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Abstract

This paper considers the state-bounding problem for positive singular discrete-time systems
with unbounded delay and bounded disturbances. Based on conditions given in terms of the
Linear programming / spectral radius, and by using the suitable transformation, we get the
smallest componentwise estimate for the singular discrete-time system with unbounded delay
and bounded disturbances. Some illustrative examples are given.
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1. Introduction

Singular system class is more suitable to describe the state of some practical systems such
as mechanical systems, biological systems, economic systems, and chemical systems (see, [1—
4] and the references therein). In general, a singular system consists of differential parts and
algebraic constraints, thus a generalized representation of the state-space system. It is well
known that the study of singular systems is much more difficult and complicated than standard
systems because we have to consider regularity and causality (discrete-time systems) or non-
impulsiveness (continuous-time) at the same time.

Positive systems are dynamical systems whose state and output trajectories are always non-
negative whenever the inputs and initial conditions are non-negative. Positive singular systems
are both positive systems and singular systems. Therefore, positive singular systems better de-
scribe physical systems than regular dynamical systems. As well known, time delays, such as
discrete delays [5], distributed delays [6], neutral delays [7], leakage delay, probabilistic time-
varying delays [8], and mixed delays [9, 10], often occur in positive singular systems and it is a
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source of instability and poor performance. Therefore, investigation of positive singular systems
with time delays is not only of theoretical importance but also of practical significance. In recent
years, many significant research developments have been devoted to the problems of stability
analysis and /. —gain analysis for positive continuous-time singular systems [11-13] subject to
time-varying delays or positive discrete-time singular systems with time delays [14, 15]. The
problem of exponential stability for linear singular positive with a constant time delay was con-
sidered in [13]. In this work, the authors first presented necessary and sufficient conditions for
the positivity of the considered system by using the singular value decomposition method, and
then they derived a sufficient condition for exponential stability of the system. However, this
work deal with constant time-delays and required the existence of a monomial matrix to obtain
the positivity and stability conditions for linear singular time-delay systems. By analyzing the
monotonic property of the system trajectory, the authors in [11] extend the results in [13] to lin-
ear positive singular systems with a bounded time-varying delay. They proved that the stability
of the considered systems is not sensitive to the magnitude of delays and is fully determined by
the system matrices. The authors of the work [15] addressed the stability and /..—gain analy-
sis for discrete-time positive singular systems with an unbounded time-varying delay by using
mathematical induction method. Based on upper bounding of the state vector by a decreasing
function, the authors in [16] derived a criterion which ensures asymptotic stability of positive
coupled differential-difference equations with an unbounded time-varying delay. The problems
of stability and L..—gain analysis for linear positive differential-algebraic equations with an un-
bounded time-varying delay were studied in [17]. It should be mentioned here that the stability
and /..—gain analysis conditions in [15-17] is independent of the magnitude of delays and fully
determined by the systems matrices.

On the other hand, external disturbances are usually unavoidable in practical engineering
systems due to many reasons such as linear approximation, modelling inaccuracies, external
noises, measurement errors, and so on. The asymptotic stability for the systems cannot be
achieved, and therefore the problem of state bounding for perturbed dynamical systems has at-
tracted considerable attention during the past decades [18, 20-25]. In addition, with the rapid
development of computer-based computational techniques, singular discrete-time systems are
more suitable for computer-based simulation, experiment, and computation. To the best of our
knowledge, there are two common approaches to study the state bounding problem for discrete-
time systems with time-varying delays. The first approach is based on the like-Lyapunov func-
tional method combining with linear matrix inequalities techniques and the second one is based
on the properties of Metzler—Schur matrices combining with the solution comparison method
and linear programming technique. The first method is widely used for classes of linear or
nonlinear discrete-time systems whose matrices are constant, while, the second method is very
useful for classes of positive linear systems and classes of nonlinear/time-varying systems which
are bounded by positive linear systems. There are some interesting works on the problem of
state bounding for discrete-time singular systems based on the first approach have been done
[26, 27]. However, the research on state bounding for discrete-time singular systems based on
the second approach is very limited. Very recently, Sau and Thuan [28] considered the problem
of state bounding for positive singular discrete-time systems with a bounded time-varying delay
and bounded disturbances. Note that the results derived in [28] were for singular discrete-time
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systems with bounded time-varying delays. To the best of our knowledge, the problem of state
bounding for positive singular discrete-time systems with an unbounded delay and bounded
disturbances has not yet been investigated in the literature.

