho A 1& mot ma tran ¢d m x n. V3i moi vécto
cot v € R™, két qua ctia phép nhan ma tran Av cho ta mot vécto
cOt ctia R™. Ta thu duge bién ddi ma tran

Ty: R* — R™
v = Av.

Tt cac tinh chat ctia phép nhan ma tran, bién ddi ma tran T4 bao toan
céc phép todn cua khong gian vécto

Ta(u+v) =Ta(u) +Ta(v), Ta(kv)=kTa(v).

DINH NGHIA 5.1.2. Mot 4nh xa T : R® — R™ 1A tuyén tinh néu

Tu+v)=T(u)+T(v), T(kv)=EkT(v).

Do d6, céc bién ddi ma tran T4 13 cic 4nh xa tuyén tinh. Khing dinh ngugc
lai cling ding. Cu thé hon, véi moi 4nh xa tuyén tinh 7 : R® — R™ tdn
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tai duy nhat ma tran A ¢ m x n dé
T(v) = Av

v6i moi véctd v € R. Ma tran A nay dugc goi 1a ma tran chinh tic cia
4nh xa tuyén tinh 7.

Vi by 5.1.3. Cho 4nh xa T : R — R? béi cong thitc
T(x1,22,23) = (421 — T2 + 23,321 + 222 — T3).

a. Chimg minh rang T 14 mot 4nh xa tuyén tinh bang cich chi ra
noé bdo toan cac phép todn vécto.

b. Chting minh rang 7 13 mot 4nh xa tuyén tinh bang cach chi ra
né 1a mét bién déi ma tran. Cho biét ma tran chinh tic cta 7.

GIAL.  a. Cho u =(x1,2,23) va v = (y1,%2,%3) thudc R3 cho k € R. Ta

co
1+ Y1
Tu+v) = T T2 + Y2
3+ Y3
Mz Hy) = (watye) + (z3tys)
314 y) + 2metye) — (3t y3)
_ |4 — w2+ 3 [4y1 - Y2 + yal
3ry + 2w — 13 3y1 + 2y2 — Y3
— T(u) +T(v)
va,
kxl
T(ku) = T kxo
k.%'g

o 4(]{31131) — (kl‘z) + (k‘xg)
N 3(]47.%1) + Q(k.’L'Q) - (kxg)

— 4ry — x99 + x3
o 3r1 + 2x9 — x3
= kT (u).

Suy ra, T bo toan cic phép todn vécto, tic 1a T 1a mot anh xa tuyén
tinh.
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b. Ta co
ol 40 = 2 + w4 1 1]
2 S 3z + 229 — z3| |3 2 -1 2
T3 T3

Do d6, T 1a mdt bién déi ma tran, véi ma tran chinh tic 13
4 -1 1
3 2 —1|°

V1 céc bien doi ma trédn deu la d4nh xa tuyen tinh nén 7' 1a mot dnh
xa tuyen tinh.

L]

Trong vi du trén, ca hai déu ¥ nham muc dich chtmg minh anh xa 7' 1a
mot bién doi tuyén tinh. Céch lam trong y (@) 1a thuc hién triyc tiép theo
dinh nghia, con cach lam trong ¥ (b) st dung dén két qua phan loai tat ci

cac

anh xa tuyén tinh gitta cdc khong gian vécto hinh hoc R”™. Céch lam

stt dung dinh nghia 1a téng quét hon, va sit dung duge cho dnh xa tuyén
tinh gitta hai khong gian vécto bat ki bén dudi.

BAI TAP

5.1

5.2

5.3

5.4

[hint] Chtmg minh rang cic anh xa sau la cdc d4nh xa tuyen tinh va
tim ma tran chinh tac cta né.

a. T :R? — R3 cho béi T(x1,22) = (22, —x1, 21 + 322).
b. T :R* — R3 cho béi T(x1, 22, x3) = (21, 23, 21 + T2).
[hint] Chitng minh rang cdc 4nh xa sau khong 14 4nh xa tuyén tinh

a. T(z,y) = (22,7).
b. T(x,y,z) = (z,y,x2).
c. T(x1,22,23) = (1 + 22,23+ 1).

(hint| Tim diéu kién cho céc tham s6 m,b dé 4nh xa T: R — Rcho
bdi cong thite T'(z) = mx + b 1a mot anh xa tuyén tinh.

(hint] Cho T :R? — R? 14 4nh xa tuyén tinh théa man

T(el) = (1>3)a T(€2) = (_47 7)7 T(e3) = (07 _2)'
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a. Tinh T'(2,1, 3).
b. Tim ma tran chinh tic cta 7.
5.5 [hint] Cho 4nh xa tuyén tinh T : R? — R? théa man
T(la 1) = (17 _2)7 T(2¢ 3) = (_2¢ 5)

a. Tinh T'(e1).

b. Tim ma tran chinh tac cta T.

ANH XA TUYEN TINH TONG QUAT

DINH NGHIA 5.1.4. Mét 4nh xa T : V' — W tit khong gian vécto V
dén khong gian vécto W 1a mot dnh xa tuyén tinh néu né bdo toan
cac phép toan vécto, tic la

Tu+v)=T(u)+T(v), T(ku)=kT(u)

v6i moi u,v € V va k € R.

Vi pu 5.1.5. Chting minh rang dnh xa T :Myys — R cho béi

T([a bD —3a—4b+c—d
c d

1a mot 4nh xa tuyén tinh.

/ /
G1AL. Cho céc ma tran l‘é ] va [“ b ] thude Mays, cho k € R.

Ta ¢6
a b _ 7 [ a+d b+ V
d d B c+cd d+d
= 3(a+d)—ab+¥)+(c+d)—(d+d)
3a —4b+c—d)+ (3a' — 4V + = d)

o[z ]) ([ 2]

—~
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va

a b ka kb
D :T< ke kd

= 3(ka) — 4(kb) ¥ (ke) — (kd)
= k(3a—4b+c—d)

()

Do dé, 4nh xa T bdo toan phép cong ma tran va phép nhan sd véi ma
tran. Theo dinh nghia, T 14 mot 4nh xa tuyén tinh. O

- )

Vi DU 5.1.6. Chiing minh rang anh xa T : Py — Py cho bdi
T(a+ bz + cx?) = c+ (a4 1)z + ba?

khong 13 mot 4nh xa tuyén tinh.

\ y

G1A1. Can phai chi ra 4nh xa T ho#c khong bdo toan phép cong vécto
hoac khéong béo toan phép nhan v hudng véi vécts. Cho hai da thic
p1 = a1 + b1z + c12? vA pa = as + box + cox? thudc Po. Ta 6 p1 + p2 =
(a1 + az) + (b1 + ba)x + (c1 + c2)z®. Suy ra

T(p1 +p2) = (c1 + c2) + (a1 + az + 1)z + (b1 + bo)z”
va

T(p1) +T(p2) = [c1+ (a1 + )z +b122] + [c2 + (a2 + 1)z + bga?]
= (c1+c2) + (a1 + az + 2)z + (by + by)x?.

Do d6 T(p1 + p2) # T(p1) + T'(p2) v6i moi p1,p2 € Pa. Vay T khong la
mot dnh xa tuyén tinh. O
BAI TAP

5.6 [hint] X4c dinh 4nh xa tuyén tinh trong cdc 4nh xa sau day

a. T : Myyxn — Mpxn cho bdi T(A) = A2
b. T : Myxn — R cho b6i T(A) = tr(A).
c. T: Myxn — R cho b6i T(A) = det(A).

5.7 [hint] X4c dinh 4nh xa tuyén tinh trong cdc 4nh xa sau day
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d
b. T : Mpxn = Mpmxp cho b6i T(A) = AB v6i BE M, xp 1a mot
ma tran c6 dinh.

c. T : Mpyxn — Mpyxn cho b6i T(A) = cA v6i ¢ € R 1a mét vo
huéng c6 dinh.

a. T:M2X2—>]Rchob61T<[z b ]) =a’ + b

5.8 [hint] X4c dinh 4nh xa tuyén tinh trong cic 4nh xa sau day

a. T : Py — Py cho béi T(a+ bx + cx?) = a+b(x — 1)+ c(z — 1)2.
b. T : Py — P cho béi T(a+ bx) = (a + bx)?.
c. T : Py — Pnio cho bsi T(p) = (2% — 1)p v6i moi p € Py,.

5.9  [hint] X4c dinh 4nh xa tuyén tinh trong cdc 4nh xa sau day

a. T : R*® — R* cho béi T'(ag, a1, as,...) = (0,a0,a1, a2, ...)
b. T : F(—00,00) = F(—00,00) cho b6i T(f(z)) =1+ f(x).
c. T: F(—00,00) = F(—00,00) cho béi T'(f(x)) = f(x —3).

HAT NHAN VA ANH CUA ANH XA TUYEN TINH

DiNg NGHIA 5.1.7. Cho T : V — W 1a mdt anh xa tuyén tinh.

>> Hat nhén ker(7) C V ctia T 1a
ker(T) ={v eV :T(v) =0}.
> Anh Im(T) € W cta T 1a

Im(T) = {w € W : tdn tai v € V thdéa man T(v) = w} .

Theo ngén ngit phuong trinh, ta c¢6 thé dién dat hat nhan va &nh cta T
nhu sau.

> Hat nhéan ker(7T) C V cua T la tdp nghiém ctia phuong trinh
T(v)=0, veV.

> Anh Im(T) C W ctia T 1a tap hop cic vécto w € W dé phuong trinh
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Tw)=w
c6 it nhat mot nghiém v € V.
MENH PE 5.1.8. Hat nhan va anh ctia 4nh xa tuyén tinh T deéu 1a

cac khong gian vécto. Cu thé hon, hat nhan ker(T) 1a mot khong
gian con ctua V, con anh Im(7") 1a mot khong gian con cia W.

S6 chieu ctia ker(T') va Im(T) lan lugt duge goi 1a s6 khuyét va hang ctia
anh xa tuyén tinh 7.

DNt LY 5.1.9. Ta ¢6 ddng thic quan trong sau day vé mdi lien hé
gitta $6 khuyét va hang ciia moét dnh xa tuyén tinh T -V — W.

dim ker(T") + rank(T") = dim V.

Khi 7 : R™ — R” la 4nh xa tuyén tinh véi ma tran chinh tac A thi
ker(T') = Nul(A4), Im(T) = Col(A).

Do d6, s6 khuyét ctia T chinh 1a s6 khuyét ctia A va hang ctia T chinh 13
hang cua A.

~

Vi by 5.1.10. Cho T :Py — P3 1a 4nh xa tuyén tinh cho bai
T(p(x)) = zp(x)
v6i moi x € Ps.
a. Da thic nao sau day thudc hat nhan ker(7") ?
22, 14z, O
b. Da thiic ndo sau day thudc anh Im(7) ?
3

r—z°, 14z, —=x.

c. X4c dinh s6 chiéu va mot co s& cho ker(T).

d. Xéc dinh s6 chiéu va mot co sé cho Im(T).
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GIAI.  a. Theo dinh nghia, ta c6
T(*) =xa?=2% TO+z)=z(1+z)=2+2* T(0)=2.0=0.
Do d6, 22 ¢ker(T), 1+ ¢ker(T), 0 € ker(T).
b. Vi
-2 =2(1-2%)=T1-2%), —z=2z(-1)=T(-1)

nén r — 23 € Im(T), —x € Im(T). Vi T(p(z)) = zp(x) nén céc da
thitc thudoc Im(7T') déu chia hét cho x. Da thtic 1 + 2 khong chia hét
cho z. Do d6 1+ z ¢ Im(T).

c. Cho p(z) € Pa. Ta ¢
p(z) € ker(T) <= T(p(z)) = 0 <= xp(z) = 0 < p(z) = 0.

Suy ra ker(T) = {0} . Vay ker(T) 13 mot khong gian vécto khong chiéu
déi véi co s 1a tap rong.
d. Cho p(z) = a + bx + cx? € Ps. Ta cb
T(p(z)) = z(a + bx + cz?) = ax + ba* + ca®.

Suy ra, Im(7) 14 tap con clia P3 gom céc da thitc ax + bx? + cx® véi
a,b,c € R tuy y. Vay Im(T) 1a mot khong gian vécto 3 chiéu véi mot
o s6 1a hé da thic z, 22, 23.

L]

BAI TAP

5.10 [hint] Cho T : R* — R3 1a bién déi ma tran ting véi ma tran

2 1 -1 -2
A=18 -3 4 2
1 -3 3 4

a. Tim s6 khuyét ctia T va mot co sé ctia hat nhan ker(7).

b. Tim hang ctia T va mdt co s6 cta anh Im(7).

5.11 [hint] Cho T : Mays — R 1a 4nh xa tuyén tinh cho béi

T<[a b]) =3a—4b+c—d.
c d

Tim s6 chiéu va mot co sé cho hat nhan ker(T) va anh Im(T).
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5.12 [hint] Cho T :Py — R3 1a mot anh xa tuyén tinh cho béi

T(p(x)) = (p(0),p(1),p(0) + p(1)).

Tim s6 chiéu va mot co s& cho ker(T') va Im(T).

5.13 [hint] Cho T : P3 — Py 1a 4nh xa tuyén tinh cho bdi
T(ag + a1x + asx?® + agm?’) = 3ap + a1x + (ap + al)x2.
a. Ching minh rang 7' 1a mdt 4nh xa tuyén tinh.
b. Tim s6 chiéu va mot co sé cho ker(T).
c. Tim s6 chiéu va mot co s§ cho Im(T).

BAI TAP TONG HOP

5.14 [hint] Xét co 6 v1,v2,v3 ciia R? véi v1 = (1,1,1),v9 = (0,1,1) va
v = (0,0,1). Cho T : R? — R? 13 mdt 4nh xa tuyén tinh théa man

T(v1) =(3,0,1), T(ve)=(-1,5,1), T(v3)=1(2,5,2).

a. Tinh T'(z1, z2, z3).

b. Tim ma tran chinh tic cta 7.

c. Tim s6 chiéu va mot co sé cho hat nhan ker(7) va anh Im(T).
5.15 [hint] Cho D : P3 — Ps la dénh xa dao ham.

a. Chimg minh rang D 13 mot 4nh xa tuyén tinh.

b. Tim s6 chiéu va mot co sé cho ker(D) va Im(D).
5.16 |hint] Cho D : P, — P, la anh xa dao ham, véi n > 1.

a. Chitng minh rang D 13 mot 4nh xa tuyén tinh.

b. Tim s6 chiéu va mot co s§ cho ker(D) va Im(D).

5.17 [hint] Cho J : P, — R 1a 4nh xa

a. Chtmg minh rang J 13 mét 4nh xa tuyén tinh.
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b. Tim s6 chiéu va mot co sé cho ker(J) va Im(J).
5.18 [hint] Cho J : P3 — R la anh xa

2
J(p(x)) = /0 p(x)dz.

a. Chtmg minh rang J 13 mét 4nh xa tuyén tinh.

b. Tim s6 chiéu va mot co sé cho ker(J) va Im(J).

CAC PHEP BIEN HINH QUEN THUOC TRONG MAT PHANG VA KHONG
GIAN 3 CHIEU

Vi by 5.1.11. Cho T : R? — R? 1a phép ddi xtmg qua truc .

a. Tim ma tran chinh tac cia 7.

b. Tim s6 chiéu va mot co sé cho ker(T) va Im(T).

GIAL.  a. Ta b T(z,y) = (z,—y). Suy ra

()b i)

Ma tran chinh tic ctia T 1a A = [ (1) _(1) ] .

b. Ta c6 ker(7') = Nul(A), Im(T") = Col(A), véi A la

o)

Do d6, dimker(T) = {0}, co s6 duy nhat ciia ker(0) 1a tip rong.
dimIm(7) = 2,mdt co sé ctia Im(7") 1a hé vécto (1,0), (0, —1).

O

BAI TAP

5.19 [hint] Cho T : R? — R? 1 phép ddi xiing qua dudng thing y = .

a. Tim ma trén chinh tac cta T.
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b. X4c dinh s6 chiéu va mot co s6 ctia ker(T') va Im(T).

5.20 [hint] Cho T : R? — R? 1a phép chiéu vudng géc 1én truc y.
a. Tim ma tran chinh tic cta 7.
b. Xéc dinh s6 chiéu va mot co s ciia ker(T') va Im(T).
5.21 [hint] Cho T : R? — R3 1a phép dbi xting qua miit phang zz.
a. Tim ma trén chinh tic cta 7.
b. X4c dinh s6 chiéu va mot co s6 ctia ker(T') va Im(T).
5.22 [hint] Cho T : R? — R3 la phép dbi xiing qua truc z.
a. Tim ma tran chinh tic cia T.
b. X4c dinh s6 chiéu va mot co s6 ctia ker(T') va Im(T).
5.23 [hint] Cho T :R* — R3 1 phép chiéu vudng gbéc 1én mit phang toa
do zy.
a. Tim ma tran chinh tic cta 7.
b. X4c dinh s6 chiéu va mot co s6 ctia ker(T') va Im(T).
5.24 [hint] Cho T :R3 — R? 13 phép chiéu vuong goc lén truc z.
a. Tim ma trén chinh tic cta 7.
b. X4c dinh s6 chiéu va mot co s8 ctia ker(T') va Im(T).
5.25 [hint] Cho T : V — W la mdt anh xa tuyén tinh va hé vécto
V1, V2, ..., Un 1& MmOt ca 86 cua V. Gid st
T(x1) =T(x2) =...=T(zp) =0.
Chiing minh rang: T = 0.
5.26 [hint] Cho T1,Ty : V — W la cdc 4nh xa tuyén tinh va hé vécto
V1, V2, ..., Un 1& mOt co 86 cua V. Gid st
Ti(v;) = To(v;) v6imoi i = 1,2, ..., n.

Chiing minh rang: T} = T.
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Not in Range of T

v w v w 1 w v w
D —— ) p
e  »e . = S
————>eo . ‘\ _ -
C . Range Range
e ® b o of T of T
HINH 5.1

5.27 [hint] Cho V, W la céc khéng gian vécta. Cho vy, vg, ..., vy, 14 mdt co
s§ ctia V va wy, wy, ..., w, 1a cic véctd bat ki trong W.

Chiing minh rang ton tai duy nhit anh xa tuyén tinh 7 : V. — W
sao cho
T(v1) = wy, T(v2) = wa, ..., T'(vy) = wp.
5.28 [hint] Xéc dinh khing dinh ding trong céc phéat bidu sau day
a. Mot anh xa T : V — W 1a 4nh xa tuyén tinh khi v& chi khi
T(/{ﬂ}l + kQUQ) = le(Ul) + kQT(UQ)

v6i moi vy, v € V va ki, ks € R.

5.2 HOP THANH CUA ANH XA TUYEN TINH; DANG CAU
TUYEN TiNH

DON CAU VA TOAN CAU
DINH NGHIA 5.2.1. ho T : V — W 1a mdt 4nh xa tuyén tinh. T
dugce goi la

> mot don cdu néu noé bién hai véc to khac nhau trong V thanh
hai véc to khac nhau trong W.

> mot toan cdu néu moi véc to trong W 14 dnh ciia it nhat mot
véc to trong V, tic 1la Im (7)) = W.
Cho T : V — W la mot anh xa tuyén tinh. Xét phuong trinh
T(v)=w (1)

véiveV,weW.
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TUYEN TINH ) 45
> 1" la mot don cau khi va chi khi phuong trinh (1) ¢6 nhiéu nhat 1

nghiém véi moi w € W.

> T 1a mdt toan ciu khi va chi khi phuong trinh (1) ¢6 {t nhat 1 nghiém
v6i moi w € W.

MENH PE 522 Cho T : V — W la mot 4nh xa tuyén tinh. Hai
khing dinh sau tuong duong v6i nhau.

1. T 1a mdt don cau.
2. ker (T') = {0}.

MENH Pk 5.2.3. Cho A 1a mot ma tran ¢d m x n. Cac khing dinh
sau day tuong duong véi nhau.

1. Bién ddi ma trén T4 : R” — R™ 13 mo6t don cau.
2. Hé véc to cot ctia A 1a doc 1ap tuyén tinh.

3. Hang clia ma tran A bang n.

MENH PE 5.2.4. Cho A 1a moét ma tran cd m x n. Cac khang dinh
sau day tuong duong véi nhau.

1. Bién ddi ma tran T4 : R” — R™ 13 mot toan cau.
2. Hé véc to cot cuia A 1a mot hé sinh cua R™.

3. Hang clia ma tran A bang m.

HOP THANH CUA ANH XA TUYEN TINH

DiNnH NGHIA 5.2.5. Cho T7 : U - V va Ty : V — W 1A cdc 4nh xa
tuyén tinh. Anh xa hop thanh ctia T va Ty, ky hiéu T o Ty, 1a 4nh
xa U — W cho béi cong thirc

(T 0 T1) (u) = T (T (u))

v6i moi v € U.
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Tyo T,

u T,(u) T,(T,(w))
HiNH 5.2
MENH PE 5.2.6. Cho Ty : U — V va Tp : V — W 1a cc énh xa

tuyén tinh. Khi d6, 4nh xa hop thanh Tb 0Ty : U — W ciing la mét
4nh xa tuyén tinh.

DANG CAU

DINH NGHIA 5.2.7. Mot 4nh xa tuyén tinh 7 : V — W dudc goi 1a
ddng cdu néu T dong thoi 14 don cAu va toan ciu.
Ta néi V ddng cdu véi W néu ton tai mot ding cAu 7 : V — W.

DINI 1LY 5.2.8. Tét ¢d cde khong gian véc to thuc n chiéu déu dang
cau vdi R™.

Cu thé hon, néu V la mot khong gian véc to n chiéu va B la moét co
sé cua V' thi dnh za toa do

g : V. = R»
v o= (vl

la mot dang cau.

Corollary 3. Tét cd cdc khong gian véc to ¢é cing sé chiéu déu ddng cdu
vdi nhau.

5.3 MA TRAN CUA ANH XA TUYEN TINH
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MA TRAN CUA ANH XA TUYEN TiNH

DNt NGHIA 5.3.1. Cho T : V. — W 1a mdt 4nh xa tuyén tinh
trong d6 V 1a mot khong gian vécto n chieu va W 1a mot khong
gian vécto m chiéu. Cho B = {u1, us, ..., u,} 1a mot co s6 ctia V va
B = {ull,uIQ, ,u;n} 1a mot co s ctia W. Ma tran T ddi véi co s6

Bcta V va B clia W 13 ma tran
T = | Ty [T)ly - [T, | € M.

Cot thtt j clia ma tran [T, 5 la vécto toa do ctia vécto T'(u;) € W
trong co s6 B

Cot thit j clia ma tran clia 4nh xa tuyén tinh 13 nghiém duy nhat cia
phuong trinh vécto
z1uy + Touy + ... + xmulm = T'(uy).
Vi cdc phuong trinh vécto ting véi j = 1,2, ...,n ndy chi khdc nhau & phan
vécto tu do nén ta cé thé giai cdc phuong trinh vécto nay mot cach dong
thaoi.
MENH PE 5.3.2. Vi méi vécto v € V, ta ¢6
> vécto toa do [v]z € R™ clia v € V trong co s6 B.
> véctd toa do [T'(v)]y € R™ clia T'(v) € W trong cd s B.

Ta ludn c¢6 ding thic sau

[T)zp [vlg = [T()]g -

Néu W =V va B’ = B, ta ki hiéu [T 5 don gian 1a [T]; va goi né la ma
tran tu dong cau ctia T trong co sd B. Khi d6 v6i moi vécto v € V, ta cé

Vi DU 5.3.3. Cho A € My,xpn va T : R” — R™ 14 bién ddi ma trén
tmg v6i A. Khi d6 ma tran ctia T dbi véi co s6 chinh tic ctia R” va
6 6 chinh tic ctia R™ chinh 14 ma trén A.




248 CHUONG 5. ANH XA TUYEN TINH

GIAL Gid st A = [ag], .. Co sé chinh tdc ctia R" 1a {ey, ea,...,€,}, O
s6 chinh tac ctia R™ 1a {e1, ea,...,em}. V6i 1 < j < n, ta co

0

a1 a2 a3 - Qln a1j
a1 Q22 Q23 - Q2p : az;
T(e;) = Aej = az1  azx2 azz - A3p 1| = a3
Gm1 Am2 Gm3 - Gmn 0 Amj

= ayje1 +azje2 + ...+ Qmjm.

Do dé, vécto cot thtt j clia ma tran ctia bién doi ma tran T trong céc co
s chinh tic cia R™ va R™ 13 (alj, agj, - ., Gmj). DAy chinh 1a c6t thit j clia
ma trdn A. VAy ma tran ctia bién doi ma tran ting v6i ma tran A chinh 13
ma tran A. O

Vi DU 5.3.4. Cho T : Py — P3 1a 4nh xa tuyén tinh cho bdi
T (p(x)) = (z + p(2z — 1)

v6i moi p(z) € Py. Tim ma trén ciia T dbi v6i cd s§ chinh tic
2 23
{1,2,2%} ctia P2 va co 86 { 1, , TR clia, Ps.

GIAIL. Ta cé

T1) =(@+1)-1=z+1

2 xS

T
=1 14124057 +0- 5

T(z) =(@+D2z—1)=2224z-1

2 :1/,3

:—1.1+1-ar:+4~%+0-§
T(x?) =(z+1)(2z—1)2=42%—30+1
2 3

=1-1-3.240- x—+24 S

Do dé, ma tran ctia 4nh xa tuyén tinh 7' theo cip co s6 da cho la

1 -1 1
1 —

0 4 0
0 0 24
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BAI TAP
5.29 [hint] Cho T : P3 — P3 1a tu dong cau cho bdi
T (p(x)) = p(z = 2).

Tim ma tran ctia T dbi v6i co s3 chinh tic cia Ps.

5.30 [hint] Tim ma trén cia dnh xa dao ham D : P35 — Ps trong
a. ¢o s6 chinh tic cta Ps.

b. co s {1,2z — 1, (22 — 1)2, (22 — 1)3} clia Ps.

5.31 [hint] Tim ma trén cta dnh xa dao ham D : P, — P,,_1 trong cd sG
chinh téc cta P, va clia Pp_i.

a1 Q22 Aaz3
tinh T : M3><2 — M2><2 cho béi

5.32 [hint] Cho ma trén A = @i al?’] € Mayy3. Xét 4nh xa tuyén

T(B) = AB

v6imoi B € Msywo. Tim ma tran ciia T trong co sG {En, FEio, Eo1, Eos, F31, Ese
ctia M3yo va co 86 {EH, FEiso, Foy, E22} cia Moyo.

5.33 [hint] Cho T : Py — R? 14 4nh xa tuyén tinh cho béi

T (p(x)) = (4p(1), —3p(2)) .

Tim ma trdn ctia T trong cd s§ {2z + 1,z — 3,22} clia Py trong co
s6 {(1,1),(0,1)} ctia R?.

GOI Y GIAI BAI TAP CHUONG 5

5.1. Hay biéu dién T nhu 13 céc bién d6i ma tran.

5.2. Pé chimg minh T khong 1a mot 4nh xa tuyén tinh, ta phai chi ra hoic
T khong bao toan phép cong vécto hoic T khong bao toan phép nhan sb
véi vécto.
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5.4.(2,1,3) = 2e1 + leg + 3es. St dung tinh tuyén tinh ctia 4nh xa T.

5.5. Biéu thi e; nhw 1a mét t6 hgp tuyén tinh ciia hai vécto (1,1) va (2, 3).

5.10. ker(T') = Nul(A) va Im(T") = Col(A).

5.31. Chu ¥ rang trong bai tap nay, anh xa dao ham D di tit P,, dén P,_1,
khong phai dén P,.



Gia tri riéng va vécto riéng

Chuong nay trinh bay vé cac gié tri riéng, vécto riéng clia ma tran va bai
toédn chéo héa ma tran.

6.1 GIA TRI RIENG VA VECTO RIENG

Trong muc nay, ching ta sé dinh nghia khéi niém gia tri riéng, vécto riéng
clia moOt ma tran va trinh bay mot vai tinh chat co ban ciia ching.

VECTO RIENG VA GIA TRI RIENG

Cho A 1& mdt ma trdn vuéng ¢G n X n. Khi d6, A xdc dinh mot 4nh xa
tuyén tinh T4 : R® — R™ bién mdi vécto x € R™ thanh vécto Ty (z) = Ax.
V6i hau hét cic vécto x, vécts anh Az khong ciing phuong véi z. Nhitng
vécto z cling phuong véi Az déng vai trdo quan trong doéi véi ma tran A.

DINH NGHIA 6.1.1. Cho A 1a mdt ma tran vudng cd n x n. Mot vécto
x € R" x # 0 dudc goi la mdt vécto riéng cia A va cing la mot
véctd riéng ciia bién d6i ma tran T4(x) = Az néu Az cing phuong
véi x:

Ax = \x

v6i vOo huéng A nao dé. Khi do
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> vO huéng A dugc goi la mot gid tri riéng cua A va ciing la
ciia bién do6i ma tran Ty,

> vécto x 1a mdt vécta riéng clia A ng véi gia tri riéng A.

Vé6i mdi ma tran A, ta mudn xdc dinh tat ca vécto riéng va gid tri riéng
ciia no.

Vi bu 6.1.2. Cho ma tran
3 0
]3]
vécto nao sau day la vécto riéng cia A ?

u=(1,2), v=1(2,1).

GI1AI. Ta cé

e BEHERH

v6i moi A nén u khong 1a mot vécto riéng cia A.

o[£ 4][1]-[2] o1+

Suy ra v la mot vécto riéng ctia A ting véi gid tri riéng A = 3. O

Ta co

AV

h\ /4
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Vi by 6.1.3. Cho ma tran A

A:

— N
S W o
-~

Tim a dé vécto v = (1,2, 1) 1& mdt véctd riéng ctia A.

GIAL Ta c6

1| |1 5
al |12] = |84+a
4| |1

4
Av = 1|2
1 5

o w o

vécto v 1a mot vécto riéng ctia A khi va chi khi Av cung phuong véi v, tic
la Av = Av v6i mot vo huéng A nao do:

oo
ot 4+ o
s}
|
>
_ N

Phuong trinh nay tuong duong véi
5=A 8+a=2\ 5=\

Nghiém duy nhat 1a A = 5,a = 2. Viy a = 2.

Khi a = 2, vécto v 1a mot vécto riéng clia A Ging v6i gia tri riéng A = 5. [

MENH Pk 6.1.4. Cho A 1a mdt ma tran vuong ¢d n x n. Mot vo
huéng A 1& mot gid tri riéng ctia A khi va chi Nul (A — AI) # {0}.

CHONG MINH. Theo dinh nghia, v6 huéng A 1a mot gia tri riéng cia A khi
va chi phuong trinh
Ax = Mz

c¢6 nghiém x # 0. Ta ¢6

Ar =X x & Az — Xz =0
& (A-MN)z=0 & zeNul(A—\).

Do d6, A la mét gia tri riéng ctia A khi va chi khi Nul (A — A\I) # {0}. [



254 CHUONG 6. GIA TRI RIENG VA VECTO RIENG

Vi bu 6.1.5. Cho ma tran

2
—4
3

4
—6
3

3
-3
1

V6 huéng A = —2 c¢6 phai 1la mot gia tri riéng ctia A hay khong?

GIAI. V6 huéng A = —2 la mot gid tri riéng cia A khi va chi khi Nul(A —
(—=2)I) # {0}. Khit Gauss ma tran A — (—2) [ = A + 2] ta dugc

4 4 3 4 4 3 4 4 3
A+2I=| -4 -4 3| =00 O0|—1]00 3
3 3 3 00 3 0 00

Tit dang bac thang nay, ta thidy Nul (A — M) # {0}. Do d6, A = —2 13
mot gia tri riéng cia A. ]

Vi DU 6.1.6. Trong mit phang Euclid R?, xét phép chiéu vudng goc
T 1én khéong gian con £ (u) v6i u = (3,4). Ta biét rang T 1a mot
bién déi tuyén tinh véi ma tran chinh téc 1a

11 9 12

25| 12 16 |-
Ly ludn mo6t cach hinh hoc, tim céc vécto riéng va gia tri riéng cta
T.

d(w)
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CHONG MINH. Theo dinh nghia, mot vécto v € R% v # 0 1a mot vécto
riéng ctia T khi va chi khi T'(v) cting phuong v6i v. Vi T 1a phép chiéu
vubng goc 1én dudng thang £ (u) nén T (v) ciing phuong véi v khi va chi
khi v || w hodc v L u. Hon nta

> Néu v || uw thi T'(v) = v. Do dé v 1a mot vécto riéng ctia T' ting v6i
gid tri riéng A = 1.

> Néu v L uthi T (v)

=0 = 0v. Do d6 v la mdt vécto riéng ctia T ing
v6i gid tri rieng A = 0.

Vay T c6 hai gia tri riéng la A = 0 va A = 1 vGi cac vécto riéng tuong tng
lan lugt 1a céc vécto v L u va cdc véeto v || u. O

Trong vi du trén, ta cé thé xét phép chiéu vudng géc 1én mot duong thing
L (u) bat ky trong mit phang Euclid R

BAI TAP
6.1  [hint] Cho ma tran

A=

W O =
— = N
N O

Chting minh rang céc vécto
v = (1,0,1), vy =(1,-6,3), vs = (4,0,—3)

la cac vécto riéng ciia A. Tim céc gié tri riéng tuong ing.

6.2  [hint] Cho ma tran

A:

— =N
N W N
N = =

Tim cac so thuc a, b, ¢ sao cho cac vécto sau la cic vécto riéng cia
A va tim céc gié tri riéng tuwong ing.

V1 = (1,&,1), Vo = (1,0,b), v3 = (C,—l,O).
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6.3  [hint] Cho ma tran

4 01
A= -2 1 0
-2 01

Vo6 hudéng nao sau day la gia tri riéng cia A?

Mo=—1, A= 1.

6.4  |hint] Trong mit phing Euclid R?, xét phép quay T' géc 90° tam tai
gbc toa do. Anh xa T 1a mot bién déi tuyén tinh v6i ma tran chinh

tac la
0 -1
1 0
Ly ludn mot cach hinh hoc, tim cic vécto riéng va gia tri riéng cia

T.

TIM GIA TRI RIENG

Cho A la mét ma tradn vuong cd nxn. Mot vé hudng
A la mot gid tri riéng cia A khi va chi khi

det (A — AI) = 0. (1)

Phuong trinh (1) duge goi 1a phwong trinh ddc trung ciia A, con vé trai
ctia n6 dugce goi la da thic ddc trung cia A, ki hiéu 1la Py (N).
CHoNG MINH. Ta c6

A la mot gia tri riéng cia A < Nul (A — M) # {0}
< A — Al khong kha nghich
< det (A—\I)=0.

O

binh 1y nay cung cip cho ching ta mot thuit toan dé tim tat ci gid tri
riéng cia mGt ma tran.
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Tim gié tri riéng

bé tim céc gia tri riéng ctia mot ma trdn vuéng A cd n X n, ta lam
nhu sau.

1. Tinh da thtc dac trung P4 (A\) = det (A — \I).
Trong budc nay, ta phai tinh mét dinh thitc ¢d n x n véi an A
xuat hién trén dudng chéo.

2. Giai phuong trinh dac trung P4 (A) = 0.
Céc gia tri riéng ctia A chinh la cdc nghiém ctia phuong trinh
dac trung.

Vi Dy 6.1.8. Tim cdc gid tri riéng ctia ma tran
3 0
A= .

GIAI. Da thtic dac trung ctia A la

PA()\):det(A—AI):‘ 3_;\ _1—2 ‘
— (3N (-1-\).

bo d6, cdc nghiém phuong trinh dac trung
Pyi(A)=0

la A =3 va A= —1. Viy cdc gia tri riéng cia A 1a 3 va —1. O

Vi Dy 6.1.9. Tim cdc gid tri riéng ctia ma tran

1 3 3
A=| -3 -5 -3
3 3 1

GI1AIL Da thitc ddc trung ciia A la

Pa(N) = det(A—\)
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1-)\ 3 3
= -3 —5—\ -3
3 31—\
—5—X\ -3 -3 -3
- (1_A)| 3 1—)\|_3|3 1—)\|
-3 —5—2)\
a0

(1—=X) (A2 +4X+4) =33\ +6)+3(3\+6)
—A=1(A+2)>%

Vay, cac gid tri riéng cia Ala A =1va A= —2. O

Trong hai vi du trén, ta thdy rang da thitc ddc trung P4 ()\) 1a mot da
thitc d6i v6i . Ta c6 thé ching minh ring v6i mot ma tran A bt ky, da
thitc diic trung P4 (\) = det (A — A\I) luon 1a mot da thite doi véi A. Hon
nita, néu A 13 mdt ma tradn vuoéng cd n x n thi Py () 1a mot da thic bac
n:

Pir(A) = ()" X"+ e N P e X e

DINH NGHIA 6.1.10. V6i mdi gia tri riéng A clia ma tran vudng A,
boi dai s6 ctia A 1a boi ciia A nhu 13 mot nghiém cta da thic dac
trung.

Vi by 6.1.11. Gid st da thitc ddc trung clia mot ma tran vuong A
la
Pa(N) =22(A+3)(A=5° (A2 +A+1).

Khi dé, A c6 céc gi4 tri riéng thuc 14 0, —3, 5 véi boi dai s6 1an lugt
1a 2,1,3.

Gid tririéng | 0 | =3 | 5
Boi dai s6 ‘2‘ 1 ‘3

Néu ta xét ci cdc nghiém phtic, thi ma tran A cé thém 2 gia tri
riéng 1 céc nghiém phtic ctia phuong trinh A2 + X\ 4 1 = 0, tic 1a
A= LB gy ) = =13 (OF hai gid trf rieng na déu c6 boi dai
s6 bang 1.
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ViDpu 6.1.12. Tt cac vidu 6.1.8 va 6.1.9 ta c6 cac két qui sau. Céc

gid tri riéng va boi dai sé clia ma tran [ ; _(1) ] la

Gié tri riéng ‘ 3 ‘ -1
1

Boidaisd [1] 1
1 3 3
Céc gia tri rieng va boi dai s6 clia ma trdn | —3 —5 —3 | 1a
3 3 1

Gia tri riéng ‘ 1 ‘ -2
Boi dai s6 ‘ 1 ‘ 2

MENH PE 6.1.13. Cho A l1a mot ma trin vudng ¢d n X n. Ma tran
A c6 khoéng qué n gid tri rieng tinh ca bdi dai s6. Néi cach khéc,
tong sb6 boi dai s6 clia tat ca gid tri riéng clia ma tran nhd hon hoic
bing n.

CHUNG MINH. Céac gid tri riéng ctia A 1a cadc nghiém cia da thitc dac trung
Py (X)) =det (A—AI).

Vi A c6 cdn xnnén Py (A) la mot da thitc bac n.

Theo dinh 1 co ban ctia dai s6 hoc, mot da thitc bac n véi hé s6 thuc ¢
khong qué n nghiém thuc, tinh ca boi. Do dé, ma tran A c6 khong qua n
gia tri riéng tinh ca bdi dai sb. O

Vi DU 6.1.14. Tim céc gi4 tri riéng ctia ma trdn va boi dai s6 cia
ching

A=

=~ O O

1
0
7

0 = O

—1

GI1AIL. Da thitc ddc trung ctia ma tran A la

Pys(\) = det(A— M)
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Y 1 0
= 0 =X 1
4 —17 8-\
-2 1 0 1
”‘—17 8—)\‘_1 4 8—)\‘

= A48\ 17\ +4.

Ta cb
Pa()=(A—4) (M2 -ar+1).

Do dé, céc gia tri riéng ctia A va bdi dai so ctia ching la

Gid tririeng | 4 [ 2+V3 [ 2-V3
Boidaisd6 [1] 1 | 1

GIA TRI RIENG CUA MA TRAN TAM GIAC

Vi Dy 6.1.15. Tim cdc gia tri riéng clia ma trdn tam gidc trén

ailp a2 ais
A= 0 a22 a93
0 0 as3

GI1AL Da thitc ddc trung ciia A la

ai; — A a2 a13
PA()\):det(A—)\I): 0 CLQQ*)\ ass
0 0 aszs — A

Pinh thitc ctia mdt ma tran tam gidc trén don gian 1 tich cdc phan ti
trén duong chéo ctia néd

Pa(N) = (a11 — ) (a2 — A) (az3 — A) .

Do d6, céc gia tri riéng ctia A 1a aq1, a2 va ass. ]

Ta c6 thé xéc dinh cic gia tri riéng clia ma trén tam gidc mot cach tuong
tu.
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MENH PE 6.1.16. Cho A la mot ma tran tam gidc trén hoac tam
gidc dudi. Khi d6, cac gia tri riéng ciia ma tran A chinh 1a cdc phan
t trén dudng chéo clia ma tran, véi boi dai sd chinh 1a s6 lan xudt
hién trén ducng chéo.

CHoONG MINH. Gid st A = [ay;] Da thic dac trung ctia A 1a

nxn'
ai; — A aiz ... a1n
agl ag — A aAon
Py (\) =det (A —AI) =
an1 aAny  «o. Qup — A

Vi A la mét ma trdn tam gidc nén A — Al cung la mot ma tran tam giac.
Pinh thittc ciia mdt ma tran tam gidc don gidn 1a tich cdc phan t& trén
duong chéo ciia né. Suy ra

PA ()\) = (au —)\) (GQQ—)\)--'(ann—)\).

Do d6, cac gia tri riéng ctia A 1& ai1, a9, .. ., Gpy vOi 86 1lan 1ap lai ctia méi
) . 9 ) ) nn 0 0
gia tri riéng chinh 1a boi dai so caa né. [

Vi DU 6.1.17. Céc gié tri riéng clia ma tran tam gidc

A=| -

Ul =N
oo W O
B O O

Vi DU 6.1.18. Chting minh rang da thitc dic trung ctia ma tran
vubng ¢d 2 X 2

a a
A= 1 Q12
a1 a22

Pa(\) =A% —tr (A) XA+ det (A).

CHUNG MINH. Da thitc dac trung clia ma tran A la
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Pa(\) = det(A— )
app — A a2
az1 a2 — A
= (a11 — A) (a22 — A) — arza2
= A2 — (a1 +az2) A+ (a11a22 — a12a21).

Mit khac
tr (A) = ai1 + ag9, det (A) = a11a22 — A12021 .

A

Vay
Pa(M\) =A% —tr (A) XA+ det (A).

Vi DU 6.1.19. Chitng minh rang da thitc dic trung ciia mot ma tran
vuong ¢ 3 x 3
ail a2 a3
A= az a2 a3
asz as ass
1a
Pa(\) = =22 4 tr (A) A% + o)\ + c3

v6i cova csgla hai vo huéng nao do.

GIAI. Da thitc dic trung ctia A 1a

Pi(\) = det(A— )
air — A a12 a3
= a1 a2 — A as3
asy agz azz — A
- \) | @22 — A as3 a2 a3
= (a1 —X) —az21 A
asy agz — A asy azz —
a2 a3
+as1 \
agy — A a3

= (a11 — A)(A\? — (ag2 + as3) A + (axeass — azzass2))
+ (mot da thic bac nhé hon 2)
= A+ (a11 + a2 + asz) A + (mot da thitc bac nhé hon 2).

Mit khac
tr (A) = ai1 + aze + ass
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Vay
Pa(\) = =A% 4 tr (A) A2 + co\ + c3.

MENH bE 6.1.20. Cho A 13 mdt ma tran vuong ¢ n x n. Khi do,
da thtc dic trung cta A 1a mét da thiic bac n ¢6 dang

Pa(A) = (—=1)"A" + (—=1)" Lr (A) A" A" 2 -
+ 1A + det (A).

CHUNG MINH. Ta thita nhan két qué nay, ngoai trit khang dinh vé hé sb
tur do clia da thitc dic trung Pa (M). Hé s6 tu do nay chinh 1a P4 (0). Theo
dinh nghia

P4 (0) =det (A—0I)=det(A4).

MENH PE 6.1.21. Cho A 13 mot ma tran vuong cd n x n. Gid st A
c6 du n gia tri rieng tinh cd boi dai s6 1a A1, Ao, ..., \,. Khi d6

/\1—|—)\2—|—---+)\n:tr(A), )\1)\2~-)\n:det(A).
CHUNG MINH. Vi A 1a mOt ma tran vuéng c¢d n X n nén da thicc dic trung
P4 ()\) clia n6 1a mot da thitc bac n. Theo gid thiét, da thitc Py (\) cé di
n nghiém 1& A, Ao, ..., Ap. Do d6
Pa(A)=(1"A=A)(A=A2) - (A= ). (2)

Ta c6 hé s6 (—1)" bén vé phai ctia dang thitc trén vi hé sb clia A" trong
da thitc Py (M) 1a (—1)™. Tich

A=) (A=A2) - (A= An)
la mot da thitc bac n véi

> hésdcta A" 1A (=) +(=A2)+ 4+ (=An) = — (M1 + X+ + \),

> he 86 tu do 1a (A1) (=A2) -+ (= An)=(=1)" At A2 - - - An.
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So sanh hé s6 ctia A1 va hé s6 tu do trong hai vé ctia dang thiic (2) ta
dugc

(=D)" e (A) = (D" (= A1+ do+ -+ An)).-

va,
det (A) = (=1)" ((=1)" MA2--- \n).
Vay
)\1—i—)\2—|—---—}-)\n:tr(A), )\1)\2---)\n:det(A).
L]
BAI TAP

6.5 [hint] Cho ma tran

A=

Q@ O O
w o =
S = O

trong dé a 1a mot tham sb.

(a) Tinh da thitc dac trung cta A.
(b) Tim a dé A c6 3 gid tri riéng thuc phan biét.
(c) Tim a dé A c6 2 gia tri riéng thuc phan biét.

6.6 [hint] Tim mét ma tran vudng c¢d 2 x 2 ¢6 da thitc dac trung 1a
A +al+b

v6i a,b 14 cac hang s6 thue.

6.7 [hint]

(a) Tinh da thitc dic trung ctia ma tran

A=

Q@ O O

1
0
b

QO R, O

(b) Tim mot ma tran vuong cd 3 x 3 ¢6 da thic dac trung la

A3+ 202 7+ 11,

TiM VECTO RIENG



6.1. GIA TRI RIENG VA VECTO RIENG 265

MENH PE 6.1.22. Cho \ 1a mot gid tri riéng ciia mot ma tran vuodng
A ¢c8 n x n. Tap hgp vécto riéng ctia A ing vGi gid tri riéng A 1a
Nul (A — AI) \ {0}.

CHUNG MINH. Theo dinh nghia, tdp hgp cac vécto riéng cia A Ung vGi
gia tri riéng A 1a tdp cac nghiém z # 0 ctia phuong trinh Az = Ax. Ta ¢6

Az =Xz & z e Nul(A—-)\).

Do d6, tap hgp vécto riéng ctia A tGng véi gid tri riéng A 1la Nul (A — M)\
{0}. O

DINH NGHIA 6.1.23. Cho A la mot gia tri riéng ctia mdt ma trén
vuong A ¢ n x n. Hat nhan Nul (A — A\I) dugc goi la khong gian
con riéng cua A tng v6i A, ki hiéu la F).

S6 chiéu ctia khong gian con riéng E), dudc goi 14 bdi hinh hoc cia
A

Boi hinh hoc cia A = dim Nul (A — M) = n —rank (A — A\I).

Nhu véy, véi mdi gia tri rieng A ciia A, dé tim céc vécto riéng tuong tng,
ta phéi tim hat nhan Nul (A — AI), ttc 1a tim mot c¢o sG ctia khong gian
con riéng nay.

Tim vécto riéng

Cho A l1a mot gid tri riéng ctia ma tran A. Dé tim khong gian con
rieng E\ = Nul (A — AI), ta lam nhu sau.

1. Khit Gauss ma tran A — \[.

2. Viét ra mot cd sé cho khong gian con riéng Ey.

Vi Dy 6.1.24. Tim cac gia tri riéng va vécto riéng clia ma tran
-1 3
A- [ Lo ] .

GIAL > Pa thitc djc trung ctia ma tran A 1a

—1-A 3
2 =A

P (X) = det (A — \I) =

‘:/\2+)\—6.
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Vi
Pi(AN)=A=2)(A+3)
nén cic gid tri rieng ctia A 1a 2 va —3 v6i boi dai s6 1an lugt 1a 1 va 1.

> Khong gian con riéng ciia A tGng v4i gid tri rieng A = 2 1a Fy =
Nul (A — 2I). Kht Gauss ma tran A — 21I:

-3 3 1 -1
a3 3]0 ]
Suy ra, boi hinh hoc ctia gid tri riéng A = 2 1a 1. Hon nita

re by & x=(,t) & v=t(1,1).

Do d6, mot co s6 ctia khong gian con riéng Es vécto (1,1).

> Khong gian con riéng ciua A tng véi gia tri rieng A = -3 la E_3 =
Nul (A + 3I). Khit Gauss ma tran A + 31I:
2 3 2 3
A+3I—l2 3 —>[O 0].

Suy ra, boi hinh hoc cta gia tri riéng A = —3 la 1. Hon nita
re€FE 3 & v=(-3t2t) & z=1(-3,2).

Do d6, mot co sé ciia khong gian con riéng E_3 1a vécto (—3,2).

