Received <day> <Month>, <year>; Revised <day> <Month>, <year>; Accepted <day> <Month>, <year>

DOI: xxx/xxxx

RESEARCH ARTICLE

Positivity and stability of mixed fractional-order systems with
unbounded delays: Necessary and sufficient conditions

Hoang The Tuan' | Hieu Trinh? | James Lam?

nstitute of Mathematics, Vietnam
Academy of Science and Technology, 18 Abstract
Hoang Quoc Viet, 10307 Hanoi, Viet Nam
2School of Engineering, Deakin University,
Geelong, VIC 3217, Australia mixed fractional-order systems with multiple time-varying delays. The delays can

3 H : : . . .
Department of Mechanical Engineering, be bounded or unbounded. We first obtain a result on existence and uniqueness of
University of Hong Kong, Hong Kong

This paper provides a comprehensive study on quantitative properties of linear

solutions to these systems. Then, we prove a necessary and sufficient condition for
Correspondence their positivity. Finally, we provide a necessary and sufficient criterion to characterize
Hieu Trinh, School of Engineering, Deakin
University, Geelong, VIC 3217, Australia.

Email: hieu.trinh@deakin.edu.au time-varying delays.

asymptotic stability of positive linear mixed fractional-order systems with multiple

Present Address
School of Engineering, Deakin University,
Geelong, VIC 3217, Australia

KEYWORDS:
Fractional differential equations, Linear mixed fractional-order systems, Time-varying delays, Positive

systems, Asymptotic stability

1 | INTRODUCTION

Fractional differential equations are widely used to describe memory and hereditary properties of materials and processes. For
details, see’3 and the references therein. On the other hand, time-delay systems have received considerable attention due to
the fact that many processes include after-effect phenomena in their inner dynamics, see, e.g.,*>'. While positive systems play
a key role in understanding many processes in biological and medical sciences, see e.g.,”®. Recently, positive system theory
has gained renewed interest from the viewpoint of convex optimization. We refer the reader to an interesting paper on L, /L,
Hankel norm® and a paper on geometric programming for optimal positive linear systems, As such, the qualitative theory of
positive fractional-order systems with delays is an important research topic, which is the main focus of this paper.

One of the important problems in the dynamical system theory of time-delay fractional-order systems is stability analysis.
Using the characteristic polynomial, in"1"', the authors obtained conditions depending on magnitude of the delay for asymptotic
stability of fractional-order systems with the linear part comprises a pure delay. In314, by using Lyapunov-candidate-functions,
the authors proposed some results on stability of fractional systems with delays. An analytical approach based on the Laplace
transform and ‘inf-sup’ method for studying finite-time stability of singular fractional-order switched systems with delay was
presented in'®, By using the Lyapunov method combined with the concept of uniformly positive definite matrix functions
and Hamilton—Jacobi—Riccati inequalities, robust stability of the almost periodic solution to uncertain impulsive functional
differential systems of fractional order was investigated inl. In'' the authors studied robust stability of a fractional-order time-
delay system in the frequency domain based on finite spectrum assignment.

Up to now, in our view, an important contribution to the study of asymptotic behavior of solutions to positive mixed fractional-
order systems with delays is the paper by Shen and Lam'*®. In that paper, the authors reported a criterion for positivity of a linear
mixed fractional-order systems with a time-varying delay. They also obtained a result on asymptotic stability of a positive linear
mixed fractional-order system with a bounded time-varying delay.
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Letd € N, & = (ay,...,a,) € (0,1] X - x (0,1], > 0, m € N. Motivated by®, in this paper, we consider the following
linear mixed fractional-order systems with multiple unbounded time-varying delays

DE,x(1) = Ax() + ), Bex(t = hy (1)), t >0, (1)
1

with the initial condition x(-) = ¢(-) € C([—r, 0]; R?) on [—r, 0], where

“Df, x(1) = (° Dy, x, (1), ....C D x, (), ... D x, ()"

is a column vector in which CDgﬁr is the Caputo derivative operator of the order ay, A = (a;;)1; j<4» Bx = (bf'(j)lﬁi,jsd’ hy
[0, 00) = Ry is continuous and satisfies the growth rate as in'®. Our main aim is to study asymptotic stability of system (T)) for
the case it is positive. It is worth noting that the approaches as in"'2 (based on the eigenvalues of the characteristic polynomials)
and!® (based on comparing the trajectory of the time-varying delay system with that of the constant delay system) cannot be
applied for (I)) where the delays A, (-) (1 < k < m) are time-varying and unbounded.