In this paper, we provide sufficient conditions in terms of the spectral radius/ Linear pro-
gramming to solve the state bounding problems of the positive singular discrete-time systems
with a unbounded time-varying delay and bounded disturbances. Based on a new lemma, we
provide sufficient conditions for the singular discrete-time system without disturbances as reg-
ular, causal, and positive. Then we estimate componentwise ultimate bound of the state vector
of the singular discrete-time positive system with unbounded delay and without disturbances.
Using the suitable transform, we present the sufficient conditions given in terms of the Linear
programming / spectral radius to obtain the smallest componentwise estimate for the singular
discrete-time system with unbounded delay and bounded disturbances.

2. Problem formulation and preliminaries

Notation: R’ (IRj . ) denotes the set of all positive (nonnegative) vectors in R"; The set of

real matrices of size r x & is denoted as R”*". The identity matrix of size ¢ x ¢ is denoted by 1.
N (respectively, N ) denotes the set of nonnegative integers (respectively, positive integers). Z
stands for the set of all the integers. A vector x = (x1,x2,...,%x,) € R" is called positive (x > 0)
if x; >0,i=1,2,....,n. H=(hj;) € R™" H > 0(>0)if h;; >0(>0), Vi,j. H>= K(H > K).
For M = (m;;) € R**, M is the matrix Metzler if m;; > 0 for all i # j; i, j = 1,2,...,k. [a] is
the smallest integer greater than or equal to real number a. The symbols s(R) and p(R) denote
the spectral abscissa and the spectral radius of matrix R, respectively, that is, s(R) = max{Ren :
n € o(R)}, p(R) =max{|n|: n € o(R)} where (R) is the spectrum of R.

Consider the following discrete-time singular systems with unbounded time-varying delay
Ex(k+ 1) = Ax(k) 4+ Dx(k — t(k)) + Bu(k), (1)

where x(k) € R”" is the state vector, w(k) € R™ is the disturbance, satisfying the following
estimate:
0=w(k) =W (2)

A, D, B are known constant matrices with appropriate dimensions. The matrix E € R"*" is singu-
lar and rank(E) = r < n. 7(-) € N is unknown function delay satisfies the following estimates:

sup @ <6 3)
k>r K
for some T € N and a scalar 6 € [0, 1). From estimate (3), it is easy to see that k — t(k) >
(1-60)k>0, Vk>T.Let T= —info<x<7{k— 7(k)}. Hence, the initial condition of system
(1) is given by x(s) = @(s),s € {—T,—7+1,...,0} and assume that funtion @(-) satisfies the
following condition:

0=<0¢(s)2p,Vsec{-7,—7+1,...,0}. 4)



. . (I O (A1 Ay _ (D1 Ds .
In this paper, for simplicity, let E := (0 O) , A= <A3 A4) , D= <D3 Dy ) B:=

[ij , x(k) = <283) ,x1(k) € R",x5(k) € R"™", and Ag := A+, — E. Let us denote by

x(k, @,w) the state trajectory with the initial condition ¢(-) of system (1).

Definition 1. ([2]) (i) If the pair (E,A) is regular i.e., det(sE — A) # 0, then the singular system
(1) is regular. (ii) If the pair (E,A) is causal i.e., deg(det(sE — A)) = rank(E), then the singular
system (1) is causal.

Definition 2. [29] System (1) is positive if for all initial value ¢ > 0, and for any nonnegative
input w(-) > 0 implies the corresponding trajectory x(k, ¢,w) > 0 for all k € N.