Bang cic gia tri riéng, vécto riéng cia ma tran A la

Gié tri riéng 2 -3
Boi dai s6 1 1
B6i hinh hoc 1 1
Ca sé cta {1| {_3|

R . on 1 2
khong gian con riéng

Vi bu 6.1.25. Tim cdc gid tri riéng va vécto riéng clia ma tran

—2
1

0
A=1]1
1 3

o N O
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GIAI. > Da thtc dic trung ctia A 1a

Py(\) = det(A— )
)\ 0 -2
— 1 2-\ 1
1 0 3—2)\
2\ 1 12—\
= A 0 3—2\ _2|1 0‘

= “A(A\?=51+6)—2(\—2)
= =M +522 -8\ +4.

Vi

Pi(A)=A—-1)(A—2)
nén cic gié tri rieng clia ma trdn A 1a 1 va 2 véi boi dai s6 lan lugt 1a 1
va 2.

> Khong gian con riéng cia A tng v6i gid tri rieng A = 1 1a E; =
Nul (A — I). Khit Gauss ma tran A — I, ta dugc

-1 0 -2 -1 0 -2
A—-1T= 11 1 — 01 -1
1 0 2 00 O

Suy ra, gid tri riéng A = 1 ¢6 boi hinh hoc 1a 1. Hon nita,
reFR & v=(=2tt1t & r=t(-2,1,1).

Vay mot co sé ctia khéng gian con riéng Fy vécto (—2,1,1).

> Khong gian con riéng cia A tng v6i gid tri rigng A = 2 1a Fy =
Nul (A — 2I). Khit Gauss ma tran A — 21, ta dugc

0 1
A—-2I= 0 1 — 10
0 0

o o O

1
1 0
1 0
Suy ra, gid tri riéng A = 2 ¢6 boi hinh hoc 1a 2. Hon nira,

r€FEy & v=(-st,5) < z=1t(0,1,0)4+s(—1,0,1).

Vay moét co s6 clia khong gian con riéng Es 1a hé vécto (0,1,0), (—1,0,1).

Bang céc gia tri riéng, vécto riéng cia ma tran A la



268 CHUONG 6. GIA TRI RIENG VA VECTO RIENG

Gi4 tri riéng 1 2
Boi dai s6 1 2
Bo6i hinh hoc 1 2
-2 0 -1
Co sé cua 1 1], 0
khong gian con riéng 1 0 1
]
MENH pE 6.1.26. Moi gid tri riéng déu c6 bdi hinh hoc nhé hon
hoiic bang boi dai sb.
MENH DE 6.1.27. Mot ma tran vuong A 1a kha nghich khi va chi
khi 0 khong la mot gia tri riéng ctia A.
CHONG MINH. Ta cé céc bién doi tuong duong
0 khong 1a mot gia tri riéng cia A
& Phuong trinh Az = 0 chi ¢6 nghiém tam thudng
< A khé nghich.
]

BAI TAP

6.8 [hint] Tim cac gid tri riéng va boi dai s6 tuong ting ciia ma tran

-1 4 -2
A= -3 4 0
-3 1 3

6.9 |hint] Tim cdc gid tri riéng va mot co s6 cho mdi khong gian con

riéng clia ma tran
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6.10 [hint] Tim cdc gid tri riéng va mot co s cho mdi khong gian con
riéng clia ma tran

4 0 1
(a) A= -2 1 0
—2 0 1

[1 -3 3]
b) A=|3 =5 3
6 —6 4

BAI TAP TONG HOP

6.11 [hint| Cho ma trén

-11 3 -6
A= 8 —2 4
a —6 9

Tim a biét rang vécto v = (9, -8, —16) la mdt vécto riéng ctia A.
Tim gia tri riéng tuwong ing.

6.12 |hint| Cho ma trén

Biét rang cic vécto
vy =(1,1,-1), vo = (1,0,—1),v3 = (3,1,-1)
la céc vécto riéng cia A. Tim a va b. Tim céc gid tri riéng tng véi

cac vécto riéng nay.

6.13 [hint] Tim céc gid tri riéng va véc to riéng clia phép ddi xing qua
mét dudng thing £ (u) trong mat phang Euclid R2.

6.14 [hint] Tim cdc gid tri riéng va véc to riéng ctia phép quay géc 180°
(tAm tai gbc tai do) trong mit phang Euclid R2.

6.15 [hint] Gid st ma trdn A c6 da thic dac trung la
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(a) Pa(A)=X3+2) 2+ X -5,
(b) Pa(\) =M =73 + )2

Tinh dinh thiic cia ma tran A. Ma tran A cé kha nghich hay khéng?

6.16 [hint] Tim mot ma trdn A ¢6 2 x 2 sao cho cac vécto (3,1) va (1,2)
la cac vécto riéng ctia A véi gia tri riéng tuong tng la 5 va 7.

6.17 [hint] Tim mot ma trdn A ¢d 3 x 3 ¢6 cac gid tri riéng 1a 1, —1 va 2
va cac vécto riéng tuong tng la

1 1 1
“1 |, 1],] -1
1 0 0

6.18 [hint] Tim ma trdn vuéng A ¢6 3 x 3 ¢6 hai gia tri riéng phan biét
la 1 va —2 sao cho (1,1, —1) l& mdt vécto riéng clia A Gng véi 1 va
(=1,0,1),(—1,1,0) la hai vécto riéng cia A Gng véi —2.

6.19 [hint| Cho A la mét ma trdn cd 2 x 2.
a. Chimg minh rang da thtic diic trung cta A 1a
Pa(\) =22 —tr (A) X+ det (A).
b. Chting minh ring

A? —tr (A) A+ det (A) I = 0.

6.20 [hint] Cho ma tran vudng

A:[jl 3]

(a) Chitng minh rang A% — 8A + 151 = 0.
(b) Tim phan du khi chia da thitc A'%° cho da thtc A2 — 8 + 15.
(c) Tinh A0,

6.21 [hint| Tinh A0 i

=15
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6.22 [hint] Cho A la mot gid tri riéng ctia ma tran vuong A.

(a) Chitng minh rang A2 14 mot gia tri riéng ctia ma tran A2

(b) Chimg minh rang A3 14 mot gid tri riéng clia ma tran A3,

6.23 [hint] Cho A 1a mdt gid tri riéng ctia ma tran vuéng A. Chiing minh
rang A" 1a mot gia tri riéng ctia A™ véi moi sé nguyén duong n.

6.24 [hint] Cho A la mot gid tri riéng ctia ma tran A. Cho f (¢) 1 mot da
thitc. Chitng minh rang f (\) 1a mot gia tri riéng cta f (A).

6.25 [hint] Biét rang ma tran

3 3 1
A= 0 -4 0
12 1 -1

c6 cic gia tri rieng la —3,—4,5. Tim cdc gid tri riéng clia moi ma
tran sau day.

5 31
() B=| 0 —2 0
12 11
[0 3 1
b)yCc=| 0 =7 0
12 1 -4
7 6 2
() D=] 0 =7 0
24 2 -1

6.26 [hint] Biét rang ma tran

-7 a -8
A= 2 b c
5 4 6

¢6 hai vécto riéng 1a v = (2,1, —2) va vy = (0,2, —1).

(a) Tim a, b, c.

(b) Tim cdc gid tri riéng va mot co s6 cho moi khong gian con riéng
cua ma tran A.
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(¢) Tim cdc gid tri riéng va mot co s6 cho moi khong gian con riéng
clia ma tran B = A — 243,
6.27 [hint] Biét rang ma tran
1 5 7
A= 1 3 -1
-1 1 )
c6 cac vécto riéng 1a
vy =(=1,-2,1), vo = (1,-1,1), v3=(2,—1,1).
(a) Tim céc gid tri riéng clia ma tran A3
(b) Tim cac gia tri riéng va véctd riéng clia ma trdn B = A% — 5A.
6.28 [hint] Cho A la mot gid tri riéng ctia ma trdn A. Gia st A kha nghich.
(a) Chiing minh A # 0.
s 1
(b) Chting minh rang X 1a mot gid tri riéng ctia A~
6.29 [hint] Gid sit vécto v dong thdi 14 vécto riéng clia hai ma tran A va
B. Véc t6 v ¢6 phai 1a mdt vécto riéng cia A + B?
6.30 [hint] Gid st vécto v dong thoi 14 vécto riéng cia hai ma tran A va
B. Véc to v c6 phéi la mét vécto riéng ctia AB?
6.31 [hint] Tim tat cd cdc ma tran cd 2 x 2 nhan vécto (2, 3) 1a mot vécto
riéng v6i gia tri riéng tuong tng la —7.
6.32 [hint] Tim tat cd cdc ma tran cd 2 x 2 nhan véctd (—1,2) 13 mot
véctd riéng vai gid tri riéng tuong tng 1a 5.
6.33 [hint] Ky hiéu V' 1a tdp hgp cdc ma tran vudng cd 2 X 2 ¢6 mot vécto
riéng 14 (1, —3). Chitng minh rang V' 13 mét khong gian vécto con
clia Moyo. Tim s6 chiéu va mot co sé cia V.
6.34 [hint] Ky hiéu V' la tap hop cdc ma trdn vudng ¢d 3 x 3 ¢6 hai vécto

riéng 14 (0,1, —3) va (1,0, 1). Chting minh rang V 1a mét khong gian
vécta con ctia M3yw3. Tim s6 chiéu va mot co s6 cia V.
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6.35 [hint] Ky hiéu V' 1a tap hop cdc ma tran vuong ¢ n X n ¢ n vécto
riéng 1a e, es, ..., e,. Chimg minh rang V la mét khong gian vécto
con clia M, x,. Tim s6 chiéu va mot co sé ctia V.

6.36 [hint] Cho v la mot vécto riéng clia ma tran vudng A tng véi gid tri
riéng 14 5. Chitng minh rang v € Col (A).

6.37 [hint] Cho v 1a mdt vécto riéng ctia ma tran vuong A. Ching minh
rang v € Col (A) hoiic v € Nul (A).

6.38 [hint] Cho A 14 mot ma tran vuéng c¢6 hang bang 1. Chting minh
rang cac véctd khac khong trong Col (A) déu la vécto rieng clia A.

6.39 [hint] Cho ma tran vuéng A ¢6 4 x 4

=[5 6]

trong d6 B, C, D 1a cAc ma tran vuong ¢d 2 x 2. Tim méi lién hé gitta
gia tri riéng cia cac ma tran A, B,C va D.
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6.2 CHEO HOA MA TRAN

MA TRAN PONG DANG

DiNnH NGHIA 6.2.1. Cho A, B 1a hai ma trdn vuéng cung c¢d. Ta ndi
A dong dang véi B néu

A= PBP!

v6i P 1a mot ma tran kha nghich nao dé.

Ménh dé cho thdy rang quan hé dong dang ciia cdc ma tran 13 mot quan
hé tuong duong.

MENH DBE 6.2.2. Cho A, B, C 1a cdc ma tran vuong ciing cd. Khi dé

(a) A dong dang véi A,

(b) Néu A dong dang v6i B thi B ciing dong dang véi A.

(c) Néu A dong dang v6i B va B dong dang v6i C' thi A dong
dang véi C.

CHUNG MINH. (a) A dong dang v6i A vi

A=TAI'.

(b) Néu A dong dang v6i B thi ton tai mot ma tran kha nghich P sao cho
A=PBP .
Chuyén cac ma tran P va P~! tit vé phai sang vé trai, ta dugc
B=P'A (P_l)_l :
Suy ra B dong dang véi A.

(c) Néu A dong dang véi B va B dong dang v6i C thi ton tai cdc ma tran
kha nghich P va @ sao cho

A=PBP ! B=QCcQ

Suy ra
A=PQCQ'Pt=(PQ)C(PQ)" .

Do dé, A dong dang véi C. O
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Trong da s6 cac bai toan ctia dai s6 tuyén tinh, ta khong phan biét hai ma
tran dong dang v6i nhau.

Vi DU 6.2.3. Chiing minh rang hai ma tran dong dang v6i nhau c6
cung dinh thtec.

Dé chimg minh két qué nay, ta st dung tinh chat nhan cta dinh thiic, tic
la
det (AB) = det (A) det (B)

va hé qua ctia né ve dinh thitc cia ma tran nghich dao

det (P—l) — detl(P).

G1A1. Gia st hai ma tran A va B dong dang v6i nhau, titc 1a A = PBP~!
v6i mot ma tran kha nghich P nao dé. Sit dung cdc tinh chat nhan cia
dinh thitc vita nhic lai bén trén, ta cé

det () = det (PBP™") = det (P) det (B) det (P~)

= det (P) det (B)

det (P) = det (B).

BAI TAP

6.40 [hint] Chitng minh rang hai ma tran dong dang cé cing vét.

6.41 [hint] Chimg minh ring cdc cip ma tran sau khong dong dang véi
nhau.
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CHEO HOA MA TRAN

DINH NGHIA 6.2.4. MOt ma trin vudong A dude goi 1& chéo hda
dugec néu A dong dang v6i mot ma tran chéo nao dé. Tic 14, néu
ma tran A cé phan tich

A=prDp!

trong d6 D la mdt ma tran chéo va P la mdt ma tran kha nghich.

Bai toan chéo héa ma tran

Bai toan chéo héa mot ma tran vudong A cho trude la bai todn:

1. Xéac dinh xem ma tradn A cé chéo hda dugc hay khong.

2. Trong truong hop A chéo héa duge, hay chéo hdéa ma tran A,
tttc 14 tim phan tich A = PDP~! v6i D chéo va P kha nghich.

DINIT LY 6.2.5. Cho A la mét ma trdan vudng cé n x n. Hai khdng
dinh sau day tuong duong vdi nhau.

(a) A chéo héa dugc.

(b) R™ ¢ mét co sd gom toan vécto riéng cia ma tran A.

Cu thé hon, hé vécto vi,va,...,v, ld mot co s6 cia R™ gom todin
vécto riéng cua A vd Ung vdi cdc gid tri iéng A1, Ao, ..., An khi va
chi khi

A=PDpP!

trong dé cdc ma tran khd nghich P vd ma tran chéo D lan luot ld

A 0 0 0
0 X 0 O
P:[vl vy ... ’Un},D: 0 o0 - 0
0O 0 0 A\

n

Vi DU 6.2.6. Trong mit phing Euclid R2, phép chiéu vudng géc
1én mot khong gian con 1 chieu W = L (u) c6 chéo héa duge hay
Khong?
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d(w

GIAL. Phép chiéu vuéng géc lén duong thing £ (u) cb hai gid tri rieng 13
0 va 1. Gid st u = (a, b).

> Céc vécto riéng tmg véi gia tri riéng A = 1 1a cdc vécto cung phuong
véi u = (a,b).
> Céc vécto riéng ting v6i gid tri riéng A = 0 la cac vécts vudng goc

v6i u, tic 1a cung phuong véi vécto v = (—b, a).

Vi hai vécto riéng u = (a,b) va v = (—b,a) 1ap thanh mdt co s3 clia R?
nén phép chiéu vudng goéc nay la chéo héa duge. Hon nita, ma trén cia T
trong co 86 u, v la

1 0

0 —1|°

Vi DU 6.2.7. Trong mit phing Euclid R?, phép quay géc 90° tAm
tai gbc toa do c6 chéo héa duge hay khong?

T(v)

er}'
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CHUNG MINH. Phép quay nay khong c6 gia tri riéng, khong cé vécto riéng,
va do d6, né khoéng chéo héda duge. O

Dé tao ra mdt co s6 clia R gdm toan véc to riéng clia ma tran A, dau
tién, v6i mdi gia tri riéng ctia A, ta ldy mot co sé ciia khong gian con riéng
tuong tmg Fy, roi sau d6 ghép lai cic co sé nay. Dinh 1y sau cho thiy rang
hé véc to nhan dude luon 1a mot hé doc 1ap tuyén tinh.

DNt v 6.2.8. Cho A la mét ma tran vuong cd n x n. Cho
V1, V2 ...,V ld cdc vécto riéng khdc nhau cia A dng vdi cdc gid tri
riéng doi mot khdc nhau A, Ao ..., A\p. Khi do, hé vécto vy, ve, ..., vk
doc lap tuyén tinh.

DNt 1V 6.2.9. Cho A la mot ma trdn vuéng cdn X n. Néu A cén
gid tri riéng phan biét thi A chéo hoa dugc.

CHUNG MINH. Gid st ma tran A c¢b n gia tri riéng phan biét Ai, Ao, ..., Ay,
Véiméii=1,2,...,n, goi v; la mdt vécto rieng clia A ing véi gid tri riéng
i

Vi hé vécto vy, va, . .., v, 1& mot hé gdm cic vécto riéng cia A tGng véi cic
gia tri rieng déi mot khac nhau nén hé vécto vy, v, ..., v, doc lap tuyén
tinh.

Vi s6 phan tit ctia hé vécto doc lap tuyén tinh vi,vs, ..., v, bang ding sb
chiéu ctia khong gian vécto R™ nén hé vécts vy, va, ..., v, 1a modt co s6 cla
R™.

Do d6, R™ c6 mot co sé gom toan véctds riéng clia ma tran A. VAy, ma tran
A chéo héa duge. U

DINI LY 6.2.10. Cho A la mét ma tran vuéng ¢d n x n. Hai khdng
dinh sau day tuong duong vdi nhau.
(a) Ma trgn A chéo héa dugec.
(b) Ma tragn A ¢ di n gid tri riéng, tinh cd boi dai so, va méi gid
tri riéng cia A cd bdi dai s6 bang boi hinh hoc.
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Thuét toan chéo héa ma tran

Cho A 13 mot ma tran vuong ¢ n x n. Dé biét ma tran A c6 chéo
hoéa duge hay khong, va chéo héa A khi né chéo héa duge, ta lam
nhu sau.

1. Bué6e 1. Tim céc gia tri riéng ctia A va bdi dai so cta chung.

> Néu tong cac boi dai sd clia cc gid tri riéng nhoé hon n,
ta két ludn ma trdn A khong chéo héa dudc.

> Néu ngugc lai, tong cic bdi dai sb ciia cic gid tri riéng
bang n, tién hanh budc tiép theo.

2. Budc 2. V6i mdi gia tri riéng ctia A, tim s6 chiéu va mot co s6
cho khéng gian con riéng F).

> Néu ton tai mot gia tri riéng c6 bdi hinh hoc nhd hon boi
dai sb, ta két ludn ma tran A khéng chéo héa dugc.

> Néu céc gia tri rieng déu c6 bdi hinh hoc bing boi dai s,
ta két ludn ma tran A chéo héa dugc. Trong trudng hop
nay, dé chéo hoa A, tién hanh budc tiép theo.

3. Budc 3. Ghép lai co 56 clia cac khong gian con riéng Ey dé duge
mot co sé vy, v, . .., v, cla R™ gdm toan vécts riéng cia A, v;
la vécto riéng tng véi gia tri rieng A;. Khi do

A=pPDpP!
trong doé
A0 0 O
0 X 0 O
P:[vl vy ... Up|, D= )
o o0 - 0
0 0 0 XA,

Vi Dy 6.2.11. Chéo hdéa ma tran vuéng

-2
1

0
A=1|1
1 3

O N O

GIAL. Ta da tim céc gia tri riéng va co sé cho méi khong gian con riéng
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cia ma tran nay trong vi du 6.1.25. Bang cic gia tri riéng va véc to riéng
clla ma tran nay la

Gié tri riéng 1 2
Boi dai s6 1 2
Bo6i hinh hoc 1 2

-2 0 -1
Co sé cua 1 1, 0
khoéng gian con riéng 1 0 1

Vi A 13 mot ma tran vudng cd 3 x 3, tong cac boi dai s6 bang 3, mdi gia
tri riéng c6 boi dai s6 bang boi hinh hoc, nén ma tran A chéo héa duge.
Ma trén A cé phan tich

A=PDP!

v6i ma tran kha nghich P va ma tran chéo D lan lugt 1a

o N O
N OO

0 1
1 0 |,D=]0
0 0

O

Ta c6 thé ddi chd cot ciia ma tran kha nghich P trong vi du trén. Khi d6,
céc phan t trén duong chéo ctia ma trén chéo D cling phéi duge doi chd
tuong Ung.

Vi DU 6.2.12. Chitng minh ring ma trdn vudng

A:

_
S I i)
N OO

khong chéo héa dugce.

GIAL. > Vi A ld mot ma tran tam gidc nén cac gia tri riéng clia A chinh
14 céc phan tit trén dudng chéo ctia né, véi s6 lan lip lai bang ding boi
dai s6. Do d6, A c6 hai gié tri riéng 1a A = 1 va A\ = 2 véi cdc boi dai s6
lan lugt 14 1 va 2.

Tiép theo, ta xdc bdi hinh hoc ctia mdi gia tri riéng va moét co sé cho moi
khong gian con riéng. Ta wu tién xét gid tri rieng A = 2 vi gia tri riéng
X =1 c6 bdi dai s6 bang 1 thi boi hinh hoc ciia né ciing phai 1a 1.
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> Khong gian con riéng cia A tng v6i gid tri rieng A = 2 1a Fy =
Nul (A — 27). Khit Gauss ma trdn A — 21:

-1 0 0 1 00
A-2]= 100(—=--—=|010
-3 5 0 0 00

Suy ra, khéng gian con riéng Eo 1a mot khong gian vécto 1 chiéu, tic 1a
boi hinh hoc ctia gid tri riéng A =2 1a 1.

Vi gid tri rieng A = 2 c¢6 bdi hinh hoc khéc boi dai s6, nén ma tran A
khong chéo héa dugce. [

Vi DU 6.2.13. Chitng minh rang ma tran

o O O -
SO W N
O Ut~
N OO O

chéo héa dugc.

GIAI. Vi ma trdn A 1d mot ma trdn tam gidc nén cic gia tri riéng cta A
chinh 14 cic phan t trén dudng chéo clia né. Do do, cac gié tri riéng clia
Ala—1,3,5,-2.

Vi ma tran vuong A c6 4 x 4 ¢ 4 gia tri riéng phén biét nén A chéo hoa
dugc. ]

Vi DU 6.2.14. Chiing minh rang ma tran

chéo héa dugc.

GIAL. Ta da tinh cdc gid tri riéng cta ma trdn A trong vi du 6.1.14.
Theo vi du nay, ma tran vuong A ¢6 3 x 3 ¢d 3 gia tri riéng phan biét 1a
4,24+ +/3,2 — /3. Do d6, A chéo héa dugc. O
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BAI TAP

6.42 [hint] Chéo hdéa ma tran

2 2 -1
1 3 -1
-1 -2 2
6.43 |hint| Cho ma tran
d 0
o)

a. Tim céc gia tri riéng ctia A va boi dai so ciia né.

b. Tim diéu kién cho a va d dé ma tran A chéo héa dudc.

GIA TRI RIENG VA VECTO RIENG CUA LUY THUA CUA MA TRAN

Vi DU 6.2.15. Cho A 14 mdt gid tri riéeng ctia ma tran A. Ching
minh ring \? 1a mot gid tri riéng clia ma tran A2, Ta c6 thé ndi gi
vé céc vécto riéng tuong tng?

GIAIL. Goi v 1a mdt vécto riéng ctia A ing v6i gid tri riéng A:
Av = .

Ta co
A%p = A(Av) = A (W) = X (Av) = X (W) = M.

Do d6, v6 huéng A% 1a mot gid tri riéng ctia A. Hon nita, tinh todn trén
cho thiy rang mdi vécto riéng ctia A tng véi gid tri riéng A déu 13 mot gia
tri riéng ctia A% tng véi A2, tiic 1a E) (A) C E\2 (A?). O

MENH PE 6.2.16. Cho A 1a mot gid tri riéng clia mét ma tran vudng
A. Khi d6, v6i moi sé6 nguyén duong k, vo huéng A\ ciing 13 mot
véctd riéng ciia AF. Hon nita E) (A) C Ey (Ak)
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CHUNG MINH. Ta ching minh khing dinh béng céch quy nap theo sb
nguyén duong k.

Két qua hién nhién ding véi k = 1 vi A' = A. Gi4 sit khing dinh ding
véi k = m v6i m 1a mot sd nguyén duong.

Goi v 1a mot vécto riéng ciia A tng véi gid tri riéng A. Ta ¢6
ve Ey\(A) C Exn (A™).
Suy ra, v cing la mot vécta riéng cia A™ tng véi gid tri rieng A™. Do d6
Ay = A (A™) = A (A™0) = X" (Av) = A™ (W) = Ay,

Suy ra, A1 13 mot gid tri riéng ctia A™ L. Hon nita, mdi vécto riéng cta
A ng v6i A 1a mot véeto rieng ctia AT tng vai AL tite 14 By (A) C
Ejymi1 (A1), Diéu nay cé nghia 1a khang dinh can chting minh ding véi
k=m+ 1.

Theo nguyén 1y quy nap, khing dinh can chimg minh ding véi moi sb
nguyén duong k. [

Vi DU 6.2.17. Tim céc gia tri riéng ctia ma tran A7 biét rang

A=

=~ O O

1
0
7

o = O

—1

GIAL. Theo vi du 6.1.14, ma trdn A c¢6 3 gid tri riéng phan biét 1a 4,2 +

V3,2 — /3. Do dé
47, (2+\/§)7, (2- \/§)7

1a céc gia tri riéng ctia A7. Ta nhan dugce 3 gia tri riéng phan biét ctia A7,
Vi ma tran A7 13 mot ma tran vuong cd 3 x 3 nén né c6 téi da 3 gid tri
riéng, tinh ci boi dai s6. Do d6, ba gia tri riéng trén cia A7 1a tat ci cac
gia tri riéng cta no. O
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LUY THUA CUA MA TRAN CHEO HOA BUGQC

Tinh liy thita clia ma tran 14 mot bai todn quan trong va phitic tap. Ta dé
dang tinh luy thia ctia ma tran chéo.

k

A0 0 0 Mo 0000
0 & 0 O 0 XN 0 0
o0 -~ ol |0 0 " 0
0 0 0 M\ 0 0 0 M\

MENH DE 6.2.18. Cho A va B 1a hai ma tran ddng dang vdi nhau,
A= PBP~ ' Khidé
AF = pBFp1

v6i moi s6 nguyén duong k. Pic biét, hai ma tran A* va BF dong

dang vGi nhau.
CHUNG MINH. V6i k = 3, ta cb
A® = AAA = (PBP™Y) (PBP™Y) (PBP™!) = PB(P~'P) B(P™'P) BP' =
Tuong tu, v6i s6 nguyén duong k bat ky, ta ¢

AR — AAA-. A= (PBP—l) (PBP—l) (PBP—l) . (PBP—l)
klan A

klan A
= PB(P'P)B(P'P)B---(P~'P) BP~' = PB*P".
L]
Ménh dé trén chi ra ring néu ta c¢é thé tinh dugce liy thia clia mét ma
tran A thi ta ciing cé thé tinh duge lity thita clia cdc ma tran dong dang

v6i A. Vi ta dé dang tinh liiy thita cia ma tran chéo, nén ta ciing c6 thé
tinh dugce lay thira clia cadc ma tran chéo héa dugc.

Corollary 4. Cho A la mét ma tran chéo héa dugc

M0 0 0

0 X 0 0
A=P ‘ p1

0 0 . 0
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Khi do

0 M

vdi moi s6 nguyén duong k

Vi Dy 6.2.19. Tinh liy thita A0 v

6i

-2 0 -1 1 00
A= 11 0 020
1 0 1 00 2
Do do6
[ —2 0 —1 ][ 1100 0
AlOO — 1 1 0 0 2100
10 1 0 0 2
2 0 —11[1 0o o0
= 11 0 0 2100 0
10 1 0 0 2100
2 0 —2100 -1 0
= 1 2100 0 11
1 0 2100 1 0
-2_2100 0 2_2101
— 2100 -1 2100 2100 —1
2100_1 0 2101_1

0

0
100
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Vi pu 6.2.20. Cho ma tran vuong

A=

— =N
N W N
N — =

Tinh liy thita A", v6i n 1a mot s6 nguyén duong, biét A = PDP~!
trong do

1 1 2 50 0
P=|1 0 -1|,D=|010
1 -1 0 001

.

5" 0 0 0 1
D=1 010, P'=|1 -1 -3
0 01 1
0
BAI TAP
6.44 [hint] Cho ma tran
0 3
=5 3]

a. Tim mot ma tran kha nghich P va mdt ma trdn chéo D thoa
mén A = PDP~L.
b. Tinh A", v6i n 1a mot s6 nguyén ducng.

6.45 [hint] Cho ma tran

-1 7 -1
A= 0 1 0
0 156 -2

Tinh A™ v6i n 1a mot s6 nguyén duong.

6.46 |hint]



6.2. CHEO HOA MA TRAN 287

BAI TAP TONG HOP

6.47 [hint] Chéo hdéa ma tran

N
Il
— DN~
S w o
=N =

6.48 [hint] C4c ma tran sau day cé chéo héa duge hay khong? Néu chéo
hoéa dugc, hay chéo hda né.

-1 4 -2 00 3
(a) | =3 4 0 (¢c) |0 3 0
-3 1 3 3 00

50 0
Mb) |15 0
015

6.49 [hint] Phép dbi xiing qua mot khong gian con 2 chiéu trong khong
gian véc to Euclid R? c¢é chéo héa duge hay khong?

6.50 [hint] Phép dbi xiing qua mot khong gian con 1 chiéu trong khong
gian véc to Euclid R? c¢é chéo héa duge hay khong?

6.51 [hint] Phép chiéu vuoéng géc lén mot khong gian con 1 chiéu trong
khong gian véc to Euclid R3 c6 chéo héa duge hay khong?

6.52 |hint| Cho ma tran vuong

A=

S e
> O
QU O O

trong dé a,b va d 1a cic tham sb thuec.

(a) Tim céc gid tri riéng ctia A va boi hinh hoc, bdi dai s ctia né.

(b) Bién luan céc trudng hgp cé thé xay ra cho bdi hinh hoc ciia
cic gid tri rieng. Trong mdi trudng hop, cho biét ma tran A c6
chéo héa duge hay khong?
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6.53 [hint] Tim mo6t ma tran vuéng A c¢6 6 x 6 c¢6 cic gid tri riéng la
2, 3,5, cic boi dai s6 tuong ting 13 1,3,2 va cic boi hinh hoc ciia
cac gia tri riéng lan luot 1a 1,2, 1.

6.54 [hint] Tim mot ma trdn A cling v6i mot gia tri riéng A ctia A sao cho
B\ (A) # BEx: (47).

6.55 [hint] Gia st ma trdn A c6 da thic dac trung la
—A% =B —3X+49.

a. Tim ¢ cia ma tran A, céc gid tri riéng ctia A va boi dai s clia
no.

b. Boi hinh hoc ctia mdi gia tri riéng c¢6 thé nhan nhimg gia tri nao?
Cho vi du minh hoa vé mdi kha nang cé thé, v cho biét ma tran
A ¢6 chéo hda duge hay khong?

6.56 [hint] Da thitc dac trung clia mot ma tran A duge cho bén duéi. Tim
¢3 clia ma tran, cdc gid tri riéng va sb chicu cé thé clia cdc khong
gian con riéng. Cho vi du vé mdi kha ning x4y ra va cho biét ma
trdn A ¢ chéo héa duge hay khéng?

a. A2 (A2 —5X—6). c. = A3—\—2.
b. —(A=1)(A+2) (A —3). d. A3 4+3X2 -3\ +1.

6.57 [hint] Cho cdc ma tran vudng cung ¢ A, B va P v6i P khé nghich
théa man A = PBP™1.
(a) Chimg minh A" = PB"P~! v6i moi s6 nguyén duong n.
(b) Cho f(\) 1& mot da thtic hé sb thuc. Chiing minh f(A) =
Pf(B)P~!
(c) Gid sit A khé nghich. Chimg minh ring
(i) B kha nghich.
(i) A=t = PB~1P7L.
(iii) A" = PB"P~! v6i moi s6 nguyén am n.

6.58 [hint] Cho A va B 1a hai ma tran dong dang v6i nhau. Chtmg minh
cac khing dinh sau.

(a) A™ dong dang v6i B™ v6i moi s6 nguyén duong n.
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(b) f(A) dong dang vé6i f (B) v6i moi da thitc hé s6 thuc f (N).
(c) Gid st A kha nghich. Khi d6 A™ dong dang véi B™ véi moi n
nguyén am.

6.59 [hint] Cho A va B 1a hai ma tran dong dang v6i nhau, A = PBP~!.
Chiing minh céc khing dinh sau.
(a) z € Nul(A) & P~z € Nul(B).
(b) Hai khong gian vécto Nul (A) va Nul (B) cé ciing sb chiéu.

(c) Hai ma tran A va B c6 cung hang.

6.60 [hint] Gid st hai ma trdn vuong A va B dong dang v6i nhau, A =
PBP~!. Chiing minh céc khing dinh sau.

(a) det (A) = det (B).

(b) A=A =P (B— )P
(c
(d

(e) Céc gia tri riéng chung cia A va B ¢6 cung bdi hinh hoc.

)

)

) Hai ma tran A va B c6 cung da thic dac trung.

) Hai ma trdn A va B c6 clng gid tri riéng, tinh c& boi dai sb.
)

6.61 [hint] Gid st ma tran vuéng A chéo héa dugc.

(a) Chitng minh rang ma tran chuyén vi A7 ciing chéo héa duge.
(b) Chimg minh rang AT ddng dang véi A.

6.62 [hint] Cho vi du vé hai ma tran vuoéng A va B ¢d 2 X 2 ¢6 cing vét
nhung khéng dong dang véi nhau.

6.63 [hint] Chting minh rang néu ma tran A chéo héa dugc thi rank(A)
14 sb céc gia tri rieng khic khong ctia A, tinh ca bdi dai sb.

ON TAP CHUONG 6

Chéo héa ma tran trong cic bai tap 6.64 dén 6.70.

0 -1 -1
6.64 |hint] | -1 0 -1
3 3 4
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5 3 3
6.65 [hint] 3 3 2
| -10 -7 -6
11 1]
6.66 |hint] 3 2 2
| -7 -5 =5
- -
6.67 [hint] 1 2 1
3 -3 -2
3 2 2]
6.68 [hint] | —1 -2 -1
| -2 0 -1 |
1 -1 -1 ]
6.69 |hint] | -6 —6 —5
10 11 10
3 2 2]
6.70 [hint] 2 3 2
| 6 —6 —5

6.71 [hint] Tim mot ma tran vuoéng A ¢d 2 x 2 sao cho A ¢6 ding mot gid
tri riéng 1a A = 3 va khong gian con riéng tuong tng la E5 = L (u)
véiu = (2,-1).

6.72 [hint] Cho A 1a m0t ma tran vudng ¢d 6 x 6. Gid st det (4) < 0.
Chting minh rang A c6 it nhit mét gid tri rieng duong.

6.73 [hint] Tim da thtc dac trung clia ma tran

0 1 0 0 0 7
0 0 1 0 0
0 0 0 O
A= :
0 0 O 0 1
L ap a1 a2 ... Gp-2 Aanp-—1 J
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6.74 [hint] Tim moét ma trdn vuong c¢d 4 x 4 khong c6 gid tri riéng thuec.
6.75 [hint] Tim mdt ma tran vuéng cG 4 x 4 ¢6 ding 2 gia tri riéng thuc.

6.76 [hint] Tim diéu kién cho céc hing s6 a,b, ¢ dé ma tran

A=

o O =
oS N
w o o

chéo hoéa dugc.

6.77 [hint] Tim diéu kién cho céc hang s6 a,b, ¢ dé ma tran

A=

S O =
S N
N o o

chéo héa dugc.

6.78 [hint] Tim diéu kién cho céc hang s6 a,b, ¢ dé ma tran

A:

S O =
o~ Q
= o o

chéo héa duge.

6.79 |hint] Tim céc gid tri riéng va véc to riéng clia ma tran cd n x n

[a 0 O 0 07
1 a 0 ... 00
01 a ... 00
I (a) = :
0 0 0 a 0
L0 0 0 1 a ]
6.80 [hint| Cho ma trén
111
A=1]11 1 1
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Biét rang ma tran A chéo héa dude, véi A = PDP~! v6i ma tran
khé nghich P va ma trdn chéo D lan lugt 13

-1 -1 1 000
P= 0O 1 1(,D=]000
1 01 00 3
Chéo héa cic ma tran sau
(1 3 3
(a) | 3 1 3
|3 3 1
[ a b b
(b) | b a b
_b b a
6.81 [hint| Cho ma tran vudng ¢ n X n
1 1 1 ... 1
111 ... 1
a1 11 1
1 1 1 ... 1

(a) Chiing minh rang A\ = 0 14 mot gia tri riéng ctia A. Boi hinh
hoc ctia gia tri rieng A = 1 bang bao nhiéu?

(b) Tim cac gid tri riéng ctia ma tran A va cdc boi dai so, bdi hinh
hoc ctia ching.

6.82 |hint| Cho ma tran vuong cd n x n

h

Il
.o o0 R

> Qo

[SEE~ I

> o o

b b b ... a
(a) Tim céc gid tri riéng ctia ma trdn A va cac bdi dai so, boi hinh
hoc ctia ching.

(b) Tinh det (A).
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GOI Y GIAI BAI TAP CHUONG 6

6.15. Vi P4 (\) =det (A — AI) nén P4 (0) =det(A).
6.17. Néu Avy = uy, Avy = us,Avs = us véi cac v;, u; € R3thi

A[’Ul V2 1)3}:[ul u9 U3}.
Néu ma tran [ v1 vs v }khé nghich thi ta c6 thé tinh A tit ding thiic

nay.

a b
6.19.A—lC d

minh vé trai ctia ding thitc can chiing minh.

] Tinh P4 (A) theo a,b,c,d. V6i § b) hay tinh tuong
6.22. Goi x 1a mdt vécta riéng ctia A Gng véi gid tri riéng A, tic la Az = Ax.
Hay tinh A%z va Az,

6.23. Goi x 1a mdt vécto riéng ctia A Gng véi gid tri riéng A, tic la Az = Ax.
Du doédn cong thitc ctia A"z rdi chiing minh né bing quy nap.

6.24. Goi x 1a mdt vécto riéng ctia A Gng véi gid tri riéng A, tic la Az = Azx.
Tinh f(A)z.

6.25. Dé nhan dugc cic gia tri riéng clia cdc ma tran B,C va D tit cac
gid tri riéng ctia A, ta can biéu thi mdi ma tran B,C va D nay qua ma
tran A.

6.28. Goi x 13 mot vécto riéng clia A ting v6i gia tri rieng A\. Tinh A~ lz.

6.40. Néu A va B 1a hai ma trdn vudng ciing cd thi tr (AB) = tr (BA).
Luu ¥ rang néi chung tr (AB) # tr (A) tr (B).

6.41. Tinh vét hodc dinh thitc ctia céc cip ma tran nay.
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6.53. Tim ma trdn A c6 dang chéo khdi v6i ba ma tran khdi trén dudng
chéo la cac ma tran

v6i a, b, ¢ la cac so thuc nao doé.

6.56. Boi hinh hoc ctia mdi gié tri riéng nhé hon hodc bang béi dai sb cla
né.

6.61. St dung cong thiic chuyén vi ciia tich va ciia nghich déo

(4B)T = BTAT, (A7) = (a7) .

Dé chting minh A va AT ddng dang véi nhau, hay chi ra A va AT ciing
dong dang v6i mot ma tran chéo D.

6.63. Hai ma tran dong dang c6 cing hang. Hang ctia ma tran chéo dudc
tinh thé nao?



Khong gian ¢6 tich vO hudng

Tich v6 huéng Euclid trong R™ 13 sut tong quat héa tu nhién ciia tich vo
huéng quen thudc trong R? va R3. Trong chuong nay, ching ta sé dinh
nghia khai niém tich vo hudng tong quat trén mot khong gian vécto thuc
bat ky.

7.1 TicH vO HUGNG

TicH vO HUONG TONG QUAT

Dé dinh nghia tich v6 hudéng téng quat, ching ta sé liy céc tinh chit co
ban ctia ctia tich v6 huéng Euclid trong R™ lam tién de.

DINH NGHIA 7.1.1. Mot tich vé hwdéng trén mot khong gian vécto
thuc V' 1a mdt anh xa

(,) : VxV —- R
(u,v) — (u,v)

théa man cac diéu kién sau day, véi moi vécto u,v,v trong V va vo
huéng k € R:

1. Déi xtmg: (u,v) = (v,u)

2. Cong tinh: (u + v,w) = (u,w) + (v, w)
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3. Thuan nhat: (ku,v) = k{u,v)
4. Xac dinh duong: (v,v) > 0 va (v,v) = 0 néu va chi néu v =0
Mot khong gian vécto thuc trang bi mot tich voé hudng duge goi

la mot khéng gian vécto cé tich vé hudng, hoac khong gian
vécto Euclid.

Vi pu 7.1.2. Tich v6 huéng Euclid trén R™ 1a mot tich vo hudng
theo dinh nghia bén trén. Tich v6 huéng Euclid nay con lai 1a tich
v6 hwdng chinh tdc cia R":

(u,v) =u-v=arby + agba + - - + anby

voi u = (a1, ag,...,a,) va v = (by,be,...,by,) la hai vécto trong R"™.

\

y

Nhic lai rang do dai Euclid ctia mot vécto va khoang cach Euclid gitta hai
vécta trong R™ duge dinh nghia thong qua tich v6 huwéng Euclid béi cong

thic

lv] = Vo - v, d(u,v):]u—v]:\/(u—v)-(u—v).

Ta dinh nghia d6 dai va khoadng cach trong mot khong gian ¢6 tich vo

huéng bat ky.

DiNH NGHIA 7.1.3. Cho V' 1a mot khong gian vécta o tich vo hudng.

> PG dai cia mot vécto v trong V, ki hiéu la |v|, duge dinh
nghia béi
[v[ =/ (v,v).

> Vécto c6 do dai bang 1 duge goi 1a vécto don vi.

> Khodng cdch gitta hai vécto u,v trong V, ki hiéu d (u,v),
duge dinh nghia béi

d(u,v) =|u—v|=1/(u—v,u—wv).

Vi (v,v) > 0 v6i moi vécto v trong khong gian cé tich vé6 hubéng V' nén

luén ton tai do dai ctia vécto v.

Trong dinh nghia trén, do dai va khoang cach phu thudc vao tich v6 huéng
ciia khong gian vécto. Néu tich vo huéng thay doéi, do dai va khoang cach
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ciing thay ddi theo.

Sau day 1a mot s6 tinh chat co ban clia do dai va khoang céch trong khong
gian ¢6 tich vo6 huéng.

MENH pE 7.1.4. Cho V 1a mot khong gian vécto cé tich vo hudng.
Cho u,v la cic vécta trong V va k la mot vo hubng. Khi d6

(a) |v] >0 va |v] = 0 khi va chi khi v = 0.
(b) |

)
b) |kv| = [kl[v|
(©) d(u,0) = d(v,u)
(d) d(u,v) >0 va d(u,v) =0 khi va chi khi u = v.

CHONG MINH. (a) Theo dinh nghia

ol =/ (v, v).

Do d6, |v| > 0 v6i moi vécts v. Hon nita, |v| = 0 khi va chi khi (v,v) = 0.
Theo dinh nghia ctia tich vé huéng, ding thiic (v, v) = 0 cé nghia la v = 0.

(b) Ta c6

|kv| = \/(k‘v,lﬂ)} = \/k2 (v,v) = k| \/{v,v) = |k]||v].

(c) Ta c6
d(u,v) = |u—v| =[(=1) (v —w)| = [-1|[v = u[ = d (v, u) .
(d) Ta co
d(u,v) =|u—v| >0.
Hon ntta

du,v)=0 & lu—v|=0 & u—v=0 & u=no.

DINH NGHIA 7.1.5. Mdt cau dom vi trong khong gian vécto cé tich
v huéng V 1a tap con clia V bao gdm cac véctd c6 do dai bang 1:

{veV: | =1}.

Néu V = R? thi mat cau don vi con duge goi 1a dudng tron don
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vi.

7.1 [hint] Khai trién cdc biéu thiic sau

(a) (Buy — Tug, 8v1 + 6va),
(b) (u — 4v,5u + 2v),
(¢) [3u— 20|

7.2 |hint] Cho V 1a mot khong gian vécto thuc duge trang bi mdt tich
vb hubng. Gid sit cac vécto u, v, w trong V thda man
(u,vy =2, (u,w) = -3, (v,w) =4
lu| =1, |v] =2, |w|=3.
Tinh gia tri cic biéu thiec

(a) (2u —v,v+w)
(b) 20 — wl
(¢) d(u,v).

TicH vO HUGNG TREN R”

Vi bpu 7.1.6. Cho wy,ws, ..., w, la cic sd thuc duong. Chitng minh
rang cong thitc

(u,v) = wirai1by + waagbs + - - - + wpanby

v6i cac vécto u = (a1, az,...,a,) va v = (by,be,...,b,) trong R™,
la mét tich v6 huéng trén R™. Tich vdé hubéng nay cia R™ duge
goi 1a tich v6é hwéng Euclid c6 trong sé véi day trong sb 1a
Wi, W2, ...,Wn.

CHONG MINH. Ta can phai chttng minh ham (u,v) dinh nghia bén trén
théa méan céc tién dé dinh tich vo huéng. Chimg minh duge tién hanh gan
nhu giéng hét trudng hgp tich vo huéng Euclid thong thuong.

bat u = (a1,az2,...,an),v = (b1,b2,...,by) va w = (c1,¢9,...,¢,) la céc
véctd trong R™ va k € R.



7.1. TICH VO HUONG 299

(a) Chimg minh tinh déi xiing: (u,v) = (v,u). St dung tinh chit giao hodn
clia phép nhan céc sb, ta ¢

(u,v) = wiarby +waagbs + - - + wpanby,
= wibiar + wabsas + - - - + wpbpa,
= (v,u).

(b) Chting minh tinh céng tinh: (u,v 4+ w) = (u,v) + (u, w). Ta cb

vt+w= (b1 +ec1,bat o by )
Stt dung tinh chat phan phéi gitta hai phép todn cong va nhén, ta cé

(w,v+w) = wiar(by +c1) +waaz (b +c2) + -+ + wpan (by + cn)
= (wia1by +wiaicy) + (waazbs + waages) + - - -
+ (Wnanby, + wpapcy)
= (wia1by + waagby + - - - + wpanby)
+ (wiaicr + waascy + -+ + WpGnpcy)
= (u,v) + (u,w).

(c) Chimg minh tinh thuan nhét: k {(u,v) = (ku,v). Ta c6

kE{u,v) = k(wiaiby + waagbs + - -+ + wpanby)
= wi (ka1) by + wa (kaz) by + - - - + wy (kay) by,
= (k:u,v)

(d) Chimg minh tinh xdc dinh duong: (v,v) >0 va (v,v) =0 khi va chi
khi v = 0. Ta cé

(v,v) = w1 b? + wabs 4 - - - + wyb2.

Viwi>0véb?ZOV(’jiini:1,2,...,nnénv-1)20,hdnnﬁ’a,v‘v:0
khi va chi khi b; =0 v6imoi ¢ =1,2,...,n, tic la v = 0. O

Tt chiing minh trén, ta thiy rang néu khong c¢é diéu kién w; > 0 v6i moi
i=1,2,...,n thi ba tién dé dau tién ctia tich vo6 huéng van ding.

Tich v6 huéng Euclid ctia R la trudng hgp riéng cua tich vo huéng Euclid
v6i trong s6, véi day trong s6 1a 1,1,...,1. B6i véi tich vo huéng Euclid
ctia R™, su déng gbp clia cac thanh phan ciia céc vécta vao tich vo hudng
1a nhu nhau. Con dbi véi tich vé huéng Euclid véi trong, su déng gép clia
mdi thanh phan clia cic vécts vao tich vo huéng phu thude vao cic trong
SO.
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Vi Dy 7.1.7. Trong khong gian vécts R2, cho cac vécta
€1 = (1,0), €y = (O,l).

Tinh do dai clia vécto e, ea va khoang céch gitta hai vécto e, eo ddi
vii
(a) tich v6 huéng Euclid ctia R?,

(b) tich v6 huéng Euclid cé trong sé ctia R? véi day trong sb 1a
3,2.

GIAL (a) Tich v6 huéng Euclid ciia R? 1a

(a1,a1) - (b1, b2) = a1by + agbs.

Suy ra
\61|:m=m:1,
lea] = ez €2 = V02 +12 =1,
va,

d(er,es) = ler —es] = [(1,—1)| = /12 + (=1)2 = V2.

(b) Tich v6 huéng Euclid cé trong s6 ctia R? v6i day trong s6 3,2 1a

((a1,a1),(b1,b2)) = 3aiby + 2a2bs.

Suy ra
’€1|—\/ 61,61 \/ +2 \/>
le2] = 1/ (e2, €2) = \/3(0) +2(1)° :\/5,

d(e1,e2) =ler —ea| = [(1,-1)| = \/3(1)2 +2(=1)2 = 5.

Vi DU 7.1.8. Cho khéng gian vécto R3 trang bi tich vo huéng Euclid
véi trong s6

1
<(:1:17 xo, '1:3)7 (y17y27y3)> == 41’1y1 + 31‘2y2 + §$3y3-
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Cho cac vécto
u = (—1, 1,0), v = (2, 1, —4), w = (—1,2,5).

Tinh
(u,v), (u+v,wy, |v|, d(u,v).

