ON REGULARITY AND STABILITY FOR A CLASS OF
NONLOCAL EVOLUTION EQUATIONS WITH NONLINEAR
PERTURBATIONS

TRAN DINH KE * NGUYEN NHU THANG

ABSTRACT. We study a class of nonlocal partial differential equations with
nonlinear perturbations, which can be seen as an interpolation between the
Basset equation and nonclassical diffusion one. Our aim is to analyze some
sufficient conditions ensuring the global solvability, regularity and stability of
solutions. Our analysis is based on the theory of completely positive kernel
functions, local estimates and a new Gronwall type inequality.

1. INTRODUCTION

Let © ¢ R? be a bounded domain with smooth boundary 9. Consider the
following problem

Opu + Or(m * (=A)Tu) — Au = f(u) in Q,¢ > 0, (1.1)
u=0 on 09, t >0, (1.2)
u(-,0) =¢ in Q, (1.3)

1 o(RT) is a nonnegative function, v € [0, 1], and the notation

stands for the Laplace convolution with respect to the time t, i.e.,

(m*v)(t) = /0 m(t — s)v(s)ds.

In our model, (—A)?” denotes the fractional power of the Laplacian, f is a nonlinear
function and ¢ € L?(Q) is given.

We first mention some special cases of (1.1). If v = 1 and m is a nonnegative con-
stant then (1.1) is the classical reaction-diffusion equation with nonlinear sources.
mot ™~ ¢

Ir'il-a)

where 0; = %, m € L
ko

In the case v = 1 and m(t) = mog1_a(t) = ,mo > 0 and o € (0,1), our

equation reads

O — (1 +mody" ) Au = f(u),
which is the generalized Rayleigh-Stokes equation (see, e.g. [2]), here 9§ denotes
the fractional derivative of order « in the sense of Riemann-Liouville. This equation
is employed to describe the behavior of non-Newtonian fluids. In the case v = 0
and m(t) = mog1—a(t), we get

Opu + moofu — Au = f(u),
that is the Basset equation mentioned in [1, 12, 17].
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In addition, if v = 1 and m is a regular function, e.g. m € C*(RT), then (1.1) is
a nonclassical diffusion equation, namely

Oyu — (1 4+m(0))Au — /0 m/(t — s)Au(s)ds = f(u),

which has been a topic of an extensive study, see e.g., [3, 4, 6, 7, 9, 14, 15].

In this work, we are interested in the case m is possibly singular (e.g., the case
of Rayleigh-Stokes or Basset equation). Up to our knowledge, the regularity and
stability analysis for (1.1)-(1.3) have not been investigated in literature, and we
aim at filling this gap. Based on the relaxation integral equation with completely
positive kernel, we give an explicit representation of the resolvent operator, which
enjoys some properties such as smoothness, decaying estimate, etc. In addition, a
new Gronwall type inequality related to the relaxation function will be established
and utilized in stability analysis. This inequality is also employed to prove the
convergence of solution to equilibrium point, i.e. the solution of the elliptic problem

—Av = f(v) in Q, u =0 on 9.

The construction of the resolvent operator and its properties are represented in the
next section. It should be noted that, in our case the regularity of the resolvent
family cannot be obtained by using the resolvent theory given by Priiss [16] as in the
recent work [11]. Fortunately, we get the differentiablity of the resolvent family in
a particular case of kernel function m, namely, m is nonincreasing and m(0%) = oo.
This property is enable us to prove the regularity of solutions. Section 3 is devoted
to the results on global solvability and regularity. More precisely, our problem is
globally solvable if the nonlinearity f gets the behavior like || f(v)| = £||v]| + o(]|v||)
as [|v]| — 0, provided ¢ € [0, A1) with A; being the first eigenvalue of —A. In the
case when f is locally Lipschitzian, we show that the mild solution to (1.1)-(1.3) is
classical, provided that m is nonincreasing. In Section 4, we prove some results on
stability of solution to (1.1)-(1.3) such as the dissipativity, the asymptotic stability
and the convergence to equilibrium. It should be mentioned that, the obtained
results can be applied to the problem governed by the semilinear Rayleigh-Stokes
equation or the Basset equation.

2. PRELIMINARIES

Let {0,}5%, be an orthonormal basis of L?(f2) consisting of eigenfunctions of
—A subject to the homogeneous boundary condition, i.e.,

—Ap, = Apn in Q) ¢, =0 on 99,

where one can assume that 0 < A; < Ay < ..., A\, = 00 as n — 0o. For g € R, the
fractional power operator (—A)? is defined as follows

(—A)Py = Z M(v,en)en,
n=1
D((—=A)P) = {v e L*(Q) : i A (v, e,)? < 00},

here the notation (-, -) denotes the inner product in L?(Q).
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We find a representation for solution of the linear problem

