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Abstract

This paper is devoted to discuss on the existence and uniqueness of
weak solutions to time-fractional elliptic equations having time dependent
variable coefficients. To obtain the main result, our strategy is to combine
Galerkin method, a basic inequality for fractional derivative of convex
Lyapunov candidate functions, the Yoshida approximation sequence and
the weak compactness argument.
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1 Introduction

Diffusion equations with fractional-order derivatives in time (which is called
as time-fractional diffusion equations) have been introduced in Physics by Nig-
matullin [N86] to describe super slow diffusion process in a porous medium with
the structure type of fractal geometry (Koch’s tree). Then, by the probabilistic
point of view, in the paper [MK2000], Metzler and Klafter have pointed out that
a time-fractional diffusion equation generates a non-Markovian diffusion process
with a long memory. After that, Roman and Alemany [RA94] have considered
continuous-time random walks on fractals and observed that the average prob-
ability density of random walks on fractals obeys a diffusion equation with a
fractional time derivative asymptotically. Another context where such systems
appear is the modelling of evolution processes in materials with memory, see
e.g., [P93, C99].

*httuan@math.ac.vn, Institute of Mathematics, Vietnam Academy of Science and Tech-
nology, 18 Hoang Quoc Viet, 10307 Ha Noi, Viet Nam



The existence of solutions to time-fractional partial differential equations has
been studied by many authors. In [EK04], using Fourier transform, the authors
have obtained a fundamental solution for time-fractional elliptic equations with
smooth coefficient. Combining Galerkin method and the Yoshida approximation
sequence, in [Z09], the author has proposed a way to prove existence of certain
weak solutions to abstract evolutionary integro-differential equations in Hilbert
spaces. By virtue of the operator theory in functional analysis and the eigen-
function expansion method for symmetry elliptic operators, in [SY11], Sakamoto
and Yamamoto have proved the existence and uniqueness of the weak solution
for a fractional diffusion-wave equation. Based on a definition of the Caputo
derivative on a finite interval in fractional Sobolev spaces, Gorenflo, Luchko
and Yamamoto [GLY15] have investigated solutions (in the distribution sense)
to time-fractional diffusion equations from the operator theoretic viewpoint. In
the recent work, by a classical variational approach, K.V. Bockstal [B20] has es-
tablished the existence of a unique weak solution to a class of fractional diffusion
equations with Caputo derivative.

However, to the best of our knowledge, the development of this theory is still in
its infancy and requires further researches. The main difficulty which one have
to face is the meaning of the initial condition of solutions and the correctness of
the formulation of weak solutions. In this paper, we focus on an initial-boundary
value problem with the zero initial condition for time-fractional elliptic equa-
tions having time dependent variable coefficients which can not apply Fourier
transformation to solve them. To overcome the aforementioned obstacles, our
strategy is to use Galerkin method, a basic inequality for fractional derivative
of convex Lyapunov candidate functions, the Yoshida approximation sequence
and the weak compactness argument.

The paper is organized as follows. In section 2, we recall some preliminary results
on fractional calculus. Then, we give the setting of the problem and propose
a clear definition of a weak solution to a time fractional elliptic equation with
time dependent variable coefficients. The main result of the paper is Theorem
8 on the existence and uniqueness of weak solutions introduced in section 3.

To conclude the introduction, we will introduce some notations used throughout
the rest of the article. Denote by N the set of natural numbers and by R the set
of real numbers. For any natural d € N, let R? be the d-dimensional Euclidean
space. For a open subset 2 of R, let C°(Q) denote the space of infinitely
differentiable functions f : @ — R with the compact support in €, LP(Q),
p € N, be the set of measurable functions f : 2 — R such that

/ f(@)Pdz < oo,
Q

H'(Q) be the Sobolev space containing all locally integrable functions f : 2 — R
such that f and its weak derivatives belong to L?(Q2), H3 () be the closure of
C°(Q2) in HY(Q2), and H~1(2) be the dual space of Hg(£2). Fix T > 0, denote



by W1([0,T]; R) the space of functions f : [0,T]; R such that f and its weak
derivative belong to the space L*([0, T]; R) and W4 ([0,T]; H~*(£2)) by the space
of functions f : [0,T] — H~1(Q) such that f and the weak derivative belong to
the space L2([0,T]; H=1()).

2 Fractional calculus

We briefly recall an abstract framework of fractional calculus.

