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Abstract.! Let (R, m) be a Noetherian local ring and M a finitely generated R-module. In
this paper, we construct almost p-standard systems of parameters (a very strict subclass of d-
sequences) of the idealization Rx M of M over R. As applications, we build Cohen-Macaulay
Rees algebras for idealizations, Cohen-Macaulay Rees modules for unmixed modules, then
give precise formulas computing all the Hilbert coefficients of the idealization with respect
to an almost p-standard system of parameters.

1 Introduction

Throughout this paper, (R, m) denotes a Noetherian local ring of dimension r. Let M be a
finitely generated R-module with dimg(M) = d. The notion of d-sequence introduced by C.
Huneke [15] makes a useful mean to study the powers of ideals [14, 15] and have important
applications in the theory of Buchsbaum modules and generalized Cohen-Macaulay modules.
In [6], N.T. Cuong introduced the notion of p-standard system of parameter (s.o.p for short).
Note that if x1,..., x4 is a p-standard s.o.p of M then it is a d-sequence on M and there
exist non-negative integers A, ..., A\q such that

d
OM/ (25, M) = Aing g
=0

1 Key words and phrases: Almost p-standard system of parameters; idealization; Macaulayfication; Hilbert coefficient.
2020 Subject Classification: 13E05, 13A30, 13D40, 13H10.



for all ny,...,ng > 1 (see [6, Theorem 2.6]). In generalized Cohen-Macaulay modules, every
p-standard s.o.p is a standard s.o.p in the sense of [22], and in general, the notion of p-
standard s.o.p plays a key role in the study of the singularity of Cohen-Macaulay type of
Noetherian rings and modules (see [16, 17, 10]).

Let zq,...,24 be a s.o.p of M. If there exists non-negative integers Ao, ..., Aq such that
d
OM/ (25, M) = Aing g
i=0

[7, Corollary 3.9]), however x1, ..., 24 is not necessary a p-standard s.o.p (see [8, Example
3.11]). This fact leads to the following notion (see [4, Definition 2.1]).

forall ny,...,ng > 1, then 27", . .., z}* is a p-standard s.o.p for all n; > i, fori =1,...,d (see

Definition 1.1. As.o.pxy,..., x4 of M is called almost p-standard if there exist non-negative
integers Ao, ..., A\g such that

d
OM/ (25 M) = Aing g
=0
for all nq,...,ng > 1.

Following [10, Theorem 1.2], R admits an almost p-standard s.o.p if and only if R is a
quotient of a Cohen-Macaulay local ring, if and only if every finitely generated R-module
admits an almost p-standard s.o.p. Note that every almost p-standard s.o.p is a d-sequence,
this fact helps to compute several numerical invariants, the Hilbert coefficients, the partial
Euler-Poincaré characteristics of the Koszul complex with respect to an almost p-standard
s.0.p of M, see [4]. The notion of almost p-standard s.o.p makes an important role in the
study of sequentially Cohen-Macaulay modules and sequentially generalized Cohen-Macaulay

modules [7, 9].

The notion of the idealization was introduced by M. Nagata [20]. We provide a multipli-
cation on the additive group R & M

(a,x).(b,y) = (ab, ay + bx)

for all (a,z),(b,y) € R® M, then R@® M forms a Noetherian local ring with the unique
maximal ideal m x M. This local ring is called the idealization of M over R and denoted
by R x M. Note that dim(R x M) = dim(R). The structure of the idealization and its
applications have attracted the interest of mathematicians (see [2, 20, 13]).

The aim of this paper is to construct almost p-standard s.o.p of R x M. As applications,
we build Cohen-Macaulay Rees algebras for R x M, Cohen-Macaulay Rees modules for
unmixed module M, and find a tight relation between Macaulayfications of R and R x M
in several particular cases. Then we give precise formulas computing Hilbert coefficients of
R x M with respect to certain almost p-standard s.o.p.

The following theorem is the first main result of this paper.

Theorem 1.2. Let xq,...,z, be elements in m. Set u; = (x;,0) for i = 1,...,r and
U =Uy,...,u.. The following statements are equivalent:



(1) w is an almost p-standard s.o.p of R x M.

(ii) x1,...,x4 is an almost p-standard s.o.p of M and z1,...,z, is an almost p-standard
s.0.p of R and 441, ...,z € Anng(M).

As a consequence, we give a characterization for R x M being a quotient of a Cohen-
Macaulay local ring (Corollary 2.6).

Denote by R and M the m-adic completion of R and M, respectively. Follgv\ving M.
Nagata [20], M is said to be unmized if dim(R /) = dimg(M) for any P € Assz(M). Note
that R x M is unmixed if and only if dim(R) = dimg(M) = r and R, M are unmixed.
The first application of Theorem 1.2 is to construct Cohen-Macaulay Rees algebras for the
idealization in case where dim(R) = dimgp(M) = 7.

Theorem 1.3. Suppose that R is a quotient of a Cohen-Macaulay local ring, R and M are
unmized, and dimg(M) = dim(R) =r > 1. Let x1,...,x, be an almost p-standard s.o.p of
both R and M (such a s.o.p exists). Fori=1,...,r, put u; = (x;,0), P, = (u;,...,u,) and
P =PP,... P, 5. Then the Rees algebra R(R x M, P) is Cohen-Macaulay.

