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Abstract

Let i be a non-negative measure defined on bounded F -hyperconvex domain Q2. We are interested in giving sufficient
conditions on u such that we can find a plurifinely plurisubharmonic function satisfying NP(dd‘u)" = u in QB(Q).
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1. Introduction

The plurifine topology # on a Euclidean open set D is the smallest topology that makes all plurisubharmonic
functions on D continuous. Notions pertaining to the plurifine topology are indicated with the prefix ¥ to distinguish
them from notions pertaining to the Euclidean topology on C". For a set A ¢ C" we write A for the closure of A in the

one point compactification of C”, Zf for the 7 -closure of A and d#A for the 7 -boundary of A.

In 2003, El Kadiri [19] defined the notion of # -plurisubharmonic function in an ¥ -open subset of C" and stud-
ied properties of such functions. Later, E1 Marzguioui and Wiegerinck [23] proved the continuity properties of the
plurifinely plurisubharmonic functions. Next, El Kadiri, Fuglede and Wiegerinck [20] proved the most important
properties of the plurifinely plurisubharmonic functions. El Kadiri and Wiegerinck [22] defined the Monge-Ampere
operator on finite plurifinely plurisubharmonic functions in ¥ -open sets. They showed that it defines a non-negative
measure which vanishes on all pluripolar sets. Note that the measure is in general not a Radon measure, i.e. not
Euclidean locally finite. They also defined the non-polar part NP(dd“u)" of ¥ -plurisubharmonic function u by

f NP(ddu)" = 'lir+n (dd° max(u, —j))", A € QB(Q).
A Joteo Jg
El Kadiri and Smit [21] introduced the notion of ¥ -maximal ¥ -plurisubharmonic functions and studied proper-
ties of such functions. Hong, Hai and Viet [15] proved that ¥ -maximality is an ¥ -local notion for bounded ¥ -
plurisubharmonic functions. Trao, Viet and Hong [24] studied the approximation of a negative ¥ -plurisubharmonic
function by an increasing sequence of plurisubharmonic functions. They defined the notion of bounded ¥ -hyperconvex
domain which extends the notion of bounded hyperconvex domain of C" in a natural way. Recently, Hong [13] stud-
ied the Dirichlet problem in ¥ -domain. He proved that under the suitable conditions, the complex Monge-Ampere
equation can be solved.

The aim of this paper is to study the complex Monge-Ampere equations in bounded ¥ -hyperconvex domains.
Namely, we prove the following theorem.
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Theorem 1.1. Let Q be a bounded F -hyperconvex domain in C" and let yu be a non-negative measure on QB(Q)
which vanishes on all pluripolar subsets of Q such that

f(—lﬁ)dy < 400, for some Y € F-PSH (Q). (1.1)
Q

Then, there exists u € F-PS H™(Q) such that NP(dd‘u)" = u on QB(Q).

The paper is organized as follows. In Section 2, we recall some notions of plurifine pluripotential theory. Section
3 is devoted to prove Theorem 1.1. In Section 4, we prove a result to show that the condition (1.1) in Theorem 1.1 is
sharp.

2. Preliminaries

In this section, we recall some elements of pluripotential theory (plurifine potential theory) that will be used
throughout the paper. All those results can be found in [1]-[25].

2.1. The Cegrell’s classes
Firstly, we recall the following definitions (see [6], [7]).

Definition 2.1. Let D be a bounded hyperconvex domain in C*. We say that a bounded, negative plurisubharmonic
function ¢ in D belongs to &y(D) if {¢ < —¢} € D for all € > 0 and

f (dd°p)" < +oo.
D

Let ¥ (D) be the family of plurisubharmonic functions ¢ defined on D such that there exists a decreasing sequence
{¢;} € E(D) that converges pointwise to ¢ on D as j — +oo and

supf(dd”<pj)” < +o0,
j Jb

Proposition 2.2. Ifu,v € ¥ (D) such that u < v and (ddu)" < (dd°v)" then u = v in D.
Proof. See Theorem 3.6 in [1]. O

Proposition 2.3. If uis a non-negative measure in D such that u < (dd“w)" for some w € F (D) then there exists
u € (D) such that (dd°u)" = y in D.