Let a € (0,1], [0,7] C R and =z : [0,7] — R be a measurable function such

that fOT |z(7)| dT < oo. The right-handed Riemann—Liouville integral operator
of order « is defined by

(I8, )(t) == ﬁ /O (t — 1)°La(r) dr,

where T'(+) is the Gamma function. The left-handed Riemann—Liouwville integral

operator of order « is defined by

T
(I 2)(t) = F(la)/t (r = )°La(r) dr.

We have the following result on the relation between the right-handed and left-
handed Riemann-Liouville integral operators.

Theorem 2.1 (The Hardy-Littlewood form of fractional integration by parts).
pr>1,q>1,0<a<1,%+%—1§a,amd

f e LP([0,T;R), g € LY ([0, T|; R),

then

T T
| tserengae= [ s g
0 0
Proof. See [LY37]. O

The right-handed Riemann-Liouville fractional derivative **D¢, x of z on [0, T
is defined by

RED§, a(t) := (DI)“x)(t) for almost t € [0,T],

where D = % is the usual derivative. The left-handed Riemann—Liouville frac-

tional derivative "*DS._x of z on [0,T] is defined by

REDQ_x(t) := —(DI;~*z)(t) for almost t € [0,T7.



Theorem 2.2. The formula
T T
| rom g g = [ gy oy s
0 0

is valid for 0 < a < 1, f € I§_(L?), g € I§,(L7) and S + £ —1 < a.
Proof. See [SKM93, Corollary 2, pp. 46]. O

The right-handed Caputo fractional derivative of x on [0,T] is defined by
“Dg, x(t) ="F D2, (z(t) — 2(0)) for almost t € [0, T

and the left-handed Caputo fractional derivative of x on [0,T] is defined by
D x(t) =R DY (x(t) — z(T)) for almost t € [0,T].

We have a sufficient condition for the existence of fractional derivative.

Theorem 2.3. Let f € AC([0,T];R), o € (0,1), then #-Dg, f and #-Dg_f
exist almost everywhere. Moreover, RLD8‘+f,RL Dg_feL"([0,T;R), 1 <r<

L and
o _ L qfo) )
REDS f(1) = T —a) [ m +/0 = T)adr},
o 1 f(T) UG
DR S(1) = I'(l-a) [(T —t)e /f (T — t)adT}'
Proof. See [SKM93, Lemma 2.2, pp. 35-36]. O

Definition 2.4. Let u € L'([0,T]; H}(2)). We define the weak Riemann-—
Liouville fractional derivative of the order o of u, #*D§, u(t), as below

T T
| et pg = [ mDg ettty
0 0

for all o € C((0,7); R).



3 Weak solutions to time-fractional elliptic equa-
tions

Let Q be a bounded domain in R? with the boundary 9Q € C', T > 0 and
a € (0,1). Denote Qp = (0,T] x Q. We consider the equation of the order o

0%u(t, x) d
- jz::l O, (aij(t, 2)0,ult, x))
d

+ ) bt )0, ult, x) + ct, p)ult, z) = f(t) (1)

Jj=1

for (¢t,x) € Qr, where % is the weak Riemann-Liouville fractional deriva-
tive of the order a of u with respect to the time variable ¢ and

(al) a;j,b5,c € L®(Qr;R) for all 1 <4,5 < d;

(a2) a;j =aj; forall 1 < 4,5 < d;

(a3) there exists § > 0 such that szzl ai;(t,)&&5 > 0)|€]|? for ae. t € (0,T),
x € Q and for all £ € RY;

(ad) f e L=([0,T]; H~1(2)).
Assume that
u(t,z) = 0on [0,T] x OS2 (2)

Denote

a(u,v;t) ::/f Z 0z U0z, v + Z b;0y;uv + cuv
Q

1<i,j<d 1<j<d
for all u,v € H}(Q) and u(t) := [u(t)](z) for all t € [0,T], z € Q.
Definition 3.1 (Weak solution). A function u : [0,7] — H}(Q) is a weak
solution to the problem (1) with the condition (2) if
(i) we L2([0,T; Hy(Q)) and #2Dgyu € L*([0,T]; H~H(Q));
(ii) for all v € HE(Q)
(FEDg u(t), 0) g1 my +alu(t), vit) = (F(1),0) g1 xm

for a.e. t € (0,T), where (,-)g-1,p2 is the duality pairing between
H=1(Q) and H}(Q).



