BERNSTEIN-MARKOV PROPERTIES ASSOCIATED TO COMPACT SETS IN R?

NGUYEN QUANG DIEU 2 AND TANG VAN LONG?

ABSTRACT. Given a body convex P and a sequence {K;} of Borel subsets of a non-pluripolar
Borel set K C C¢. We prove some properties about the convergence of the sequence of the P-
extremal functions {Vli: K; }. This is used to give a sufficient condition guaranteeing that the triple

(P,K, ) where u is a finite positive Borel measure with compact support K satisfy a Bernstein-
Markov inequality. Our work expands results in [3]] for P-plurpotential theory.

1. INTRODUCTION

Let K be a compact subset of C¢ and u be a positive Borel measure on K C C%. Obviously
the L?(u)— norm on K of a polynomial p is majorized by its sup-norm. It is a natural problem
to see whether the above estimate can be reversed. For this purpose, we say that the pair (K, i)
has the Bernstein-Markov property if for each € > 0 there exists a positive constant C = C¢ > 0
such that

IPllx = supp(z)| < Ce* P pll 2y, ¥p € Clar -+ ,2a]. (L.D)
ze

The Bernstein-Markov property is a classical concept and was studied thoroughly in [2], [3],
[7].... One use of this property is to approximate the global extremal function Vk by functions of
the form § e}gp log|p| where p are polynomials that form an orthognormal system for L*(K, ).
In [3]], T. Bloom and N. Levenberg proved the following interesting result about sufficient

conditions such that (K, i) has the Bernstein-Markov property.

Theorem 1.1. Let K be a compact regular subset of the unit ball in C? and | be a finite positive
Borel measure on K. Set

E,={z€K:u(KNB(z,r)) >r"}, ¥r>0.

Suppose that there exists a positive constant T such that one of the following (equivalent)
conditions holds true:

(i) lim C(E,,B) = C(K,B), where C(E,B) is the relative capacity of E in B;
r—0

(it) Vg — Vg pointwise as r — 0 on C4, where VEi; and Vg are the global extremal function of
E; and E respectively;

(i) usz — up g pointwise as r — 0 on B, where ug p and ug; p are the relative extremal
functions of E and Ej respectively.

Then (K, 1) has the Bernstein-Markov property ((I.1).

The aim of this note is to expand some of mains results about sufficient conditions for
Bernstein-Markov property of measures living on K, but for P— polynomials on C¢, where
P is a compact subset of (RT)“ satisfying PN (Z)¢ # 0. Let us now recall the notion of
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P—polynomials associated to such a compact set P. Following [1], for each n > 1 we consider
the finite-dimensional polynomial space

Poly(nP):={p €Clz1,-,za] : p(2) = Y, as2’}.
JenPN(Z+)4

Here we use the multi-dimensional notation z/ = z{l ...zé" forJ = (Ji1,..s ja)-

In the case P = X := {(x1,...,x7) € (R*)?: x; +... + x4 < 1}, the standard unit simplex in R¢
we have Poly(nX) = &7, the usual space of holomorphic polynomials of degree at most n in
C4. On the other hand, since there exists A € Z* such that P C AL we get

Poly(nP) C Poly(nAY) = Pp4,Vn > 1.

Sometimes we also assume further that P is a convex body, i.e, P is a compact, convex set in
(R*)? with non-empty interior. Moreover, we require that P is admissible in the sense that

Y C kP, forsomekeZ". (1.2)

These last restrictions were emphasized in [1] to exploit the approximability of the P—global
extremal functions by (normalized) logarithms of P—polynomials.

2. PRELIMINARIES

Throughout this paper, unless otherwise specify, we always denote by K a compact subset of
C“, 1 a positive finite measure whose support equals to K and for P a compact subset of (R )¢
satisfying PN (Z1)? # 0.