Proof. See Theorem 4.14 in [1]. O

Proposition 2.4. If D, € C", D, € C™ are two hyperconvex domains and u, € Ey(Dy), uy € Eg(Dy) then

f h(max(uy, up))(dd® max(u;, up))" " = f h(max(uy, u))(ddu)™ A (dduy)™
D xD;

D XD,
for all upper semicontinuous functions h : (—co0,0] — R.

Proof. See [2]. O



2.2. The F -plurisubharmonic functions and the Monge-Ampére operator
Next, we recall the following definitions (see [19], [20], [23], [25]).

Definition 2.5. Let Q be an ¥ -open subset of C". A function u : Q — [—c0, +00) is said to be F -plurisubharmonic if
u is  -upper semicontinuous and for every complex line / in C”, the restriction of u to any # -component of the finely
open subset [ N Q of [ is either finely subharmonic or = —co.

The set of all negative ¥ -plurisubharmonic functions defined in ¥ -open set Q is denoted by ¥-PS H™(Q).

Definition 2.6. Let Q c C" be an ¥ -open set and let u € ¥-PS H (). Denote by OQB(C") the measurable space on
C" generated by the Borel sets and the pluripolar subsets of C" and QB(Q) is the trace of QB(C") on Q.
(i) If u is finite then there exist a pluripolar set E C Q, a sequence of ¥ -open subsets {O;} and plurisubharmonic

functions f}, g; defined in Euclidean neighborhoods of 5j such that Q = E U U}";, Ojandu = f; — g;jon O;. The
Monge-Ampere measure (ddu)” on QB(L) is defined by

[awwr =Y [ - gy, acono,
A =1 YANOA UL, 00

(i1) The non-polar part NP(dd“u)" is defined by

f NP(dd‘u)" = lim f (dd° max(u, —j))", A € QB(Q).
A j4)+00 A

Proposition 2.7. Let Q be an ¥ -domain in C" and let v,w € F-PSH(Q) be finite with w < —v. Then, for every
measure p on the QB(Q) with 0 < u < (ddw)", there exists a finite plurifinely plurisubharmonic function u defined
on Q such thatw < u < —v and

(ddw)" = uin QB(Q).

Proof. See [13]. O

Definition 2.8. Let Q be an ¥ -open set in C" and let u € F-PS H(Q). We say that u is ¥ -maximal in Q if for every
bounded ¥ -open set G of C" with G C Q, and for every function v € ¥-PS H(G) that is bounded from above on G

and extends 7 -upper semicontinuously to ET with v < u on d#G implies v < u on G.
Proposition 2.9. If u is a finite F-maximal F -plurisubharmonic function defined on an ¥ -domain then (ddu)" = 0.

Proof. See Theorem 4.8 in [21]. O

Proposition 2.10. Let Q be an F -open set in C" and assume that u € ¥ -PS H(Q) is bounded. Then, u is ¥ -maximal
in Q if and only if (dd°u)" = 0 on QB(Q).

Proof. See [15]. O

2.3. The Cegrell’s classes for F -plurisubharmonic functions
Finally, we recall the definition of bounded ¥ -hyperconvex domain Q and the class 7,(Q) (see [24]).

Definition 2.11. (i) A bounded ¥ -domain Q in C" is called ¥ -hyperconvex if there exist a negative bounded plurisub-
harmonic function yq defined in a bounded hyperconvex domain Q' such that Q = Q' N {yq > —1} and —yq is
¥ -plurisubharmonic in €.

(i1) We say that a bounded negative # -plurisubharmonic function u defined on a bounded ¥ -hyperconvex domain
Q belongs to Ey(Q) if fg(dd“u)” < +o0 and for every € > 0 there exists 6 > 0 such that

QNn{u< - cQ Niyqg>-1+76)}.

(iii) Denote by F,(€2), p > 0 the family of negative ¥ -plurisubharmonic functions u defined on € such that there
exist a decreasing sequence {u;} C Ey(L2) that converges pointwise to # on £ and

sup f (1 + (—uj)P)(ddu;)" < +co.
Q

=1
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Proposition 2.12. Let Q € C" be a bounded F -hyperconvex domain. Assume that u € F1(Q) is bounded and
v € F-PS H (Q) such that (ddu)" < (ddv)" in Q N {v > —oo}. Then, u > v in Q.