3.1 Galerkin approximation solution

Let {e;}32; be smooth functions which constitutes an orthonormal basic of
L?(Q) and a basis of HJ(2) such that

(1) —Aey, = )\kek, keN;

(i)
1

L N i=
/ejej: ’ Z ‘7 and/DeZ-Dej: .Z .‘7
Q 07 ? 7é.] Q 07 ? 75]

For the existence of these functions, see [E98, p. 335]. Fix N € N. Let
Ey = span{ey,...,en} and Py be the project map from L?(Q) to Ex defined
by Pyu = Zfil ce; with w € L*(Q) has the form u = Y7, c’e; in which
¢t = fQ ue;dx, i € N. In this section, using Galerkin method, we will construct
approximation solutions to the problem (1)—(2) in Ey.

Let the function uy : [0,7] — En having the form

N
Zc’ )ei, € [0,T], (3)

i=1

here ci(~), 1 <4 < N, is continuous and has the Riemann—Liouville fractional
derivative of the order « on [0,T]. Assume that

("FD§ uy,v) 2 + alan(t),v5t) = (f(£),0) g1 (4)
for a.e. t € (0,T) and
. We obtain the following result.

Proposition 3.2. For any N € N, there exists a unique solution to the problem
(4)—(5) having the form (3).

Proof. Consider the function uy : [0,7] — En having the form

N
Zc‘ ei, te€0,7T],

i=1

where ci(-), 1 <i < N, is continuous and has the Riemann—Liouville fractional
derivative of the order a on [0,T]. To uy(-) is a solution to (4)—(5) then ci(-),
1 < i < N, have to satisfy the following condition

N N N
O FEDg c (teires) e +a(d i (t)ei, ejit) = TEDG I (8) + Y ' (Hale, ;3 t)

i=1 i=1

= (ft),ej) m-1xmz = ' (t)  (6)



for 1 < j < N and almost every ¢ € (0,T]. Moreover,
AJ0)=0, 1<j<N. (7)
Put @ (t) = (c'(t),...,cN ()T, A(t) = (ales, 53 t))1<ij<n, and

T = N )"
Then the system (6)—(7) is rewritten in the form
RLDG, P (1) + A1) (1) = “DG 2 (1) + ANT(W) = T (1), teO.T], (8)
Z(0) = 0. (9)

Hence, the system (8)—(9) has a solution on [0,7] if and only if the following
integral equation has a continuous solution

2(1) = —ﬁ/o (t—T)a—lA(T)?(T)dHﬁ/O (t—7)"1F (r)dr, t € [0,7].
(10)
On the space C([0,T]; RY), we establish an operator as

1 /t o 1/t .

i | et A s [ ene F nar, te o)

0@ Jy 0o Jy o1

For any 7 > 0, define a norm || - ||, on C([0, T]; RY) by

el

t€l0,7) exp (71)”

It is obvious that (C([0,7];RY),] - |,) is a Banach space. On the other hand,

for any ¢, ¢ € C([0,T); RY) and t € [0, T], we have

1 To0(t) = Top @)l _ &8 sl AN [ exp (=y(t = 7)) llo(r) = GO,
exp (71) - I'(a) (t —7)te exp (y7)

€ss SuptE[OT ”A il /Wt

Top(t) = —

lelly ==

texp (—u)dulle — 2|,

_es e A
< o
Hence, for v > 0 large enough, the operator 7g is contractive in (C ([0, T]; R™), ||-

lv) and has a unique fixed point which is also the solution to the system (10).
The proof is complete. O

I =&l

We now give some estimate of the Galerkin approximation solution.

Proposition 3.3. For any NV € N, there exists a positive constant C, depending
on Q, T and the coefficients of the equation (1), such that

M 172 t0,71;2 ) + I I o g ) + 1 DN 0,810
<O f o o.17:1-1 ()



Proof. First, using [T18, Theorem 2], we have

N ‘ N
= (2:CD(‘§‘+cl(t)ei,z:cl(t)eZ)L2
i=1 i=1
N .
= Y C0°Dg, )
i=1
1
> 3 ZCD3+(CZ(t))2
i=1
1 N
S8 (D)
i=1

lea
= 5 D8 lun (8)[72(0)-

On the other hand, by [E98, Theorem 3, p. 300], there exist 5 > 0 and v > 0
such that