From an almost p-standard s.o.p of M, we can construct subquotient modules U};};,U%
which are independent of the choice of almost p-standard s.o.p (see [4, Proposition 2.2]). The
second application of Theorem 1.2 is to clarify certain Hilbert coefficients of the idealization.

Theorem 1.4. Let xq,...,x, be an almost p-standard s.o.p of R such that xq,...,xq 1S an
almost p-standard s.o.p of M and xg4y1,...,x, € Anng(M). Set Q = (uy,...,u,), where
u; = (24,0) fori=1,...;r. Put I = (xy,...,2q4) and J = (z1,...,2,). Then

1@ i (" @ o ("

L )+...+er(Q,RD<M)
for all n > 0, where for d =r,

i

—ti+1 —ti+1 _ .

e Q. R x M) = tzoe(a:l,...,xt;U;Jr )—I—gjoe(xl,...,xt;Uﬁ\f ), if0<i<m,

eo(J, R) + eo(J, M), if i =r;
and for d <,

(GO(J;R)7 ifi:rv
Ze(xl,...,xt;UgH), ifd<i<r,
t=0

r—i 7R[>< M) = d = .

er-i(Q ) Ze(:pl,...,xt;Ude)+60(I,M), if 1 =d,
=0
doe(xy,. .. ,xt;UgH) + > e(xy, ... ,xt;U;’;H), if 0 <i<d.
\ =0 t=0

We also describe the Hilbert coefficients of R x M in case where R and M are sequentially
generalized Cohen-Macaulay (Corollary 4.4).

In the next section, after giving some preliminaries on almost p-standard systems of
parameters, we prove Theorem 1.2. In Section 3 and Section 4, we present the proofs of
Theorem 1.3 and Theorem 1.4, respectively.



2 Almost p-standard system of parameters and idealization

We first recall some properties of almost p-standard s.o.p that will be used in the sequel, see
[7, Corollaries 3.5, 3.6], [4, Lemma 2.9].

Lemma 2.1. Let xq,...,x4 be an almost p-standard s.o.p of M. For i = 0,...,d, put
Ai = ey, 245 (00 Ti1) Moy aa)m) - Then

(i) E(M/(x7, ...z} )M) = Z)\nl .n; for allmy,...,ng > 1.
(1)) N0 (xiy...,xq)M =0 for any submodule N of M and any integer i > dimg(N).
Let y = x1,...,24 be a s.o.p of M and ny,...,ng > 1 be positive integers. We set

y(n) = o', ..., 2% The following function in ni,...,ng is very helpful in the study of
almost p-standard s.o.p

Ing, y(n) = €(M/y(n)M) — e(y(n)' M)

M‘L

$17“‘)xi;(0 :$i+1)M/($i+2 ..... {L‘d)M)

From Lemma 2.1 and [4, Proposition 2.6], we have the following properties of I (1)

Lemma 2.2. Let y = y,...,%4 be a s.0.p of M. Then

(i) _vay(n) is a non-decreasing function and Iy, y(n) >0 forallng,...,ng>1.
(i1) y is almost p-standard if and only if I, y(n) =0 forallng,...,ng>1.
Lemma 2.3. Let z4,...,x, be elements in m. Fori=1,...,r, put u; = (x;,0). Then
(01 Ui 1) (R M)/ (uisgroug) (B M) < (02 T 1) R/ @isgra))R X (08 Tige1) M /(i) M
forall0<i<j<r.
Proof. For all 0 <i < j <r, we have

(02 Ui 1) (R f(uiso uj)(Rx M) = [(wire, . ui) (R X M) trunr i)/ (Wira, . uy) (R ) M);
(ui+2, R ,Uj)<R X M) = (x/l:JrQ, R 71'J)R X (.I'i+2, R ,.TJ)M

We claim that
[(Wir2, .- ui) (R X M) tpuns Wis1] = [(@igo, .-, )R g i1 X [(Tiga, - 25) M iy 2]
Indeed, take an element (a,m) € (uit2, ..., u;)(R X M) :guas tit1, then
(a,m)(zi41,0) = (amiy1, Tis1m) € (Wita, ..., u;)(R x M).
Hence a € (zi42,...,2;)R g 41 and m € (Ti42, ..., 2;)M 1y xi41. Conversely, let

(CL, m) S (xi+2, - 7Z'j)R ‘R Tig1 X (JIZ'+2, R ,l’j)M M Tiy1-
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Then az;y1 € (Tiya,...,2;)R and x;.ym € (Ti49,...,2;)M. Hence

(a,m)(Tit1,0) = (aiy1, Tip1m)
c (Z’H_Q, R ,$j)R X (l’i_‘_g, R 7Ij)M = (ui_‘_g, R ,Uj)(R X M),

therefore, (a,m) € (wit2,...,u;)(R X M) :gwxn wit1, the claim is proved. Now, the result is
clear by the claim. O]
Lemma 2.4. Let x = xy,...,2, be a s.o.p of R. Set u = uy,...,u,, where u; = (x;,0)
fori=1,...,r. Then u is a s.o.p of R x M. Moreover, if x1,...,xq 1S a s.0.p of M and
(Tgs1,-- -,z )M =0, then for any ny,...,n,. > 1 we have

[RMM u( ) — [R x( )+I~M, T1,e.ny xd(n)

Proof. For a tuple of positive integers n = ny,...,n,, set u(n) = uf*,..., v and z(n) =
i, ...,z We have
(uyty..ur ) (R M) ~ (2, ..., )R x (2, ...,z ) M.