Ou+ Or(m * (—A)"u) — Au=F in Q,t € (0,7, (2.1)
u=0 on 99, t €[0,T],
u(-,0) =¢ in Q,

where F € C([0,T]; L*(Q)).
Assume that

u("t) = Zun(t)@nv F("t) = ZFn(t)SDn-

Substituting into (2.1), we get
ul, () + Apun (8) + X (mo* uy,)'(t) = Fo(t), (2.4)
un(0) = &n = (& ¢n)-
In order to find a representation of u,, we consider the relazation equation
W (t) + pw(t) + v(m xw)'(t) =0, for t >0, w(0) =1,
where p and v are positive numbers. This equation can be rewritten as
wt) 4+ pu(1 +vptm) xw(t) = 1. (2.6)
We make the following standing assumption:
(M) m € L},.(R") is a nonnegative function such that a,(t) := 1+ nm(t) is

loc
completely positive for any n > 0.
Recall that, the complete positivity of a function ¢ € L}, .(R") means that the
solutions of the following equations

s(t) +0(0x5)(t) = 1, (2.7)
r(t) + 0% ) () = £(t), (2.8)

take nonnegative values for all § > 0. This is equivalent to that, there exist € > 0
and a nonnegative and nonincreasing function k € L}, (R™") such that e+ ¢xk = 1
on (0,00) (see [13]). It is easily seen that, if £(07) = oo then € = 0. In this case, it
holds that (see [5])

t
/ r(t)dr = 07 (1 — s(t)), ¥Vt > 0. (2.9)

0
Following [13], if a, is completely monotonic, i.e. (—1)"a$ﬁ)(t) >0 foralln eN
and t € (0,00), then it is completely positive. Noting that, if m is completely
monotonic, so is a,. A weaker condition ensuring the complete positivity of a,, is
that, a, € C'(0,00) is positive and loga, is a convex function (log-convex). It

should be mentioned that, if m € C'(0,00) is positive and log-convex, so is Q-
/

Indeed, if m is log-convex then it is convex. That means — and m’ are increasing
m
!/

nm
1+nm

d
simultaneously, which implies that —loga, =

o is increasing as well. That

is, ay is log-convex for any n > 0.

Under the assumption (M), the solution of (2.6) is positive on R, since w is
the solution of (2.7) with @ = g and ¢ = 1 + p?~*m. It should be noted that,
the positivity of w plays an important role in our analysis. We have the following
additional properties of w.



4 T.D. KE, N.N. THANG

Proposition 2.1. Let w(-, u,v) be the solution of (2.6). Then

(a) The function t — w(t, p,v) is nonincreasing on R™ and obeys the inequality

1
0 <w(t,p,v) < T
L4 p [y (L+vp=tm(r))dr

.Vt > 0.

Consequently, tlim w(t, u,v)=0.
— 00
(b) We have

t
| etmpdr <ut @ - witw ), ez
0

(¢) The function v w(t, p, 1uY) is nonincreasing on (0,00) for each t > 0.

Proof. (a) As pointed out in [5], the solution of (2.7) is nonincreasing, so is w(-, p).
Then it follows that

L= wlter) [ (o it = o)l )i

t
zMumm+uwmmw/erm*ma—ﬂmn
0

which implies
1
w(t,p,v) < - L VE>0
L+ p [y (L+vp=tm(r))dr

(b) Thanks to the fact that m is nonnegative, we have
¢
L= ltomw) + 0 [ (Lot = 7))t )i
0

t
> wlt o)+ [ wlr )i,
0

which ensures that

¢
/ w(Ta Ky l/)dT < /”Lil(]- - w(tv Ky V))
0
(c) Let v = p7. Taking differentiation of (2.6) in u, one gets
Opw + (14 7 m) * 0w = —(1 + " 'm) * w. (2.10)

Let £ = 1+ ¥ ~'m, then by (M), { is completely positive and there exist ¢ > 0
and a function k € L}, (RT) which is nonnegative and nonincreasing such that
el + £+ k = 1. Noting that

Ly im =1+ 'm) +1 -~
=yl + (1 —~)(el + k)
=(y+ 1 —=7)e)l+ (1 —7)xk,
we can rewrite (2.10) as

Dpw + pul % A = —[(’y—i—(l—’y)s)w—i—w*l}]*@ (2.11)
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Let 7 be the solution of 7+ puf % 7 = £. Then we see that, the solution of (2.11) is
given by

duw = —[(v+ (1 —v)s)w—i—w*lg] * T

The last relation guarantees that Buw(t,,u,;ﬂ) <0 for each t > 0 and p > 0. The
proof is complete. O

We are now in a position to consider the inhomogeneous equation
V' (t) + po(t) + vim xv)'(t) = g(t), for t > 0, v(0) = vy, (2.12)
where g € C(R™) is a given function, y and v are positive numbers.

Proposition 2.2. The solution of (2.12) is unique and given by
t
v(t) = wl(t, p,v)vg —|—/ w(t—T7,u,v)g(r)dr, t > 0. (2.13)
0

Proof. Put Lly] = ¢/ + uy + v(m *y)’, y € CY(RT). Then we have L[w] = 0. In
addition, we see that

L[v] = Lw]vg + Ljw * g] = L[w * g].
We will prove that Ljw % g] = g. Indeed, one gets
(wWkg) +puwxg+vimrwxg) =g+w xg+puw*g+vimsrw) *g
— g+ [+ o+ (maw)] g
=g+ Lwlxg=g.
Conversely, if v is a solution of (2.12), we have
20(2) + po(z) + vz (2)o(z) = vo + §(2),
where v is the Laplace transform of v. Then
0(2) = (24 p+vem(z) v + (2 + p+ vam(z))”
= W(z)vo + @(2)9(2),

where @ is the Laplace transform of w with respect to t. Taking the inverse Laplace
transform yields v = wvg + w * g, which is (2.13). The proof is complete. (Il

9(2)

In what follows, in the case v = p", we write w(t, 1) instead of w(t, p, u7). Using
the last proposition, we have the following formula for the solution of (2.4)-(2.5):

() = w(t, An)en + / Wt — 7 An) Fo (7)dr

0
Thus one has the following representation for the solution of (2.1)-(2.3):

Z (t, ) gnapn+2/ F,(T)dron

(t)¢ —|—/ S(t—1)F (-, 7)dr, (2.14)
0
where S(t) is defined by

=" wt, An)éntpn, € € L*(Q). (2.15)

n=1
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In the sequel, the notation || - || stands for the standard norm in L2(Q) and || - ||z
represents the operator norm of bounded linear operator acting on L?((2).