G1AIL. Ta cé

Viu+v=(1,-1,0)+(2,1,—4) = (3,0,—4) nén

<U+’U,U}> = <(3’O7 _4)7(_17255»
= 4(3)(—1) +3(0)(2) + 5(—4)(5)
= —22.
Ta c6 |v| = /(v,v),
<U7 U> = <(23 17 _4)7 (27 17 _4)>
=427+ 300 + §(-?
=27

Suy ra |v| = v/27 = 3v/3. Ta cé
d(u,w) = |lu —w| = /{u—w,u —w),

u—w =(1,-1,0) - (-1,2,5)

= (2,-3,5)
va
(u—w,u—w) ={(2,-3,-5),(2,-3,-5))
=4(2)% +3(-3)? + 3(—5)?
_
2
Suy ra d(u,w) = /5L = $/222. O

Vi pu 7.1.9. Cho A € Mpx, 1a mot ma tran vudng kha nghich.
Chting minh rang céng thiic

(u,v) = (Au) - (Av)
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v6i u,v € R™ 1a m6t tich vé huéng trén R™. Tich v6 huéng nay duge
goi la tich v6 hudng ma trdn, ing véi ma tran A.

GI1AL. Cho u,v,w la cdc vécto trong R™ va k € R.

(a) Chimg minh tinh déi xitng: (u,v) = (v,u). Ta ¢6

(u,v) = (Au) - (Av) = (Av) - (Au) = (v, u) .

(b) Chitng minh tinh cong tinh: (u,v + w) = (u,v) + {(u,w). Ta c6

(u,v +w) = (Au) - (A (v +w)) = (Au) - (Av + Aw)
= (Au) - (Av) + (Au) - (Aw) = (u,v) + (u, w) .

(c) Chitng minh tinh thuan nhat: k (u,v) = (ku,v). Ta ¢6

k(u,v) =k ((Au) - (Av)) = (kAu) - (Av) = (A (ku)) - (Av) = (ku,v) .

(d) Ching minh tinh xdc dinh duong: (v,v) >0 vd (v,v) =0 khi va chi
khi v = 0. Ta cé

(v,v) = (Av) - (Av) > 0.
Hon ntta, (v,v) = 0 khi va chi khi (Av) - (Av) =0, tic 1& Av =0. Vi 4 la
mot ma tran kha nghich nén dang thiic Av = 0 tuong duong véiv = 0. [

Luu ¥ rang néu A 13 mot ma tran bat ky thi ba tién dé dau tién van thoa
man.

Vi by 7.1.10. Trong khong gian vécto R?, cho cac vécto
€1 = (170)7 €2 = (071)

Tinh d6 dai clia vécto ey, e3 va khoang céch giita hai véctd e, eo dbi
véi tich vo huéng ma tran tng v6i ma tran kha nghich

-[11)

G1AL. Theo dinh nghia, tich vo6 huéng ma tran tmg v6i ma tran A 1a

(u,v) = (Au) - (Av)
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v6i moi u,v € R?. Suy ra

ler] = /len e1) = \/(Aer) - (Aer) = /(1,8) - (1,3) = V10,
leal = \/(e2,2) = \/(Ae2) - (Aez) = \/(2,4) - (2,4) = 2V5,

va

d(e1,e2) = \/{er — ea e — ea) = /((1,-1), (1, 1)
1 1
-1 -1
Vi pu 7.1.11. Chiing minh rang tich v6 huéng Euclid va tich v6

huéng Euclid ¢é trong sb 1a céc trudng hgp riéng ciia tich vo huéng
ma tran.

GI1AIL. Tich vo huéng Euclid trong R™ 1a tich vé6 huéng ma tran tmg véi
ma tran don vi .

Tich v6 huéng Euclid cé trong s6 trén R™ véi day trong sb wq, ws, . . ., wy
la tich v6 huéng ma tran ng v6i ma tran chéo
Vwi 0 .. 0
0 /W2 ... 0
0 0 Jwn,
O
BAI TAP

7.3 [hint] Cho khéng gian véc t& R* trang bi tich v6 huéng Euclid véi
trong

((z1, 72,23, 24), (Y1, Y2, Y3, Y1) = T1Y1 + 272y + 3x3y3 + 42494
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7.4

7.5

7.6

7.7

7.8

va cac vécto
u=(1,0,2,—-1),v = (—1,1,3,2).
Tinh
(u,0), |u + 20], d(u, v).

(hint] Cho khong gian vécts R? trang bi tich vo huéng sinh ra tit ma

tran kha nghich
1 4
A= [ L ] |
Cho céc vec to u = (1,3),v = (—2,0).Tinh

(u, vy, |lu —v|,d(u,v).

[hint] Cho khéng gian vécts R3 trang bi tich vo huéng sinh ra tit ma

tran kha nghich

<u,v), |u - ’U|? d(u—I—v,v).

[hint] Chting minh rang 4nh xa cho tuong tmg mdi cip véc to u
(w1, 22) VA v = (y1,y2) trong R? véi

(u,v) = T1Y1 — T2Y2

khong phai 13 mot tich vo huéng trén R?.

[hint] Chting minh rang 4nh xa cho tuong tmg mdi cip véc to u
(w1, 22) vA v = (y1,y2) trong R? véi

(u,v) = w1Y1 — T1Y2 + T2Y2

khong phai 13 mot tich vo huéng trén R?.

[hint] Chting minh rang 4nh xa cho tuong tmg mdi cip véc to u
(71, 22) vA v = (y1,y2) trong R? v6i

(u,v) = T1Y1 — T1Y2 — Tay1 + T2y

khong phai 14 mot tich vo huéng trén R2.



7.1. TICH VO HUONG 305

7.9  [hint] Chitng minh rang dnh xa cho tuong tng mdi cip véc to u =
(x1,22) v v = (y1,y2) trong R? véi

(u,v) = 3z1Yy1 — T1Y2 — T2y + T2y

khong phai 13 mot tich vo huéng trén R?.

TicH VO HUONG TREN KHONG GIAN VECTO TONG QUAT

Bang cach ¢b dinh mot co sé B ciia khong gian véc to n chiéu V, d4nh xa
toa do
[lg: V—=R"

cho phép ta dong nhat mdi véc to v € V véi vée to toa do [v]z € R™ cla
n6. Nhd dé, ta c6 thé dich chuyén tich v6 huéng trén R™ thanh tich vo6
huéng trén V.

Vibu 7.1.12. Cho V 1a mot khong gian vécto va B = (vq, va, ..., Uy)
14 mot co s3 ctia V. Chting minh rang céng thirc

(u,0) = [ulg - [v]g

v6i moi u, v trong V', 1a mot tich vo hubng trén V. Ta goi tich vo
huéng nay trén V' 1a tich v6 huéng sinh ra tt co s B.

Vi pu 7.1.13. Chiing minh ring cong thic
(A,B) = tr (A"B)

v6i moi A, B trong My, xn, 1a mét tich vo hubng trén M, «,. Tich
v6 hudng nay dude goi 1a tich v6 huéng chinh téc trén M, xn.

GIAL Gid st A = [ag],,.,, v& B = [b;], .. Khi d6 ma tran AT B la mot
ma trn vudng cd n x n v6i phan tit & vi trf (5, ) 1a

m
a1jb1j + azibaj + -+ amibm; = Y aijbi;.
=1

Suy ra

n m

<A, B) =tr (ATB) = Z Z aijbij.

i=1j=1
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Ta chting minh cong thitc (A, B) 14 mot tich vé hudng trén M,,x, bang
céch chi ra ring né 1a tich vé huéng sinh ra tit mot ¢ s& ctia My, xnp.

Thé“t Vé“Ya g01 S /: (E117 E12a ceey Eln) E217 E227 oo ,E2n7 ceey Emla Em2 e 7Emn)
l1a co s6 chinh tac cia My, x,. Khi d6, vécto toa do cia ma tran A doi véi
cosG S la

(au,alg, ey A1, 421,022, ..., Q205 « o« s A1, A2 -+« - ,amn) .

Ta c6 cong thitc tuong tur cho véctd toa do ctia ma tran B d6i véi cd sd S.
Do d6
(A,B) = [Als - [Bls-

Suy ra, cong thiic (A, B) la mot tich vo huéng trén M, xp,. O]

e

Vi by 7.1.14. > Tich vé huéng chinh tic trén khéng gian vécto
Pp la
<p($)7 Q(‘r» = aObO +aiby +--- + anbn
véip(x) = ap+arz+---+apz™ va q(x) = bg+biz+- - - +bya”.

Vi vécto (ag, ai, . . .,a,) € R chinh 14 toa do ctia p(z) trong

¢o s6 chinh t&c

2 n
1,$,.’IJ,"',.’B

clia P, tuong tu, (bo,by,...,b,) € R™1! 14 toa do clia q(x)
trong co s6 chinh tic ctia P, nén tich vo hudng chinh tic
(p(z),q(x)) chinh 1a tich v6 huéng Euclid ctia cic vécto toa
dd ctia p(z) va q(x) trong co sé chinh tic P,.

> Vi mdi bo (n+1) sé thuc phan biét g, 21, . .., 2, sinh ra mot
tich v6 huéng trén P,, nhu sau

(p(x), q(x)) = p(xo)q(wo) + p(x1)g(z1) + - - -+ p(zn)q(zn).

Cht ¥ rang vé phai chinh 14 tich v6 huéng Euclid clia cic vécto

(p(z0), (1), -+, p(2n)), (q(0), g(21), - - q(2n))

trong R* 1,

> Trén khong gian vécto Py, ta con cb thé trang bi tich v6 huéng
stt dung tich phan trén mot doan hitu han [a, b] bat ky
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b
(p(x),q(x)) :/ p(z)q(z)dz.

Vi pu 7.1.15. Cho khéng gian vécto Mayo trang bi tich vo huéng
chinh tic. Cho céc ma tran

S|

(A, B),d(A, B).

. J

Tinh

G1A1. Theo dinh nghia (A, B) = tr(ATB). Ta cé

wosld 3] las] [ )

Suy ra (A,B) = 1+ 2 = 3. Theo dinh nghia d(A,B) = |[A — B| =
V(A —B,A— B). Ta c6

37
A—B_l4 _5],<A—B,A—B>_99.
Do d6 d(A, B) = |A — B| = v/99 = 3/11. O

Vi pu 7.1.16. Cho khong gian vec to Po trang bi tich vo hudng
chinh tdc. Cho céc da thiic

p(z) =34z — 222 q(x) = —1 — 2z + 52°.

Tinh

{p(x), q(2)), [p(z)], d(p(x), ¢(2))-

BAI TAP

7.10 [hint] Cho khoéng gian vécto Ps trang bi tich vd hubng tinh gia tri
tai cdc diém 1,0,2,3. Cho hai da thitc

p(z) =142z 23 q(x) =z + 2>
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Tinh
(p(x),q(x)),d(p(z), ().

7.11 [hint] Cho khéng gian vec to Py trang bi tich vd hudng

Cho cac da thtc
p(z) =1—2+22% q(z) =3+ .

Tinh
(p(2),q(z)), [p(x)], d(p(x), q(z)).

7.12 [hint] Cho khéng gian véctd Maxs véi tich vé huéng chinh tac. Cho
1 2 -1 2 -1 3
A_[O?) ll’B_l—Q 10]'

|Al, d(A, B).

Tinh

GOC VA VUONG ¢OC TRONG KHONG GIAN ¢O TicH VO HUGNG

DINH LY 7.1.17 (Bat dang thtic Cauchy-Schwarz). Cho u vd v ld
cdc vécto trong mot khong gian co tich vo hudng. Khi do

[ {w, 0)| < [ul[o]. (1)

CHONG MINH. Néu u = 0 thi [(u,v)] = 0, |u||v] = 0. Do dé |(u,v)| =
|ul [v].

Bay gio gia st u # 0. V6i moi ¢, ta cé
(tu + v, tu 4+ v) > 0.
Mat khac

(tu + v, tu +v) = (u,u) t* 4+ 2 (u,v) t + (v,v).
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Viu # 0 nén (u,u) # 0. Do d6, tam thitc bac hai (u, u) t2+2 (u, v) t+ (v, v)
ludn 16n hon hodc bing khéng véi moi t € R. Diéu nay c6 nghia 13 biét
thitc ctia né nhoé hon hodc bang khéng. Ta duge

4 (u,v)? — 4 (u,u) (v,0) <0.
Khai can bac hai c& hai vé, ta dugc

[{u, 0)| < [ul[o].

Vi DU 7.1.18. Néu mot sé trudng hop diic biét ctia bat ding thic
Cauchy-Schwarz.

Goc Euclid gitta hai vécto khac khong u va v trong R™ da duge dinh nghia

béi cong thic
u-v
Z (u,v) = cos™! < ) .
|ul [v]

Thay tich v6 huéng Euclid béi tich vo huéng tong quat, ta cé dinh nghia
gbc sau day.

Dina NeHIA 7.1.19. Trong mot khéng gian ¢6 tich vd hubng, gde
gitta hai véctd khac khong u va v la

Z (u,v) = cos™! ((u,v)) .

Jul o]

Vipu 7.1.20. Trong khong gian vécto Mayo véi tich vo huéng chinh
tac, tinh cos cia gbc gitta hai vécto

1 2 -1 0
a=l5 i)

GIAIL. Ta cé

(A,B) = 16, |A| = V30, |B| = V14.

Do o (4, B) 16 8
/(A B) = b2 - .
cos 2 (4, B) IA[1B] ~ V3014 105
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MENH pE 7.1.21. Cho u, v, w la cdc vécto trong mot khong gian co
tich v6 huéng V. Ta co

1. |u+v| < |u|+ v
2. d(u,v) <d(u,w)+d(w,v).

CHONG MINH. (a) Bat ding thiic can chiing minh tuong dwong véi

2 2
u+o|” < (ful + [of)™

Ta co
lu+o? = (u4v,u+v)
= <u,u> +2 (u, U> + <1),’U>
= ful* +2(u,0) + |of
< Jul? +2ul o] + |v)? (Bat déng thitc
Cauchy-Schwarz)

= (Jul + Jo])*.

(b) Ta c6

d(u,v) = |u—v| = |(u—w) + (w - )|
< |u—w|+|w—v|=d(u,w)+d(w,v).

DINH NGHIA 7.1.22. Ta néi rang hai vécto u,v trong khong gian
c6 tich vo huéng V 14 vubng géc vdi nhau, ky hiéu u L v, néu
(u,vy = 0.

Néu hai vécto u,v khac khong thi ton tai géc £ (u,v) giita chiing va khi
dé
T
ulv & Z(uv)= 5

Trong trusng hgp u = 0 hodac v = 0, ta luén cé (u,v) = 0, suy ra u L v.
Tuy nhién, lic nay, ta khong dinh nghia goc gitta v va v.

Vi Dy 7.1.23. Trong khong gian vécto R?, cho hai vécto
w=(1,1), v=(1,-1).
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Chtmg minh céc khing dinh sau.

(a) u vudng gbc v6i v dbi véi tich vo hudng Euclid.
(b) w khong vudng gbc véi v ddi véi tich vo huéng Euclid c6 trong
v6i day trong sb 3, 2.

GIAIL (a) St dung tich v6 huéng Euclid, ta cé
w-v=(1,1)-(1,-1)= (1) (1) + (1) (-1) =0.

Suy ra, v vuéng goc vii v.

(b) Stt dung tich vo6 huéng Euclid c6 trong véi day trong sb 3,2, ta cb

(u,v) = ((1,1), (1, 1)) = 3(1) (1) +2(1) (~1) = 1 £ 0.

Do d6, u khéng vudng goc véi v. O

Vi by 7.1.24. Trong khéng gian vécto My trang bi tich vo hudng
chinh téc, hai ma tran

1 o)o[ed]

vuong géc véi nhau vi

(A,B)=1-040-2+1-14+1-0=0.

Vi Dy 7.1.25. Trong khong gian vécto P, trang bi tich vo hudng
tich phan
1
v = [ o) ds,
-1

2

hai da thiic p = z va ¢ = z° vudng gbc véi nhau vi

(p,q) = / rr’dr = / 2dr = | = =0.
—1 1 4 _1
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DNt LY 7.1.26 (Dinh 1Y Pythagoras tong quat). Cho u vd v la hai
véctd vudng géc vdi nhau trong mot khong gian cé tich voé hudng V.
Khi do

Jut o = Jul® + |of*.

v u+v

u

CHUNG MINH. Viw L v nén (u,v) =0. Do d6

lu+v* = (u+v,u+0v)
= (u,u) + 2 (u,v) + (v,v)

= [uf® + |of*.

BAI TAP
7.13 [hint] Cho khéng gian vécts P, trang bi tich vé hudng chinh tac.
Tinh cos cua géc gitta hai da thirc
p =144z +22%+ 323, ¢ =—1+ 2z + 323
7.14 [hint] Trong khong gian vécto R3, cho hai vécto
u=(1,-2,3), v=(-3,1,2).

(a) Hai vécto u va v c6 vudng géc v6i nhau ddi véi tich vo hudng
chinh téc ctia R? hay khong?

(b) Tim s6 thuc duong a dé hai vécto u va v vudéng géc véi nhau
déi véi tich vo huéng Euclid ¢6 trong sb

((z1,22,23), (y1,Y2,Y3)) = az1y1 + 2x2y2 + T3Yy3.

7.15 [hint] Cho khéng gian vécto Py trang bi tich vo hudng

1
(p(), q(z)) = / p(2)q(z) da.
-1
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(a) Chimg minh rang hai da thitc z va 22

vuong gbc v6i nhau.
(b) Tim dieu kién can va du cho cac so ty nhién m,n de hai da

thitc ™ va 2™ vudng gbéc v4i nhau.

7.16 [hint] Tinh cos ctia goc gitta hai vécto
U= (1a47 8)7 v = (07 1> _3)

(a) dbi véi tich vo hudng chinh tac ctia R3,
(b) dbi véi tich vo6 hudng ciia R3 sinh ra tit ma tran kha nghich
1 00
A=10 2 1
0 1 1
7.17 [hint] Trong khong gian vécto Pa, tinh cos ciia goc gitta hai da thic

p(z) =2+ 5z — 22, q(z) =1 — 4z — 222

(a) dbi véi tich vo hudng chinh tac,
(b) dbi véi tich v6 hudng tinh gid tri tai cac diém —1,0,1.

PHAN BU TRUC GIAO

DINH NGHIA 7.1.27. Cho V' 1a mot khéng gian ¢6 tich vé huéng va
W 1a mot khong gian con ciia V. Phdan bu truc giao cta W, ky
hiéu W, 1a tap hop con cia V bao gdm cic véctd vudbng goc véi
W

Wht={veV:vlW}.

MENH PE 7.1.28. Cho W la mot khéng gian con ciia mot khong
gian cé tich v6 huéng V. Khi d6

(a) Phan bu truc giao W 1a mot khong gian con ciia V.
(b) WNnW+ =o.

MENH PE 7.1.29. Cho W la mot khong gian con ciia mét khong
gian ¢6 tich vé huéng V. Khi d6, phan bu truc giao ctia W= chinh
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la W:
1L

(v
Nhéan xét rang néu wy, ws, .. .,wp la mot hé sinh cta W thi mot vécto
v € V thudc vao W khi va chi khi v vudng géc véi tat ca cac vécto
wi,i=1,2,...,p. N6i cach khac, phan bu truc giao W+ 1a nghiém ctia hé
phuong trinh

<U,’UJ1> =0

(vywg) = 0

(v,wp) = 0

v6i v € V. Trong cac bai tap thuc hanh bén duéi, hé phuong trinh nay sé
dugc bién ddi tuong duong thanh moét hé phuong trinh tuyén tinh thuan
nhéit. Do d6, bang cach gidi hé nay, ta cé thé xdc dinh duge sb chidu va
mot ¢o s6 cho W,

- )

Vi by 7.1.30. Cho khong gian vécto R* trang bi tich vo huéng chinh
tac. Tim sb chiéu va mot co sé cho phan bl tric giao ctia khong
gian con ciia R* sinh béi hé vécto

v = (1,2,4,5), vo = (2,0,1,3), v3 =(—1,2,3,2).

GTAI. Phan bu trye giao ciia khong gian con £ (v, v9,v3) ctia R* 1a khong
gian nghiém ctia hé phuong trinh

(x,v1) =0, (x,v9) =0, (x,v3) =0.

Hé phuong trinh nay tuong duong v6i hé phuong trinh tuyén tinh c6 ma
tran hé s6 mé rong la

1 2 450
20130
-1 2 3 2 0

Khit Gauss ma tran nay, ta nhan dugc ma tran bac thang

12 4 50
047 70
0 00O0O0

Do dé
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x € L (v1,v2, vg)J‘ (—2t — 6s, =Tt — 7s,4t,4s)
t

=
= (=2, -7,4,0) + 5 (=6, 7,0, 4).

T
€T

Vay phan bii truc giao can tim 1a mot khong gian véce to con 2 chiéu ctia
R* v6i mot co s6 13 hé véc to

(—2,-7,4,0), (—6,-7,0,4).

BAI TAP

7.18 [hint] Trong khong gian vécto Maxs trang bi tich v6 huéng chinh
tac, tim s6 chidu va mét co sé cho phan bt truc giao ctia khong gian
con sinh béi hé ma tran

1 -2 2 2 -5 4
Al_[?, 0 0]’A2_l6 ) —3]’

0 5 0 2 0 4
A3_lo 10 15]’A4_l6 8 18]’

BAI TAP TONG HOP

7.19 [hint] Trong khong gian vécto R?,chiing minh rang anh xa
((x1,22,23), (Y1, 92, ¥3)) = T1y1 + T2y2 — T3Y3
tit R? x R? dén R khong 1a mot tich vo hudng.
7.20 [hint] Chitng minh rang dinh nghia sau khéng la mét tich v hudng
nén khéng gian vécto R? :

((z1,22), (Y1, 92)) = 2TYT + 2395

7.21 [hint] Tim céc s6 thiic A sao cho 4nh xa cho twong tng mdi cip véc
to u = (z1,22) va v = (y1,y2) vii

(u,v) = 21Y1 — T1Y2 — Tay1 + AT2y2

13 mot tich vo huéng trén R2.
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7.22 |hint] Cho khong gian vécto C|0, 1] cdc ham lién tuc f : [0,1] —
R,trang bi tich v6 huéng

1
(f(z), g(2)) = / @)l

(a) Tinh (sin 27wz, cos 2mx)
(b) (1+22,¢%).

7.23 [hint] Tinh cos ctia géc gitta hai ma tran

1
A= |3 ., B=| -
5

O = N
O = =
ot O

déi véi tich vo huéng chinh tac trén Msyo

7.24 [hint] Cho V' 1& mdt khéng gian vécto thuc trang bi mot tich vo
huéng. Cho u,v € V. Chitng minh cong thitc hinh binh hanh

[t o + Ju = o2 = 2 (Juf? + [o]?).

u-v.

7.25 [hint] Trong mdt khoéng gian vécto trang bi tich vo hubng, chiing
minh rang
4u,v) = |u+v* — Ju—v|

Ding thitc nay cho thiy ring ta c6 thé tinh tich vo huéng ctia hai
véc to theo do dai cua véc to.
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7.26

[hint] Trong khong gian véc to R* trang bi tich v6 hudng chinh tac,
tim k sao cho hai véc to

u=(1,3,k,2), v=(3,-5,7,k)

vuong goc véi nhau.

7.27 [hint] Trong khong gian véc to R* véi tich vo huéng Euclid, tim s6

7.28

7.29

7.30

chidu v mot co 6 cho £ (v)* véi

v=(1,3,2,1).

[hint] Trong mot khéng gian ¢é tich vo huwéng, gid st hai véc to u va
v théa man
[{u, v) = ful [v].

Chting minh rang hé vé to u,v phu thudc tuyén tinh.

[hint] Trong khong gian véc t6 Maya, trang bi tich vé huéng chinh
tac, tim mot co s& cho phan bu truc giao ctia £(A, B)l vii

1 4 3 8
[hint] Trong khong gian véc to Py véi tich v6 hudng kiéu tich phan

1
(p,q) = /0 p(2)q(x) dx,

tim mot cd sé cho phan bu truc giao clia khéng gian véc to con sinh
ra tu da thic 2 + z.
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7.2 TRUC GIAO HOA GRAM-SCHMIDT; PHAN TicH QR

Truc chuan héa Gram-Schmidt 14 qué trinh chinh tic dé bién ddi mot hé
vécto thanh mét hé vécto truc chuan.

Hf TRUC VECTO TRUC GIAO VA HE VECTO TRUC CHUAN

DINH NGHIA 7.2.1. Trong mot khéng gian vécto ¢6 tich vo hudng,
mot hé véctos vy, ve, ..., v, duge goi la

> mot hé truc giao néu v; L v; v6i moi i # j,

> mdt hé tryc chudn néu né la mot hé truc giao vao |v;| =1
v6i moi i.

Vi by 7.2.2. Trong khéng gian vécto Euclid R? hé vécto
v =(0,1,0), vo = (1,0,1), vz =(1,0,—1)
la mo6t hé truc giao vi
V1 Vg =01 vz = v -v3 = 0.

Hé vécto truc giao nay khoéng phai 1a mot hé truc chuan vi |ve| =

V2#1.

Vécto don vi cung hubng v6i mot vécts v # 0 1a

That vay, ta co
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1
juf =

!
—| =
[l

Ta néi rang vécto v # 0 duge chuan héa thanh vécto don vi u = ﬁv. Mot
cich tong quat, ta c¢6 thé chuan héa mot hé vécto truc giao dé cé duge
mot hé vécto truc chuan.

Chuan héa hé vécto truc giao

Chuan hoéa hé vécta trie giao vy, vs, ..., v, dé thu duge mot hé vée
to truc chuan gom c6 2 bude:

1. Loai bé cac vécto khong khoi hé vécto.

2. Chuan héa cic vécto khac khong.

Vi DU 7.2.3. Chuan héa hé vécto truc giao
v = (0,1,0), vy =(1,0,1), vg =(1,0,—1)

trong vi du trén.

C1A1. Céc vécto trong hé truc giao vy, v, v3 déu khic khong. Do dai ciia
c4c vécto trong hé lan luct 1

o] =1, |ua| = V2, |us| = V2.

Chuén héa hé vécto v, ve, v3 ta duge

U1 ) 1 1 )
0,1,0 — =—,0,—&— |,
U= = OL0), = (ﬁ NG

MENH PE 7.2.4. Trong mot khong gian c¢6 tich vo hubng, moi hé
vécto truc giao gdm céc vécto khic khong 14 mot hé doc lap tuyén
tinh.
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CHUNG MINH. Cho v1,v2,...,v, 1a mot hé vécto truc giao trong mot
khéng gian cé tich vd hudng trong d6 v; # 0 v46i moi ¢. Hé vécto nay
doc 1ap tuyén tinh khi va chi khi phuong trinh vécto

T1v1 + x2v2 + - + vy =0 (2)
chi c6 nghiém tam thuong.

Véimdi i = 1,2,...,n cb dinh, lay tich vo6 huéng clia ca hai vé ctia phuong
trinh (2) v6i vécto v; ta duge

(101 + T2v9 + -+ + Tpvn, v;) = (0,v;)

Suy ra
x1 (1, v5) + @2 (V2, V) + - + Ty (Up, v5) = 0.

Vi hé vécto vy, ve,. .., v, 1a truc giao nén (v;, v;) = 0 v6i moi j # i. Do d9,
phuong trinh trén tré thanh

Ty <'Ui,1)i> = 0.

Vi v; # 0 nén (v;,v;) # 0. Do d6, phuong trinh trén kéo theo z; = 0.
Viy phuong trinh vécto (2) chi c¢6 nghiém tam thudng, tic 1a hé vécto
V1, V2, .. .,V, 1a md thé doc lap tuyén tinh. O

DIiNa NGHIA 7.2.5. Trong mot khéng gian ¢ tich vo huéng, mot co
s6 dudgc goi 1a
> co s truc giao néu cd sd ndy 1a mot hé vécto true giao,

> ¢0 s& tryc chudn néu co sG nay 1a mot hé vécto truc chuan.

Vi DU 7.2.6. Trong khong gian vécto R™, co s§ chinh tic
e1 = (1,0,0,...,0), es = (0,1,0,...,0), ..., en = (0,0,0,..., 1)

14 mot co s3 truc chuan déi véi tich vo huéng Euclid.

Vi DU 7.2.7. Trong khong gian vécto P, cd s6 chinh tic
1, z, z% ...,

14 mot co s3 truc chuan dbéi véi tich vo hudng chinh tic.
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Nhic lai rang tich vé huéng chinh tic ctia hai da thic
p=ag+arx+..+a,x", g="by+brx+ ...+ byx"

13
(p,q) = apbo + a1by + - - + anby.

Vi by 7.2.8. Hé vécto

14 mét ¢ s6 truc chuan cia khong gian vécto Euclid R3.

GIAL. Hé vécto ui,ug, ug 1a mot hé truc chuan da dugce chting minh trong
vi du 7.2.3. Hé vécto nay khong cé vécto khong, do do, nd 1a mot hé vécto
doc lap tuyén tinh.

Vi s6 phan tit ciia hé vécto bang ding sb chiéu ciia R nén né 1a mot co
56, va do d6, mot co s truc chuan ctia khong gian vécto Euclid R3. O

BAI TAP

7.31 [hint] Trong khong gian véc to Euclid R%, cho hé véc to
vy =(1,1,1,1), v =(-2,-1,a,2), v3 = (b,—17,—13,¢) .

1. Tim céc sb thuc a,b,c sao cho hé véc to 1a mot hé truc giao
trong khong gian véc to Euclid R%.

2. Tim mot véc to vg sao cho hé véc to v, ve, v, v4 1a MOt co 86
truc giao ctia R

7.32 [hint] Cho B = (u1,ug, ..., u,) la mdt hé tryc giao trong mot khong
gian véc to ¢ tich vo huéng V. Chiing minh rang

lug + g + -+ ur|? = Jua)? 4 Jua)® 4 -+ ]

Toa PO POI VOI €O S TRUC CHUAN

Thong thudng, dé xac dinh vécto toa dd clia mot vécto u ddi v6i mot co
s& v1, V2, ..., v, 14 phai bién ddi phuong trinh vécto

T1v1 + X2V + - -+ XU, = U
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thanh mot hé phuong trinh tuyén tinh bao gom n phuong trinh déi véi n
an 1, s, ..., %, roi tién hanh gidi hé phuong trinh tuyén tinh nay. Tinh
hudng tréd nén don gian hon nhiéu néu co s da cho 1a mot co sé truc giao
ho#ic mét ¢ sé truc chuan trong mot khong gian vécto cé tich vé hudng.

Cho v1,v9,...,vy ld mot co sd truc giao cia maot
khong gian vécto cé tich vo6 hudng V. Biéu thi tuyén tinh ciia mot
vécto u € V' trong co sé vy, va, ..., v, ld

U, V1 U, V9 U, v
T N U

v v |vn]
Hon nia, néu vi,vs, ..., ld mot co sd truc chudn thi
U= <’U,, Ul> vl + <’U/,Q)2> vg 4+ <’U/, Un) Un.

CHUNG MINH. Vi hé vy, v9,...,v, nén phuong trinh vécto
U = T10] + TovUy + - + TpUp (3)
c6 nghiém duy nhat. Véi méi i = 1,2, ..., n, lay tich vo huéng ciia cd hai

vé ctia phuong trinh (3) véi vécto v; ta duge
(T101 + 2202 + -+ + TpVp, V) = (U, ;)

Suy ra

21 (v1,05) + @2 (U2, v5) + -+ - + Ty (Vp, Vi) = (U, v;) .
Vi hé vécto vy, ve,. .., v, la truc giao nén (v;,v;) = 0 v6i moi j # i. Do do,
phuong trinh trén tré thanh

x; (vi, v;) = (u,v;) .

Suy ra x; = <|1:j ’_”|§>. Viy, vécto u c¢6 biéu thi tuyén tinh
u, U1 U, Vg u, v
O L B 5
|v1] v |vnl
Trong truong hop hé vécto vy, v, ..., v, 1& mot co s truc chuan thi cac

vécto v; c6 d6 dai bang 1, |v;| = 1 v6i moi 4. Khi d6, biéu thi tuyén tinh
trén tré thanh

U= <U,Ul>1)1 + <U7U2> vg 4+ <U,Un> Un.
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Dine Ly 7.2.10. Cho B = (v1,v2,...,vy) ld mdt co sd truc giao clia
mot khong gian vécto co tich vé hudng V. Vécto toa do cia mat
vécto u € V trong co sd B la

s = ((u,m) (u, va) <u,vn>>.

2 2 0 2
o1 oz [on]

Hon nita, néu B la mot co sé truc chudn thi

[l = <<u,v1) wvs) o (1, m).

Vi Dy 7.2.11. Trong khong gian vécto Euclid R3, cho hé vécto B =
(v1, v2,v3) VG

4 3 3 4
U1 = (07170)7 Vg = (_57075>7 V3 = (57(]’ 5) .

(a) Chiing minh rang B 14 mot co s& truc chuan ciia R3.
(b) Tim vécto toa do ctia vécto u = (1,1, 1) trong co sé B.

. J

GIAL (a) T biéu thiic toa do clia vy, v, v3, ta cb

(v1,v2) = (v1,v3) = (v2,v3) =0
va,
| = |vg| = |vg| = 1.
Do d6, hé vécto B 1a mot hé vécto truc chuan. Vi sd phan t@ ca hé vécto
nay bang ding s6 chiéu ctia R? nén B 1a mot cd s§ cia R3.

(b) Vi B 1a mot co s truc chuan ctia R? nén vécto toa do ciia u dbi véi B
1a

[U]B = (<’U,, Ul) ; <ua U2> 5 (u, U3>) .
Ta cb

1
<U7U1> = 17 <U7U2> = _ga <U,’U3> = g

= (1-17).

A

Vay
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Vi DU 7.2.12. Trong khéng gian vécto Euclid R3cho vécto u =
(1,2,4) va hé vécto B = (wy, we, ws) vii

w1 = (0,2,0), we = (3,0,3), wg =(—4,0,4).

(a) Chiing minh rang hé¢ vécto B 1a mdt co s truc giao ctia R3.

(b) Tim biéu thi tuyén tinh ctia vécto u trong co s truc giao B.

(¢) Tim biéju thi tuyén tinh ctia vécto u trong co s truc chuan thu
duge bang cach chuan héa co s6 truc giao B.

\. J

GIAL (a) Tu cong thic toa do clia cédc vécto wy, we, ws, ta cd
(w1, w2) = (w1, ws) = (wa, w3) = 0.

Do d6, hé vécto B la mét hé truc giao. Vi hé truc giao B khong chita vécto
khong nén né 1a mot hé doc 1ap tuyén tinh. Hon nita, sb phan tit ctia B
bang ding sb chiéu cia R3. Po dé, B 1a mdt co sd truc giao ciia R3.

(b) Biéu thi tuyén tinh clia vécto u trong co s6 truc giao B 13

. <u7w1> L+ <u7 2>w2+ <u7w3> 3
Jwy | |wa w3’
Ta cb
lwi? = 4, |we]?® =18, |ws|* = 32
va,

(uywr) =4, (u,we) =16, (u,ws) = 12.

Do d6, biéu thi tuyén tinh ctia u trong co sé B 1a

IR
U = wi 9’LU2 SW3.

(¢) Chuan héa cd s triyc giao B ta thu dude co 56 triee chuan C = (vy, vg, v3)
vGi ] 1
w1 w2
V1 =— = 07170 7”2::<707>7
A ™ Rl W
_ ws _ ( 1 0 1 >
|ws| V2 VR

Biéu thi tuyén tinh ciia vécto u trong co sé truc chuan C la

U3

uw = (u,v1)v1 + (u,v2) v + (u,v3) vs.
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Ta cb
3

(u,v1) =2, (u,v9) = \%, (u,v3) = 7

Do d6, biéu thi tuyén tinh ctia u trong co sé truc chuan C nhan duge bang
cach chuan héa co s true giao B 1a

5
u=2v; + —=vg +

V2

V3.

3
V2

BAI TAP

7.33 |hint] Trong khong gian véc tc Euclid R*, xét hé véc to B = (uq, us, us, us)
voi
Uy = (1505 17 _1) , U2 = (17 172)3) )

us = (1,-9,1,2), ug = (16,1, —13,3).
(a) Chiing minh rang hé véc to B 1a mdt co sé truc giao ctia R%.

(b) Tim véc to toa do clia mot véc to bat ky v = (a, b, ¢, d) ciia R*
trong co sé B.

7.34 [hint] Cho V 1a mot khong gian véc to c¢é tich vo hubng va B =
(e1,ea,...,e,) 1a mot co s6 truc chuan ciia V. Cho u,v € V.
(a) Chitng minh rang (u,v) = [u], - [v]4.
(b) Chting minh rang
<U’U> = <u’ €1> <U7 61> + <u7 62> <U7 62) +oot <u7 €n> <U7 €n> :

Khang dinh (a) cho thdy ring tat ca cic tich vo hudng trén mot
khong gian véc to V déu 1 tich vo huéng sinh ra tit mot cd s nao
dé cha V.

PHEP CHIEU VUONG GOC
Phép chiéu vudng goc 1én mot khong gian con 1a mot phép bién déi hinh
hoc quan trong.

Nhic lai rang phan bu truc giao ctia mot khong gian con W trong mot
khong gian vécta cé tich vé hudng V' 1a

Wt={veV:vlW}.
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DNt v 7.2.13. Cho W la mét khong gian vécto con hitu han chiéu
ctia mot khong gian vécto co tich vo hudng V. Khi do, moi vécto
w €V ¢6 phan tich duy nhadt

U= wi + wy (4)

vdi wy € W vd we € W,

Trong phén tich (4):

> vécto wy dude goi 1a hinh chiéu vuéng géc ciia u trén W, ki hiéu
projyy (u).
> vécto wy duge goi 1a thanh phdn vuéng géc cia u d6i véi W. Vi

véctd wy nay chinh 13 hinh chiéu vudéng géc clia v trén phan bu truc
giao W+ nén wo = projy 1 (u).

Phan tich (4) duge viét lai 1a

u = projy (u) + projy . (u).

Két qua sau cho ta cach tim hinh chiéu vuéng goc.

DNt Ly 7.2.14. Cho W la mét khéng gian vécto con hitu han chiéu
ctia mot khong gian cé tich vo hudng V. Gid st B = (v1,va,...,vy)
la mot co s6 truc giao cia W. Khi dé, hinh chiéu vudng géc ciia
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mot vécto u € V trén W la

U, V U, V U, V
(o) e o (wr)

projyy (u) Uy

Juf? |va? o |?

Hon nita, néu B la mét co s& truc chudn cia W thi

projy (u) = (u,v1) v1 + (u,v2) va + ... + (U, v,) vV,

U,V

CHUNG MINH. Ta cé

u = projyy (u) + projy . (u).

Vi projy (u) € W va B la mét co s tryc giao cia W nén

(projy (u),v1) — (projw (u),v2)

projy (u) = 5 5 Vo 4 -
v |v2]
projw (u),v
+ < T[;(P) 7’> vy (5)
T
Vi projyyo (u) L W nén v6i moi i = 1,2,...,r, ta co

(u,vi) = (projy (u) + projy (u), vi)
= (projw (), vi) + (projuv (u) , vi) = (projy (u),vi) .

Do d6, phuong trinh (5) tré thanh

. u, v U, U U, U
PTOJW(U):< ;>U1+< ;>U2+"'+< £>
|v1] V2] |vr |

.

Néu B 1a mot co s truc chuan thi |v;| = 1 v6i moi 4. Khi d6, phuong trinh
trén tuong duong véi
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projy (u) = (u,v1) v1 + (u,v2) va + ... + (U, v,) vV,

Vi Dy 7.2.15. Trong khong gian vécto Euclid R3, cho hé vécto
v = (0, 1,0) , V2 = (—4,0,3) .

(a) Tim hinh chiéu vudng géc ciia vécto u = (1,1,1) trén khong
gian con W = L(vq,v2) ctia R3.
(b) Tim thanh phan vuong goc ciia vécto u déi véi W.

GIAL. Vi hé vécta B = (v, v2) doc 1ap tuyén tinh nén B 13 mot cd sé ciia
W. Co sé B la truc giao vi (v1,v2) = 0.

Do dé, hinh chiéu vuong géc ciia u trén khong gian con W 1a

. U, v u, v
projy (u) = < ;>v1 + < §>Uz-
|v1] |v2]
Ta ¢cb
12 =1, |va? =25, (u,v1) =1, (u,vy) = —1.
Do dé6

Projw (’U,) - I (07 170) + g (_4707 3) = (25, 1, —25) .

Thanh phan vudng géc ciia v ddi véi W 1a
projyy . (u) = u — projy (u)
4 3 21 28
= (]—7 ]-7 1) - (a 17 _) = (aou ) .
25 25 25" 725
O
Dé tinh hinh chiéu vuéng géc trén khong gian con W theo dinh 1y 7.2.14,

ta can mot co sd truc giao ctia W. Phan tiép theo trinh bay ki thuat bién
d6i mot co s bat ky ciia W thanh mot co sd triuc giao cia no.
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BAI TAP
7.35 [hint] Trong khong gian véc to Euclid R?*, cho céc véc to
w=(1,-2,1,-2), v=(1,2,3,4).

Tim hinh chiéu vuéng géc ctia u trén L (v).

7.36 [hint] Trong khong gian véc to Euclid R*, tim hinh chiéu vuong géc
cla véc to u = (1,—3,—5,7) trén khong gian con sinh ra tit hé véc
to truc giao

U1 = (_1a _1707 2)? V2 = (1737_632) .

TRUC CHUAN HOA GRAM-SCHMIDT

Truc chudn héa Gram-Schmidt 14 qué trinh chinh tic dé bién déi mot hé
vécto thanh mot hé vécto truc chuan. Trong nhiéu trudng hop, ta chi can
mot co s true giao, va do d6, ta bé qua bude chuan héa trong qua trinh
trite chuan héa Gram-Schmidt.

DNt 1y 7.2.16. Cho W la mét khong gian vécto con ciua mot khong
gian co tich vo hudng V. Goi uy,ua, ..., uy la mot co sé cia W.
V6ii=0,1,2,...,r, goi W; = L (u,us,...,u;) va v; la thanh phan
vudng goc cilia vécto u; doi vdi khong gian con Wi_q

v; = u; — Projyy, _, (u;) .

Khi do hé vécto vi,va,...,v, la mdt co sd truc giao cia W. Hon
nia, voi moi i = 1,2,...,r, hé vécto vi,ve,...,v; ld mot co sd truc
giao ctia W;.
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Dbé stt dung dinh 1 trén mot cach hiéu qué, ta can tinh céc hinh chiéu
vuodng géc projyy. , (u;) clia vécto u; 1én khong gian con W;_;. Mudn thé,

stt dung cG sé truc giao vy, v, ...,v;—1 cua W;_q:
. Ui, U1 Ui, Vo Ui, Vi1
projyy, , (ui) = i 2>Ul + iy 2>’02+~~+—< Z" : 2>Ui—1-
|v1] |va |vi—1]
Do d6
o — <Uz’,v1>vl B (Uz‘7v2>v2 _ o Swviey) )
1 1 1—1-
o1 |? |va? via|?

Truc giao héa Gram-Schmidt

Cho wuy,us,...,ur la mot co sé cia mét khong gian vécts con W
trong mot khong gian vécto co tich vo hudng V. Qua trinh truc
giao héa Gram-Schmidt bién d6i co sé nay thanh mot co s6 truc
giao v, v, ..., v, cia W nhu sau:
> v = uy,
> v = ug — <u2’vl>1}1
|v1]
(us,v1) (us,v2)
> v = ug — v — v
3 3 |’l}1|2 1 |’U2|2 2
> .
> v = u <ui’v21)1)1 _ <uz'7v22>v2 . <ui_’”i‘1>vi_1.
|v1] [v2] i1l
> .
Bang cach chuan hoéa co sd tric giao vi, va, . .., v, ctia W, ta nhan
duge mét co s truc chuan cia W.
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Ta c6 thé thuc hién quéd trinh truc giao héa hodc tric chuan héa Gram-
Schmidt trén mot hé vécto bat ky uy, us, ..., u,. Khi d6, hay loai bo céc
vécto v; bang khong.

Corollary 5. Ton tai co sd truc chudn cho moi khéng gian vécto hiu han
chieu cé tich vé hudng.

CHUNG MINH. Lay mdt co s6 bat ky ctia khong gian vécto nay roi truc
chuan héa Gram-Schmidt né, ta nhan dugc mot co sé truc chuan. O

Vi Dy 7.2.17. Trong khong gian vécto Euclid R3, cho hé véctao
uy = (1,1,1), Ug = (071,1), uz = (0,0,1).

Truc giao héa Gram-Schmidt hé vécto ug,us,us dé duge mot hé
vécto truc giao, roi chuan héa hé vécto nay dé duge mot hé vécto
truc chuan.

GI1AIL. Truce giao héa Gram-Schmidt hé vécto uq, ug, us:

> v =up = (1,1,1).

> vy = g — %vl = (0,0,1) — 2(1,1,1) = 1 (=2,1,1).

> vgzug—%vl—%m:(0,0,1)-%(1,1,1)—%(—2,1,1):
%(Oafl)l)'

Trong khi tinh v3, ta da st dung vécto 3vs thay cho vécto ve. Diéu nay
dugce phép vi
(us, va) (uz, 3v2)

Vo = o).
0ol 2 P O

Viéc thay thé véctd ve nay da han ché phan s trong tinh toin trung gian.

Hé vécto truc giao nhan duge sau quéa trinh truc giao héa Gram-Schmidt

fa 211 11
U1 ( D) )) V2 ( 37373>7 U3 <07 272)

Chuan hoéa hé vécta trire giao nay ta nhan duge hé vécto trie chuan

- 1 = 1 - (L 1 1
Q= \1)1|U1 - 3(17171)_<\/§7\/§7\/§>



332 CHUONG 7. KHONG GIAN CO TIiCH VO HUONG

_ 1 1 _ 2 1 1
q2 ‘U2|U2 %( 27171) - (_%5%776)
_ 1 _ 1 _ 1 1
q3 = wvi’) — 72(07_171) - ( 7_ﬁ7ﬁ .

Trong khi chuan héa cic vécto vy va vs, ta da st dung vécto 3vq thay thé
cho vécto ve va vécta 2u3 thay thé cho vécto vs. Piéu nay dude phép vi

1 1 1 1

—v9g = —— (3vg), —v3 = —— (2v3).
ol 2 = gl 2 [ T Taug] 2

Viéc thay thé cdc vécto v va v3 nay lam cho tinh todn trung gian don
gian hon. O

Ta c6 thé tién hanh ddng thoi truc giao héa Gram-Schmidt va chuan héa
dé thu dugc hé vécto truc chuan, thay vi truc giao héa Gram-Schmidt
trude r6i chuan héa hé vécto truc giao thu duge.

Trong tinh toan trung gian clia qua trinh truc giao héa Gram-Schmidt va
chuan hoa, ta nén thay thé cic vécto v; béi kv; v6i mot sb k thich hop.

Vi Dy 7.2.18. Xét khong gian vécto Py trang bi tich vo huéng tich
phéan

1
(v, q) =/ p(z)q(x) dz.

-1

Hay truc giao hda Gram-Schmidt co sé chinh tac 1, z, 22 clia Ps.

G1AL. Truc giao hda Gram-Schmidt co s6 vy = 1, us = x,u3z = x2, ta dudc

> v =u =1,

(u2,v1)

> vo = uUg — e v1. Ta ¢b

1
(ug2,v1) :/ xdx = 0.

1

Do d6 vy = x.
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(ug,v1)  (u3,v2)

17 1T el

1 371
9 T 2
= d = _ = —
(g, v1) /_133 v l 3 ]_1 3

1
o = [ do= !, =2

1 A1
(us,va) = / wde = | — =0.
. 1]

(1) ::1:2—%.

> vy = ug — v9. Ta cb

Do d6 vg = x° —

S
ol

O

Co s6 truc giao trong vi du trén thudng dudng nhan véi céc hing sé mot
cach thich hgp dé gid tri clia ching bang 1 tai « = 1. Ta nhén dude cac
da thic 1
— 2 p—
Lo, g (33; 1) .

Céac da thic nay duge goi la cac da thitc Legendre.

BAI TAP
7.37 [hint] Trong khéng gian véc to Euclid R* cho hé véc to
ui = (1,1,1,1), us = (2,2,3,5), ug = (2,3, -2,1).

(a) Truc giao héa Gram-Schmidt hé véc to uq, ug, us.
(b) Truc chuan héa Gram-Schmidt hé véc to uy, ug, us.

M@ RONG HE VECTOG TRUC CHUAN THANH CO SO TRUC CHUAN

MENH PE 7.2.19. Cho V 13 mot khong gian véeto hitu han chidu c6
tich v6 huéng.

(a) Moi hé vécto trie giao doc 1ap tuyén tinh trong V déu cé thé
b6 sung vécto dé trd thanh mot co sé truc giao.

(b) Moi hé vécto truc chuan trong V déu cé thé b sung vécto dé
tré thanh mot co sé truc chuan.
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CHONG MINH. (a) Goi v1,v2,...,v, 1& mot hé truc giao doc 1ap tuyén
tinh trong V. Bat W = L (v1,ve,...,v,). Khi d6, v6i moi co sé truc giao
w1, U, . .., Us clia phan bu truc giao W, hé vécto

V1,V2y...,Up, UL, U2y ..., Ug

la mot ca s truc giao cua V.

(b) Y ndy dugc chiing minh giéng hét nhu trén. Goi vy, va, ..., v, 13 mot
hé truc chuan trong V. Dat W = L (vy,ve,...,v,). Khi d6, v6i moi co s
truc chuan wuq, us, . . ., us ciia phan bu truc giao W, hé vécto

V1,V2y ...y Up, UL, U2,...,Ug
1a mot co sG truc chuan cia V. O

Vi by 7.2.20. Trong khong gian véc to Euclid R3, cho véc to vy =
(1,1,1). Tim hai véc to ve,vs sao cho hé véc to vy, ve,v3 1& mot co
s6 truc giao clia R3.

