BOUNDS FOR HILBERT COEFFICIENTS

CAO HUY LINH

ABSTRACT. Let (A,m) be a noetherian local ring with dim(A) = d > 1 and
depth(A) > d — 1. Let J be an m-primary ideal and write o ;(k) = depth(G(J¥)).
Elias [4] proved that o ;(k) is constant for k& > 0 and denoted this number by o(.J).
In this paper, we investigate the non-negativity and non-positivity for the Hilbert
coefficients e;(J) under some conditions for o;(r), where r = reg(G(J)) + 1. In
case of J = @ is a parameter ideal, we establish bounds for the Hilbert coefficients
of @ in terms of dimension and the first Hilbert coefficient e (Q).

INTRODUCTION

Let (A, m) be a noetherian local ring of dimension d and J an m-primary ideal
of A. Let /(.) denote the length of an A-module. The Hilbert-Samuel function of A
with respect to J is the function H; : Z — Ny given by

A/ ) iftn>0;
HJ(”)_{ 0 if n < 0.

There exists a unique polynomial P;(z) € Q[z] (called the Hilbert- Samuel poly-
nomial) of degree d such that H;(n) = P;(n) for n > 0 and it is written by

d .
Pot) = -0 (" T et

=0
Then, the integers e;(J) is called Hilbert coefficients of J. Let denote by G(J) =
Bp>0J"/J" ! the associated graded ring of A with respect to J. In [4], Elias denoted
o;(k) = depth(G(J*)) and proved that o (k) is constant for £ > 0. We call this
number o(J).

The aim of this paper is to investigate the sign of e;(J) for i = 3,...,d under
assumption o;(r) > d — 2, here r = reg(G(J)) + 1. In case J = @ is a parameter
ideal and depth(A) > d — 1, we establish bounds for the Hilbert coefficients e;(Q),
for i = 2, ...,d, in terms of the dimension and the first Hilbert coefficient e;(Q).

First, we study the non-negativity of the Hilbert coefficients. It is well known
that eg(J) is always positive. There were several results on the non-negativity of
the Hilbert coefficients e;(J). If A is Cohen-Macaulay, Northcott [19] proved the non-
negativity of the first Hilbert coefficient e;(.J). Narita [18] proved the non-negativity
of the second Hilbert coefficient e5(.J) and he also showed that it is possible for e3(.J)
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to be negative. However, Itoh [9] showed that if J is a normal parameter ideal, then
es(J) > 0. Later, Corso-Polini-Rossi [3] improved the proof the of Itoh on the non-
negativity of Hilbert coefficients of m-primary asymptotically normal ideal in the
case dim(A) = 3.

The first main result of this paper is to prove the non-negativity e4(J) under
condition o;(r) > d — 1.

Theorem 2.2 Let (A, m) be a Cohen-Macaulay ring of dimension d > 2. Let J be
an m-primary ideal such that o;(r) > d — 1. Then eq(J) > 0.

It is well known that o;(r) > depth(G(J)). Thus, Theorem 2.2 implies an early
result of Marley [16] on the non-negativity of all Hilbert coefficients e;(J) with
assumption depth(G(J)) > d — 1.

Next we study the non-positivity of the Hilbert coefficients. If J = () is a param-
eter ideal of a Cohen-Macaulay ring A, then e;(Q) = 0 for ¢ = 1,...,d. If A is an
arbitrary ring, Mandal-Singh-Verma [15] showed that e;(Q) < 0 for all parameter
ideals of A. If depth(A) > d — 1, McCune [17] showed that e3(Q) < 0 and Saikia-
Saloni [24] proved that e3(Q) < 0 for every parameter ideal @). In [17], McCune
also proved that if @) is a parameter ideal such that depth(G(Q)) > d — 1, then
ei(Q) <0 fori=1,....,d. Later, Saikia-Saloni [24] and Linh-Trung [12] proved that
if depth(A) > d — 1 and @ is a parameter ideal such that depth(G(Q)) > d — 2,
then e;(Q) <0 for i = 1,.....d. In [21], Puthenpurakal obtained remarkable results
about non-positivity of ez(J).

The second main result of this paper is a generalization a recent result of Linh
[13, Proposition 3.5] on the non-positivity of the d-th Hilbert coefficients e4(J).

Theorem 2.4 Let (A,m) be a noetherian local ring with dim(A) = d > 3 and
depth(A) > d — 1. Let J be an m-primary ideal such that r(J) < d — 1 and
os(r) >d—2. Then eq(J) <0.