Lemma 2.3. Let {S(t)}+>0 be the resolvent operators defined by (2.15), £ € L*()
and T > 0. Then

(a) S(-)v e C([0,T); L3(2)) and ||S(t)|lz < w(t,\1) for all t > 0.
(b) For g € C([0,T]; L2()), (—~A)2S % g € C([0,T]; L%(Q)) and it holds that

2

||<—A>%S*g<t>|s(/0 w(t—r,Ang(r)n?dr) V0. (216)

(¢c) If m is nonincreasing and m(0%) = oo, then S(-)v € C1((0,T]; L*(Q)) and
it holds that

18" ()| <t™' forallt > 0.
(d) AS(-)€ € C((0,T); L*(Q)) N L*(0,T5 L*(Q)) and we have the estimates
|AS@E <t €N, for allt >0,

t
H / AS(r)edr| < €]l for all t > 0.

Proof. (a) It follows from (2.15) that

o0

IS0 =Y wit, )6

n=1

t )\1 Z t )‘1 ||€||2 gn = (57%01'7,)7

thanks to Proposition 2.1(c), which implies the uniform convergence of series (2.15)
on [0,7T] and the estimate ||S(¢)||z < w(t, A1) for all ¢ > 0.
(b) We observe that

(—A)ZS * g(t) Z/\ / (t =7, An)gn(T)dTpn, (2.17)

where g, (t) = (9(t), ¢n). Using the Holder inequality, we get

A (/Ot w(t—7, An)gn(T)dT>

2

g)\n/o w(t—T,)\n)dT/O w(t — 7, An)|gn(T)7dT
< (1 =w(t.h) [ wlt = Al (0)Pdr

Wi\t — T, A1 n\T 2 T,
g/o (t = 7, M) lgn(7)2d
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thanks to Proposition 2.1(b). So
[(—8)ES « gfo)]2 = ZA ( [t A ()i
gz/ w(t — 7, A1) |gn (1) [dT
n=1 0

- / w(t — 7, ) lg(r)|Pdr,
0

2

which implies (2.16). In order to show (—A)zS % g € C([0,T]; L2(R)), it suffices
to check that series (2.17) is uniformly convergent on [0,7]. Since g is continuous,
the series Y > | |gn(7)|? is uniformly convergent on [0,7]. That means, for any

€ > 0, there exists N, € N such that ZN+p lgn(7)|? < € for all N > N, p € N and
TE [0 T). It follows that

Nipx (/ A )n )2 Ni)/ (t =7 A)|gn(7)Pdr

N+p

/ (t—71,A\1) Z|gn )Pdr < A\,

for all ¢ € [0,T], which guarantees the uniform convergence of (2.17) on [0, 7.
(c) Let 7(-, \) be the solution of (2.8) with § = X and £(t) = 1+ A" ~m(t). Then,
due to the assumption that m is nonincreasing, we have

r(t, A) + X1+ X" Im(t)) /tr(T, Ndr < 1+ X" m(t).
0

In addition, it follows from (2.9) that

t+ A1 xm)(t)
T 1+ M+ A (T xm)(t)]

/O r(r A)dr = A1(1— w(t, ) >

in accordance with Proposition 2.1(a). Hence

4 A A XY (Lxm)(t) | 1+ X" m(t)
r(tA) < [L+ATm(D) {1 I+ XMANAxm)(E) ] T M+ (T Em)(t)
(2.18)
Considering the series
D Wt An)nons t> 0,80 = (& ¢n), & € LP(9), (2.19)

n=1
we see that
|’ (£, An)| = Anr(t, An)

An + A2m(t) < An + AIm(t)
T L At F AL xm)(t) T At + Ahtmi(t)

=t1 Vt>0.
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thanks to (2.18) and the fact that 1 m(t) > tm(¢) for ¢ > 0. This ensures the
uniform convergence of series (2.19) on [¢, T] and it holds that

S =D& (t; An)ensons 15" (€] < tHI€], VE > 0.

n=1
(d) Tt follows from Proposition 2.1 that A\,w(t,A,) < ¢~! for all ¢ > 0. Then
IAS@EN® =D~ Paw(t: M)IEr < t72)1€)1%,
n=1

which infers that the series

AS)E = Anw(t, An)énpn
n=1
is uniformly convergent on [¢, T] for any € € (0, 7). Thus AS(-)¢ € C((0,T]; L3()).
On the other hand, we see that

t 00t
/0 AS(T)édr = _nz_:l/o AW (T, Ap)ndT . (2.20)
Then
t [ee} t 2
[ /0 AS(T)ngH?:;( /0 Anw(mn)d7> e

< S —wlt, M) < el
n=1

due to Proposition 2.1(b), which implies that AS(-)¢ € L1(0,T; L?(€2)). The proof
is complete. [

Based on the properties of S(t) stated in Lemma 2.3, we will show that the
Cauchy operator

Q: C([0,T]; L*(2)) — C([0,T]; L*()),

t
Qg)(t) = [ Sit~ryg(ryar, (221)
0
is compact in the next lemma.

Lemma 2.4. Let (M) hold. If the function m is nonincreasing and m(0") = oo,
then the operator Q defined by (2.21) is compact.