CHUNG MINH. Tép hgp céc véc to vuodng goc véi vée td vy 1a phan bu truc
giao E(vl)L. Hé véc to vg,v3 can tim chinh 1a mot co sé truc giao ciia
L (vy)*t. Tac6

rlv, & x14+x2+23=0
x=(—t—s,t,s)
z=t(—1,1,0)+s(~1,0,1).
Do d6, mot co s6 cia L (211)l 1a hé véc to
up = (—1,1,0), ug = (—1,0,1).

Viwug-us =15 0nén co sG ug, us cia L (vl)L khong phai [a mdt co s truc
giao. Dé c6 duge mot co sé trie giao vo, v3, ta triuc giao héa Gram-Schmidt
hé véc to uq, us:

> vg = U = (—1,1,0)

> vg = Uy — “‘37”(?@2 = (=1,0,1) =1 (=1,1,0) = & (—=1,-1,2).

Hai véc to vg,v3 can tim trong vi du trén 1d mot co sé truc giao bat ky
ctia phan bt truc giao £ (1}1)L nén né khong duy nhat. Trong céac bai tap
bén dudi, ta trinh bay cic cach khac dé tim cic véc to nay.
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BAI TAP

7.38 [hint] Trong khong gian véc to Euclid R3, cho véc to vy = (1,1,1).
Tim hai véc tc ve, vg sao cho hé véc to v, v9, v3 la mdt co sé truc giao
ctia R3 bang céch truc giao héa Gram-Schmidt hé sinh vy, e, e, €3
ciia R? trong d6

e1 =(1,0,0), e2 =(0,1,0), ez = (0,0,1).

7.39 |hint] Trong khong gian véc to Euclid R3, cho véc to v; = (1,1,1).
1. Chting minh rang hé véc to v1, v2, v3 1a mot co s6 ciia R3 véi
vy =(1,1,0), vs = (1,0,0).
2. Truc giao héa Gram-Schmidt hé véc to vy, vg, v3 dé dude mot co
s6 truc giao ctia R3 chita véc to v1.
PHAN TicH QR

Quaé trinh true chuan héa Gram-Schmidt da bién déi mot co sé uq, ua, . . . , Up
thanh co s6 truc chuan qi, o, . .., gn. Mbi lién hé giita hai co s6 nay dugc
luu trit trong ma tran chuyén co s6 R.

Cu thé hon, ma tran chuyén co sé R tit co s truc chuan ¢1, ¢o, . . . , gn sang
co 56 ban dau uq,ug, . .., U, 14 mot ma trdn vuéng c¢d n x n véi cot thi j
la, vécto toa do clia vécts u; trong cd s6 q1,q2, ..., qn

Uj = 71541 + 12592 + -0+ Tnjdn.
Vi qi,q2,...,qn 12 co 86 truc chuan nén

i = (Uyj, Gi) -
Ta c6
> m-jzonéui>j.

> 74 1a dd dai clia thanh phan vuong géc ciia vécts u; dbi véi khong
gian con L (q1,q2,---,¢i—1) = L (u,ug, ..., ui—1).

Do dé, R 1a mdt ma tran tam gidc trén, véi cidc phan ti trén dudng chéo
14 cac s6 duong.
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Ding v 7.2.21 (Phan tich QR). Cho A la mot ma trdn c¢d m X n
vdi cde cot doc lap tuyén tinh. Khi dé, ton tai duy nhat phan tich

A=QR

trong do

> ma tran () c6 cd m x n, vd hé vécto cot ciua noé la mot hé truc
chuan

> ma tran R cé ¢d n X n la mot ma tran tam gidc trén, vdi cic
phan ti trén dudng chéo la cdc s6 duong.

CHUNG MINH. Goi u1,us, ..., U, la hé vécto c¢dt cia ma tran A. Theo gid
thiét, hé vécto ui,us,...,u, doc lap tuyén tinh trong khong gian vécto
R™. Trang bi cho R™ tich v6 huéng Euclid.
Truc chuan héa Gram-Schmidt co s6 ui,us, ..., u, dé dudc co sd truc
chuan q1,q2, ..., qn. Ta cb
ur = (u,q)q + (uL@e)e + 0+ (W,dn)dn
ug = (ug, 1)1 + (u2,q2)q2 + + (U2, qn) gn
U = (Up, @)@t + (Un, @)@ + 0+ (U, )
Suy ra
A:[ul ug - un]
(ur,q1) (u2,q1) - (un,q1)
(ur,q2) (u2,q2) - (un,q2)
:{Q1 q - Qn] . . .
@ <u1,qn> <u2aQn> <un,qn)
R
L]

Vi Dy 7.2.22. Tim phéan tich QR ctia ma tran

1 00
A=1]1 1 0
1 11
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CHUNG MINH. Hé vécto cOt ctia ma tran A la
1 0 0
uyp = 1 , Ug = 1 , Uz = 0
1 1 1

Trure chuan héa Gram-Schmidt hé vécto nay, ta nhan duge co sé truc chuan
(xem vi du 7.2.17)

1 _2 0
P e |
Ga= |l 27 V6 | B= —@
1 1 1
V3 V6 V2

Ma tran chuyén cd sé tit co s§ truc chuan qi, o, g3 sang cd sé ban dau
Uy, u2, U3 1a

3 2 1
(ur,q1) (u2,q1) (us,q1) V3 3 VB
2
R = 0 <U27QZ> <u3’QQ> =10 V6 6
0 0 <U3aQ3> 0 0 %
Do viy, phan tich QR ctia ma tran A la
(1.0 0
A=1[11 1 0].
_1 11
L _2  g1[3 =2 L
L N I RS SR
=l v =||Y % %
1 1 1 0 0 L
L V3 V6 V2 V2
Q R

BAI TAP

BAI TAP TONG HOP

7.40 [hint] Trong khong gian véc to Euclid R*, goi W 1 khong gian con
sinh ra tu hai véc to

uyp = (Oa_17271)’ U2 = (1>1>474)
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1. Tim mét co s truc giao ctia W,

2. Tim médt co sd truc chuan ciia W,

7.41 [hint] Trong khéng gian véc to Moy voi tich vo hudng chinh téc,
cho hé ma tran B = (A, Ay, Az, Ayg) véi
1 1 1 -1
~1 —1]"44_[—1 1]'

11 1 -1
1. Chting minh rang B 1a mot co s6 trice giao ciia Moyo.

1 3
-5 6

2. Viét ma tran A = l ] nhu 1a mot t6 hgp tuyén tinh cia

hé ma tran B.
3. Chuan héa B dé duge mot co sé truc chuan ciia Moyo.

7.42 [hint] Trong khong gian véc to Maxo trang bi tich vé huéng chinh
tac, ky hiéu W 1a khong gian con clia céc ma tran dbi xing.

1. Tim mét co s6 truc giao cia W.

2. Tim mét co sG tric giao clia phan bii truce giao W,
7.43 [hint] Trong khong gian véc td Mayo trang bi tich vé huéng chinh
tac, ky hiéu W 1a khong gian con ctia céc ma tran chéo.

1. Tim mot co s6 truc giao cua W.

2. Tim mét co sd truc giao cia phan b truc giao W,
7.44 [hint] Trong khong gian véc to Maxo trang bi tich vé hubng chinh
téc, ky hiéu W 1a khéng gian con ciia cic ma tran tam gidc trén.

1. Tim mot co s6 truc giao cia W.

2. Tim mét co sd truc giao clia phan b truc giao W,
7.45 [hint] Cho V 13 mot khong gian véc to hitu han chiéu c6 tich vo
huéng. Cho U va W 1a cac khong gian con ctia V. Chting minh rang

1L (U+W):=Uurnw,
2. (UnW):=Ut+wt,
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7.3 MA TRAN TRUC GIAO; CHEO HOA TRUC GIAO

Ta da c6 diéu kién can va di dé mot ma tran 1 chéo héa duge. Muc nay
trinh bay mot két qui quan trong cta dai sb tuyén tinh néi rang tdt cd
cdc ma tran doi xing vdi hé s6 thuc déu chéo héa duoc. Két qua nay dugce
stt dung trong nhiéu ng dung mot cach cot yéu.

MA TRAN TRUC GIAO

Ma tran truc giao 1a mét 16p ma tran quan trong trong hinh hoc, tuong
{ing v6i cdc phép bién ddi hinh hoc béo toan khoang cach giita céc vécto.

DINH NGHIA 7.3.1. M6t ma tran vuoéng A ¢d n x n dug goi la truc
giao néu A kha nghich véi nghich dao 1a

Al = AT,

Mot phép bién d6i ma tran T : R® — R™, T (z) = Az duge goi 1a
mét bién doi truc giao hoic mot todn t& truc giao néu A la
moét ma tran truc giao.

Tt dinh nghia, ta thiy rang mdt ma tran vudéng A 1a truc giao khi va chi
khi
AAT =1 = AT A

Thong thuong, ta sé st dung dieu kién nay dé kiéem tra tinh truc giao cta
ma tran, vi n6 tranh viéc phai tim nghich dao ctia ma tran roi so sanh né
v6i ma tran chuyén vi.

Vi by 7.3.2. Ma tran don vi I, 1a mot ma tran truc giao
L'=I,=1

Mot ma trén chéo
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la truc giao khi va chi khi d; =1 hodac —1 v6i moi ¢ = 1,2,...,n vi
d3 02 .. 0
p'p-pp-| @ 0
00 .. @

n

Vi pu 7.3.3. Chting minh rang ma tran

3 2 6
a—| 85 3
1§ 3
77 7
la truc giao.
GIAL. Ta ¢6
3 _6 2 3 2 6 1 0 0
AT A = 5 g 5 _ég 5 =10 10
& 5 3 56 3%
77 % 77 7% 001
Do dé, A la mét ma tran truc giao. O

Vi DU 7.3.4. Trong mét phiang Euclid R?, chting minh rang

(a) Phép quay tam tai gbc toa d6 1a mot phép bién ddi tryc giao.

(b) Phép dbi xting truc qua mot dudng thing di qua gbe toa do 1a
mot phép bién doi truc giao.

GIAL (a) Trong mit phang R?, phép quay tam tai gbc toa do véi gbe quay
6 13 mot bién ddi ma trdn véi ma tran chinh tdc 1a

cos) —sind
A= [ sin 0089]'
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Tiv

Ta cb

AT A — cosf sin6 cosf —sinf | |1 0O
~ | —sinf cosf sinf  cosf | | 0 1
Suy ra A la mot ma tran truc giao. Vay phép quay 1a mot phép bién doi
truc giao.

(b) Trong mit phang R?, phép dbi ximg truc qua dudng thang di qua gbc
toa do v6i vécto chi phuong (cosf,sin6) la

| cos20 sin 260
T | sin20 —cos26 |-

v

N
e 4
\
‘)—
& =
A

T(w)

Ta co

AT A — cos 20 sin 20 cos 20 sin20 | |1 0
| sin20 —cos26 sin20 —cos20 | |0 1|’

Suy ra A l1a mot ma tran truc giao. VAy phép ddi xing truc 1a mot phép
bién déi truc giao. [

Sau day la mét s6 tinh chat co ban clia ma tran truc giao.
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(a) Ma trdn chuyén vi ciia mot ma tran truc giao
cung la mot ma tran truc giao.
(b) Ma tran nghich ddo cia mot ma tran truc giao cing la mot
ma trgn truc giao.
(c) Tich cia cic ma trgn truc giao cing la mot ma tran truc giao.

(d) Pinh thic ciia mét ma trn truc giao bing 1 hodc —1.

GI1A1. Cho A va B la cdc ma tran truc giao ¢d n X n. Ta ¢d

ATA=1=44T, B"B=1=BB".
T - 2 2
(a) Vi (AT) = A nén ding thitc ATA =T ¢6 thé viét lai 1a
T
AT (AT) ~I.

Suy ra, AT 1a mot ma tran truc giao.

(b) Nghich dio hai vé ctia ding thitc ATA = I va st dung ddng thtic
—1

(AT) = (A*I)T, ta duge

Suy ra, A~! 1a mot ma tran truc giao.

(c) Ta c6
(AB)' (AB) = BTATAB = BTIB=B"B =1.

Suy ra, ma trén tich AB la mot ma tran truc giao.

(d) Ly dinh thtic hai vé ATA = I, ta dugc

det (ATA) = 1.
Suy ra
(det (A4))* = det (AT) det (4) = det (ATA) = 1.
Suy ra det (A) = 1 hoac det (A) = —1. O

Két qua sau cho ta mdi lién hé giita ma tran triuc giao va co sd truc chuan.
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V&i mét ma trdan vudng A ¢é n x n, cdc khang dinh
sau tuong duong vdi nhau.

(a) A truc giao.

(b) Hé vécto cot cia A la mot co sd truc chudn cia khong gian
vécto Euclid R™.

(c) HE vécto hang ciia A la mét co sé truc chuan cia khong gian
vécto Buclid R™.

CHUNG MINH. Dé chiing minh su tuong duong ciia hai khiang dinh dau
tién, ta tinh AT A théng qua cdc hang clia ma tran A.

Ky hiéu hé vécto cot ctia ma tran A 1a vy, v, . .., v,. Khi 6, hé vécto hang
ctia ma tran chuyén vi AT 1a of ol ... vl. Ta c6
vl vivy vlvy o0 T,
T vl vivy vlvy oo vl
AYA=| . [vl ) vn] =
vl U U1 U U2 v,

Phan tit § vi trf (4, 5) cta tich AT A 1a

T — v - s
v; Vj = v - ;.

A

Vay

A true giao & ATA=1
& v -v; =1 v6i moi i va
v; -v; =0 v6i moi ¢ # j
& vy, 09, .., 0, 12 mot hé truc chuan.

D& chimg minh su tuong duong ctia khing dinh thtt nhit va thit ba, ta sit
dung su tuong duong ctia hai khing dinh dau va ma tran chuyén vi.

A triue giao < AT truc giao
& Hé vécto c¢ot cia AT 1A truc chuan
& Hé vécto hang ctia A 13 truc chuan.
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Vi DU 7.3.7. Tim tat ci cic ma tran truc giao c& 2 x 2.

GIAIL. Cho A = |:’Ul UQ] la mot ma tran c¢d 2 x 2. Theo dinh 1y trén, ma
tran A truc giao khi va chi hé vécto vy, vo 14 mot co s6 truc chuan ciia R2.

Do d6, ta can xac dinh tit ca cic co s6 truc chuan ciia R?: |vg| = 1, |ve| =
1, U1 1 V2.
cos 0]

> |v1| = 1 khi va chi khiv; = [sinﬁ .

5

> Khi d6, hé didu kién |vs| = 1,v; L v tuong duong viive = | o 0]

cosf
ot 12 = | *0Y,
(" Svn 9;“*‘9)
l}; =( ws®) Swmd)
>
1
(sim®, - cos4)

Do dé, tat ca cidc ma tran truc giao cd 2 x 2 1a

cosf —sinf ¥ _|cos@  sinf
A= [sin@ COSQ]’ hoge A = [Sinﬁ —cos@]'
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Luu ¥ rang phép bién déi ma tran @ng véi ma tran dau tién 1a phép quay,
con phép bién déi ma tran tmg v6i ma tran tht hai 13 phép d6i xiing

truc. [
A & e
™ AT
g v %
[ -q
| | &y
h

TINH CHAT CUA BIEN POI TRUC GIAO

DINE LY 7.3.8. Vi méi ma tran truc giao A ¢d n x n, cdc khing
dinh sau day tuong duong véi nhau.

(a) A truc giao.
(b) |Az| = |x| vdi moi vécto x € R™.
(c) (Az) - (Ay) = x -y vdi moi vécto x,y € R™.

MENH pE 7.3.9. Cho B = (v1,v2,...,v,) 1 MmOt co 6 truc chuan
cia mét khong gian ¢é tich vé huwéng V. Cho u,v € V, vi cc vécto
toa do trong co sé B 1a

[ulg = (a1,a2,...,a), [v]g = (bi,ba,...,by).
Khi d6
(a) (u,v) = a1by + azby + - - + anby.
(b) Jul = \fa? + a3+ + a2.

(¢) d(u,v) = /a1 —b1)? + (a2 — bo)> + -+ (an — by)™.

BAI TAP

7.46 [hint] Tim ma tran truc giao trong cdc ma tran sau.
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0 01
(3)0%0
1 L o
L+ 2
1 2 0
V3 Ve
O
L V3 V6 V2
1 2 2
(c) & 221}
—2 -1 2
3 3 3 3
13 -5 1 1
(d)5311—5
'3 1 -5 1

7.47 [hint] Cho A, B 1 hai ma tran tryc giao. Tim ma tran truc giao
trong cdc ma tran sau.

(a) 24 (e) AT

(b) AB (f) —B

(c) A+B (g) B"'AB
(d) B~

7.48 [hint] Tim a,b dé ma tran
a —b
b a

la mét ma tran truc giao.

7.49 [hint] Cho ma tran

(a) Hé véc to hang ctia A c¢6 phai la mot hé truc giao?
(b) Ma tran A ¢6 c6 phéi la mdt ma tran truc giao?

(c) Hé véc to cot clia A ¢ phai la mot hé truc giao?
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7.50 [hint] Cho ma tran

31 4
A=| -5 7 2
11 -1

Goi B 1a ma tran c¢d 3 x 3 ¢6 hé véc to hang 1a chuan héa ctia hé véc
to hang ctia ma tran A. Chiing minh rang B 14 mo6t ma tran truc
giao.

7.51 [hint] Tim a, b, c dé ma tran

A=

S-S o
S O =
o o R

la mét ma tran truc giao.

CHEO HOA TRUC GIAO

Muc nay trinh bay vé tinh chéo héa dugc ctia cic ma tran thuc dbi xing.
DPay 1a mot két qua quan trong, c6 nhiéu tng dung.

Nhéc lai rang mot ma tran A 1a chéo héa dude néu né dong dang véi mot
ma trdn chéo. Ma tran A dong dang v6i ma tran B c6 nghia la ton tai
mot ma tran kha nghich P sao cho A = PBP~!. Ta dinh nghia phién ban
manh hon ctia khai niém dong dang, khi yéu cau ma tran P trong dang
thitc A = PBP~! phai 13 mot ma trin truc giao.

DINH NGHIA 7.3.10. Ma tran A 14 déng dang truc giao véi ma
tran B néu ton tai mot ma tran truc giao P sao cho

A=PBP ! =pPAPT.
Theo dinh nghia, néu A dong dang truc giao v6i B thi A ciing dong dang
v6i B. Khing dinh nguoc lai khong ding.
Tuong tu nhu truong hop dong dang, quan hé dong dang truc giao ciing

la mét quan hé tuwong duong trong 16p cadc ma tran vudng, tic la

> Moi ma trdn vudng déu dong dang truc giao v6i chinh né: A dong
dang truc giao vGi A.
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> Néu A dong dang truc giao v6i B thi B ciing dong dang truc giao
véi A.

> Néu A dong dang truc giao véi B va B dong dang truc giao véi C
thi A dong dang tric giao véi C.

DINH NGHIA 7.3.11. Ta néi mdét ma trdn vuéng A 1la chéo héa truc
giao duoc néu A dong dang v6i mot ma tran chéo, titc 1a néu A cé
phan tich chéo hda truc giao

A=PDP ! =pDPT

trong dé D 1a mot ma tran chéo va P la mot ma tran truc giao.

Theo dinh nghia, m6t ma tran chéo héa truc giao dugc thi cing chéo héa
dugc.

TIEU CHUAN CHEO HOA TRUC GIAO BUGC
MENH bE 7.3.12. Néu A chéo héa tric giao duge thi A dbi xtng.

CHUNG MINH. Cho A 14 mdt ma tran chéo héa truc giao dugc, tic 1a
A=pPDPT

v6i D 13 mot ma tran chéo va P 1a mot ma tran truc giao. Lay chuyén vi
cé hai vé, ta dugc

AT — (PT)T DTPT — ppPT = A.

Vi AT = A nén A d6i xtmg. O

Cho A la mét ma trdn vudng cé n x n. Cdc khing
dinh sau day tuong duong vdi nhau.

(a) A chéo héa truc giao dugc.

(b) R™ c6 mét co s truc chudn gom todn vécto riéng cia A.
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CHONG MINH. (a) = (b). Gid st A chéo hoa truc giao duge. Khi d6, A c6
phén tich chéo hoéa truc giao

A 0 ... 0
. 0 X ... 0
A=PDP ", D=| . . )

0 0 ... X\
Vi P la m6t ma tran tryc giao nén hé vécto cot vi,vs,...,v, cia P la
mot cd s truc chuan ctia R™. Mit khéc, céc vécto vy, ve, . . ., v, deu la cic
vécto riéng cua A, v6i Av; = A\v;.
Do d6, v1,va, ..., v, ]aA mdt co s truc chuan ciia R gdm toan véctd riéng
cua A.
(b) = (a) . Gia sit R" c6 mot co sd trite chuan vy, va, . . ., v, gom toan vécta

riéng ctia A, v6i Av; = \jv;. Khi d6 A = PDP~! véi

A0 ... 0
0 X ... 0
D=1 . . ,P:[vl Vo ... Upl.
0 0 ... X\
Vi hé vécta vy, v, . . ., v, 14 moOt cd s6 trie chuan ctia R™ nén P 1a mot ma,
tran truc giao. Do d6, ma tran A chéo hda truc giao duge. O

DNt Ly 7.3.14. Tat cd cdc ma tran thuc déi zing déu chéo héa truc
giao dugc.

Thuat toan chéo hoa truc giao

Cho A 13 mo6t ma tran thuc d6i xiing. Dé chéo héa truc giao A, ta
tién hanh cic buéc nhu sau.
1. Tim céc gid tri riéng cia A.
2. Tim mot co sé cho mdi khong gian con riéng ciia A.
3. Truc chuan héa Gram-Schmidt co s ctia mdi khong gian con
riéng dé dude co s6 truc chuan.
4. Ghép lai céc co s6 truc chuan ciia céc khong gian con riéng dé
dugce o s true chuan vy, va, . . ., v, clia R gdm toan vécto riéng
ctia A véi cac gia tri riéng tuong tng lan lugt 1a A1, A2, ..., Ap.
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Ta nhén dugce phan tich chéo hoéa tryc giao cia ma tran A
A=PDpP!

v6i ma tran chéo D va ma trén truc giao P lan lugt 1

A 0 ...00
0 X ... O

D= . . ,P:[vl Vo ... Upl.
0 0 ... M\

Vi DU 7.3.15. Chéo héa tric giao ma tran thuc déi xtmg

A=

N DN
N =~ DN
=N N

G1A1. Tién hanh chéo héa ma trédn A, ta thu dugc bang gid tri riéng va
vécto riéng sau

Gié tri riéng 2 8
Boi dai s6 2 1
B&i hinh hoc 2 1
-1 -1 1
Mot co sG cua uy = 1| ,ue = 0 ug= | 1
khong gian con riéng 0 1 1

Tric chuan héa Gram-Schmidt co s& uy,us clia khéng gian con riéng Fo,
ta nhan dudc co sé truc chuan

V1= —F=

Chuan héa co sé us ctia khéng gian con riéng, ta nhan dudc co s truc

chuin
1
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Do dé, phan tich chéo hoda truc giao cuia ma trdn A la

A=PDP!
vOi
1 1 1
\{i \{g \{g 2 00
P = 7 7 7 , D=0 2 0
0 2 1 0 0 8
V6 V3
]
BAI TAP

7.52 [hint] Chéo héa tryc giao cac ma tran thiuc déi xiing
1 11
A=11 1 1
1 11

7.53 [hint] Chéo héa truc giao ma tran thuc dbi xing

4 -4 =2
A= -4 4 2
—2 2 1

PHAN TicH PHO

Cho A 1a mot ma tran thuc déi xing ¢d n x n. Gia st ma tran A c6 phan
tich chéo hoa truc giao

A=PDP!=pDPT

véi ma tran truc giao P va ma trdn chéo D lan lugt 1a

A 0O ... 0
0 X ... O
P:[u1 Uy ... un],D: . . .
0 0 ... A\,

Khi do
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A0 . 0] Wt
0 X ... O ud
A = [m uz ... un} . ) 2.
0O 0 ... X\, ug
uj
ug
= {)\111,1 AQUQ /\nun} .
ul

= Aluluip + )\2uQu2T + -+ )\nunug.

Coéng thiic
A= Aluluflr + )\guzug 4+ /\nunug

dugc goi 1a phdn tich phé cltia ma tran A.

MENH PE 7.3.16. Cho u € R" 1a mot vécto don vi. Khi dé, ma tran

cGnxXn

UUT

14 ma tran chinh tic ctia phép chiéu vudng géc lén dudng thing

L (u).

CHONG MINH. Cho o € R™ 13 mot vécto bat ky. Ta can chitng minh
(uuT> T = Projpy ().

Vi vécto u chinh 13 mot co s& trie chuan cia dudng thang £ (u) 1én hinh
chiéu vuong goc ctia z trén L (u) 1a

Projr(u) () = (u- x) u.

A

Vay
(uuT)m:u(uTx) :u[ u-T } = (u-x)u = projee, ().

L]

T phan tich phd ciia ma tran A, va ménh dé trén, ta nhan dugc két qui
sau day.
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Corollary 6. Cho A la mét ma tran thuc doi xing cd n x n. Gid si

UL, U, . . ., Up & MmOt co sd truc chudan cia R™ gom toan vécto riéng cia A
vdi cdc gid tri riéng tuong wng lan luot la A\, Aa, ..., \,. Khi dé

Az = MProjz(y,) () + A2Projzuy) (%) + -+ + AuProjz(y,, (%) -

Vi Dy 7.3.17. Tim phén tich pho clia ma tran thuc dbi xting

1 2
12
Vé hinh minh hoa tich A [ 1 ] stt dung phén tich phd clia ma tran
A.

C1A1. Tién hanh chéo héa truc giao ma tran A, ta nhén dudc cic thong
tin sau

Gia tri riéng -3 2
Bai dai s6 1 1
Bo6i hinh hoc 1 1
R 2 o -1 2
Mot co sé cua V] = vy =
A . in 2 1
khéng gian con riéng
Mot co 86 tric chuan ci 1{_1| 1{2|
0t co sé truc chuan ctia U = — Uy = —=
khong gian con riéng Vb 2 Vo [ 1
Do dé, phéan tich phd clia ma tran A 1a
A = Alulu? + AQUQU%
1 2
- | F|[H &0 E % 5
1 _2 4 2
1B R CIEN
5 5 5 5
—— —
Ay As

Céc ma tran A; va Ay lan lugt 13 ma tran chinh tic cia phép chiéu vuong
géc lén cac dudng thing £ (u1) va L (ug). O
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=2
x=n (%.9)
(-19) G3)
= \
Ax=(3,0)

BAI TAP

7.54 [hint] Tim ma tran ctia phép chiéu truc giao 1én khong gian con 1
chiéu ctia khong gian véc to Euclid R™ sinh béi véctou = (1,1,...,1).

7.55 [hint] Cho V' 1a mdt khong gian véc to con ciia R™. Gid stt ug, ug, . . ., U,
13 mot co s truc chuan cta V. Chimg minh rang ma tran ciia phép
chiéu vudng géc lén V 1a QQT voi

Q:{ul ug ... ’U,m}

7.56 [hint] Tim ma tran ctia phép chiéu vudng géc 1én khong gian con W
ciia khong gian véc to Euclid R? sinh béi hai véc to

up = (1,1,1,1), up = (1,3,-5,9)..

BAI TAP TONG HOP

7.57 [hint] Tim tat cd ma tran tric giao cd 2 x 2 véi phan ti & vi trf (1, 1)
la L.
2

7.58 [hint] Tim tat c& cic ma tran truc giao cd 3 x 3 ¢6 hai véc to cot thit
nhat va tht hai lan lugt ciing phuong véi cac véc to
w = (1,1,1), us = (1, —4,3).

7.59 [hint] Tim mot ma tran tryc giao d6i xiing véi véc to cot thit nhat
1 1(2,2,1).
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7.60 [hint] Chitmg minh ring céc bién ddi truc giao déu bao toan géc giita
cac véc to khac khong. Khing dinh nguoc lai ¢6 diung hay khong?

7.61 [hint] Tim tat ci cdc ma tran truc giao ¢ 3 x 3 vdi véc to cot thit
ba la (0, 1,0).

7.62 [hint] Tim mot bién doi truc giao T tit R? dén R? théa man
T(3,0,2) =(0,2,3), T(2,0,—-3) =(-3,0,2).

7.63 [hint] Tim tat cd cic ma tran tryc giao A sao cho A 1a mot ma tran
tam gidc trén véi cac phan tit trén dudng chéo 1a céc sé thuc duong.

7.64 [hint] Cho T 14 phép dbi ximg qua duong thang £ (u) trong khong
gian véc td Euclid R3 véi u = (1,2,2).

1. Chéo héa tric giao bién doi tuyén tinh 7.

2. Tim ma trén A ctia T trong co s& chinh téc.

7.65 [hint] Cho ma tran

A=

o o e O
o Q@ O Ww
Q@ O w o
o W o o

trong dé a 1a mot hang sb.

1. Tim mot gid tri cia a sao cho A chéo héda dugc.

2. Tim mdt gid tri cia a sao cho a khong chéo hda dugc.

7.66 [hint] Chéo hoa truc giao ma tran

00 01
0010
A_OIOO
1 000

7.67 [hint] Chéo hoa truc giao ma tran

00 ...01
00 1

A= :
0 1 00
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7.68 [hint] Cho A 1A mot ma tran thyc ddi xing ¢ 3 x 3 véi ba gid tri
riéng phan biét 1a 1,2 va 3. C6 bao nhiéu ma tran truc giao P sao
cho P~ AP 13 mot ma tran chéo?
7.69 [hint] Xét mot phan tich QR
A=QR.
Chting minh rang R = QT A.
7.70 [hint] Cho A 14 m6t ma tran kha nghich. Chiing minh ring ma tran
A ¢6 phéan tich
A=1LQ
trong dé L 1a mot ma tran tam gidc dudi va @ la mot ma tran truc
giao.
7.71 [hint] Cho A 1a mo6t ma tran dbi xing ¢ n x n. Chting minh rang

ton tai ma tran B sao cho B? = A.
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7.4 DANG TOAN PHUONG

DINH NGHIA DANG TOAN PHUONG

Céc biéu thic

a1x1 + asxe + -+ -+ antn (6)

xuat hién khi ta nghién ctu vé phuong trinh tuyén tinh va hé phuong trinh
tuyén tinh. Khi c6 dinh cic a1, aq, ..., an, biéu thitc (6) dudc goi 1a mot
dang tuyén tinh trén R™.

DINH NGHIA 7.4.1. Mot dang toan phuong trén R™ 1a mot bicu
thttc ¢6 dang

2
Z CijTiTj = C11T] + C1201T2 + *+* + C1pT1Tn
I<i<j<n

2 2
+ Ccoox5 + -+ - + CopTaXy + -+ Cun ),

trong dé c¢;; 1a cdc s6 ¢6 dinh.

Céc s6 hang c;jziz; v6i i # j xuat hién trong dang toan phuong
duoc goi 1a céc s6 hang chéo.

Ta néi dang toan phuong cé6 dang chinh tde néu né khong cé chira
sb hang chéo.

Vibu 7.4.2. (a) Dang toan phuong trén R ¢6 dang
anx%.
(b) Dang toan phuong trén R? c6 dang
2 2
C11X] + C1221X2 + C22T5.
(c) Dang toan phuong trén R? c6 dang

2 2 2
C11%] + C1221X2 + C13T1X3 + C22T5 + C23T2T3 + C3373.
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, e . ~ a a .2 ,
Vi DU 7.4.3. V6i moi ma trédn A = [ all a12 ] € May o, bieu thic
21 @22

a a T
2T Az = [ 1 X9 } o2 !
as1 G2 T3

la mot dang toan phuong.

GIAIL. Ta cé

ail a2
$TA$ = [:cl :L‘Q}
a1 ag2

x1
T2

T
= a11x1 + a21T2 @127 + a22x2 o

= (anz1 + a2ix2) r1+(a1221 + agexs) T2
= anz?+ (a12 + ag1) T129 + ari.

Do d6, biéu thitc 27 Az 1a mot dang toan phuong.

Nhén xét rang dang toan phuong 7 Az chi phu thudc vao ai1, aze va tong
a1z + ag1. [

Vi DU 7.4.4. V6i moi ma trdn A = [a;;] ¢ 3 x 3, biéu thic
=T Az

v6i € R? 13 mot dang toan phuong.

GIAIL. Tinh todn tuong tu nhu vi du trén, ta c6

xT Az
ail a2 Qain X1
= |:l‘1 Z2 333:| a1 a22 Q23 )
as;p asz2 ass x3
Tl
= [ a11T1 + a21T2 + a31x3  a12x1 + a22T2 + a32T3 G131 + A23T2 + G33T3 ] T2
Tn

= (anz + a21x2 + az123) x1+(a1221 + a2 + asexs) T2
+ (1321 + agzwa + assxs) 3
2 2
= anzi+ (a2 + a21) x122 + (a13 + as1) 123 + agers
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+ (ag3 + asz) roxs + a33x§.

Do d6, T Az 1a mot dang toan phuong.

Nhén xét rang dang toan phuong z? Az chi phu thudc vao ai1, ass, ass va
cac tong aiz + ag1,a13 + asi, ags + ass. O

DINH NGHIA 7.4.5. Cho A 1a mot ma tran déi xing ¢d n x n. V6i
x € R™, biéu thic
Qa(z)=2TAr =z (Az) = (Az) - =

duge goi dang toan phuong lién két vdi A.

Vi DU 7.4.6. Dang toan phuong lién két v6i ma tran chéo

A0 ..o 0
0 X ... O
0 0 An

1a
Alx% + )\Qm% + -+ )\nmfl.

Dang toan phuong nay khong chita cic sé hang chéo.

Vi Dy 7.4.7. Biéu dién mdi dang toan phuong sau dudi dang ma
tran 27 Az trong d6 A 1a mot ma tran d6i xtmg.

(a) 223 + bxywa — 623.

(b) 2?2 — Tz2 — 323 + 3w120 — 22173 + 87073.

GIAL (a) Ta cb

2
23:?4—53:1562—6:5%:{3;1 X9 :| [ 5
2

) . 2 2
Ma tran doi xting lién két véi dang toan phuong la [ 5 % ] .
5 -



360 CHUONG 7. KHONG GIAN CO TIiCH VO HUONG

(b) Ta co
m% — 737% — 337% + 3x1x9 — 20123 + 8273
1 3 -1][=
= {xl X9 .rg} g -7 4 45
-1 4 -3 T3
12 -1
Ma, tran d6i xtng lién két v6i dang toan phuong 1a % -7 4 |. O
-1 4 -3

DO1 BIEN CUA DANG TOAN PHUONG
Mot phép doi bién ciia dang toan phuong 2T Az trén R™ 1a mét phép thé
=Py

trong d6 P 1a mot ma tran vudéng kha nghich ¢ n x n va y € R™. Sau déi
bién, dang toan phuong tréd thanh

(Py)" A(Py) =y (PTAP)y.

Ma tran d6i xtng lién két véi dang toan phuong méi 1a PTAP.

Phép ddi bién duge goi 1a truc giao néu P 1a mot ma tran truc giao.

Tat cd cdc dang toan phuong Q (x) cia R™ deéu cé

thé doi bién truc giao mot cdch thich hop dé dua vé dang chinh tdc,
tiéc la dang khong cé s6 hang chéo.
Cu thé hon, néu A la ma tran doi zing lién két vdi dang toan phuong
Q va A= PDPT 14 phdn tich chéo héa truc giao ctia ma trin trin
A thi sau phép doi bién x = Py, dang toin phuong Q (x) trd thanh
dang chinh tdc

Yy Dy = Myt + Aays + -+ Ay

trong dé A1, N, ..., \ la tat cd cdc gid tri riéng, tinh cd boi dai so,
ctia ma tran A.

CHUNG MINH. Vi A 1a ma tran d6i xtng lién két véi dang toan phuong
Q(z) nén
Q (z) =z Az.
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Qua phép ddi bién & = Py, dang toan phuong nay tré thanh

(Py)" A(Py) = y" (PTAP)y =y  Dy.

Ta cb
Al 0 0 U1
. 0 )\2 0 Y2
y' Dy=ly y2 - yn] N
0 0 - A |¥n

= Myi + N3 + -+ Ay

Vi DU 7.4.9. Tim mo6t phép doi bién truc giao bién déi dang toan
phuong
Q= x% — x§ —4x129 + 4073

ve dang chinh tic va tim dang chinh tac nay.

\. y

GIAL. Ma tran déi xtng lién két v6i dang toan phuong @ 1a

1 -2 0
A= -2 0 2
0o 2 -1

Tién thanh chéo héa truc giao ma tran A, ta thu dudgc bang gia tri riéng
va véctd riéng

Gia tri riéng 0 -3 3
Bai dai s6 1 1 1
Bo6i hinh hoc 1 1 1
2 -1 -2
Mot co sé cua 1 -2 2
khoéng gian con riéng 2 2 1
N L L2 ]
Mot co s6 truc chuan cta -1 - =2 - 2
khoéng gian con riéng 3 2 3 2 3 1

Do d6, phan tich chéo hoda truc giao ctia ma trdn A la

A= PDPT
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v6i ma tran truc giao P va ma tran chéo D lan lugt 1a

1 -2 0 0 00
P=|-2 0 2|,D=|0 -3 0
0 2 -1 0 0 3

Mot phép déi bién truc giao can tim 1a 2 = Py. Sau phép déi bién nay,
dang toan phuong @ tré thanh dang chinh tic

Q=aTAz = y" Dy = —3y3 + 342

BAI TAP TONG HOP

BAI TAP CHUONG 7

7.72 [hint] Chéo héa ma tran vudng cd n x n

1 0 ... 1

0 1 1
A= :

01 ... 1

10 ... 1

7.73 |hint] Chéo hdéa ma tran vudéng cd n x n

111 ...1
10
A1 00 0
100 0

7.74 [hint] Tinh thé tich ctia hinh hop n chiéu trong khong gian véc
tog Euclid R™ sinh ra tit hé n véc to don vi vy, ve,...,v, sao cho
Z(vi,v5) = 6 v6i moi ¢ # j trong d6 6 la mot hing sb.
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GOJ1 Y GIAI BAI TAP CHUONG 7

7.4. Tinh v/ = Au,v’ = Av. Theo dinh nghia

(u,v)y =" -

7.6. Ta can phai chitng minh 4nh xa trong dinh nghia khong théa man
mdt trong céc tién dé nao dé clia tich vo huéng. So sanh véi tich vo huéng
chinh tac

U-v=1=T1y — I2Y2,

ta nghi ngd tinh x4c dinh duong. Do dé, kiém tra tién dé nay trudc.

7.7. Kiém tra tién dé dbi xtmg ctia tich v6 hudng.

7.8. Kiém tra tién dé xéc dinh duong ctia tich vo huéng.

7.9. Pé chitng minh 4nh xa da cho 1a mot tich vo hudng, ta can phai chi
ra né théa man tat ci cac tién dé ciia tich vo hudng.

Mot cach lam khéac 1a tim mot ma trdn vudng khé nghich A ¢6 2 x 2 sao
cho 4nh xa da cho chinh 1a tich v6 huéng ma tran tuong ing v6i ma tran
A. Tuy nhién, ta chua c6 thuit toan dé tim A, va khong dé& dang dé tim
thay ma tran nay.

7.19. Anh xa da cho khong thoa man tién dé ddi xtng.

7.20. Anh xa da cho khong thoa man tién dé thuan nhat.

7.21.

> V&i moi A, chiimg minh rang 4nh xa da cho théa man céc tién dé ddi
xiing, cong tinh va thuan nhat cta tich vo huéng.
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> Tim di¢u kién cho A dé 4nh xa da cho xac dinh duong, titc 1a tim A
dé
(u,u) =z — 2x129 + A23

lu6n 16n hon hodc bang khéng va (u,u) = 0 khi v chi khi u = 0.

7.24. St dung cong thirc
u+ 0 = [ul? + 2(u,v) + [0]?
va cong thiic tuong tu cho |u — v|2.

7.25. Sit dung cdc dang thitc lién quan dén |u 4 v|? v |u — v|? trong bai
tap trudc.

7.32. Khai trién biéu thitc |u; +ug + --- + ur\Q roi st dung tinh truc giao
cua hé véc to B.

7.37. Luu ¥ nhan mdi véc to v6i mot sbé thich hop dé don gidn héa céc
tinh toan trung gian.

7.42. Dé ¢6 mdt co s6 truc giao cia mot khong khong gian vée to nao do,
hay truc giao héa Gram-Schmidt mot co s8, hodc mot hé sinh bat ky cia
khong gian véc to nay.

7.71. Dau tién, xét trudng hop A 1a mot ma tran chéo. Trong trudng hop
tong quét, hay chéo héa A.



Huéng Dan Gidi

CHUONG 1

1.1. Theo dinh nghia, ba phuong trinh dau tién 1a cdc phuong trinh tuyén
tinh. Ba phuong trinh con lai khong tuyén tinh vi ching chita cac s6 hang
y?,sinx va xy.

1.2. Trong bén phuong trinh trong bai tdp nay, ba phuong trinh dau tién
14 cac phuong trinh tuyén tinh con phuong trinh cudi cting thi khong phai.
Phuong trinh cudi ciing chtta s hang 5 COS T1.

1.3. C4c ma tran hé sb mé rong ciia céac hé phuong trinh da cho lan luot
la

3 -2 1 2 0 21
7 53,3 -1 40,3_;_(1)(1)é
1 —4 2 6 1 -1 7

1.4. C4c hé phuong trinh tuyén tinh can tim lan lugt 1a

3x1 + x3 = 4
Tr1 + 2x9 + 3xz3 = -1
— x2 + 33 = 2
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va,
ro + 223 + 3x4 = 4
51 + 2x9 — 3z4 = 6.

1.5. Piém (x1, 1) thudc do thi ham s6 y = a + bz + cx? khi va chi khi
a+ bry + ca:% =Y.

Tuong tu, vi cdc diém (z2,y2) va (3, y3) thudc do thi ham sé y = a+bx +
cx? nén
a—l—bm—l—caz%z Yo

a + brs + c:r§ = ys.
Do dé, cac hé s6 a, b, c 1a mdt nghiém ciia hé phuong trinh tuyén tinh
a —+ $1b + x%c = Y1

a—i—xgb—l—x%c: Yo
a + x3b + zdc Y3

Ma tréan hé sb md rong ctia hé phuong trinh nay 1a

2

I @ x7 »n
2

Iz x5 yo

2
I xz3 23 ys3

1.6. V6i 1 < i <m, diém (z;,y;) thudc do thi ham sb
Y= ag+ a1z + asx® + ... + anz"
khi va chi khi
ap + a1x; + a29522 + . Fanxl = ;.

Do d6, céc hé s6 ag, a1, as, ..., a, 1a mot nghiém ctia hé phuong trinh tuyén
tinh

apgy + za1 + x%ag + ... 4+ z2ta, = Y1

ag + xoa1 + x%ag + ...+ zFan, = Y2

apg + Tmar + azfnag + ...+ Than = yn.
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Ma tran hé sb mé rong ctia hé phuong trinh tuyén tinh nay la

1 = 22 ... 2% oy
1 zo a3 ... 2% Yo
1 2 n

Tm Ty oe- Ty Ym

1.7. Cé4c phan tit dan dau mdi hang ciia cdc ma tran trén déu cé gia tri 1a
1. Ta c6 bang céc vi tri clia cdc phan tt dan dau clia cdc ma tran la

Ma tran | Cac vi tri dan dau mdi hang
Ay (1,1),(2,2)
Ay (1,1),(2,3),(3,5)
As (1,1),(3,2)
Ay (1,3),(2,4),(3,5)
As (1,1),(2,2),(3,2)

Do d6, theo dinh nghia clia ma tran bac thang, cdc ma tran A;, As va Ay
1 cdc ma trdn bac thang, con Az va A5 khong 1a ma tran bic thang.

Vi mét ma tran bac thang 1a ma tran bac thang rut gon khi va chi khi
tat ca céc phan ti bén trén cidc phan t& dan dau clia céc hang déu bang
khong nén trong ba ma tran Aj, As va A4 chi ¢ ma trdn A; 14 ma tran
bac thang riat gon. VAy, trong cidc ma tran trén, chi ¢6 A; la ma trén bac
thang rat gon, cdc ma tran bac thang nhung khong bac thang riat gon 1a
AQ va, A4.

1.8. Trong ba ma tran nay, chi c6 ma trdn A la mét ma tran bac thang.
Ma tran B khéng c6 dang bac thang vi phan t& dan dau ctia hang 3 khong
nam bén phai phan tit din dau ctia hang 2. Ma tran C khong c6 dang bac
thang vi hang thit hai gom toan phan tit khong trong khi hang thi ba cé
phan tit khic khong.

1.9. Néu b # 0 thi b = 1 vi né 13 phan tit dan dau ctia hang 2. Tuong tu,
néu ¢ # 0 thi ¢ = 1 vi né 1a phan tit dan dau ctia hang 3. Do d6, ma tran
A ¢6 thé c6 mot trong céc dang sau day

1 a O 1 a O 1 a O 1 a
Ai=10 1 0|,A=]01 0|,A3=]10 0 0],A4A=[00
0 0 1 0 0 O 0 0 1 0 0

o O O
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> Ma trdn A; hoac Az 1a mot ma trdn béac thang rat gon khi va chi
khi @ = 0, vi phan t& a nadm trén phan ti& dan dau cta hang 2.

> Ma tran Az khong la mot ma tran bac thang rat gon véi moi gid tri
ctia a vi hang 2 gdm toan phan t& khong trong khi hang 3 c6 phan
tt khac khong.

> Ma tran A4 1a mdt ma trdn bac thang rit gon véi moi gid tri cia a.
Vay A lad m6t ma tran bac thang rit gon khi va chi khi (a =0,b=1,¢=1)

hoac (a =0,b=1,c=0)hoac (a tuy ¥, b =0,c = 0).

1.10. Dang ctia mdéi ma tran bac thang va bac thang rit gon xic dinh nhds
vao cac vi tri dan dau ciia cac hang ciia né. Néu tap hop cac vi tri dan dau
la {(1,1),(2,3)} thi dang clia ma trdn bac thang va ma tran bac thang rit

gon ¢d 2 x 3 lan luct 1a
1 * x 1 x 0
001|100 1

trong d6 cac phan tit * nhan gia tri bat ky. Tap hdp cac vi tri dan dau cta
cac ma tran bac thang ¢6 2 x 3 1a

{(1,1),(2,2)}, {(1,1),(2,3)}, {(1L, D}, {(1,2),(2,3)}, {(1,2)}, {(1,3)},

Dang clia cidc ma tran bac thang tuong ting vdi tap cdc phan tit dan dau
trén lan lugt 1a

1 * = 1 * = 1 * = 0 1 =«
01 ([0 0 1(>]0 O0O0O}”]0 0 1}
0 1 = 0 0 1 0 00
00 0”0 O0O0[”]0 00

Dang ctia cdc ma tran bac thang rit gon tuong @ng véi tap céc phan ti
dan dau trén lan lugt 1a

1 0 = 1 % 0 1 % = 010
01 |00 T1(”]0O0O0}(”"[0O0 1]/
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1.11. Danh séch tap hdp céc vi tri dan dau cdc hang clia cdc ma tran bac
thang ¢6 3 x 3 1a

{(1,1),(2,2),3,3)}, {(1,1),(2,2)}, {(1,1),(2,3)}, {(1, D)},
{(1,2),(2,3)}, {(1,2)}, {(1,3)}, 0

Ma tréan bac thang va bac thang rat gon tuong tng vdéi tap hgp cac vi tri
dan dau {(1,1),(2,3)} 1an lugt 1a

1
0
0

O O *
S~ %
S O =
O O *
O = O

1 2 1 -3 -1
3 6 —4 -9
—3 -7 -5 12 6
1 4 5 -9 -7
1 2 1 -3 -1
L, |0 3 6 -4 -9 <3H1+H3—>H3)
0 -1 -2 3 3 —Hy + Hy — Hy
0 2 4 —6 —6
1 2 1 -3 —1]
0 -1 -2 3 3
1o 3 6 —4 -9 (He o Hs )
0 2 4 —6 —6 |
1 2 1 -3 -1
L, |01 2 3 3 <3H2+H3—>H3>
0 0 0 5} 0" 2Hs + Hy — Hy
0 0 0 0 0]

(b) Ta c6
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SO O RO OO OO OHOOOHrHr OO o

OO R OO HF NODOHFHNOOKFN

O O = O

| I | |
CONWOONRFROON OO N~
orrocoocor~roO | |
O W W oUW W

S O N W

o~ oo
|

1O O W

O WUt O O WL

e}

1 OO W OO W

(%Hg—}Hg)

H,+3H3 — H;
H2—3H3 —)HQ

<H1+2H2—>H1>

(—H2—>H2)

1.13. Ta sé gidi cdc hé phuong trinh tuyén tinh nay st dung khit Gauss
hodc khit Gauss-Jordan trong bai tap trén. St dung khit Gauss-Jordan sé
don gian hon, nhung chiing ta sé st dung khit Gauss.