This paper is organized as follows. In Section [2] we first introduce a result on existence and uniqueness of global solutions to
linear mixed fractional-order with multiple time-varying delays. Then, we give a necessary and sufficient condition to charac-
terize positivity of these systems. The main result of the paper is given in Section [3] In particular, in Theorem[I} we provide a
necessary and sufficient criterion to ensure asymptotic stability of positive linear mixed fractional-order systems with bounded
and unbounded time-varying delays.

Before concluding this section, we introduce some notations which are used throughout this paper. Let N be the set of natural
numbers, Z, be the set of nonnegative integers, R (R,) be the set of real numbers (nonnegative real numbers, respectively),
and R? be the d-dimensional Euclidean space endowed with a norm || - ||. Without loss of generality, in this paper we use the
symbol || - || to denote the max norm of Euclidean spaces. For any [a, b] C R, let C([a, b]; R?) be the space of continuous
functions & : [a,b] — RY. A matrix A = (a;)),; ;<4 € R is called Metzler if g;; > O forall 1 <i # j < d. A matrix
A € R4 is said to be Hurwitz if its spectrum o (A) satisfies

c(A)c{Ae€C :Rei1<0}.

Letn,m € Nand A = (aij)}f{f:q, B = (Bij)iifr:" € R™™. We write A > B (A > B)if a;; > b;; (a;; > b;;, respectively) for all

1 <i<n, 1 <j<m The matrix A is said to be nonnegative if a;; > O forall 1 <i <n,1 < j < m. Fora € (0,1) and an
integrable function x : [a, b] — R, the Riemann—Liouville integral operator of x(-) with the order « is defined by

(2, x)(1) = ﬁ / (t— 1) 'x(z) dz, 1€ (a,bl,

where I'(+) is the Gamma function. The Caputo fractional derivative CDZ X of a function x € AC([a, b]; R) is defined by
(“DE X)) 1= I°Dx)1), 1€ (a,b],

where AC([a, b]; R) denotes the space of absolutely continuous functions and D is the classical derivative.

2 | POSITIVITY OF LINEAR MIXED-ORDER FRACTIONAL SYSTEMS WITH
TIME-VARYING DELAYS

Leta = (a;,...,a;) € (0,1] x -+ x(0,1] C R4, T,r > 0, m € N. Consider the following system on (0, T']
Df,x(t) = Ax() + )| Bex(t — hy () + Uw(r), 2)
1

and x(-) = ¢(-) € C([-r,01; R*) on [-r, 0], where A = (a;)1<;, <> B = (b)1<iyca (1 Sk Sm), U = (1)1 y<q € R and
w(-) € C([0,T]; RY). Assume that h; 1 [0,T] - Ry, (1 £ k < m)is continuous such that

(F1) h,(0) > 0;
(F2) t — hy(t) > —r forall t € [0, T;

(F3) h,(0) # hy(0) forany 1 <k #1<m.
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Using the same arguments as in the proof of 2% Lemma62.pp. 86 e see that a vector valued function @(-, ¢) € C([-r,T];R9) is a
solution of with x(-) = ¢(-) on [—r, T] if and only if it satisfies the time-delay integral system on (0, 7],

X0 =0+ —— [ =" Y (ayx;)+ D) bEx;(s = hy(s) +uw,(s)ds, 1 <i <d,
F( ) 1<j<d 1<k<m
and x(-) = ¢(:) on [—r,0].
Surprisingly, up to now, there has been no result reported in the literature on existence and uniqueness of solutions to mixed
fractional-order systems with multiple time-varying delays. Hence, we first introduce here a rigorous proof for existence and
uniqueness of global solutions to the system in (2)).

