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Abstract

In this paper, we provide an efficient approach based on combination of singular value decompo-
sition (SVD) and Lyapunov function methods to finite-time stability of linear singular large-scale
complex systems with interconnected delays. By representing the singular large-scale system as a
differential-algebraic system and using linear matrix inequality technique, we provide new delay-
dependent conditions for the system to be regular, impulse- free and robustly finite-time stable. The
conditions are presented in the form of a feasibility problem involving linear matrix inequalities
(LMlIs). Finally, a numerical example is presented to show the validity of the proposed results.
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1. Introduction

Many systems in the practical world such as social systems, economic systems, power systems,
and transportation are studied through the mathematical large-scale complex models. Large-scale
complex systems have complex structures including a large number of variables and interconnected
subsystems [1, 2]. In the past decades, stability problem for large-scale systems with delay has re-
ceived extensive attention from researchers [3-6]. It is noted that most existing studies are focused
on Lyapunov asymptotic stability (LAS). However, in practice, the main concern is the behavior
of the system over a finite-time interval, called finite-time stability (FTS) [7]. FTS involves dy-
namical systems whose solutions do not exceed some bounds during this time-interval, while LAS
deals with the behavior of a system at infinity time, FTS concerns solution behavior within a finite
short interval. Many important results on finite-time stability of dynamical systems with delays can
be found in [8-10]. Besides, finite-time stability of singular systems was also attracted by many
researchers due to a wide range of its applications in many practical models, such as chemical
process, power systems, social systems, and so on [11-13]. The study of such systems is much
more complicated than that for non-singular systems, since their structure consists of differential
equations coupled with algebraic equations. By decomposing the system into differential (fast)
and algebraic (slow) subsystems, one needs to prove the stability of the fast and slow subsystems.
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To prove the stability of the fast subsystem, an approach based on graph theory to express and es-
timate the fast variables via the slow variables. This approach is rather complicated for application
and further improvement. It is noted that there are few results concern with the finite-time stability
of large-scale interconnected systems. Most of the results only indicate the Lyapunov stability of
non-singular large-scale systems with time delays [14-18]. To the best of our knowledge, results
on FTS of large-scale systems are few. The authors of [19-21] proposed some sufficient conditions
for FTS of linear large-scale systems, however, either the time delays or the singularity were not
considered there. Therefore, the problem of FTS for singular large-scale delay systems with delays
still remains open, which motivates our present study.

In this paper, the problem of finite-time stability for linear singular large-scale complex sys-
tems subjected to state delays interacted with the subsystems. Our aim is to derive delay-dependent
conditions to guarantee the robust FTS of such system. To do this we proceed as follows. Em-
ploying the singular value decomposition method, we first decompose the system into the slow
and fast subsystems. The boundedness of the fast system is proved by constructing an augmented
Lyapunov-Krasovskii functional. Then, we prove the boundedness of the slow system by some
estimation techniques specifically developed in this paper. The delay-dependent sufficient condi-
tions for robust FTS of the system are derived in terms of LMIs, which can be easily determined by
utilizing MATLABs LMI Control Toolbox [22]. The last, a numerical example is given to illustrate
the validity and effectiveness of the proposed results.

This paper is outlined as follows. In Section 2, problem formulation and some auxiliary results
are presented. New delay-dependent sufficient conditions for robust finite-time stability of the
systems are presented with an illustrated example in Section 3. Some conclusions are given in
Section 4.

Notations. RT denotes the set of all real positive numbers; R¥ denotes the k— dimensional
Euclidean space; R**? denotes the space of all (a x b)- matrices; X' denotes the transpose of
X; A(X) denotes the set of all eigenvalues of X; Ain(X) = min{Reld : A € A(X)}; Apax(X) =
max{Rel : A € A(X)}; C([a1,b1],R¥) denotes the set of all R¥-valued continuous functions on
[a1,b1]; ; Lo([0,T],R¥) denotes the set of all square-integrable R¥— valued functions on [0, T]. If
(Py,y) > 0, for all y € R" then P is semi-positive definite (P > 0); C > D means C—D > 0. C is
positive definite (C > 0) if (Cy,y) > 0 for all y # 0; The segment of the trajectory y(¢) is denoted

by yr = {y(t+s) : s € [—h,0]} with the norm ||y,|| = sup ||y(z+5)||]- * denotes the symmetric
s€[—h,0]
terms in a matrix.