Definition 3. [19] For { € R, { is called a componentwise ultimate upper bound of system
(1) if for any initial condition @(s),s € {—7,—T+1,...,0} and for any w(k) satisfying (2), we
get
lim sup x(k, @,w) < C.
k—boo
Lemma 1. [29] Let D be a Metzler matrix. Then, the following statements are equivalent:

1) s(D)<0

2) JueR*: u>=0and Du <0
3) IyeR": y>=0andy'D <0
4) det(D) #0and —D' = 0.

Lemma 2. (/30]) Assume that Ag = 0, D > 0, then the following statements are equivalent.

i) Ag+D is a Schur matrix, i.e., p(Ag+D) < 1.
ii) There exists a vector q > 0 such that (Ag+D —1I,,)q < 0.
iii) (I—Ag—D)"! >=0.

Lemma 3. Assume that Ag >~ 0, D > 0, then, the following statements are equivalent:

i) p(Ag+D) < 1, i.e., Ag+D is a Schur matrix.

ii) p(As+Ds~+1,—) <land p (Ay+Dy — (A2 +D;)(As+D4) "' (A3+D3)) < 1.
iii) p(A1+Dy) <land p (As+Ds+1,—r— (A3+D3) (A1 + Dy —I,) (A, +Dy)) < 1.
w)In=(m,m)=0,meR MmeR"":

Ai+Dy—1I. Ay+Dy\ (m
A D-—1 = .
(he + )M ( A3+ D3 A4+D4> (772) <0

.. . (A1 +Dy Ay + Dy
Proof. (ii) = (iv). AsAg+D= (A3 Dy Ayt Dstl,
D3, Ay + D4 + I, are nonnegative matrices. This implies that A4 + D4 is a Metzler matrix. It

follows from Lemma 2 and p (A4 + D4 +1I,—,) < 1 that there exists a vector A, > 0 :

) =0,thenA;+Dy, Ap+Dy, A3+

(As+Dg) A2 < 0. (5)
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Combining the inequality (5) and Lemma 1 implies that A4 + D4 is a Hurwitz matrix and
—(A4+Dg4)"" = 0. This implies that the A; + D — (A2 + D;)(A4 + Ds) ' (A3 + D3) is a non-
negative matrix. Combining this with p (A1 + D1 — (Ay+ D) (A4 +Dg) ' (A3 +D3)) <1, and
Lemma 2 implies that there exists a vector A; > 0 such that

(A1 +D1 — (A2 +D2)(As+Ds) (A3 +D3) — ) A < 0. (6)
From — (A +D>)(A4+D4)~! = 0 and (6) we obtain estimate as follows:

(A] +D;— (Az +D2)(A4—|—D4)71(A3 +D3) —1I, —(Az +D2)(A4 —I—D4)1) (2,1 ) -0

0 I, , 8&2
(7
for sufficiently small € > 0. Furthermore, we have
A1+ Dy — (A2+D;)(As+Ds) ' (A3+D3) =1, —(A2+D;)(As+Ds)™!
0 _Infr
(8)

_(Ai+D1—1I, Ay+D; I, 0
"\ A3+D3  Ag+Dy) \—(A4+Dg) Y(A3+D3) —(Ag+Dy)7!
It follows from (7) and (8) that there exists a vector n = (1,12 ), such that
Ai+Dy—1I, Ao+Dy\ (m =0
A3+D3  As+Ds) \m ’
where 1| = A = 0and m = —(A4 +D4)_1(A3 +D3)7L] — £(A4 +D4)_17Lz. Note that —(A4 —+
D4) ' (A3 +D3), —(A4+D4) ! are nonnegative matrices and —(A4 + D4) ! is a nonsingular

matrix, hence vector 1, > 0. Therefore, (iv) holds.
(iv) = (ii). Assume that there exists 1 = (11,712) = 0, 1 € R",m, € R*™", such that

_ _(A1+Di1—=1I Ay+Dy\ (m
(Az+D In)n_( A3+ Ds A4+D4> (172) <0 ©)

From (9), we obtain
(A3 +D3)n1 + (A4 +Dg)m2 < 0. (10)