Thus u is a s.0.p of R x M and

(R x M)/u(n)(R x M)) = ((R/z(n)R)) + {(M)/2(n) M)).

It is clear that e(u; R X M) = e(z; R) + e(x; M), where e(z; M) = 0 whenever d < r. So, by
Lemma 2.3 we obtain

Trsnt, u(n) = C((R x M) /u(n)(R x M)) —ny ... npe(u; R x M)
- Z ny . onge(un, ., U (00 Uik 1) (RuM) (oo un ) (R M)
= Ig, 2(n) + (M /2(n)M) — ny ... ne(z; M)
— an coonie(@r, 25 (00 Tig) M/ (o) M)

If d =r, then z is a s.0.p of M and the above equality gives

IR><M u( )—[R :r( )+IM :):( )
for all ny,...,n, > 1. Let d <r. As xg4y1, ...,z € Anng(M), we get e(x; M) = 0 and

6($1, <oy Ly (0 : $i+1)M/(xi+2 ..... ocr)M) =0
for d < i < r. Moreover,
e(w1, ..., 245 (0 Tay1) M/ (waronarym) = €(T1, ..., g5 M);
B(Ila sy Ty (0 : $i+1)M/(xi+2 ..... xT)M) = 6(961, <oy Ly (0 : 9Ci+1)M/(xi+2 ..... a:d)M)

for ¢+ < d. From the above computations we have

]R><M u( ) — IR :1:( )+iM, T1,..., xd(ﬂ>
for all nq,...,n, > 1. n



Now we are ready to present the proof of Theorem 1.2.

Proof of Theorem 1.2. (i) = (ii). Since u is a s.0.p of R x M, it follows that z is a s.o0.p of
R and z is a multiplicity system of M (i.e. {(M/(xy,...,x,) M) < c0).

If d =, then z is a s.o.p of M. Using the assumption (i) together with Lemma 2.2(ii)
and Lemma 2.4, we have

O—IRxMu< )_IRSB( )+IM90< )

for all ny,...,n, > 1. By Lemma 2.2(i), each term on the right hand side is non-negative.

Therefore, Ir z(n) = Iy, »(n) = 0 for all ny,...,n, > 1. By Lemma 2.2(ii), z is an almost
p-standard s.o.p of both M and R.

Suppose d < r. Via the canonical inclusion € : M — R x M defined by e(x) = (0, z),
each R-submodule of M can be identified with an R x M-submodule of R x M. Consider
the submodule e(M) = 0 x M of R x M. We have dimpyp(0 x M) = d < r. Since u is an
almost p-standard s.o.p of R x M, we get by Lemma 2.1(ii) that

0 X (Tag1y--yxe)M C(0x M)N (Uggrs .- u)(Rx M) =0.

Hence z411,...,2, € Anng(M). Set y = x1,...,24. So from the assumption (i) together
with Lemma 2.2(ii) and Lemma 2.4, we obtain

0= jR[xM, g(ﬂ) = IR, g(ﬂ) + jM, g(ﬂ)

for all ny,...,n, > 1. By Lemma 2.2(i), Ir, .(n) = INM&(@) =0 for all ny,...,n, > 1. By

Lemma 2.2(ii), z is an almost p-standard s.o.p of R and xy, ..., x4 is an almost p-standard
s.0.p of M.
(1) = (). Since z is an almost p-standard s.o.p of R and y = x1,...,24 is an almost

p-standard s.o.p of M, we get by Lemma 2.2(ii) that
INR, z(ﬂ) = iM, g(ﬂ) =0

for all ny,...,n, > 1. Therefore, we have by assumption (ii) and Lemma 2.4 that
]RMMU()—IRw()‘i_[My() 0.
By Lemma 2.2(ii), u is an almost p-standard s.o.p of R x M. ]

Theorem 1.2 leads to the following consequence for the existence of almost p-standard
s.0.p of idealization.

Corollary 2.5. The following statements are equivalent:

(1) R admits an almost p-standard s.o.p;
(11)) R x M admits an almost p-standard s.o.p;

(111) Rx M admits an almost p-standard s.o.p of the form (x1,0), ..., (z,,0), where x1, ..., z,
is an almost p-standard s.o.p of R and x1,...,x4 is an almost p-standard s.o.p of M.



Proof. (ii1) = (ii) is clear.

(17) = (7). By assumption (ii), we get by [10, Theorem 1.2] that R x M is a quotient of a
Cohen-Macaulay local ring. Note that R is a quotient of R x M. Therefore, R is a quotient
of a Cohen-Macaulay local ring. Now, the result follows by [10, Theorem 1.2].

(i) = (uii). By assumption (i), we get by [10, Theorem 1.2] that R is a quotient of a
Cohen-Macaulay local ring. Therefore, dim(R/a(N)) < dimg(N) for any finitely generated
R-module N, where a(N) = ag(N)a1(N) ... dgimpn)—1(N) and a;(N) = Anng(H.(N)) for
i =0,...,dimg(N) — 1. Therefore, by Prime Avoidance, there exists a p-standard s.o.p
x1,...,x,. of Rsuch that x4.q,..., 2, € Anng(M) and x1, ..., x4 is a p-standard s.o.p of M

(see the definition of p-standard s.o.p in [6]). Hence xy,...,z, is an almost p-standard s.o.p
of R and zy,...,x4 is an almost p-standard s.o.p of M. By Theorem 1.2, uq,...,u, is an
almost p-standard s.o.p of R x M, where u; = (x;,0) forall e =1,...,7. O]

From Corollary 2.5 and [10, Theorem 1.2], we get immediately the following consequence.