2. Preliminaries

Consider the following linear large-scale complex system with delay

N
E,'X,'(l‘) :A,-x,-(t) + Y A,-jxj(t _hij) —|—D,'Wi(l‘), t >0,
J=Lj# (1)
xi(t) =@i(t), te[—h0],

where 0 < h;j; < h;i,j=1,2,...,N; x;(t) € R" is the state; w;(t) € RP is the disturbance; E; is
a singular matrix, rank E; = r;,i = 1,2,...,N; A; € R"*" A;; € R"*" D; € R"*Pi are constant
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matrices of appropriate dimensions; ¢;(.) € C([—h,0];R™) is the initial delay function; the distur-
bance w;(¢) satisfies the following condition

3d > 0 : max {sup{wj(t)w,-(z)}} <d. )

i=I,N L >0

Let us set
R =diag{Ry, - ,Rn}, xT(t) =[x (t)T, ... ,xN(t)T],

o' () =p()",....on(1)"].

Definition 1. (i) System (1) is regular if det(sE; — A;),i = 1,N, for some s € C, is not identical
zero. (ii) System (1) is impulse-free if deg(det(sE; — A;)) = r; = rankE;,i = 1,N for some s € C.

Definition 2. (Robust FTS) Given positive numbers ¢y, ¢, 7T and a symmetric matrix R > 0, system
(1) is robustly finite-time stable w.r.t. (c,c2,T,R) if it is regular, impulse-free and the following
relation holds:

sup {@' (5)RQ(s)} <c1 —  x ()Rx(t) <ca, Vre0,T],
s€[—h,0]

for all disturbances w;(t) satisfying (2).

We introduce some technical propositions, which will be used in the next section.

Proposition 1. (Schur Complement Lemma [22]) For any matrices A,B,D, such that B = BT >
0,A=A", we have

T 1 A DT
A+D'B D<O@[D a

| <o

Proposition 2. Given constant matrices My,M,,U,V,Q with appropriate dimensions satisfying
M, :MIT,Q: Q' >0andV =V >0, we have

M, M) U'

Ty -1 T 1 2

(M1+IZ{4V u 1‘_42Q><0<:> M, —Q 0 | <0.
2 u o0 -V

The proof of Proposition 2 is easily derived from the Schur complement lemma, Proposition 1.

3. Main result

In this section, we give delay-dependent sufficient conditions for the robust finite-time stability
of the system (1). Since rank E; = r; < n;, there are two non-singular (invertible) matrices M;, G;,

such that (Iri O) = M,E;G;. Let us set

0 0
Al Al Di —
MAG; = (A; Aéz) s MiD; = (Dé) forall i,j=1,N;
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i ij ij
G PM; ' = (Pll' PEZ) MGy = (A1) A1)
P21 P22 A21 A22

Under coordinate transformation y;(t) = G; 'x;(t) := [y} (t),y?()]7,y} € R7i,y? € R%~"i for all
i=1,N, the system (1) is reduced to the system

( N

¥ = _il 127 111 } ij 112 3 1 Wi
v =AY O +ANO+ Y AT Y — hi) ALY — hij) | + Dl oi(t),
J=1j#i
N
o ; (3)
0 =AMO+AIO+ Y Al — ki) +ALy e — i) + Dhair),
J=1LjF
-1
yi(t) :Gi (Pi(t)v S [ h,0].

Before presenting the main theorem, some following notations of several matrices variables are
introduced for simplicity.