Proof. Without loss of generality we can assume that —1 < u < 0 on Q. Let j € N* and define
1 1
V= (1 + —.)(V - —.) in Q.
J J

Choose p > 0 such that j7 < 1 + % It is easy to see that
(1 + (—w)")(ddw)" < 2(ddu)" <2(ddv)" < (1 + (=v;)’)(ddv;)" on QN {v; > —oco}.

Since u is bounded, so u € ¥,(Q), and hence, Proposition 4.4 in [24] implies that u > v; in Q. Letting j — +oco we
conclude that ¥ > v in Q. The proof is complete. O

3. The complex Monge-Ampere equations
We need the following auxiliary lemma.

Lemma 3.1. Let D be a bounded hyperconvex domain in C" and let QO € D be a bounded F -hyperconvex domain.
Assume that u € Ey(Q) and define
w:=sup{e € PSH (D) : ¢ <uonQ}.

Then, w € Ey(D) and (dd°w)" < 1o(ddu)" in D.

L <4 < 0in Q, and hence,

Proof. 1t is easy to see that w € Ey(D). Without loss of generality we can assume that —5 <

—% <w < 01in D. First, we claim that
(ddw)" < (ddu)" on QN {w = u}. (3.1)

Indeed, let Q' be a bounded hyperconvex domain in C" and let yo € PS H™(Q)NL®(Q") such that Q = Q' N{yq > —1}
and —yq € F-PS H(Q). Choose &, 6 > 0 such that supp, w < —2¢ and

Qni{u< - cQ Niyqg>-1+26}.
Let j be an integer number with je > 1. Proposition 2.3 in [21] states that the functions

fom {max(—%,u + %’}’Q) in Q df= {max(—é,max(u,w + zlj) + %yg) in Q
= =

-1 in Q\Q -1 in Q\Q

are ¥ -plurisubharmonic and Proposition 2.14 in [20] states that f, f; € PS H(Q') because Q' is a Euclidean open set.
Since u = f — 1yq, max(u, w + zij) = fj— Yyqin {yq > =1 + 6}, by [4] we have

Jo+oo

. 1 .
lim | y(dd° max(u,w + =))" = f)((dd‘u)" (3.2)
Q J Q
for every bounded ¥ -continuous function y with compact support on {yq > —1 +4d}. Let K € QN {w = u} be a
compact set. Since QN {w = u} € QN {u < -} C {yq > —1 + 26}, there exists a decreasing sequence of bounded

¥ -continuous functions {y;} with compact support on {yo > —1 + ¢} such that y; \, 1x as k /" +co. By Theorem 4.8
in [22] we conclude by (3.2) that

1
f(ddcw)” < lim f/\/k(ddc max(u,w + —))" = f)(k(ddcu)”, Yk > 1.
K J=re Jo J Q

f(ddcw)" < f(dd“u)”.
K K

4
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Therefore, (dd“w)" < (dd“u)" on Q N {w = u}. This proves the claim. Now, since u is ¥ -continuous on £, it follows
that the function
hoe {u on

0 inD\Q

is F -continuous on D, and hence,
U := DN {w < h}is F-open set.

Let z € U and let a € R be such that w(z) < a < h(z). Let V be a connected component of the ¥ -open set
Dni{w<aln{h > a} vs_/hich contains the point z. We claim that w is #-maximal in V. Indeed, let G be a bounded
¥ -open set in C" with G C V and let v € ¥-PS H(G) such that v is bounded from above on G, extends ¥ -upper

semicontinuously to 5T and v < won d#G. Since D is a Euclidean open set, Proposition 2.3 in [21] and Proposition
2.14 in [20] imply that the function

__Jmax(w,v) onG
v w on D\G

is plurisubharmonic in D. Because G c V c Dn{w < a}, we infer that ¢ < aon G, and therefore, ¢ <hinD. It
follows that ¢ = w in D. Thus, v < w in G, and hence, w is ¥ -maximal in V. This proves the claim. Therefore, w is
¥ -locally ¥ -maximal in U. Theorem 1 in [15] implies that

(dd‘w)" =0on U.
Combining this with (3.1) we arrive at (dd“w)" < 1go(ddu)" in D. The proof is complete. O
We now able to give the proof of theorem 1.1.