We first recall some elements about global P—extremal functions associated to P. Most of
the material that follows is taken from [9] (in the case P = o) and [1], [5] (in the case P is a
convex body). The first function to be defined is the logarithmic indicator function of P

Hp(z):=  sup  log(lai}"....lzal™) = sup  (jiloglzi|+ ...+ jalog|zal), z#0
J=(j1,erja)EP J=(j15a)

and Hp(0) = 0. Since Hp is the maximum of finite plurisubharmonic functions we conclude
that Hp € PSH(C?). In the standard case P = X, an easy reasoning yields

Hy(z) = log™ |zj], Vz € C.
z(2) = max log™ /], V2
In general, since (1.2), £ C kP for some k € Z" we have

1
Hp(z) > T 1?f1§d10g+ Zj|. (2.1)

We will now use Hp(z) to provide a generalization of the standard Lelong class
ZLp = Zp(CY) = {u € PSH(C?) : u(z) < ¢, + Hp(z),z € CU},
where ¢, is a constant depending only on u. If P = X then .%p = .Z(C?) the usual Lelong class
in C4,
For a bounded subset E C C¢, the P—global extremal function of E is defined by
VpE(z) :=sup{u(z) 1 u € Zp(C%,u<0on E}.

We also let V3 (z) := limsup Vg (&) be the upper semicontinous regularization of Vpg. For P=X
E—z
we have Vy = Vg, the standard Siciak global extremal function.

It is well-known that V; = 400 <= E is pluripolar, i.e there exists a plurisubharmonic func-

tion u on C¥ such that E C {z € C? : u(z) = —oo}. According to a result of Siciak we can
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even choose u € .Z(C?). One use of these extremal functions is to define certain concepts of
regularity.

Definition 2.1. A compact set K C C¢ is said to be L-regular (resp. PL— regular) if Vi (resp.
Vpk) is continuous on ce,

We can show, under some restrictions on P that the two notions L— regularity and PL—
regularity is actually equivalent.

3. CONVERGENCE OF P- EXTREMAL FUNCTIONS

Let E be a subset of C?. The P- extremal function of E given by
Vpe(z) =sup{u(z) :u € Zp,u<0on E}.

and V3 ;(z) :=limsupVpg (&) is the upper semicontinous regularization of Vpg. For P =X we
, .
have
Ver = Ve =sup{u(z) :uc Z(C%,u<0 on E}
is the usual global extremal function of E. Note that since %log |p| € Zp for any p € Poly(nP),
we have the following (generalized) Bernstein- Walsh inequality

Proposition 3.1. Le E be non-pluripolar. Then for any p € Poly(nP),
p(2)| < l|pllee™eE), ze .

In the special but important case where P is convex we have (see [15])
p € Poly(nP),q € Poly(nP) => pq € Poly((n+m)P).

Using this fact and some standard technique on solving d— equation with L?>— estimates,
Bayraktar [1]] (see also Proposition 2.1 in [5)]) proved in the theorem below that Vpx can be
defined by means of polynomials. In case P = ¥, this result of course reduces to the famous
Siciak-Zakharyuta approximation theorem.

Theorem 3.2. Let P be an admissible convex body and K be a non-pluripolar compact subset
in C4. Then

1
Vpx = lim —log®,(z),z € C¢,

n—eo
where
D, (2) = sup{|pn(2)| : pn € Poly(nP), | pallx < 1}.
Furthermore, if Vpk is continuous then the convergence is locally uniform on ce.

Using the above theorem we can compare the two notions of regularity introduced in the last
section. The simple lemma below is needed for this task.

Lemma 3.3. Let P be an admissible convex body in (RT)“. Then there exist constants a,A > 0
such that for every bounded non-pluripolar subset E of C? and any compact set K of C¢ we
have

aVe <Vpg,Vpx < AVk on e,

So in case P is an admissible convex body, K is L—regular if and only if K is PL—regular.

Proof. Since P C AL, using Theorem we conclude easily that Vpx < AVg on C<. On the
other hand, in view of (2.1) we infer that aVx < Vpk for a := 1/k. In particular, if P is an
admissible convex body then we have Vg = 0 if and only if Vj{ x = 0. The proof is thereby

completed. U
3



We have the following simple facts which will be useful in the sequel.