A =PA+APT+(N-1)0;, A= —ATUT+PA,],V] £ij=1,N;
A§7(N+1) =A; Qi Ai%/' =0 - Uij— l] U Vj#i,j=TN;

A= =AU —UiAi, j # k. k=T1,N, A’,-,(N+1)— ALQi+Uss

AZ(N—H),(N—I—I) - 2Qi7AlN_H l )= =-I
A, i1y =UDi j# i j=1N, l(N—H—H) wersn = I
A i(v+1+) = BiDi ’A(2N+2)7(2N+2) - ’A(N+1)7(2N+2) = QiDi;

Aj.k = 0, for all other cases, 0 = min {Ayin(Pi;)};
i=TN

0 = max {M}+(N—l)hmax {M},

izm lmln(Rl) izm Amin(Ri)
z’ G-_l T G~_1
P = max marl(G7 ] 16 ]) g—max{lmm(G RG)}
i—T.N Amin(R;) i—T.N
N(N+1 dT
f(cl):max{ach_ W+1) }hl min  {h;j};
o i,j=1,N;ij
oy =2 (| ] 1Ay [P} 4N 1) max (] 8114 P
1= 7.]
T
[hl] N y I
=Y [N -1) max L[ (ARSI ]
aj=1+may+2N(N—1)oy maxi{[Aéz]*lAlzjz 12 };
i i, j=T,N

1 (12
= 2dN* 0y mfx{ll [A%) 7' D5 |17}
i
Theorem 1. For given positive numbers T,ci,c2, c2 > c1, and symmetric matrices 0 < R; €
R"*1i j e 1,N, system (1) is robustly finite-time stable w.r.t. (c1,c2,T,R) if there exist non-singular
matrices P, symmetric matrices Q; > 0,i = 1,N, matrices U;, and a number 3 > 0 satisfying the

following conditions:
PE;=E/P' >0; (4)
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Ay Al},z SR Al;,(NJrz) A11,(2N+2)
1 1 1
* Az,z S A2,(N+2) A2,(2N+2) <0, i=1,N; (&)
£ % ... % o Alavga) en)
c
alf(cl)eﬁT—I—az<Ez. (6)

Proof. We first prove the regularity and impulse-free of the system. For this, we derive from the
condition PE; = E;' P." > 0 that

P R
GlTPlElGl = GLTPlMl_lMlElGl = ( ll.l Ortx(nt*rz) >
Py Otm—r)x(m—r)
Pi T Pl' T
=G/E'P'G; = ( [P11] 1Ps,] ) >0,
( (nl rz)

ni—ri) X1 O(Vli—ri)><
which gives Pi; = 0,Pi, = [P/,]" > 0. Due to the non-singularity of F;, the matrix G BM; ' =
Pl P . .
(0 1 12) is invertible such that det(P{,) # 0, hence P}, > 0. Using LMI (5) and applying
(

ni—1) X1 P, '
Proposition 1, we get A} ; < 0, which implies

PA;+APT +(N—-1)Q; <0,
Since G; are non-singular, we have
0>G/ [A,TP,T +P~A} G;
= [GA MM PTG+ [G] PMT 1 [MAG)
(T BT (1T 0 Y (Y (B
[A] T [A)T ) \IPL]T [PR,) T 0 Py) \Ap Ay
_ (Cil G )
& [A5]T[P5,] T + PyyAb,
Applying Proposition 1 again, we obtain that [A5,] T[Pi,] T + Pi,Ab, < 0, which gives det(Al,) # 0

for all i = 1,N. Therefore, the system is regular and impulse-free. We are now in position to show
the FTS of system (1). For this, we consider the following quadratic function

N
Vit,x) =Y, [Vn(t,xz) ‘|‘Vi2(taxt)}7
i=1
where

N t
Vi (t,x) = eP'xi(t) TPExi(1), Vio (2, x,) Z / xi(s) " Qixi(s)ds
J=1 j#L hj;

Taking the derivative of V(¢,x;) in ¢, we have

Vir(t.x1) =BVir (t,31) +ePxi() TAT BT + Pidil(r)
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N
+€ﬁt2xi(l‘)—rpi Z A,-jxj(t _hij) +eBt2xi(t)TP,-D,~w,-(t)
j=1,j#i