This, together with (Asz + D3)n; = 0, we get (A4 + D4)1n2 < 0. From this, we have
(A4+D4 +In7r_1n7r)n2 =<0. (1)

Combining (11) with Lemma 2, we get p(A4+D4+1,—,) < 1 by Ay + D4 +1,_, = 0. Moreover,



we have

A1+D1—1, Ay+D;
Az + Dj Aq4+ Dy

_ (A1+Di1—1, Ay+D; I, 0
B < A3+ Ds A4+D4) (—(A4 +Dy) N(A3+D3) —(A4 +D4>1>
. ( I, 0 )
—(A3+D3) —(As+Dy)
_ <A1 +Dy — (Ay+D2)(As+Dg) YAz +D3) =1, —(A2+D7)(A4 +D4)_1)
0 —lp—y
y ( I, 0 )
—(A3+D3) —(As+Dy)
It follows from (9), (12) that there exists a vector A = (A1, ;) such that

(Al +D; — (Az —|—D2)(A4 —|—D4)_1(A3 —|—D3) -1 —(A2 —|—D2>(A4 +D4)_1> ()Ll) -0

0 —I—, A
(13)
where (2) — (_(A:;Ig_ Dy) —(Aﬁi— D4)) (Z;) . This implies that, ; = n; > 0 and
A2 = —(A3+D3)m — (A4 + Da) M.
From (10) implies A, > 0. Using the inequality (13), we obtain
(A1 +Djy — (A2 +D2)(As+Dy)” (A3 +D3) —1,) 4 < 0. (14)

Combining (14) with Lemma 2, we get p (A; + Dy — (A2 +D3)(As+D4) "' (A3+D3)) < 1 by
A1+ Dj— (Ay+D3)(A4+Dy) " (A3 +D3) = 0. Therefore, (ii) holds.
(iii) = (iv). Using Lemma 2, p (A; + D;) < 1 and A + D; > 0 implies that there exists a vector
nh>=0:

(A1 4Dy — 1)y <0. (15)

From (15) and Lemma 1 implies that A} + D — I, is a Hurwitz matrix and — (A + D — I,)f1 b
0. This implies that the Ay + Dy +1,_, — (A3 +D3)(A; +D; —I,) ' (A2 + D5) is a nonnegative
matrix. Combining this with p (A4 +Ds+1,_, — (A3+D3)(A1 + D1 — 1) (A2 +Dy)) < 1,
and Lemma 2 implies that there exists a vector 9> > 0 such that

(As+Dy+1I—r— (A3 +D3)(A1 + D1 — 1) (A2 + D) —I,—,) 1 < . (16)

From (A3 + D3) = 0 and (16) we obtain

Ar+D;—1, 0 &n -0 a7
A3+D3  As+Ds—(As+D3)(A1+D1—1,) H(A2+D2) ) \ »
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for sufficiently small £ > 0. Moreover , we get

(A1+D1—1r 0 )
A3+D3  As+Ds—(A3+D3)(A1+ Dy — 1) (A + D»)
_ <A1 +D—1I, A —|—D2) (Ir —(A1 + D, —Ir)71<A2 —|—D2))

A3+ D3 As+ Dy 0 L,
(18)

It follows from (17) and (18) that there exists a vector n = (11, 1Mz ), such that

Ai+Dy—1I, Ao+Dy\ (m
0 19
( A3+ D3 A4+D4> (772) = (19)
_ A
where (711) = (lr (A1 +D1— 1) (A2+D2)) (8] %) . This implies that
P 0 Ly §e)

m=emn— (A1 +D—1,) (A2 +Dy)p

and 1, = 1> = 0. Note that —(A; +D; —1,) "' (Ay +D,)p = 0 and &7, > 0, then we obtain
N1 > 0. Therefore, (iv) holds.
(iv) = (iii). Assume that there exists 1 = (11,1m2) = 0, 11 € R",n, € R*™", such that

A1+Dy—1, Ay+Dy\ (m
Ag+D—I,)n = 0. 20
(he + ) ( A3+ Ds A4+D4> <772) = 20)