Proof of Theorem 1.1. Without loss of generality we can assume that ¢ € Ey(Q2) and -1 < ¢ < 0in Q. Let r > 0 be
such that Q € B(0, r). Let j > 1 be an integer number. Since

f lﬂm{—l.gym—#}dll <@+ l)f(_@l’)dﬂ < +oo,
B(O,r) / i Q
Theorem 6.2 in [7] implies that there exist ¢; € Ey(B(0,7)) and 0 < f; € LY((ddy ™) such that
lml—}édx—ﬁ,l” = fi(ddy ;)" in B(O, r).
Leta; > 0 be such that
J
Z Wi > —a; in B0, r).
k=1
Thanks to Theorem 4.8 in [22] we have
J J
(dd” max()" Y ;G + DY) 2 Lgpyyee sy (@dd°CY )"
k=1 k=1
J J
> ; Lo tegpe 1) (ddy)" 2 )" min(fi, j)ddy)" on QB(EQ).

k=1

By Theorem 1.1 in [13] we can find u; € ¥-PS H(Q) such that max(Zizl Y,ai(j+ 1)) <u <0onQ and

J
(ddup = )" min(fi, H(ddyy)" on QB(Q).
k=1



Since maX(Ziz1 Ui, ai(j+ 1) € Eg(Q), Proposition 3.4 in [24] implies that u; € Ey(£2), and hence, Proposition 2.12
states that u; > u;,; in Q because (dd“u;)" < (dd‘uj+1)" on QB(Q). Put

u:= lim u;onQ.

J—too
We claim that u # —oco in Q. Indeed, without loss of generality we can assume that G := {§ < —%} # (. We set
vj:=suplp € F-PSH (Q) : ¢ < ujonG}.

Then, v; € Ey(Q), u; < v; < 0in Q and v; = u; on G. By Proposition 3.1 in [21] we have u; is ¥ -maximal on
Qn{y > —%}, and hence, (dd“v;)" = 0on QN {y > —%}. Therefore, using Proposition 3.4 in [24] we infer that

f (dd"vj)" = f (dd"vj)” <2 f (—w)(dd"vj)”
Q Qnfy<-1) Q

J

S2fg(—l//)(ddcuj)" =ZZL(—l//)min(ﬁuj)(ddclﬁk)” (3.3)
k=1

J
<23 [ Ol g gy <2 [ o
= Jo Q
Lemma 3.1 states that the function
w; :=sup{p € PSH™(B(0,7)) : ¢ <v;on Q}

belongs to Ey(B(0, 7)) and
(ddwj)" < 1o(ddv;)" in B(O, 7).

Hence, by the hypotheses and using (3.3) we get

supf (ddw;)" < supf(ddcvj)” < 2f(—zﬁ)d,u < 400,
i JBO i Ja Q

This implies that w := lim;_, ., w; € E(B(0, r)). Thanks to Theorem 2.3 in [20] we arrive at B(0, ) N {w = —oo} has
no ¥ -interior point. Moreover, since w < v = # on G so u # —oo on G. Thus, u # —oco on Q. This proves the claim,
and therefore, u € F-PSH(). Since u; \, u on QN {u > —oo} as j / +oo, by Theorem 4.5 in [21] we have the
sequence of measures (dd“u;)" converges ¥ -locally vaguely to (dd“u)" on Q N {u > —co}. Moreover, since

J o
(dd°uj)" = )" min(fi, Nddy)" /) fildd“y)' = pon O,
k=1 k=1
it follows that
(ddu)* = pon QB(Q N {u > —oco}).
Thus, NP(ddu)" = y on QB(Q). The proof is complete. O

4. Measures without solutions
First we prove the following.

Proposition 4.1. Let Q be a bounded F -hyperconvex domain in C that has no Euclidean interior points. Then, there
exists a non-negative measure y on QB(Q) such that