Lemma 1 (Existence and uniqueness of linear mixed fractional-order with time-varying delays). Assume that 4, : [0,T] —
R, (1 < k < m) is continuous such that condition (F2) holds. Then, for any ¢(-) € C([-r,0]; R and w(-) € C([0,T]; RY),
system (2)) with initial condition x(r) = ¢(¢), ¢ € [—r, 0] has a unique solution (-, ¢) on [—r, T].

Proof. Let
C, :={£€C([-r.TIRY) : &) = ¢p(1), 1 € [-r,0]}
and define a functional || - ||, on Cj by
“5” te[O T) efp((ty)t)
where y > 0 is fixed and chosen later and £*(r) = max_, .y, [|£(0)||. Notice that || - ||, is a norm and (C,, || - ||,) is a Banach

space. On this space, we establish an operator 7, : Cy — C, as follows.

1<j<d

i 1 o;—
T/ 0 = 4O+ s / =" Y a0+ 2 (s = hi(s)) + 1w, (s) ) d,
0

fort € (0,T],1 <i<d,and (T¢.§)(t) = ¢(t) on [—r, 0]. To complete the proof of this lemma, we only have to show that T¢ is
contractive. For that, for any &(-), tf(-) S C¢, te[0,T],1 <i<d,wehave

I(1) = [(Ty&) (1) = (T, )]

1 e )
I(e) /(t_S) - Z (laij”éj(s)—gj(s)l
0

1<j<d
+ ) IBEN1E, (s = hy(s) = &(s = h(9))])ds
1<k<m
< max <;<q ( ijl(laijl + Xi<kem |bf~<j|)) exp (y1)
= ()

¢-ér )

x /(t —5)% exp (—y(t — 5))
) exp (vs)

Hence,

max; gi<y ( Xigjealay| + Xiciam |bf‘cj|)) exp (r7)

I s S S e s / v exp (<yo)dulle — I,

L g ( Xijcallag] + X coam 15D) exp (vt

) A~
B T(a;) A% / Vexp (—wdull€ ~ £l
0

which implies
Tit—TAit <‘<(i‘+ <<mf{)
I( d)é) @) —( 4)5) | < max Z]_j_d |aj| le_k_ | jI ||§ §||,,» 3)
exp (1) 1si<d v
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where we used the fact that
/ u'exp (—u)du = T'(a;)
0

and the estimates
1E(s) = E)II. 1ECs = hy () = Es = by ()] < (& = &) (s)
for s € [0,T], 1 < k < m. From (3)), we obtain

d
%:mm m%@ﬂ%ﬂwmmgﬂ
exp (y?) l<l<d ya Y
for all t € [0, T']. Thus,
maX¢i<q Zlg'gd(laij| + Zlgkgm |bf-c~|) A
174¢ = T,&l, < max —— g - &,
1<i<d Y
By choosing y > 0 such that
max ;<4 Z]sjsd(laijl + Xi<kem |bf'€j|)
max <1,
1<i<d y%
then 7, is contractive. Banach fixed point theorem implies that this operator has a fixed point in (C, || - ||,) which is also the
unique solution to initial value problem (2)) with the initial condition x(¢) = ¢(¢), t € [—r, 0]. The proof is complete. O

Our main aim in this section is to introduce a criterion to characterize positivity of linear mixed-order fractional systems with
time-varying delays.

Definition 1. System (2)) is positive if for any ¢(r) > 0 on [—r, 0] and w(¢) > 0 on [0, T], its solution ¢(-, ¢) satisfies @(t, ¢) > 0
on [0,T].

The main result in this section is the following proposition.

Proposition 1 (Necessary and sufficient condition for positivity). Let 2, : [0,T] = R,, (1 < k < m) be continuous such
that conditions (F1), (F2) and (F3) hold. Then, system (@) is positive if and only if A is Metzler, B, (1 < k < m) and U are
nonnegative.