(a) Ma tran hé s6 md rong clia hé phuong trinh tuyén tinh da cho 1a

1 2
0 3
-3 =7
1 4

1
6

-5

5

Theo bai tap trén, dang bac thang ctia ma tran nay la
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Do d6, trong 4 an x1, T2, 3, x4, chi ¢6 an 3 1a tu do. Cho 3 =t véit € R
tuy ¥. Cac an khéc 13

T4 = 0,
To = —2x3+3x4—3 = —-2t—3
Ty = —2x9—x3+3r4—1 = 3t+5.

Vay cac nghiém cta hé phuong trinh da cho la
1 =3t+5, x9=—-2t—3, x3=1t, x4=0
véit € R tuy y.

(b) Ma tran hé s6 md rong ctia hé phuong trinh tuyén tinh da cho 1a

1 2 -3 -1
0o 3 -4 -9
-3 =7 12 6
1 4 -9 -7

Theo bai tap trén, dang bac thang clia ma tran nay la

o O O
S O~ N
O Ut W Ww
OO W

Do dé, hé phuong trinh khong c¢é an tu do, cdc an rang budc 13

r3 = 0
Tro9 = 3$3 -3 = -3
Ty = —2x9+3x3—1 = 5.

Vay hé phuong trinh da cho c6 nghiém duy nhat

1 =5, x9 = -3, x3 =0.

(c) Ma tran hé s6 md rong ctia hé phuong trinh tuyén tinh da cho 1a

1 2 1 =3
0 3 6 —4
-3 =7 =5 12

1 4 5 -9
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Theo bai tap trén, dang bac thang ctia ma tran nay la

1 2 1 -3
0 -1 -2 3
0o 0 0 5
0 0 0 0

Hang th@ ba ctia ma tran nay cho ta phuong trinh

0x1 + Oz 4+ Ox3 = 5.
Phuong trinh nay vo nghiém. Do dé, hé phuong trinh da cho v6 nghiém.
1.14. a) Hé phuong trinh da cho c6 nghiém duy nhat

1
x1:—2,x2:§,x3:1.

(b) Hé phuong trinh da cho v nghiém.

(c) Cac nghiém ctia hé phuong trinh da cho la
1
] = —2t—3, $2=—§t+1, xr3 =1
v6i t € R bat ky.
1.15.

(a) Dang bac thang rut gon ciia ma tran da cho la

S O =
O = O
S O N
= o O

(b) Dang bac thang rit gon ctia ma tran da cho la

10 2 5
01 -3 -3
00 0 O
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(d) Dang bac thang rit gon ctia ma tran da cho la

100 —3
010 -1
001 1

1.16.

(a) Dang bac thang rut gon ctia ma tran da cho 1a

0

S O =
O = O
= o O
— =N

-1

(b) Dang bac thang rut gon ctia ma trdn da cho la

1 00 2 2
01000
0 0111

(c) Dang bac thang rit gon ctia ma tran da cho la

10 -1 0 O
01 00 1
00 01 -1

(d) Dang bac thang rit gon ctia ma tran da cho la

1 -1 0 O 1
0 010 1
0O 001 -1

(e) Dang bac thang rit gon ctia ma tran da cho la

S O =
O = O
= o O
O = =
== O



374

CHUONG 7. KHONG GIAN CO TIiCH VO HUONG

1.17. Khit Gauss ma tran hé s6 md rong ctia hé phuong trinh tuyén tinh

da cho, ta dugc

1 2 -3 4 1 2 -3 4
2 -3 8 -2 — 07 —14 10
4 1 a2-14 a+2 0 7 2—a? 14—a
1 2 -3 4
— 0 7 —14 10
100 a® — 16 a—4 |
Ta thay
2 a 4
a”—16=0 & e a—4=0 & a=14

Ta c6 cac trudng hop sau
> Trudng hop 1: a = 4. Hé phuong trinh da cho v6 s6 nghiém.

> Trudng hgp 2: a = —4. Hé phuong trinh da cho v6 nghiém.

> Trudng hop 3: a # +4. Hé phuong trinh da cho c6 nghiém duy nhat.

1.18. Khit Gauss ma tran hé sé ctia hé phuong trinh da cho r6i bién luin
giéng nhu bai trén.

1 —4 2 -1 (1 —4 2 1]
3 0 4 31 = |0 12 -2 6
2 4 6—a® a+2 0 12 2—a® a+4
1 —4 2 1]
- |0 12 -2 6
0 0 a?2—4 2—a

T d6, ta c6 cac truong hgp sau:

Tham s6 a | S6 nghiém ctia hé phuong trinh
a=2 00
a=—2 0
a# +2 1
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1.19. Dé tao ra phan tit 1 & cot dau tién, ta lay (—1) lan hang 2 cong vao
hang 3, sau d6, ta d6i chd cic hang dé dua phan tit nay veé vi tri (1,1).

0 -2 1 0 -2 1

2 13| = |2 13

3 45 1 3 2
1 3 2] 1 3 2]

- |2 13| = |0 51

0 -2 1 0 -2 1

D@ tao ra phan tit 1 trong cot l _5 ] , ta 1ay 2 lan hang 3 cong vao hang

2
2. ) ) ) )
1 3 2 1 3 2
0 51| — 0o 13
0 -2 1 0 -2 1
10 -7 10 -7
- lo1 3| = |01 3
00 7 00 1
1007 ] ]
— 010
00 1

Ta nhan dugc dang bac thang rit gon clia ma tran da cho ma tat ca céc
ma tran trung gian déu la cdc ma tran hé s6 nguyén.

1.20. bat X = 22, Y =y, Z = 3. Hé phuong trinh da cho tré thanh

Hé phuong trinh ndy 14 mot hé tuyén tinh. Hé c6 nghiém duy nhat X =
1,Y=3,72=2Dod,z==+1,y=3,2= 2.

1.21. bat x = sina,y = cosf,z = tan~y. Hé phuong trinh da cho tré
thanh hé phuong trinh tuyén tinh.

3r — y + 2z = 3
r — 3y + 6z =
—2r + 2y + 4z = 2

Ne}
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Hé c6 nghiém duy nhit r = 0,y = —1,2 = 1. Do d6, a € {0, 7,27}, =
T 5w
™, S {Z’T}

1.22. 2a+c=b.
1.23. 2a+c=0b.

, . oz A b | .. L ez
1.24. (a) Vécto cot thit nhat clia ma tran Z d la Z . Do do¢, de
khit Gauss-Jordan ma tran nay, ta xét trudng hgp a # 0 va truong hgp

a=0.

> Truong hop 1: a # 0. Khit Gauss-Jordan

i
— gad_bi’] ((—cHy +aty — H, )
s et (o)
- -g (1) ((—bHy + Hy — H, )
— (1) (i) (%H1—>H1>

> Truong hop 2:a = 0. Viad —bc #0vaa =0nén b # 0 va c#£ 0.
Khit Gauss-Jordan

HlﬁHg)

T
SO0 o O

%HQ *)HQ )

— O = O = Q O Qo

(
(
( —dH,+ Hy — Hy )
(

SO OO0 OO0

%H1—>H1 )
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. s PO , . b
Do dé, trong moi trudng hgp, ma tran bac thang rit gon cta l CCL d ]

luén 1a ma tran don vi [ (1) (1) ] .

(b) Xét hé phuong trinh tuyén tinh

|
e

ar + by
cx + dy

a b
c d |’
Theo ¥ (a), ma tran bac thang rit gon ciia ma tran hé s6 1a

i

Do d6, khit Gauss-Jordan ma tran hé s6 mé rong ctia hé phuong trinh trén

ta dugc ma tran
1 0 K
01 7

trong dé k' va I’ 1a cac sb thuc nao dé. VAy, hé phuong trinh tuyén tinh
da cho luén c¢6 nghiém duy nhat . = &',y = I'.

o~

Ma tran hé so cia hé nay la

1.2. Phuong trinh ctia dudng cong bac ba la y = 23 — 22 — 3z + 2.
1.2. Phuong trinh ctia dudng cong bac ba la y = 23 — 3z + 7.

1.2. Phuong trinh ctia dudng tron 1a 22 + ¢? — %x + %y — % =0.
1.2. Phuong trinh ctia dudng tron 1a 1022 + 10y? — x — 5y — 117 = 0.

1.31. Vé phai ciia déng thiic da cho bing

a(x + 1) (22 + 22 +2) + b(z — 1)(2% + 22+ 2) + (cx + d)(z — 1)(z + 1)
(x—1)(z+1)(22+22+1)
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Thu gon t1t thitc cia phan thic nay, ta nhan duge
(a4+b+c)x® + (3a+b+d)z? + (da — c)x 4+ 2a — 20— d
Do d6, ding thitc ban dau tuong duong véi
323 +42° — 6z = (a+ b+ )z + (3a + b+ d)z* + (4a — c)x + 2a — 2b — d

So sanh cac hé s6 ctia céc liiy thita clia z, ta nhan duge hé phuong trinh
tuyén tinh

a + b + c = 3

3a + b + d = 4

4a - c = —6

2a — 2b —d = 0
N . £ 1 7 32 36
Heé nay c6 nghiém duy nhat a = 5,b= —5,¢c=<,d =5

1.32. T két qué trong bai tap trudc va tinh chat tuyén tinh ciia tich
phan, ta dugc

11 7001 1 [ 322436
I=— de — & do4 - [ 22202
10) z-1% 2/x+1x+5/1‘2+2$+2x

I I I3

Vi [ldz =In|z[+ cnén
L =Injlz—1|4+c, h=h|lz+ 1|+ c
Dé tinh I3, luu ¥ rang dao ham ctia mau thic (22 + 2z + 2) 1a 22 + 2. Suy

ra
20 + 2 1
I3=16 | ———d 4 —————d
3 /m2+2:n+2 T /x2+2$+2 v

14 15

Vi [ 75((5)) dz =1In|u(z)| + ¢ nén

I4:1n’x2—|—2x+2’+03

Vi [ =iqda = arctan(z) + ¢ nén

1
Is = / mdm = arctan(z + 1) + ¢4
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Tu do, ta nhan dude tich phan can tim
1 7 16
I:ﬁln\x—l\—§ln\x+l\+gln‘x2+2x+2

4
+ £ arctan(z + 1) + c.

1.33. Gia st
f(x) = a+bx + cx?

Tu gid thiét, ta c6 hé phuong trinh tuyén tinh

a — b + ¢ = -3
a 4+ 3b 4+ 9 = 1.
b + 4c = -1

Hé nay c6 nghiém duy nhat
a=1,b=3,c=—1.

Vay da thtic can tim 1a f(z) = 1 + 3z — 22.
1.34. Pa thtic can tim 1a f(z) = -2 + 2 — 222 + 3.

1.35. Goi f(x) = a + bz + cz? 14 da thitc can tim. T gidi thiét, ta c6 hé
phuong trinh tuyén tinh

S o
+ o+
o0

Q@ &

= P
+ = q
+ 2 = 7

S

4

o

Luu ¥ rang trong hé trén, cic an 1a a,b,c, con p, q,r 1a cic tham sb. Ma
tran hé sé6 mé rong ctia hé phuong trinh tuyén tinh nay 1a

= = =
N —
= = =
S QT3

Khit Gauss ma tran nay, ta thu dugc ma tran bac thang

1 -1 1 P
0 2 0 q—p
0 0 0 p—3qg+2r
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Hé phuong trinh tuyén tinh trén c6 nghiém duy nhat véi moi p, ¢, . Nghiém
duy nhat 1a

1 1 1
a=(p+3¢—r), b=(¢—p), c=-(p—3q+2r).
3 2 6
Vay da thitc can tim 13

1 1 1
S +3q—r)+ (g —p)o+ (p—3g+2r)2”,

1.36. Da thtic can tim 1a f(z) = —3 + 22 + 2.

1.37. Ta sé tim diéu kién can va du cho z,y, z dé hé phuong trinh tuyén
tinh

r = 2 + 3t
y = =3 + t
z = 4 — 2t

c6 nghiém, véi an 1a t. Ta viét lai phuong trinh nay dudi dang

3t = = — 2
t =y + 3
=2t = z — 4.
Ma, tran hé sé mé rong ctia hé nay 1a
3 r—2
1 y+3
-2 z-4
Khit Gauss ma tran nay, ta dugc
3 T —2

0 —z+3y+11
0 2zx+4+32z—-16

Do d6, diéu kién cta x,y, z la

I
o

- + 3y + 11
2z + 3z — 16 = 0.
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Véay mot hé phuong trinh can tim 13

—x 4+ 3y = —11
2x + 3z = 16.

1.38. Céc diém trén dudng thing di qua hai diém (6,4,2) va (1,1,1) cb
mo ta tham sb 1a

r=6-5t,y=4—-3t, z=2—1.
Mot hé phuong trinh can tim 1a

-3z + 95y = 2
—x + bz = 4.

1.39.

(a) Ton tai tich AB. Hang thit hai ciia AB la | =5 31 —38 5 |.
(b) Tén tai tich ABC. Phan tt & vi trf (2,2) ctia ABC 1a 99.

67
(c) Cot thtt ba ctia CTB 1a | 24
10
(d) Khong ton tai.
1.40.
2 3 4 1 11 -1 -1 1
() A=|3 4 5|,B=|12 3|, 0= -1 -1 -1
4 5 6 149 1 -1 -1

(b) Hang thit hai ciia A2 1a | 38 50 62 |.
(c) Phan tit & vi trf (2,3) ctia A+ BTC 1a 0.

1.41. Gidst Acoécdmxnva Bcdcdk xl.



382

CHUONG 7. KHONG GIAN CO TIiCH VO HUONG

(a) Vi AB ton tai nén n = k. Vi BA ton tai nén [ = m. Do d6, B c6 ¢6

n X m. Suy ra, c¢6 cua AB la m x m, cG cia BA la n xn. Vaiy AB va
BA 1a cdc ma tran vuong.

(b) Vi BA ton tai nén [ = m. Khi d6 ma tran BA c6 cd k x n. Vi A(BA)

1.42.

1.43.

(a)

(b)

ton tai nén n = k. VAy ma tran B ¢6 cd n x m.

1 -2 0 T 7
7 4 1 To | = | —4
1 3 2 xs 1
xrT — 2$2 =

Tx1 + 4z + x3 = —4
1 + 32 + 223 = 1.

TacéAQ—AA—l; ;],A?’—AQA—[i ﬂ A

8 8
8 8 |

Véin = 1,2,3,4,ta thdy cdc phan tit cia A" bang nhau va déu bing
liiy thita clia 2 véi cac s6 mii lan lugt 14 0, 1,2, 3. Tu d6, ta di dén du

doan
n—1 n—1
s [ 2 2 ]

At = APA =

9n— 1 on— 1

v8i moi n nguyén duong.
Khéng dinh ding v6i n = 1 vi day chinh 13 dinh nghia cta ma
tran A. Bay gio, gid st khing dinh diung v6i n = ktic 1a AF =

2k71 Qkfl L
[ 2k—1 2k—1 . Khl dO

2k:—l 2k—1 1 1 2k 2k
A=At = l k=1 k=1 ] [ 11 ] - l o2k ok |-

Suy ra khing dinh ding véi n = k. Theo nguyén li quy nap toén hoc,
khing dinh trén 14 ding v6i moi sé nguyén duong n, tic 13 ta ludn
c6
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1.44.

A0 A0 M0
2 _ 3 _ 4 _
(a)A_[2A A2‘|7A_[3A2 A31’A_[4A3 )\4‘|

L a0
(b) A _[ n)\n—l P ‘|

1.45.
(a) Ta céd
2 cosf sind cosf sinf
o —sinf cosf —sinf cosf
cos?f — sin246 2sin @ cos 6

—2sinfcosf —sin? 6 + cos? 0

_ I cos20 sin 260
o —sin26 cos?20

Tinh todn tuong tu, ta dudc

cos30 sin 360

3 424
4 _AA_[—siHBQ cos 30

],A4=A3A=

cos46 sin46
—sin46 cos46

(b) T cic cong thite ciia A,A%, A3, A%, ta di dén du doan

An — cosnf sinnf
| —sinnf cosnb |’

Cong thitc nay duge chitng minh bang quy nap theo n, sit dung hai
déng thitc lugng gide quen thude cos o

cos B —sinasin f = cos(a+ f3), sinacosf + cosfsin = sin(a + ).

1.46.
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(a) Ta co
_|a Ao — cosf sinf a | acosf + bsinf
Tl |0 YT | —sind cost b| | —asinf+bcosh |’
Do d6
|Av||* = (acos®+ bsinb)? + (—asinb + bcos )2
= a®cos? 0+ 2abcosfsin O + b%sin? 0 + a?sin® 6 — 2absin O cos O +
= a®+bv.
Suy ra [[Av|| = ||v]| = Va2 + b2.
(b) Ta cé
(v, Av) = a(acosf+ bsinh) + b(—asinb + bcos )
= (a® +b?) cos¥.
Do dé,
A 242 0
cos Z(v, Av) = (v, Av) (a7 + b7) cos = cosf.

ol Al Va2 + 82va2 + b2

Ciing véi dicu kién 0 < 0 < 7, ta duge Z(v, Av) = 6.

1.47. Ta c¢b
A2 a b a b | a’?—6b ab—b
] -6 -1 -6 -1 | | =6a+6 —6b+1 |’

Do dé, phuong trinh A2 = —I tuong duong véi

a?—6b = -1
—6a+6 = 0
ab—b = 0
—6b+1 = -1
N ; s A 1
Tt cdc phuong trinh th hai va thit tu ctia hé trén, ta dugc a = 1,0 = 3
1
Vi cac gia tri nay thoa man cidc phuong trinh con lai nén a =1, b = 3 la

. 1
nghiém duy nhat ctia hé phuong trinh trén. Vay a =1 va b = 3
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2 2
1.48. Ta tim céc can bac hai clia ma tran l 9 9 ] cédang A = l v ] .

FLI R xT x| 222 22
I A x x| | 222 222

2 2
nén phuong trinh A? = l 5 9 ] tuong duong véi

Vi

222 = 2.

Céc nghiém ctia phuong trinh nay la x = 1 va x = —1. Do d6, hai can béac

h'”221‘11‘_1_1
aicia | , o || pva o

25 0

. G C | v A o 1A .
1.49. GQIA—[b d]lamotcanbachalcua[ 0 7

9 | a ¢ a4 ¢ _
A_lbdl bd]_

] . Ta thay

a2 +bc ac+cd
ab+bd be + d?

Do dé, phuong trinh A? = 23 g ] tuong duong v6i hé phuong trinh
a?+bc = 25 (1)
ab+bd = (2)
ac+ed = 0 (3)
be+d> = T (4)

T (1) va (4) suy ra a? # d?tic 1a a # d va a # —d. St dung a # —d va
cac phuong trinh (2) va (3), ta dugc b =0, ¢ = 0. Thay b =0, ¢ = 0 vao
cac phuong trinh (1) va (4) ta dugc a? = 25, d> = 7. Do d6 a = 5 hoic

a = —5,d=+/7 hoic d = —/7. VAy cac can bac hai ciia [ 250 ] la

0 7
5 0 5 0 -5 0 -5
0 V7 [710 =7 0 V7|'| 0

01.

.
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1.50. Xét cadc ma tran chéo l . Tit chting minh ¥ trén ta thiy rang

a 0
0 8

A a c S e 1A . a 0 S 11
ma tran [ b d] la mot can bac hai cua [ 0 3 ] khi va chi khi
a?+bc =a
ab+bd =0
ac+cd =0
be+d> =8

Dé c6 thé 1 luan gibng nhu bai tép trén, gid st thém ring o # . Li luén
nhu bai tip trén ta dudc b = ¢ = 0,a® = o,b®> = 4. Hé phuong trinh nay
v nghiém néu a < 0 hodc B < 0. Do d6, néu a < 0 hodc B < 0 thi ma

tran l (S [(3) ] khong c6 can bac hai.

1.51. Ma trdn A = [ (1) 8 ] théa man A # 0 va A2 = 0. Do d6, ton tai
ma tran vuong A cd 2 x 2 théa man A # 0 va A% = 0. Ta giai thich cach
tim ma trén A = [ 1 8 ] nhu sau.

Gid st A =[aijly,o- VI A # 0 nén it nhit mot trong céc a;; khéc khong.
Dé A? = 0,ta nén cho nhiéu phan ti a;j bang khong. Tit céc suy ludn trén,
ta chon ma tran A c6 3 phan ti bang khong, va mot phan tit khac khong,
tic 1a A ¢ mét trong cac dang

a 0 0 0 0 a 0 0
0O 0|"[a 0”0 O] |0 a/|°
v6i a # 0. Binh phuong ciia cdc ma tran nay lan lugt 13
a® 0 0 0 ool [o o
00’0 O0O]”|0 O] |0 a®|°

0 .o a - y o~
O]hoac 0 O]lea;éOthoaman

Do d6, cac ma tran A c6 dang [ 2

A#£0va A2 =0.
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1.52. Ta tim céc ma trdn chéo A thda man A% = A. Gia st A = l a 0 ] .

0 b
2| 0 a 0 _ a> 0
0 b||0 b 0 |
Do d6, A? = A khi va chi khi a® = a va b> = b, titc 14 ¢ = 0 hoiic
a=1;b =0 hoiic b= 1. Céc ma tran chéo A théa man 42 = A 1a

pol ol fos)[bt)

Vay ton tai ma tran vuong A ¢ 2 x 2 sao cho A # 0,4 # I va A% = A.

Khi dé

1.53. Hai bién déi tuong duong (1) va (2) la ding. Ta c6 (1) vi da cong
ca hai vé ctia phuong trinh 22 = I v6i —1I. Ta c¢6 (2) vi
(z—Dx+D) =2+l -Ix-I*=2+z—x—1*=2>—T1
Bién d6i tuong duong (3) c6 thé khong ding vi ton tai hai ma tran A va
B khéac khong sao cho AB = 0.
Dé c6 thé khing dinh (3) sai, ta sé chirama tran A € Myyg, A # I, A # —I
a 0O

sao cho A% = I. Ta tim A trong 16p cdc ma tran chéo, A = 0 bl Khi

2
dé,AQZ[ao bg].Tacé

Ve a® :1@ a =1hoaca=-1
¥ =1 b =1 hoiica=—1.

PR

thdéa man mong muodn trén.

Do d6, cac ma tran chéo

1.54. Gid st A = [aij]nxn va B = [bij]nxn-Ta 6 A+ B :[aij + bij]nxn-
Theo dinh nghia, vét clia mot ma tran vudng la téng cidc phan tit trén
duong chéo cua noé.

n
tr(A) = a1 + a4+ -+ app = Zan’,
i=1
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n n

tI‘(B) = Zb“’ tI‘(A + B) = Z(a“ + bu)

nén tr(A + B) = tr(A) + tr(B) nhut mong mudn.

1.55. GIE?L SfIA = [aij]an Vé B = [bm}anDét G = AB = [gij]nxn Vfl H = BA=

9ij = @i1b1j + aipbaj + -+ + ainbnj = Z kb
Suy ra
n n n
= Zgii = Z Z ik bp; -
i=1 i=1 k=1

Ta tinh tr(BA) mot cich tuong tu

hij = birayj + bigag; + -+ - + binan; = Z bixag;,

n n n
=) tri =Y > birag.
=1

i=1 k=1
Vay tr(AB) = tr(BA).

1.56.

a. Khang dinh ding. Pat B = AT,.C = (AT)T = BT. Ta can chi ra
C = A. Cb dinh mot cap (4, 7),ta cb

Cij = bji (Vi C = BT)

Ajj (Vi B = AT)
Suy ra C = A.

b. Khing dinh sai. Dé ¢6 phan vi du, 1y hai ma tran A, B ¢ 2 x 2 nio
d6 don gidn va tinh tr(AB), tr(A)tr(B). Sta lai.

c. Khing dinh sai. Ta biét rang (AB)T = BT AT. Do dé, dé c¢6 phan vi

du, chi can chon hai ma trdn A va B khong giao hoan véi nhau. Sta
lai két luan: (AB)T = BT AT,

[’
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d. Khzing dinh ding. Pat B = AT. Khi d6 bi; = aj;. Suy ra b;; = a;;. NO6i
cach khéc, khi bién ddi A thanh AT, ta khong thay d6i gi trén trén
dudng chéo ctia ma tran. Vét clia ma tran chi lién quan dén dudng
chéo. Do dé, tr(AT) = tr(A).

e. Khéng dinh ding. Dit B = kA. Suy ra bij = ka;; v6i moi 1, j. Ta c6

n

tI‘(kA) = tI‘(B) = Zb” = Zka” = kZa“ = ]CtI‘(A)
=1 =1

=1

1.57. Vi A va B dbi xting nén AT = A va BT = B. Suy ra
(AB)T = BT AT = BA.

Do do .
AB dbi xtng < (AB)T = AB
& BA=AB
& A va B giao hoan.

Ta c6 diéu phai chitng minh.

1.58. Ta cb
(A-B)(A+B) =A%?+ AB - BA - B?
= A?> - B?> + AB — BA.
Do dé6
A2 -B?= (A-B)(A+B) & 0 = AB-BA
& AB = BA.
Ta c6 dicéu phai chitng minh.
1.59.
a. Ta cé
XMoo 0 Moo o0
A2=12x X 0 |, A=]3x2 X o0 |,
1 2x A2 30 322 )3
va,
A\ 0 0

At =1 433 M 0
6A2 4\3 )\
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b. Tt cic tinh todn trén ta di dén du doan
A" 0 0
A" = an A" AT 0|,
b AL g A A

trong dé a,va b, 1a cic s6 thuc. Ta c6 bang sau

n|112]|3]4
an || 112314
by |O 136

Tu day ta du doan a,, = n v6i moi n. Du doan cho b, khé hon. Tinh
céac hiéu b, 1 — by,. Ta thiy b, 1 — b, = a, v6in = 1,2,3. Ta du doan
bn+1 — by = a, v6i moi n. Vi a, = n nén

bn+1:bn+n.
Ta co
bp = 0
b = b+1 = 0+1
bs = ba+2 = 0+1+2
by = b3+3 = 0+1+4+2+3
« (n—1n . . )
Dovaybn:0+1+2+-~+(n—1):T.Tomlal,tadu‘doan
cong thitc cia A" 1a
A" 0 0
AN — nA1 AT 0
n(n_l)/\n—2 n/\n—l P
2

c. Chiing minh du dodn bing quy nap theo n véi chi y A" = A" A.

1.60.
(a) Ta co

000 000

N2=1000]|,N=|00 0

1 00 00 0
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(b) Cho n 1a mét s6 nguyén duong. Ta da c6 N, N2, N3. Véi n > 4, ta
co

N" = N3*N""3 = 0N" = 0.
(c) Vihaima tran I va N giao hoan v6i nhau va N3 = N* = ... = 0 nén

A" = (M +N)"
= (D" + (HODIN + (5)A)" N

10 0 00 0 00
= a0 T 0| +™MAa 10 0 +@a2] o 0
00 1 01 0 10
A 0 0
= |t o
(G)Am2 (PAarh oA
1.61.

Toan 0 0 0 0
()An-t AP 0 0 0
Gy et 00

(pfz)kn_”i (pfg)/\”_”z () AP A" 1 0

L)AL () AnTPER (M) AP (DA™ A

1.62.
B
1.4=| Y 3
13
s
224=1 3% b
LT3 13

o O O
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1.63. Tim céc can bac hai ctia I, 1a ma tran chéo, ta dugc 8 ma tran

o O e
S o O
o O o

trong d6 moi a, b, c nhan gi4 tri 1 hodc —1.

1.64. Tit ding thitc 243 — A+ T = 0, ta sé tao ra mot ma tran B thoa
man AB = 1. Ta ¢6

243 —A+T1=0
= 243 -A=-I

= A(A2-1I)=-I
= A(I-24% =1

Do d6, A kha nghich véi A=t =T — 242,

1.66. Dang cap nhat.

1.67. Ta co
AB=AC = A 'AB = A lAC
= IB = IC
= B = C.

1.68.
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a. Vi ta c6 thé nhan A v6i M nén M 13 mot ma tran vudng cd 2 x 2,

a b ,
M—[C d].Taco

1 2 a b
IR
Do d6, phuong trinh AM = 0 tuong duong véi hé phuong trinh tuyén
tinh

a+2c b+2d
2a +4c 2b4+4d |-

a+2c =
b+2d =
2a +4c =
2b4+4d =

cocoo

Hé nay tuong duong véi
a+2c = 0
b+2d = 0.
Cho ¢ =t, d = s 1 cdc tham s6 tu do, ta dudc
a=—-2t, b=-2s, c=1t, d=s.

—2t
t

b. Vi AB = AC tuong duong v6i AB — AC = 0, tic la A(B—C) =0
nén ta cé thé cho C' 1a mot ma tran tuy ¥y va B = C' + M véi M 1a
mot ma tran khac khong trong ¥ (a).

A ’ A X N \ _2 240 FS N\
Vay cac ma tran M can tim la [ z ] v6i t, s € R bat ki.

1.69.

(a) ViI va A giao hodn nén
(I—A?*=1%—2IA+ A% =124+ A2

Theo gia thiét, A2 = A. Do d6 (I — A)?> =T —2A+ A=1— A. Vay
I — A la lay déng.

(b) Diéu phai chiing minh tuong duong véi ding thiic (24 — 1)2 = 1.
Tinh todn nhu ¥ (a), ta c6

(24—1)* = (24> —2(A4)I+1I?
4A% —4A+ T

4A —4A+ T

= I
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1.70. Vi A liiy linh nén ton tai s6 nguyén duong p sao cho AP = 0. Nhan
I — Avéitong I+ A+ ...+ A¥ ta dugce

(T=A)(I+A+..+4F) = T+A+.. + 4k
A A2 - AR
= I-— AL

Do d6, v6i k = p — 1, sit dung AP = 0, ta dugc
([=A)(I+A+..+A7) =1
Vay I — A kha nghich v6i nghich ddo 1a I + A+ ... + AP~L,

1.71. Vi A 1a mot ma tran so cap nén A thu duge tit ma tréan don vi
I € M3y3 sau mot phép bién doi hang so cap.

> Thuc hién d6i chd hai hang ctia ma tran don vi ta khong thé thu
duge ma tran A.

> A thu dugc tit I sau khi nhan mot sb vao mot hang ctia I khi va chi
khia=b=c¢=0,c#0.

> A thu duge tit I sau khi 1y mot boi clia mot hang cong vao mot
hang khéc khi va chi khi (e = 0,c¢=1) hoac (b=0,c=1).

Vay A la mot ma tran so cAp khi va chi khi (a = b = 0, ¢ # 0) hodic (a = 0,¢c =
hodc (b=0,c=1). Ma tran A tuong tng la

1 00 1 00 1 00
01 0], 01 01],]010
0 0 ¢ a 0 1 0 b 1

1.73.

(a) Nghich ddo ctia ma tran da cho la

7 11 19

4 29 49
i 7 7

40 20 40
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(b) Nghich dao ctia ma tran da cho la

(3 4 117
5 5 5 5
0 z 0 0
S|
| 0 2 0]
1.74.
(a) Nghich ddo ctia ma tran da cho la
3 1
1 0 —
2 =2 0
(b) Nghich ddo ctia ma tran da cho 1a
V2 V2,
\2}‘1 13
V2 V2
26 26 1
0 _
)
1.75.
(a) Khit Gauss-Jordan
[0 0 k|10 0]
0 ko 0 |0 1 O
ks 0 0 |0 O 1
ks 0 0 |0 O 1
— 0 k 0 |0 1 0
0 0 k|1 00
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Vay nghich ddo ctia ma tran da cho la

(b) Khit Gauss-Jordan

o o O = o
o — o — O o o~
|

— O O o o
o o

O O = O e
[a\]
O e — e - @ e
2 — O — O X O

o

o

=2

o

o]
o o

— o~

lae)]
o o T
o o

x O O

es} Olfk

OO o e e & TRy,

R R

S O o
oS~ O

— O O

Vay nghich dao ctia ma tran da cho la

(@n) Olfk

Olfkl;wm

IR Rl F
_




7.4. DANG TOAN PHUONG 397

1.76. Khit Gauss ma tran A

S
|

YW kO W
Ne)

OO OO, OO

S = W 2
©

S|

|

—

o ©

Véy ma trdn da cho kha nghich khi va chi khi 9a — 18 # 0, tiic la a # 2.

1.77.

(a) Ma tran da cho kha nghich khi va chi khi ¢ # 0 va ¢ # 1.
(b) Ma tran da cho kha nghich khi v& chi khi ¢ # 0, ¢ # V2 va ¢ # —/2.

1.78.

(a) Nghich ddo ctia ma tran da cho la

-1 9 _3

5§ 1

0 § -8

1 -1 0

(b) Nghich dao ctia ma tran da cho la

9 _1 3

¥ ooz Y

22 22 11

)
|
—_

NIOT B NI~T
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(d) Nghich dao ctia ma tran da cho 1a

L O =Y
= O Nlw
—_

(e) Nghich ddo ctia ma tran da cho la

4 _71 3
B R
A G
~15 3}’ 38
1.79.
(a) Ma tran nghich dao la
0 0 -1 0
1 1
I
3 0 -13
0 —1 1 0
(b) Ma tran nghich dao la
0 -3 -1 2
0 —1 0 0
0 -2 -1 1
1 —4 -1 2
(¢) Ma tran nghich dao la
-1 0 1 0
1 1 1
0 -5 3 3
1 I I _1I
T3 1
-2 -3 5 3
(d) Ma tran nghich dao la
1 1 3
B
EEE R
O S
0 7 -3 1
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(e) Ma tran nghich dao la

1.80.

(a) Ma tran nghich déo la

(b) Ma tran nghich dao 1a

1.4.

[N NN TJCUNE

ET“H o

O NN =

OO s [ [ s [ =
w=o O O

1

ko

0

0 L
R
— 0
k3

0 0
0 0

(a) Tu cac cong thitc nghich ddo clia ma tran A khi n = 2,3,4 trong
céc bai tap trén, ta di dén du doan

a. Ta tim A~! bing phuong phap khit Gauss-Jordan:

x
Fn

)
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0 0 ki |1 0 ]
0 ke O 1 0
aln = | | |
kn, 0O 0|0 O 1|
kn, 0O 0|0 O 1]
a | z z
0 ke O 1 0
0 0 k1 |1 0 |
0 0 L]
10 0 K,
(3; 0 1 0 1
Do : . 0
00 1 >
— 0 0
k1 |
trong bién d6i (1), ta da thuc hién cdc phép bién déi so cap H; <
1 P
Hy,1 ;voii< %, trong bien doi (2), ta da thuyc hién cac phép
. , , 1 1 1
bién doi s¢ cap — H; — Hy, ——Hy — Ho,....—H, — H,. Ta
kn k’nfl kl
thu dugc cong thitc cia A~ da du doan bén trén.
Vay nghich ddo ctia ma tran A la
_ 11
0 il
kn
1
— 0
ko
0 --- 0
1.82.
(a) Ma tran nghich déo la

ww‘ | =
= o
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(b) Ma tran nghich dao la

SN T e
|
|

Tv"_?v\'—‘o o

T o o o

1.83.

(a) Tit cong thitc ctia A~! khi n = 2,3 va 4 bén trén, ta di dén du dodn

1
- 0 0 0 0
f 1 . .
L O
Al = k3 k2 k
A G D G O s 1
kn—1 n—2 n—3 z; 0
(_1)n+1 (_1)n (_1)n—1 _i 1
kn Jen—1 Jen—2 k2 k|
(b) Dé tim A, ta khit Gauss-Jordan ma tran [A | I]
"k 0 0 --- 0 011 0O 0 01
1 K0 -0 0|0 10 0 0
01 k --- 001001 0 0
o000 .- %k0}]0O0O0--10
000 -1 %k]000O0 -~ 0 1]

Thuec hién bién ddi kHy — H; — Hs, chi ¢6 hang 2 thay ddi. Hang 2
mdi la

[0k20.--00\—1k0.--00].

Thuc hién phép bién ddi kHs — Hy — Hs, chi ¢6 hang 3 thay ddi.
Hang 3 mdi la

[00k3 -«~00‘1—k: ;2 ---00}.
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Tiép tuc thuc hién lién tiép céc phép bién d6i kH; — H;_y — H; v6i
i =4,5,...,n — 1,n. Sau chudi bién déi so cap lién tiép nay, ta thu
duge ma tran véi nita bén trai va ntta bén phai lan lugt 14 cdc ma

tran

Tk 0 0 0
0 k2 0 0
0 0 &3 0
0 0 O gl
L0 0 0 0

r 1 0 0

-1 k 0

1 —k k2

(" () (-1
| (_1)n+1 (—1)"1(3 (_1)n—1k2

. . . 1
Cuoi cung, thuc hién cac phép bien doi %Hl — Hip,

1
Hs,...,—H, — H,, ta nhan dudgc ma tran

1147

v6i ma tran A~! du dodn bén trén.

1.84. Khit Gauss-Jordan ma tran [A | I]:

01 1]100
A1 = 101010
1 10/0 01
2 2 2111 1]
—~ |1 01]l010
110001
2 2 201 1 1
S o201 -1 1
0021 1 —1
2 0 0] -1
S o200 1 -1 1
002] 1 1 -1

0
0
0
0
k" |
0 0 7
0 0
0 0
kn‘+2 0
_kn+2 kn-i-l ]

(H1+H2+H3—>H1)

H1 —2H2 —>H2
H1 *2H3 —)Hg

(Hl—Hz—H3—>H1)
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L
1 00
S o1 o0 i _i
001| t 7%
2 2
Vay nghich ddo ctia ma trdn A la
-1
1
Al = 5| 1
1
1.85.
A . , | 01
(a) Ma tran nghich déo la [ 1 0 ]
(b) Ma tran nghich dao la
—2 1
1 1 -2
3 1 1
1 1

1.86.

1
!
1
2
11
-1 1
1 -1
11
11
-2 1
1 -2

(a) Tit cong thitc ciia A~ véi n = 2,3, 4, ta di dén dy doan

(2 —n 1
1 2—n
1 1 1
Al =
n—1 . .
1 1
.t 1

1 1 7

1 1

1 1
2—n 1
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(b) Dé tim A~!, khit Gauss-Jordan ma tran [A | I] :

)

1
0
1

1
1

1
1

1
1
0

1
1

1
1
1

1

1
1
1

1

_ O

0 0 0 7
0 0 0
1 0 0
0 --- 1

0 -~ 0 1 |

Thuc hién phép bién déi Hy + Hy + ...+ H,, — Hy, chi ¢6 hang 1 clia

ma tran thay doi. Hang 1 méi la

n—1 n—1 n-—1

n-1n—11]111

11

Tiép theo, thuc hién céc phép bién ddi Hy — (n — 1)H; — H;, i =
2,3, ...,n ta thu dudc ma tran véi nita bén trai va nita bén phai lan

lugt 1a cdc ma tran

[n—1 n—1 n-—1 n—1 n—17
0 n-1 0 0 0
0 0 n-1 0 0
0 0 0 n—1 0
| 0 0 0 0 n-—1
(1 1 1 1 1 7
1 2—n 1 1 1
1 1 2—n 1 1
1 1 1 2—n 1
11 1 1 2-n|
Thuc hién phép bién d6i Hy — Hy — Hz — ... — H,, — H;ta thu dugc
ma trdn véi nita bén trai va nita bén phai lan lugt 1a cdc ma tran
[n—1 0 0 0 0
0 n-1 0 0 0
0 0 n-1 0 0
0 0 0 n—1 0
L 0 0 0 0 n—1]
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[2—n 1 1 1 1
1 2—n 1 1 1
1 1 2—n .- 1 1
1 1 1 2—n 1
1 1 1 1 2—n |

Cudi ciing, nhan moéi hang clia ma tran véi
n —
tran

7147

v6i A1 du doan trén.

1.87.

1
R ta thu dugc ma

(a) Tu dinh nghia ctia A,ta thdy J € M,x, 13 ma trdn c6 tat ca cac

phan tit déu bang 1. Do d6, tat ca céc phan tit cta J? déu 1a

Vay J? =nJ.
(b) ViJ=A+1va2ma tran A, I giao hoan v6i nhau nén

JP=(A+1) > = A2 424+ P = A+ 2A+1.
Két hop véi dang thicc J? = nJ, ta dudc
A2 4244+ T=n(A+1)

Suy ra A2+ (2 —-n)A+ (1 —n)I =0.

(c) Ta co
A2+ (2-n)A+(1-n) = 0
= A2+ (2-n)A = (n-1I
= AA+2-n)) = (n—1I

N A(Tlil(A—i—(Q—n)I)) _ L

1

n —

Vay nghich ddo ctia ma tran A la

(At 2=n)).
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1.88.

(a) Khtr Gauss ma tran A:

2 —4 2 1 6
A = |0 8 -8 -5 —11
0 1 -1 -1 3

(2 4 2 1 6]
- 0o 1 -1 -1 3
0 8 -8 -5 —11

2 4 2 1 ]
- o 1 -1 -1 3
0 0 3 -35

B

(b) Tiép tuc bién ddi so cAp trén ma tran bac thang dé duge ma tran bac
thang rut gon

6 -12 6 0 53

B — |0 3 -3 0 —26
0 0 0 3 -35

(6 0 -6 0 —51 ]

- |03 -3 0 -2
00 03 —35
(10 -1 0 —i7]

- |01 -1 0 -3
00 01 -3

1.89.

(a) Ma tran hé sb mé rong clia hé phuong trinh tuyén tinh da cho chinh
la ma tran trong bai tap trén. Do d6, dang bac thang rut gon ctia né
la

10 -10 -
01 -1 0 -2
00 01 —i

Vay nghiém ctia hé phuong trinh da cho 1a

; 17 ; 26 ; 35
€Tr1 = —_—— To = — —, 9 = Tyg = ——
1 9’ 2 3 3 y 44 3

v6i t € R bat ky.
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(b)

Ma tran hé s6 md rong ctia hé phuong trinh tuyén tinh da cho 1a ma
tran con gom 4 cot dau tién ciia ma trdn A trong bai tap trudc. Do
do, dang bac thang cua né la

2 -4 2 1
0 1 -1 -1
o 0 0 3

Suy ra, hé phuong trinh da cho v6 nghiém.

Ma tran hé s6 mé rong ctia hé phuong trinh tuyén tinh da cho 13 ma
tran con gom 3 cdt dau tién ctia ma tran A trong bai tip trudc. Do
do, dang bac thang cua né la

2 -4 2
0o 1 -1
0 0 0
Hé da cho c6 nghiém duy nhat z1 = —1, o = —1.

Ma tran hé s6 mé rong ctia hé phuong trinh tuyén tinh da cho la ma
tran con gom boén cot 1,2,4 va 5 clia ma tran A trong bai tap trudc.
Do d6, dang bac thang rat gon ctia né la

100 -
010 -2
35
001 -2
Vay hé da cho cé nghiém duy nhat 1 = =37, 29 = -2 25 = -3

1.90. Khit Gauss-Jordan ma tran hé s6 mé rong ctia hé phuong trinh da
cho, ta dugc ma tréan bac thang rit gon

101 3
0115

Do dé, cdc nghiém thuc ctia hé phuong trinh da cho la

r=—t+3, y=—t+5, z=1t,

véi t € R. Nghiém nay 1a nghiém nguyén duong khi va chi khi

teZ,t>0, -t+3>0, —t+5>0
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Do d6 t =1 hoac t = 2. Vay, hé da cho c6 ding hai nghiém nguyén duong
la (2,4,1) va (1,3,2).

1.91. Kht Gauss ma tran da cho:

a b 0 2
A — 0 2 a b
0 b—4 —a -2

(a b 0 2

— 0 2 a b

0 0 ab—2) (b—2)?

Xét cac truong hop sau day.

> Trudng hop 1: a # 0,b # 2. Hé da cho c6 nghiém duy nhat

2—0b b—2
xr1 = ,332:1,:E3: .

a
> Truong hgp 2: a # 0,b = 2. Cac nghiém ctia hé da cho la
at
xr1 =1, $2:—5+1, xr3 =1

véi t € R bat ki.

> Truong hop 3: a =0

0 b 0 2 [0 2 0 b
02 0 b| = |0 b O 2
00 0 (b—2)2 00 0 (b—2)?

[0 2 0 b

- |0 00 (b-2)(b+2)

00 0 (b—2)?

Xét hai trudng hop nhé sau. Néu b = 2 thi cdc nghiém ctia hé phuong
trinh da cho la

r1=t, x0o=1, x3=35

v6i t,s € R tiy 7. Néu b # 2 thi hé phuong trinh da cho vé nghiém.
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1.92. Pé c6 thé thuc hién phép nhan AK B, ma tran K cb ¢d 2 x 2:
a b

20+8d a-+4c —a—4c
AKB=| 6d—4b 3c—2a 2a- 3c
2b—4d a - 2c 2c—a

Khi do

Bién d6i tuong duong phuong trinh ma tran AKB = C thanh hé phuong
trinh tuyén tinh rdi gidi hé nay, ta dudc nghiém duy nhat

a=1,b=2,¢c=3,d=4

Vay ma tran K can tim la [ :15 i ]

1.93.

(a) Phuong trinh c¢6 nghiém duy nhat

-1 5
X = 3 —4
0 2

(b) Phuong trinh v6 nghiém.

1.94. C3 cha ma tran X la 2 x 2:
a b
X =
Rt gon vé trai clia phuong trinh ma tran da cho, roi bién ddi tuong
duong né thanh moét hé phuong trinh tuyén tinh va gidi hé nay, ta thu
duge nghiém duy nhat

a=-1,b=1,¢c=3,d= —-2.

5]

Vay ma trén X can tim 1
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1.95. Ta thay

A+B=A+BA'A=(I+BA A
Vi A+ B = (I + BA ") A vi A kha nghich nén A + B kha nghich khi va
chi khi I + BA~! kha nghich.

1.96. Nhan ca hai vé v6i (x —3)2(22 4 1) 16i dong nhat hé s clia hai vé dé
thu duge mot hé phuong trinh tuyén tinh ctia a,b, ¢, d. Hé nay c6 nghiém
duy nhat

a=2,b=-3,¢c=2,d=-1.

1.4. Vi g(z) € P3 nén
g(x) = a + bx + cx® + da?

v6i a,b, ¢, d € R. T cic ddng thitc da cho, ta thu dugec mot hé 4 phuong
trinh tuyén tinh clia cic an a, b, ¢, d. Giai hé nay, ta dugc nghiém duy nhat

a=3,b=1,c=-5d=2.
Viy g(z) = 3 + x — 5a? + 223,
1.98. Tu cac diéu kién cho trong dé bai, ta lap dude mdt hé phuong trinh
clia cc an a, b, c. Hé nay cé nghiém duy nhét

a=2,b=1, c=—b.

1.99. biéu phéi chiing minh c6 thé phat bicu lai 1
AB=BA < AB™'=DB7'A.
Gid st AB = BA. Khi d6

1.100. Ta cb
A3 — 242 +3A+5I=0 = A3—-24%2+34 = —5I
= A(A?-2A+3I) = —5I
= A(-iA2424-31) = L

Do d6, A kha nghich v6i nghich ddo A™' 1a —£A% + 24 — 21
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CHUONG 2

2.1.

(a) Ta c6 det(A) = (3)(4) —(3)(2) = 2. Videt(A) # 0 nén A kha nghich.
Nghich déo cia A 1a

1 4 =5 | 2 —
A_Q[—Q 31| -1

(b) Ta c6 det(B) = (3)(2) — (1)(6) = 0.Vi det(B) = 0 nén B khéng kha
nghich.

(c) Ta c6 det(C) = (V2)(v3) — (V6)(vV4) = —3/6. Vi det(C) # 0 nén
C kha nghich. Nghich dao cia C' la

“emal Rl

T 3V6| 4 V2

DO| LoD | Ut

|
‘H

5

3

2.2. (a) Khai trién Laplace theo hang 2, ta dugc

3 —4 3 3
— —23-6
= —-26.
(b) Khai trién Laplace theo cot 2, ta dugc
3 3 5 33 5
det(B)=(-3)|2 2 —2|-(3)]2 2 -2
2 10 2 4 1 0
| S | —
M33 M43

3 5
Ms3 = 3 9

-2
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Tiép theo, tinh My3 bang cich khai trién Laplace theo hang 3

3 5 3 5
Mg = 41y 5|75 9
= 4(-16) — (—16)
— 48
Vay
det (B) = —3(128) — 3 (—48) = —240.
2.3.

a) binh thitc bang —35.
b) Dinh thtic bang 42.

(a)

(b)

(¢) Dinh thtic bing —9.
)
)

(d) Dinh thitc bing 30.

(e) Dinh thtic bing —72.

2.4.

(a) Dinh thitc bang 60.
(b) Dinh thtic bang —5.
(c) Pinh thttc bang —6.
(d) Dinh thtic bang 0.

(e) Dinh thitc bing 30.

2.5. Pinh thtic bang —k3 + 8k2 4+ 10k — 95.

2.6. Hai ma trdn A va B giao hoan v&i nhau khi va chi khi AB = BA. Ta
la b d e| | ad ae+bf
=5 2] ]e )= Y]

d e a b ad bd+ ce
I R
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Do dé
AB=BA< ae+bf =bd+ce

< bld—f)—ela—c)=0

b a—c

e d_f|=0

=

2.7. Giés{’IA:[a b].Tacé
c d

det(A) = ad — be, tr(A) =a+d.

e=[ni]]tal-

tr(A%) = a® + be + be + d? = a® + 2bc + d°.

Mit khac

a?+bc ab+ hd
ac+db be+ d?

)

Suy ra
Thay vao cong thiic ciia tr(A) va tr(A?) vao vé phai clia ding thiic can
chiing minh, ta dugc

tr(A) 1
tr (A?) tr(A)

= [tr(A)]? - tr (4?)

