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Abstract. In this article, we present a cost-benefit analysis of the approximation in tensor products of Hilbert spaces of
Sobolev-analytic type. The Sobolev part is defined on a finite dimensional domain, whereas the analytical space is defined on an
infinite dimensional domain. As main mathematical tool, we use the e-dimension in Hilbert spaces which gives the lowest number
of linear information that is needed to approximate an element from the unit ball W in a Hilbert space Y up to an accuracy € > 0
with respect to the norm of a Hilbert space X. From a practical point of view this means that we a priori fix an accuracy and
ask for the amount of information to achieve this accuracy. Such an analysis usually requires sharp estimates on the cardinality
of certain index sets which are in our case infinite-dimensional hyperbolic crosses. As main result, we obtain sharp bounds of the
e-dimension of the Sobolev-analytic-type function classes which depend only on the smoothness differences in the Sobolev spaces
and the dimension of the finite dimensional domain where these spaces are defined. This implies in particular that, up to constants,
the costs of the infinite dimensional (analytical) approximation problem is dominated by the finite-variate Sobolev approximation
problem. We demonstrate this procedure with examples of functions spaces stemming from the regularity theory of parametric
partial differential equations.

Keywords: infinite-dimensional hyperbolic cross approximation, mixed Sobolev-analytic-type smoothness, e-dimension, Kol-
mogorov n-width, linear information, parametric elliptic PDEs, collective Galerkin approximation.

1. Introduction. The main emphasis of this paper lies on the cost-benefit ratio of the approximation for
a class of functions stemming from an anisotropic tensor product of smoothness spaces. Let X,Y be Hilbert
spaces, W the uniball in Y, and Y a linear subspace of X. Since we are interested in the cost-benefit ratio of
the approximation, we focus on the so-called e-dimension n.(W, X). It is defined as

ne(W, X) := inf{n: AM,: dimM, <n, sup inf ||lw—v|x < 5},
weWw vEMy,
where M,, C X is a linear manifold in X of dimension < n. The important concept here is the fact that an
approximation quality € > 0 is a priori fixed and the smallest dimension n of any approximation space realizing
the approximation error is sought after. This is the inverse of the usual Kolmogorov n-width d, (W, X) [11]
which is given by

dn(W, X) == inf sup  inf lw =[x,

*CORRESPONDING AUTHOR AT: INFORMATION TECHNOLOGY INSTITUTE, VIETNAM NATIONAL UNIVER-
SITY, HANOI, 144 XUAN THUY, CAU GIAY, HANOI, VIETNAM.

1



where the outer infimum is taken over all linear manifolds M,, in X of dimension at most n. Let us recall two
close different n-widths which are also related to linear approximation. The linear n-width A, (W, X) introduced
by Tikhomirov [17] is given by

An(W, X) := inf sup [|f — An(w)|x,
n weW

where the inf is taken over all linear operators A,, in X with rank < n. The Gel’fand n-width d"(W, X) (see
[18, 15]) is defined by

d"(W,X) = Linf inf{e >0:WnL_, CeU},

where the outer inf is taken over all linear subspaces L_, in X of codimension < n, and U is the unit ball
in X. Since X and Y are Hilbert spaces, it is well kown that these quantities coincide. Hence, n.(W, X) can
be seen also as the smallest number of linear functionals that are needed by a linear algorithm to give for
all f € W an approximation with an error of at most ¢, i.e., n.(W, X) is the information complexity of the
approximation problem as defined in IBC [13, Page 106]. For a survey and a bibliography on various n-widths
see the monograph [8]. For a survey and a bibliography on computational complexity see the monographs
[13, 14].

To be more specific, we deal with functions defined on a product domain T™ x I°°, where T™ := [0, 1]™ is
the m-dimensional torus with m < co, and I* := [—1,1]* is infinite dimensional. Denote by F the set of all
sequences s := {s;}jen of nonnegative integers such that supp(s) is finite, where supp(s) is the support of s,
that is the set of all j € N such that s; # 0. The fundamental Hilbert space is the set of functions v on T™ x I*®
which is defined as

L:=Quv:= Y wksdus such that > sl <oy,
(k,s)€Z™ xF (k,s)eZ™ xF

where {¢i s}k s)czm xr denotes an orthonormal system with respect to the inner product

(v,w), = Z Vk,sWk,s-

(k,s)EZ™ XF

In order to study approximation numbers such as n.(W, X), we need to define the smoothness space X and
the smoothness class W as well. Smoothness spaces are modeled here by general sequences of scalars A :=
{A(k,s)} (k,s)czm xr With A(k,s) # 0. Then, we define the associated Hilbert space (see (3.2))

(1.1) LYo=qvel b= > MKkS)Ukstrs €L
(k,s)eZ™ xF

For v € £*, we define

[ollzn =101z = > (A s)f ol
(k,s)EZ™ XF

where ¢ is defined in (1.1) (see (3.3)). Let us assume to have two such sequences A and v with v < A in the
point-wise sense. Then we can chose

X =LY and W =U*,

where U* denotes the unit ball in £*. Hence, we are left with estimating n.(U4*, L”). To account for the fact
that we work on a product domain T™ x [°°, the concrete smoothness spaces are parametrized by a number a
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and a positive sequence b = (b;) en such that p, n(k,s) are tensor product and order dependent weights (see
also (4.1))

. sl
™ |sfa!

(12) pa,b(k7s) = |k‘ b*S’

where |k|o = maxi<j<m |k;| and for s € F,

o0 oo oo
— ) - . —-s ._ —%
sl:= Hsj!, s]1 = E sj, and b7%:= H b; .
J=1 7j=1 j=1

Both AP := £* and K” := L£” with A(k,s) = pa.b(k,s) (o > 0) and v(k,s) = |k|Z , respectively, will be of this
specific form. The space A%P is of Sobolev-analytic-type, while the space K? is of Sobolev-type. We provide
a motivation for such classes of function spaces by considering the regularity spaces arising in the theory of
parametric partial differential equations (PDEs). The simpler case of tensor product weights

(1.3) Pab(k,s) = [k, b7*

was already treated in [7]. As shown in Section 2 (see (2.4)—(2.5) and Lemmas 2.1 and 2.2), the tensor product
and order dependent weights of the form (1.2) are more natural and important than the tensor product weights
of the form (1.3), since they are the majorants of the coefficients in Taylor and Legendre expansions of the
solution to parametric operator equations and in particular, parametric elliptic PDEs.

The main contribution of this paper is the fact that the e-dimension in the space K* of our Sobolev-analytic-
type function class U®P, which is defined as the unit ball in A*P, depends only on the Sobolev smoothness
differences in the spaces A*P and K?, and the dimension of the finite dimensional domain where these spaces
are defined. More precisely, let & > 8 > 0 and b = (b;)en be a positive sequence. Assume that

(1.4) C, = Z('Z';!b5>p< 00

selF
for p =m/(a — ), where b® := H;’;l bj-j. Then we have for every ¢ € (0, 1],
(1.5) 2™ (Lffl/(aiﬁ)J - 1)m < ne(U*P,KP) < 3™Chyjiampye ™.