,8||uN(t)||%,% < a(un(t),un(t);t) + v|un(t)||32 for almost every t € (0,T).
Moreover, from the assumption of f and the Cauchy inequality
(f@)san) a-1xm < 1 fOa-1@llan (Ol o)
< 51Oy + Blun (O
Thus, for almost every ¢ € (0,7,

o 1
“Df un ()12 () < 2vlun(®)]1Z20) + %”f(t)”?{—l(ﬂy

Put v(t) := [Jun(t)[3., h(t) == %Hf(t)”%,l and use the comparison principle
for solutions to fractional differential equation and the variation of constants
formula for solutions to the equations (see [CT17, Lemma 3.1]), we obtain the
estimate

t
u(t) < / (t —7)* ' Ey.02u(t — 7)*)h(7)dr for a.a. t € [0,T).
0
This implies that

T*Eq,a+1(20T) ||fH%°C(0,T;H*1(Q))
2p

Next, by the similar arguments as above, we see that

[uy ()l|72() < for a.a. t € [0,7]. (11)

N 1
“DF lun ()220 + Blan Ol f @) < Bllf(t)lli—l(m +2vllun ()17 (q)-



Furthermore,

« (o] d —Q
DG an (t)]720) = RLD0+HUN(t)H%2(Q) = af(h (lan (®))172q));

L2 (lun 101+ BlunlBe oz, o)

T —— '
< (0.7 () +2,,/0 han (£)]13 2yt

- B

Thus,

2
Blluyl[? < Tl goymsan o, [ (o) 2 et
NllL2([0,1);H3 (@) = 3 v o UN )l L2 (q) ot

This combines with (11) implies that there is a constant Cy > 0 such that

||uN||iz([0,T];Hg(Q)) < CillF 2 o,rps0-1 ) (12)

Finally, fix any v € H}(Q) with [v[[gz < 1, and write v = vo + v1, Where
v € span{ey,...,exy} and (e;,v9) = 0, 1 < i < N. Using the estimate con-
cerning the bilinear operator a(-,-) and the facts that (*XDg, un(t),v1)r2 =
("D un (), v) g1y (D un (t),v1) 2 talun (t),vist) = (F(1), 1) -1 5m
and [[o1 3 ey < lollscay < 1, we obtain
(DS un (), v) g1y < lalun (), vist)] + [{(F(E), v1) -1y |

< Collun (D)2 ) llvl a2y + 1Ol -1 @)l[v] 22 (0)-

Hence,

DG un ()l a-10) < Collan ()l mg ) + I1FOlla-1@)
which together with (13) and the estimate (12) implies

I D an (120,00, ()) < Call Al 2o (o, 77 111 02 (13)

From (11), (12) and (13), the proof is complete. O

3.2 Existence and uniqueness of weak solutions

We now in a position to state the main result of the paper.

Theorem 3.4. Consider the problem (1)—(2). Suppose that assumptions (al)—
(a4) hold. Then, this problem has a unique weak solution.



Proof. First, we prove the system (1)—(2) has at least one weak solution. From
(12) and (13), by the Banach—Aloaglu theorem, there exist a sequence {ng}32,
such that

uy,, — win L§([0, T); Hy (), (14)
RLD§ u,, — vin L*([0,T]; H (). (15)

Let ¢ € C°((0,7);R) and v € H}(2) be arbitrary. Then,

T T
/0 (0(): S0 ) -1yt = i | (DG, (£), G0)%) -2yl
T
= klinolo/o ¢(t)<RLD8+unk (t)»walegdt
T
= lim i BEDE_6(t) (wn, (1), %) 1 pra it
T
- / RLDS_ G(0)(u(t), ) r-1 syt

T

= | DG o) o)yt
T

= / (O DG (t), ) sy,

which implies
v(t) = *ED§, u(t). (16)

Fix N,M € Nand N > M. For any ¢ € C3°([0,T];R) and w € Ej, we see
that

T T
/O<RLD3+UN(t)7@(t)w>H—legdt:/ p(t) (" D un (), w) -1y

0
T

= [ e DG u(t), w) g1,
0

T

T
/ a(un(t), p(tyw; t)dt = / o(t)a(un (t),ws t)dt
0 0
— ; o(t)a(u(t), w;t)dt,

and " .
/ (), PUE00) syt = / P (F(E) w1y .
0 0
Thus,
(*EDg u(t), w) g1 smy + alu(t),wit) = (f(t),w) g-1xm- (17)

10



By combining (14), (15), (16) and (17), there exists a unique weak solution to
the problem (1)—(2).