= (a+d)? — (a® + 2bc + d?)
= 2(ad — be)
= 2det(A).

Ta thu dudc cong thitc mong mudn.

2.8. Gid st A la mot ma trdn vudng c¢d 3 x 3,det(A) # 0. Vi det(A4) # 0
nén mdi hang va mdi cot ctia ma tran A déu cé it nhat mot phan tit khac
khong. Suy ra, A c6 it nhat 3 phan tit khac khong. N6i cich khac, ma tran
A c6 khéng qua 6 phan ti bang khong.

Dé chimg minh ma trdn A c6 nhiéu nhat 6 phan tit bang khong, ta can
chi ra ton tai vé ma tran A c¢6 6 phan ti bang khéng va dinh thiic khéc
khong. Ma tran don vi 1a mot vi du nhu thé

1
0
0

O = O
= O O



414 CHUONG 7. KHONG GIAN CO TIiCH VO HUONG

2.9. Vi det(A4) # 0 nén mdi hang va mdi cot ciia A cé it nhat mot phan
t khac khong. Theo gid thiét, ma tran A gom sau s6 0 va ba s6 1. Do do,
ba s6 1 sé phan bd trén ma tran sao cho mdi hang va mdi cot déu c6 mot
s6 1. Mot vi du ctia ma tran kiéu nay

0
0
1

O O =
SO = O

Dinh thtc ciia ma trén nay la 1.
Gia stt cdc phan ti nhan gid tri 1 cla ma trin 1a ay;, ag;, ag, trong do6
(1,4, k) la mdt hodn vi ctia bo ba (1,2,3). Ta c6 sdu hodn vi ctia bo ba nay
1a

(17 27 3)7 (17 37 2)7 (2’ 37 1)7 (2’ 1’ 3)7 (37 17 2)7 (37 27 1)'

Sau ma tran tuong tng la

Dinh thitc clia cdc ma tran vuong lan lugt 1a
1,-1,-1,1,1,-1

Bay gid, v6i mbi ma tran, ta xdc dinh sb giao diém cla ba doan thing mé
ta trong dé bai.

ha
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S6 giao diém (tinh ca boi) lan lugt 13
0,1,1,2,2,3.

Ta thay dinh thitc 1a 1 néu sb giao diém la chan, va dinh thic 14 —1 néu
s6 giao diém 14 18.

2.10. Gid st A 1a mot ma tran vudng cé n x n, det(A) # 0. Vi det(A) # 0
nén mdi hang va mdi cot ctia ma tran A déu cé it nhat mot phan tit khac
khong. Suy ra, A c6 it nhat n phan tit khac khong. Néi cach khac, ma tran
A c6 khéng qua n? — n phan tt bang khéng.

Dé chiing minh ma trdn A ¢ nhiéu nhit n?2 — n phan ti bang khong, ta
chi can chi ra ton tai vé ma tran A c¢6 n? phan t bang khong va dinh thitc
khéc khong. Ma tran don vi 14 mo vi du nhu thé

10 ... 0
0 1 0
0 0 1

2.11. Ta chting minh khing dinh bing cich quy nap theo ¢ ciia ma tran

A= [aij]nxn :

Khin =1, A = [ay1], suy ra det(A) = a1y 1a mét s6 nguyén. Gia st khang
dinh ctia dé bai ding véi cdc ma tran ¢d n — 1. Tinh dinh thic clia ma
tran vuong A ¢d n x n bang cach khai trién Laplace theo hang mdt

det(A) = a1y M1y — a1oMia + a;zMyz — -+ (—1) " ay, My,

trong d6 M;; la dinh thitc con tmg véi vi tri (1, ) clia ma tran A. Theo
dinh nghia, Mj; la dinh thiic ctia ma trdn con ¢ (n — 1) x (n — 1) clia A
thu dudc bang cach xéa bd hang 1 va cot j. Theo gia thiét quy nap, My
14 s6 nguyén. Do d6, det(A) 1a mot s6 nguyén. Theo nguyén 1y quy nap,
ta c6 diéu phai chitng minh.

2.12. Ba diém A, B, va C thing hang khi va chi khi hai vec to ﬁ va ﬁ
cung phuong véi nhau. Ta cé

1@ = (562 —T1,Y2 — y1)aﬁ = (333 —T1,Y3 — y1)~
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Do do6

E cung phuong B & 270 _R27u
T3 — %1 Y3 — W

I2 =21 Y2 — U1 ‘:O

&
T3 —T1 Ys— Y1

So sanh dinh thiic nay véi dinh thitc trong dé bai, ta di dén cach tinh dinh
thiic trong dé bai bang cach 1y (—1) lan hang moét cong vao cdc hang hai
va ba, rdi khai trién phan bu dai s6 theo cot ba:

r1 oy 1 1 y1 1

_ |21 Y2 U
r2 Yy 1| =|@2—21 y2—y1 0= Ts— 71 s — 1
zr3 ys 1 z3—x1 ys—y1 O

T cac lap luan trén, ta c6 diéu phai chitng minh.

2.13. Piém (z,y) thudc dudng thing di qua hai diém (a1, b1) va (ag, bo)
khi va chi khi ba diém (z,%), (a1,b1) va (az,bs) thang hang. Theo bai tap
trén, dieu nay tuong duong véi

z y 1
ap by 1|=0.
a9 b2 1

Phuong trinh nay chinh 14 phuong trinh ctia dudng thing di qua hai diém
(al, bl) va, (az, bg).

2.14.

(a) Pinh thttc bang 66.
(b) Dinh thitc bang 17.

2.15.
(a) Dinh thitc bang —2.

(b) Dinh thic bang —39.

2.16.
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Dinh thitc 1a —24.
Dinh thitc 1a 100.
Dinh thitc 1a —40.
Dinh thc 14 9.
Dinh thic 1a 54.

AN o S

2.17.

(a) Dinh thtic can tinh thu duge tit dinh thitc ban dau sau khi d6i chd
hai hang hai lan. Do d6, dinh thitc can tinh bang 7.

(b) Dinh thtic can tinh bang (4)(—1)(—3) lan dinh thitc ban dau. Do dé,
dinh thitc can tinh bang 84.

(c) Dinh thitc bang 7.

(d) Dinh thic bang 21.

2.18. Ta ¢b
1 1 1 1 1 1
VE; = | X1 X2 X3 =10 o — I1 r3 — I1
x? x% al 0 z2—=x 2
1 T2 X3 2 2T1 T3 — T3T1
_ 1+1 L2 — X1 L3 — T1
=DM o 5
x5 T2T1 X3 3,1
B To — 1 r3 — T1
xo(xo — 1) x3(T3 — 771)
1 1
= (ro —x1)(x3 —
(z2 — 21)(23 — 71) P

Nhén xét rang chinh 1& dinh thittc Vandermonde c& 2 x 2 dbi véi

Z2

2 bién x9, x3. N6 c6 gid tri 1a (x5 — x2). VAy

V3 = (xg - .%'1)(:(}3 — 371)(1‘3 — xg).
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2.19. Tinh dinh thtc Vy st dung dinh thic V3 tuong tu nhu cach ta da
tinh V3 st dung Vs trong bai tap trén.

1 1 1 1
1 T2 I3 T4
Vi = 2 2 .2

1 1 1 1
(2 0 To — I xr3 — X1 T4 — 1
T 10 2% —woxy 23— x3m0 i — w473
0 23— 23z 23— 2321 25 —2im

Dé c6 dang thitc (2),ta da ldy (—z1) lan hang 3 cong vao hang 4, roi lay
(—z1) 1an hang 2 cong vao hang 3, rdi liy (—z1) 1an hang 1 cong vao hang
2. Tiép theo, khai trién Laplace theo cot 1, ta duge

T2 — I T3 — 1 T4 — T
Vi = (_1)1+1(1) 95% — X221 x% — T3T2 xZ — 4T3
vy —23r) 23 — 231 2 —2in
T — I1 T3 — I T4 — I
= | ma(x2 —w1) w3(x3 — 1) wa(24 —21)
x%($2 _«'El) x%(l’g —xl) xi(u —xl)

1 1 1
=(xg —x1)(xg —x1)(Tg — 1) | T2 T3 14
a3 a3 i

Pinh thttc ¢ 3 con phai tinh chinh 14 dinh thic Vi dbi véi cac bién
29,3, 4. Ta nhan dude cong thiic mong mudn ciia V.

2.20.

(a) T cdc dinh thitc Vo, V3 va Vj trén, ta di dén dy dodn

1 1 1 - 1
I xI9 r3 - In
2 2 2 ... 2
Vi, = 1 T T3 Ty | = H (I‘Z — ."L‘j).
: : : : n>i>j>1
xlfl 56371 ngl gjz—l

(b) Dé chting minh céng thitc dit dodn bén trén cho dinh thitc Vj,,ta sé sit
dung cac phép bién d6i so cap theo hang va khai trién Laplace nhu
cach da tinh V3 qua V5 va V4 qua V3 bén trén. Ta cé
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()
1 1 1 1
0 To — I T3 — 1 Ty — X1
V, = 0 T5 — ToT1 T3 — T3T2 Ty — TpT1
0 oyt —alZpy 2t — a2l a2y

Dé c6 dang thiic nay, ta da ldy (—z;) 1an hang i cong vao hang i + 1

v6iilan lugt lan —1,n —2,...,1.
1 1
141 Z2 T3
Vi, =(-1) + (D) (zo—z1)(x3—21) (T8 —21)
x;‘_l mg_l

Dinh thitc con lai can phai tinh chinh 1a V,,_; dbi v6i cidc bién

T2y L1y -
muon.

2.21. khai trién Laplace theo hang 1, ta dudc

0 a2 142
Dy = = (=1)""a12a21 = —ajzaa
a1 a2
0 0 ais 0 a
_ _ 143 22
D3 =| 0 ax as (—1)*3ay3
as;  as2
azr asz2 as3
_ 143 142
= (—1)""a13(—1)"*2axnas
= —a13022031
va
0 0 0 a
0 0 4 0 0 ais
a23 24 144
Dy = 0 =(—)"a14| 0 ass ass
azz a3z as4
a1 Q42 Q43
41 Q42 Q43 Q44
0 aso

— (—1) g (—1) 13,
(=1)""a1a(—1)""az3 R

— (—1)1+4a14(—1)1+3a23(—1)1+2a32a41

= (14023022041

., Zn. Do vay, theo nguyén 1y quy nap, ta c6 két luin mong
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2.22. Ta tinh dinh thiic clia ma trdn tam gidc dudi déi v6i dudng chéo
phu bang céch thyc hién lién tiép khai trién Laplace theo hang 1 nhu sau

o --- 0 0 ain
0o - 0 a2 n—-1 0Aa2n
D, = 0 -+ azp—2 azp-1 aspy
Gnpl1 *** Gpn—2 0nn—1 G0ann
0 ... 0 agm1
0 -+ agn—2 azn—1
_ 1 ’ ’
= (1) "arn
anl1 " Gpn-2 0Aann—1
0 - aspo

= (~1)" a1 (1) Vag g

an1 -+ Qnn-2

— (*1)“‘”&1 n(71)1+(n—1)a2 e

) )

1(*1)1“”_2)@3@72 e (*1)1+2an—1,2an,1-
Do do6
Dy, = (=)™ (=) (=)™ (=1)%a1 na2n-1030—2 - An-12an1

Mit khic (n+ 1) +n+ (n— 1) 4 --- + 3 = =Dt vy

(n—1)(n+4)
Dy, = (- 2 a1,n02n—-103n—2 """ Ap—1,20n1-

2.24. Quan sat cac dinh thitc nay, ta thay tong cdc phan ti trén mdi cot
déu gidng nhau. Do dé, ta sé cong tat ca cac hang vao hang 1 roi dua phan
t& chung ctia hang 1 mdi ra ngoai dinh thttc. Hang 1 mdéi gom toan 1. Tiép
theo, ta sit dung phan tit 1 dau tién khit di cdc phan tit 1 con lai ctia hang

nay.
a b _|la+b a+bd _ 1 1

b al| b a = (a+0) b a

:(a+b)| b a—b‘ = (a+b)(a—b).
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a b b a+2b a+2b a+2b
b a b = b a b
b b a b b a
1 1 1
=(a+2b)| b a b
b b a
1 0 0
=(a+2b)| b a—b 0
b 0 a—29»
= (a+ 2b)(a — b)%
a b b b a+3b a+3b a+3b a-+3b
b a b b| b a b b
b b a b| b b a b
b b b a b b b a
1 1 1 1
b a b b
= (a + 3b) b b oa b
b b b a
1 0 0 0
b a—0» 0 0
@43y g a0
b 0 0 a—0»

= (a+ 3b)(a — b)3.

2.25.

(a) T cac dinh thitc trong y (a), ta di dén du doan

a b b b
b a b b
D,=|b b a - bli_jgq(n-1)b(a—b"""
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(b) Dinh thitc D,, dugc tinh tuong tu cic dinh thitc Do, D3, D4 bén trén.

111 -1
b a b -+ b
D, =la+ (n—1)b] bba - b
b b b - a
1 0 0 0
b a—0» 0 0
—fa+m—-1p]| b 0 a=b 0
b 0 0 a—"b

2.26. Ky hiéu hé vec to hang ctia A lan ludt 1 r1,ro,...,7,. Khi d6, hé
vécto hang ctia B 1a 7,71, ...,71. Do dé, B thu dugc tit A sau mot s6
phép d6i chd hai hang mot cach thich hgp. Véi n = 2, 3,4, ta ham nhu sau

r1
r Hy<H. r
T2 1

r3

1
T2 Hy<Hy
73 Ho<+»H3
T4

3
Hy (—)Hg
EEm— ) s
1
T4
3
T2
1

Mot céch téng quat, ta thu duge B tit A sau khi thuc hién céc phép bién
doi hang H; «» H; v6ii+j=mn+1,i < j. S6 1an doi chd hai hang la 12]

trong d6 |—] 1& ham phan nguyén.

5.

n

2

1
2

Do vay,

néu n chan,

neu n lé.

det(A) = (~=1)L5] det(B).

2.27.
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(a) DPinh thtic bang khong vi cot 2 va cot 4 ti 1¢ v6i nhau. Cu thé hon,
sau khi thue hién déi —2Cy + Co — Ca,gié tri clia dinh thitc khong
thay déi, nhung dinh thttc méi bang khong vi ¢ot 2 ctia né gdm toan
khong.

(b) Dinh thtic bang khéng vi téng cdc phan tit trong mdi hang déu bang
khong. Cu thé hon, sau khi thuc hién phép bién déi Cy + Co + C3 +
C1 + Cs — Cs,gi tri ctia dinh thitc khong thay doi nhung dinh thitc
méi bang khong vi ¢t 5 clia né gom toan khong.

2.28. Pinh thitc thit nhat bang tich ctia hai dinh thtc

1 2 0 3 00
1 8 2], 4 10
-1 3 2 -3 7 2

Gié tri ctia cdc dinh thitc nay lan lugt 14 2 va 6. Do dé, dinh thtic thit nhat
trong hai dinh thttc can tinh 1a 12. Tinh todn tuong tu cho dinh thitc can
tinh thit hai. Gia tri cia dinh thiic nay la 1.

2.29.

(a) Ding. Mdi lan déi chd hai cot, dinh thitc d6i dau.

(b) Diing. Sau mdi phép bién déi aH; — H;,dinh thitc duge nhan véi a.

(c) Sai. Phép bién ddi aH; + H; — H;,i # jkhong lam thay ddi dinh
thic.

(d) DPung. Phép bién d6i —H; — 1}73 + Hg — Hg khong lam thay ddi dinh
thitc nhung dinh thttc méi bang khéng vi hang 6 ciia né gom toan
khong.

(e) Dung. Néu céc phan phu dai s6 déu bang khong thi ma tran lién hop
cting bang khong. Ngoai ra

Aladj(A)] = det(A)1.

(f) Sai. Dinh thitc ctia mot ma tran tam gidc 1a tich cdc phan tit trén
duong chéo cia no.
(g) Dung. Dinh thtic ¢6 tinh chdt nhan tic 1a

det(AB) = det(A) det(B)

v6i moi cap ma tran vudng cung cG A va B.
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2.30.

(a) Dinh thtic ctia ma tran bang —1. Vi dinh thitc khic khéng nén ma
tran kha nghich.

(b) Dinh thitc cia ma tran bang 0. Vi dinh thitc bang khéng nén ma tran
khoéng khé nghich.

2.31.

(a) Pinh thiic ctia ma tran bang 8k + 8. Do d6, ma tran kha nghich khi
va chi khi 8k + 8 # 0, titc 1a k # —1.

(b) Dinh thtic ciia ma tran bang 2 — 4k. Do d6, ma tran kha nghich khi
va chi khi 2 — 4k # 0, ttc 1a k # 1.

2.32.

—1-V5 —1+\/5}
2 ) 2 :

)
)
c) Tap hop céc gid tri can tim ciia a 1a R\ {—4, —%}
) T4p hop céc gid tri can tim ctia a 1a R\ {—1,
)

2.33.
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(a) St dung thuat toan Gauss - Jordan

2 5 5[1 00

[AlI] =|2 4 3]0 1 0

110001
(2 5 5|1 0 0
=101 21 -1 0
03 5/1 0 -2

Vay nghich dao clia ma tran A la

3 -5 5
At=| -3 5 —4
2 -3 2

(b) Céc phan bu dai s6 ctia A {ing v6i cac vi tri § hang 1 1a

4 3 2 3
Cn=ED" g ‘: =3.Cu= (D" T g |:3’
2 4
C’13 = (_1)1+3 1 1 = -2

Dinh thic clia A la

det(A) =2Cy; +5C12 + 5C13
=2(-3)+5(3)+5(—-2) =-1.

Vi det(A) # Onén A kha nghich. Céac phan bu dai s6 con lai ctia A 13
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2 5 5 5
_(_1\2+3 _ _(_1)3+1 _
Ca3 = (—1) 1 1‘—3,031 (—1) 4 3|= 5,
2 5 2 5
_(_1\3+2 _ _ 3+3 _
Cso = (1) 5 3 ‘ 4,033 = (—1) 9 4 2.
Véy nghich dao ctia ma tran A la
—3 3 —2]"
AT = gmadi(4) =4 5 -5 3
-5 4 =2 |
3 —5 )
= -3 5 —4
2 -3 2
()
2.34.
o5 _ 1 13
C A ax . T
(a) Nghich déo ctia ma tran da cho la 7 77
L 14 14 14
[ 2 0 -1
(b) Nghich dao ctia ma tran da cho la % —% 0.
'3 0 -1
1 2 %
(c) Nghich ddo ctia ma tran da cho la —% —% —3
L 3 3 0
[ -3 -2 0
(d) Nghich dao ctia ma tran da cho 1a 3 % —%
L 1 5 -3
[ 1 _% 3
. d kd A ~ N ? ?
(e) Nghich déo clia ma tran da cho la ] ] —%
L 8 8 8

2.35. Cac phan phu dai sb ctia A ting véi céc vi trf ¢ hang 3 13

C31 = —14,C30 = —6,C33 = 2.
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Pinh thic clia ma tréan A la
det(A) = aCs1 4+ 0039 + 2C53 = —14a + 4.

A 2 . AN ” . PR 2
Ma tran A kha nghich khi va chi khi det(A) # 0,ttc la a # =.

Bay gio, gia st a # % Dé tim nghich ddo ctia A st dung ma tran lién hop,
ta can tinh cdc phan bu dai sb con lai ctia A. Ta c6

Cn =2,C12 =3a,C13 = —a,0n = 6,02 = —Ha + 4,023 = —3a.

Vay nghich ddo clia ma trdn A la

2 3a —a r
—14 —6 2
-2 —6 14
:14;_4 —3a ba—4 6
a 3a 2

2.36.

(a) Ma tran hé s6 va dinh thtc ctia né 1a

3 1
A_[7 _2],det(A)_—13.

Theo dinh 1y Cramer, hé phuong trinh da cho c6 nghiém duy nhat

det(A; ,
;= deet(( A)) trong dé

5 1 3 5
Vi det(A47) = —13,det(A3) = =26 nén x1 = 1,29 = 2.
(b) Dinh thitc ma tran hé sé A 1a det(A) = 18. Theo dinh Iy Cramer, hé
phuong trinh da cho ¢6 nghiém duy nhat z; = C(‘gé(f‘;)). Vi det(4;) =
—33,det(A2) = —39, det(Ag) = —12nén

11 13 2
ry=——7,T2=——,T3= —5-

6 6 3
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2.37.
(o).
(a) det(2A4) = 2" det(A).
(b) det(4%) = [det(A)P.

n J— 4n
(©) det(4A™) = 4" det(4™") = Lo
(d) det(—A) = det((—1)A) = (~1)" det(A).

1 1

() det((4A)™) = G0y = T det ()’
(f) det(3AT) = 3" det(AT) = 3" det(A).

2.39. St dung tinh chat nhan cta dinh thtc va dinh thiic cia ma tran
chuyén vi, ta c6

det(ATA) = det(AT) det(A) = det(A) det(A) = [det(A)]>.

Do d6
A khé nghich < det(A) #0
& [det(A)]? #0
& det(ATA) #£0
& AT A kha nghich.

2.40. Vi det(A) = 1 # 0 nén theo dinh ly Cramer, hé phuong trinh da cho
c6 nghiém duy nhat
det(A,-)
xT; —
det(A)

:det(Ai),i:1,2,...,n

trong dé A; 1a ma tran thu dugc tit A khi thay thé cot thit i ctia A bdi vec
ta cot b.

Vi A va b gdm toan hé sb nguyén nén cidc ma tran Aq, As,..., A, déu la
cac ma tran hé s6 nguyén. Do d6, cac dinh thitc det(A4;) cling 1 sb nguyén.
Véy nghiém duy nhat ctia hé phuong trinh trén 14 mot nghiém nguyén.
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2.46. St dung cac phép bién doéi so cap va khai trién Laplace, ta cé

1 2 3 4 1 2 3 4
4 3 2 1 B 0 -5 —-10 -15
21 -1 3 o o -3 -7 -5
1 1 2 7 0o -1 -1 3

1 2 3

= (CDM)(-5)| -3 -7 -5

-1 -1 3

2.47.

(a) Pinh thitc bang 0.
(b) Dinh thitc bang —36.

2.48. Vi A phan ddi xtmg nén AT = A. Suy ra
det(AT) = det(—A).
Ta c6 det(AT) = det(—A) va det(—A) = (—1)"det(A). Do d6

det(A) = (—1)" det(A). (7)

1. Vi n 1é nén (—1)" = —1. Ta dugc det(A) = (—1)det(A). Suy ra
det(A) = 0, titc ma tran A khong kha nghich.

2. Bay gi® gia stt n chin. Khi d6 (—1)" = 1. Pang thtic 7 ding mot cach
hién nhién va khéng cho ta théng tin gi vé det(A).
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0 1
-1 0
phan déi xtimg c& 2 x 2 véi dinh thitc 14 1. V6i n chan tiy ¥, xét ma tran
A v6i céc phan ti ngoai dudng chéo phu bang khéng con cic phan ti trén
duong chéo phu, ké tit trai qua phai 13

Thuec ra, det(A) c6 thé khac khong. Vi du: A = l ] la m6t ma tran

_17_17"'7_171717'”71

v6i 5 so —1, 5 so 1. Day 1a mot ma tran phan doi xtng véi dinh thiic 1a

n
(-1)2.
2.49.
T =1 1
1. Ma tran nghich dédo la 61 (1)
L 6 9
i -1 -3

2. Ma tran nghich dao la

| 139] o
[NV}

| 00| OO |

—_
[\]
—_
[N)

2.50. Dinh thitc cta cic ma tran
A C.OSQ sin A = x sin 6 Ay = 0959 x
sinf —cos6 y —cosf sinf y

lan lugt 1a
—1,—xcos —ysinf,ycosh — xsinf.

Vi det(A) # 0 nén theo dinh 1i Cramer, hé phuong trinh tuyén tinh da cho
c6 nghiém duy nhat

;o det(Al)

det(Ag)
T det(A)

det(A)

=z cosf +ysind, y = =zsinf — ycosd.
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2.51. Khit Gauss ma tran hé s6 md rong ctia hé phuong trinh tuyén tinh
da cho

1 1 o O 1 1 a 0 1 1 a 0

1 1. 80|—10 0 B—a 0| — |0 B—a 1-a® 0

a B 10 0 B—a 1—a® 0 0 0 B—a 0
Ta c6

f—a=0a=01-a’=0sa==+1.

Ta c6 cac truong hop sau day

> Trudng hdp 1: o # B Hé phuong trinh da cho chi c¢é nghiém tam
thuong x =y =2 =0.

> Truong hop 2: a = 8 va o # +£1.Céc nghiém ciia hé phuong trinh da
chola z = —ty=tz=0véit € R bat ki.

> Truong hop 3: a = 8 va a = +£1.Céc nghiém ciia hé phuong trinh da
cholaz=—-t—asy=tz=svoit,scRtuyy.

2.52. Ta cb

ailr ai2 a3
det(A) = as21 a2 a3
aszr azz ass
a2 Q23 a1 Q23 a1 Q22
a3z as3 a3r ass azr as2
= (11022033 — 011023032 — 412021033 + ¢12023031
+aizagiazz — a13a2as;.

= an — a2 + a3

Vi céc a;; déu bang 0 hodc 1 nén céc tich aijaseass, ... xuat hién tron
j g : ) C g
tong trén bang 0 hoic 1. Do dé,

det A<1-0-0+14+1-0=3.
Ta théy, det(A) = 3 khi va chi khi

11022033 = 12023031 = Q13021032 = 1, (8)

a11a23a32 = a12G21a33 = a13a22a31 = 0. 9)
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Tt (8), a;; = 1 v6i moi 4, j. Diéu nay mau thudn véi (9). Do d6, det A < 3.
V1 cdc a;; 1a cdc sd nguyén nén det(A4) cing 1a mot sd nguyén. Suy ra
det(A) < 2. Hon nita, det(A) = 2 néu
a11a22033 = 12023031 = 1,
va
a11a23032 = (12021033 = 413022031 = 13021032 = 0.

Hé nay c6 nghiém duy nhat

A=

— o
S ==
= = O

Vay gia tri 16n nhat ciia det(A) 1a 2.
2.53. Dang cip nhat.

2.54. Goi n 1a s6 cot clia ma tran A. Cong (n — 1) cot dau tién clia ma
tran A vao cot cudi ciing, ta thu dude ma tran B. Vi phép bién ddi trén
cdt clia ma tran nay khong lam thay doi dinh thitc nén det(A) = det(B).
Vi cic phan ti trén mdi hang ctia A bing khéng nén cot cudi cling cia B
gom toan khong. Do d6, det(B) = 0. Vay det(A) = 0.

2.55. Vi A khé nghich nén det(A) # 0 va adj(A)= det(A)I nén

(detl(A) A) [adj(4)] = 1.

A. Tiép theo, 4p dung

, . Kha hich v . -1 _
Do d6, adj(A) kha nghich va [adj(A)] det(4)
cong thitc A[adj(A)] = det(A)I v6i A thay bdi A~! ta duge

1
= I
det(A)

A~ [adj(A™)] = det(A~")1

Nhan hai vé, vé phia bén trai, vdi A, ta dugc

1

det(A) I} ~ det(A) A

adj(A™ ) =4 {

1
det(A)

Vay [adj(4)] " = A =adj(A™").
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2.56. LAy dinh thiic hai vé clia dang thitc A [adj(A)] = det(A)I va st dung
tinh chat nhan ctia dinh thiec, ta dugc

det(A) det [adj(A)] = det(A)".

2.57. Ta thiy rang khi ghép lai céc s6 trén mdi hang ciia ma trén ta thu
duogc céc sb chia hét cho 19 dude cho trong dé bai. Do d6, ta cong 10* 1an
c6t mot va 102 1an cot hai va 102 lan cot ba va 10 lan cdt bdn vao cot cudi
ciing ctia dinh thitc da cho. Gid tri ctia dinh thitc khéng déi, va dinh thic
méi 1a

2 1 3 7 21375
3 8 7 9 38798
3 4 1 6 34162
4 0 2 2 40223
79 1 5 79154

Vi céc phan t& clia ma trdn déu 1a s6 nguyén va cdc phan tit clia cot cudi
chia déu hét cho 19 nén bang cach khai trién phan bu dai s6 theo cot cudi
ctia dinh thitc, ta suy ra dinh thtc nay chia hét cho 19.

2.58. Trong bai tap trén, ta cé thé thay s6 19 bdi mot s6 nguyén duong d
bat ki. Khi dé ta can tim n s6 nguyén duong c6 n chit s6, mdi sd déu chia
hét cho d. Tt n sb nguyén duong nay, ta thiét 1Jap mot ma tran vudng cd
n x n véi cic phan ti ctia hang thit ¢ chinh 1a cac chit s6 clia s6 thit i trong
n s6 chia hét cho n bén trén. Khi d6, dinh thtic ctia ma trdn nay chia hét
cho d.

CHUONG 3
3.1. Ta c6
2u—3v+w = 3(z+wv)
&S 2u—3v+w = 3x+3v
& 3r = 2u—3v+w-—3v
= 3r = 2u—6v+w
1
= r = =(2u—6v+w)
1
& r = —-u-—2v+ -w.

3 3
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Thay u, v va w cac gié tri cho trong dé bai roéi tinh ton, ta dudc

19
=(-=,-1,13,-4).
x ( 37 ) 9 )

3.2. Viu # 0 nén v va v cling phuong v6i nhau khi va chi khi ton tai mot
s6 thuce k sao cho v = ku. Phuong trinh nay tuong duong véi

(6,b,0,5,—12) = (—2k, k, 0, ka, 4k).
Vi 6 = —2k nén k = —3. Do dé,
b=-3, 5=-3a

5 R
Suy ra a = —3 va b= —3. Khi d6 cac véctd u,v lan lugt 1a

5
<—2,1,0,—3,4>, (6,—3,0,5,—12).

Ta thay v = —3u. Do dé, v va v ciing phuong véi nhau. Viy céc gid tri
céntimcﬁaav&bléa:—g va b= 3.
3.3. Ta cb

au+bv = a(-1,1,0,1,2) + b(2,0,1,3,—2)
= (—a+ 2b,a,b,a+ 3b,2a — 2b)

Do dé, phuong trinh da cho tuong duong véi hé phuong trinh tuyén tinh

—a + 2b = 7
a = -1

b = 3

a + 3 = 8
2 — 2b = -8

Hé nay c6 nghiém duy nhat a = —1, b = 3.

3.4. Cac vécto vy, vg v v3 déu c¢6 thanh phan thit hai bang khong. Do
d6, tat ca cac to hop tuyén tinh ctia vy, va va v3 cling ¢6 thanh phan thit
hai bang khong. Vi thanh phan tht hai ctia vécto (2, —2,1,3) 1a —2, khéc
khong, nén vécto nay khong 1a mét t6 hop tuyén tinh clia cic vécto vy, vo
va v3.

3.5.
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(a) Khang dinh ding. Pay 1a tinh chit két hop ciia phép toan cong
vécto.

(b) K\hrfmg dinh sai. Hai vécto ¢ s6 thanh phan khac nhau khong thé
bang nhau.

(¢) Khing dinh sai. Hai vécto v va (—1)v cling phuong véi nhau.

3.6.

(a) Khang dinh sai.
(b) Khéang dinh ding.
) Khéang dinh sai.

—
o

CHUONG 4

4.1. So sanh véi cdc phép toan ctia khoéng gian vécto R? thong thuong,
ta thay phép toan nhan hoi la. Do d6 nén kiém tra trudc cac tién dé lién
quan dén phép nhan.

(a) T dinh nghia cdc phép todn trong dé bai, ta cé
u+v=(1,2)+(-1,4) = (1 + (-1),2+4) = (0,6)
ku = 5(1,2) = (5.1,0) = (5,0)
(b) T dinh nghia, ta thay
1(a,b) = (1.a,0) = (a,0)

Do d6 1(a,b) # (a,b) néu b # 0. Vidu 1(1,1) = (1,0) # (1,1). Vi ton
tai vécto u sao cho lu # u nén V khong la mot khdng gian vécto.

4.2.

(a) u+v=(-1,7), ku=(2,4).
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(b)

4.3.

V khong 1a mot khong gian vécto vi hai phép toan cong va nhan dinh
nghia trong dé bai khong théa man tién deé

k(u+v) = ku+ kv v6i moi k € R,u,v € V.
That vay, gid st u = (a1,b1), v = (az,b2), ta cb
k(u+v) =k(a; +az+1,b1 + by +1) = (kay + kas + k, kby + kba + k),

ku+ kv = (kal,kbl) + (k’ag,k‘bQ) = (lml + k‘az + 1,k‘b1 + ka + 1).
Do dé k(u +v) # ku + kv néu k # 1.

Véi (a, b) thuoc V, ta céd
(0,0)+ (a,5) = (0+ a+1,0+b+1) = (a+1,b+1) # (a,b).
Do d9, (0,0) khong 1a vécto khong ctia V.
Theo dinh nghia, vécto khong 0 = (z,y) cta V phai théa man
(z +y) + (a,b) = (a,b)
v6i moi (a,b) € V. Vi (z,y)+ (a,b) = (x+a+1,y+b+1) nén phuong
trinh trén twong duong véi

r+a+l=a, y+b+1=0,

tic la © = —1, y = —1. VAy vécto khong cia V' 1a 0 = (-1, —1).

Mac du (a,b) + (—a —1,—b—1) = (0,0) nhung (0,0) khéng la vécto
khong ctia V, nén (—a—1, —b—1) khong 1a vécto ddi ctia (a, b). Theo
dinh nghia, vécta (z,y) 1a vécto dbi cia (a,b) trong V khi va chi khi

(SL‘,y) + (av b) = (_17 _1)7

vi (—1,—1) 1a vécto khong ctia V. Phuong trinh trén tuong duong
voi
r+a+1l=—-1, y+b+1=-1,

titc 1a 2 = —a — 2, y = —b — 2. VAy, véctd dobi clia vécta (a,b) trong
V la

(=) (a,b) =((-)a+(-1) -1, (-1)b+(-1)—1=(-a—2,-b—2).
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4.4. Dé chiing minh V' 1a moét khong gian vécto véi hai phép todn cong
va nhan da cho, ta phai kiém tra tat ca cac tién dé. Cho u = (ay,b1),
v = (ag,b2), w = (as, b3) thudc V va k, m thudc R.

> Tacou+v eVvakueVvia +a € R, kap € R v6i moi
ai, a9,k € R; biby > 0, b’f > 0 v6i moi by, ba, k € R, by, by duong.

> Tacou+v=v+uvi
u+v = (a1,b1) + (az,b2) = (a1 + az, b1 + ba),
v+u = (az,bs) + (a1,b1) = (a2 + a1, ba + by).
> Tacéu+ (v+w)=(u+v)+wvi

u+ (v+w) = (a1,b1)+ (ag + as,ba + b3)
= (a1 + (a2 + as3), b1(b2b3)),

(u+v)+w = (a1 +az, by +b2)+ (az,b3)
= ((a1 +a2) + a3, (b1b2)bs3) .

> Phan tit (0,1) la vécto khong vi

U+ (0, 1) = (a1 + O,bl.l) = (al,bl) = Uu.

N N c 1
> Phan tt u ¢6 phan tt doi, d6 la (—al, b> vi
1

u+ <—a1, b11> = <6L1 + (—al),bl.bll> = (0,1).

Chii ¥ rang (0,1) chinh 1a vécto khong.

> Ta céd k(u+v) =ku+ kv vi
k(u+v) = k(a1 + az,bib) = (k(cu + az), (blb2)k) ;
ku + kv = (kay, bY) + (kag, kb*) = (kay + kag + 1,0505).
> Ta ¢ (k+m)u = ku + mu vi
(k+m)u = ((k+m)a,of*m),

ku + mu = (k:al, blf) + (maq, b") = (k‘al + may, b'fb’ln) .
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> Ta cé k(mu) = (km)u vi
k(mu) = k (maq,b)") = (k(mal), (bﬁ”)k) ,

(km)u = ((km)al, b’fm) :
> Ta cod lu=wuvi

lu = 1(&1,()1) = (1.&1,1)%) = (al,bl).

Vay V la mét khong gian vécto.

4.5.

(a) Ta cé (1) vi 0 1a mot vécto khong ctia V. Ta ¢6 (2) vi 0 1a mot vécto
khong ctia V.

(b) Ta cé bién ddi tuong duong (3) vi da cong (—u) vao hai vé phuong
trinh = 4+ v = v, v rat gon vé trai

(z4+u)+(—u)=z+ (u+(—u) =z+0==z.
Ta ¢6 ba ding thic trong rit gon trén sit dung tinh chit két hop ciia
phép todn cdng vécto, tinh chat ciia vécta dbi va tinh chat clia vécto
khong. Bién doi tuong duong (4) c¢6 duge nhd dinh nghia ctia phép
todn trit vécto: trit vécto 1a cong véi vécta doi.

(c) Ta c6 phép suy ra (5) vi da cong hai vé ctia phuong trinh v6i —w. Ta
c6 phép suy ra (6) nhd rit gon 2 vé:

utw+(-w)=u+0=0, v+w+(-w)=v+0=0.

Tinh chat ctia vécto khong va tinh chat ctia vécts déi duge st dung
G day.

4.7.

(a) V6i moi vécto (u,w) € V x W, ta ¢

Oy + 0w) + (v,w) = (0Oy + v, 0w + w) = (v, w).
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(b)

Ta cé
(v+w)+ (—v,—w) = (v+ (—v),w+ (—w)) = (0Oy + Ow) .

Hon ntta, (Oy + Ow) 1a vécto khéng ctia V' x W. Do dé6 (—v, —w) la
vécta doi ctia vécts (v, w).

) Dinh nghia phép cong cia V x W.

binh nghia phép nhén cia V x W.

) Tinh phan phéi gita phép nhan véi phép cong vécta trong cac khong

gian vécto V va W.
Dinh nghia phép cdng ctia V x W.
Dinh nghia phép nhan ctia V x W.

Tap con M, x, gom céc ma tran chéo 1a moét khong gian con. Nhic
lai rang mot ma tran A = [a;;] 1a chéo néu a;; = 0 v6i moi i # j.
Vi ma trdn 0 gom toan phan t 0 nén 0 14 mét ma tran chéo. Cho
A =lagjl, ., va B = [bi], ., 1a hai ma tran chéo, cho k € R. Ma tran
C = A+ Bva D = kA deéu 1A cic ma tran chéo vi

Cij = Q5 + bij =0, di]’ = k‘ai]’ =0

v6i moi i # j.

Ki hiéu tap con ctia M,,x, gdom cic ma tran c6 dinh thitc bang khong
14 V. Néun = 1thi V chi c6 ding mét phan tit, d6 1a ma tran khong
[0] ctia Mjx1. Do d6, V 1a mot khong gian con ctia Myxi. Néu n > 2
thi V khéng 13 mot khéng gian con clia M, x, vi n6 khéng déng dbi
v6i phép cong. That vay, hai ma tran chéo

A =diag(1,1,...,1,0) va B = diag(0,0,...,0,1)

c¢6 dinh thitc bing khéng nhung téng A+ B c¢6 dinh thitc khac khong.
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(c) Tap hop con clia M, x, gom cic ma tran c6 vét bang khong 14 méot
khong gian con. Nhic lai rang vét clia mot ma tran 1a tong cdc phan
t trén duong chéo ctia néd va ta ¢

tr (A + B) = tr (A) + tr (B) va tr (kA) = ktr (A) .

Ma trén khong gom toan cdc phan ti khong nén né cé vét bang
khong. Cho A va B 1a hai ma trén c6 vét bang khong, cho k € R.
Khi d6, téng A 4+ B va tich kA déu c6 vét bang khong vi

tr (A+ B) =tr(A) +tr(B) =0, tr(kA) = ktr (4) = 0.

4.10.

(a) Tap con clia M,x, gom cdc ma tran ddi xtng 1 mot khong gian
con.

(b) Pé chimg minh khing dinh nay, nhic lai ring mét ma tran A 1a dbi
xting khi va chi khi AT = A. Hon nita, ta c6 cac tinh chat

(A+B)T = AT + BT, (kA)T = kAT,

(c) Tap con clia M, gdm cic ma tran kha nghich khong phai 1a mot
khong gian con vi né khong chita ma tran khong trong khi ma tran
khong lai 1a vécto khong ctia My, «p,.

(d) Tap con clia M, x, g0om cic ma tran giao hodn v6i mot ma tran A
cho trudc la mét khéng gian con.

4.11.

(a) Tap con nay clia P, khong 1a mdt khong gian con.

(b) Tap con nay clia P, khong la mot khéng gian con vi né khéng déng
ddi v6i phép nhan véi vo hudng. O diy, vo hudéng duge hicu 1a mot
s6 thuce bat ki.
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4.12. Vi V] va V5 1a céc khong gian con ctia V nén 0 € V7 va 0 € Vo, v6i 0
la vécto khong cia V. Do d6 0 € ViNVa. Cho u,v € ViNVa va k € R. Khi
do u,v € Vi va u,v € Va. Vi V] va V5 14 cdc khong gian con ctia V' nén

utveVy, kueVy, u+velVs, kuéels.

Dodéu+wveViNnVyvakue VNV Vay V1 NVa la mot khong gian con
cua V.

4.13. Vi V; 1a cac khong gian con ctia V nén 0 € V; v6i moi ¢ € I, vGi 0
la vécto khong caa V. Do d6 0 € N V;. Cho u,v € N V; va k € R. Khi d6,
icl iel
u,v € V; v6i moi ¢ € I. V1 V; la céc khong gian con ctia V' nén
utv eV, ku€eV
véimoii e l. Suyrau+v e (V; va kue NV;. Vay (Vi 1a moét khong

icl icl icl
gian con cua V.

4.14. Ta thidy Vi va V5 1a cde duong thing di qua gbe trong R2. Dé don
gian, chon

Vi={(z,0)eR?:z e R}, Vo= {(0,y) € R?:y € R}.
Khi d6, Vi va V5 1a céc khong gian con cia R? va
ViuVa={(z,y) € R: 2 =0 hoacy=0}.
Ta chitng minh V; U V5 khong 14 moét khong gian con ciia R? bang céch
chi ra n6 khong déng dbi vdi phép todn cong vécta. That vy, hai vécto
u=(1,0) va v = (0,1) déu thudc V; U V5 nhung
wtv=(1,0)+(0,1) = (1,1)

khong thuoc Vi UV, vi ca hai thanh phan clia né déu khic khong.

4.15. Vi V] va Vs la cac khong gian con ctia V nén 0 € Vi, 0 € V5. Do d0,
0=0+0€V;+Vo. Chou+v e Vy + Vs va k €R. Khi d6, ton tai phan
tich

U=1Uuy +ug, v=1v1+702
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v6i uy,v1 € Vi va ug,v9 € Vo, Ta cb
u+v=(ur +u2) + (v1 +v2) = (U1 +v1) + (uz + v2)
ku = k(uy + ug) = kuy + kus.
Vi V; va V5 1a céc khong gian con ciia V' nén
up +v1 € Vi, kup € Vi, ug + vy € Vo, kug € Vs,

Dodébu+v e Vi+Vyvaku e Vi+ Vs Vay Vi + Vo 1a mot khong gian con
cua V.

binh nghia cua V; + V.
VicUvaVoCU.

U la mot khong gian con ctia V.

=

T~
[>7e)
NSNS N N N N

binh nghia cta quan hé bao ham.

—_
&)

v1 =v1 + 0, vg =0+ vs.
i+ Vo CU.

binh nghia ctia quan hé bao ham.

—
—

4.17. Ta sé ching minh Vi — Vo = Vi + V. T d6 suy ra Vi — Vo 1a mot
khéng gian con ctia V' vi Vi 4+ Vo 1a mot khong gian con ctia V. Theo dinh
nghia

Vi —=Ve) c (Vi + Vo),

Vi—-Vo=V1+Va &
o {(m+wwxmwy

Chitng minh (V; — V3) C (V1 + Va): Lay v € Vi — V5 bat ki. Khi d6, ton
tai v1 € V1 va vy € Vo sao cho v = v1 — v, Suy ra

v =101 + (—v2).

Vi vg € Vo va Vo la mot khong gian con clia V nén —we € Vo, Do d6
v € V14 Va. Vay (Vi — Vo) C (V1 + Va).

Chitng minh (V; + V3) C (Vi — V4): Ta thyc hién chitmg minh gan nhu
giéng hét chitng minh trén. Lay v € V4 + V5 bat ki. Khi d6, ton tai v; € V3
va vg € Vo sao cho v = v1 + vo. Suy ra

v=uv1 — (—v3).
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Vi vg € Vo va V5 1a mot khong gian con ctia V nén —wve € V5. Do dé
velVy—Va. Vay (Vi +V2) C (Vi — Vo).

4.18.

(a) Ta thay
(o) = (—1)"z" = z" n(ieu n chan,
—x™ neu n lé.
Do dé, ham z™ 1a ham ch&n (tuong g, ham 18) khi va chi khi s6 n
14 chan (tuong tmg, 18).

(b) vécto khong ctia F(—oo,00) 1a ham 0, trong d6 0(z) = 0 v6i moi x.
Vi 0(—z) = 0 = 0(z) nén 0 14 mdt ham chan. Cho f va ¢ 1a cdc ham
chan va k € R. Khi d6 f(—z) = f(z) va g(—x) = g(x) v6i moi = € R.
Ta co

(f +9)(=z) = f(=2) + g(=2) = f(z) + g(x) = (f + 9) (@),

(kf)(=2) = k[f(=2)] = k[f(2)] = (kf)(z).

Do d6 f + g va kf 1a cic ham chan. Vay tap hop cdc ham chéan 13
mot khong gian con ctia F'(—o0, 00).

(¢) Khing dinh nay cé chimg minh gan nhu giéng hét chimg minh cia
khang dinh (b).

4.19.
(a) VioeV,,0€V_nén 0€ VyoNV_.Bay gig, cho f € V, NV_. Ta
can chitng minh f = 0.
> Vi feVynén f(—z) = f(z) v6i moi x € R.
> Vi feV_nén f(—x) = —f(x) v6i moi x € R.

Do d6, v6i moi x € R,

Suy ra f(x) =0 v6i moi z € R, tic la f =0. Vay V; N V_ = {0}.
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(b) Cho z € Rbat ki. Vi f = f_ + f, nén

f(@) = fo(2) + f-(2).

Dé sit dung gié thiét vé tinh chan, 1é cia cac ham fi, f_, ta thay «
bdi —x trong dang thic trén

f(=2) = fy(=2) + [-(=2) = fo(z) = [-(2).

Do dé

[f(@) + f(=2)], f-(2) = 5 [f(2) = f(=2)].

N =

f+(@) =

(c) Cho f € F(—00,0). Theo dinh nghia ctia V; + V_, ta chi can chi ra
ton tai cdc ham f € Vi va f_ € V_ sao cho f = fy + f—. Phan (b)
dan ta dén dinh nghia

fir(e) = 5 [F@) + f-2)), f-(@) = 517@) — ()
Khi d6
Frla) + f(x) = 5 [F(@) + -2 + 5 [F@) — F(=o)] = f(z).

Ta can chttng minh f, 13 m6t ham chan va f_ 1a mdt ham 1é. Ta cé

[f (@) + f(=2)] = f+(2)

Do d6 f, 1a mot ham ch&n va f_ 1 mot ham 1é nhu mong mudn.

4.20.

(a) Vima tran 0 € M,,x,, ¢ tat cd cdc phan tit bang 0 nén 0 13 mot ma
tran d6i xtng. Cho A, B € M,,«,, 14 cic ma tran déi xtmg va k € R.
Khi d6 AT = A, BT = B. Ta ¢6

(A+ B! =A"+ B = A+ B,
(kAT = kAT = EA.

Suy ra, A+ B va kA 1A cdc ma tran ddi xting. Vay tap con ctia My,
gdm céc ma tran d6i xtng 13 mot khong gian con.
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(b)

Khang dinh nay c¢6 chiing minh giéng hét khang dinh (a).

4.21. Bai tap nay cé chiing minh giéng hét véi chimg minh ctia bai tap
lién quan dén ham chan va ham 1é bén trén.

(a)

ViV, va V, 1a céc khong gian con ctia M, x, nén ching déu chita ma
tran khong. Do d6, 0 € V; N V,. Bay giG, cho ma tran A € V; NV,.
Ta can chttng minh A = 0.

> Vi AeV,nén AT = A.

> ViAdeV,nén AT = —A.

Do d6 A = —A, titc 1a A = 0.
Theo gia thiét
A=A, + A,

LAy chuyén vi hai vé, va stt dung gia thiét A, € Vi, A, € V,, ta dude
AT = (A)T + (4)T = A, — A,.

Do dé6

A, (A+AT),Aa:%<A—AT).

1
2
Cho A € M,x»n. Theo dinh nghia cta tong hai khéng gian con, ta
can tim cdc ma tran A, € V, va A, € V, sao cho A= A, + A,. Tt y
(b), ta dinh nghia

A, (A+AT) Aa=%<A—AT).

l\.’J\»—l

Khi do,
As+Aa:%(A+AT)+%(A—AT) — A

Ta can chitng minh A, € V, va A, € V,. Ta ¢
(47 =[S (awan)] = Lars ()] =L (a7 4 4) =,

T 9

(A7 = =5 AT = (a7)"

) -
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4.22. Ki hiéu tap con ctia R> cho trong dé bai 1a V. vécto khong ctia R™®
1a diy (0)°2, c6 tit ca cac sb hang bang khong. Vi a0 + b0 = 0 nén day sb
nay thugc vao V. Cho cdc day s6 (zn)re; VA (yn)rey thudc V, cho k € R.
Theo dinh nghia

(xn)ff:l + (yn)le = (zp + yn)fle K (xn)?bozl = (kxn)zozl :

Ta cb
a(Tp-1+Yn-1) +b(xn—2+yn—2) = (axpn_1+brn_2)+ (ayn—1+ byn—2)
= Tn+tUYn
va

a(kxp—1) +b(kn—2) =k (axp_1 + bxp_2) = kax,.