Proof. Let D c C([0,T); L*(Q)) be a bounded set. We first testify that (—A)z Q(D)(t)
is bounded in L?(2) for each ¢t > 0. Indeed, by using Lemma 2.3(b), we get

I(=2)2Q(g) 0] S/O w(t =7, M)llg()|*dr, vt >0,

which ensures the boundedness of (—A)2 Q(D)(t) in L2(Q) for all ¢ > 0. Since the
embedding D((—A)z) < L2(Q) is compact, we obtain the relative compactness of

Q(D)(t) for each t > 0.
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Now we show that Q(D) is equicontinuous. Let ¢ € D, ¢t € (0,T), and h €
(0,T — t], then one sees that

1Q(g) (¢ + h) = Q(g) (D) S/O ISt +h—7) =St —7)lg(7)lldr

t+h
+/t IS+ h—1)g(7)||dT
=L (t) + Ix(¢).

It is easily seen that I3(t) — 0 as h — 0 uniformly in g € D. Regarding I;(t), we
observe that

I[SE+h—7) =St =7)]g(7)]| = | /0 hS'(t — 7+ Oh)g(r)do|

1

<h / 1S/(t — 7 + 61|l g(r) 1 d6
0
1

. / lor)ld6

— Jo t—T+0h

thanks to the mean value formula and Lemma 2.3(c). So

J1S(e+ 1= 7) = 506 = 7))l < Cllllotn (14 )
B
< Clylegrem AEO.D, (222
B

here ||g|llcc = sup |lg(t)|], and we used the inequality In(1 4+ r) < % for any
te[0,7]

r > 0,8 € (0,1). Employing (2.22), we have

llloh® [*_ds
O =

lgllooh”
T B(1-B)
Finally, for h € (0,T), we have

T'=# — 0 as h — 0 uniformly in g € D.

h
1Q(g)(h) = Q(9)(0)] < /O [S(h = 7)g(7)l|dr < hllgllec — 0 as h — 0,

uniformly in g € D. Therefore, Q(D) is equicontinuous. We have the conclusion
due to the Arzela-Ascoli theorem. O

We end this section by proving a Gronwall type inequality, which will be used
in our stability analysis.

Proposition 2.5. Let z be a nonnegative function obeying the inequality
t
£(0) Stz + [t = 7 p0)las(r) + oldr, £ 20, (2.23)
0

where a € [0,p), v >0, b€ L}, _(RT). Then

loc

t
Z(t) S w(tv n—a, 1/)20 + / w(t — T, 0 —a, V)b(T)dT'
0
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Proof. Let y(t) be the right hand side of (2.23). Then 2(t) < y(¢) and y solves the
equation

y'(t) + py(t) + v(m=y)'(t) = az(t) + b(t), ¢ > 0,(0) = 0,
as stated by Proposition 2.2. It follows that
y'(t) + (= a)y(t) + v(m=y)'(t) = alz(t) — y(t)] + b(t), t > 0,y(0) = 2,

and then y admits the representation
y(t) = w(t, n—a, V)z()
t
+ [Clt = rn = aw)als(r) - o) + b(r)dr
0

t
S w(tv H—a, V)ZO + / w(t —T,uh—a, V)b(T)dTv
0

thanks to the positivity of w and the fact that z(7) —y(7) < 0 for 7 > 0. So we get
the conclusion as desired. (]

3. SOLVABILITY AND REGULARITY

Based on representation (2.14), we give the following definition of mild solution
for (1.1)-(1.3).

Definition 3.1. A function u € C([0,T); L?(2)) is said to be a mild solution to
the problem (1.1)-(1.3) on [0,T] iff

() = S()E +/0 S(t = 7)f(ul-,7))dr for any t € [0,T].

We first prove a global solvability result for (1.1)-(1.3).

Theorem 3.1. Let (M) hold. Assume that
(F1) The function f : L?(Q) — L%*(Q) satisfies f(0) = 0 and is locally Lips-
chitzian, i.e.

1f (1) = fv2)|| < K(r)[[or — w2, Vi, 02 € By,

where B, is the closed ball in L?(Q) with radius r and center at origin, k(-

is a nonnegative function such that limsup k(r) = £ € [0, A\1).
r—0

Then there exists 6 > 0 such that the problem (1.1)-(1.3) has a unique mild solution
on [0,T], provided ||£]| < 4.

Proof. Let ® : C([0,T]; L3(R2)) — C([0,T); L*(£2)) be the mapping defined by
D(u)(t) = S(¥)€ +/0 St —71)f(u(-,7))dr for t € [0,T).

We first look for p > 0 such that ®(B,) C B,, where B, is the closed ball in
C([0,T); L?(Q2)) centered at origin with radius p. Taking € € (0, \; — ¢), we can find
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p > 0 such that x(r) < £+ € for any r < p. Considering ® : B, — C([0,T]; L*(2)),
we have

1@ (- 6)] < 1S()E] + / 15(t — )Ll f (ule 7)) dr
< w(t, M) + / w(t — 7.\ )a(p) u(-, 7)lldr

t
<w(t M)+ (€ + e)p / w(t — 7. A0 )dr
0

< w(t, AM)EN+ (€ +)pAT (1 = w(t, Ar))
= w(t, \)[IEll = €+ )pAT'] + (E+ )pAT, Yu € By, t € [0, 71,

here we used Lemma 2.3(1) and Proposition 2.1(2). Choosing [|£]| < & := £pAT!,
we see that