These tight estimates imply in particular that, up to constants, the costs of solving the infinite dimensional
(analytical) approximation problem are dominated by the finite-variate Sobolev-smooth approximation problem.
The bounds in (1.5) are derived from the inequalities

[Eap(l/e)| =1 < n(U, L) < |Eun(l/e)l,
and the tight estimates
(1.6) 2™ | TV " < |Eup(T)] < 3" Cya T™°
for a = a — B, of the cardinality of infinite-dimensional hyperbolic crosses
E,u(T):= {(k,s) €Z™ xF:0< pyp(k,s) <T}.

The main difficulty in establishing (1.6) is the upper bound which requires a condition for the £, (IF)-summability
of the sequence (lssl—!l!bs)seF, i.e., a condition for (1.4), for any p such that 0 < p < co. A necessary and sufficient

condition for the case 0 < p < 1 of this ¢,(FF)-summability have been proven in [4]. In the present paper, we

prove a necessary and sufficient condition for the £, (F)-summability of the sequence (%bﬁ for1 < p < oo.

S
This result is novel. The proof is much more technically complicate and based on a different idea. Results similar
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to (1.5) and (1.6), have been proven in [7] for the situation where tensor product and order dependent weights
Pa.b(k,s) are replaced by simpler tensor product weights p, b(k,s). For the last situation the proof of a

necessary and sufficient condition for the £, (F)-summability of the respective sequence (bs> . for 0 < p < o0,

se
is a simple task, see Lemma 4.2 and the referred Lemma 7.1 in [4] in its proof.

The above results then are applied to obtain estimates for the error of the collective Galerkin approximation
of a parametrized elliptic Poisson problem. For these parametric elliptic PDEs the solution u belongs to suitable
spaces A%P and the collective Galerkin approximation u Bu_pp(T) 18 from a finite-dimensional subspace of K B,
related to the infinite-dimensional hyperbolic cross index set Eo_gp(T). In particular, with the help of well-
known Céa’s lemma we derive that for n := |E; ,(T)|, there holds the upper bound |[u — ug, , ()|l L, @,v,p) <
Bn'/™ with an absolute constant B (see Theorem 6.3 for details).

The remainder of the paper is organized as follows: In Section 2, we consider the general parametrized
elliptic Poisson problem and its regularity results both with respect to the spatial and with respect to the
infinite-dimensional parametric component. In Section 3, we review the setting of infinite dimensional tensor
products of Hilbert spaces and the associated approximation and e-dimension. In Section 4, we give more
details on the applications of the general setting to the smoothness spaces arising in parametric PDEs. The
main mathematical results concern the cardinality of the infinite dimensional hyperbolic crosses in Section 5.
This section is split into two steps. The first result in Subsection 5.1 addresses the inclusion of the sequence

(%bs) . € (,(F) with 0 < p < co. The main result in this subsection is Theorem 5.3 which is proven based
’ sE

on a result in Subsection 5.2. A suitable ¢,—norm of the sequence (%bs) € (,(FF) enters as an absolute
’ selF

constant, c.f. (1.4). In Section 6, we combine our results to derive sharp estimates of the e-dimension and its
inverse, the Kolmogorov n-widths of the Sobolev-analytic-type function classes. These results are then applied
to the collective Galerkin approximation of parametric elliptic PDEs.

Notation. We give a collection of notation (a part of it has been introduced before) which will be used in
the present paper: Z7" := Z™ \ {0}; T™ is the m-dimensional torus which is defined as the cross product of m
copies of the interval [0, 1] with the identification of the end points; R* is the set of all sequences y = (y;)524
with y; € R; |k|oo := maxi<j<m |k;| for k € Z™. Similarly, we set I = [—1,1] and I* is the set of all
sequences y = (y;)52; with y; € I. Z* is the set of all sequences s = (s;)72; with s; € Z. Furthermore,
1 :={s€Z>:5; >0, j=1,2,..}, y; is the jth coordinate of y € R>. Moreover, I is a subset of Z° of all
s such that supp(s) is finite, where supp(s) is the support of s, that is the set of all j € N such that s; # 0. If
s € F, we define

oo o0 oo
— . — . S ._ 53
sl = H sl Ishi= E sj, and b®:= Hbj
Jj=1 Jj=1 Jj=1

for a sequence b = (b;);en of positive numbers. We use the convention: % = 0.

2. Parametric operator equations. Let us briefly recall the setting of [12]. Denote by X a real separable
Banach space over the field R and by X’ its topological dual, i.e., the space of bounded linear functionals. We
consider a map

G: (1%, o) = L1(X, X7),  y = G(y) = Gy,

where [ly||,, := sup;ey |y;] and L7(X, X’) denotes the space of boundedly invertible linear operators X — X'.
By G;l € L1(X',X), we denote the element such that Gy o G;l =Idx: and G;l oGy =Idx. We define

G (1%, [llo) = L1(X', X), y= G (y) =Gy
We assume that G~! is bounded by C(G) i.e., that

2.1 . -1 , . a-1 / -
. H};%(%l Hg (y)Hﬁ(X ,X) ;51; ” y ||L(X ,X) (%
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Moreover, we assume that G is analytic with respect to every y; with j € N and that there is a sequence
d: N — R with d € ¢P(N) for a fixed 0 < p < 1 such that for all s € F\ {0}

(2.2) sup Hg Y Y)HL(X,X) <C(g)d®
ye

Furthermore, we observe that we can write the solution u € X of the operator equation Gyu(y) = f for given
f € X’ in terms of the solution operator

S I®xX' =X, (v,f)=Sy.f)=6"y)f=0C",

and [12, Thm. 4] provides the bound

C(9)
2.3 aES( s|!d®
2 p s 1880 Dl < gy o
x/=1

for all s € F\ {0}. This implies a (generalized) Taylor’s series representation of
1 1
20 ) =) =3 Gy = X (B, )y =X (5 %SE 0, ) v
selF seF selF

Hence, the coefficients are bounded by

c(9) \SI
x  In@2) s

(2.5) ‘ !

sl a;uf(y)’yzo d® | fllx

which fits exactly into our framework, i.e., the upper bound has the structure of p;%)(k, s) with @ = 0 from
(1.2). We will, however, study a more specific example in more detail, since we also need spatial regularity
results, which allows also for a > 0. For the elliptic PDEs (2.6) formulated in the next section, some particular
estimates for the coefficients in the Taylor and Legendre expansions which are similar to (2.3) and (2.5) were
established in earlier papers [1, 4, 5.