From (20), we obtain
(A1 + D1 —I)n1 + (A2 +D2)12 < 0. (21)
Combine this with (Ay + D)1, = 0, we get (A} + D; —I,)n; < 0. This, together with Lemma
2, wegetp(A;+Dp) < 1byA;+D; = 0. Moreover, we have
Ay+Dy—1I, Ay+Ds
Az + D3 Aq+ Dy

_ (Al—l—D] —1I, Az—l—Dz) <Ir —(Al—f—Dl—Ir)l(Az—}-Dz))

A3+ D3 As+ Dy 0 I,
I, (Ay+D;—1)"Y(A,+D»)
X
0 In—r
. Ar+D;—1, 0
N Az + D3 A4—|—D4—(A3+D3)(A1+D1—Ir)fl(Az—}—Dz)

o I, (A1 +Di—1)"Y(Ay+D»)
0 y - '
(22)

It follows from (20), (22) that there exists a vector A = (A;,A;) such that

Ar+Di—1, 0 M) o (23)
A3+ Ds3 A4—|—D4—(A3 —|—D3)(A1—|—D1—Ir)71(A2—|—D2) A ’
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. -1
where M _(F (Ar+D1— 1)~ (A2 +D2) ) (M . This implies that, A, = 1;2 > 0 and
A 0 Ly n2

Ao =M+ (A1 4D —1,) (A2 +Dy)na.
It follows from — (A +D; —1,)~! = 0, and (21), we obtain
M =m+A1+Di—1,) (A2 +Dy)ns = 0.

Using the inequality (23) and (A3 + D3)A; = 0, we obtain

(As+Ds+1I—r— (A3 +D3) (A1 + D1 —1,) ' (As+D2) — L) 22

= (A4 +Ds— (A3 +D3) (A1 + D1 —1,) ' (A2 +D2)) A2 < 0.
(24)
Combining (24) with Lemma 2, we get
P (As+Ds+1I—y— (A3 +D3) (A + D1 — ) (A +Dy)) < 1

by Ay +D4+1, ,— (A3 +D3)(A; +D; —1,) "' (A + D) = 0. Therefore, (iii) holds.
(i) & (iv). Using Lemma 2, we have (i) and (iv) are equivalent.

Lemma 4. Suppose that Ag = 0, D = 0 and there exists a vector L = (U1, lp) satisfying
(Ae+D—1,) it < 0. Then, the systems (1) is regular, causal, and positive.

Proof. We have
Ar+Dy—1, Ay+Dy)\ ([
Ag+D—1, = 0. 25
( E+ I’l).u ( A3+D3 A4+D4) (,LLZ = ( )
Using the inequalities (25) and D = 0, u > 0, we get (—E+A) p < 0. This implies that

Az +Agpr < 0. (26)

From A+ (I, —E) (Al A2 ) = 0 implies that Ay,A,,A3,A4 + I,,_, are non-negative

“\As Ay,
matrices. From this, A4 is a Metzler matrix and Azu; >~ 0. Combine this with the estimate
(26) we get Agltp < 0. From this, the matrix A4 is Hurwitz and det(A4) # 0 by Lemma 1. This
implies that the system (1) is regular and causal (see [3]). Let us denote
Zl = A —A2AZ1A3, 51 =D —A2AZID3, l_)3 = —AZ1D3, 54 = —AZ1D4,
Zg, = —AZ1A3, 52 = D2 —A2AZ1D4, El = Bl —A2A;132, FQ = —Alez.
Then, system (1) rewrite the following:
X1 (k-l— 1) :lel<k> —|-l_)1X1(k — ‘L'(k)) +52X2(k— T(k)) —|—§1W(k),
X2 (k) = Z3X1 (k) —{-53)(1 (k — T(k)) —I—l_)4X2(k — T(k)) —|—E2W(k).
It is easy to show that the matrices A1, A3, D1,D5, D3, D4, By, B, are nonnegative. Since 0 <
7(k) € N, there exists #; € N such that 0 < h; < 7(k), k € N. We can easily show that the

solution x(k) of the system (27) is positive on [0, /1]. Using the step method, we can extend the
consideration for the intervals [h, 2h1],[2h1, 3h1], etc. Then, the system (1) is positive. O

27)
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3. MAIN RESULTS

We consider the singular system:

{ Ex(k+1) = Ax(K) +Dx(k — 7(k)) + B, k >0, 08)

The following lemma provides a relationship between the state trajectory of the system (1) and
the state trajectory of the system (28).