Proposition 3.4. (i) Let P(a,r) be the open polydisc with center a = (ay, ...,ay), radius r. Then

z—a 7—a
Vpp(ar) = He( ) =suplog" |=—/,z € CY.
r JEP r
(ii) If u € ZLp then
u(z) < max u+Hp(ﬂ),Vz e’
P(a,r) r
(iii) If {ug } qer C Lp and u = supuy, then either u* = +o0 or u* € Zp.

ael

Proof. (1) For simplicity of notation, we may assume that a = 0 and r = 1. It is then enough to
show

Vpp(0.1)(z) = Hp(2) = suplog™ |z, z € C*.

JeP
Since Hp € PSH(C?),Hp =0 on P(0, 1), it is clear that Hp < Vpp(o,1) 0N C. For the reverse in-
equality, we take z € C%. If |z| := max(|z1],..., |z4|) < 1 then the inequality is obvious. Consider

the case |z| > 1. Then for every u € Zp,u < 0 on P(0,1)) the function

¢©(A) =u(Az) —Hp(Az)
is bounded, subharmonic on {A € C: |A| > ﬁ} and (1) <0as |A| = |71| By the maximum
principle we get @(A) <0 for all |A]| > %' In particular with A = 1 we obtain the required
inequality.
(ii) Set v(z) = u(z) — max u, z € C?. Then v € Zp,v < 0 on P(a,r). Then by (i),

P(a,r)
v(2) < Vpp(o,1)(z) = Hp(2),
thus we get (i1).

(iii) Assume that u*(a) < +oo for some a. Then there exists a polydisc P(a,r) such that C :=

sup u < +oo. From (i1) we infer that for every o € I we have
P(a,r)

z—a
ug(z) < C+HP(T)7VZ e’

Hence for z € C¢ we obtain

u(z) < C+HP(Z_Ta) <C'+Hp(2),

for some constant C’ > 0 depends only on C,a,r. We are done. U

We list below basic properties of P—global extremal functions that will be used through-
out our work. The following properties of the global extremal functions remain valid for P-
extremal functions (see also [3], discussion after Proposition 2.1 and 2.3).

Proposition 3.5. Let E be a bounded Borel set in C¢ and K be a compact set. Then we have
the following assertions:

(i) If F C E then Vpp > Vpg;
(it) Vpp = +ooif and only if E is pluripolar and when E is non-pluripolar then Vpp € Zp.
(ii) If E is pluripolar if and only if E is PL—pluripolar.
(iv) If K; | K and if K are compact then Vpk; T Vpk;
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. * * .
(V)IfE; T E then VP7Ej LVP’E,
(vi) V;E\F = Vpg if F is pluripolar.
(vii) If Vlf’ x = 0on K then Vp is continuous on ce.

Proof. The assertion (i) is trivial while (ii) and (vii) can be proved by adapting the standard
proofs for the case P = X.

(iii)) We proceed by contradiction as in the classical case P = X. Assume that E is not PL-
pluripolar. Then by (ii) Vp, € -Zp and therefore M := supVp < +oo. Since E is bounded,
)y E Y

there is a polydisc P(0, r) such that E C P(0,r). Then from Proposition 3.4 we infer

’Z’J d
Vee(2) 2 Vg, = ilellleog+ - zelt

Thus we can find R > r such that ; 1(r(1f )V;‘E > 2M + 1. Now we choose u € PSH(C?) such
P R

)

that u = —eo on E and u < 0 on P(0,R). For each positive integer j > 1 we set
1 1 -
b maX{;M—f—l,mVP)‘:E}, mn P(O,R)
! ﬁvfi" o otherwise.

Then (2M + 1)v; € £p and on E we have (2M + 1)v; <M. Hence (2M +1)v; —M < Vpg on
C4. In particular

1
2M+1)(zu+1) <M+Vpg in P(O,R)
J

for all j > 1. By letting j — oo we obtain V;: g > M+ 1on E. This yields a contradiction to the
fatc that V;iE <MonkE.

(iv), (v), (vi) now follows from the same reasoning as in [7] and (iii). ]

From Proposition (111) and repeating the proof Theorem 3.5 in [9] we have the following
property of upper envelope of a family in .Zp.

Proposition 3.6. Given any {ugy}qcr C £p and put u = supuy. Then u* € Zp if and only if
acl
the set A, := {z € C? : u(z) < +oo} is non-pluripolar.

Theorem 3.7. Let {K} be a sequence of Borel subsets of K. Consider the following assertions:
(i) Vlinj —0gqg.eon K.