Theorem 2.4 implies an early result of Mafy and Nadery [14] that if A is a Cohen-
Macaulay ring of dimension 4 and J an m-primary asymptotically normal ideal such
that r(J) < 3, then e4(J) < 0. From Theorem 2.4, we get some interesting results

and one of them is a generalization of an early results of Saikia-Saloni [24, Corollary
3.2] and Linh-Trung [12, Theorem 2.9].

Corollary 2.9 Let (A,m) a noetherian local ring with dim(A) = d
depth(A) > d — 1. Let J be an m-primary ideal of A such that r(J)
depth(G(J)) > d —2. Then

e;(J) <0 for i=3,..,d.

> 3 and
<92

n
and

Finally, we want to bound the Hilbert coefficients in terms of several common
invariants. If A is Cohen-Macaulay and generalized Cohen-Macaulay, Srinivas and
Trivedi [25]-[27] gave bounds for the Hilbert coefficients of m-primary ideals in terms
of the dimension and multiplicity. If A is an arbitrary ring, Rossi, Trung and Valla
[22] established bounds for the Hilbert coefficients of the maximal ideal in terms
of the dimension and an extended degree. In [11], the author gave bounds for
the Hilbert coefficients of m-primary ideals in terms of the degree of nilpotency.
Recently, Goto and Ozeki [6] established uniform bounds for the Hilbert coefficients
of parameter ideals in a generalized Cohen-Macaulay ring.
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The next main result of the paper is to establish bounds for the Hilbert coefficients
of parameter ideals in terms of the dimension and the first coefficient e;(Q).
Theorem 3.4 Let A be a noetherian local ring of dimension d > 2 and depth(A) >
d—1. Let Q be a parameter ideal of A. Then

eA(@Q)] <3275 Yey Q)] for i=2,.d,

where r = max{[—4e;(Q)]“ V' + ¢, (Q) — 1,0} + 1.

The paper is divided into three sections. In Section 1, we prepare some facts relate
to the Hilbert coefficients and regularity. In Section 2, we prove the non-negativity
and non-positivity for the Hilbert coefficients of m-primary ideals. In Section 3,
we establish bounds for the Hilbert coefficients of parameter ideals in terms of the
dimension and the first Hilbert coefficient.

1. PRELIMINARY

Let (A, m) be a noetherian local ring of dimension d and J be an m-primary ideal
of A. A numerical function

HJZZ—>N0

C(A/JT™) ifn >0
”’_’HJ(”):{O( ) nz

is said to be a Hilbert-Samuel function of A with respect to the ideal J. It is well
known that there exists a polynomial P; € Q[z] of degree d such that H;(n) = P;(n)
for n > 0. The polynomial P; is called the Hilbert-Samuel polynomial of A with
respect to the ideal J and it is written of the form

d .
(n+d—i—1
Pot) =0 ("G et
i=0 -

where ¢;(J) for i = 0, ..., d are integers, called Hilbert coefficients of J. In particu-
lar, e(J) = eo(J) and e;(J) are called the multiplicity and Chern coefficient of J,
respectively. Denote

n(J) =max{n | H;(n) # P;(n)}.

An element x € J\mJ is said to be superficial for J if there exists a number
¢ € N such that (J": x) N J¢= J" ! for n > c. If A/m is infinite, then a superficial
element for J always exists. A sequence of elements 1, ..., z, € J\mJ is said to be
a superficial sequence for J if x; is superficial for J/(zy,...x;—) for i =1, ...r.

Suppose that dim(A) =d > 1 and z € J\ mJ is a superficial element for J, then
0(0:4 ) < oo and dim(A/(z)) = dim(A) — 1 = d — 1. The following lemma give us
a relationship between e;(J) and e;(J;), where J; = J(A/(z)).

Lemma 1.1. [23, Proposition 1.3.2] Let A be a noetherian local ring of dimension
d > 2 and J be an m-primary ideal of A. Let x € J\mJ be a superficial element for
J and J; = J(A/(x)). Then

(i) ei(J) = ei(Jy) fori=0,..,d—2;
(ii) eq—1(J) = eq_1(J1) + (—1)%(0 : z).