Lemma S. Assume that A4 is Hurwitz matrix. The following statements hold:
(i) If o(s) <V (s) Vse{—7,—T+1,...,0} we get that x(k, p,w) < x(k,0,w), Vk > 0.
(ii) If 91(s) 2 Oa(s) Vs € {—T,—T+1,...,0}, we obtain %(k,01,w) < x(k, %,w), Vk > 0.
Proof. (i) We consider the system

Eu(k+1) = Au(k) +Du(k — t(k)) + Bp(k), k > 0,

u(s) =% (s)—(s), se {-7,-7+1,...,0}, (29)

where u(k) := z(k) — x(k), p(k) :== w —w(k). In virtue of Lemma 1, and A4 is Hurwitz, we
obtain det(A4) # 0 and —A4 ! = 0. Apply Lemma 4; we can immediately deduce that u(k, 9 —
@, p(k)) = 0, Vk > 0, it follows that %(k, 91, #) — x(k, ¢, w) = 0, Vk > 0.

(ii) By the same method as in the proof of part (i) and Lemma 4, we get that (ii). O

Now, we give some estimate for the singular positive system without disturbances.

Lemma 6. Assume that the conditions in Lemma 3 are satisfied. Then, the system (1) with
w(k) = 0 is regular, causal, positive and 3 o0 € (0,1),3u € R and a sequence 0 =Ty < T; <
< <T,<--- < oo such that

x(k,1t,0) < "'y, Vk e {T, +1,...,T11}. (30)
Proof. Using condition (iv) in Lemma 3, i.e., there exists a vector y > 0 such that
(A+D—E)u <0. (31)

Similar to Lemma 4, we get det(A4) # 0, —AZI = 0, and the system (1) with w(k) =0 is
regular, causal, positive. We show that there exists @ € (0, 1) such that

(A1 +Dy) iy + (A2 +D2) ta < ot (32)

—A; (A3 +D3)  — Ay ' Dapir < atpsa. (33)



Indeed, we have the matrix <Ir 0

0 —A;!
1
( 6 £_1> , we obtain:
—Ay

I, 0 A1+D1—1, A2+Dy)\ (1 =0
0 —A;" A3+D;  Ay+Dy) \ o ’

which is equivalent to

Ar+Dy -1, Ary+Ds i
— _ =< 0. 34
(—A41(A3 +D3) —A; 11)4—1,,_,) (Hz (34)

) >~ 0 and nonsingular. Left multiplying (31) by

By (34), there exists a small enough scalar v € (0, 1) satisfying

Ay +Dy—1I, Ar+Dy ) (.Ul) (Hl)
L - +v <0,
<_A4 1(A3 +D3) _A4 1D4 —Iy—r J27) 12%)

which is equivalent to

( A1+ Dy A2+D2> (,ul) < (1-v) (m)
~A; (A3 +D3) —A;'Ds) \ o m)’
From this, we obtain (32) and (33) with @ =1 —v € (0, 1). We rewrite the system (1) (w(k) = 0)
as:
xi (k+ 1) = A1x1 (k) + A2xa (k) + Dyx1 (k — T(k)) + Daxo (k — 7(k)), 39)
x2(k) = —A; 'A3x; (k) — A} 'Daxy (k— t(k)) — Ay ' Daxa (k— t(k)).
Using the inequalities (31), (32), (33) and by [15], we obtain (30) with 7o = 0,71 =T > 2

(given in (3)), 1,41 = H"TJFGI-‘ ,neN.