(ii) VISK’K} — Vpg pointwise on c4,

(iii) VIZij — Vpg uniformly on (O

(iv) V;j — 0gqg.e. on K.

(v) Vg, — Vi pointwise on C;

(vi) VI?,- — V¢ uniformly on c“.

Then (i) < (i) < (iii) if K is PL-regular, (iv) < (v) < (vi) if K is L-regular, and (i) < (iv) if

K is an admissible convex body.

Proof. First we consider the case K is PL-regular.
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(i) = (ii) We can assume that K is non-pluripolar for all j > 1. Then Vli" K; € Zp+,Vj>1. For
s > 1, define

vps(z) = SUPVEKJ.(Z),Z cCe.
j=s

Then the set {vp; < 4o} contains a non-pluripolar subset of K. Proposition implies that
vp, € Zp for every s > 1. Therefore

Vlin <vp:=lim | vp,.

In particular vp € Zp,vp(z) = 0 q.e. on K. Here the latter equality follows from the fact that
vps = V}kzs g.e. on C?. By Proposition (v) we obtain vp < V13k, x on C“. Moreover, since
K; C K we have

vp < V;’K < V;:Kj V] > 1.

Putting all this together we concludes that

lim Vg (z) = Vpg(2), ¥z € C°.
jreo T ’

(i1) = (iii) Since K is PL-regular it follows that V,i: K Vpx = 0on K. On the other hand, by

Proposition , the sequence V;{ K; is locally uniformly bounded on C?. Then using Hartogs’
lemma we infer that Vp; K~ 0 uniformly on K. By the definition we deduce easily that Vp K

Vpk uniformly on Ce.
(iii) = (1) is trivial.
If K is L—regular then by setting P = X in the above proof we have (iv) < (v) < (vi).

Finally, in case K is an admissible convex body we may apply the comparison lemma
(Lemma [3.3)) to see that (i) < (iv). O
Remark 3.8. 1. We do not need PL— regularity of K for the implication (i) = (if).

2. The assumption ng — 0 g.e. on K does not imply L—regularity of K. For a simple example

we let K be the union of a closed disk A and an isolated point a while K; is taken to be a
sequence of closed disks increasing to A.

3. Under the assumptions that P is an admissible convex body and V,?j — 0 pointwise on K

then by adapting the proof of the implication (i) = (ii) to the case P = ¥ we can show that K
is indeed L— regular. So in this case all the equivalent conditions in Theorem 3.8 holds true.

4. BERNSTEIN-MARKOV PROPERTIES

Definition 4.1. The triple (P,K, ) is said to have:

(a) the strong Bernstein-Markov property if for each € > 0, there exists a positive constant
C =C¢ > 0 such that

Ipllx < Ce"||plli2(n)> Yp € Poly(nP), n>1; 4.1

(b) the weak Bernstein-Markov property if there exists a constant A > 0 such that for each
€ > 0, there exists a positive constant C = C¢ > 0 such that

Ipllx < Ce" )| pl| 20y, Vp € Poly(nP), n>1. (4.2)

Remark 4.2. (a) We present a class of pairs (K, i) having the weak Bernstein-Markov property.
Let
K:={zeC:lz|=1}J{zeC:z =2}
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and i be any finite positive Borel measure on K whose support coincides with K such that
It]ya is the normalized Lebesgue measure where A := {z € C: |z| = 1}. Consider a polynomial
p(z) :=ap+a1z+---+a,7". By Cauchy-Schwarz’s inequality we obtain

) 4n+1_1 ) ) 4n+1 5
Pl < S5 (a0l + -+ ) < = [ pPan
dA

Thus (K, 1) enjoy the weak Bernstein-Markov property. It is not clear to us if we could also
choose p on the out circle {z: |z| = 2} such that (K, 1) does not enjoy the strong Bernstein-
Markov property.

(b) If P = X then (4.1 becomes (I.I). Note that in general the exponent n in (4.1]) may be less
than degp.

We will give a sufficient condition, in terms of convergence of certain P—global extremal
functions, for the triple (P, K, i) to have the strong Berstein-Markov property. For this purpose,
we first introduce the following type of function.