If denote by G(J) = @,50J"/J" ! the associated graded ring of A with respect
to J and

a;,(G(J)) = sup{n | Hgy), (G(J))n # 0},
then the Castelnuovo-Mumford regularity of G(J) is defined by
reg(G(J)) = max{a;(G(J)) +1 | i > 0}.

Lemma 1.2. Let (A, m) be a noetherian local ring of dimension d and J be an m-
primary ideal of A. Let v € J\ mJ be a superficial element for J. Set A = A/(x)

and J = JA. Then
() n(J) < reg(G();
(i) reg(G(J)) < reg(G(J));
(iii) J oz /J" 2 (02 ) for n > reg(G(J)).

Proof.

(i) It is implied from [13, Lemma 2.1 and Lemma 2.2].
(i) Let z* be an initial form of x in G(J). Then

reg(G(J)/(z%)) < reg(G(J)).
On the other hand, there is a natural graded epimorphism from G(.J)/(z*) to G(J)
whose kernel is

K=& +anJ®)/(J" +zJ).

n>0
Since z is superficial for J, x N J**! = xJ" for n > 0. Hence K,, = 0 for n > 0.
Thus K is a module with finite length. Hence

reg(G(J)) < reg(G(J)/(x")).

This implies -

reg(G(J)) < reg(G(J)).

(iii) From the exact sequence
0— J"Mg/Jr — AJJ" s AJ T — AJ(J"H 1) — 0,
we get
T s a)J™) = 0(A) T — (AT 4 0(A) T

= (AT —e(J" )T,

It is well known that J"* : x/J" 2 (0 : x) for n > 0. From (i) and (ii), we have

n(J) <reg(G(J)) and n(J) < reg(G(J)).

It follows that
J i w /I 2 (0 x) for n>reg(G(J)).
O
Recall that an ideal K C J is called a reduction of J if J*™t = KJ" forn > 0. If K
is a reduction of J and no other reduction of J is contained in K, then K is said to

be a minimal reduction of J. If K is a minimal reduction of J, then the reduction
number of J with respect to K, rg(J), is given by

ri(J) :=min{ n | J"T = KJ"}.
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The reduction number of J, denoted r(.J), is given by
r(J) := min{rg(J)| J is a minimal reduction of J}.

The following lemma give a relationship between reduction number of J and the
regularity of G(J).

Lemma 1.3. [28, Proposition 3.2]
ad(G(J)) +d < r(J) <reg(G(J)).

2. THE SIGN OF HILBERT COEFFICIENTS

Through this section, let (A, m) be a noetherian local ring of dimension d, J be
an m-primary ideal of A and r = reg(G(J)) + 1. In this section, we investigate the
sign of Hilbert coefficients e;(.J).

In [4, Proposition 2.2], Elias denoted o ;(k) = depth(G(J*)) and proved that o (k)
is constant for £ > 0. We call this number o(.J). By [7, Lemma 2.4],

ai(G(J®) < [a;(G(J))/k] forall i<d and k> 1,
where [a] = max{m € Z | m < a}. Therefore
a;(G(J*)) <0 forall i<d and k>r =reg(G(J))+1 (1)
and
os(k) > depth(G(J)) for k>1. (2)
The following lemma gives whenever the number o ;(k) is positive.

Lemma 2.1. Let (A, m) be a noetherian local ring of dimension d > 1 and J an m-
primary ideal of A. If depth(A) > 1, then o;(k) > 1 for all k > r =reg(G(J)) + 1.

Proof. From (1), we have a;(G(J*)) <0 for all i = 0,...,d and for k > r. But by [8,
Theorem 5.2], ao(G(J*)) < ai(G(J*)) < 0. Hence Hg iy (G(J*)) =0 for k > r.
This implies that o;(k) = depth(G(J*)) > 1 for all k > r. O

Theorem 2.2. Let (A,m) be a Cohen-Macaulay ring of dimension d > 1. Let J be
an m-primary ideal such that o;(r) >d—1. Then ey (J) > 0.

Proof. Let I = J", R = A[lt] = @,>0I" denote the Rees algebra of A with respect
to I, Ry = ®p>oRy. By [1, Theorem 4.1] and [1, Theorem 3.8], we have

(—1)%a(J) = (=1)"ea(I) = PI(U) — H;(0)
= Z 1)"0(Hp, (R)o)

(=1)"(Hg ), G(1o)-

Il
Mg~ L

Since 0;(r) > d — 1, depth(G(I)) > d — 1. Thus H{py, (G(I)) = 0 for all i =
0,...,d—2. From (1), a;(G(I)) <0 for all i > 0. On the other hand, by [8, Theorem
5.2], ag-1(G(I)) < aq(G(I)) < 0; that is, aq—1(G(I)) < 0. Hence

(J) =

(=1)%ea(J) = (=1)"U(Her), (G(I))o).
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This implies that
ca(J) = U(Hep, (G(I))o) = 0.