Proof. Necessity: Let system (2) be positive. We first show that U = (u;,),; ;<4 is nonnegative. To do this, assume that there is

an element u; ; < 0. By choosing ¢(t) = 0 on [—r, 0] and w(?) = e; on [0, T], we have the representation of the i,-component

inJo Jo

of g(-, ¢) as
t
() =—— [ (1= sy D a0, $ds+ —— [ (- DUV 4 — hy(s), p)ds
D = TG M) / w187
Iy 0 1<j<d 1<k<m 1<j<d
! t—s)oTly, . ds, tel[0,T
+m (t=9)"u ;ds, te€l0,T],
fo
0
where e 0 = ,...,1,...,0)T denotes the unit vector in R¢ with the ji,-coordinate equals to 1. Hence, for ¢, > 0 small enough,

for example, for all ¢ € [0, 1],

£ = hy(t) < = max £, (0)/2, Y 40,0, 9) < luy, .

1<j<d

igdo 1

then

1<j<d

o . ,
@i, (1, $) = Wio)/(to_s)l“ : Z a; ;9;(s, (;b)ds+—/(t0—s)0 ! ods
0
0

<0,
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a contradiction. Next, assume, ad absurdum, A = (a;;)<; ;<4 18 not Metzler, that is, there exist indexes 1 < iy # j, < d such
that a;j, < 0. Let ¢p(-) € C([—r, 0]; R?) be a vector valued function with

Jo
e, if t=0,
p) =4
0, if te€[-r,—max;, h(0)/2],

and w(?) = 0 on [0, T']. Due to continuity of solutions and the delay A, (-) and that ~,(0) > 0 (1 < kK < m), we can find 7, > 0
lag, |

(small enough) such that t— i, () < —max, ., 7,(0)/2, (pjo(t, ¢) > 1/2,and lejsd#jo aiuj(pj(t, @) < % forallt € [0, 1,].

Then, the i,-component of @(t, ¢) satisfies

@it ) = ﬁ /(’o = )"y ;.0 (s $)ds + 5 /(fo =Y a0 d)ds <0,
0

1<j<d.j#jo

a contradiction. We now prove that B, is nonnegative for any 1 < k < m. From (F1) and (F3), without loss of generality, let
0 < 7h(0) < -+ < h,,(0). First, we show that B, is nonnegative. Suppose, ad absurdum, B, = (b )]<, j<a 18 DOt nonnegative.
That is, there is bl.lojo < 0. Choose ¢(-) € C([—r, 0]; RY) such that

0, if =0,
_ . =2hy (0)=hy(0) —h,(0)
¢) =qe;, if 1€ [%Eo);]’
0, if re[-r, %],
and w(t) = 0 on [0, T']. Then, for 7, > 0 small enough so that on the interval [0, #,]:

o 2HOBO Ly ) < O,

o —r <t hy(n < OO

, 225k <m

1
b Z1gjgd a; ;@ ¢) < |bi0j0|~

Then, the ij-component of the solution @(-, ¢) at t = ¢, verifies

0
_ 1 io=1p1 1 io-1
@ (1o P) = @) /( 0= 87 b, ds @) /(to —5)° Z a; ;¢;(s,P)ds <0,
Iy 0 Iy 0 1<j<d
which implies a contradiction. By similar arguments, we also see B, 2 < k < m, is nonnegative. Thus, B, (1 < k < m) are
nonnegative.

Sufficiency: Let A = (q;;),<; j<4 be Metzler and B, = (b{'(j)ISi,de’ U = (u;;)1<i <4 be nonnegative. We first show that if
@) > 0on [—r,0] and w(t) > 0 on [0, T], then ¢(t,¢) > 0 on [0, T]. Indeed, due to the fact that A is Metzler, there exists a
positive constant p > 0 such that

A=—pl;+(pl; +A),
where pl, + A is nonnegative. Then, system (2) is rewritten as

DR x(1) = pLyx(t) + (pIy + Ax(®) + Y, Bx(t — (1) + Uw(®), 1€ (0.T1.
1<k<m
By virtue of the variation of constants formula (see, e.g., 2! kemma 3.1y ‘the solution @(-, ) = (¢,(, @), --. , @, (-, $)T of @) with
@(-, @) = ¢(-) on [—r, 0] has the following form:
t

@,t, ) =E, (=pt*)h,(0) + / (t = )" E, o (=p(t = )) D ((ay; + p5,)p;(s, b)

1<j<d

+ z blj(pj hk(s)’¢)+u,‘jwj(s))ds (4)

1<k<m
fort € [0,T],1<i <d, where

1, ifi=j,

5, = =/

0, ifi#j,
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and
(s8] (o9 k

L z* o Z
E,(2) =) T 1y Faal®) = > e )

k=0 k=0
are Mittag-Leffler functions. Suppose that there exists 7, > 0 so that ¢(z,, ¢) # 0. From this, we can find an index i, € {1, ...,d}
satistying @; (¢, ¢) = 0. Take

" =inf{t € [0.T] : @, (t.¢) = 0}.