2.1. Parametric elliptic PDEs. Here, we consider a more specific problem which fits into the framework
outlined above. We chose X = H}(Q) and hence X’ = H~1(Q) where Q := [0,1]™. The operator is
Go 1 1™ = L(Hy (), H'(Q), y— (Hy(Q) > u— —div(a(y)Vxu) € H (),
where a : Q x I** — R, is a function satisfying
0 <r <alxy)< R < 0o, x€Q, yel™~.

In order to derive spatial regularity, we will restrict ourselves to f € Ly(2) € H~!(Q). Moreover, we restrict
ourselves to periodic problems, that is a(y)(x) := a(x,y) is a function of x = (xl, woty Tn) € §2 and of parameters
y = (y1,y2,...) €I on Q x I°°, and the function f(x) is a function of x = (21, ..., Z,n) € Q. Hence, we consider
the parametric elliptic problem

(2.6) —div(a(y)Vxu(y)) = f in Q, wulpo = 0, yel=.

Throughout the present paper, we assume that a(y) and f as functions on x can be extended to 1-periodic
functions in each variable x; on the whole R™, and hence a(y) and f can be considered as functions defined
on T™. We also preliminarily assume that f € Lo(T™) and the diffusions a satisfy the wuniform ellipticity
assumption which ensures condition (2.1)

0 <r <aly)x)=alx,y) < R < 00, xeT™ yel™®.
5



Let V := H}(T™) and denote by W the subspace of V equipped with the semi-norm and norm

1/2
plw = A0l oy, Iollw = (ol + lol) .

Note that if v € Lo(T™) N W and
v = Z Vk€k,
kezm

where ey (x) 1= 2™ je. {ex}kezm is the usual orthonormal basis of Ly(T™) (the eg part is taken care of by

the boundary condition of V := H}(T™)), then from the definition and Parseval’s identity we have

27 @0 Y kol < olf =Y 100llEe ey = 2m) Y [Ki3le® < 2m)Pm Y kil

kezy i=1 kezm kezm
and
(2.8) @m)* Y ksl < iy < @m)tm® Y Ikl e,
kezp kezm

where we used the norm equivalence |k|s < |k|o < /m]k|s for all k € Z™.
2.2. Spatial regularity. By the well-known Lax-Milgram lemma, for every y € I*° there exists a unique
(weak) solution u € V' to equation (2.6) which satisfies the variational equation
/ a(x,y)Vu(x,y) - Vo(x)dx = (x)v(x)dx, YveV.

We skip the explicit dependence on the parameter y in this section. Moreover, this solution satisfies the
inequality

where V* = H~1(T™) denotes the dual of V. Observe that there holds the embedding Lo(T™) <+ V* and the
inequality

Ifllve < [Ifllzycrm)-

Now, denote by WL (T™) the space of functions v on T™, equipped with the semi-norm and the norm

[olwy, (omy i= - max |0z v][Lomy,  [vllwy my = [0l om) + olwy @om)

1<i

respectively. If we assume that a € W1 (T™), then the solution u of (2.6) is in W. Moreover, u satisfies the
estimates

|a|W010(11~m)
= 1 zacem)s

1
lulw < — <1+
T
and

1 lalwz (rm)
fuw < 3 [1+ (14 2 o

This spatial regularity implies certain approximation rate if we use trigonometric polynomials in a Galerkin
approach. For a real positive number 7" > 1 we define the index set

Gom(T) = {k € Z™ : |K|o < T}.
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Denote by T,, with n = (2|T])™ = |Gz~ (T)| the space of trigonometric polynomials

T =< w: Z V€K

keGym (T)

of dimension n. Let P, be the projection from Lo(T™) onto 7,,. Then, using 2~ 'n'/™ = |T| < T <27 'nl/m 41
and T > 1, we get that

ol=
N

lu = Pa(u)lly <2r [m > [klul® | <2nvm Yo Tk

keZm\Gym (T) keZm\Gym (T)
< 2mymTHulw < dry/mn ™ ulw

holds for all u € W. Furthermore, we obtain n.(W,V) < |Gzm(e71)| for 0 < & < 1, where W := {v € W :
|[vlw < 1}. Let u, be the Galerkin approximation, i.e., the unique solution of the problem

(2.9)

/m a(x,y)Vu,(x,y) - Vu(x)dx = fx)v(x)dx, YveT,.

Tm

Then, we get with Céa’s lemma and (2.9) that

R —1/m —1/m
lu —uplly < \/— 1nf lu—ov]y = \/ Hu— w)lly < \/?47r\/7rm Uiyl < Cn=t/m,

where we can explicitly compute the constant to be

mR 1 |a\W1 Tm
C = amy 2 (1 v w()) £l Loy
T r T

2.3. Parametric regularity. A probability measure on I*° is the infinite tensor product measure p of the
univariate uniform probability measures on the one-dimensional 1, i.e.

1
jeN
Here, the sigma algebra X for u is generated by the finite rectangles | jen 1j, where only a finite number of the
I; are different from I and those that are different are intervals contained in I. Then, (I>°, X, 1) is a probability
space.
Now, let Lo(I°°, 1) denote the Hilbert space of functions on I equipped with the inner product

wow)i= [ oy ulduty).

The norm in Ly(I°, i) is defined as ||v| := (v,v)/2. In what follows, u is fixed, and, for convention, we
write Lo(I%°, ) := Lo(I°°). Furthermore, let Ly(T™) be the usual Hilbert space of Lebesgue square-integrable
functions on T™ based on the univariate normed Lebesgue measure. Then, we define

LQ(Tm X ]Ioo) = LQ(Tm) (9 LQ(HOO>

For s € N the space Lo(T™ x I*) = Ly(T™) ® Lo(I*) can be considered as a subspace of Lo(T™ x I°°).

Let us reformulate the parametric equation (2.6) in the variational form. For every y € I°°) by the well-
known Lax-Milgram lemma, there exists a unique solution u(y) € V in weak form which satisfies the variational
equation

/m a(x,y)Vu(y)(x) - Vo(x)dx = fx)v(x)dx, YveW

Tm



Moreover, u(y) satisfies the estimate

[1fllv-

(2.10) o)l < M1

, Vy e I*°.

Denote by Lo (I°°, V, i) the Bochner space of all mappings v from I to V' such that the norm

1/2
ol aio v = ( / IIU(y)II}‘}du(Y)>

is finite. Furthermore, denote by L., (I°°, V') the space of all mappings v from I* to V such that v is defined
everywhere in I*° and uniformly bounded in V', and that the norm

[ollL@e,vy == sup Jlu(y)llv
y€El>

is finite. Since p is a probability measure, we have that ||[v|[z g~ v,y < [Jvllo.@=,v) for every v €
Loo(I®, V). Hence, the space Lo, (I, V) is continuously embedded into Lo(I*°,V,u) and we can write
Lo (I, V) C La(I*°,V, ). On the other hand, by (2.10) we have that u € Lo (I°°, V). From the inclusions
U € Loo(I*®, V) C La(I*°, V, ) it follows that v admits the unique expansions

(2.11) u= ZUSLS,
selF
where {Ls}52, is the family of univariate orthonormal Legendre polynomials in Ly(I) and
Ls(y) == H L, (yj)-
J€supp(s)

The expansion (2.11) for u converges in Lo (I°°, V| 1), where the Legendre coefficients us € V are defined by
wim (L= [ uG)L)duly)  seF.
HOO

From [1, Theorem 2.1] (or from the more general bound (2.3) for the parametric elliptic PDEs (2.6)) and
the formulas for the Legendre coefficients

1 \/25; +1 < v
us = 5 [ =i /HOO dsuly) [ @ -v) duy)
j: 8570 j: 8;#0
we derive the following result.