]

Remark 1. Note that, if Ag, D satisfy the conditions in Lemma 3, then the system (1)( w(k) = 0)
is regular, causal, positive and asymptotically stable. Indeed, similar to Lemma 6, the system
(1) with w(k) = 0 is regular, causal, positive. For any & > 0, let M = ||it||, choose o = 755

Then, for all ¢(-) satisfying { max }H(p(s)Hoo < o, we obtain { max  @(s) < 47M4. By
s T 1 sE{—T,,—1

linearity of system (1) (with w(k) = 0) and (30) we get x(k, 9,0) < Sx(k,1,0) < Su, Vk € N,
This implies that ||x(k,@,0)|l« < €. On the other hand, (30) implies that tli_>m x(k,u,0) = 0.

— T, —

Then, we get [11_>m x(k,9,0) =0.

The following theorem provides a condition sufficient to ensure that system (1) is regular,
causal, positive and the existence of an componentwise ultimate bound for the system.

Let us denote: (s = — (Ag+D—1,)"" Bw.
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Theorem 1. Assume that the conditions in Lemma 3 are satisfied. Then, the system (1) is
regular, causal, positive and
(i) There exist a € (0,1), n € R and a sequence 0 =Ty <T) <Th < --- < T, < --- < +o0and
Ca such that

x(k, @, w) < Ca+ " n, Yk € [T}, Ty 1] (36)

(ii) &z € R} o is the smallest vector such that

lim sup x(k, @,w) = G. (37)

k—roo

Proof. In case (i), similar to i) of Lemma 3, implies that 3y € R” such that
(A+D—E)u <0. (38)

Similar to Lemma 6, from the condition (38) implies that A4 is Hurwitz matrix and —A4_1 = 0.
By det(A4) # 0, we can conclude that system (1) is regular, causal. Moreover, the system (1)
can be rewritten as follows

X1 (k—l— 1) = Alxl(k) +A2X2(k) +Di1xy (k— ‘L'(k)) +D2X2(k— T(k)) —l—Blw(k)
Xz(k) = —A4_] (A3X1 (k) + D3xq (k — T(k)) +D4X2(k — T(k)) —l—BzW(k)) .

It follows from this and Lemma 4 that the system (1) is positive. Let a;; = max {%, e %} ,
where 4 = (a1,a2,...,a,) €ERY, @ = (@,9,,...,9,) € Rj | and choose § = o u. Then, we
get & = ¢ and

(A+D—E)¢ <0. (39)

Let O¢(s) =&, s € {—T,—T+1,...,0}. Using Lemma 5 and ¢(s) < ¢ <&, s € {-7,—T+
1,...,0}, we obtain that
x(k, @,w) 2 x(k, ¢, W), k> 0. (40)

By & = 0, it is easy to choose p > 1: p& = §. Set i := p& this together with (39) we have that
(A+D—E)n < 0. (41)

Setting ¥y (s) =1n, s€ {—7,—T+1,...,0}. Since p > 1 we have & < 17, it follows from Lemma
5, we obtain that
%(k, Oz, W) = R(k, O, %), k > 0. 42)

We can easily get {5 = 0. Let ¥¢_(s) = &g, s € {—T,—T+1,...,0}, it follows from {7 < 1 then,
we obtain that

ﬁgw(s) jﬁn(s), se{-7T,—-7+1,...,0}. (43)
Setting ¥, _¢_(s) 1= Oy (s) — V¢, (s), s €{-T,—T+1,...,0}, using (43) we get ¥, _¢_(s) = 0.
Under coordinate transformation

%(k) = z(k) + Gz, (44)
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then, from system (28), we get
Ez(k+1) = Az(k) +Dz(k — t(k)), (45)

and
i(k, ﬂn,W) = Cﬁ—i—z(k, 1971*%)’ (46)

where z(k, ¥ _¢,) is the solution of system (45) with the initial function ¥, _¢ (-). It follows
from 1 — Gz < n, implies that ¥, _¢_(s) < Oy (s), s € {-7,—T+1,...,0}, then using Lemma
5, we get

z(k, Oy _¢,) 2 2(k, Oy), k> 0. 47)

It follows from Lemma 6 for system (45) and (41) imply 3 ¢ € (0,1) and a sequence 0 = Tp <
h<h<---<T,<-- < +oosuch that

2(k,9y) < o™, Yk € [T, T1). (48)

Combining (40), (42), (46), (47) and (48), we get that (36).