Definition 4.3. A measurable function f : (0,00) — (0,00) is said to have the (BM)—property if
for every € > 0 there exists a sequence {r,} | 0 and € > 0 satisfying the following conditions:

(i) inf f(r,)e"E=€) > 0;
n>1

(ii) lim rpe" = 0.
n—>oo

Theorem 4.4. Let K be a compact PL-regular set in C? and u be a finite positive Borel measure
on K. Let f:(0,00) — (0,00) be a function satisfying the (BM)— property. Assume that Vp —
0g.eonK asr] 0, where

E,:={z€K:u(KNB(z,r)) > f(r)}.
Then the triple (P,K, L) has the strong Bernstein-Markov property.

Remark 4.5. Observe that for any T > 0 the function f(r) = r has the (BM)—property. Indeed,
ne(A-1)

given € > 0, we choose € := A€e,r,:=e¢ 7 where A € (0, TLH)

Our proof relies on Bloom-Levenberg’s methods.

Proof. Fix 0 < € < 1. Then we choose €' and a sequence {r,} satisfying the condition given
on f.

Step 1. Then we claim that there exists d > 0 such that for r € (0,6) we have

Iplls < llpllee™, (4.3)

where K5 := {z € C? : d(z,K) < 8}. To see this, we first apply Proposition to see that
Vpks 4 Vpk on C4. Since K is PL-regular, Vpg is continuous on ce. By Dini’s theorem we can
choose 6 = 8(¢’) such that

8/
[Vek(2) = Veks (2)] < o5 V€ K.

In particular, since Vpgx; = 0 on K5 we get

VRK(Z) < —,VzeKs. “4.4)

e
2
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The Berstein-Walsh inequality (Proposition now implies that for any n > 1 and p € Poly(nP)
we have

Ipllks < lIpllxe™ /. (4.5)
On the other hand, by the hypothesis V5 — 0 q.e on K, so by Proposition 2.5 we see that

the family Vpp is locally uniformly bounded from above on C“. So by shrinking § and using

Hartogs’ lemma we may obtain that
/

E
Vo, (2) < 3 Vze K,V0O<r<3d.
Using again the Berstein-Walsh inequality for E, we have

Iplix < llpllz,e /. (4.6)
Combining these last estimates we obtain (4.3).

Step 2. We will show for all n large enough and all w € E,,

1
p@)| = lpW)l =S lIPlE, ¥z —wl <7a. 4.7

For z # w we put e = ﬁ = (e1,...,eq). Put q(t) := qg(wy +eyt,...,wg +e4t). Then g is a
polynomial of one complex variable 7 with p(z) = ¢(||z—w||) and p(w) = ¢(0). Then

le=wll |
m@—pwozam—wm—«mzjg ¢ (t)dr.

So for ¥ > r > 0 we have

gl <»

,
1p0) = p09)| < Al N or < P =0 < =Ll (438)

Here we use Cauchy’s inequality in the last estimate. Choose r:= ry,r := r,(1 4 2¢"), by
Step 1 we obtain for n large enough the following estimate

Ipllx,

2en8'

p()| = [p(w)| -
We finish the proof of this step.

1
2 lp(w) =5 llplle,

Step 3. Completion of the proof. Fix p € Poly(nP). Then for each w € E,,, from (4.7) we
obtain the following chain of estimates

ol = ([iPa) = ([ ipfaw)

EMMmmWﬂﬁﬁﬁﬂd

WyI'n

> 1) (1 0w)] ~ 5l )

Taking supremum over w € E,, and using we get

1 1 o
1Pl = 5 () 2 1plle, = 50 () 2e7 "2 p &

So in view of the property (ii) of f, there exists a constant C > 0 such that for n > ng large
enough we have
2
Ce"pll2 () = Ik
Finally, since Poly(noP) is a finite dimension space, the norm ||. ;2 and the sup-norm are

equivalent. The proof is thereby completed. U
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Theorem 4.6. Let K be a compact non-pluripolar subset of C? and 1 be a finite positive Borel
measure on K. Let f : (0,00) — (0,00) be a function satisfying the (BM)— property. Assume

that the set {z € C?: sup Vi, (z) < oo} is non-pluripolar for some ro > 0, where
0<r<ry

E.:={z€K:u(KNB(z,r)) > f(r)}.
Then the triple (P,K, 1) has the weak Bernstein-Markov property.