LEMMA 2.1. Assume that the diffusions a are infinitely times differentiable with respect to 'y and that there
exists a positive sequence a = (a;);jen such that

||8)S,a(y)|\v < as’ y€ ]1007 seF.

Then we have

|s|1!

luslly < K d®>, seF,

s!

where K := —Hfﬂ"’ and d = 5.
For the proof of the following lemma see [6, Lemma 5.5].

LEMMA 2.2. Assume that f € La(T™), and assume that the diffusions a € Loo(I°°, WL (T™)) and they are
affinely dependent with respect to'y as

(2.12) aly)(x) = a(x) + Y yvi(x), xeT™ yel®, au e Wi (I").

8



Then we have that

< kg sew
||us||W = s ) sel,

where

1 |CL|LDO Ie, WL (Tm
K= r<1+<1+ ( . =NV N £l (v

andd = (dj)jeN with

1 |a|L (I, WL (T™))
d’ = ad Lo 2 ; m i m .
i (( . + 2 ) 1]l oo (rm) + [¥5lw (m)

The affine structure in (2.12) makes it easy to check the condition (2.2). Furthermore, see [16, Section 2.3] for
more details where the setting of general operator equations includes parametric elliptic PDEs as special case.

We will see in Section 4 that the spatial and parametric regularities of the solution u to (2.6) induce a joint
regularity in infinite tensor product Hilbert spaces which is appropriate to hyperbolic cross approximation in
infinite dimension.

3. Approximation in infinite tensor product Hilbert spaces of joint regularity. In this section,
we recall some results on approximation in infinite tensor product Hilbert spaces of joint regularity which were
proven in [7, Subsection 3.1]. We first introduce the notion of the infinite tensor product of separable Hilbert
spaces. Let Hj, j = 1,...,m, be separable Hilbert spaces with inner products (-,-);. First, we define the finite-
dimensional tensor product of H;, j = 1,...,m, as the tensor vector space Hy ® Hs ® --- ® H,, equipped with
the inner product

m

(3.1) (@705, @ yty) o= [[(¢5,05);  for all ¢;,4; € Hj.

Jj=1

By taking the completion under this inner product, the resulting Hilbert space is defined as the tensor product
space H1 ® Hy ® -+ ® H,, of Hj, j =1,...,m. Next, we consider the infinite-dimensional case. If H;,j € N, is
a collection of separable Hilbert spaces and &;, j € N, is a collection of unit vectors in these Hilbert spaces then
the infinite tensor product ®;enH; is the completion of the set of all finite linear combinations of simple tensor
vectors ®jen¢g; where all but finitely many of the ¢;’s are equal to the corresponding &;. The inner product of
®jen¢; and ®;eny; is defined as in (3.1) with m = oo. For details on infinite tensor product of Hilbert spaces,
see [2].

Now, we will need a tensor product of Hilbert spaces of a special structure. Let H; and Hs be two given
infinite-dimensional separable Hilbert spaces. Consider the infinite tensor product Hilbert space

L:= H{"® Hs* where H{":= ®@jL Hy, Hy°:= ®j2,Hs.

Let {¢1 k}rez and {¢2 s}sen be given orthonormal bases of H; and Hj, respectively. Then, {¢1 k fkezm and
{$2,s}ser are orthonormal bases of H{" and H5°, respectively, where

Pk = R 01k, KEL™, ¢os:= ®721P25,, s€EF.
Moreover, the set {¢k s} (k,s)czmxr is an orthonormal basis of £, where
ks = P1k @ P2s.

Thus, every v € L can be represented by the series

U= ) Vs ks

(k,s)EZ™ XT
9



where for v = v1 ® v9,
Vs i= (U, Prs)c = (Ulaﬁbl,k)H{n (U27¢2,S)H§o

is the Fourier coefficient with index (k,s) of v with respect to the orthonormal basis {¢k,s}(k75)eanxp. Further-
more, there holds Parseval’s identity

lollz = > losl®

(k,s)ezZ™ xF
Now let us assume that a general sequence of scalars A := {A(k,s)}(ks)ezmxr is given. Then, we define the
associated space
(3.2) LY=qvel b= >  MKS)Uksrs €L

(k,8)€Z™ xF
For v € £*, we define
(3.3) lolzs =812 =" > As) foxsl,

(k,8)€EZ™ xF

where the last equality stems from Parseval’s identity.
Define F, := {s € F: supp(s) C {1,---,s}}. We consider

(3.4) Ls:=Lv= Z Vk,s Pk.s and E;} = LM L.
(k,s)€EZ™ xF4

Moreover, let the non-vanishing sequences of scalars A := {A(k,s)}k,s)czmxr and v := {v(k,s)}(ks)czmxr be
given with associated spaces £* and £” with corresponding norms and subspaces £ and LY, c.f. (3.4). As in
Section 2.2, we define for T" > 1 the index-set

Ggmxp(T) = {(k,s) €Z™ xF:0<|Ak,s)/v(k,s) <T},

which induces a subspace

P(T):=<¢geL :v = Z Vk,s Pk,s ¢ C L.
(k,s)€Gzm & (T)

We are interested in the £”-norm approximation of elements from £* by elements from P(T'). To this end, for
v € L and T > 1, we define the operator St as

ST('U) = Z Vk,s ¢k,s~

(k,s)eGym xw(T)

We make the assumption throughout this section that Gzm «p(T) is a finite set for every T' > 1. Obviously, Sy
is the orthogonal projection onto P(T). Furthermore, we define the set Gzm«r,(T'), the subspace Ps(T) and
the operator S r(v) in the same way by replacing F with F.

The following lemma gives an upper bound for the error of the orthogonal projection Sy with respect to the
parameter T

LEMMA 3.1. For arbitrary T > 1, we have that

v —Sr()|ler < T Hvllgs, Vo€ LN LY.
10



Recall that U* is the unit ball in £, i.e., U* := {v € L : |[v||z» < 1}, and denote by U2 the unit ball in
L3, ie, U} = {veLy:]v]zn <1} We then have the following corollary.
COROLLARY 3.2. For arbitrary T > 1,

Lv S Tﬁl.

sup inf |lv—wlgr = sup |[v—Sr(v)]
veur weP(T) velr

Now we are in the position to give lower and upper bounds on the e-dimension n. (U*, LY).
LEMMA 3.3. Let € € (0,1]. Then, we have

(Ganxr(1/e)] =1 < ne@UP L) < |Gamr(1/e)].