I2(w) (1)l < (€ + €)pAr" < p, Yu € Byt €0, 7],
which implies ®(B,) C B,. We now prove that ® is a contraction mapping on B,,.
For uy,us € B,, one gets

000~ )01 < [ =7 A1)~ St )l
st | ot = 7, A () — ale, ) T

t
< (e+€)||u1—uQ||Oo/ w(t — 7.\ dr
0

< (4 A1 —w(t, \)|lur — uzlle, VE € [0,T],
which ensures that
1@ (u1) — @(uz)]loo < (L4 )A; Jur — uzl|oo-

Hence @ is a contraction mapping and it admits a fixed point in B,, which is a
mild solution to (1.1)-(1.3). In order to testify the uniqueness, we observe that,
if u,v € C([0,T]; L*(Q2)) are solutions of (1.1)-(1.3), then one can assume that
u,v € B for some R > 0. So

[u(-, 1) = o(-, 1) S/ w(t =7, AM)R(R)[[u(,7) = (-, 7)|dT

0
SK(R)/O u(-7) — (-, 7)|ldr, vt € [0,T],

according to the fact that w(t,A\;) < 1 for all ¢ > 0. By using the Gronwall
inequality, we get ||u(-,¢) —v(-,t)|| = 0 for all ¢ € [0, 7], which implies u = v. The
proof is complete. O

In the next theorem, we show an existence result without Lipschitz condition.

Theorem 3.2. Let (M) hold. Assume that
(F2) The function f: L*(2) — L?(Q) is a continuous such that

O,

lim sup
lv]|—0 o]l
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Then there exists § > 0 such that the problem (1.1)-(1.3) has a unique mild solution
on [0,T], provided ||£]| < 4.

Proof. Choosing € € (0, A\ — ¢), we can find p > 0 such that || f(v)| < (£ + €)|v]]
for any v € B,. Arguing as in the proof of Theorem 3.1, we have ®(B,) C B,,
provided ||£]] < 6 = ¢pA~!. Considering ® : B, — B,,, we see that ® is a continuous
mapping, thanks to the continuity of f. In addition, one can represent ® as

®(u) = S(-)§ + Qo Ny(u), (3.1)

where Ny is defined by Ng(u)(-,t) = f(u(-,t)), which is continuous as mapping
from C([0,T]; L?(2)) into itself. Due to the compactness of the operator Q stated
in Lemma 2.4, we get that ® is compact. Therefore, ® admits a fixed point in B,
according to the Schauder fixed point theorem. The proof is complete. O

Remark 3.1. In the case f is globally Lipschitzian, i.e.
1£(v1) = f(v2)]| < mollor = vall, Yor, vz € L*(Q),

for some kg > 0, one can prove the existence and uniqueness of mild solution to
(1.1)-(1.3) by using the contraction mapping principle, regardless the assumption
f(0) = 0 and the smallness of initial data (see, e.g. [11, Theorem 4.2]).

We are in a position to show the first result on regularity of mild solution to
(1.1)-(1.3).

Theorem 3.3. Assume that m satisfies (M) with additional conditions that, m is
nonincreasing and m(07) = oco. If f: L*(Q) — L2() is locally Lipschitzian, i.e.

[1f(v1) = fw2)|| < R(r)llor = val|, Yor,v2 € By,

where k(-) is a nonnegative function, and u is a mild solution to (1.1)-(1.3) on

[0, 7], then u € CY((0,T]; L2(2)).

Proof. The proof consists of two steps.
Step 1. We show that u is Holder continuous on (0, T]. By assumption, the resolvent
family S(-) is continuously differentiable on (0, c0) and

[S"(t)||lc <t™!, forallt>0,

thanks to Lemma 2.3.
For t € (0,T] and h € (0,T —t), we have

(-t + B) —ul )] < [S(t + k) — S|
t+h
+ / 1S(t + h — 1) f(uo7)) |dr
/ NS(t+h —7) = St — ) ful- 7)) ldr

= Eq(t) + Ea(t) + Es(t).

Using the mean value formula, we have

[S(t+ h) — S()]€ = h /O S'(t+ Ch)Edc.
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Then

B0 = s+ - sl < niel [ 2%

— M| (1+ ><II€IIB ( )  for any § € (0,1),

B
where we used the inequality In(1 + r) < " forallr > 0, 8 €(0,1).
Dealing with Es(t), we put R = ||u|lo and make use of the inequality

[f () < &(B)[Jul- )+ [[fO) < s(R)R+ [ £(O)].
So

t+h
Es(t) S/t 1f (u(-, )lldr < [s(R)R+ [ f(0)[|]2
< [R(BR)R+ || F(O)[JT*7n”.
Regarding Fs5(t), we note that
[S(t+h—7) — S(t — 7)) f(ul- 7)) = h/o S'(t — 7+ Ch) f(u(,7))dC.

Then by the same argument used to estimate F1(t), we obtain

h B
[S(t+ 1 —7) = S(t = )]l )| < [S(R)R+ [ FO)]) (t— ) .

T

Therefore,

Bit) < KRR + SO0 [ s
= [R(R)R+[FO)1811 =B~ T Fn”.
Summing up, we get
E1(t) 4 Ex(t) + Es(t) < (Cyt=? + Co)hP
where

=&l
Co = [R(R)R+ | FONT A1+ 87 1= p)7").