Theorem 2.2 implies an early result of Marley [16, Corollary 2].

Corollary 2.3. Let (A,m) be a Cohen-Macaulay ring of dimension d > 1. Let J be
an m-primary ideal such that depth(G(J)) > d —1. Then

e;(J)>0 for i=1,..d.

Proof. From (2), o;(r) > depth(G(J)) > d — 1. Applying Theorem 2.2, we get
€d(J) Z 0.

Without loss of generality, assume that A/m is infinite and x4, ..., 241 is a super-
ficial sequence for J. Fori=1,...,d—1, set A; = A/(xy,...,2;) and J; = JA;. Then
ei(J) = e;j(Jy—;) from Lemma 1.1. By assumption, we have

dim(Ag—;) =i and depth(G(J4—;)) > 11— 1.
By [4, Proposition 2.2], a5, .(r") > depth(G(J4—;)) > i—1, where 7’ = reg(G(Jy—;)).
Applying Theorem 2.2, we get e;(J) >0for 1 =1,....,d — 1. O

The following theorem is a generalization of [13, Proposition 3.5].

Theorem 2.4. Let (A,m) be a noetherian local ring of dimension d > 3 and
depth(A) > d — 1. Let J be an m-primary ideal such that r(J) < d — 1 and
os(r) >d—2. Then eq(J) <0.

Proof. Let I = J". By arguing as the proof in Proposition 2.2, we have

(—1)%eq(J) = (=1)%eq(I) = P1(0) — H,(0)
= (—1)%(Hg(l)+(;(1)0).

1=0

Since 0;(r) = depth(G(I)) > d—2, H;y, (G(I)) = 0 fori = 0,...,d—3. By Lemma
1.3, we have a4(G(I)) +d < r(I). From [7, Lemma 2.7],

(1) < Ir(J)+1—=s(J)] sy —1= Jr(J)+1—d]|
r r
Hence aq4(G(I)) < 0. On the other hand, a;(G(I)) < 0 for all ¢ > 0 from (1). By
applying [8, Theorem 5.2], we get as—2(G(I)) < aq—1(G(I)) < 0. It follows that
(—1)%ea(]) = (=) Hgp, G(T)o)-

+d—-1<d-1

This implies that eq(J) = —((Hg ), (G(I))o) < 0. O

From Theorem 2.2 and Theorem 2.4, we obtain the following corollary.

Corollary 2.5. Let (A, m) be a Cohen-Macaulay ring of dimension d > 2. Let J be
an m-primary ideal such that r(J) <d—1 and o;(r) > d—1. Then e4(J) = 0.
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An ideal J is said to be asymptotically normal if there exists an integer £ > 1
such that J" is integrally closed for all n > k. If J is an asymptotically normal
ideal of A, o(J) > 2 by [20, Theorem 7.3|. In [14, Theorem 1.5], Mafi and Naderi
proved that if A is a Cohen-Macaulay ring of dimension 4 and J be an m-primary
asymptotically normal ideal such that r(J) < 3, then e4(J) < 0. For k£ > 0, set
I = J*. By similarly argument as the proof of Theorem 2.4, we get the following
corollary

Corollary 2.6. Let (A,m) be a noetherian local ring of dimension d = 4 and
depth(A) > 3. Let J be an m-primary asymptotically normal ideal of A such that
r(J) < 3. Then es(J) < 0.

Notice that the hypothesis of the ring A in Corollary 2.6 is not necessarily Cohen-
Macaulay.

Corollary 2.7. Let (A, m) be a noetherian ring of dimension d = 4 and depth(A) >
3. Let J be an m-primary ideal of A. If r(J) <2 and o;(r) > 2, then

ei(J) <0 for i=3,4.

Proof. Applying Theorem 3.2, we get e4(J) < 0.