N
Vaa(t,x:) =BVaa(t,%:) + eP' (N = D)xi(t) TQui(t) — P Y it — hji) T Qui(t — o).
J=Lj#i
We use the following identities for evaluating V (¢, x;) :
2x; (t)PDiw;(t) < x; (1)BD;D; P x;(t) +w/ (1)w;(2),
N
—26P ] (0 E QilEii(t) — Awi(t) — Y Aijxj(t — hij) — Dwi(t)] = 0,
j=Lj#i
u T
2ePT Y X (t — hij)Ui[Eii(t) — Apxi(t Z Ajjx(t = hij) — Diw;(t)] = 0,
j=1j#i j=1j#i
2xlT (I)E;—Ql‘Diwi(Z) < xlT (I)EITQI'DI'D;I—Q,'E,‘)'CI'(I) —|—Wi(l‘)TWi(l),
N N
-2 Z xJT(t —hl’j>UiDl'Wl'(l) < Z x;-r(t —hl'j>UiDl'DlTUiTXj(l‘ _hij> + (N— l)w?(t)wi(t),
J=1j#i j=1,j#i

and noting that

N N N N
Z | Z xXj (t—hij)Qxj(t — hij) = Z ‘ Z 'xiT(t_hji)Qixi(t_hji)a

we get
N
V(%) — BV (t,%) <eP' Y xi(r)7 [B-A,- +A/P"+PDD/ P+ (N - 1>Q,} xi(t)
N
+ePr Y [Exi(0)] T [-20; + QiDiD] O] |[Eixi(t)]
i=1

+ P! i[Eixi(f)]T 20:A)xi(1) + (N +1)eP! 12_\/: wl (£)wi(t)

N
+eﬁf2 Y s )[~Q;j +UiDiD; U xj(t — hij)
i=1j=1,#j



N N
()] 20 Z Aixj(t—hi)]+eP Y Y [t —hij)] T 2U] [Eii(1)]

j=Li#j i=1 j=L,i#j

N
x] (t = hij) [~ 2UA ) xi(¢) —I—eﬁth T2P] Y At —hij)
i=1 =1,

4
Q
@
™=

I
—_

Esi

:><

_|_
Q
®
=
M=

I
—_

~

I
—_
<.
H
i

(f— ij)[2Ui] Z Ajjxj(t — hij)
j= 11#1

N
<Y E(TIVE () + (N + 1>eﬁf;w?<r>wi<r>,

i=1

|
1=
.Mz

I
—_
~
I
—_
<,
*
Ll

where &(1)T = {v},vg,...,vgv,[E,-xi(t)]T},v{ xj(t—hij)T,j # i vi = x:(1)T and

i i i
I_I‘l ‘l H172 cee I_Il

; I 1,(N+1)
m=| * Ly o Iy |, Vi—1N:
* w e Iy veny
IT; :Ai}§+gTAiT+EDiDI}>iT+(N—1)Q,-,H;I =AU +PA;Vj#i,j=1,N,
I vy = A O I = —Q;+U,~D,;D,-TU{T—U~AU AU Y #i )= _N
Hlﬁk = _A;Uz—r UAlk ]7& k k=1 N7 Hl]'7(N+1 Al]Ql +U17] %l .] N
] TAHT
My wveny = —2Qi +QiDiD; Q-

Applying Proposition 2, the LMI condition (5) is equivalent to IT' < 0, Vi = 1, N, and then we
obtain that

V(t,x)—BV(t,x) < (N+1) ﬁwa wi(t). (7)
i=1

Integrating both side of (7) from O to #, we have

,T(s)wi(s)ds,

Mz

e PV (t,x) -V (0,x) < /Ot(N—i— 1) 1

hence

V(t,x) < (V(Ox0)+N(N+1)dT)B t€0,T]. )



On the other hand, we see that

N N ~N 0
V(OaXO):in(O)T}’iEixi(O)+Z' Z ./X,'(s)TQ,-x,‘(S)dS

N
<Y Amar(PE)x] (0)6:(0) + Y (N = DhAmar(Qi) sup @i’ (5)@i(s)
i=1 i=1 s€[—h,0] )

-
sup @; (S)R;@;(s
min(Ri) se[-,0] SIRis)