In a similar way, by using the set Gzm g, (T'), the subspace Ps(T) and the operator Sy r(f), we can prove
the following lemma for n. (U2, LY).
LEMMA 3.4. Let e € (0,1]. Then we have

(Gamxe, (1) =1 < nU L) < |Gamxr, (1/2)]

These lemmas show that we need to estimate the cardinality of the index sets |Gzmyr(1/€)| and
|Gzmxw.(1/€)]. We will treat this problem in Section 5 for infinite tensor product Hilbert spaces of joint
regularity which are related to the solution of parametric PDEs.

4. Joint regularity of the solution of parametric elliptic PDEs. In order to apply our results on
approximation in Section 3 to the parametric elliptic model problem (2.6) we show that the solution to this
problem belongs to certain infinite tensor product Hilbert spaces of joint regularity. To this end, we combine
the results from Subsections 2.2 and 2.3 to derive explicit formulas for the sequences \ and v for these spaces.

We focus on functions defined in Lo(T™) ® Ly(I°). Let ey (z) := €22, Then {e}rez is an orthonormal
basis of Lo(T). Let {Ls}52, be the family of univariate orthonormal Legendre polynomials in Ly(I). For
(k,s) € Z™ x F, we define

L(k,s)(xay) = ek(X)Ls(y)v ek(x) = H ekj (xj)a Ls(y) = H LS]‘ (y])
j=1

J€supp(s)

Note that {L(k7s)}(k$s)€Z'm «F 1s an orthonormal basis of Lo (T™ xI>°). Moreover, we have the following expansion
for every v € Lo(T™ x I°),

v = Z Vk,sL(k,s)s

(k,s)EZ™ XT

where for (k,s) € Z™ x F, vk s := (v, L)) denotes the Fourier coefficient with index (k,s) of v with respect
to the orthonormal basis {Lx.g)}(k,s)ezm xF-

We present two specific examples for sequences A and their associated function spaces £ which naturally
arise in the regularity theory of parametric elliptic partial differential equations, in particular, of problem (2.6).
Let the pair a, b be given by

a > 0; b:(bj)jENv bj > 0, jEN

For each (k,s) € Z™ x F, we define the scalar p(k,s) by

sl g
(4.1) pk;s) = panlk,s) = [K% ——b".

= Ish!

11



Then, we define the associated space

£ = A%P(T™ x I®)

={vELy(T™ xTI®) : = > pan(ks) Vs Lixs) € La(T™ x I™)
(k,s)€EZ™ XF
For v € A%P(T™ x I*°), we define
- 2
HUHZWb(’H‘mxHW) = HUH%Q(meHw) = Z pi,b(ka s) |vk,s|”-

(k,8)EZ™ xF
Next, for 5 > 0, we set
0(k,s) = O5(k,s) := k|
where (8 determines the spatial regularity and use this to define the Sobolev-type space
£0 = K8(T™ x 1)
= v e Ly(T" xI®) : §:= Z 05(k,s) vis Lacs) € Lo(T™ x I)
(k,8)EZ™ xF

Again, for v € K?(T™ x 1), we define

~ 2
||U||§(ﬂ(1r7"m1m) = ||UH%2(meﬂoo) = Z vk 9§(k, s).
(k,s)€Z™ xXF

LEMMA 4.1. We have
||’UHL2(HOO,V7#) S QW\/TE”’UHKl(TmXHoo), v E Kl(Tm X ]IOO)
and

vl yee Wiy < \/i(zﬂ)QmHU”KQ(me]IOO)a v e K*(T™ x I%).

Proof. For a function v € K!(T™ x 1°°) of the form

(42) v = Z 'Uk,sL(k,s) = sz LS7 Vs 1= Z Vk,s€k,

(k,s)€Z™ xF selF kezm

we have by (2.7)

Wl vy = Do llosly < @mPm D0 ksl = @n)2mllolF o i)

seF (k,s)€Z™ xXF

Similarly, if v € K2(T™ x I*°) and is of the form (4.2), we obtain with (2.7) and (2.8)

o1, e wpy = D Nuslliy = > (loslly + losliy)

selF selF
(4.3) < > (@m)PmlkE + 2n)mPIk]L) |oes
(k,s)ezZ™ xF
<202m)'m® ) G5k s)usl® = 202m) mP|[v e rm xre -
(k,s)€Z™ XF

12



d
LEMMA 4.2. Let 0 < p < 00 and b = (b;)en be a positive sequence. Then the sequence (bs)se]F belongs to
Lp(F) if and only if ||bll, v <1 and b € £,(N).
Proof. The proof of this lemma is the same as that of Lemma 7.1 in [4]. d
LEMMA 4.3. Let the assumptions and notation of Lemma 2.1 hold. Let furthermore ¢ = (c;);en be any
positive sequence such that c; > 1 and such that the sequence ¢=! = (cj_l)jeN belongs to €5(N). Then, for the
sequence

b= (bj)jen, by = cjd;,
the solution u to (2.6) belongs to AYP := ALP(T™ x I°°) and
[ullare < K I(e™®)lles -

Proof. Notice that by Lemma 4.2 the sequence (C_S)se]F belongs to ¢3(F). Hence, by (2.7) and Lemma 2.1 we
have that

2 2
sl _ sl . _
s = 3 () el < () el

(k,s)€Z™ XF seF

E*Y e = K*||(c™®)|7,m < oc
sclF

IN

|

In the same way, from Eq. (2.8), Lemma 4.2 and Lemma 2.2 we deduce the following result.
LEMMA 4.4. Let the assumptions and notation of Lemma 2.2 hold. Let furthermore ¢ = (c;)jen be any
positive sequence such that c; > 1 and such that the sequence ¢=! = (cj_l)jeN belongs to £L2(N). For the sequence

b= (bj)jen, b = ¢;d;,
the solution u to (2.6) then belongs to AP := AZP(T™ x 1°°) and

(4.4) [ull a2 < K I(e™%)les -

5. The cardinality of infinite-dimensional hyperbolic crosses. For T' > 0, consider the hyperbolic
Cross

Ea7b(T) = {(k,S) cZmxF:0< pa,b(ka S) < T},

in the infinite-dimensional case, where we recall

sl
pan(k,s) i= [K[% b,

sl

In order to obtain estimates on the e-dimension in the norm of K?(T™ x I>°) of the unit ball in AP (T™ x I*°),
we want to employ Lemma 3.3 or Lemma 3.4 respectively. This, however, needs an estimate on n = |E, 1 (T)|
with @ = a — . In this section, we establish such an estimate for the cardinality of E, p(T).
As a preparatory step, we first have to study sharp conditions for the inclusion (%bs) r € £,(F) with
0 < p < co. The main difference to the existing literature is, that we explicitly allow for p ; 1. This result,
though it is of its own interest, will be used in defining the constant in (5.12) for the cost estimate.
13



5.1. A condition for summability of sequences. In this subsection, given a sequence b = (bj)?iu we
are interested in a necessary and sufficient condition for the inclusion (%bﬂ € (,(F) with 0 < p < 0co. We
’ sclF
first recall a previous result for the case 0 < p < 1 which has been proven in [4].