Suy ra (zp)ory 4+ (Un)pey € V VA k(z,)5, € V. Vay V 1a mot khong gian
con cuia R*.

4.23. Ki hiéu tap con clia C*°(—00, 00) cho trong dé bai 13 V. vécto khong
ctia C°°(—00, 00) 14 ham hing 0. Via0 +50 =0=0" nén 0 € V. Cho f
va g thudc V, cho k € R. Ta c6

a(f+9) +b(f+9) = a(f'+g)+b(f+9)
(af +bf) + (ag’ + bg)

= f”+g”N

= (f+9) .
va,

a(kf) +b(kf) = a(kf')+bkf)

- k af’+bf)

= kf"=(kf)".
Suyra f+g € Vvakf € V. Vay V 1a mot khong gian con ctia C*°(—o0, 00).

4.24. Ki hiéu cc vécto trong cac y (a), (b), (c), (d) 1an lugt 1a vy, v,
v3,v4. Trong 4 vécto nay, hién nhién vz = (0,0,0) 1a mot t6 hgp tuyén tinh
cla u va v:

(0,0,0) = Ou + Owv.
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D@ gii bai todn cho ca 3 vécta con lai, xét mot vécta tong quat (a, b, c) €
R3. vécto (a, b, c) 1a mot té hop tuyén tinh clia v va v khi va chi khi phuong
trinh vécto

x1u + x9v = (a,b,c)

c6 nghiém. Phuong trinh vécto nay tuong duong véi hé phuong trinh tuyén
tinh

O:L‘l + 11‘2 = a
—lz; + 322 =
1:L’1 — 1562 =

Khtt Gauss ma tran hé s6 mé rong ctia dong thsi 3 hé phuong trinh ting
v6i 3 vécto vy, vy va vy

0 1]2 01 1 -11]2 5 3
1 301242 — | -1 3242
1 -11]2 5 3 0 1]/2 0 1
(1 -1 |2 5 3]
— 0 204 9 5
0 1]/2 0 1
1 12 5 3]
— 0 2[4 95
0 0/0 9 3

Do d6, trong 3 vécto vy, vo v vy, chi cb vécto vila mot t6 hop tuyén tinh
cta v va v. Hon nita ta ¢

v = 4u + 2v.

NN A b . A
4.25. Dé biéu thi tuyen tinh ma tran [ Z ] qua hé ma tran A, B,C, D,

d
ta can gidi phuong trinh

1A+ 29B + 23C + 24D = [CCL Z]

Phuong trinh nay tuong duong véi hé phuong trinh tuyén tinh

lzy 4+ Ox9s + 223 + Ozy = a
—1lx; + 1l 4+ O0x3 + 1lzy = b

Or1 4+ Ox9 + 1lxzg + Ozy = c

207 + lzg + 1z + O0xgy = d.
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Khit Gauss ma tran hé s6 md rong ciia dong thoi 2 hé phuong trinh tuong

1 2 1
ing v4i hai ma tran [ ] va [ 3 ] , tc la ma tran

2 4 1 2
102 011 3
-11 0121
0010121
211014 2

ve dang bac thang. Tt d6, ta nhan dudce biéu thi tuyén tinh

[; i]:—3A+8B+20—9D,

3 1
31 ) - asicim,

4.26. Céc biéu thi tuyén tinh can tim la

6+ 11z + 622 = 4p; + 5p2 + p3
0 = Op1+Op2 + Ops3
7T+ 8x+ 922 = Op1 + 2p2 + 3ps.

4.27.

a. Hé vécto da cho 1a mét hé sinh ctia R3.

b. Hé vécto da cho khong 1a mot hé sinh ciia R3.

4.28.

a. Hé da thiic p1, ps, p3, p4 1& mot hé sinh ctia Ps.
b. Hé da thiic p1, p2, p3 khong la mot hé sinh cia Ps.

4.29.
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a. Ta c6 ding thic luong gide quen thude

cos 2r = cos’® x — sin® x.

Do d6 cos2x € L (cos? z,sin? z).
b. Ham sin 2z thudc £ (cos® z,sin® z) khi va chi khi phuong trinh

acos® x + bsin? r = sin 2z

trong F' (—o0, 00), ¢6 nghiém a,b € R. Cho x lan lugt 13 0, % va g, ta

duge hé phuong trinh tuyén tinh
la + 0 = 0
1 n 1 b
Za p =
2

2
Oa + 16 = 0

H¢ nay v6 nghiém. Vay sin 2z khong thude £ (cos? z,sin? z).

4.30.

4.31. Ta c6

L(p1,p2) C L(q1, q2)

L(p1,p2) = L(q1,q2) & { L(q1,q2)C L(p1,p2)

Chimg minh £(p1,p2) C £(q1,g2). Ta thay

1+22 = (1+2)%—(22)
l+z+22 = (1+2)?-=-(27)

Do d6 p1, pela t6 céc o hop tuyén tinh ctia g1, g2,ttc 14 p1,ps € L(q1,q2).
Suy ra L(p1,p2) C L(q1,q2)-

Chiing minh £(q1,q2)C L(p1,p2) duge thuc hién tuong tu.
4.32. Pang cap nhat.

4.33. Chiing minh L(vy, vy, v3) C L(v1 + v2,v1 — V2, v2 + v3).
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DPé chitng minh bao ham thitc ndy, ta can chi ra vi,vs,v3 1& cc t6 hop
tuyén tinh cia v1 + va, V1 — V2 VA V9 + v3. Pat ug = v + va, Uz = V1 — Vo
VA u3 = v + v3. Xem v, v2,v3 1a cdc an, rdi thue hién khit Gauss:

v+ V2 = u v+ v = u
v — U2 = U9 = 2v9 = U] — Uy
v + v3 = u3 v2 + w3 = u3
v+ U2 = u1
= 2v9 = Ul — Uy
21}3 = 2U3 — (u1 — UQ)

Tt hé bac thang nay ta thu duge L(v1 +va, v1 — v, v2 +v3) C L(v1,v2,v3)
ding vi

v = ?Ua + ?uz
2 = 5111 - §U2
vy = —§u1 -+ §U2 + us.

Vay L(vi,v2,v3) C L(v1 + v2,v1 — V2, v2 + V3).

Bao ham thitc nguge lai ding vi vy + ve, v — v2 VA v2 + v3 1a céc t6 hop
tuyén tinh ctia vy, vo, v3.

4.34.

a. Hé vécto da cho 1a mot hé doc lap tuyén tinh.

b. Hé vécto da cho 13 mot hé phu thudce tuyén tinh.

4.35.

a. Hé da thitc da cho 1a mét hé vécto phu thudc tuyén tinh.
b. Hé da thtic da cho 1a mot hé vécto doc 1ap tuyén tinh.
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4.36. Hé ma tran da cho 1a mot hé vécto doc lap tuyén tinh.

4.37. Hé ma tran da cho 1a mot hé doc lap tuyén tinh khi va chi khi
phuong trinh vécto

100

100

- 10
"1k

chi c6 nghiém tam thudng z; = o = x3 = 0. Phuong trinh vécto trén

tuwong duong v6i hé phuong trinh tuyén tinh

2

0 0
1 3

+ x9 _k —1

+x3

lzy 4+ 2x9 + 1lzz = 0
lzy + 1z — kzs = 0
kry + 3x9 — 1lzg = 0

Khit Gauss ma tran hé sb mé rong cia hé phuong trinh tuyén tinh nay ta
dugce

12 10 1 2 10
11 ko]l — |0 1 k+1 0
E'3 -1 0 0 2k—3 k+1 0

12 10

— 0 1 k+1 0

0 0 (k+1)(4—2k) 0

Do d6, hé phuong trinh tuyén tinh chi c¢6 nghiém tam thudng khi va chi
khi (k+1)(4 —2k) # 0, ttic 1a k # —1 va k # 2. Vay tap hgp cac gid tri
can tim ctia k 1a R\ {—1,2}.

4.38.

22 =1 nén

a. Vi sin? z 4 cos
6(1) — 2(3sin z) — 3(2cos’ ) = 0.

Suy ra hé ham 1, 3sin®z, 2cos? 2 phu thudc tuyén tinh.
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b. Hé ham z, sinx, cosz ddc lap tuyén tinh khi va chi khi phuong trinh
vécto
r1x + x9sinx + xgcosz =0
trong F(—o00,00) chi ¢6 nghiém tam thuong x; = 3 = x3 = 0. Cho
™ .
cac gid tri 0, —, 7 ta thu dugc hé phuong trinh tuyen tinh

2
Ory 4+ Ox9 + 1lzg = 0
gxl + lzg + Oz3 =
mxy + Oz — laxg =
Hé ndy c6 nghiém tam thudng z; = xo = x3 = 0. VAy hé ham

x, sinz, cosz doc lap tuyen tinh.

4.39.

a. Hé ham da cho 1a mot hé vécto doc lap tuyén tinh.

b. Hé ham da cho 1a mot hé vécts phu thude tuyén tinh.

4.40. Trong phuong trinh vécto

r1f1(x) + 22 fo(7) + 23f3(2) =0

ctia khong gian vécto F'(—oo, 00), cho z céc gid tri 0,1, 2.

4.41. Xét hé n da thtc p; = a; + bjx + cj:cQ, 7 =123, ...,n trong khong
gian vécto Po, v6i n > 3.

Theo dinh nghia, hé da thitcpy, ps, ..., p, phu thuoc tuyén tinh khi va chi
khi phuong trinh vécto
r1p1 + 2P + oo + Tnpp = 0

c6 nghiém khong tam thudng. Phuong trinh vécto ndy tuong duong véi hé
phuong trinh tuyén tinh thuan nhat

aixy + axa + - 4+ apxy, = 0
bix1 + byxre + -+ + byx, =
ciry + cr2 + - + cprn, = O

[an}
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Vi n > 3 nén hé phuong trinh tuyén tinh thuan nhat nay cé sé an nhiéu
hon s6 phuong trinh. Do d6, hé c6 nghiém khéng tam thudng.

Vay hé n da thiic p1,po, ..., pp 12 mot hé vécto phu thuoc tuyén tinh.

4.42. Hé vécto vy, vq,v3 doc 1lap tuyén tinh khi va chi khi phuong trinh
vécta
T1V1 + x2v2 + x3v3 =0

chi c6 nghiém tam thudng. Gid st phuong trinh nay c6 mot nghiém khéng
tam thu’éng xr1 = k‘l, To = kz, xr3 = k‘3.

Néu k3 # 0 thi ding thitc kyvy + kava + k3vs = 0 kéo theo

Déng thitc ndy mau thuin véi gia thiét vs ¢ L(vy,vs). Do d6 ks = 0. Khi
dé dang thitc kjvy + kavs + ksvz = 0 tré thanh

kivy + kovg = 0.

Do dé, x1 = k1, 2 = ko 13 mot nghiém khong tam thudng ctia phuong
trinh vécto

T1v1 + xov9 = 0.
Diéu nay mau thudn véi gid thiét doc 1ap tuyén tinh ciia hé vécto vy, vo.
Nhu vy, gia st phuong trinh vécto zjv; + xave + x3v3 = 0 ¢6 nghiém
khong tam thuong 1a sai. N6i cach khic, phuong trinh vécto nay chi cé
nghiém tam thudng. VAy hé vécto vy, v, v3 doc 1ap tuyén tinh.

4.43. Vi {v1,v2} C {v1,v2,v3} nén L(v1,v2) C L(v1,v2,v3).

Dé c¢6 bao ham thitc ngudc lai, £(vy,ve,v3) C L(vy,va), ta can chi ra
v1,v2,v3 déu thuode L(vy,vs). Hién nhién vy, ve thuode L(vy,v2).Theo gid
thiét, vz 14 mot té hop tuyén tinh ciia v va va, do dé, v3 € L(v1,v2). Ta
thu duge L(v1, v, v3) C L(v1, v2).

V@y E(Uh 1)2) = ,C(Ul, V9, 1}3).

4.44.

a. Sai. Xét bao tuyén tinh ctia vécto khong.

b. Sai. Xét bao tuyén tinh ctia hai vécto cting phuong,.
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c. Puing.

d. Sai. Khi thém vécto vao hé sinh, hé méi nhén duge cing 1a mét hé
sinh.

e. Sai. Céc t6 hgp tuyén tinh ctia z + 1, (z +1)2, (z + 1)® ¢6 dang

a(z +1) +b(z +1)* + c(x + 1)°.

Tét ca cac da thitc nay déu nhan —1 1a mot nghiém, nhung Ps chita
da thitc khong nhan —1 la nghiém.

4.45. Theo dinh nghia
(Xn)ory = (Yn)oy & Ty = Y vOimoi n =1,2,3, ..

Do d6, néu ()52 = (yn)py thl 1 = y1 vA 29 = yo.

Bay gid gid st x1 = ¥ va oo = y2. Ta can chitng minh xn =y, v6i moi n
bang quy nap theo n. Gia st rang x, = y, véi moi n — ., k, trong d6
k> 2.Taco

Tpy1 = axy + brgp 1 = ayg + byk—1 = Yry1-

Suy ra z, = y, v6i n = k + 1. Theo nguyén 1y quy nap, x, = y, véi moi
n=123,..

4.46.

a. Cho A € R, A # 0. Theo dinh nghia, day s6 thuc (A\")%; thudc Vs _g
khi va chi khi

A =B5A"L — 6A"2) v6i moi n = 3,4, ...
Vi A # 0 nén cdc phuong trinh nay tuong duong véi A2 = 5\ — 6, tiic

14 A2 — 5A 4 6 = 0. Phuong trinh bic hai nay c6 hai nghiém 13 A\, = 2,
A2 = 3. Ta nhan dudc hai day s6 (27)%°; va (3™)2%, can tim.
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b. Heé hai vécto (2")5°; va (3™)2, clia Vs _¢ 1& doc 1ap tuyén tinh khi

n=1 n=1

va chi khi phuong trinh vécto
2(2")pl Y™ )t =0
chi c¢6 nghiém tam thudsng. Ta c6
2(2")nly +y(3")nty = 2"z + 3%y);2, =0,

va vécto khong cia Vs _¢ 1a 0 = (0)72,. Do d6, phuong trinh vécto
trén tuong duong véi hé phuong trinh tuyén tinh

2lz + 3y = 0,
22 + 3%y 0.

Heé nay c6 nghiém duy nhat z = y = 0. Vay hé vécto (27)2°, va
(3M)%, ctia V5 _g 1a doc 1ap tuyén tinh.

4.47.

a. Cho A € R, X # 0. Day s6 (A\")2°; thudc Vj 4 khi va chi khi
N =4\ 4N 2) v6i moi n = 3,4, ...

Vi A # 0 nén cic phuong trinh nay tuong duong véi A2 = 4\ — 4, tiic
1a A2 — 4\ +4 = 0. Phuong trinh béc hai nay c6 nghi¢ém duy nhét
A = 2. Ta thu dugde day s6 (27)2°, can tim.
b. Ta can chting minh day s (n.2")2%; thudc V4. Véi moi n > 3, ta
co
4((n—1)2"Y —4((n—2)2""2) = 42" 2(2(n—-1)—(n—2))
= n.2".

Do d6, day (n.2™)22, thudc Vi _4.
c. He vécto (27)22, va (n.2")%2, clia V4 _4 ddc 1ap tuyén tinh khi va chi
khi phuong trinh vécto

z(2")p2y +y(n2")p2, =0
chi c6 nghiém tam thuong. Ta cé

2(2")nl1 +y(n.2")pl, = (2"w +n.2"y),2, =0,

n=1 —
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va vécto khong ctia Vi 4 1a 0 = (0)72;. Do d6, phuong trinh vécto
trén tuong duong véi hé phuong trinh tuyén tinh

20 +2y = 0,
2z + 4y 0.

Hé ndy c6 nghiém duy nhat 2 = y = 0. Vay hé vécto (27)°°; va
(n.2™)%2; ctia Vi _4 1a doc 14p tuyén tinh.

4.48.
a. Cho X € R. Ham s6 e** thudc V khi va chi khi

(e’\z)u = (e)‘m>/ + 127,

Vi (e)‘x) = e, (e”) = A2’ nén phuong trinh trén tuong duong
voi A2 = X+ 12, titc 1a A2 — X — 12 = 0. Phuong trinh béac hai nay cé
hai nghiém A\; = 4 va Ay = —3. Ta thu dugc hai ham e*® va 3% can
tim.

b. Hé vécto e®® va e™3% ciia V ddc 1ap tuyén tinh khi va chi khi phuong
trinh vécto

z1e* + 2973 =0

chi c6 nghiém tam thudng z; = 29 = 0. Cho z = 0 va = = 1 trong
phuong trinh trén ta dudc hé phuong trinh tuyén tinh

r1 + rg = 0,
etry, + e Bz, = 0.

Hé nay c6 nghiém duy nhit z; = x5 = 0. Vay hé vécto e®, e 737 clia

V 1a doc 1ap tuyén tinh.

4.49. Loi giai bai ndy gan nhu giéng hét v6i bai trén A = 5.

4.50. Dinh thiic cia ma tran

10 0 1
-2 0 4 2
11 12 -1
21 8 0
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la —16.

4.51. Ky hiéu cidc ma tran trong dé bai lan lugt 1a Ay, Ay, A3, A4. Hé ma
trdn Ajq, As, Az, A4 1a mot co s6 cia Moo khi va chi khi phuong trinh
vécta

21 A1 + 2240 +23A3 + 1444 = A

a b
d

vécto trén tuong duong véi hé phuong trinh tuyén tinh

c6 nghiém duy nhat v6i moi ma trén A =

1 € Msx2. Phuong trinh

0331 — 21’2 — r3 — 2.%'4 =
lxy + 220 + 1z + 1lxy =
lry + 2x92 + Ox3 + lxy
lzy 4+ 3z9 + 1laxg + 224 =

a
b
&
d

Hé phuong trinh tuyén tinh nay cé nghiém véi moi a, b, ¢, d khi va chi khi
dinh thitc ctia ma tran hé s6 ctia né khac khong. Ta c6

0 -2 —1 —2
1 2 1 1

det 1 9 o 1170
1 3 1 2

Vay hé ma tran da cho khong phai mot co sé cia Mayo.

4.54. He véctd vy, ve, ...,vp la mot hé sinh cta V' khi va chi khi phuong
trinh vécto
T1V1 + X2V + ... + XpUp =V

c6 nghiém 1, 9, ..., 2, € R v6i moi vécto v € V. Toa do héa ddi véi co s6
B, phuong trinh vécto trong V nay trd thanh

[T1v1 + Zova + ... + 2pVp| 5 = [V]p

Vi [2101 + 2202 + .. + 2pUp) 5 = 1 [v1] 5+ 22 [V2]g + ... + Tp [Up] 5 néN déng
thic trén tuong duwong véi phuong trinh vécts trong R”

r1 [v1]g + @2 [v2]g + ... + 2y (1] 5 = [V]g

Vi [v]z ¢6 thé 1a bt ky vécto nao ctia R™ khi v thay déi trong V nén
phuong trinh vécto trong R™ nay c¢6 nghiém véi moi v € V' khi va chi khi
hé vécta toa do [vi]gz, [v2]g, .-y [Up] 5 1& MGt hé sinh clia R”.
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4.55. Vi mot hé vécto 1a phu thuoc tuyén tinh khi va chi khi né khong
doc 1ap tuyén tinh nén ta chi can chiing minh khing dinh vé tinh doc lap
tuyén tinh. Theo dinh nghia, hé vécto v1,vs,...,v, 1& doc 14p tuyén tinh
khi va chi khi phuong trinh vécto

7101 + 2202 + ... + xpvp =0

chi ¢6 nghiém tam thuong 1 = x2 = ... = 2, = 0. Toa do hda theo cd s6
B, phuong trinh véctd trong V' nay trd thanh

(101 + 22v2 + ... + 2pvp] 5 = [0]5

Vi [331311 + @202 + .o+ TPV g = 1 (V1] g+ T2 [V2] gt ATy [Up] g VA [0] 5 = 0
nén dang thiic trén tuong duong v4i phuong trinh vécto trong R™

Ty [v1]g + @2 [V2]g + o+ Tp [Up] 3 =0

Phuong trinh vécts nay ciia R™ chi c6 nghiém tam thudng z1 = 29 = ... =
rp = 0 khi va chi khi h¢ vécta toa do [v1]gz, [v2]g, .-, [Up] 5 la MOt cO 56 clia
R™.

4.56. Stt dung két qua ctia hai bai tap trén, ta thdy rang cic khing dinh
sau tuong duong v6i nhau.
> Heé vécto vy, va, ..., vp la mot co s6 cua V.

> Heé véctd vy, va, ..., v, dong thoi 1a hé sinh va hé doc lap tuyén tinh
cua V.

> H¢ vécto toa do [v1]g, [va]g, -\ [Vplg dong thdi 1a hé sinh va hé doc
lap tuyén tinh ctia R™.

> Hé vécto toa do [vi]gz, [v2]g, ) [Up] 5 1a MOt co 86 clia R™.

4.57. C6 dinh cd s chinh tic ciia Py, titc 1a cd s B = {1, z,22}.

a. Hé da thitc p1,p2, ps 1la mot co sG ciia P» khi va chi khi hé vécto toa
d6 ctia chiing trong cd sé B 1a mot co sé ciia R3,

1 -3 2

pilg=| —1 |, [p2lp = 41, p3lg=1 —2
-3 9 4
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b. vécto toa do cua da thic p trong co sG pi, pa, p3 chinh 1a vécto toa dod
clia [p]g trong co 86 [p1lg, [p2lg, [ps]s- vécto can tim 1a (—1, -1, 3).

4.58. Toa dd hoéa céc da thitc trén ddi v6i co s6 chinh tic cta Ps, roi
chuyén bai toan vé khéng gian vécto R*. Ma tran

3 5 0 1
7 1 1 16
0 0 -2 -6
0 -2 0 2

¢6 dinh thic 1a 0. Do d6, hé da thic da cho khong 1a mdt co sG cla Ps.

4.59. Toa d0 hoa cac ma tran trén trong cd s F11, Fo1, F1o, Fao clia Moy,
chuyén bai toin vé khong gian vécts R*. Dinh thiic clia ma tran

5 9 6 0
-3 1 =2 0
4 8 4 0
2 -6 01

la —32. Hé ma tran da cho la mot co s6 ctia Moxs.

4.60.

a. Khong gian con cdc ma tran chéo clia Maxo 1a mét khdng gian vécto
2 chiéu v6i mot co s6 1a hé ma tran

oo) o]

b. Khoéng gian con ciac ma tran tam giac trén ciua Msyxo la mot khong
gian vécto 3 chiéu v6i mot co s 1a hé vécto

(ORI

4.61.
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a. Khong gian con cdc ma tran phan ddi xtmg ctia Mayo 13 mot khong

. . T 2 1 N 0 1
gian vécto 1 chieu véi mot c¢o sé la ma tran 10

b. Khong gian con cdc ma tran ¢ vét bang khong ctia Mays 18 mot khong
gian vécto 3 chiéu v6i mot co s 1a hé vécto

R

4.62. Cho ma tran A = [a;;] € Myxp. V6i moi cap (i, j), nhéc lai ring
Eij € Myxpn 13 ma tran c6 phan tit khdc khong duy nhét 1a gid tri 1a 1 va
& vi tri (4, 7).

a. Ma tran A la chéo khi va chi khi a;; = 0 v6i moi 7 # j. Do d6

aill 0 ... 0
0 agy ... 0
A= : . | =B +anky + .+ ann B,
0 0 ... anpn
Vi a11, agg, ..., Gnp 14 cc s6 thuc xdc dinh duy nhat. VAy khong gian

con cac ma tran doi xing cia M, x, la mot khong gian véctc n chieu
v6i mot co s 1a hé ma tran

Ev, Eo, ..., By,

b. Ma tran A déi xtmg khi va chi khi a;; = a;; v6i moi i, j. Do d6

a1 a2 ... Qin
a2 a2 ... Q2n
A= ) . .| = anbErtanEyt. Aan, Byt Z aij (Eij + E
. : . 1<i<j<n
aip, A2n ... Qapn

voi a;j, i < j, 1a cdc sb thuc xdc dinh duy nhat. VAy khong gian
con cidc ma tran dbi xing ctia M, v, c6 mot cd s l1a hé ma tran E;,
i=1,2,..,nva Ej; + Ej;, 1 <i < j < n.Sb chiéu ciia khong gian

2 2
4 > A n“—m _ n°4n
vécto nay la n + 5+ = 5.

4.63. Bai tdp nay cé cach lam tuong tu nhu bai trén nén 16i gidi chi co
dap sb.
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a. Khong gian con cdc ma trdn tam gidc trén cta M, x,cé mot co sé la
hé ma tran E;; v6i 1 <4 < j < n. S6 chiéu clia khong gian vécto nay

2
5N netn
la 5 -

b. Khéng gian con cdc ma tran phan déi xiing ctia M,,x, c6 mdt cd s6 13
hé ma trin E;; — Ej; voi 1 < i < j < n. S6 chiéu cia khong gian vécto

2
N N nc—n
nay la *—5-".

c. Khong gian con céc ma tran cé vét bang khong ctia My,x, c6 mot co
sd 1a hé ma tran Ej; v6i i # j va By — By, v6ii=1,2,...,n — 1. Sé
chiéu ctia khong gian vécto nay la n? — 1.

4.64. Lay v1 € V 1a mdt vécto khac khong bat ky. Vi du, chon vy = (0,0).
Céc vécto thuoc L(v1) c6 dang
kvi = k(0,0) = (k—1,k—1)
Ta thay L(vi) # V, vi du v2 = (1,0) € V nhung vy ¢ L£(v1).Khi d6, hé
véctd vy, ve 14 doc 1ap tuyén tinh. Ta can xac dinh xem L(vq,v9) = V hay
L(vy,v2) # V. Mot vécto v = (a,b) cia V' thudc vao L(vy,v2) khi va chi
khi phuong trinh vécto
T1V] + LoV = v
c¢6 nghiém z1,22 € R. Ta ¢6
T1V1 + T2V = 1'1(0, 0) + $2(1, 0)

= (@m—-Lz-1)+(z1+z—1Laz—1)

= ((x11-1)4+Qx1—1)+1,(xa—1)+(xz2—1)+1)

= (321 —1,229— 1)

Phuong trinh vécto trén tuong duong v6i hé phuong trinh
3rz1—1 = a
209 —1 = b
Hé nay c6 nghiém duy nhat 21 = (a +1), o = 5(b+1) v6i moi a,b € R.

Suy ra L(vy,v2) = V. Vay hé vectd v1 = (0,0),v2 = (1,0) 1a mot co sé cla
V, s6 chiéu cta V 1a 2.

N[ —

4.65. V 1a mot khong gian vécto 2 chieu véi co s6 1a mot hé hai vécto bat
ky v1,v2 théa man

V1 7& (0, 1), () ¢ E(vl).

4.66.
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a. Cho A € R, \ # 0. Diy s6 (\")°%, thudc V,,; khi va chi khi
A = a\""! 4 bA"2) v6i moi n > 3.

Diéu nay tuong duong véi A2 = a) + b, tic 1a A2 — aX — b = 0. Biét
thitc ctia phuong trinh bac hai nay 1a

A = (—a)? —4.(1).(=b) = a® + 4b

Theo gia thiét, A > 0. Do d6, phuong trinh \> —aX —b = 0 c6 2
nghiém thuc phén biét A\; va Ag. Ta nhén dugc céc day (A}),2, va
(A3)>° , can tim.

b. Hai day s6 (A7)>2; va (A\F)>2, lap thanh mot co s& clia V, p, khi va chi
khi phuong trinh vécto

T (AT)pZy +y (A3)ply = (@n)ply

c6 nghiém thuc x,y duy nhit véi moi (zy,)re; € Vap. Vi

(M)t Ty (A2)n2y = Mz + A5y)n,

nén phuong trinh vécto trong V,; trén tuong duong véi hé phuong
trinh tuyén tinh

AT + Xy = 1

Mr + My =

Hé phuong trinh ndy c6 nghiém duy nhat v6i moi 1, 2 € R khi va chi
khi dinh thitc clia ma tran hé s6 clia né khac khong. Dinh thtc nay 13

A1 A2

det [ /\% )\%

] =M A3 — XA =X da (Mo — A1)

Vi céc s6 thuc A1, Ao khac khong va khac nhau nén dinh thitc nay khéac
khong. Vay hé vécto (A})o2; va (A5)>7, 1a mot co sé clia V.

4.67.

a. A1 v Ao la céc nghiém ctia phuong trinh bac hai A2 = X + 12, ttc 1a
A =4, A= —
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b. vécto toa do ciia (zy,)he; d6i voi co s6 (4")07 1, ((—3)™)o2; 1 nghiém
duy nhat ctia phuong trinh

z(4"),21 +y ((=3)")52y = (Tn)nzy s
voi z,y € R. Vi
z(4"),2 +y ((=3)")p2r = e+ (=3)"y)ly

nén phuong trinh vécto trén tuong duong véi hé phuong trinh tuyén
tinh

Mty + (B)ly = 1 = -2
20 + (-3)% = z3 = 3
Heé néﬁy c6 nghiém duy nhat =z = —%, y = % Vay vécto toa do cua
day so (), trong cd s6 (4"),2, ((—=3)™)o2 cia Vi 12 14
( 3 11)
287 21
c. Tuy (b), ta céd
3 11
(@n)pey = —%( "t + 21 ((=3)")nes
Suy ra
347 11.(-3)
Ty = —
" 28 21

4.68. Bai tdp nay c6 16i gidi gan nhu giéng hét 16i gidi clia bai tap trén. A
14 s6 thuc duy nhéat thoéa man A2 = a\ + b. Cu thé, \ = 5

4.70. y, = — .30 4 04 37

4.71.
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a. Pé tim ma tran chuyén co sé Py, khit Gauss-Jordan ma tran

B | B

12 2] 1 1 3
{B|B/}:21—1101
11 1|-3 -2 -5
1 0 0 -7 -5 -9
19 13 25
~ 010 2 ?7 173
001 |-0 -1 _&
-7 =5 -9
Do d6 P, ) = 19 13 25
2 2 2

b. vécto toa do clia vécto v trong co s6 B’ 1a (—7,-12,8).

c. vécta toa dd clia vécto v trong co sé B la

N|ONI© Ut

[vlg = Pgp [v]g =

4.72.

a. Ma tran Pp_,¢ c6 hé vécto cdt 1a hé vécto toa dd clia cac vécto cla co
sé C trong cd s6 B, do d6, tit giai thiét

-1 0
Pge=| —1 1 1
0 1 -2

b. Ma trén chuyén co s6 Pe_ 13 nghich ddo ciia ma tran chuyén co sé

Ps_.c, do d6
3 1 1

19 h 1%

Peos=| 3 = 5

I

10 5 10

c. vécto toa do ciia vécts w trong ca sé C la

[wle = Pe—ss [w]s
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4.73. Gia st C = {v1, v2,v3}. Theo dinh nghia

P = [ [2)1]6 [UQ]B [7)3]8 }

Suy ra
1 0 0 1
n=13|+1]3|4+0|2|=1|6
1 1 1 2
Vo = (1,7, 3), V3 = (078,3)
4.74.

a. Goi S = {1,z,2%} 1a cd s8 chinh tac ciia P». Khit Gauss-Jordan ma

tran
[ -3 -3 1] -6 —2 -2
(s | Bs] = 0 2 6|-6 —6 -3
-3 -1 -1] 0 4 7
i 4 17
100 g -3 %
~ 010 : 3 ?
(001 ]—-3 -3 —3
4 17
A 0
Vay Pgc = 5 5 3
_3 _3 _3
2 2 2

b. vécto toa do cia p trong co sé C 1la (—1,2,1).

, A o , ; 19
c. véctd toa do clia p trong cd s6 B la (—7, 5 —3).

4.75.

a. Khit Gauss ma tran A, ta thu dugc ma tran bac thang

1 3 1
0 -19 -5
0 0 0

> Khong gian hang Row(A) 14 mot khong gian vécto 2 chiéu véi
mot co s6 1a hé vécto (1,3,1), (0,—19,—5).
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> Khong gian cot Col(A) 1a mot khong gian vécto 2 chiéu v6i mot
co s6 1a hé vécto (1,5,7), (3,—4,2).

> Hat nhan Nul(4) 13 mot khong gian vécts 1 chiéu véi mot co s
la vécto (—4,—5,19).

b. Khit Gauss ma tran B, ta thu dugc ma trdn bac thang

1 45 6 9
0111 2
0 00O0O
000O0O

> dimRow(B) = 2, mdt co sé cia Row(B) 1a hé vécto (1,4,5,6,9), (0,1,1,1,
> dim Col(B) = 2, mét co s6 cuia Col(B) 1a hé vécto (1,2,1,2), (4,1,0,3).
> dim Nul(B) = 3, mot co s6 ctia Nul(B) 1a hé vécto (-1, —-1,1,0,0), (-2, —1

4.7. Khit Gauss ma tran C, ta thu dugc ma tran bac thang

1 -2 50
0 -1 -3 0
0 0 01
0 0 00

> dim Row(C) = 3, mdt cd s6 cia Row(C) 1a hé vécto (1, —2,5,0), (0,—1,—3,0)
> dim Col(C) = 3, mot o s6 cta Col(C) 1a hé vécto (1, 1,1, -3), (—2,—2,—-3,8).

> dim Nul(C) = 1, mo6t co s6 ctia Nul(C) 1a hé vécto (—11,—-3,1,0).

4.77. Thanh lap ma tran nhén hé vécto da cho 1a hé vécts cdt roi khir
Gauss ma tran nay, ta thu dugc ma tran bac thang

o O O
SOV
SO = WL
S O = W

Mot co s6 cho L(v1,v2,v3,v4) 1& hé vécto vy, ve. Biéu thi tuyén tinh ciia
céc vécts vs, v4 qua cd s6 v, vs 1a

V3 = 41)1 — V3
vy = =201 4+ w9
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4.78. Thanh lap ma tran nhan hé vécto da cho 1a hé vécto cot roi khir
Gauss ma tran nay, ta thu dugc ma tran bac thang

-1 -2 4 0 -7
o 1 -1 4 7
0 0 01 1
0 0 00 O

Mot co sG ctia L(v1,va,v3,v4, v5) 1a hé véctd v1,v2, v4. Biéu thi tuyén tinh
clia cac vécto vs, vs qua cd sG v, Vg, V4 1a

v3 = —2v1 — vy
vy = v + 3ve 4+ w4

4.79. Céc da thitc da cho déu thudc P3. Toa dd hoéa céc da thitc da cho
trong co 6 chinh tac S = {1,x,22, 23} clia P, cdc vécto toa do thu dugce
lan lugt 1a

[pl]S = (1747572)’ [p2]3 = (271,3,0)7 [p3]$ = (_1733272)'

Khtt Gauss ma tran [ p1)s [p2)s [p3ls } ta thu dugc ma tran bac thang

1 2 -1
01 -1
00 O
00 O

Mot co s6 cho khong gian L(p1, p2, p3) 1a hé véctd py, pa. Biéu thi tuyén
tinh cta p3 qua co sG p1,p2 la

p3s =PpP1 — p2-

4.80. Mot co s ctia L(p1, pa, p3, pa) 1a hé vécto py, po, p3. Biéu thi tuyén
tinh cta p4 qua co s6 p1, po2, p3 la

P4 = —P2 —P3

4.81.
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a. Dang bac thang cuia ma tran da cho la

1 -2 2 3 -1
0 01 2 =2
0 000 O

Ma tran da cho c6 hang va s6 khuyét lan lugt 1a 2 va 3.

b. Dang bac thang ctia ma tréan da cho la

10 -2 1 O
01 3 — 3
00 0 1 =7
00 O 1

Ma tran da cho c6 hang va s6 khuyét lan Iugt 1a 4 va 1.

4.82. Khit Gauss ma tran da cho

t 1 1 1 1 ¢
A=|1 ¢t 1 H1<—>H§ 1 ¢t 1
1 1 t t 1 1
HQ—H1—>H2 1 ]. t
tHl—H3—>H3 0 t—1 1—1t
0 t—1 t>—-1
1 1 t
Hg—H2—>H§ 0 t—1 1—t
0 0 t2+t—2
Ta thay
<2 = 1
t-1=0o t=1vat’+t-2=0 & _2

Ta c6 cac trudng hop sau

Diéu kién ctia ¢ | hang ciia ma tran A
t=1 1
t= -2 2
t=1,t# -2 3
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4.83. Khit Gauss ma tran da cho

13 —t tHy—Ho—Hs 1 3 —t
B=|t 3 -1 3H, — Hy — Hj 0 3t—3 —t?+1
3 6 —2 0 3 —3t+2

1 3 —t

H2<—>H§ 0 3 —3t+2
0 3t—3 —t*+1 |

1 3 —t

H3—(t—1)H2—>H3 0 3 —3t+ 2

100 22 — 5t +3

Tathéy

3
U —5t+3=0 < tzlhoéctzi.
Cé hai truong hgp xdy ra:
> Trudng hgp 1: ¢ =1 hoac t = % Hang ctia ma tran da cho la 2.

> Truong hop 2: t £ 1 vat# % Hang ctia ma tran da cho la 3.

CHUONG 5
5.1.
a. Ta cé
. X9 0 1 .
2 T + 3T9 1 3 2
0 1
Do dé, 4nh xa T 14 bién d6i ma tran v6i ma tran chinh tacla | —1 0
13
b. Ta co
T 1 00 T
T3 =10 0 1 T
T+ 22 1 1 0 3

5.2.
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a. Theo dinh nghia, T’ 14 mot 4nh xa tit R? dén R2. Cho u = (x,y) € R?
va k € R. Ta co

kx (kx)? k222
o - 7|5 ]) - [ - [

x? ka?
Do d6, T(ku) # kT (u) néu k*z% # kz?, ching han khi k = 2,z = 1.

Vay 4nh xa T khéng bdo toan phép todn nhan s6 va véctd. Theo dinh
nghia, T khong 13 mot 4nh xa tuyén tinh.

va,

b. c¢. duge chttng minh tuwong tu nhu a.

5.3. Theo dinh nghia, 7" 1a mot 4nh xa tit R dén R. Cho z,y € R va k € R.
Ta c6

T(z+vy) = m(x+y)+b = mx+my+b
Tx)+T(y) = (mx+b+my+b = mz+my+2b
va
T(kx) = m(kz)+b = kmz+0b
kET(x) = k(mx+b) = kmax+ kb.
Do do

T(x+y) = T(x)+T(y)

T(he) = KT(2) v6i moi z,y € R,k ¢

Anh xa T 13 tuyén tinh < {

= kb
s b=0.

& {Z = 2 v6i moi keR

Vay anh xa T : R — R cho bdi T'(z) = mx + b 1 mot 4nh xa tuyén tinh
khi va chi khi b = 0.

5.4.
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a. Ta c6 (2,1,3) = 2e1 + e + 3e3. Vi T 1a 4nh xa tuyén tinh nén
T(2,1,3) = 2T (e1) + T'(e2) + 3T (e3).

St dung dinh nghia ctia T'(e1), T (e2), T'(e3), ta dugc

2
= - |-
Vay T(2,1,3) = (_27 7).
b. Ma tran chinh tac ciia T c6 hé vécto cot 1a cac vécto T(ey), T(ez), T(e3).
Ta c6 thé thdy diéu nay nhu sau. Véi (z1, 22, 23) € R?, ta cé

—4
7

0

+3 _9

2 1
T 1 :2[3 +
3

(1,2, x3) = x1€1 + T2€2 + T3€3.

Suy ra
T
T X9 = xlT(el) + xQT(eg) + ng(eg)
3
71
= [ T(er) Tles) T(es) || s
3
B 1 -4 o]|™
- 307 —2 || "2
T3
5.5.
a. Ta cé

Vi T tuyén tinh nén

T(el) = T([
1
-2
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b. Vima tran chinh tic ciia d4nh xa tuyén tinh 7' 1a { T(e1) T(e2) } nén
ta can tinh thém 7T'(e). LAm tuong tu nhu ¥ (a). Ta ¢

2 1 0
Vi T tuyén tinh nén
2 1
-2 1 —4
Vay ma tran chinh tic cia 4nh xa tuyén tinh T 13

{ T(e1) T(e2) } = l _1? _3 1 :

5.6. Anh xa trong cdc ¥ (b) 1a mét 4nh xa tuyén tinh. Céc anh xa trong
cac ¥ (a) va (c) khong 1a 4nh xa tuyén tinh.

5.7. Cac 4nh xa trong cic ¥ (b) va (c) 1a cic 4nh xa tuyén tinh. Anh xa
trong cic ¥ (a) khong 1a 4nh xa tuyén tinh.

5.8. Cac 4nh xa trong cic ¥ (a) va (¢) 1a céc anh xa tuyén tinh. Anh xa
trong y (b) khong 1a 4nh xa tuyén tinh.

5.9. Cac 4nh xa trong cic ¥ (a) va (¢) 1a céc anh xa tuyén tinh. Anh xa
trong y (b) khong 1a 4nh xa tuyén tinh.

5.10. Ta c6 ker(T) = Nul(A) va Im(T) = Col(A). Dé c6 thong tin vé ca
Nul(A) va Col(A), ta khit Gauss ma tran A veé dang béc thang. T dé, ta
c6 céc két luan sau

> S6 cdc khuyét ctia T 1a 1. Mot co sé clia hat nhan ker(T) 1a vécto
(2,10,0,7).

> Hang ctia T 14 3. Mot cd s6 clia anh ctia T 14 3 vécto cot dau tién
ctia no.
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5.11. Theo dinh nghia

lz Heker(:r’) = T([Z Z >:0

— 3a—4b+c—-d=0
<~— d=3a—4b+ec.

a b

Do dé, cdc phan ti clia ker(T) c6 dang [ ¢ Sa—db+ec véi a,b,c € R

xéc dinh duy nhat. Ta cé

b a]efg A]e[2 ]

Do d6 ker(T') 14 mot khong gian vécto 3 chiéu véi mot co s§ 1a hé ma tran
10 0 1 00
0 3}’ 0 —4 |’ 1 1

dimIm(7) = dim Mayo — dimker(7T) =4 -3 = 1.

Hon ntta, Im(7") C R, dimR = 1 nén Im(7") = R. Mot co s6 ctia Im(T) 1a
s6 thue 1.

a b
¢ 3a—4b+c

Ta ¢6

5.12. Cho p(z) = a + bx + cx? € Ps. Theo dinh nghia

T(p(x)) =(a,a+b+c,2a+b+c).

Do do
a = 0

p(x) € ker(T) — a+b+c =
2a+b+c =

Nghiém ctia hé phuong trinh tuyén tinh nay 1a @ = 0,b = —t,c = t véi
t € R tuy ¥. Do d6, cac da thic p(x) thudc ker(T') la

—tx + to? = t(—z + 2?).

Vay ker(T) 1a mot khong gian vécto 1 chieu véi mot co s6 1a da thitc
—x + 22.86 chiéu ctia Im(T) 1

dimIm(7") = dim Py — dimker(7T) =3 -1 = 2.
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Vi Im(7T') 1a mot khong gian véctd 2 chidu nén dé c6 mot co s6 ciia Im(7),
ta tim trong Im(7) mot hé hai véctd doc 1ap tuyén tinh. Ta c6

T(1)=(1,1,2), T(x)=(0,1,1)
deu thude Im(7). He vécto (1,1,2) va (0,1,1) doc lap tuyén tinh vi ching
khéng cung phuong v6i nhau.
Vay hé vécto (1,1,2),(0,1,1) 1a mdt co s6 cta Im(T).

Céch khac. Ta c6 thé tim s chiéu va co s6 cho Im(7T) mot cach truc tiép,
khong st dung dén sb chiéu ctia ker(7) nhu sau. Moi vécto (1,2, 23)
thudc Im(7T') khi va chi khi hé phuong trinh tuyén tinh

a = I
at+b+c = x9
2a+b+c = x3

c6 nghiém a, b, c € R. Khit Gauss ma tran hé sé md rong ctia hé nay

1 0 0 a1 1 0 0 =
1 1 1 a9 — 01 1 zo—x1
2 1 1 x5 01 1 z3-—2m
(1.0 0 o
— 01 1 a9—21
0 0 0 —r1 — T2 + X3

Do do6

(r1,29,23) €EIm(T) <= —x1—29+23=0
& x1=—-t+S8,22=1,23=3S5
<~ (131,1‘2,1‘3) :t(—1,1,0)+5(1,0, 1).

Vay Im(7T') 13 mot khong gian vécto 2 chiéu véi mot co sé 1a hé vécto
(-1,1,0),(1,0,1).

5.13.

a. Bé chtmg minh T tuyén tinh, ta chi ra né bido toan phép toan cong
vécto va phép nhan v6 huéng véi vécto:

T(p(x) +q(x)) = T(p(x)) + T(q(x)), T(kp(z)) = kT(p(z)).

Hay st dung dinh nghia dé tinh tudng minh hai vé ctia mdi déing thic.
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b. Ta co
ao + a1z + asx® + azx® € ker(T) <= T(ag + a1z + a2z + azx®) =0

< 3ap+ a1z + (a0 + al)xQ =0
3CLO = 0

= ay =0
ag + aq = 0

< ag=ua; =0.

Do d6 ker(T') gom céc da thitc agx? + azz® vi ag, az € R bat ki. Suy

ra, ker(7") 1a mot khong gian vécta 2 chiéu v6i mot co s 1a hé da thitc

22, 23

c. Ta co
dimIm(7) = dim P3 — dimker(7) =4 — 2 = 2.

Do d6, dé c6 mot ca s6 clia Im(T'),ta can trong Im(7") mot hé hai da
thitc doc 1ap tuyén tinh. Ta c6

T(1) =3+ T(z)=xz+2>

thuoc Im(7T'). Hé da thitc 3 + 22,2 + 22 doc lap tuyén tinh. Do d6, hé
vécto nay chinh la mot co sé cta Im(7).

5.14.
a. Détinh T'(z1, 2, 23), ta can biéu thi (x1, 22, 3) qua cic vécto vy, va, v3:
(w1, 22, 23) = k1v1 + kava + k3vs.
Phuong trinh vécto nay tuong duong véi hé phuong trinh tuyén tinh

]4?1 = I
k1 + ko = @9
ki +ko+ ks = xs.

Hé nay c6 nghiém duy nhat k; = x1,ky = xo — x1,k3 = 23 — x2. Do dé
(x1,22,23) = 2101 + (T2 — 1)v2 + (T3 — 22)V3.

Téc dong T vao 2 vé, sit dung tinh tuyén tinh cta T, ta dudc

T($1,$2,x3) = .%'1T(1}1) + (.%'2 — xl)T(Ug) —l—_({Bg — .%'Q)T(’Ug)
3 -1 2
= 21| 0 | + (z2—x1) 5|+ (xg—x2)| 5
1 1 2
dry — 3x9 + 2x3 )
= —51’1 + 51‘3
— Tro + 2:53
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b. Ma tran chinh téc cta T 13

4 -3 2
A= -5 0 5
0 -1 2

c. ker(T) = Nul(A),Im(T) = Col(A). Khit Gauss ma tran A vé dang bac

thang ta sé c6 dudc cac két qua mong muon.

5.15.

a. Ki hiéu dao ham ctia mot ham f(x) 1a f/(x). Ta sé ching minh a4nh xa
dao ham D 13 tuyén tinh, st dung céc tinh chat quen thuoc ctia dao
ham. Cho p(z),q(x) € P3,k € R. Ta ¢

va
D(kp(z)) = (kp(x))" = kp'(x) = kD (p())-
Do d6, 4nh xa D 1a 4anh xa tuyén tinh.

b. Dé xéc dinh ker(D) va Im(D), ta st dung céng thitc quen thudc sau
D(ap + a1z + asx?® + a3x3) = a1 + 2a92 + 3azxz>.
Do doé,

ag + a1z + asz® + aszr® <= a1 + 2a97 + 3a3z® =0
<~ a3 =ay=a3=0.

Suy ra ker(D) 1a tap con clia P3 gom cic da thitc ag véi ag € R tity y.
Vay ker(D) 1a mot khong gian vécto 1 chiéu v6i mot cd s 1a da thitc
1. Déi v6i Im(D), tit cong thitc cu thé ciia 4nh xa D bén trén, ta thay
rang Im(D) 14 tap con clia P3 gdm cac da thitc by + bix + box? v6i
bo, b1, b2 € R bat ki. Vay Im(D) 1a mot khong gian vécto 3 chiéu véi
co 56 1a hé da thic 1, z, 2.