Without loss of generality, assume that A/m is infinite and z; is a superficial
sequence for J. Let A1 = A/(x1) and J; = JA;. Then dim(4;) = 3, J; is a m-
primary ideal of A; and e3(J) = e3(J1). Since depth(A) > 3, depth(A4;) > 2. By
Lemma 2.1, o, (r1) > 1, where r; = reg(G(J1)) + 1. Moreover, r(J;) < r(J) < 2.
By applying Theorem 2.4, we obtain e3(J) = e3(J;) < 0. OJ

In case of A is a Cohen-Macaulay ring of dimension d = 3 and r(I) = 2, Puthenpu-
rakal [21, Theorem 9.1] proved that e3(.JJ) < 0. The following corollary is a extension
the result of Puthenpurakal.

Corollary 2.8. Let (A, m) be a noetherian ring with dim(A) = d > 3 and depth(A) >
d—1. If J be an m-primary ideal of A such that r(J) < 2, then e3(J) < 0.

Proof. By Lemma 2.1, one has o;(r) > 1. If d = 3, by applying Theorem 2.4 we get
63(J) S 0.

If d > 3, without loss of generality, assume that A/m is infinite and z1, ..., z4_3 is a
superficial sequence for J. Let A = A/(x1,...,24_3) and J = JA. Then dim(A) = 3,

depth(A4) > 2 and r(J) < r(J) < 2. Sine depth(A) > 2 and by Lemma 2.1,

oj(r') > 1, where " = reg(G(J)) + 1. It follows e3(.J) = e3(J) from Lemma 1.1.
Applying Theorem 2.4, we obtain e3(J) = e3(J) < 0. O

By (2), 05(r) > depth G(J). From Theorem 2.4, we get the following corollary.

Corollary 2.9. Let (A,m) a noetherian local ring with dim(A) = d > 3 and
depth(A) > d — 1. Let J be an m-primary ideal of A such that r(J) < 2 and
depth(G(J)) > d — 2. Then

ei(J) <0 for i=3,..,d.

Proof. 1t is well known that e;(J) < 0. If d < 4, the corollary is proved by Corollary
2.7. If d > 4, we need to prove that e;_;(J) < 0 for i = 1,...,d — 2. Indeed,
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without loss of generality, assume that A/m is infinite and xy, ..., z4 is a superficial
sequence for J. For each i = 1,...,d — 2, let A, = A/(xy,...,2;), J; = JA; and
r; = reg(G(J;))+1. From hypothesis, we have dim(4;) = d—i, depth(A;) > d—i—1.
and r(J;) < r(J) < 2. Since depth(G(J)) > d — 2, depth(G(J;)) > d —i — 2. From
(2), 04,(r;) > depth(G(J;)) > d — i — 2. By applying Theorem 2.4, we get

eq_i(J)=eq_i(J;) <0 for i=1,,,,d—2.
Hence e;(J) <0 fori=2,....d— 1. O

Corollary 2.9 is a generalization of an early results of Saikia-Saloni [24, Corollary
3.2] and Linh-Trung [12, Theorem 2.9].

Example 2.10. Let A = Q[z,y, 2](sy.) and J = (23,9, 23, 2%y + 23, 22% %2 +
2%z, 7yz). Then K = (23,93, 23) is a minimal reduction of J and rx(J) = 2. Using
Macaulay 2, we compute depth(G(J)) = 0. Hence o;(k) > 1 for all & > r. On the
other hand, the Hilbert series Pg(s)(t) of G(J) is

Pa(t) = gé(J”/J”‘*‘l)t” = (1h_(t,)5)37

where h(t) = ap + art + - - - + as € Z][t]. It follows that
h(t) = ap+ art + -+ as = (1 — 3t + 3t* — t*) Pey(1).

Hence
ag = L(A]J);
ay = 0(J/)J?) = 30(A)J);
ag = 0(J*)J%) = 30(J)J?) + 3L(A/I);
a; = C(I/ 7YY = 30(I" ) JY) +3¢(12)J7 Y —e(I=2/J2) for > 3.

By using Macaulay 2, we get
ag = ]_37@1 = 6,(12 = 13,&3 = —6,6L4 = 1,&5 = dag,= """ =0.

That means
h(t) = 13 + 6t + 13t* — 6t + ¢*.
So,

eo(J) = h(1) =27; e(J) =1 (1) = 18;
ea(J) =h"(1)/2! = 1; es(J) = h3(1)/3! = 2.
This implies that o;(k) = o(J) =1 for all k£ > r =reg(G(J)) + 1.