THEOREM 5.1. Let 0 < p <1 and b = (bj)j‘?‘;1 be a positive sequence. Then the sequence (lssl—!l!bs)
belongs to £,(F) if and only if [[bllg, vy < 1 and b € £,(N).

As shown in [3, 4, 5], the £, (F)-summability with some 0 < p < 1 of the sequence of the energy norm of the
coefficients in chaos polynomial Taylor and Legendre expansions, together with Stechkin’s lemma plays a basic
role in construction of nonlinear n-term approximation methods for the solution of parametric and stochastic
elliptic PDEs. The proof of this £,(F)-summability relies upon Theorem 5.1.

In the present paper, we need a necessary and sufficient condition on the sequence b = (bj)“]?‘;l for the £, (F)-

sclF

summability of the sequence (%bs) . in the case 0 < p < oo which is a basic condition for construction
: sE€

of a linear approximation by orthogonal projection in the space K? := K#(T™ x T>) for functions from
A%P = A@B(T™ x T°) and hence, collective Galerkin approximation in the Bochner space Lo(I*,V, ) of
the solution w of the parametric elliptic problem (2.6). This necessary and sufficient condition of the ¢,(F)-
summability in the case 1 < p < co as well as its proof are different from those in the case 0 < p < 1. In the
proof, we use in particular, the following well known inequality between the arithmetic and geometric means,
see, e.g., [10, 2.5, pp. 17-18]. For nonnegative numbers aq, ..., a,, and positive numbers py, ..., p,, there holds
true the inequality

aip: +_._+anpn>m+-..+pn

5.1 at*-alr < <
(5.1 ; ptotd

unless all the aq, ..., a, are equal.

THEOREM 5.2. Let1 < p < oo and b= (bj)j?‘;1 be a nonnegative sequence with infinitely many positive b;.
Then, the sequence (lssl—‘l!bs) . belongs to £,(F) if and only if ||blls, ) < 1.
: sc

Proof.
Necessity. Assume that the sequence b is given and [|b||s, vy > 1. Then we fix a J € N large enough so that

B:=bi+---+0b;y > 1.

For each s € N, we define s* € F by

b
s;:LngJ—i—l if 1<j<J, and s;=0 if j>J

So s; > s% for every 1 < j < J, and then

where

Hence, we have with

|s*[1!

V2ms*fi(|s*[1/e)ls"h

14
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that

|s*[1!, o J V275 ( /6)j \/27T|S J Is*]1, Y
| b H H * b]
s*! - o7 L - Ep
= = ]—1 J
/2
(27r)(1 J)/QC I I Y 27TS /e |S Bt (ASB)‘S*Il.

J 1 J
Observe that there are a number o > 1 and a number 5 := 5(.J) € N large enough such that
AsB > o, Vs > s.

From the estimate

|s* |1
J
Hj:l 3;

which stems from an application of (5.1) and the observation that |s*|; < s+ J, and the Stirling formula

> Js 17 > T (s+ )

k!
r =L
we obtain
|ss|1 be > €y (AB) 1 (s 1+ J)I=D/2 > ot (s 4+ J)I=D/2 s > 5,

where C'; is a positive constant depending on J only. Therefore, for arbitrary s > 5
s|y! P s* P p
> <| 1 b5> > <| JEN > > Ch (aS(HJ)(l*J)/?) — 00, §— 0.
sclF
The necessity is proven.

Sufficiency. Assume that the sequence b is given and ||bl[,, vy < 1. We fix an integer m satisfying the inequality
m(p — 1) > 2. Since the sequence b has infinitely many positive terms b;, without loss of generality we may

assume that b; > 0 for all j = 1,...,m+ 1. Put s = (s',s" ) with 8’ = (51,...,8,,) and s’ = (Sy111, Smy2,...) for
s € F. We have

Z(Ish ) Z 3 (S;I!ﬂbs>p

selF M=0s€F,|s|1=

-y >y oy ()

M=0s"|s'[1 <M s" cF:|s" =M —|s'|1
- |S|1! s
DS DR It

s!
M=0s"|s'|s <M \s"€F,|s" |1=M—|s'|1
From the well-known multinomial theorem we derive that
|S|1 ! bs M' k
Z s! - kl ’

s"€F,|s" 1=M—|s'|y
15



where for the sake of readability, we have made the definitions

k= (kluk27 o '7km7km+1) = (817527 .. '7S’maM - |Sl|1)7

a = (al,ag, e ,am,am_H) = (bl,bg, . ,bm7bm+1 -+ bm+2 + ... )
Hence,
sh!y M! L\
S(Eh) ey (B
seF M=0kez+" |kl =M
Putting
m—+1
Jiari={k €N kly = M}, Joar o= {k e ZPM [kl =M, ] k; =0},
j=1
we obtain

Z(ISIl ) Z 3 ( )p+i > (Alf!!ak)p::11+12.

selF M=0keJy, M M=0keJ2
We have with the notation
kKj:i=(ki,... ki1, kjp1, - k1)

that

3
t

e M! P ?
C k1 j—1 j+1 k’m-%-l
I, < E g —art e e

M=0 j=1 kez}+":|k; =M I’

On the other hand,

m—+1 P
M! kq kj—1 _kjt1 km+1
lA{_‘a1 A ag
j:l k:‘l;j|1:M J°
p
m—+1
< M!akl ak] 1a/€1+1 akm+1
>~ lA{" 1 §—1 %541 - Ym41
j=1 k:‘f(]"l:M J°
m—+1 Mp m—+1 My
= (a1+...aj,1+aj+1—|—-~-—|—am+1> = E Aj .

Since b is a nonnegative sequence with infinitely many positive terms b;, and [|b||s, vy < 1, we deduce that a is
a positive vector in R™*! with a; + -+ 4+ a;m,1 < 1, and consequently, Aj <1for1<j<m+ 1. Hence,

m+1 oo
<> A <o
j=1 M=0

Let us estimate I;. Putting

ajk;
a;k;
16

Js = {k e N"*!: |k|y = M,

€[1/2,2] forall 4,j =1,...,m+ 1},



ajk;
"a;k;

Joa ={k e Nt k| = M ¢ [1/2,2] for some 4,5 =1,..m+ 1},

we split [ into two sums I3 and I as

2,2 (o) 2 3 () o

M=0 kGJaﬁ]\/[ M= 0k€J4 M
By Stirling’s approximation,
1/2

M! m~+1 m~+1

Fak<02w m/2H (Mayj/k;)* MHkl :

where C' is an absolute constant.
We estimate [3. For all k € J3 57, we have by definition

aj/kj < 2(0,1 + ..+ am+1)/(k:1 + ...+ km+1) < 2/M,
and therefore,
—1
kj < 2/(aminM),
where
Amin = min{aq, -+, Gmy1}t > 0.