Step 2. We now prove that u is continuously differentiable on (0,7]. Writing

— S(e + / S(t — 1) F(ul 7))dr = us (£) + us(t),

13

we see that uy = S(-)¢ € CH((0,T]; L?(Q2)) as stated in Lemma 2.3(c). In addition,

we have

Brus(t) = F(u(-,1)) + / S'(t — ) (u(-,7))dr,
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where the second term makes sense by the following reasoning

I [ s'a= st < | [ 8=l - st o)
—|—H/S’t—7’ t))dr||

/ns (t = D)l fulm) — F(ul 1) dr
IS = Df (- 0)]

< /t(t —7) O+ Co)(t —7)%dr
0
HISE) = Df (ul 1))
S/(t—T)ﬁ‘l(ClT_ﬁJrCQ)dTﬂLH(S(t)—f)f(U(-,t))ll

0
< oo, forallt>0,

thanks to the result of Step 1. It remains to show that the mapping

F(t) = /0 St —7)f(u(-,7))dr

is continuous on (0,7]. Let ¢t > 0 and h € (0,T —t), then

IF(t+h) — ||<||/ S'(t+h—7)f(u(-, 7))dr|
y / [S'(t+h—7) = §(t — )] (u £))dr]|

+ |l /OI[S’(t +h—1) =St —7)]f(u(, 7)) = flu(t)dr|
= Fi(t) + Fa(t) + F5(t).

Obviously, Fi(t) — 0 as h — 0 due to the fact that 7 — S'(t — 7)f(u(-,7)) is
integrable on (0,t) for any t € (0,7T"). Regarding F5(t), we see that

Fa(t) = |[[S(t + h) — S(t) + I — S(W)]f (u(-,t))|| = 0 as h — 0.

Dealing with F3(t), we get

Fy(t) < %(R)/O 18t +h —7) = S'(t = )llelluC,t) — ul,7)|dr

R)/O ||S/(t+h77')75’@77’)”[/(017’76+Cg)(t*7')ﬁd7'.
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Let us denote Qp(7) = ||S'(t +h — 1) — S'(t — 7)||c(C1778 + C2)(t — 7)P, then
}llig%) Qn(1) =0 for any 7 € (0,t). Moreover, we observe that

Qn(r) < (I8t +h —=7)llc + 15"(t = 7)l|](Crr ™% + Co)(t — 7)°
(t+h—7)" 4+ (t—7) (Cim P+ Co)(t —7)°
20t — 7)Y CiT P 4+ Cy)(t —7)°
2(t — )P (Cir P+ Cp) = Q¥ (7).

Since Q* € L(0,t), one can utilize the Lebesgue dominated convergence theorem
to claim that

IN A

F5(t) < k(R) /Ot Qn(r)dr — 0 as h — 0.

Thus F is continuous on (0, 7] and the theorem is proved. O

Theorem 3.4. Let the assumptions of Theorem 3.3 hold. Then the mild solution
of (1.1)-(1.3) on [0,T] satisfies Au € C((0,T7]; L3(£2)).

Proof. Let u be a mild solution (1.1)-(1.3), then
u(-,t) = S(t)E+ /Ot St —7)f(u(-,7))dT = u1(t) + ua(t), vt € [0,T7.
By Lemma 2.3(d), we get Auy € C((0,T); L2(2)). Tn addition, let R = [[ul| then
A= DA - ) f(ul )|
< [ 880 = Gt~ a0l + | / CAS(E - ) f(ul )]
< “<R)/o (t =) ul7) - ul- D) + ||/ AS(r)f(u(-)dr|

< n(B) [ (¢ =P (Cur + Cadr + [l

here we employed the Lipschitz condition on f, the Holder continuity shown in the
proof of Theorem 3.3, and the estimates stated in Lemma 2.3(d). This means, Aug
makes sense. It remains to check that the mapping ¢ — Awus(t) is continuous on
(0,T). Let t > 0 and h € (0,T — t], then

|Aus(t + h) - Aus(t)] < | / AS(t + h— 1) f(u-,7))dr]|
-+l /0 [AS(t+h—7) = AS({t —7)]f(u(-,t))dr|
+ / AS(t+h—7) = AS(t —)|[f(ul- ) — f(u(- £))dr]

= G1(t) + G2(t) + Gs(1).

Since the function 7 +— AS(t+h —7) f(u(-,7)) is integrable, we see that G1(t) — 0
as h — 0.
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For G5(t), we have

t+h t
Galt) = | /h AS(r) f(ul-))dr — / AS(r) f(ul-£))dr |
t+h

h
< t AS(T)f(”vb(-ﬂﬁ))dfll+II/0 AS(7) f(u(-t))dr||
—0 as h — 0,

according to the fact that 7 — AS(7)¢ is integrable for any ¢ € L?(Q), as stated
in Lemma 2.3(d).
Concerning G5(t), we observe that

Gu(r) = [[ASE+h —7) = AS(E = T)[f (u(-,7) = flu( )]l = 0 as h =0,

for all 7 € (0,t), thanks to the fact that AS(:)¢é € C((0,7T]; L*(Q)) for any & €
L?(2). Moreover, we get

Gr(r) < [t +h =) + (= 7) (B [lul t) = ul-,7)]|
< 26(R)(t — 1) (Cim P + Co),
according to the Holder continuity of  and the estimate of AS(¢) given by Lemma
2.3(d). Thus
¢
Gs(t) < / Gr(r)dT — 0 as h — 0,
0
due to the Lebesgue dominated convergence theorem. This completes the proof. [

Theorem 3.5. Assume that the assumptions of Theorem 3.3 are satisfied. Then
the mild solution of (1.1)-(1.3) on [0,T] obeys m * (—=A)Yu € C1((0,T]; L*(Q)).
Consequently, this solution is classical.