Then t* > 0, (pio(t*, ¢) =0 and (pio(t, ¢) > 0 for all € [0, r*). However, from (@),

@, (" #) = E, (—pt**0)¢; (0) + / (- s)""’O‘lEa,.O,%(—p(t* = 5)") Y ((ay; + p8;,));(s. b)
0

1<j<d
+ Y B 0,(s = hy(s), ) + uy w,(s))ds
1<k<m

> E, (—pt*"0), (0) > 0,
0

a contradiction. Thus, @(t, ¢) > 0 on [0, T']. We now consider the case where inputs ¢(¢) > 0 on [—r,0] and w(¢) > 0 on [0, T].
Using arguments as in?2 Proposition I 'ye oet the initial conditions ¢"(-) = ¢(-) + %1 on[-r,0lwithn €Nand1=(1,...,1)T.
It is obvious to see that {¢(-,¢")}2, is a decreasing sequence of continuous positive functions on [—r, T]. Define ¢*(r) :=
lim,_ ., (1, ¢,) for each t € [—r,T]. By Dini’s theorem (see, e.g.,=* Thecrem 7-13.pp-130) “the sequence {¢(-, ¢")}% | converges
uniformly to ¢™*(-) and this function is also continuous and nonnegative on [—r, T']. Notice that for each n € N, @(-, ¢") verifies

1<j<d

@;(t,¢") =E, (—pt*)(¢"(0)); + /(t - S)ai_lEai,al(_P(f - 5)%) Z ((aij + p6;;)p;(s, ")
0

+ Z bfj‘/’j(s—hk(S),¢")+u,-jwj(s))ds,

1<k<m

forl <i<d,t€[0,T]and @z, ¢") = ¢"(¢) on [-r,0]. Let n — oo, we obtain

@ (1) =E, (=pt)h,(0) + / (1= Y Ey o (=pt = 5)%) Y ((ay; + 93,0 (s)
0

1<j<d

+ Z bf.‘jqojf(s—/’lk(S))+”ijwj(s))ds’

1<k<m

for1 <i<d,te€[0,T]and ¢*(t) = ¢(¢) on [—r, 0]. Since the original system has a unique solution (see Lemma and it has
the form as in (@), *(-) is the unique solution of this system. On the other hand, as shown above, ¢*(r) > 0 on [—r, T], which
implies that (-, ¢) is nonnegative on the existence interval [0, T']. The proof is complete. O

Remark 1. In the classical case, to prove the positivity of the time-delay system

% = Ax() + X cem Bix(t = hy), 120,
x(t) =) €RY, 1€[-r,0]

one usually adopts the following representation for its solution on [0, o)
t

x(t) = exp (1A)9(0) + / exp ((f — $)A) Z B x(s — hy))ds,
) 1
see, e.g., 2% Proposition 3.1 Ty oyr opinion, this approach is also true for time-delay systems with a non-integer derivative. However,

it does not work for mixed fractional-order systems because there is not a similar variation of constants formula for solution to
these systems.
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3 | ASYMPTOTIC STABILITY OF POSITIVITY OF POSITIVE LINEAR MIXED-ORDER
SYSTEMS WITH TIME-VARYING DELAYS

Leta = (a),...,a;) € (0,1] X --- x (0,1] C R? x - x R, r > 0, m € N. In this section, we consider the following linear
mixed-order fractional system on (0, o)
D x() = Ax()+ ). Byx(t—hy(1) (5)
1<k<m
with x(-) = ¢(-) € C([-r,0];R?) on [-r, 0], where A, B, € R h, : [0,00) - R, (1 < k < m) is continuous and satisfies
the following conditions

(G1) h,(0) > 0;
(G2) t—hy(t) > —rforall t € [0, 0);
(G3) h(0) # h(O)forany 1 <k #I1<m

(G4 lim,, t—h (1) =00 (1 £k <m).