Next, we give a proof for the uniqueness of weak solutions to (1)—(2). Suppose
that uy, us are two weak solution to this system. Define u := uy — us. Then, u
satisfies

((k = u)/(t),v)Hfleé +a(u(t),v;t) =0, v € H}(Q), a.a. t € (0,T).
Let v = u(t), then for almost every ¢t € (0,7)

("EDG u(t), w(t)) -1y + a(u(t), u(t);t) = ((kxu) (8), u(t)) -1
+ a(u(t),u(t);t) =0, (18)

where k(t) = W for t > 0. Motivated by Rico Zacher [VZ08, pp. 291-
292], we will approximate the operator %(k xu) by the sequences {%(kn *U) s
where k,,(t) := ns(t) = nE,(—nt®) (note that by using Laplace transform, we
see that s(-) is the unique solution to the equation s(t) +n(l * s)(t) =1, ¢t > 0,
where I(t) = f(;;, t > 0, see [KTT20, p. 3]). We rewrite the equation (18) as
below

(U 5 0) (0, 0(8) 111y + @(u(t), u(8);) = ho(8), a0t € (0,T)  (19)
with
i (t) := ((kn * ) (t) = (k *w) (1), u(t) g1 x s a-a.t € (0,T).
By virtue of [Z209, Lemma 2.1],

5 ) ) (1) < (o (b u)(0), u(t)) 2y, 0.0 € (0,T)

On the other hand, there exists d > 0 such that

au(t), u(t);t) > —vlu(t)l|72(0)-

Hence, from (19), we have

d
2 (o ([ 17200 (1) < 20[u(®) 172 (0) + 2hn(), a.a. t € (0,T).

This together with the positivity of [ implies that

d
D (R w7 ) < 20 [u() 72 (0)) () + 20 % ha(#), a.a.t € (0,T).

We will show that
lim A, = 0in L'([0,T]; R). (20)

n—oo

11



From the facts that u € L2([0, T]; H~1(Q)), BED§ u = L[kxu] € L2([0,T]; H(Q)),
[VZ08, Proposition 2.1, p. 293] and [VZ08, Example 2.1, p. 294], we have

ko llu() -1 () € Wi (10, T R).

This implies that
u € D(Ba), [u()|f-1(q) € D(B),

where
Bi(w) = ke, D(By) = {ue L'0.T): kxue W (0, TR)},
and

By (u) = %k*u, D(By) = {u € L*([0,T); H*(Q)) : kxu € W5 ([0, T); H*(Q))}.

Hence, by using [VZ08, Estimate (18), p. 292], we obtain

T
. d 2
Jim ; I [k = k) u] ()71 0 dt
) d
= lim [l {(k = kn) * ul ()2 o751 (2)) = O- (21)

By (21) and the Holder inequality, the following estimates hold

T T
i [ ha(@)ldt = Tim [ [ ) () = G ) (8, u(t)) gyl

n—o0 0 n—oo 0

T
. d
< nhjgo | ||%[(k —kn) *u|() | -1 @) [w®) | g1 )
. d
< nlgf;o ||£[(k‘ — kn) * u](')HLQ([O,T];Hfl(Q))||u||L2([O,T];Hé(Q))
= O’

which shows that lim,, . h, = 0 in L'([0,7T]). Notice that

(Lxk)(t) =
B(a,1 — )

d d d
b (R |u ([ 0)) = 2 el |u() 2 0)) = 2 (orlelu()72(0)) = Ilu()l72(0)

12



in L1([0,T];R) as n — oo (see [VZ08, Estimate (19), p. 292]) and [ x h,, — 0 in
L'([0,T];R) as n — oo, we obtain

lu)lZ2i) < 20+ u()[720) (), a.a.t € (0,T). (22)

From (22), using a Gronwall type inequality as in [H81, Lemma 7.1.1, p. 188],
then Hu(t)||2Lz(Q) =0 a.e. in (0,7, that is, u; = ug. The proof is complete. O

Remark 3.5. The key point in the proof of the uniqueness of weak solution to
the problem (1)—(2) is to show that h, — 0 in L([0,7]) as n — oo. The
approach proposed in [Z09] can not apply directly to this situation because the
operator B = 4 (k xu) with domain D(B) = {u € L*([0,T]; H}(Q)) : £k *u €
L2([0,T]; H~1(Q))} is not m-accretive.
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