(ii) For k — oo, it follows from (36), we get (37). Then, {z is a componentwise ultimate bound
of system (1). We now show that limy_,., %(k, ¥y, W) = Gz, where Jy(s) =0,s € {-T,—T+
1,...,0}. Using coordinate transformation

y(k) = Gz — (k). (49)
This together with (28), imply that
Ey(k+1) = Ay(k)+Dy(k —t(k)), k>0, (50)
and
y(k, Bog,) = Ga— %(k, o, W), Yk >0, (51)

where Oy, (s) = Gz, s € {—T,—T+1,...,0}. It follows from Lemma 4 that y(k, ¥¢,) = 0,k > 0.
Note that Gz < 7, thendyg, (s) =X On(s),s € {-7,—T+1,...,0}. By Lemma 5, we get

Yk, Bog,) = y(k; Bn),k = 0. (52)

Applying Lemma 6 to system (50), implies 3 o € (0,1) and a sequence 0 =Ty < T} < Tr <
.o+ < T, < -+ < 400 such that

vk, By) < o, Ve € [T, T]. (53)
Combining (51), (52) and (53) we get {z — "' < %(k, ¥, ) < &g, Vk > 0. This implies that

limy_,o %(k,¥9,w) = {z. Then we have g is the smallest componentwise ultimate bound of
system (1). ]

12



4. Numerical example

Example 1. Let us consider system (1) where

100 04 025 0
E=[0 1 0|,A=]025 02 0 |,
000 0.15 0.15 —0.99
025 0.1 0 0.15
D=[02 02 0|B=|02],
03 0.11 0 0.1

and 0 < w(k) < 2,k € N, the delay is given by 7(k) = [%} + 1,k € N, where [-] is the integer
function. It is easy to show that condition (3) is satisfied with 7 =2, 6 = 0.9, and then 7 =
—info<y<7{k — 7(k)} = 1. Moreover, we have

04 025 O
Ap=A+L—-E=1025 02 O =0
0.15 0.15 0.01

and D, B = 0. It can be readily verified that p (A +D) = 0.9411 < 1. Therefore, by Remark 1,
system (1) with w(k) = 0,k > 0, is asymptotically stable. Moreover, using Theorem 1, we can
compute the componentwise ultimate bound of (1)

6.0952
5.2381
4.3482

(o= —(Ae+D—1) "' Bi=

For a visual simulation, we choose w(k) = b [2sin*(0.1k)] , where b € {0.5; 1}, and the initial
condition ¢(s) =[1.5 1 1]7, s € {—1,0}. Figure 1 shows the trajectories of x| (k), x(k) and
x3(k) of the systems (1) with w(k) = 0; k > 0. Figure 2-4 shows trajectories of x;(k), x»(k)
x3(k) and its bound, respectively.
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Figure 1: Responses of state trajectory of system (1) with w(k) =

0,k > 0.
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Figure 2: Responses of x| (k) and its bound §; = 6.0952.
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Figure 3: Responses of x; (k) and its bound {, = 5.238]1.
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Figure 4: Responses of x3(k) and its bound {3 = 4.3482.

5. Conclusions

In this paper, we have presented a method to derive the smallest componentwise state
for positive singular discrete-time systems with unbounded delay and bounded disturbances.
Firstly, we show that the singular discrete-time systems without disturbances is regular, causal,
positive, and the existence of componentwise bounds for the state vector of the system. Then,
we have obtained a sufficient condition for the existence of componentwise ultimate bounds
for positive singular discrete-time systems with unbounded delay and bounded disturbances. A
numerical example is given to illustrate the effectiveness of the proposed results.
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