Corollary 2.6. A Noetherian local ring is a quotient of a Cohen-Macaulay local ring if and
only if so is one of its idealization, if and only if so are all of its idealizations by finitely
generated modules.

3 Macaulayfication of idealization

In this section, we discuss an application of Theorem 1.2 to construct Cohen-Macaulay Rees
algebras of idealization and then to prove the existence of Cohen-Macaulay Rees modules of
unmixed modules.

Let I be an ideal of R and T be a variable over R. The Rees algebra of R with respect to
I is the subring of R[T] defined by

R(R, 1) =RIT) ={) aT" |neNael'}=PIT"

=0 n>0

where I° = R. Similarly, the Rees module of M with respect to I is defined by

RM, 1) ={> axT |neNaecl zeM}=PI"MI"

=0 n>0

where I°M = M. A Rees algebra R(R, I) is called an arithmetic Macaulayfication of R if it is
Cohen-Macaulay and I is of positive height. If R(R, I) is an arithmetic Macaulayfication of
R, then the canonical algebra homomorphism R — R(R, I) induces a morphism of Noethe-
rian schemes Proj(PR(R, I)) — Spec(R) which is called a projective Macaulayfication. More
generally, a Macaulayfication of Spec(R) is a birational and proper morphism X — Spec(R)
where X is a Cohen-Macaulay locally Noetherian scheme.

The existence of arithmetic Macaulayfication and of Macaulayfication have been estab-
lished by several authors. Kawasaki [17, Theorem 1.1] showed that a Noetherian local ring
has an arithmetic Macaulayfication if and only if it is unmixed and all its formal fibers are



Cohen-Macaulay. Cesnavicius [3] has introduced a notion of CM-quasi-excellent schemes as
following.

Definition 3.1. A Noetherian scheme X is CM-quasi-excellent if

(a) Every formal fiber of local rings of X is Cohen-Macaulay, and

(b) Any integral subscheme of X has an open Cohen-Macaulay locus.

A Noetherian ring is CM-quasi-excellent if its prime spectrum is a CM-quasi-excellent
affine scheme. In [3, Theorem 1.6], Cesnavicius showed that if R is CM-quasi-excellent then
Spec(R) admits a Macaulayfication.

Arithmetic Macaulayfication has been studied from other perspective by Kurano [19],
Aberbach-Huneke-Smith [1], Cutkosky-Tai [12], Tai-Trung [21]. In [10], N.T. Cuong and
D.T. Cuong extended Kawasaki’s theorem for modules. They showed that there is an ideal
I such that the Rees module R(M, I) is Cohen-Macaulay if and only if M is unmixed and
R/ Anng(M) is a quotient of a Cohen-Macaulay ring.

Note that the idealization R x M is a finite R-algebra (see, for example, [2, Proposition
2.2]). By Corollary 2.6, if R is a quotient of a Cohen-Macaulay ring, then so is R x M,
therefore we get by [17, Theorem 1.1] that if R admits an arithmetic Macaulayfication and
the idealization R x M is unmixed then R x M also admits an arithmetic Macaulayfication.
Similarly, if R is CM-quasi-excellent then so is R x M (see [3, Remark 1.5]). Cesnavicius’s
theorem implies that in that case both Spec(R) and Spec(R x M) admit Macaulayfications.

We now investigate further relations between arithmetic Macaulayfications and Macaulay-
fications respectively on R and R x M. We first prove Theorem 1.3.

Proof of Theorem 1.3. Since R, M are unmixed of the same dimension r, we get by [2, The-
orem 4.11, 3.2] that the idealization R x M is unmixed of dimension r. Since R is a quotient
of a Cohen-Macaulay, R-module R & M admits an almost p-standard s.o.p z = x1,...,x,.
By Lemma 2.2(ii), ) 3 )
0= Iren, o(n) = IR, £(n) + Ing, £ (n).

By Lemma 2.2(i), we get I, ,(n) = Iy, »(n) = 0. Hence x1,...,x, is an almost p-standard
s.0.p of both R and M by Lemma 2.2(ii). By Theorem 1.2, (z1,0),...,(x,,0) is an almost
p-standard s.o.p of R x M. Therefore, Theorem 1.3 is then implied from [18, Proposition
8.2]. O

Theorem 1.3 has an interesting application in constructing Cohen-Macaulay Rees module.

Let z1,...,Zn, ¥1,...,Ym € m and put u; = (2;,0),v; = (y;,0) € Rx M, for i =
L,....,n,j = 1,....,m. Denote I = (z1,...,2,), J = (y1,.-,Ym), and P = (uq,...,u,),
Q = (v1,...,vy). The following properties are obvious

P+@Q=UI+J)x{+J)M,
PQ = ((l’iyj,O))i,j =1Jx IJM,
P =T x I'M,
for all ¢ > 0. They lead to the following lemma.



Lemma 3.2. We have an algebra isomorphism
R(Rx M,P)~R(R,I) x R(M,I).

Consequently, the Rees algebra R(R x M, P) is Cohen-Macaulay if and only if R(R,I) and
R(M,I) are Cohen-Macaulay of the same dimension.