1—00

For linear systems, asymptotic stability in the Lyapunov sense and attractivity are equivalent, see e.g.,2> Theoem 6 Hence, in this
paper, we use the following definition for asymptotic stability of system (3).

Definition 2. System () is said to be asymptotically stable if for any ¢(-) € C([—r, 0]; RY), its solution ¢(-, ¢b) converges to the
origin as t — oo.

Based on Proposition [I] about positivity of time-delay linear fractional-order systems, we obtain a necessary and sufficient
condition for asymptotic stability of positive linear mixed-order fractional systems with unbounded time-varying delays in the
following theorem.

Theorem 1 (A characterization of the asymptotic stability). Assume that system (3)) is positive. Then, it is asymptotically stable
if and only if A+ ), _,, B, is Hurwitz.

Proof. Necessity: Let the positive system (3] be asymptotically stable. Suppose, ad absurdum, A + 37, _, .. By is not Hurwitz.
Notice that A is Metzler and B, (1 < k < m) is nonnegative and thus A + Y, _,_,, B is also Metzler. From Theorem 2.5.3.p- 114,
we have (A + leks’” B, )A > 0 for any A > 0. Choose and fix such a positive vector 1 € R, and put ey(®) = @, 1) — Afor
all t € [—r, 00). Then, ¢,(-) is the unique solution to the system

CDix()=Ax()+ ) Bx(t—h()+(A+ Y Bo >0, (6)

1<k<m 1<k<m
x()=0 on[-r0].

On the other hand, by virtue Proposition system (6] is positive. Hence, e,(r) > 0 on [0, oo). This implies that ¢(z, ) > 1 > 0,

Vt € [0, o0). It is a contradiction because from the original assumption, lim,_, (¢, 1) = 0.
Sufficiency: Let A + Y, _, _,, B; be Hurwitz. By virtug=® Theorem 2.5:3.p- 114 '\ can find a vector A > 0 such that

(A+ D BYA<O. (7
1<k<m

First step: In this step, we will prove that there exists #; > 0 and v € (0, 1) such that
Pt ) <VvA, Vt>t,. ®
For that, at first, let uy(t) = 4 — @(t, A), t > —r. Then, u,(+) is the unique solution of the system

CDfup(t) = Augt) + Y Byug(t — hy() = (A+ Y. BYA, t>0,

1<k<m 1<k<m

uy(t)=0, tel[-r0]

This system is positive, hence, uy(f) > 0 on [0, oo), which implies that ¢(f, A) < 4 for all # > 0. Next, let y(-) is the unique
solution of the system

DS, y(1) = Ay(O) + X\ cjap Bids 1> 0,

y(0) = 4.
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Using the same arguments as above, we see that 0 < y(#) < A for all + > 0. Moreover,
0=<ot ) =y®, t=0. ©)
Now, for any ¢ > 0, define u,(¢) = y(¢) — y(t + ¢), t > 0. This vector valued function satisfies the system

CDg+u1(t) = Au,(t), t>0,
u,(0) > 0.

Due to the fact that system (I0)) is positive, u,(¢) > 0 for all t > 0, that is, y(r) > y(t + ¢), for all # > 0. In particular,

(10)

(S1) 0< y(t) < Aforallt > 0;
(82) y(-) is decreasing on [0, o0).