Proof. Noting that

u(t) = 3wt An)en + w5 An) * Fu ()],

where F,(t) = (f(u(-,t)), ©n), we have

mx (=A) u(,t) = DAL (mx u) (8 n.
n=1

So it suffices to show that, the series io: AL (m s« uy,)'(t) @y, is uniformly convergent
on [¢,T] for any € € (0,7). We first Z:é that A\ [m s« w(-, )] (t) = — (W' (¢, An) +
Anw(t, Ap)) thanks to the relaxation equation, then
AL(mokuy) (8) = N m s w(-, A\p)én +mxw(-, \) * ] (%)
= —[W'(t, An)én + Anw(t, An)én]
— W' (s An) * Fr + Mpwn (-, M) x F](0).
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One can write

(e ]
Z A (moxuy) () on = —(01 + 02 + 03 + 04),

where
e 0 = i W' (t, An)€nn is uniformly convergent on [e,T] since o1 = S’ (¢)¢€
and S( )5 € C1((0,T); L3()).
o Z Anw(t, An)én@n 1s uniformly convergent on [e, T] to —AS(¢)¢ due
to that AS( )€ € C((0,T); LA(Q)).
o Z (4, M) * Fru(t)pn, = fg S"(t — 1) f(u(-, 7))dr which is continuous

n=1
in t € (0,7] as proved in Theorem 3.3. So o3 is uniformly convergent on
[e,T].

e 04 =Y Awn(+, Ap)*Fy,(t) is uniformly convergent on [e, T] to — fot AS(t—
=1

T)f(u(_, 7))dr, which is continuous in ¢t € (0,7 as testified in the proof of
Theorem 3.4.

In summary, we get

d(m* (=A)Tu)(t) = —(o1 + 02 + 03 + 04)

— _§'(t)E + AS(H)E — /0 St — 1) f(u(-,7))dr

—|—/ AS(t —7)f(u(-,7))dr
0
= Au(-,t) — Opul-,t) + f(u(- 1)), Vt € (0,T],

which ensures that u satisfies (1.1). The theorem is proved. O

4. STABILITY RESULTS

In this section, we show some results on the asymptotic stability, dissipativity
and the convergence to the solution of the elliptic equation —Av = f(v).

Theorem 4.1. Let the hypotheses of Theorem 3.1 hold. Then the zero solution to
(1.1) is asymptotically stable.

Proof. Taking p,d and € € (0, A1 — ¢) from the proof of Theorem 3.1, we see that
for any initial data ||£]| < §, there exists a unique solution w of (1.1)-(1.3) such that
[u(, )l < pand || f(u(-, 1) < (€+ €)llu(-, )] for any t > 0. Then

lu D) < 1S@)E]l +/O 1S =) f (- 7))lldr

t
<wlt M ADIEN+ [ it =72 XD+ )
0

thanks to Proposition 2.1. Applying the Gronwall type inequality given by Propo-
sition 2.5, we get

la(- 0 < wt, A — £ — e ADIIEI, ¥e >0,
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which implies that the zero solution of (1.1) is asymptotically stable, according to
the fact that \y —¢ — € > 0 and w(t,u) — 0 as t — oo for any u > 0. O

If the nonlinearity function f is globally Lipschitzian, we have a stronger result,
whose proof is simply utilizing Proposition 2.5.

Theorem 4.2. Let (M) hold. If f satisfies the Lipschitz condition
[1f(v1) = F(w2)ll < mollvr = val|, Yor,v2 € L*(9),
where kg € [0, A1), then every solution of (1.1)-(1.2) is asymptotically stable.
In the next theorem, we show a result on dissipativity of (1.1)-(1.3).
Theorem 4.3. Let (M) hold. If f satisfies the condition
If @) < allvll +b, Vv € L*(Q),

where a € [0,\1), and b is a nonnegative constant. Then there exists an absorbing
set of mild solutions to (1.1)-(1.3) for any initial data.

Proof. Let u be a mild solution of (1.1)-(1.3). Then

Ju( D < w(t M) +/0 w(t =7, A)(alu(-, )] + b)dr.

By using Proposition 2.5 again, we obtain
t
Ju(- Ol < w(t, Ar—a, AD)IEN + b/ w(t — 7, A1 —a,\])dr
0

<w(t, A —a, Al +

N a(l —w(t, A\ —a,A]))

<w(t, A —a, AD)IE] +

b
/\1 — CL’
thanks to Proposition 2.1(b). It follows that the closed ball B C L*() with

R =
)\1 —a
The proof is complete. O

+ 1 is an absorbing set of solutions to (1.1)-(1.3) for any initial data.

We are in a position to show a result on the convergence of solution of (1.1)-(1.3)
to equilibrium point.

Theorem 4.4. Let (M) hold. Assume that 9Q € C? and f : L?(Q) — L?(Q) is

continuous and locally bounded. If a mild solution of (1.1)-(1.3) obeys tlgglo u(-,t) =
u* in L%(Q)), then u* is a strong solution of the elliptic problem

—Av = f(v) in Q, (4.1)

v =0 on 09, (4.2)

provided that zi(z) — 0 as z — 0 in C, where m is the Laplace transform of m.
Conversely, if f satisfies the Lipschitz condition

[ (v1) = f(02)]l < Kollvr — vall, Vo1, v2 € L*(S), (4.3)

where kg € [0, A1), then the solution of (1.1)-(1.3) converges to the unique strong so-

lution of (4.1)-(4.2), provided that m is nonincreasing, m(0") = oo and tlim m(t) =
— 00

0.
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Proof. Let u be a mild solution to (1.1)-(1.3) such that tl’gn u(-,t) = u* in L%(Q).
Then

u(-1t) = S(1)€ + / S(t —)f (u(-7) — f(u))dr + / S(t — 7)f(u*)dr.