Using Theorem 1.3 and Kawasaki’s theorem on arithmetic Macaulayfication, we obtain
another proof for the construction of Cohen-Macaulay Rees module in [10, Theorem 4.4].

Corollary 3.3. Let R be a quotient of a Cohen-Macaulay local ring. Suppose that M s
unmized and of dimension d > 1. Then there is an ideal I such that the Rees module
R(M, I) is Cohen-Macaulay.

Proof. Replace R by R/ Anng(M ), we may assume that R is unmixed of the same dimension
with M. Since R is a quotient of a Cohen-Macaulay local ring, R admits an almost p-
standard s.o.p. By Corollary 2.5 and Theorem 1.2, R x M admits an almost p-standard
S.0.p Uq,...,uqg, where u; = (x;,0) for @ = 1,...,d such that zy,...,z4 is an almost p-
standard s.o.p of both R and M. Put I; = (z4,...,x4) fori=1,...;d,and I = I ... I ».
Also we denote u; = (24,0), P, = (uj,...,uq) fori =1,...,d, and P = P;...P; 5. Then
R(R,I) and R(R x M, P) are Cohen-Macaulay. The Rees module R(M, I) has the same
dimension with SR(R, I) and R(R x M, P). So the short exact sequence

0—=>RM,I) > R(Rx M,P) = R(R,I) =0,
implies that 2(M, I) is Cohen-Macaulay. O

Conversely, using [10, Theorem 4.4] we are able to give the second proof for Theorem 1.3
as following: Denote I; = (z;,...,x,) and

I := Il e [r_glr_g.

Following [18, Proposition 8.2] and [10, Theorem 4.4, R(R, ) and R(M,I) are Cohen-
Macaulay. By Lemma 3.2, R(Rx M, P) ~ R(R, I) xR(M, I) which is thus Cohen-Macaulay,
hence Theorem 1.3 is proved.

Another consequence of Theorem 1.3 is the following characterization for the existence of
arithmetic Macaulayfication for idealizations.

Corollary 3.4. The idealization R x M has an arithmetic Macaulayfication if and only if
R has an arithmetic Macaulayfication and M is unmized with dim(R) = dimpg(M).

Proof. Suppose R x M has an arithmetic Macaulayfication. By [10, Corollary 5.4], R x M
is unmixed and is a quotient of a Cohen-Macaulay ring. Then R and M are unmixed of
the same dimension and R is also a quotient of a Cohen-Macaulay ring. Using again [10,
Corollary 5.4], R admits an arithmetic Macaulayfication.

Conversely, suppose that R has an arithmetic Macaulayfication and M is unmixed with
dimg(M) = dim(R). Then R is a quotient of a Cohen-Macaulay local ring. Theorem 1.3
then implies that the idealization R x M admits an arithmetic Macaulayfication. [

9



For Macaulayfication, we find a tight relation between certain Macaulayfications of R and
R x M in several particular cases.

First, suppose R and M are unmixed of the same dimension. If R is a quotient of a
Cohen-Macaulay ring then by Theorem 1.3, there are arithmetic Macaulayfications of R, M
and R x M with relation

R(Rx M,P)~R(R,I) x R(M,I).

On the other hand, the canonical morphism R(R, ) — R(R x M, P) induces a morphism
of R-schemes Proj(R(R x M, P)) — Proj(R(R, I)) which is actually an isomorphism. Note
that Proj(R(Rx M, P)) and Proj(fR(R, I)) are Cohen-Macaulay which are Macaulayfications
of Spec(R x M) and Spec(R) respectively. Therefore in this case, the Macaulayfication of R
and the idealization are isomorphic.

Now suppose that R is quasi-CM-excellent. The canonical map R x M — R induces a
bijective morphism of affine schemes p : Spec(R) — Spec(R x M) (see [2, Theorem 3.2(b)]).
Let p be a minimal prime ideal of R, then p(p) = p x M is the corresponding prime ideal of
the idealization. By [2, Theorem 4.1], we have

(R M)pun =~ Ry x M.
In particular, if p does not belong to in the support of M then
(R X M)ywn =~ Ry.
This proves the following proposition.

Proposition 3.5. Assume that no associated prime ideals of M are minimal prime ideals
of R. Then the morphism p : Spec(R) — Spec(R x M) is a birational morphism. Conse-
quently, if ¢ : X — Spec(R) is a Macaulayfication then p o p : X — Spec(R x M) is a
Macaulayfication.

Proof. Let p be a minimal prime ideal of R. Then (R x M), «n =~ R,. Since the morphism
p is bijective, then it is clearly birational. Furthermore, p is obviously proper. So ¢ o p is
proper and birational, which is therefore a Macaulayfication of Spec(R x M). n

4 Hilbert function of idealization

Firstly, we recall the following property (see [4, Proposition 3.2, Corollary 3.5]).

Lemma 4.1. Let x = xq1,...,x4 be an almost p-standard s.o.p of M. Let i,j be integers
such that 0 < i < 5 <d. The following statements are true.

(1) The subquotient module U}VIJ = (0 M

522 xiv1) 1s independent of the choice of
the s.o.p x and of the exponents niis,...,n; > 2.