3. BOUND FOR HILBERT COEFFICIENTS OF PARAMETER IDEALS

Let (A,m) be a noetherian local ring of dimension d and depth(A4) > d —1. In
this section, we will establish bounds for the Hilbert coefficients of parameter ideals.
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Lemma 3.1. Let A be a noetherian local ring of dimension d > 2 and depth(A) >
d—1. Let Q be a parameter ideal of A and x a superficial element for Q). For all
n > 1, we have

wosafy < - ("1 e

Proof. Suppose that @@ = (xy,...,x4) and x = x; is superficial for Q. Set J =
(1, ..., xq_1), we have

Q" ix/Q" = ((2Q" + J"Q) : x)/Q"

=(@Q"+(J"Q:x))/Q"

=(J'Q:x )/(Q” (J"Q : x)).
Since

JTC"N(J"Q @),
we obtain
Q™ x/Q") < LT ) T").

By [13, Corollary 4.4],

O R G 1)

This implies that

w ey <=M e

0

Lemma 3.2. Let A be a noetherian local ring of dimension d > 2 and depth(A) > 1.
Let I be an m-primary ideal of A and x a superficial element for I. Then

T

(—1)ea(I) = S (Hi(k) — Pr(k)) — Z (IH - 21y,

k=0
where some r > reg(G(I)) +1, A= A/(z) and I = I A.

Proof. From [17, Lemma 3.2], we have

(-1 Z — Py(k) — i O(IF 2 /TR,

=0 k=0

By Lemma 1.2, n(I) < reg(G(I)) < reg(G(I)) < r and ((IF* : 2/1F) = £(0 :4 ) =
0 for k > r. Thus

- i(HI(k) — P(k) — ié(l’f“ cx /1),

k=0

0

In [13], the author gave a bound for the regularity of associated graded ring with
respect to parameter ideals in terms of the first coefficient e; (Q).
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Theorem 3.3. [13, Theorem 4.5 Let A be a noetherian local ring of dimension
d>1 and depth(A) > d — 1. Let Q be a parameter ideal of A. Then

reg(G(Q)) < max{—e(Q) — 1,0} if d=1;
reg(G(Q)) < max{[—4e;(Q)]"™V' +e,(Q) — 1,0} if d>2.

Using the bound for the regularity of G(Q) in Theorem 3.3, we will establish
bounds for Hilbert coefficients e;(Q).

Theorem 3.4. Let A be a noetherian local ring of dimension d > 2 and depth(A) >
d—1. Let Q be a parameter ideal of A. Then

le(Q)] < 3.2 e (Q)] for i=2,...,d,
where r = max{[—4e;(Q)]“ V' +¢,(Q) — 1,0} + 1.

Proof. By Lemma 3.2, we have

(~1)ea(@) = SS[HAK) — Pa(k)] — S 0Q " - 2/Qb)

> Pa(k)] = 2.
SPICETCETED DIVl (O ) B TR

By [13, Lemma 4.1],
0 < o A/T - <k+f—2>60@) . _(md—a)el(@

From [13, Corollary 4.3],

it ase < (11 il

Thus

k+d—3 P e+ d—i—2 _
@) <33 (V10 @+ 3 (}‘ - )\ei@)l
k=
d-1 r
§3<r+d 2>|€1 |+Zz<k+
d—1 i=2 k=0 d
o d—1
=3<r;f12>|el<c2>|+z( !
=2

r+d—2 <41 and r+d—1.—1 < pi-i.
d—1 d—1

Notice that

Hence .
-1
lea(Q)] < 3.7 e () + D r e (Q).
i=2

By induction on d, we may assume that

le;(Q)] < 3.272r" e (Q)| for i=2,...d— 1.
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But ¢;(Q) = e;(Q) for i =1,...,d — 1, from Lemma 1.1. This implies that

lei(Q)] <3272 ey (Q)] = 3.2 20 ey (Q)| for i=2,....,d— 1.

It remains to prove the bound for e4(Q). Indeed, from inductive hypothesis we have

d—1
lea(@)] < 3 Her (@) + D r' 327 ey (Q)]

1=2

d—1
= 3.7"1_1’61(Q)‘ + Z 3'7”d_1-2i_2|61(Q)|

=2

d—1
=3 e (@) + 3. e (Q)I(X_277)
i=2

=30 er(Q)) + 30 er(Q).(2777 — 1)

= 32772 e (Q)).

This finishes the proof. 0
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