Proof. By the assumption and Proposition we infer that the family Vp_is locally uniformly
bounded on C¢. Moreover, since K is non-pluripolar we have

A = max{limsup(supVp g ),limsup(supVpx, )} < o,
K

where K5 := {z € C? : d(z,K) < 8}. Fix 0 < € < 1. Then we choose &’ and a sequence {r,}
satisfying the condition given on f. Now by the same reasoning as in Step 1 of Theorem 4.3
we can find 6 > 0 such that for r € (0,0) we have

n(A+e')

Ipllks < lIpllse ™) and |||l < |pll,e" ™). (4.9)

By Step 2 in Theorem 4.3 for n large enough and w € E,, we have the following estimate

1
p@)| = lpw)l =S lIPlE, ¥z —wl <7a. (4.10)

Finally we fix p € Poly(nP). Then by repeating the argument given in Step 3 and using (4.9)
and (4.10)) we obtain

1 —n(
1Pl 20u) = f(rn)1/2|\p||E,n_2f( ra)!/2e A HE)2

So in view of the property (ii) of f, we see that there exists a constant C > 0 such that for n > ny
large enough we have

e

Ce" 2| pll gy = llp k-

Finally, since Poly(noP) is a finite dimension space, the norm ||.[|;2(,) and the sup-norm are
equivalent. The proof is thereby completed. U

Now, we deal with the following notation which is relevant to the Bernstein-Markov property
that was introduced by Siciak [10].

Definition 4.7. A measure 1 is called P-determining for a compact K C C% if for every Borel
E C K such that u(E) = u(K) we have Vg = Vi .

Example 4.8. (a) Let D be a bounded open set in C? such that D is C' smooth. Then
the Lebesgue measure Ay, is P-determining for K = D and the surface measure 054_1 is P-
determining for K’ = dD. These facts are easy consequences of basics facts that K (resp. K')
is non-plurithin at every point of K (resp. K').

(b) By the same proof as Proposition 2.4 in [8]] we conclude that if K is non-pluripolar compact
then the measure 1 = (ddVp, ©)¢ is P-determining for K.

In the case P = X, Siciak showed in [[10] (see also Proposition 2.5 in [8]) that if K is compact
L-regular and u is determining for K then (K, ) satisfies the Bernstein-Markov inequality
(L.I)). This result is expanded in [6] for the case K is compact non-pluripolar. The following is

analogue to Proposition 4.8 in [6] and for the reader’s convenience we give here the proof.
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Theorem 4.9. Let K be a L— regular (resp. non-pluripolar) compact subset of C¢. Assume
that [ is a P-determining measure for K. Then (P,K, L) has the strong (resp. weak) Bernstein-
Markov property.

Proof. We only give the proof for the weak Bernstein-Markov property, the other case is some-
what easier. Let A :=sup V3 and E := {z € K : V3¢ (z) > 0}. Then E is pluripolar and so there
K Y R

exists a plurisubharmonic functions ¢ on C? such that

ECE :={z€K:(z) = —oo}.
LetEj:={z€K:¢(z) > —j}and € :=¢/2. Then {E;} is an increasing sequence of compact
subsets of K and E; 1 K \ E’. By Proposition 3.5 we have

Then sup Vj E, 1 supVp, thus we can find j(€) sufficient large such that
K K

Vi, (e)(@) < A+¢€' VzeK. 4.11)
We claim that there exists C > 0 such that for any n > 1 and any p € Poly(nP) we have

IPllE;e < Ce" 1Pl ) (4.12)

We proceed by contradiction. Suppose that there exists a sequence {n;} and p,, € Poly(n;P)

such that
1

1Pl = k(4D Pali2w = 7 (4.13)

For each m > 1, define

Ky :={z€ K :sup|py(z)| <m} and K':= | ] Kpn.
k>1 a1

Then K, T K', hence V5 | Vi . We will show that
Vix = Vpg on C°. (4.14)