<o sup {@(s) Ro(s)} = apcy.
s€[—h,0]

Combining (8) and (9) gives
V(t,x) < (aer +N(N+1)Td)ePT. (10)

Moreover, note that

yi(t) "G RiGyi(t)

=

xi(t)TRixi(t) =

=

~
—
~

x(t) "Rx(1) =
1

Amax(G{ RiGi)yi(t) Tyi(t)

X{lmax(GTR GOYINYa () 17+ 11 va(e) 7], (11)

IN
™=

N
Il
-

~.

where
N
I5(6) IP= X [ 15 O 1P + 1530 1P [ o=l o) I+ a0 1P

To prove the FTS of the system we need to estimate the states || Y;(z) ||, || Y2(¢) ||* as follows. We

first see from the view of V (.) that

Then, from (10) it follows that

[ Yi (1) |[°= Zl\yl )7 < e [05201+N(N+1)dT )

< [f(m)]e’”, vt €[0,T).

To estimate the second state || Y»(¢)

N

1 2(e) 1<)l [A%) A5y M yF O I+ Y 1 A A% 1 yhe—hij) |
J=L#
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+ Z | (A% A N1 v (= hip)) ||+ || [A) D5 [ en(e) |,

J=L1j#i

hence

2 1 2 A 1 2

l
ZHyz )| <2NZH A IPIyre) 1P +2N Y Y AL AY 1P v — ) |l
i=1j=1,j#i
+2NZ Z AR AR ||2+2NZ|| 7105 1) @) |17
i=1j=1,j#i i=1

For brevity, let us set h;; = hj-;Vi, j=1,N and

N N
I p(e) 17 :=2N Y || (A5 Ay [P yi () 117 +2N Y || [A%]) D5 12| en(1) |2
= i=1

+2NZ Z Ao A [Pyl — A |12
i=1j= 1,]7&1

SszLXH [Ab] ' Ady |17 [f(er)]ePT 424N max H [An] ™05 |I?

1= =

+2NZ Z A ) LAY P ke —m)) 1%
i=1j= ld#l

Now, we estimate the value || p(¢) ||*> on [0, T] as follows. We consider two cases:

ot c[0,h'] gives (¢ —hlj) € [—h,0], we obtain

k(e =R 12< || yie = b)) 1P= @i(e — k) TG T (G oi(e — )

—11Tr,~—1 . i
<t G ) Rt ),

hence

l 2
Y, Iy e—nr)|P< (N=1)per.

1 j=1,j#i

ot c[hl,T)] gives (¢ —hl]) € [0,T], from (12), we have

r‘jz

i

N N
Y X Ive—r)IP<(N=1)f(er)efT

i=1j=1,j#i

Thus, for 7 € [0,T] we get

N N
Y ¥ Ive—r)IP<(N-1Dper+(N=1)f(c)eP”

i=1j=1,j#i
<2N—1)f(c))ePT.
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Then || p(¢) ||>< Bi[f(c1)]ePT + B := 11, and hence

N N N )
YIyvi@IP<n+n), Y Ilyje—H)|*re0,.T],
= =1 j=1,j#i

~

where » =2N  max {||[ ]IA;J.2 1%}, Setting i' = min_ {h;;}.

i# 3=, i#)yi,j=1,N
N N N N ,
Further, we estimate the sum Z Z Hyj —hh) ||*= Z Y lyie—n!) | on [0,7] as
i=1j=1,j i=1j=1,j#i
follows. '
a) Fort € [0,h'] =t —h! € [~h,0], we have
N N
Y Y 52— P < (N=1)per < (N - D)[f(cr)]ePT,
i=1j=1,j#i

then, Vr € [O,h'], we have
N
Zuyl O > <y +N=Dplf))ef” <y+b.

b) For ¢ € [0,2h'], we have

N T . j
e § N=DIf(en)]ePT, if 1—nf € [-h,0],
i=1 jZIZj;él it =)< { (N=1)(n+b), if t—hlclon'].

= Z 12() 1P < 71+ (N = Dplf(e)]eP” +n(N —1) (1 +b)
<[14n0-1](n+b).