Obviously, ||S@®)&| < w(t, A)||€]l — 0 as t — oo. On the other hand, since
flu(,t)) = f(u*) as t — oo in L?(Q), there exists T' > 0 such that ||f(u(-,t)) —
fw*)|| < e forall t > T, here e > 0 is given. So for any t > T, we get

t T
|| / S(t = T)[f (u(7)) — Flu)dr] < / Wit — 7 A Ful 7)) — fut)dr
+ /T wlt — 7 A f(ulr7) — flu)|dr
T
< / wlt =7 \)f (7)) — f(u)ldr

¢
+ 5/ w(t —7,A1)dr
T

T t
< C/ w(t—T,)\l)dT—i—E/ w(t —7,A\1)dr,
0 T

for some C' > 0, thanks to the local boundedness of f. Since w(-, A1) € L'(RT), we
have

T ¢
C/ w(t—T7,A1)dr = C/ w(T, A1)dr < Ce,
0 t—T

for ¢ large enough. In addition, we see that

t t—T
E/ w(t — 71, \1)dr = 5/ w(r, A\)dr < eATh
T 0

Thus
/0 St —7)[f(u(-,7)) = f(u*)]dr — 0 as t — oo.

It follows that
t

lim u(-,t) = lim [ S{t—7)f(u*)dr = /000 S(r) f(u*)dr.

t—o00 t—o0 0

Equivalently, one has
u* = S(0)f(u*), (4.4)

where S is the Laplace transform of the resolvent family S(-), i.e.

S(2)¢ :/ e *1S(t)edt, € € L2 ().
0
Since S(t) is the resolvent operator for the Cauchy problem
Ou+ Og(m * (—A) u) — Au=01in Q,t > 0,
u=0on 0N, t>0,
u(+,0) =& in Q,
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we get u(-,t) = S(t)¢ and then S(2)¢ = a(-,z). Taking the Laplace transform of
the last system, we have

20+ zm(2)(—A) 4 — Ad = €.

Thus S(z) = (21 + zim(z)(—=A)" — A)~" and §(0) = (—A)~!. Plugging into (4.4)
yields u* = (—A)~! f(u*). Employing the regularity result in [10, Sect. 6.3.2] with
the assumption 9Q € C?, we get u* € H?(Q). Thus u* is a strong solution of
(4.1)-(4.2).

We now prove the converse statement. Assume that (4.3) holds, m is nonincreas-
ing, m(0") = oo and m(t) — 0 as t — oo. By Remark 3.1 and Theorem 3.5, the
problem (1.1)-(1.3) has a unique classical solution. On the other hand, due to [8,
Theorem 7.4.1], the problem (4.1)-(4.2) has a unique weak solution u* € H}(Q) if
the Lipschitz constant g satisfies kg < C. 2, where C. is the constant of embedding
H}(Q) C L*(Q). By the smoothness of 99, we have

IVl _

072 =
© wemi@\{oy ull?

1-

Observe that f(u*) € L?(Q). Then using the regularity result in [10, Sect. 6.3.2]
again, we obtain u* € H?(Q) and hence u* is a unique strong solution of (4.1)-(4.2).
We now combine (1.1)-(1.3) with (4.1)-(4.2) to obtain

O =) + O (~A) (u = )] = Aw = ') = f(u) = f(u") = m(-A)u
in €2, with the boundary condition
u—u* =0 on 99,
and the initial condition
u(-,0) —u* =& —u" in Q.
Then u — u* admits the following representation
ust) —ut = S(H)(€ —u) + /Ot S(t—=7)f(7) = f(u) —m(r)(=A) u"]dr,
and hence
Ju(,t) — u™[| < w(t, A€ —u”||
+ /Ot w(t =7, A)[rollu(:, 7) = u*[| + m(T) [ (=A) u"||]dT.

Utilizing the Gronwall type inequality in Proposition 2.5, we get

[uls 1) = ™[l < w(t, A = ko, ADIIE — u”]|

+ [[(—A)Tu*| /Otw(t — T, A1 — Ko, A} )m(T)dr.

Since w(t, \; — Ko, A]) — 0 as t — oo, it is sufficient to testify that

t
M(t) = /0 w(t — 7, A1 — ko, A} )m(7)dT — 0 as t — oo.
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By assumption, for given € > 0, there is T > 0 such that m(t) < ¢ for all t > T.
Then for any ¢t > T, one gets

T ¢
M(t) < / w(t — 7, A\ — ko, \])m(7)dT + E/ w(t — 7, A\ — Ko, A])dT
0 T

T =T
<w(t—T,\ — Ko, A]) / m(7T)dT + &‘/ w(T, A1 — Ko, A])dT
0 0

T
<w(t—=T,\ — Ko, A]) / m(r)dr + (A1 — Ko) 1,
0

thanks to Proposition 2.1(b). This implies

M(t) < 14 (A1 — ko) e,

provided ¢ chosen such that

T
w(t —T, A1 — ko, Xf)/ m(7)dr < g,
0

which is possible since w(t—T, A\; —ko, A\] ) — 0 ast — oco. The proof is complete. [J
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