(i) If j > i+ 1, then there is an injective homomorphism i ; : Uy~ — Uy such that
Im(ip; ;) is a direct summand of Uy . In particular, set Uyy = Coker(p; ), then
N I | i i42 i
Ud Uy aUy &---aUy @& Ukt
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For an integer 0 < i < d, set UE\;H = U]"\’JH. Note that Udil’d is the largest submodule

of M of dimension less than d, and Uy;' = H9(M). The subquotient modules Uy7/, Uy give
a lot of information on structure of M. For example, M is Cohen-Macaulay if and only if

Ul = 0 for all i < j, if and only if Uy v = 0 for all # < j. Moreover, M is generalized
Cohen-Macaulay if and only if £(U}/) < oo for all i < j, if and only if E(UM) < oo for all
i < j, see [4, Proposition 3.9].

From now on, we assume that R is a quotient of a Cohen-Macaulay local ring. Before

proving Theorem 1.4, we compute the subquotient modules U]iéi y and U?%jx u of the ideal-
ization.

Lemma 4.2. The following statements are true.

(i) Ifd =, then Uy, ~ Uy x Uyl for all0 <i < j <r.
(11) If d < r, then
N UEJ'XU]’\} if 0<i1<y<d,
Uplv = U}{xUﬁ if 0<i<d<j<rm,
Up x M if d<i<j<r.
Proof. Since R is a quotient of a Cohen-Macaulay local ring, R admits an almost p-standard
s.0.p. By Corollary 2.5 and Theorem 1.2, Rx M admits an almost p-standard s.o.p uy, ..., u,,

where u; = (;,0) for i = 1,...,7 such that z,...,z, is an almost p-standard s.o.p of R,
x1,...,%q is an almost p-standard of M and x4y1,...,x, € Anng(M).

For integers 0 < i < 7 < r, by Lemma 2.3 we have

U;]KM F= (0 : ui+1)(RKM)/(U?+2,...,u?)(RD<M)
~ (0 Zis1)R/a2, 0

~ 1.7 . .
= UR x (0 $z+1)M/(x§+2,...,m§)M~

2) X (O : l’iJrl)M/(zz

2
Z.+2,...,:z:j)M

() If d = r, then (02 Zip1)aryw2,,,..0)m = Uyl for 0<i<j<r soUp , ~Uy xU.

420 s
(ii) Suppose that d < r. If 0 < i < j < d then (0 : Zip1)ny(2 M U}Vf Let

0<i<d<j<r. Since z4.1,...,2, € Anng(M), we have

420

— . Z7d
)M = (0: xi+1)M/(x§+2,...,z§)M ~ Uy

(0 Zi1) pya2

T

It is clear that (0 : 2i1) /(2 PM M for all d < ¢ < j < r, the statement follows. [

420" T

For the subquotients ﬁLRJM u We have the following lemma.

Lemma 4.3. The following statements are true.

(1) If d =, thenURxM_UR xUMforallO§i<j§T.

11



(11) If d < r, then

UY < Uy ifo<i<j<d,
UjRJMM— Uzizj if0<i<d<ji<r ord<i+1<j<r,

Ui x M ifd<i+l=j<r

Proof. (i) Suppose that d =7 and 0 <i < j <r. If j =i+ 1, then we get by Lemma 4.2(i)
Ty = Vi = U < U = U7 0"
Let j > i+ 1. Then Uyl ,; ~ Uy~ x Uyl~' by Lemma 4.2(i), and hence
Ui adl U3 = U U™ < U0
We get by Proposition 4.1(ii) that
U~ Uy ®USL U~ T e Uy U ~ Ty e Ul
Therefore

i, i,j—1 i yrig—1 i rid—1 o FT0 T
UR|><M ~ URNM/URMM ~ Uy’ U x Uy JUy " =Upg X Uy

(ii) Suppose that d < rand 0 <7 <j<r. Ifj<d then by the same arguments as in the
proof of (i), we have Up.\y ~ Ug x Uy,

Let j > d. As in the proof of Lemma 4.2, there exists an almost p-standard s.o.p 1, ..., 2,
of R such that x1,..., x4 is an almost p—standard s.o.p of M, x441,...,x. € Anng(M) and
UR[xM ~ Uy’ x (0 sz)M/(x S @) M
NMem%(OamﬂMK+?7)M—lﬁfbmmz<dami® Tir1) 1) (a, ey = M for all

1 > d. Therefore, if i < d then

Uitas = Ullas /Uit = U JUR ™ % U3t /U3 = T,
If j >4+ 1> d then
UR|><M ~ Ul /Ulons = UR JUR ™ x MM ~ U
If =i+ 1>d then
Utoar = Uggong = U™ x M =T % M.

O

Proof of Theorem 1.4. Theorem 1.2 tells us that u = wuq, ..., u, is an almost p-standard s.o.p

of R x M. By [4, Theorem 4.7], we have

n—+r—

E«RKMWQ”U:mdQRxADCtV>+q@ZRMMK:r_l

1)+...+er(Q,R><M)

12



i —t,i+1

for all n > 0, where e, _;(Q, R x M) = > e(uy,...,u;; Up, ) forall 0 <i <r—1.