From (S1) and (S2), the limit lim, | y(t) exists. Put y* = lim, ,  y(t) and denote by L the Laplace transform. In light of the
Final value theorem (see, e.g.,20 Theorem DI3) "yye obtain

Jim s£{€Df, ()} = lim “Df, y(1)

= lim(Ay() + ). B,A)
f=eo 1<k<m
= Ay" + Z B, A
1<k<m

Furthermore,

lim s£{CDE,y()} = Him s[s™ L{ (O} = 57 Aoy sYL {3y} (5) = 557 2]
Bm [ SL {1 (}(5) = A oves S L {3y (O} = 2]

=0

due to the fact that, forall 1 < j <d,
Sl_iglo sL{y;(O}(s) = lim y,(0) = y;.
This leads to that y* = lim, _, y(t) = —A™" ¥, _,_,, B A. Note that A is Metzler and Hurwitz. From?2® Theorem 25.3.p. 114 ' =1 >
0 which together with (7) implies that
lim y(1) = A" Y Ba<A an

1<k<m
By combining (@) and (II)), we can find #; > 0 and v € (0, 1) such that the estimate (8] holds.
Second step: In this step, we will show that there exists an increasing sequence {7}, }> ' with T, = 0 and lim
that for any n € Z,,

T, = oo such

n—oo

@t A) <V'A, Vi€[T,.T,,,] (12)

To do this, we use a proof by induction. From (G4), there exists 7, > #, such that t — h,(t) > ¢, forallt > 7, 1 < k < m. Put
T, :=1,. Then, (I2) holds for n = 0 and (1, 1) < vA forall t > T.
Next, define y;(t) = @(t + T}, 1), t > 0. Then, y,(-) satisfies the system

DYy, (1) = Ay, (1) + X< BiSi(0), 1> 0, 03
11(0) = (1}, A),
where f,(t) = @t +T) — h(t + T), A), 1 > 0. Thus, 0 < f, () < vA for all £ > 0. Now, consider the system
€DE z,(1) = Az, (1) + X} ByvA, 1> 0, "
z,(0) = vA.

By the comparison principle for solutions of (I3)) and (T4) and arguments as shown above, we obtain
e 0<y/ () <z/((t)Zviforalt>0;

o lim_ z,()=-A"Y, _,_, Bvi
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Hence, there exists t, > 0 such that g(t + T}, A) = y,(t) < Vv?Afor all t > t,. Take 7, = T} +1,, then ¢(t, 1) < VA forall t > 7,.
Using (G4) again, we have T, > 7, so that t — h,(t) > 7, forall t > T,, 1 < k < m. Thus, (I2) holds for n = 1 and ¢(t, 1) < v?4
for all 7 > T5,. By a similar procedure, we also see that (I2) holds for n = 2,3, ..., and thus the proof of Second step is complete.

Third step: From (@), we see that lim,_,  @(t, A) = 0. Let ¢(-) € C([-r,0]; [R{i) be arbitrary. There is a positive constant y
such that

@) <yi, te€[-r0]
Due to positivity, linearity and existence and uniqueness of solutions of system (3]), we have
o(t,d) 2@ty ) =ye,4), 120.
Thus,
0=<1lime@td) <y }im o(t,A) =0.
=00 —00

This shows that system (3) is asymptotically stable. O

Remark 2. In'8 Theorem 2 ‘the authors studied asymptotic stability of linear mixed fractional-order with a bounded time-varying
delay
C pi —
Dy, x(1) = Ax(t) + Bx(t — z(1)), 120, (15)
x(t) =) € R, te[-r,0],
where 0 < 7(¢) < r for all t > 0. Assume that 4 > 0 satisfying (A + B)A < 0. Their approach is to compare solution @(-, 1) of
system (T3) with the one of the following system
CDngx(t) = Ax(t)+ Bx(t—r), t>0,
x(t)=4, te[-r0]
It is easy to see that this method cannot be applied for the case where the delay 7(-) is not bounded which is the main objective
in our research.

Remark 3. For the case where a; = - = a, = a € (0, 1] and h, = 0 (1 < k < m), system (3)) becomes
°Dgx(t)=(A+ ) Box(n), t>0. (16)
1<k<m

When A and B, (1 < k < m) in (I6) are not required to be Metzler and nonnegative, respectively. Then, by a well-known result
from fractional calculus field (see, e.g.,2% Theorem 7.20.p- 158) ‘system (T6) is asymptotically stable if and only if the eigenvalues A
of A+, .., By satisfy

larg (A)] > “7” (17)

In our study, we deal with positive systems and thus A + ;" | B, is a Metzler matrix. From
of A+ ZL] B, with the largest real part must be real. This together with the stability condition (I7) implies that A
Therefore, all the eigenvalues of this matrix have negative real parts, that is, A + ZZ:] B, is Hurwitz.