(i) u vanishes on all pluripolar subsets of €,

(ii) fg(—w)d,u < 400, for some negative finely subharmonic function  in €;

(iii) There is no subharmonic function w defined on Euclidean open neighborhood of Q satisfying

NP(dd‘w) = uon QB(Q).
6



Proof. Let yq be a negative bounded subharmonic function defined in a bounded hyperconvex domain €’ such that
Q = Q' N{yqg > —1} and —yq is finely subharmonic in Q. Since Q has no Euclidean interior points, we can find
{aj} c Qsuchthata; — a € 95Q N Q" and

1
-1 <yalaj1) <yala;) <-1+ 5

Theorem 4.14 in [1] implies that there exist u; € ¥ (€2’) be such that
dd‘uj =6, in Q'

where 6,; denotes the Dirac measure at a;. Let r; € (0 L) and let ;€ SH™ (B(aj,2r))) be such that ¢;(a;) > —1 and

»

1
B(a;, 2ry) N{p; > =2} Cc QN {yalaj) <ya < -1+ E}'

We set
uj :=sup{p € SH (') : ¢ <max(u;, —k) on B(a;, r;) N {g; > —1}}.

Since B(aj, r;) N {¢; > —1} is ¥ -open set, by Corollary 3.10 in [20] we infer that u;; € S H™(Q"). Proposition 3.2 in
[21] implies that u ik is ¥ -maximal on the ¥ -interior of Q"\(B(a;,r;) N {¢; > —1}), and hence, by Theorem 4.8 in
[21] (also see [15]) we get .

dduji, = 0 on Q'\(B(a;,r)) N{p; = —1}). @4.1n

We now claim that u;; ™\, u;in Q" as k /* +oo. Indeed, since u; < u;41 < ujpin Q' sov; = limgu;; € SH(Q')
and v; > u;. Because u; = v; on B(a;,r;) N {¢; > —1}, by Lemma 4.1 in [1] and Theorem 1.1 in [9] we get

ddCVj < ddcl/lj = l{uj}ddcuj = l{aj}ddc\/j < ddCVj inQ'.

This implies that dd“v; = dd‘u; = ¢,, in Q'. According to Theorem 3.6 in [1] we have v; = u; in €', and hence,
ujr \y ujon Q" ask /' +oo. This proves the claim. Therefore, Corollary 3.4 in [1] implies that

lim ddujy = f dd‘uj =1.
@ @

k—+00
Let k; > 1 be such that
1 .
< f ddujy, < 1. 4.2)

We setyy := —1 — yq and
o= ddu;y; on QB(Q).

Then, ¥ is negative finely subharmonic function on Q and g vanishes on all pluripolar subsets of Q. Since

= 1
B((lj,}’j) N {90/ > -1} C IB%(aj,er) N {QDJ >-2}cQn {')/Q <-1+ E},
by (4.1) and (4.2) we arrive at

fQ (=Y fg (1 + yo)dduy,

=1

= Zf (1+ ')/Q)ddcuj’kj
m{m<—1+§}

Jj=1

1 .
SZEleduj,kjsl.

S
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We now assume that there exists a subharmonic function w defined on Euclidean open neighborhood O of Q such that
NP(dd‘w) = u on QB(Q).

Let r > 0 and let j, € N be such that B(a;, 2r;) € B(a,r) € O forall j > jy. Again by (4.1) and (4.2) we get

+00 > f dd‘w > f du
B(a,r) B(a,r)nQ

>y ﬁ dd uyy,
B(a;,rj)nip;=-1}

JZJjo
. 1
=Zf/dd uj’k'fZZE = +oo.
JZJo JZJo
This is impossible. The proof is complete. O

We now show that the condition (1.1) in Theorem 1.1 is sharp.

Proposition 4.2. Let n be an integer number with n > 2. Then, there exist a bounded F -hyperconvex domain Q c C"
and a non-negative measure u on QB(Q) such that

(i) Q has no Euclidean interior points;

(ii) u vanishes on all pluripolar subsets of €;

(iii) fQ(—lp)f’dy < +oo forall p > 1, for some y € F-PS H (Q);

(iv) There is no function w € ¥ -PS H(Q) satisfying NP(dd“w)" = yu on QB(L2).