5.16.

a. Chimg minh giéng hét bai tap trén.
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b. Lam gidéng nhu bai trén. Cha y

D(ap + arz + agz® + - - 4+ apz™) = ay + 2a9x + - - - + nayz™ L

Hat nhéan ker(D) chinh la Py, dimker(D) = 1, mdt co s6 ctua ker(D)
la da thic 1. Anh Im(D) chinh 1a P,,—;, dim Im(D) = n, mot ¢ sé ctia
Im(D) 13 h¢ da thtc 1,2, 22,..., 2" L

5.17.

a. Dé chting minh 4nh xa J 1 tuyén tinh, ta st dung cic tinh chéat co
ban ctia tich phan xdc dinh. Cho p(z),q(z) € P2 va k € R. Ta ¢

Jp@) +q() = [1,(p(@)+q(x))dz
= [Yp(@)de + 1) q(a)dz
= J(p(z)) + J(q(x))

va

1 1
T(kp(x)) = / kp(a)da = / p(@)dz = kJ ().
| 1

Do dé6, J la mot 4nh xa tuyén tinh.

b. Ta xac dinh céng thitc tuéng minh ctia anh xa J.

J(ap + ar1r + azx?) = f_ll(ao + a1z + azx?)dx
4 a1332 CLQLE?’ !
= |apx
0 2 3
1
= 2ag+ —as.
0+ 502

Do dé,

2
ag + a1z + asx? € ker(D) <= 2ag + gag =0
<~ ag=—t,a; = s,az = 3t.
Vay ker(T') 1a tap con ctia P3 gom cac da thiic
—t 4 sz + 3ta® = t(—1 4 32?) + sz

v6i t, s € R bat ki. Hat nhan ker(J) 1a mot khong gian vécto 2 chiéu
v6i mot co sé 1a hé hai da thiec —1 + 322, .
Déi véi Im(J), tit cong thitc cu thé trén ciia J, ta thay Im(J) gom cic

da thtic by,véi by € R bat ki. Vay Im(J) 1& mot khong gian vécto 1
chiéu v6i mot co s6 1a da thiwce 1.
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5.18.

a. Lam tuong tu nhu bai trén.
b. Ta co

8
J(ag + arz + agz?® + azz®) = 2ag + 2a1 + 3% + 4as.
S6 chiéu ciia ker(J) 1a 3. Mot co s ctia ker(J) 1a hé 3 da thiic
—1+z,—4+32% -2+ 2.

S6 chiéu ciia Im(J) 1a 1. Mot cd s ctia Im(J) 1a da thitc 1.

5.19.

a. Ma tran chinh tic ctia T 1a l (1) (1) ] .

b. dimker(7) = 0,dimIm(7") = 2.
5.20.

0 1
b. dimker(7) = 1,dimIm(7) = 1.

a. Ma tran chinh tic ctia T 1a [ 00 ] .

5.21.

a. Ma tran chinh tic cta T 1a

S O =
O = O
= o O

b. dimker(7) = 0,dim Im(7") = 3.
5.22.

1
a. Ma tran chinh ticcta T1a | 0 —1 0
0
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b. dimker(7) = 0,dim Im(7") = 3.

5.23.
100
a. Ma tran chinh tdc cta T1a | 0 1 0
0 00
b. dimker(7T) = 1,dim Im(7) = 2.
5.24.
0 00
a. Ma tran chinh tdc cta T1a | 0 0 0
0 01

b. dimker(7T) = 2,dim Im(7) = 1.

5.25. .
5.26.
5.27.
5.28. .

5.29. Co 86 chinh tic ciia Ps 1a {1, 2,22 2%}. Ta can x4c dinh 4nh clia céc
vécto trong co s§ nay dudi tic dong ciia 4nh xa tuyén tinh 7' r6i biéu thi
céc vécto anh thu dude qua co s6 chinh tac. Vi du
T(z?) =@—-2?%=22-4x+4
=4-1-4-24+1-2240-2°

Ma tran can tim la

1 -2 4 8
0 1 —4 12
0 0 1 -6
0 0 o0 1

5.30. Anh xa dao ham D : P35 — P35 cho béi

D (ao + a1z + a2x2 + a3x3) = a1 + 2a9x + 3a3x2.
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a. Ma tran ctia D trong cd sé chinh tic ctia P 1a
[0 1 0

b. Ma tran ctia D trong cg sé

5.31. Anh xa dao ham

D (ao + a1z + asx® + ... + anx"> =ay + 2a0x + ... + na,x" .

Ma tran ctia D trong co s chinh tic 1a

01
00
00

o O O

d

co oo ™

&
5 ocoo

O O O N

O O N

O O = O

0

o w o

o oy O O

1

)

5.32. Ta can tac dong lén céc vécto trong co s da cho clia Msyo rdi biéu
thi tuyén tinh véc t6 anh qua co sé da cho ciia Mayo. Vi du

T (Es) = AEy = [‘“1

a21

a12
a2

a12
a22

0
0

1o o
23] 1o 1

= a19F11 + 0E12 4+ a9 F91 + 0F99.

Do @6, vécto cot thit 3 clia ma
tim la

ail 0
0 ail

a1 O
0 asi

5.33.

a1z
0

a22
0

a12

a22

tran can tim 1a (a12, 0, ags, 0). Ma tran can

ai13 0
0 a3

azs 0
0 a23
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CHUONG 6

6.1. V6i mdi i = 1,2,3, ta can tinh Av; va so sanh né véi vécto v;. Ta ¢

1 2 4 1 ) 1
Avy =10 1 0 =10 =5]0/[=5v.
31 2 1 ) 1

Suy ra v; 1la mot vécto riéng ciia A tng véi gia tri riéng A = 5. Tinh toan
tuong tu, ta co
Avg = vy, Avg = —2u3.

Do d6, vo va v cung la cac vécto riéng ciia A vGi cac gid tri riéng tuong
tng lan lugt 1a 1 va —2.

6.2. C6 hai kha nang cua a, d6 1a 1 va —1. Khi a = 1, gid tri riéng tuong
ting 1a 5, con khi @ = —1, gi4 tri riéng tung tng 13 1. Hai s6 thuc b va ¢ c6
gid tri lan Iuot 14 —1 va 2. Hai vécto riéng d6i véi hai gid tri nay ctia b va
c déu ting véi gid tri rieng 1a 1.

6.3. V6i mdi vo huéng A = —1 va A = 1, ta can khit Gauss ma tran A — \I
dé xéc dinh xem hat nhan Nul (4 — AI) ¢6 khac {0} hay khong. Khit Gauss
ma tran A — (—1) I ta duge

50 1 5 0 1
A—(-DI=|-220|=1]0 10 2
—2 0 2 0 0 12

Suy ra Nul (A — (—1) I) = {0}, tic la Ay = —1 khong la mdt gia tri riéng
cta A.

Tiép theo, khit Gauss ma tran A — I, ta dudc

3 01 3 01
A-I=| -2 00| —=---=1[0 01
-2 0 0 0 00

Suy ra Nul (A — I) # {0}, tttc 1a Ay = 1 1a mdt gid tri riéng ctia A.

6.4. Vi T 1a phép quay géc 90° nén khong ton tai vécto v # 0 sao cho
T (v) cung phuong véi v.
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T(v)

rVU'

Do dé, bién d6i tuyén tinh T nay khéng c6 gié tri riéng, khong cé vécto
riéng.
6.5. (a) Da thic ddc trung cia ma tran A la

Pa(\) = -2 4+3)\+a.

(b) va (c). S6 gid tri riéng thuc phan biét ctia A 1a s6 nghiém ctia phuong
trinh ddc trung P4(A) = 0. Phuong trinh nay tuong duong véi

“A 43\ = —a.
S6 nghiém ctia phuong trinh nay 13 s6 giao diém ctia do thi ham s6 y =

—\3 43X\ v6i duong thing y = —a. Khao sat ham sb y = —A% + 3\ dé phéc
thao do thi ctia no.

—— ———— ———— —bhaa -

-4

Tu do thi nay, ta c6 két luan sau.
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> Ma trdn A c6 3 gia tri riéng phan biét khi va chi khi -2 < a < 2.

> Ma trdn A c6 2 gid tri riéng phén biét khi va chi khi a = 2 hoac
a=—2.

6.8. Bang cédc gia tri riéng va bdi dai so clia ma tran A la

Gia tri riéng ‘ 1
1

2|3
Boi dai s6 | 1)1

6.9. (a) Bang gid tri riéng va vécto riéng ctia ma tran 1a

Gié tri riéng 5 -1
Boi dai s6 1 1
B6i hinh hoc 1 1
Co sé ctia ! —2

R . " 1 1
khong gian con riéng

(b) Bang gia tri riéng va vécto riéng clia ma tran la

Gia tri riéng
Boi dai s6
Bo6i hinh hoc

= O =N N

Ca sd cta {
khong gian con riéng

6.10. (a) Béng cédc gia tri riéng va vécto riéng ctia ma tran la

Gié tri riéng
Bai dai s6 1 1 1
Bo6i hinh hoc 1 1 1
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1 _
Co sé ctia 1 2
khong gian con riéng 0 2 1

(b) Bang cac gia tri riéng va vécto riéng clia ma tran la

Gia tri riéng 1 2
Boi dai s6 1 2
B6i hinh hoc 1 2

-2 -3 -2
Co s6 cua -1 1],
khong gian con riéng 1 0 1

6.11. Gidi phuong trinh Av = \v véi hai an 13 a va \. Dap s6: a = 16 va
A=-3.

6.1. a =5 va b= 3. Cac gia tri riéng tuong Gng v6i cac vécta riéng vy, vg
va vz lan lugt 14 2,5 va 4.

6.13. Goi T 1a phép dbi xiing qua dudng thang £ (u).

k.

Al

u T(l")

LW

Mot véc to v 14 mot vée to rieng clia T' néu va chi néu T (v) cting phuong
v6i v. Diéu nay xay ra khi va chi khi v || v hodc v L u.

> Néu v || u thi T(v) = v, do d6, v 14 mot véc to rieng ctia T tmg véi
gid tri riéng A = 1.
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> Néu v L u thi T(v) = —v, do d6, v 14 mdt véc to riéng clia T {ing
véi gia tri rieng A = —1.

6.14. Goi T' 1a phép quay goc 180°.

T(w)

Vi moi vée td v, ta ludn c6 T (v) = —v. Do dé, gid tri riéng duy nhat clia
T 1a —1 va tat ca cic véc to v # 0 déu 1a véc to rieng ciia T tmg véi gid
tri riéng —1.

6.15. (a) Ta c6 det (A) = P4 (0) = —5.Videt (A) # 0 nén A kha nghich.
(b) Ta ¢6 det (A) = P4 (0) = 0.Vi det (A) = 0 nén A khéng kha nghich.

6.1. Goi ma tran can tim 1la A = I T2 Theq gia thiét
T21 X22

Al o[ = 3] 4l =7 o) - [
R A

Tt hai phuong trinh ma tran nay, bang cich so sanh cdc phan ti tuong

ing, ta nhan dugc 4 phuong trinh tuyén tinh ctia cic an 11, T12, T21, L22.
Giai hé phuong trinh nay, ta tim dugc ma tran A.

Suy ra
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Mbét cach lam khac 13 ghép lai hai phuong trinh ma tran trén dé dugc

phuong trinh
T12
Z22

T11
T21

3 1| (16 7
1 2| |5 14|
Phuong trinh nay tuong duong véi

ERAEEMEE

_7
B ]

5

T12
Z22

Dod()A:[

6.17. Nhic lai rang néu v 14 mot vécto riéng clia A ing v6i géi tri rieng

thi Av = Av. Tt gid thiét, ta c6

1 1] 1 1
Al -1 |=1] — =|-1],A|1|=(-1]1
1 1 1| 0 0
va ~
1 1 2
Al -1 |=2]| -1 | =] -2
0 0 0
Do doé,
11 1 1 -1 2
Al -1 1 —1 = -1 -1 =2
10 1 0 0
0
Ma tran —1 1 kha nghich vai nghich déo la %
2
1 00 1 é —%
11
1 0 0|35 5 -1 0 0

6.18. Ta cb

)

. Vay
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1 -1 -1 1 2 2
A 1 1| = 1 0 -2
-1 1 0 -1 =2 0
Do dé
1 3 -3
A= 31 -3
-3 3 =5
6.19.

a. Giast A = [ ac 2 ] . Pa thiic dac trung cua A la

Pya(N\) = det(A—A)
a— A b

c d—A

= (a=N)(d=X)—cd

= XN —(a+d) X+ ad— be.

Mit khac, tr (A) = a + d va det (A) = ad — be. Do do,
Pi(A\) =A% —tr (A) X\ +det (A).

b. Ta c6
42 _ a b a b _ a2+ bc ab+bd |
- c d c d a ac+cd be+ d?
B a b [ a®+ad ab+bd
tr(d)A = (a+d) c d] N ac+cd ad+ d?
(10 [ ad — be 0]
det (A)I = (ad — bc) 0 11 = 0 ad—be |-
Do do,
A? —tr(A) A+ det (A) T = 0.
6.20.

1. Vitr(A) =8,det (A) = 15 va A% — tr (A) A+ det (A) I = 0 nén

A% — 8A + 151 = 10.
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2. Goi thuong va phan du khi chia A%cho A2 — 8\ + 15 1a céc da thtc
Q (\)va R (). Vi béc ctia da thitc chia A2 —8A+1513 2 nén deg R (\) <
2, titc 1a R (X)) = a\+ b, v6i a,b € R nao dé. Ta ¢

MO = (328X +15) Q () +aX+b.

Dé tim a va b, ta sé tinh gia tri hai vé ctia hé thitc trén tai cic nghiém
ctia da thitc A2 — 8\ + 15. Ta thay

MN_8A+15=0<A=3,\=5.

Do a6,
310 = Ba+b
519 = 5a+b

Giai hé phuong trinh tuyén tinh nay ta duge

o= % (5100> _ % (3100) b= g (3100) _ g (510()) ‘

Vay phan du khi chia A'%° cho A2 — 8\ +15 1a a4 b véi a, b nhu trén.
3. Vi A= (A2 —8X+15) Q (A) + aX + b va A% —8A 4 15] = 0 nén

A = (A2 —8A+151)Q(A) + aA+ bl
= aA+bl

Thay thé céc gia tri cu thé clia a, b, A, I vao biéu thitc aA+ bl ta dugc
1 1 1 -2 5 3 10
100 _ (2 (r100y _ L (2100 2 2100y _ 2 (5100
AT = (2(5 )30 )>l4 71+(2(3 )30 )Mo 11

9 (3100) _ 5100 3100 _ 5100
= l 2 (5100) _9 (3100) 2 (5100) _ 3100 ]

6.21. Ta c6

A% —4A - 211 =0.
Phan du khi chia M9 cho A2 — 4\ — 21 1A a) + b véi

= % (7100> _ 1i() (3100) b= % (7100) + % (3100) _

Khi dé,
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A0 — A+ bl

Thay céc gid tri cu thé cta a,b, A, I, ta tim duge A0,

6.22. Goi x la mot vécto riéng ctia A tng véi gid tri riéng A. Theo dinh
nghia Ax = Ax.
(a) Ta céd
A%z = A(Az) = A(\z) = X (Az) = A (\z) = M.
Do d6, A\? 1a mot gié tri riéng ctia A2, v6i mot vécto riéng tuong ting

chinh 1a vécto z.
(b) Ta cé

Az =A (A2x> =A ()\23:) = A2 (Az) = A? (\z) = N

Do d6, A3 1a mot gia tri riéng ctia A3, véi mot vécto riéng tuong ting
chinh la vécto x.

6.23. Goi x la mot vécto riéng clia A Ging véi gia tri riéng A, tic la Az = Ax.
T cac cong thitc Az = Az, A%z = N2z va A3z = Xz, ta di dén du doén

A = \"zx

v6i moi s6 nguyén duong n. Ta sé chimg minh déng thiic nay bing phuong
phap quy nap theo s6 nguyén duong n. Khi n = 1, Az = Az theo dinh
nghia clia z. Gid st ding thic ding véi n = k > 1 tic 14 Az = Mz, Ta
co

ARy = A (Akx) =A (Akx) =\ (Az) = M (\z) = Mot
Suy ra déng thitc cAn ching minh ding véi n = k+ 1. Theo nguyén Ii quy
nap, A"x = \"x v6i moi n nguyén duong.

Vi A%z = A"z nén \" la mo6t gid tri riéng cia A", v6i mot gid tri riéng
tuong ting chinh la vécto x.

6.24. Goi x 1a mdt vécta riéng ctia A Gng véi gid tri riéng A, tic la Az = Azx.
Gia st f (t) = apt™ + a1t" L + -+ + ap_1t + a,. Khi d6
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F(A) =apA" + e A"+ an1 A+ apl.

Suy ra

f(Az = aqAr+a A" o+ +ap 1Az + aylx
= o\ + N4 a1 AT+ apx
= f(A)az.
Ding thitc thit hai ¢6 duge vi ta ¢ A"z = A"z véi moi sd nguyén duong
n nhu da ching minh trong bai tap trén. Vay, f (A) la mot gia tri riéng
cua f (A), v6i mot vécto riéng tuong tng chinh 1a vécto .

6.25. Dé nhan duge cic gia tri riéng cia cdc ma tran B,C va D tit cac
gié tri riéng ctia A, ta can biéu thi mdi ma tran B,C va D nay qua ma
tran A.

(a) Ta c6 B= A+ 2I. Do d6, mdi gi4 tri riéng A ctia A sinh ra mot gia
tri riéng A + 2 cia B. Do d0, cac gia tri riéng cua B la —1,—2,7.

(b) Ta c6 C = A — 3I. Do d6, mdi gid tri rieng A ctia A sinh ra mot gid
tri riékng A — 3 ctia C. Do d0, céc gia tri riéng cia C' la —6, -7, 2.

(¢) Tac6 D =2A+ 1. Do d6, moi gid tri riéng A ctia A sinh ra mot gid
tri riéng 2\ 4+ 1 cia D. Do do, cac gia tri riéng cta D la —5, —7,11.

6.26. (a) Giai cac phuong trinh
Avy = My, Avg = Aavg
v6i cac an 1a a, b, ¢, A\, A2 ta nhan dugc

CL:—4, b:—l, C:2, )\1:—2, )\2:—1.
(b) Tt v (a) ta thay rang ma trdn A c6 hai gid tri riéng 1a Ay = —1 va
Ay = —2. Vi A la m6t ma trdn vudng cG 3 x 3 nén A con mot gid tri riéng
A3. Ta c6 thé tim A3 bang cich giai phuong trinh diic trung. Mot cach lam
khéc 14 dua vao ding thic

)\1—|—)\2+)\3:tr(A).

Khi d6 A3 = 1. Vay céc gid tri riéng cia ma tran A 1la —2, -1, 1.
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Mot co s6 cho khong gian con riéng Fp = Nul (A — 1) 1a
Bang cic gia tri riéng va vécto riéng clia ma tran A la

Gié tri riéng -2 -1
Boi dai s6 1 1
B6i hinh hoc 1 1
2 0
Co s6 clia 1 2
khong gian con riéng —2 -1

vy = (—1,0,1).

(c) Vi B = A — 2A3 nén mdi vécto ritng A clia A sinh ra mot vécto riéng
A — 2)\3 ctia B. Hon nita, néu v 13 mot vécto riéng ciia A tng véi gid tri
riéng A\ vi v ciing 1a mot vécto riéng ciia B tng v6i gid tri riéng A — 2)3.
Do dé, tur bang cac gia tri riéng va vécto riéng cua A, ta nhan dugc bang
cac gia tri riéng va vécto riéng cia ma tran B la

Gia tri riéng 14 1
Boi dai s6 1 1
B6i hinh hoc 1 1
2 0
Co sd cliia 1 2
khong gian con riéng —2 -1

6.27. Giai cac phuong trinh

A’Ul == )\11}1, AUQ == )\22}2, Avg == )\31}3

ta nhan dugc cac gid tri riéng

M=4, do=3, \3 =2

cia ma tran A. Bang céc gid tri riéng va vécto riéng ctia ma tran A la

Gia tri riéng 4 3
Boi dai s6 1 1
B6i hinh hoc 1 1
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-1 1 2
Co s6 clia -2 -1 -1
khong gian con riéng 1 1 1

(a) Bang céc gi4 tri riéng va vécto riéng cud ma tran A3 13

Gié tri riéng 64 27

Boi dai s6 1 1 1

B6i hinh hoc 1 1 1
-1 1 2

Ca s6 cua -2 -1 -1

khong gian con riéng 1 1 1

(b) Bang céc gia tri riéng va vécto riéng cud ma tran 24 — A% 13

Gia tri riéng —4 —6
Boi dai s6 1 2
B6i hinh hoc 1 2

-1 1 2
Co s6 cua -2 11, -1
khong gian con riéng 1 1 1

6.28.

(a) Vi A kha nghich nén phuong trinh Az = 0 chi c6 nghiém tam thudng.
Do d6, khéng ton tai vécto khac khong x € R™ sao cho

Ax = 0x.

Theo dinh nghia, v6 huéng 0 khong la mot gid tri riéng ctia A. Do
dé, A # 0.

(b) Goi = 1a mdt vécto riéng cia A ting v6i gid tri riéng A, tic la
Ax = Az.
Nhén hai vé v6i A~!, ta dugc

r=A""Az=A""x) =\ <A_1x> .
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Vi A # 0 nén dang thic trén kéo theo

Ay =

1
—x.
A

Do do6 % la mot gia tri riéng cta A, v6i mdt vécto riéng ting tng
chinh la vécto x.

6.29. Gia stt v l1a véc to riéng ctia A va B ing v6i gid tri riéng 1a A va p.
Theo dinh nghia
Av = v, Bv = pv.

Suy ra
(A+ B)v=Av+ Bv=Au+ Bu=(A+pu)wv.

Do dé, v 1a mot véc to riéng ciia tong A + B ting v6i gid tri riéng A + p.

6.30. Gia stt v la véc to riéng ctia A va B ing v6i gid tri riéng 1a A va p.
Theo dinh nghia
Av = v, Bv = pv.
Suy ra
(AB)v = A(Bv) = A () = u(Av) = plv

Do d6, v la mot véc to riéng ciia tich AB tng véi gia tri riéng Ap.

6.31. Goi ma trén can tim 13 A = [ CCL 2 ] Ta ¢6
a b 2| 7 2 20+3b | | —14
c d 3| 3 2c+3d | | =21 |’

So sanh céc thanh phan ciia cic véc to, ta nhan duge hé phuong trinh
tuyén tinh ddi v6i cac an a, b, c, d

2a + 3b = —14
2c + 3d = -21

Cho cac an tu do b, d cac tham s6 2t va 2s, va tinh cdc an con lai qua t va
s ta dugc

a=—7-3t b=2t, c:—%—?)s, d=2s.
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Vay cac ma tran can tim la

-7 -3t 2t
—271—33 25 |-

6.32. C4dc ma tran can tim 1a

542t t
-10+2s s |’

6.36. Vi v 1a mdt vécto riéng clia ma tran vudng A Gng véi gid tri riéng
la 5 nén

Av = Ho.

Nhan ci hai vé véi % ta dugc

Do d6, v € Col (A).

6.37. Giad st v 1a mot véc to riéng cia ma tran A tng véi gid tri riéng A.
Theo dinh nghia
Av = Jv. (10)

Xét hai truong hop.
>> Truong hop A = 0. Khi d6 Av = 0. Suy ra v € Nul (4).

> Trudng hgp A # 0. Nhan ¢ hai vé ctia (10) v6i % ta dugc

Suy ra v € Col (A).
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Vay v € Col (A) hodc v € Nul (A4).
6.38. Cho v € Col(A),v # 0. Vi rank (A) = 1 nén dim Col (4) = 1. Do

do, véc to v la mot co s6 ciia Col (A).

Vi Av € Col (A) nén ton tai modt vo huéng A sao cho
Av = .
Vay v la mot véc to riéng cia A.
6.40. Cho A va B 1a hai ma tran dong dang. Theo dinh nghia, ton tai mot
ma tran kha nghich P sao cho
A=PBP.

Ta can chimg minh tr (A) = tr(B). Vi tr (MN) = tr (NM) v6i M, N 1a
hai ma tran vuoéng cting c¢G nén

tr(4) = tr (PBP™Y) = tr (P (BP')) =t (BP™') P) = tx(B).

6.41. (a) Ta ¢6
tr (A) =5, tr(B) = 13.

Vi tr (A) # tr (B) nén hai ma trdn A va B khong dong dang v6i nhau.

(b) Ta c6
det (A) = —2, det (B) = 2.

Vi det (A) # det (B) nén hai ma trdn A va B khong dong dang v6i nhau.

6.42. > DPa thic dac trung ctia A 1a

Pa(\) = det(A—\)
2 -\ |
= 1 3—) -1
-1 —2 2\
3—\ -1 1 -1
- (2_”‘ -2 2—/\_2 -1 2—2)\
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13-\
R —2’
= —XN4+72_-111+5
= —(A=5)(A=1)

Do d6, ma tran A c6 céc gid tri riéng 1a 5 va 1 v6i boi dai s6 1an lugt 13 1
va 2.

> Khong gian con riéng ctia A Gng véi gid tri riéng 1 14 hat nhan Nul(A — I).
Khit Gauss ma tran A — I ta dudc,

1 2 -1 1 2 -1
A-1= 1 2 -1|—=(00 O
-1 -2 1 00 O

Suy ra

reNuWUA-I) & z1=-2s+t,xa=s,23=1
& r=s(-2,1,0)+1¢(1,0,1)

> Khong gian con riéng Nul (A — I) 1& mot khong gian vécto 2 chiéu véi
mot co sé 1a hé vécto (—2,1,0),(1,0,1). Boi hinh hoc clia gid tri riéng
1 1a 2. Khong gian con riéng cia A (ing v6i gia tri riéng 5 1a hat nhan
Nul (A — 5I). Khit Gauss ma tran A — 51:

—3 2 -1 1 —2 -1
A—5I = 1 2 1| > |0 1 1
-1 -2 -3 0 0 0

Suy ra
x€Nul(A-5I) & z1=—t,xeg=—t,xz3=1
& x=t(-1,-1,1)

Khong gian con riéng Nul (4 — 5I) 1 mot khéng gian vécts 1 chiéu véi
mot cd 86 1a vécto (—1,—1,1). Boi hinh hoc cta géi tri riéng 5 1a 1.
Bang cac gia tri riéng va vécto riéng clia ma tran da cho la
Gié tri riéng 1
Bai dai s6 2 1
Bo6i hinh hoc 2 1
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-2 1 -1
Co sé cua 11,]0 -1
khoéng gian con riéng 0 1 1

> Vi ma tran A c¢d 3 x 3 c¢6 du 3 gid tri riéng, tinh ca boi dai s6, va mdi
gia tri riéng c6 boi dai s6 bang boi hinh hoc nén A chéo héa duge. Tu tinh
toan trén, ta co

A=PDP!

trong do

-2 1 -1 100

P= 10 -1|{,D=|0 10

01 1 0 05
6.43.
a. Da thiic dic trung cia A la

PA()\):det(A—)\I):‘d_)\ d_g‘:(d—)\)Q.

Do d6, A\ = d 1a gi4 tri riéng duy nhat cia A. Boi dai sd cta gid tri
riéng nay la 2.

b. Khong gian con riéng ciia A ting véi gia tri riéng A = d 1a Nul (A — AI).
Ta c6
0 0 a 0
VR NP

Truong hgp 1. a # 0. Khi d6 Nul (A — AI) 1a mét khong gian vécto 1
chiéu. Suy ra bdi hinh hoc ctia gid tri riéng A = d 13 1. Vi gid tri riéng
A = d c6 bdi hinh hoc khéc boi dai s6 nén A khéng chéo héa duge.

d

Truong hop 2. a = 0. Khi d6 A = l 0 d

1 la mot ma tran chéo nén

tat nhién A chéo héa dugc.

d 0

Vay ma trdn A = l 0 d ] chéo hoa duge khi va chi khi a = 0.
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(b) Ta c6
n —1

. -1 3][-30 -1 3
A:[12H02][12]'

-1 3 ][ (=3" o
SR

Tinh cu thé ta dugc

o L] 263" 43@" 3(=3)"+3(2)"
T5 | —2(=3)"+2(2)"  3(=3)"+2(2)"
6.2. Ta ¢cb
11 1 2 00111 171"
A=1]0 0 1 0 -1 0|00 1
105 o 01|10 5
Suy ra
1111==2 o001"T11 171"
Av=10 0 1 0 -1 0 00 1
105 0 01| 105
11 1] [ (2" 00]"fo =5 1
00 1 0 (=" 0 1 4 —1
105 0 01] o 1 o0

6.47. Bang cac gia tri riéng va vécto riéng ctia ma tran da cho la
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Gié tri riéng 5 3
Boi dai s6 1 2
Bo6i hinh hoc 1 2

1 -1 0
Co s6 cua 2 0,1
khong gian con riéng 1 1 0

Vi ma trdn vuong A ¢ 3 x 3 c6 day di 3 gid tri riéng tinh cd bdi va mdi
gid tri riéng c6 boi hinh hoc bang bdi dai sé nén A chéo héa duge. Ta cb
phan tich A = PDP~! trong dé

1 -1
P=12 0
1 1

oo
I
o o o
o wo
w o o

6.48.

a. Ma tran A chéo héa dudge, A = PDP~! trong dé

1
P=11
1

W W N

1 1
3|,D=1|0
4 0

O NN O
w O O

b. Ma tran B khong chéo héa duge. Ma tran B c6 gié tri riéng duy nhat
A\ =5, v6i boi dai sb bang 3 va boi hinh hoc bang 1, khac boi dai sb.
c. Ma tran C chéo héa duge, C = PDP~! trong dé

110 3.0 0
P=| 0o0o01|,D=| 030
110 00 3

6.49. Goi T 1a phép ddi xttng qua mot khong gian con 2 chiéu V trong
khong gian véc to Euclid R3.
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Mot véc to v 1a véc to riéng clia T' khi va chi khi 7' (v) cting phuong véi v.
biéu nay xay ra khi va chi khi v € V hosic v L V.

> Néu v € V thi T (v) = v, do d6, v 1a mdt véc to rieng ctia T ting véi
gia tri riéng A = 1.

> Néu v € V thi T (v) = —v, do d6, v 1a mot véc to rieng ciia T {ing
v6i gid tri riéng A = —1.

Do @6, céc gia tri riéng ctia T 1a 1 va —1. Céc khong gian con riéng tuong
tmg 1a B; =V va E_; = V1. Vi téng céc boi hinh hoc ctia T 14 3, bang
ding s chiéu ctia R? nén T chéo héa dugc.

Hon nita, néu ui, us 14 mot co sé cia V va ug 1a mét co s6 ctia V+ thi ma
trdn cua T trong co s& uqy, us, ug la

10 0
01 0
00 -1
6.52. Da thiic dic trung ctia A la
d— A 0 0
Py (A\) =det (A —\I) = a d—\ 0|=(d—\>.
0 b d—\

Do d6, ma tran A c6 gia tri rieng duy nhét 14 d v6i boi dai s6 bang 3.

Khéng gian con riéng clia A (ng vdéi gia tri riéng d 1a hat nhan Nul (A — dI).
Khit Gauss ma tran A — dI ta dudgc
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b

|

ot

~

Il
o Q O
o O O
o O O
o O 8
oS ov O
o O O

Truong hgp 1. a # 0 va b # 0. Khong gian con riéng Nul (A — dI)la mdt
khong gian vécto 1 chiéu. Boi hinh hoc cia gia tri riéng d bang 1. Vi gid
tri riéng d c6 boi hinh hoc khac boi dai s6 nén A khong chéo héa dudc.

Trudng hop 2. a # 0 va b = 0 hodc a = 0 va b # 0. Khong gian con riéng
Nul (A — dI) 14 mot khong gian véctd 2 chiéu. Boi hinh hoc ciia gid tri
riéng d bang 2. Vi gia tri riéng d c6 boi hinh hoc khic boi dai s6 nén A
khong chéo héa dugce.

Truong hop 3. a = b = 0. Khi d6 A — dI = 0. Khoéng gian con riéng
Nul (A — dI) 14 mot khong gian vécto 3 chiéu. Boi hinh hoc ciia gid tri
riéng d bang 3. Vi gié tri riéng duy nhét d c6 bdi dai s6 bang bdi hinh hoc
nén A chéo héa dugce.

6.53. Mot vi du vé ma tran A 13

trong do6 céc vi tri dé trong ctia ma tran la céc so 0.

6.55.

a. Vi da thiic dac trung P4 (A) 1a mot da thitc bac 3 nén A 1a mot ma
tran vuong ¢d 3 x 3. Phén tich da thiic P4 (\) thanh nhan ti%, ta duge

Pr(N)=—-M—-1)(A+3)%.

Do d6, ma tran A cé céc gid tri riéng 14 1 va —3 v6i boi dai s6 lan lugt
la 1 va 2.
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b. Gié tri riéng 1 c6 bdi dai s6 bang 1 nén bdi hinh hoc ciia né cling bang
1. Gi4 tri riéng —3 c6 boi dai s6 bang 2 nén boi hinh hoc ciia né bing
1 hoac 2.
Truong hop 1. Bdi hinh hoc ciia gia tri rieng —3 bang 2. Khi d6, ma
tran vudng A ¢ 3 x 3 ¢6 du 3 gid tri riéng tinh ca boi dai s6 va moi
gi4 tri riéng c6 boi hinh hoc bing bdi dai s6. Do d6, A chéo héa duge.
Vi du don gian nhat vé ma tran kiéu nay 1a

1 0 0
0 -3 0
0 0 -3

Truong hop 2. Boi hinh hoc ciia gia tri riéng —3 bang 1. Khi dé, gia
tri rieng —3 c6 boi hinh hoc khac bdi dai sé. Do dé, A khong chéo héa
duge. Mot vi du vé ma tran kiéu nay 1a

1
-3
1 -3

6.56. Trong moi phan, ky hiéu da thitc da cho 1a f ()\). Theo gid thiét
Pa (M) = f(N). Do dé:

A la mot ma trdn ¢d n x n véi n 1a bac cta da thic f(N).

Céc gid tri rieng cia A 13 cdc nghiém ciia thuc ciia f ()). Boi dai s6 clia
mdi gi4 tri riéng 1a boi dai sb cia s6 thuc nay xem nhu 13 mot nghiém ciia
).

Vé&i mdi gid tri rieng A\, néu boi dai sd 1a d thi boi hinh hoc ciia né, titc 1a
s6 chiéu ctia khong gian con riéng tuong tng cé thé 1a mot gia tri bat ky
trong tap hop {1,2,...,d}.

6.57.

(a) Ta chimg minh A” = PB"P~! véi moi s6 nguyén duong n bang quy
nap theo n.
Khin =1, A= PBP~! theo gi thiét. Gia sit khang dinh ding véi
s6 nguyén duong n = k, ttc 14 A¥ = PB*P~1. Ta ¢6

ARl — Ak A = pBkp-ippp~1 = ppktip-1,

Do d6, khang dinh ding v6i n = k + 1. Theo nguyén li quy nap, ta
c6 A" = PB"P~! v6i moi s6 nguyén duong n.
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(b) Gia st f(A) =ap+ a1A+ -+ apAP. Khi do,
f(A)=aol +a1A+---+apAP, f(B)=apl + 1B+ -+ a,BP".
Vi A" = PB"P~! v4i moi s6 nguyén duong n nén

f(A) = aPIP'+aPBP™ ' +.. 4+ q,PBPP!
= P(apl +a1B+ - +a,B?) P~ = Pf(B) P!

(c)

(i) ViA= PBP~!'nén B = P 'AP. Theo gia thiét, cdc ma tran P
va A kha nghich. Do d6, B la tich clia cac ma tran kha nghich.
Suy ra B kha nghich.

(ii) Nghich d&o hai vé dang thitc A = PBP~! ta dugc
-1 -1
A~ =(pBPY) = (P7') BT'P=PB'P,
nhu mong mudn.
iii ang dinh nay 14 hé qua ctia ii) va a). That vay, vi n 13 nguyén
(iii) Khang dinh nay la hé q ) va a). That vy, 1 nguy

am nén —n 1a nguyén duong. Do d6,

A" = (A*l)*" - (PB*lpfl)*" —Pp (B*l)*" p~l=pprpl.

6.58. .

6.59. (a) Ta c6

x€eNul(4) & Ax = 0
& PBP 'z =0
& BP lz =0
& Plz e Nul(B)

6.60.



504 CHUONG 7. KHONG GIAN CO TIiCH VO HUONG

(a) Vi
det (MN) = det (M)det (N) = det (N) det (M) = det (NM)

v6i moi cap ma tran vudng cung ¢ M va N nén

det (4) = det (PBP™") = det (P (BP™!)) = det ((BP™") P) = det (B).
(b) Ta cé

P(B-M)P '=PBP'-POA)P'=A-)PIP'=A- )L
(c) Tt ¥ b), hai ma tran A — A\l v B — A\ dong dang v6i nhau. Do d6

det (A — AI) =det (B — ).

Theo dinh nghia, P4 (\) = det (A — AI), va Pp (\) = det (B — \I).
Vay Pa(A) = Pp (A).

(d) Vi gié tri riéng va boi dai s6 clia né chi phu thudc vao da thitc dic
trung ctia ma tran nén hai da thic dic trung ciia A va B biang nhau
kéo theo céc gid tri riéng va boi dai s ciia né 1a gidng hét nhau do6i
v6i hai ma trdn A va B.

(e) Cho A la mét gia tri riéng chung cia A va B. Theo dinh nghia,

Boi hinh hoc ctia A nhu 1a mét gié tri riéng ctia A 1a dim Nul (A — \I).
Bo6i hinh hoc ctia A nhu la mét gia tri riéng ctia B 1la dim Nul (B — AI).
Theo ¥ b), hai ma trdn A — A\ va B — A\l dong dang véi nhau. Do dé
hai khong gian vécta Nul (A — ) va Nul (B — AI) ¢6 cling s6 chiéu.

6.61.

(a) Vi A chéo héa duge nén ton tai phan tich
A=pDpp!

trong d6 P 1a m6t ma trdn khéa nghich va D 14 mot ma tran chéo.
L&y chuyén vi hai vé ctia ding thic trén va stt dung cong thitc chuyén
vi cla tich va cta nghich déo, ta duge

AT — (PDP—l)T - (P—l)TDTPT — (PT)_l DT pT.
Vi D 1a mot ma tran chéo nén DT = D. Dit S = (PT )*1. Ma tran
S kha nghich véi S~! = ((PT)_1>_1 = PT. Suy ra

AT = sps—1.

Do d6, theo dinh nghia, ma tran A7 chéo héa dugc.
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(b) Tw chitng minh ctia ¥ a), ta thidy hai ma tran A va AT cling dong
dang v6i mot ma tran chéo D. Ta biét ring quan hé dong dang cia
cac ma tran c6 tinh chat bic cau. Do d6, A dong dang véi B.

6.63. Vi D 1a mét ma tran chéo nén ta c6 phan tich

A=PDpP!

v6i P 1a mot ma tran kha nghich va D 1a mot ma trdn chéo. Vi A dong
dang v6i D nén

rank (A) = rank (B).

Hang ctia ma trén chéo D chinh 1& s6 phan tit khic khong trén dudng chéo
chinh ctia né. Céc phan tit trén dudng chéo chinh ctia D lai chinh 1& céc
gié tri riéng ctia A véi s6 lan lip lai bang ding boi clia gia tri riéng.

Vay rank (A) chinh 1a s6 cdc gid tri rieng khac khong ctia A, tinh ca boi.

CHUONG 7

7.1. (a) Ta c6

<5’LL1 - 7U2, 87)1 + 67)2)
= (buy,8v1) + (buy, 6v2) + (—Tug, 8v1) + (—Tuz, 6ve)
= 40 <U1,U1> + 30 <U1,1)2> — 56 <UQ,1)1> —42 <ZL2,212>.

(b) Ta c6
(u — 4v,5u + 2v)
= (u,5u) + (u, 2v) + (—4v, bu) + (—4v, 2v)
= 5(u,u) + 2 (u,v) — 20 (v,u) — 8(v,v)
= 5ul* — 18 (u,v) — 8|v]%.
(c) Ta c6

13u — 20
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= (3u—2v,3u—2v)
= 9ul* — 12 (u,v) + 4 |v].

7.3. (u,v) = 3, |u + 2v| = /78, d(u,v) = V15.

7.4. Ta cé
r |13 ;o | 2
u-Au—l 31,1)—141)—[ 6]
Do dé
(u,v) = -v' = =8, |u —v| = 326
va
d(u —v,v) = |u — 2v| = v370.
7.5. Ta cé
4 -3
W=Au=|5|,v=A4Av= 5
3 0
Do dé
(u,v) =u' - v = V13, |u — v| = V56
va
d(u +v,v) = |u| = 5V2.
7.6. Ta c6

(u,u) = x121 — Toxy = 23 — T3.

Do d6, ton tai véc to u sao cho {u,u) < 0, vi du, v6i u = (0,1), ta cd
(u,u)y = -1 < 0.

Do dé, 4nh xa da cho khong théa man tién dé xac dinh duong ciia tich vo
huéng. Vay, né khong phai 1a mot tich vo hudng trén R2.

7.7. Theo dinh nghia, v6i u = (z1,22) va v = (y1, y2), ta cd

(u,v) = x1Yy1 — T1Y2 + T2Y2.
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T do suy ra
(v,u) = Y171 — Y122 + Y222,

So sanh hai ddng thicc nay, ta thiy
(u,v) # (v, u)

néu r1ys # Toy;. Mot vi du vé cip véc to théa man diéu kién nay 1a
u=(0,1) va v = (1,0).

Do dé, 4nh xa da cho khong thoa méan tién dé doéi xing clia tich vo hudng.
Vay, né khong phai 13 mot tich vo huéng trén R2.

7.12. Ta cb

*

1 *
ATA= | % 13 x| ,|A|=4.
2

*

*

Theo dinh nghia, d(A, B) = |A — B].

1 * x
(A-B)T(A-B)=| % 13 x |,d(A,B)=+/35.
2

*
*

7.13. Ta cb

(p,p) = 1% 4+ 4% 4+ 2% 4+ 3% = 30,
(q,q) = (—1)* + 22 + 3% = 14,
(p,q) = (1) (=1) + (4) (2) + (2) (0) + (3) (3) = 16.

Do d6
(,q) 16 8

cos Z (p,q) = = = .
P 0) = 1Tl = VBowa ~ vios

7.14. (a) Déi véi tich vo huéng Euclid, ta c6
w-v=(1)(=3)+(=2) () +3)(2) =1

Viu-v#0nénu fov.
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(b) Déi véi tich vo hudng cé trong s6 cho trong dé bai, ta cé
(u,v) =a (1) (=3) +2(-2) (1) + (3) (2) = —3a + 2.

Do do 5
ulv & (uy=0 < -3a+2=0 & a=3.

7.15. (a) Ta cb

1
<:L‘,:E2> = /aca:2 dx =
-1

Vi (z,2%) =0 nén z L 2%

|
H\H
8
w
QU
8
Il
| — |
NN
—_
| -
_
Il
[a)

(b) Ta c6
1 1
(™, z") = /xmxn dx = /wm+” dx
1 -1
pmntl 1 1— (_1)m+n+1
B m+n+1 71: m+n+1
Do d6

™ L & (™2 =0 o 1—(-1)"" =,

Déng thitc cudi ciing xdy ra khi va chi khi m + n + 1 1a mot sb chén, titc
1 m + n 1a mot sb 18.

7.16. (a) Ta cb

u-v=-—20, u-u=2_81, v-v=10.

Suy ra
cos Z (u, ) UV —20 2410
u) = = = — .
lullv]  9v/10 9
(b) Ta c6

Au = (1,16,12), Av = (0,—1,-2).
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Suy ra
(u,v) = (Au) - (Av) = —18,
(u,u) = (Au) - (Au) = 401,
(v,v) = (Av) - (Av) =

Vay

-1 1
cos Z (u,v) {u,0) _ s s

T ulfo] T VA0LVE | V2005

7.17. (a) D6i véi tich vo hudng chinh tac ciia Po, ta c6

(p,q) = —16, (p,p) = 30, (g,q) = 21.

Suy ra

cos ,q) = = = — .
P4 Ipllg]  v/30v/21 105

(b) Déi véi tich vo huéng tinh gia tri tai day diém —1,0,1, ta cé

(p,q) = —40, (p,p) =56, {(q,q) = 35.

Suy ra
) 40 20
cos Z(p,q) = = =— )
lpllal  v/56v/35 7
7.24. Ta c6

lu+v|* = (u+v,u+v)
= [ul® +2(u, v) + Jv]*.

Céng thitc tuong tu cho |u — v[* 1A
u =l = [ul® = 2{u, v) + [o].
Do dé
fu+ o + Ju = o2 = (Jul + 2(u,v) + [v2) + (Jul® = 2(u, v) + [v]?)

=2 (|u|2 + |v\2) :
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7.25. Ta ¢cb

[t o2 = fu— v = (Jul? + 20w, v) + [o) = (Jul? = 2(u,v) + [o]?)
= 4(u,v).

7.30. Mot da thitc bat ky p(x) = a + bz + cx? trong Py thudc phan bu
tryc giao £ (2 + x) khi va chi khi (p (z),2 4 2) = 0. Ta c6

<p(m),2+x>:/01 (a+bx+caz2) (24 x) dx

1
:/ (2a~|—(a—|—2b)x+(b+26)x2+cx3> dx
0

2 3 471

x T T
2ax+(a+2b)§+(b+20)§+cZ

0

1
= 75 (30a+ 160+ 11c).

Do do6

p(x) e L2+ z)" < 30a+16b+1lc=0
& p(x) = (=16t — 11s) + (30t) z + (30s) 2
& p(z) =t(-16+30z) + s (—11 + 302?).

Vay mot co sé cua L (2 + :L‘)l 14 hé da thtc —16 + 30z, —11 + 3022.

7.32. Khi r = 1, déng thtic can chimg minh tré thanh déng thic hién
nhién |ui|? = |ug|*. Khi r = 2, ddng thiic cAn chiing minh chinh 13 dinh 1y
Pythagoras. Khi r» > 3, ta chttng minh tuong tu nhu da chiing minh dinh
ly Pythagoras.

Trude khi xét trudng hop tong quat, ta xét truong hop r = 3. Ta ¢

|u1 + uo + U3|2

= <U1 + ug + uz, u1 + us —|—U3>

= (ug,ur) + (ui,ue) + (ur, ug) + (ug, u1) + (ug, ug) + (ug, us)
+ (ug, u1) + {us, uz) + (us, us)
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Vi B 1a mét hé véc to truc giao nén (u;, uj) = 0 v6i moi ¢ # j. Suy ra

lut + ug + uz|® = (w1, ur) + (ug, ug) + (uz, usz)
= [u]* + |ual® + Jus|*.

Bay gio xét truong hop r tong quat. Ta ¢
lut +ug 4 up® = (ug Fug e, ug g e )

= ZZ<UZ,U]> .

i=1j=1

Vi B la mot hé véc to truc giao nén (u;, uj) = 0 v6i moi i # j. Suy ra

r
’u1+u2+"'+ur’2:2 uw“z Z|uz’
i=1

= Jur|* + |ug|? —i—-~+!u7~\2-

7.34. (a) Gia st
[U]B - (a17a2’ . '7an)7 [U]B = (blaan .. wbn)-

Suy ra
[u]g - [v]g = a1b1 + agby + - - - 4 anby.

Mat khac, ta cé

(u,v) = (a1e1 + ageg + - -+ + apen, bie; + boea + -+ - + bpey)

n n
= ZZ (azei, bjej) ZZaz (€i,ej) .
i=1j=1

i=17=1

Vi B 1a mot co s trie chuan nén (e;, e;) = 0 véi moi i # j va (e;,e;) = 1
vG6i moi ¢. Suy ra

n
E a;b; 62761 § aib;
=1

:albl + agby + - -+ + anby

= [ulg - [V -
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(b) Vi B 1a mot cd s6 tryc chuan ctia V nén

Do do6

(u,v) = [ulg - [vlg
= (u,e1) (v,e1) + (u,e2) (v,e3) + - + (u, e,) (v, e,) .

7.37. (a) Truc chuan héa Gram-Schmidt hé véc to uy, us, us:

> v =u; =(1,1,1,1).

> vy = up — MT;M = (2,2,3,5) — 2 (1,1,1,1) = (-1,-1,0,2).

> vg ZU3—<TS£T§>01—<TS7T§>U =(2,3,-2,1)-4(1,1,1,1) - 22 (-1,-1,0,2) =
1(1,3,-6,2).

Vay, truc giao héa Gram-Schmidt, ta nhan duge hé véc to truc giao

(1,3,-6,2).

DN | =

U1 = (17171>1)7 V2 = (_17_1>O72)7 U3 =

(b) Dé truc chuan héa Gram-Schmidt hé véc t0 uy, u, us, ta chuan héa hé
véc t0 v1, v2, v2 bén trén, va nhan duge hé véc to truc chuan.

w1 ‘Tlﬂvl = %(L 1, )
wy = @UQ = %1( ,—1,0,2)
w3 = ‘U3|’U3 = m (1, 3, —6, 2)

7.38. Truc giao hdéa Gram-Schmidt hé véc t6 vy, e1, ea, e3:

> u1:v1:(1,1,1).

ety = (1,0,0) = § (L, 1,1) = § (2,-1,-1).

> ug =e —
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> ug = ep— 28y 280y — (0,1,0)—F (1,1, 1)-FH (2,-1,—1) =

[u1 |uz

$(0,1,-1).

> uy = 0 vi hé véc t0 u, ug, u3 13 mot co sé ciia R3. (Hé nay doc 1ap
tuyén tinh va c6 sb véc to bang dim R3.)

Do dé, ta cé thé chon
v =(2,—-1,-1), v3 = (0,1,—1)

dé dugc co sé truc giao vy, va, v3 ciia R3.
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