¢) Similarly, for ¢ € [0; (k+1)2']N[0,T];kh' < T,k=0,1,..., we have

=

Y. s H2<Z[Yz 0] n+0)

Therefore, for ¢t € [0, T], we obtain that

k !
2_ 2
|10 | Zny, IP< max Y B0 -1)] (D)

E

l
<Y [B0 1) tn+5) = astn + ) (13)

N
Il
=
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Then, from (11), (12) and (13) we finally obtain that
x(1) "Rx(1) < r}%lmax(GiTRiGi)HH Yi(e) 1?4+ || Ya (o) |°]
< max e (G RGII(f (e1)ePT +u(r1 +b)] < 2.

The proof is completed. ]

Remark 1. We see that (4) is not an LMIs that cannot be solved by MATLABs LMI Toolbox.
Given P; be a non-singular matrix, so by changing P; to P, := E,' P; + P;M;, in which P; be any
matrix, P; be a symmetric positive define matrix, M; be a matrix satisfying M;E; = 0, then PE; =
ElT Pl.T = EI-TI_’iEi >0 for all i = 1,N. Hence, combining (4) with (5), we can easily solve these
strict LMIs by using MATLABs LMI Toolbox.

Example 1. Consider large-scale system (1), where N = 3 and

Exi(t) =Aix1(t) +Anxa(t —hi2) +A1ax3(t —hi3) +Diwi (1), t>0,

{ _(Pl()7 l‘E[—h,O],

and
szz —Azxz( )+ A2ix1(t —ho1) +Axsx3(t — hoz) +Dawa(t), t>0,
0 (t), te][—h0],
and
E3)'C3(t) :A3X3(l‘) —|—A31x1 (l‘ — hgl) —|—A32X2(t — ]’l32) +D3W3(t), t> 0,
)C3(Z‘) = (p3(l‘), t e [—h,O],
where

05 0 10 01 0 0 002
El_(o.s 0)’A1_<—1 —1>’A12_(—0.1 0.02>’A13—<—o.01 o)’

0 0 0 02 0 001 0 0
2 = (0.5 .1) A2 = (—1 —1) A2 = (—0.1 0.1 ) Az = <0.2 1>’
4 0

_(-02 0oy, _ (o1 o1} (002 003
3= 05 1) =Vo  005)2~\ o —0.02)°

h12 = 0.7; h21 = 08, h13 = 1; h23 = 1.2,
hy1=1.1; h3 =05, h=12; d=0.1.
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We give B =0.01,¢; = 1,¢0 =97,T = 100 and

' 02 0 025 0 02 0
R = diag(R1, R, R3), Ri = ( 0 0.6) K2 = ( 0 0-4) H = ( 0 02) '

Using LMI Toolbox in Matlab, the LMI (5) with condition (4) is feasible with

po_ (20172 08718\ . (0.0279  0.0044 0, — 1.2000  0.1665
=1 -2.8019 2.8019/°'°1 = 10.0060 0.0088)°=!~ \0.1665 1.2456)°

p_ (121473 25246\ (00041  —0.2563 0, — 1.4700  0.0422
2=\ 2102157 05049/ 72~ \ —0.0054  0.0856 /=2~ \0.0422 1.0954)°

p_ (33953 —1.0800) (00661  —0.0201 0; 0.7484  0.6485
3710.0000 —2.8098/)°73 ~ \ —0.0712  —0.0347/)°%3 ~ \0.6485 1.4474)"

Moreover, we can verify that the condition (6) holds with the following defined numbers
o =5.0492, op = 30.503, a3 = 0, o4 = 1.1364, p = 16.0427,

g =1.0472, f(c1) =29.8072,a; = 1.1364, a, = 0.3438.
Therefore, the system is robustly finite-time stable w.r.t. (1,97,100,R).

4. Conclusions

In this paper, we have studied the problem of finite-time stability for linear singular large-scale
complex systems with interconneted delays. By using the SVD approach and Lyapunov function
method, new suficient conditions for the solvability of this problem have been obtained in terms of
tractable LMIs. A numerical example is included to illustrate the effectiveness of our results.
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