=0
e Let d =r. Then J is a parameter ideal of M, therefore

eo(Q, R x M) = 60(], R) + eo(J, M)

) —titl  —titl  —tit+l
Since URl,:rM ~ URZ x Uy, by Lemma 4.3, we get
—tit+1 —ti+1 —ti+1
e(uy,...,u; Up ) =e(xy, ...,z Up ) +e(zr, ..., x; Uy )
for all 0 <t < i < r. Therefore, for all 0 < ¢ < r we have
! 1 ! 1
T+ —t,i+
e,,_,-(Q,RMM):Ze(xl,...,mt;UR )+ e(xy,...,x; Uy ).
t=0 t=0

—ti+1 —ti+1

o Let d < 7. Then eo(Q, R x M) =eo(J,R). If 0 <i < d, then Up, ,y ~Up
Lemma 4.3 for all ¢t < i, therefore,

%

eri(@ R M) =3 efw, .. U + > e(x, .. o Uy ).
t=0

t=0

If d <1i < r then we get by Lemma 4.3 that

Ut,i+1 N U’j’{“ if0<t<i,
BMTNTE T x M ift =4,
therefore,
d
era(@Q Rx M) =Y e(ar,...,x5Up ) +eo(I, M)
=0
and e,_;(Q, R x M) = > e(zy,... ,:ct;UgH) for all ¢ > d.

t=0

X U?{;H by

]

Let the notations and assumptions be as in Theorem 1.4. Consider the case where R and
M are generalized Cohen-Macaulay. We use Theorem 1.4 and [5, Lemma 2.4] to compute
Hilbert coefficients of R x M. If d = 0 or d = r then R x M is generalized Cohen-Macaulay.

In this case, if d = r then

er—i(Qv R x M) = t=1
€o J,R>+€0<J,M) if i =nr.

and if d = 0 then
(r(HQ(R)) + (r(M) ifi=0,
er—i(Q, Rx M) =3 () lr(HL(R) i 0<i<m,

¢o(J, R) it i=r

13
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If 0 <d < r,then R x M is not generalized Cohen-Macaulay. In this case we have

(eo(J; R) if §=r,

> (1) Ca(HE(R)) it d<i<r
er=il@, R M) = é(fj)ﬁR(Ht (R)) + eo(I; M) if i =d,

S () er(H(R)) + X (T e(HL(M)) i 0 < i < d.

,

&
I

—

t=1

Let My = H2X(M) € M; € --- C M; = M be the dimension filtration of M, i.e. M,
is the largest submodule of M, satisfying dimg(M;) < dimg(M;41) for i < t. Following
[11], M is sequentially generalized Cohen-Macaulay if each quotient M, q/M; is generalized
Cohen-Macaulay. Let Ry = H2(R) € Ry € ... € R, = R be the dimension filtration of

R. Fori=0,...,sand j = 0,...,t, put d; = dimg(R;) and d; = dimg(M;).
AR = {dl,...,ds} and AM = {dll,,d;} and set A := ARQAM.

Corollary 4.4. Let the notations and assumptions be as in Theorem 1.4. For 0 < i < r,
set x; = x1,...,x;. Suppose that R and M are sequentially generalized Cohen-Macaulay.

(i) If d = r then for all 0 < i < r we have

(U + elag By) + g M)+ (U0 ifi=d; €A,
oo rxan 10T ijlw(rf%;“) L FigArud,
e ’ E( )“—B(Qd],R)—FE(UA;[] ) Zf’L:d] EAR\AM,
0wy, gl N telwy M) + 0T ifi=di€ Ay \ A

(i1) If d < r then for d <i <r, we have

—0,d;+1 Lo

UR” )+elxy; R; if i=d; € Ag,

6r—i(Q7RD< M) = g(—é%zﬂ ) ( % ]) f . ’ . f
(UR ) Zf Z¢AR;

and for all 0 <1 < d < r we have
(U
(O + if i ¢ ApU A,
UUR" Y weleg s R) + 0T ifi=dy € Ag\ Ay,
0T 0d+1)—|—e(xd,'M)+€(U0d+1

er,i(Q,R X M) =

and finally for i = d we have

—0,d+1 ) ' _ _
er—d(Q; R x M) = E(U(])%d-i—l) + e<£da RJ) + 60([7M) Zf d dj I~ AR,
((Ugr ) +eo(l,M) if dd Ag.
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Proof. We get by Lemma 4.1(ii) that
U T el e aly e Uit forall0<i<n<r
Ui =Ty @ Uy @ ey & U forall0<j <m<d

It follows by [8, Lemma 3.5] that M; = Uj;™" for any integers i,j such that d; <i < djyy,

and R; = Ug”l for any integers 4, j such that d; <7 < d;11. So, by [4, Proposition 2.9 (2)],

U’A’/J[ D U?\’j_l DD U;’;'ﬂ and Uzé] D Uj%j_l @ P U?%HQ are of finite length. Hence

e(ry,...,x;;Up ) = '
(1 )i R) 0 otherwise.

—in {e(xl,...,xdj;Rj) ifn=i+1,1=d,,
_—j,m)_ e(xy, ... xq s My) iftm=j+1,j=d,
0 otherwise.

(i) Let d = r. By Theorem 1.4, we have

i i
—tit+1 —tit+1

e,n_i(Q,RlxM):Ze(xl,...,:pt;UR )+ > e(xy, ...,z Uy )

t=0 t=0

for all 0 < ¢ < r. We divide into four cases.

o If i =d; € A, then e(zy,... ,xt;UZiH)

Hence

+=ti+1

= e(z1,...,2;U,y ) =0 for all t ¢ {0,d;}.