Also, as mentioned above, we have a1 + « -+ + a1 < 1. All these together with the inequality (5.1) give

1/2
m+1 m+1 m+1

H(Maj/k ki | g H Ky < Z a 2(m+1)/2( —m—1,,— )1/2 < 2(m+1)/2a;i(?+1)/2M7m/2.

mln
j=1

Therefore, again, by using the well-known multinomial theorem we have that

Z (Z\lf!!ak)pg(2(m+1)/2am§g¢+1)/2M_m/Q)p1 Z %ak

keJs mr keJs m

< CyMm-D/2 3 %!ak

(52) kGlej\/[

m—+1

< Oy M—mp=1)/2 Z aj < CaM—mP=1)/2,

This and the inequality m(p — 1)/2 > 1 imply that

I3 < C4 Z J\Iﬁm(pil)/2 < 0.

M=0
Now, we estimate I. Take any k € Jy u, and rearrange (1,2,...,m + 1) to (41,92, ..., 4m+1) so that
ai, _ i, a;
5.3 > 2> >
( ) kil ki2 kim+1

17



Then denoting «;; := Z—H by definition we have
ij

o
1> 2
(07—
Therefore, since
ail . aiQ aﬂ:& >2’
aiz ai3 aim+1 ai771+1
there exists ¥ € N, 1 < v < m + 1 such that
a m
(5.4) o> R/2.
Qg
From (5.3) we have
ai1+a‘i2+"'+a’iu2aiu o

ki, + ki, +---+ ki, k;
and

Qi gy + Aiyyn +ee Qi y 1 < Qi gy
kiu+1 + kiu+2 +ee kim+1 kiu+1

= Oéil,_H'

We define the two nonempty sets: e = {iy,ia,...4,} C {1,2,..,m} and ¢’ = {1,2,..,m} \ e. From (5.4) we
obtain

(Zjeeaj)/(Zjeekj) > %

(5.5) (X jeer @)/ (Djeer ki)

Therefore, by the inequality (5.1),

m—+1 m—+1 1/2
1T a; /i) { ] 5t
j=1 j=1
m—+1
< MYV T (May/k;)*
(5.6) j=1

Z;’ gkj Zj e’ kj
< ML/2 MZjee aj ' MZjEe’ a; ©
B Zjée kj ZjEe’ kj

_. M1/2 MCl 1 MCQ "2
' 1 ) ’

with 71 4+ 72 = M and ¢; + o = ||bl[¢, vy < 1, where

C1 :Zaj,CQ = Zaj,rl :ij,rg = Zaj.

j€e jee’ j€e jee’

Consider the function

h(z) = (chl)m (%;:)Mz € (0, M).

18



MCl
ci1tez?

Notice that the function h has an absolute minimum in the interval (0, M) at the point Zmi, = and is

decreasing in the interval (0, Zmin) and increasing in the interval (Zmin, M). By (5.5) we have
01/ 1 m

— > 7%
cof(M —m1) —

which implies that

MC] MCl
<
1 +c V2 1+ C2

0 <r <

= Zmin,

and therefore,
(Mey/r)™ (Mey /(M — 7)) M=) = 1/h(ry) < 1/hW(Mei/(ey + ¢z ¥/2)) = 6,

where

e1/(ertes V3 /2
(57) 0= (01 + c2 %) T (M

(c2 V2)/(c1+c2 V/2)
2

Combining this with (5.6) we obtain

m—+1 m—+1 1/2
I Ma/kp)ks | a T &5 < MMY2,
j=1 j=1
Hence, similarly to (5.2) we derive that
M\
(5.8) Z <k|ak> < 045(p71)MM(p71)/2.

keJs v

Observe that the positive numbers ¢y, co and therefore, the positive number § as defined in (5.7) depend only
on the nonempty set e C {1,...,m}, i.e., ¢1 = ¢1(e), ca = ca(e) and § = §(e). Consider the production in the
right hand of (5.7). Since

" ci(e) +cale) V2
V2 > A YT
applying the inequality (5.1) to this production with ¢;(€max), c2(€max), gives for all the nonempty sets e C

{1,...,m},

c1(e) + ca(e)

0 < 5(6) S 5max = 5(emax) < (emax) + 02(emax) S ]-7
where epax C {1,...,m} is a set such that

d(emax) = o(e).

max
eC{l,....m}, e£>

Thus, provided with (5.8) and § < dpmax < 1, we arrive at

o0
I <Cy Yy s IMMP=D2 < oo,
M=0

The proof of sufficiency is complete. ]

In Theorem 5.2, the assumption that the nonnegative sequence b = (bj);); has infinitely many positive b;, is
essential. Indeed, if b = (b1, b2,0,0,...) with by = by = 1/2, then a computation shows that (%bs) & 0, (F)

’ selF
for all p < 2. However, one can prove that for 3 < p < oo and any non-negative sequence b = (bj);?‘;l, the
sequence (%bﬂ belongs to £, (FF) if and only if ||b[[,, vy < 1. For application we will consider only positive
' selF
sequences b = (b;)72; when this assumption always holds.
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5.2. Estimates of the cardinality of infinite-dimensional hyperbolic crosses. We are now in the
position to derive an estimate for the cardinality of E, (7). We will do this together with estimating the
cardinality of finite-dimensional hyperbolic crosses. For arbitrary s € N, consider the hyperbolic cross

Eupo(T) i= {(k;s) € Z" x F, : 0 < pap(k,s) < T}

with the notation from (3.4).
THEOREM 5.3. Let a > 0, b = (b)) en be a positive sequence. Then we have that

(5.9) |Eob(T)| < o0, VI'>1
if only if

bll,, <1, bet, .(N), mfa <1,
(5.10) {H lle, vy /a(N) /

bl < 1, m/a > 1.

If (5.9) holds, i.e., if |Eqn(T)| < 00, then we have for every T > 1 and every s > 0,

(5.11) 2 (177 =1)" < |Bap D] < [Eap(T)| < CT™°,
where
B . w . m/a
(5.12) Ci=3"Y (=D .
s€F s

Proof. Let T > 1 be given. For s € F, we put
' 1/a
T, = T <S|1'bs> .

By definition we have

|Eon(T)] = > > 1< ) @L+1™ < ) (375"

s€F ke Z™: 0<|k|oo<Ts seF seF
(5.13) /
m pm/a |S|1! s
<37 Z(s! b
sclF

With the definition (5.12), this already shows the upper bound of (5.11). On the other hand, we have

m/a
sq!
N C L

selF seF

Hence, Theorems 5.1 and 5.2 establish the equivalence between (5.9) and (5.10).