27} Theorem 4 :
, the eigenvalue 4,

< 0.

mr

4 | NUMERICAL EXAMPLES

In this section, we give two numerical examples to illustrate effectiveness of our proposed results.
)
Example 1: Let & = (a;, a,, a3) € (0, 11x(0, 1]x(0, 11, and continuous function A : [0, c0) = Ry, be defined by h(r) = =2 +1
p 1, %2, A3 >0 Y 2
for all # > 0. Consider the following positive linear mixed-order fractional system with the unbounded time-varying delay

“Df x(t) = Ax(1) + Bx(t — h(1)), 120, (18)
where
51 0 101
A=]05-405|, B=|010].
1 0 -6 011

We see that the delay A(¢) satisfies assumptions (G1), (G2) and (G4), A is Metzler, B is nonnegative and A + B is Hurwitz. Since
the considered system is positive, by Theorem [I| system (T8)) is asymptotically stable, that is, for any ¢(-) € C([—1,0]; R?),
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FIGURE 1 Trajectories of the solution (-, ¢) to system (I8) when a; = 0.5, a, = 0.7, a3 = 0.8.

the solution ¢(t, ) — 0 as t — oo. In Figure 1, we simulate trajectories of the solution ¢(-, ¢) to system (I8) when a; = 0.5,
a, = 0.7, a3 = 0.8 and the initial condition as ¢(#) = (0.3,0.5,0.4)T on the interval [—1, 0].
Example 2: This example is used to demonstrate the necessary conditions of both Proposition[] TPeorem and Remark 3] Let
& = (a;, @) € (0,1] x (0, 1], and continuous function £ : [0, 0) — R be defined by A(r) = % + 1 for all # > 0. Consider
the following linear mixed-order fractional system with the unbounded time-varying delay

€D, x(1) = Ax(1) + Bx(t — h(1)), 120, (19)

4= (00) 2= (G0)

We see that A is Metzler, however, B is not nonnegative and A + B is not Hurwitz as its eigenvalues are at {j \/E, —j \/E }. By
Proposition [T] system (I9) is not positive and thus Theorem [T] which is based on the assumption that system (T9) is a positive
system cannot be applied. In Figure 2, we simulate trajectories of the solution ¢(-, ¢) to system (I9) when a; = 0.5, a, = 0.7
and the initial condition as ¢(t) = (1,2)T on the interval [—1,0]. It is clear from Figure 2 that the trajectories of the solution
are not always nonnegative, and furthermore, they are unbounded, i.e., the system is not stable with the considered unbounded
time-varying delay.

To further illustrate Remark 3] we also simulate trajectories of the solution to system (I9) for the case where the time-varying
delay is zero (i.e., h(t) = 0), @, = @, = 0.8 and with initial condition as ¢(0) = (1,2)". Note that for this case, even though the
eigenvalues of the matrix A + B satisty the stability condition for non-positive systems, i.e., | arg (4)| > %, matrix B, however,
does not satisfy the positivity condition as stated in Proposition [T} Figure 3 shows the trajectories of the solution and it is clear
that they are not always nonnegative. Hence, positivity and asymptotic stability cannot be met.

where

S | CONCLUSION

In this paper, by using a new weighted type norm which is adaptive with time-delay systems, we have obtained a result on
existence and uniqueness of solutions to linear mixed fractional-order systems with time-varying delays. Then, by using the
integral representation of solutions, we have derived a necessary and sufficient condition for positivity of these systems. Finally,
by comparing trajectories of solutions of a time-delay system with that of inhomogeneous systems having the inhomogeneous
parts constant and decreasing on time and the inductive principle, we have established a necessary and sufficient criterion to
guarantee asymptotic stability of positive linear mixed fractional-order systems with both multiple bounded and unbounded
time-varying delays.
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FIGURE 2 Trajectories of the solution ¢(-, ¢) to system (I9) when a; = 0.5, a, = 0.7.
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FIGURE 3 Trajectories of the solution to system (I9) when A(7) = 0, a; = a, = 0.8.
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