—0,d;+1

eri(Q,A) = TR ™) +e(an, . wa; B) + 000" ) + elan, ..., wa; My).

o Ifi¢ ARUA,, then e(xy, ... ,xt;U;’;H) =e(xq,... ,xt;U;ﬁH) =0 for all t # 0. Hence
eri(Q, Rx M) = (U ™y + 0T ™).
o If i = d; € Ar\ Ay, then e(xl,...,xt;UtR!iH) = 0 for all t ¢ {0,d;}. Moreover,

e(zy,. .. ,xt;Uﬁ\’;H) = 0 for all ¢ # 0. Therefore,

eri(@Q R x M) = (0" ") + e, was Ry) + 003 ).

o If i =d; € Ay \ Ag, then e(zy, ... ,$t§Uj%i+1) =0 for all t # 0; e(xy,. .. ,xt;U}t\’;H) _0
for all ¢ # {0, d;} Therefore
eri(@ A) = (TR )+ elar, . g M) + (T ).

(i) Let d < r. We divide into three cases.

15



e Assume that d < i < r. By Theorem 1.4, e, ;(Q, Rx M) = > e(xy,. .. ,xt;U?{H). Note
=0
that if i = d; € Ag then e(xy, ... ,xt;Ui’;H) =0 for all t ¢ {0,d,;}. Moreover, if i ¢ Ap then

e(xy,. .. ,xt;U?{iH) =0 for all ¢ # 0. Therefore,

0O Y Yol .. xan Ry) if i=d; € Ap,
er—i(Q,Rx M) = g(_é?;m ) (@ 4 1) o ’ f
Ugp ) if i ¢ Ap.

e Assume that 0 <+ < d. Then by Theorem 1.4, we have

7

—tit1 : —ti+1
er—i(Q, R x M) :Ze(xl,...,:ct;UR )—l—Ze(ml,...,xt;UM )
=0

=0
and the result follows by the same arguments as in the proof of (i).
e Assume that i = d. Then by Theorem 1.4, we have

d

er—a(@Q, RX M) = Z e(xy,. .. ,xt;UZdH) +eo(I, M).
t=0
We note that if d ¢ Ag then e(zq, ... ,xt;U;’idH) = 0 for all £ # 0. Moreover, if d € Ar then
e(xy, ... ,xt;U;}dH) =0 for all t ¢ {0,d}. Therefore, the result follows. O

Remark 4.5. Suppose that R, M are sequentially Cohen-Macaulay. Then U?\’; = HY(M),
U%l = H2(R) and UOMZ =0, U% =0 for all i > 2. Now, applying Corollary 4.4, we obtain a
much better formula for Hilbert coefficients in this case.

We end this paper with an example of computing Hilbert coefficients of R x M in case
where R, M are sequentially generalized Cohen-Macaulay.

Example 4.6. Let S = k[[z1, za, 3, 24, x5]] be the formal power series ring over a field k,
let a = (1, x2) N (x3, 24, 75) and b = (x1, 9, x3) N (23, T4, T5). Let R = S/a, M = S/b. Then
dim(R) = 3 and the filtration of R is (0) = Ry C (z1,22)R = Ry € Ry = R; dimg(M) = 2
and the filtration of M is (0) = My C M; = M. Denote by K} is the i-th defficiency of R.
Since K% = 0, K} is of length 1 and K#% is Cohen-Macaulay of dimension 2, it follows by
[11] that R is sequentially generalized Cohen-Macaulay, not sequentially Cohen-Macaulay.
It is clear that M is generalized Cohen-Macaulay, not Cohen-Macaulay. Note that Ug’l =0
and Uy = 0. We have Ap = {2,3} and Ay, = {2}. We choose ay, ay, as are respectively the
image of z; + x4, (T2 + 25)% 23 in R. Then a3 € Anng(M) and

U(R/(al", ay?, a3®)R) = 2ningng + 2ning + 1,
O(M/(a)*, ay?) M) = dning + 1,

for all ny,na,ng3 > 1. Hence ay, as, as (resp. aj,az) is an almost p-standard s.o.p of R (resp.
M). Moreover ((Up*) = X(U(I)f)) +€(U%2) =1 and ((U?) = £(U§f) = 1, since U(])\’; =0 and
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U(J):él = 0. Put J = (a1,a2,a3) and I = (ay,as). Then
3 2 1
U(R/T") =2(n+ ) +2(n+ ) + (n+ )
3 2 1
o= (1))

for all n > 0. Since ay, as, as is an almost p-standard s.o.p of R and Ué’g = Ry, we get

e1(J, R) = E(U%’B) + €(a1;U;3) + e(a1, az; Ry) = 2,
es(J,R) = ((UR) +ela; Up) = 1.
Thus E(U?f’) = e(al;U}{g) = 0 and so K(U?f) = 1. We set @ = (uy, us, us), where u; = (z;,0)

for i = 1,2,3. By applying Corollary 4.4, we get eo(Q, R x M) = eo(J,R) = 2. Since
2= lelR<M) e ArN Ay,

e1(Q,Rx M) = (U + e(ay, az; Ry) + eo(I, M) = 6.
: —0,1+1 0,141 :
Since 1 ¢ AgrUAy, we have eo(Q, Rx M) =4(Up )+L4(U,; ) =2. Since 0 ¢ AgUAyy,

—0,0+1 —0,041

we get e3(Q, Rx M) =L0Uy, )+ U, )=0.
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