The remaining lower bound in (5.11) can be proven in the same way as that for [7, Theorem 2.13]. To be
precise, we consider (k,0) € Z™ x F, C Z™ x F with k; < T%/® — 1. Then a direct counting argument yields
the assertion. |

6. Final approximation rates.
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6.1. e-dimension and n-widths. For a finite subset G in Z™ x F, denote by V(G) the subspace in
Lo (T™ x I°°) of all functions f of the form

v = Z vk,sLk,s)

(k,s)€G

and define the linear operator Sg : La(T™ x I°°) = V(G) by

SGU = Z Uk,sL(k,s)~
(k,s)eG

Moreover, let Ss ¢ be the restriction of the operator Sg on Lo (T™ x I°).

Then, for s € N, we define the spaces A2P(T™ x 1), K#(T™ x 1) and V,(G) as the intersections of
AXP(T™ x 1), KA (T™ x 1) and V(G) with Lo(T™ xI*). Furthermore, let U%P(T™ x I°°) and U%P(T™ x I*°)
be the unit ball in A%P(T™ x I*°) and A%P(T™ x ), respectively. In the following theorems, we drop for
convenience (T™ x I°°) from the relevant notations. For example, we write U%P instead U*P(T™ x I*°).

From the results on the cardinality of infinite-dimensional hyperbolic crosses in Section 5 and the results on
approximation in infinite tensor product Hilbert spaces in Section 3 we can now deduce results on approximation
in the norm of K# of functions from U®® and in the norm of K? of functions from U in terms of e-dimension
and n-widths as follows.

THEOREM 6.1. Let > 3> 0 and b = (bj)jen be a positive sequence. Assume that

{||b||zl(N) <1, be€lyjapNN), m/la-p)<]1,
bl < 1, m/(a—f3) > 1.

Then we have for every s € N and every ¢ € (0,1],
(6.1) 2 ([N 1) < n(USPKD) < ne (U KF) < Cemmeoh),

where C is the constant defined in (5.12).

Proof. By putting Hy = Lo(T) and Hy = Lo(I); ¢1% = ex and ¢o ¢ := Lg; Mk, s) := pap(k,s); v(k,s) = |k|2,
we have £ = La(T™ x [%°); Y* = U*P; LV = KP; Gzmyp(1/e) = Ea_pp(1/€); Gzmxr,(1/€) = Ea_pp.s(1/€).
The conditions on the sequence b allow to use (5.11) from Theorem 5.3, i.e.,

2" (1T =1)" < |Bapo(T)| < |Ean(T)| < CT™"

with T = e~!. The fact that we can can replace the cardinalities of the index set by the e-dimensions follows
from Lemmas 3.3 and 3.4. O
Similarly, from Corollary 3.2 and Theorem 5.3 we obtain
THEOREM 6.2. Under the assumptions of Theorem 6.1, and with E(T) := Eo_gp(T) and n := |E(T)|, we
have for every s € N,

d,(U*P. KP) < d,(U*P,KP) < su inf |v-—
( s s) = ( ) = UGUB‘DQGV(E(T))” gHKB

= sup [lv—Sgr)(v)|ges < cla=B)/m p=(a=p)/m

velUa b
Notice that from Theorem 6.1 one can also derive the lower bound
do(U*P KP) > d, (UXP, KP) > ¢'n~(@=B)/m

where C’ is a positive constant depending on «, 5, m only.
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6.2. Application to Galerkin approximation of parametric elliptic PDEs. We now apply our
results on the e-dimension and n-widths of Subsection 6.1 to the collective Galerkin approximation of parametric
elliptic PDEs (2.6).

Since u € Lo(I*®°,V, ), it can be defined as the unique solution of the variational problem: Find u €
Lo(I°°,V, 1) such that
B(u,v) = F(v) Yve Lo(I®,V, u),

where
B(u,v) := /Hoo /m a(x,y)Vu(x,y) - Vu(x,y) dxdu(y),

o= [ [ vy dxduty).

We define the collective Galerkin approximation ug to w as the unique solution to the problem: Find
ug € V(G) such that

B(ug,v) = F(v) YveV(G).

By Céa’s lemma we have the estimate

R
v =uliaamvan < 47 JnE = vl v

and consequently,

R
(6.2) lu = ucllzzge, vy < A/ llu = Seullr,ae v,y

THEOREM 6.3. Let the assumptions and the notation of Lemma 2.2 hold. Let furthermore ¢ = (c;j)jen be
any positive sequence such that c; > 1, such that the sequence c = (c{l)jeN belongs to €5(N) and such that
for the sequence

(63) b = (bj)jel\h bj = dej,
there holds the condition

{||b|£1(N) < 1, m=1,
blle,ayy < 1, m>1

For any T > 1, put n := |E1p(T)|; Vy := V(ELb(T)); Pr := Sg, y(r)- Then Py, is the orthogonal projector
from Lo(I%°,V, 1) onto the space V,, of dimension n, and

R _
lu —ug, o)l oo, v < \/?Hu—Pnqu(Hm’vm < Bn~ '™,

m MR _s
B ax 0 B e

C' is the constant defined in (5.12) for a =1 and b as in (6.3).
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Proof. By Lemma 4.4 the solution u belongs to A%P := A2P(T™ x I*°). Hence, by (6.2), Lemma 4.1, Theorem
6.2 and (4.4) we have

A

R R
le = wp ) o= vy < A/ 2w = Pa@)lliy oo v < 4/ - 20vmllu = Po(u)]l g omxie)

IN

,/§4w\/7ncl/m||u||,42,bn—l/m < ,/?mmcﬂ/mf{||c—1|\,gzag)n—1/m
= Bn Y™,

d

The following theorem can be proven in a similar way.
THEOREM 6.4. Let the assumptions and the notation of Lemma 2.1 hold. Let ¢ = (¢;);en be any positive
sequence such that c; > 1, such that the sequence c = (cjfl)jeN belongs to £2(N) and such that for the sequence

(64) b = (bj)jel\h bj = dej,
there holds the condition

{||b|zl(N) <1l m=1,
blle,ayy < 1, m>1

For any T > 1, put n = |E1p(T)|; V= V(ELb(T)); Prn := Sg, y(r)- Then Py, is the orthogonal projector
from Lo(T™ x I*°) onto the space V,, of dimension n, and
< Bn7'/m,

H“ - PnuHLQ(TmX]I”)

where
Bi= 4rCY"™ K |[(c™%)|lear)

and C' is the constant defined in (5.12) fora =1 and b as in (6.4).

7. Concluding remarks. We derived upper and lower bounds of the e-dimension and Komogorov n-
widths of Sobolev-analytic-type function spaces with certain product and order depended weights. The method-
ology of the paper follows a strict guideline: First, we fix the error and construct an index set that can realize
this error. Then, we compute a bound for the cardinality of this index set. The index set, we study here, might
also arise in different applications and hence are of its own interest. Thus, our approach is quite general and
can also be applied in other situations.
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