Proof. Let A be a unit disc in C. By Example 3.3 in [24] we can find a bounded ¥ -hyperconvex domain D c A and
an increasing sequence of negative subharmonic functions p; defined on bounded hyperconvex domains D; such that
D C Dj.y € Dj, D has no Euclidean interior points and p; / p € Ey(D) a.e. on D. Let a € D. Thanks to Theorem
4.14 in [1] we can find an increasing sequence of negative subharmonic functions u; € #(D;) such that u; < u;.; on
Dj+1 and

ddcuj = 6{1 on Dj,

where 6, denotes the Dirac measure at a. Let u be the least  -upper semicontinuous majorant of (sup,; u;) in D.
Then, u; ~uae. onDasj /' +oo. Letve F(A"™!) be such that lim a1 _ga-1 v(z) = 0 and
(ddv)y"™! = 6, on A""!, where o is the origin of C".
We set Q := DX A" and p := Yo (ddwy)" on Q, where
wi(t, z) := max(2*u(r), kv(z), = 1), (t,z) € D x A"L.

It is easy to see that Q is bounded ¥ -hyperconvex domain that has no Euclidean interior point exists. Using Theorem
4.6 in [20] we obtain that w, € F-PS H™(Q) N L*(Q), and therefore, u vanishes on all pluripolar subsets of Q. We
now claim that

f (—max(u, v))Pdu < +co, ¥Yp > 1.

DxAn-1

Indeed, since dd” max(u;, —3;) = 0 on D; N {u; # —3:}, by Corollary 2.1 in [2] and Corollary 4.2 in [2] we get

f (— max(uj, v))’(dd* max(2kuj, kv, —1))"

D/ xAn-1

= f (— max(uj, v))Pdd max(2u;, —1) A (dd° max(kv, —1))""!

DjxA-!



. 1 . 1
= kg1 f (—max(u;, v))’dd® max(u;, _i) A (dd® max(v, —%))”‘l

DjxA"-!

. 1 . 1
< 27 Mp=Dpn=1 f dd® max(u;, —?) A (dd® max(v, —E))”_l

DjxAr!
—k(p—-1),n—1 c 1 c 1 n—1
= 27MPm IR dd max(uj,—?) (dd max(v,—z))
D; An-1

= 27 Mgt

Proposition 2.7 in [24] implies that

f (— max(u, v))’du < liminf f (—max(uj, v))? Z(dd" max(Zkuj, kv, —1))"
D Jjoto | e
XA" DjxA"

< Z 27 kKp=Dpn=1 4 oo,
i1

This proves the claim. Now, assume that u = NP(dd‘w)" for some w € ¥-PS H~(€2). We claim that w < wy in Q for
any k > 1. Indeed, let 4 > 1 be an integer number and define

on(t, 2) = max(hp(t), 2Xu(t), kv(z), 1), (t,z) € D x A"\

By Proposition 2.7 in [24] and Corollary 2.1 in [2] we have

f (dd°ep)" < liminf f (dd” max(hp;, 2*uj, kv, —1))"
Q DA™

Jjotoo

jo+o An-1

= liminf f dd° max(hp, 2ku, —1) (dd° max(kv, —1))"!
D;

< liminf f dd® max(2*u, -1) (dd° max(kv, —1))""!
J=+ Jp An-1
— 2kkn—1'
This implies that ¢, € Ep(2) and
sup f (dd )" < 28k,
Q

h>1

Since wy is bounded and ¢, N\, wy on Q as h ' +oo, we infer that wy € F1(€). Proposition 2.12 implies that
w < wy in Q because (dd°w)" < (dd°wy)" on {w > —oo}. This proves the claim. Letting k — co we arrive that w < —1
on Q, and hence, w+1 € ¥-PS H (Q2). Replace w by w+ 1 and using above argument we obtain that w+1 < —1 on Q.
Therefore, w < —2 on Q. By induction we obtain that

w = —ooin Q.

This is impossible. Thus, there is no function w € F-PS H™(Q) satisfying NP(dd“w)" = u on QB(Q). The proof is
complete. O
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