Since u is P-determining for K, it suffices to check that u(K \ K’) = 0. Indeed, we infer
from (4.13) that ¥ |py, (z)|? converges in L' (1) and hence |py, (z)| — O p-a.e as k — oo, thus
k=1

sup |py, (2)| < +oo p-a.e. This means (K \ K') = 0. Thus [@.14) is proved. Then it follows
k

from lb that Vpg | Vpg on C¢. In particular, Vpk, +00on Ej). By Dini’s theorem we can
find mo such that V Ky < €' on Ej(). It follows that

ilogM <Vix (2) <€, Vk>1,VZ€E;

Nk my — DRmgitS =0 = (e

This yields a contradiction to (4.13)) if & is large enough. Finally, combining {@.1T)), (4.12)) and
applying Bernstein-Walsh inequality to £ ;) we obtain

Ipllx < ||P||Ej(g)e(k+£ n < Ce()“+£)"||pHLz(”), Vp € Poly(nP), n> 1.
The proof is thereby completed. U

We have the following result which gives examples of measures satisfying the condition of

Theorem 4.4l and Theorem
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Proposition 4.10. Let K be a compact set in C? and 1 be a finite positive Borel measure on K.
Let f:(0,00) — (0,00) be a function satisfying the (BM)— property. Set
. M(B(z,r)NK)
G:= K:1 f————= > 1}.
{z€ imin ) > 1}

Then the following assertions hold true:

(i) If G is non-pluripolar then (K, P, |1) has the weak Bernstein-Markov property;

(ii) If K is PL-regular and if Vp; = VISi x then (K, P, 1) has the strong Bernstein-Markov prop-
erty.

Proof. For r > 0 we set

@) == 5 Eri={z e K fi(g) 2 1)

Then we have

G={zeK :liminff,(z) > 1} C {z€ K :supinf f,;4(z) > 1}
r—0 r>0520

cUlzek:int frs(@) 21y c U Nz e K fras(a) 2 1}

r>0 r>0s>0

~UNEs=U*

r>0s>0 r>0

where F, := [ E,4,. Note that F, C E, and by the above reasoning {F,},~o T G. Thus, if G is
s>0
non-pluripolar then so is F;,, for some rq close enough to 0. Since

FyC{zeC’: sup Vip (z) <oo}.
0<r<ry

So the set on the right hand side is non-pluripolar, by Theorem [4.4] we conclude the assertion
(i). For (ii), it suffices to use Proposition [3.5] (iii) to get

* * * d
VP7FI‘ J/ VP,G = VPE on C .

Since Vg < Vpp we infer Vg — 0 pointwise on K as r — 0. By Theorem we obtain the
desired conclusion (ii). ]

In case (K, P, i) has the strong Bernstein-Markov property and P is an admissible convex body,
we can express the P—global extremal function Vpg by a sequence of Szégo kernels (see [1]
and [4]). It’s natural to see what may occur if (K, P, i) only has the weak Bernstein-Markov
property. We only has the following very partial result.

Proposition 4.11. Let P be a convex compact subset of R?. Assume that (K, P,11) has the weak
Bernstein-Markov property. For n > 1 we let { f;}1<j<4, be an orthonormal basis for Poly(nP)

with respect to the inner product in L*(). Set
Su(zw) =), fidfi(w).
1<j<dy
Then there exists A > 0 such that
) 1
upk(z) := limsup — log S, (z,2) < A + Vpx(z) Vz € CY.
n—oo 2]1

In particular upg € Lp(Cd). Furthermore, if K is PL—regular then upg > Vpk.
11



Proof. Set
D (z) = sup{|pa(2)| : pn € Poly(nP),||pnllx < 1}.
Then it’s clear that
1
—log|®,| < Vek on .
n
Moreover, since P is convex, we infer that &,P,, < &, ,, on C4. 1t follows that
1
3 lim —log®,(z) := v(z) < Vpk(z) Yz € C*.
n—oon

On the other hand, since (K, P, 1) has the weak Bernstein-Markov property, there exists A > 0
such that forn > 1,1 < j <d, we have

Ipllx < Ceel* .

By the arguments of Bloom and Shiffman we get the following key estimates
L _ Sulz:2)

dn — Pu(2)

Putting all this together we obtain the desired conclusions. U
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